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Abstract

Abstract

There are finitely many GIT quotients of G(3,n) by maximal torus and between each
two there is a birational map. These GIT quotients and the flips between them form an
inverse system. This thesis describes this inverse system first and then, describes the
inverse limit of this inverse system as a moduli space.

An open set in this scheme represents the functor of arrangements of lines in planes.
We show how to enrich this functor such that it is represented by the above inverse
limit.
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Chapter 1
Introduction

In the study of moduli spaces in algebraic geometry, geometric invariant theory (GIT)
is an important tool. For various group actions, the investigation of the invariants was
one of the most active areas in mathematics in the nineteenth century. Finding explicit
invariants is not an easy task. This classical period of invariant theory ended with
the fundamental result of Hilbert which says that the ring Sym (V*)5“(") of invariant

polynomials for a linear representation V' is finitely generated.

The subject of invariant theory was rediscovered by Mumford in the sixties. His work
[6] showed how to use GIT without explicitly knowing the invariants. It was well-
known, but essentially ignored that for a variety X and a group GG acting on it, the
construction of a quotient X //»G, depends on the choice of a G-linearized ample line
bundle £ on X. A renewal of GIT occurred in the early nineties, when Thaddeus [9]
and independently Dolgachev and Hu [3]] analysed this dependence and showed that it

is well-behaved.

This creates a family of GIT quotients connected through flips. From this we can create
an inverse system of birational morphisms. We would like to describe the inverse limit

as a fine moduli space. Therefore we are interested in the universal family over it.

Alexeev in [1] introduced the notion of stable toric varieties which are constructed
from gluing toric varieties along equivariant Weil divisors. He also constructed a mod-
uli space of (C*)"—equivariant morphisms from stable toric varieties into a variety Y.
Tevelev, Keel and Hacking in [4] constructed a moduli space of hyperplane arrange-

ments using Alexeev’s moduli space in the case when a maximal torus is acting on
Y.

In this thesis we introduce a more detailed construction of the moduli space of line ar-



1. INTRODUCTION

rangements in rational surfaces and a detailed description of the fibers of the universal
family based on the family of GIT quotients of G(3,n). Our method of constructing
the moduli space differs from Tevelev, Keel and Hacking’s as we don’t use Alexeev’s
results. Instead we use a detailed analysis of the birational transformations between

GIT quotients.

All schemes and morphisms in this work are over C and also by a point on a scheme
the author means a closed point. This paper is organized as follows. Chapter 2 recalls
the definition of Grassmannian varieties and the natural torus action on them. Chapter
3 summarizes the definitions of different quotients of a variety and reviews a few prop-
erties of GIT quotients. Chapter 4 introduces a moment map and describes its image
in terms of chambers and walls. This is used to describe a flip of two GIT quotients as
a moduli problem in Chapter 5. Chapter 6 focuses on building up the universal family

over the inverse limit of GIT quotient of Grassmannian variety by maximal torus.

The inverse limit of GIT quotients of 2 Vahid Yazdanpanah
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Chapter 2
Grassmannian Varieties

Grassmannian varieties are fundamental objects in mathematics especially in algebraic
geometry. In this chapter the Grassmanninan varieties are defined as projective vari-

eties and in Chapter [5]as a moduli space.

2.1 Grassmannian Varieties

We let G(m, n) denote the set of (m)-dimensional linear subspaces of the vector space
C™ which is the same as the set of (m — 1)—planes in the corresponding projective

space P 1,

We describe the Grassmannian variety first as a subset of projective space. If W C C”
is the m-dimensional linear subspace spanned by vectors e, ..., €,,, We can associate
to W the multivector .

w:el/\.../\eme/\(@",

where w is determined up to scalars by . If we chose a different basis, the corre-
sponding vector w would simply be multiplied by the determinant of the matrix of the

change of basis. So we have a well-defined map of sets
¥ : G(m,n) — P(/\C").

In fact, this is an inclusion. For any [w] = W(IV) in the image, we can recover the
corresponding subspace W as the space of vectors v in C" such that v A w = 0 €
A™F1C™, This inclusion is called the Pliicker embedding of G(m, n).

The homogeneous coordinates on P(A"C") are called Pliicker coordinates. We can



2. GRASSMANNIAN VARIETIES 2.1 Grassmannian Varieties

represent the hyperplane W by the m x n matrix Ay, whose rows are the vectors
€1, ..., €y the matrix Ay, is determined up to multiplication on the left by an invertible
m X m matrix i.e. an element in GL(m). The Pliicker coordinates are then just the

maximal minors of the matrix Ayy.

We have described G(m, n) as a subset of P(A™ C™); we should now check that it is
indeed a subvariety. This amounts to characterising the subset of fotally decomposable
vectors w € A™C", that is, as a product w = v; A ... A v, of linear factors. We begin
with a basic observation: given a multivector w € A™C™ and a vector v € C", the
vector v will divide w — that is, w will be expressible as v A u for some u € A™~1C" —
if and only if the wedge product w A v = (. Moreover, a multivector w will be totally
decomposable if and only if the space of vectors v, dividing it, is m-dimensional. Thus

[w] will lie in the Grassmannian if and only if the rank of the map

d(w): C* — A™HIC"

v wAv
is n — m. Since the rank of ®(w) is never strictly less than n — m, we can say

[w] € G(m,n) < rank(®(w)) < n—m.

Now, the map A™C" — Hom(C", A™*'C"™) sending w to ®(w) is linear, that is, the
entries of the matrix ®(w) € Hom(C", A™*!'C") are homogeneous coordinates on
P(A™FIC™). W can say that G(m,n) C P(A™C") is the subvariety defined by the

vanishing of the (n — m + 1) X (n — m + 1) minors of this matrix.

This is the simplest way to see that G(m, n) is a subvariety of P(A™C"), but the poly-
nomials we get in this way are far from the simplest possible. To find the actual gen-
erators of the ideal, we need to invoke also the natural identification of A™C"™ with the
exterior power A"~™(C™)* of the dual space (C")* (this is natural only up to scalars,
but this is acceptable for our purpose). In particular, an element w € A™C™ corre-

sponding to w* € A"~™(C")* gives rise in this way to a map

\I/(U)) : (Cn)* N An—m+1(@n)*
vt o= vt Aw™.
By the same argument w will be totally decomposable if and only if the map ¥ (w)

has rank at most m. In case w is totally decomposable, the kernel of the map ®(w);

The inverse limit of GIT quotients of 4 Vahid Yazdanpanah
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2.2 The Natural Torus Action on Grassmannian
2. GRASSMANNIAN VARIETIES Varieties

equivalently, the images of the transposed maps
q)(w)t . /\m—i-l((cn)* N (Cn)*
and
U(w)": A" HC" — C"

annihilate each other. In sum, then, we see that [w] € G(m,n) if and only if for every
pair « € A™H(C™)* and 8 € A" (C™), the contraction

Eap(w) = (2(w) (), ¥(w)"(8)) = 0 2.1)

The =, s are thus quadratics whose common zero locus is the Grassmannian G (m, n).
The equations from [2.1] are called the Pliicker relations, and they do in fact generate

the homogeneous ideal of G(m,n), though we will not prove that here.

2.2 The Natural Torus Action on Grassmannian Vari-
eties
The natural action of (C*)™ on P"~! keeps the coordinate hyperplanes invariant. This

action induces an action on G(m,n) as below. For an arbitrary t = (t1,...,t,) €

(C*)™ and an arbitrary element

1,1 T2 .. Tin
2,1 22 ... T2n
Q] = S € G(m,n),
Tm,1 T™m2 -+ Tmn
we define the action as
t17’1’1 tQTLQ e tnrl,n
tlrz’l t27”272 e tnTgm
t[Q] =

tlrm,l tQTm’Q ce tnrmm

Note that in the rest of the thesis we consider the torus (C*)"~! as the quotient of (C*)"
by C*, the diagonal in (C*)™.

The inverse limit of GIT quotients of 5 Vahid Yazdanpanah
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Chapter 3
Geometric Invariant Theory

For k a positive integer, the torus (C*)* is the group whose action is of interest to
us. Denote orbits by O(z) or (C*)*.2 for a point z and their closures by O(z) or
(C*)k.z, and also denote stabilizers by Stab(x). In the case k = 1, for a C*—action on
a variety X and a point z € X, we say that the orbit C*.x goes into a fixed locus Y if
lim; . t.x =y € Y, and it goes out of a fixed locus Y if lim; ,ot.x = ¢ € Y. This
section aims to give a brief overview of the standard GIT as developed by Mumford.

We also represent a few required notations from first chapter of [6]].

3.1 Affine Quotients.

When (C*)™ acts on an affine variety X = SpecR a fundamental result from Hilbert
says that the ring of invariants R(C")" C R is a finitely generated C-algebra. Thus, it is

natural to define the quotient to be an affine variety:
X/(C)" := SpecRC)". (3.1)

In fact Hilbert stated this in general for an arbitrary reductive group.
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3.2 Categorical and Geometric Quotient

The (C*)"-invariant projection 7 : X — Y is a categorical quotient if any (C*)"-

invariant morphism f : X — Z factors through Y":

X"->Y

NP

A categorical quotient 7 is a universal categorical quotient if it is stable under base

change: forany Y — Y, 7' : X’ = X xy Y’ — Y’ is a categorical quotient.

A categorical quotient m : X — Y is called a geometric quotient if it satisfies the
following properties:

* 7 is surjective and the image of the morphism

P (C)'xX — XxX
(t,x) = (ta,2),

equals X xy X (equivalently, the geometric fibers of 7 are precisely the orbits
of the points of X).
o for any subset U C Y, the inverse image 7~ (U) is open if and only if U is open.

* for any open subset U of Y, the natural homomorphism
7™ : O(U) = O(x~'(U)) is an isomorphism onto the subring O (7~ (U))©")

of (C*)"—invariant functions.

n

However the categorical quotient X /(C*)" is typically not a geometric quotient. In
general, there is no one-to-one correspondence between the points of X /(C*)™ and the
orbits of (C*)". As a simple example, consider the action of C* on X = A{ = C
given by the natural multiplication (¢,2) € C* x C — t.z € C. Since C[z]*" = C
(the only invariants are the constants), the quotient X /C* is a point and the quotient
map 7 is the trivial projection C — {pt}. On the other hand, the action of C* on X
has two orbits: {0} = C*.0 and C \. {0} = C*.1. The issue here is that the fibers of
7 are always closed in X. In our example, the orbit 0 is closed, while the closure of
the orbit C \ {0} is the affine line, which contains the closed orbit {0}. Thus, the two
orbits map to the same point via 7, showing that the orbits are not always separated by

the quotient map.

The inverse limit of GIT quotients of 7 Vahid Yazdanpanah
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3. GEOMETRIC INVARIANT THEORY 3.3 Closed Orbits

3.3 Closed Orbits

In some sense, the failure of the categorical quotient X /(C*)™ to be a geometric quo-
tient is always of the type exemplified above. Namely, we recall the following fact
about the orbits of torus actions: each (C*)"-orbit is smooth, locally closed in X, and
its boundary is a union of orbits of strictly lower dimension. This easily gives that each
fiber of 7 contains a unique closed orbit, namely, the orbit of minimal dimension in
that fiber. Furthermore, if (C*)".z is a closed orbit in X, then for all x € 7= (7(x())

we have (C*)".xy C (C*)".x.

3.4 Projective Quotients

Mumford constructed a GIT quotient considering an ample line-bundle together with
a (C*)"linearisation (i.e. essentially a lift of the (C*)"-action from X to £). This

choice gives an embedding

i: X — PN forsome N > 0

such that (C*)" acts linearly on PV and the embedding i is (C*)"-equivariant. By
considering affine cones, one can reduce the case to the affine situation. Concretely

the definition of a GIT quotient in the projective case is as follows.

Definition 3.4.1 Let (C*)" be a torus acting on a projective variety X. For L an ample

(C*)"-linearized line bundle, the associated GIT quotient is the projective variety:

X (C)" := Proj @9 H*(X, L2 ",

3.5 Semistable Points

The linear systems H°(X, £®™)(€)" for large enough m defines a rational map 7 :
X — X//-(C*)™ the domain of definition of 7 is precisely the set of points z € X
such that there exists a (C*)"-invariant section ¢ € H(X, £L&™)(€)" (for some m)
with o(z) # 0. We call such points semistable and denote by X**(£) C X the
corresponding open set. The points in X"*(L£) = X ~ X*°(L) are called unstable and

are excluded from the GIT analysis.

The inverse limit of GIT quotients of 8 Vahid Yazdanpanah
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3. GEOMETRIC INVARIANT THEORY 3.6 Stable Points

3.6 Stable Points

In moduli theory, one is particularly interested in geometric quotients. It follows that
for points x € X*°(L) such that the orbit (C*)".z is closed in X** and of maximal
dimension (i.e. dim((C*)".z) = dim(C*)", or equivalently the stabilizer (C*) is
finite) one has 7! (7(z)) = (C*)".x where 7 is the natural quotient map above (see
Theorem 1.10 [6]). Such points are called stable points and form X*(L£) C X*°(L)
an open (C*)"-invariant subset such that the induced quotient X*(L)/(C*)™ is both a
geometric and a categorical quotient. If X*(L) # @, then X*(L)/(C*)™ is an open
dense subset of X // .(C*)™.

3.7 Some Facts About Standard GIT

For a torus (C*)™ acting on a projective variety X and £ an ample (C*)"-linearized

line bundle on X:
* X/ ,(C*)™is a projective variety.

* Each fiber of the quotient map 7 : X** — X/ .(C*)" contains a unique closed
orbits in X *°. Furthermore, 7(x) = w(y) iff (C*)".x N (C* ).y N X* # 2.

e X*(L) — X*(L)/(C*)™ is a geometric quotient; it is an open, non-empty and
dense subset of X //.(C*)" . In particular, Stab(z) is finite and 7 (7 (z)) =
(C*)rx forx € X°(L).

* In cases coming from moduli problems, the most desirable case is
X3(L) = X**(L).

Namely, one gets that the quotient X //-(C*)" = X*(L)/(C*)" is both a projec-
tive variety and a geometric quotient. Unfortunately, the natural GIT set-up for
many moduli problems gives situations with X* C X*°. Even in those situations

the fact that X //-(C*)" is projective can be used to one’s advantage.

The inverse limit of GIT quotients of 9 Vahid Yazdanpanah
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Chapter 4
The Moment Map for a Torus Action

This chapter provides a detailed description of the moment map for the action of a
torus on a projective variety. We describe the image of such a moment map as a
convex polytope divided into chambers, and separated by walls. We define the one-
parameter subgroup associated to a wall and give a concrete description of the walls
and chambers in the case of maximal torus acting on the Grassmannian variety. This
description is needed for the next chapter which is dedicated to the description of flips

as a moduli problem.

4.1 Moment Map

Suppose for t = (t1,...,t,) € (C*)"and z = (zy,...,2,) € C",
t.x = (tlxl, c. ,tnl'n)

This action induces an action of (C*)"/A (where here A is the diagonal) on P"~! =
P(C™).

We define the moment map fyc+)» on P"~! as below:

T

10



4. THE MOMENT MAP FOR A TORUS ACTION 4.1 Moment Map

Note that the image of this map is the (n — 1)-dimensional simplex
A" = {(ry,...,rn) ERY 1y > 0foralli € {1,...,n}and > r; =1},
i=1

and the fiber over fi(c+y» () is the orbit of = under the natural action of (S*)". Hence

we can think of A"~! as the topological quotient of P"~! by (S*)™.

Also note

R [ tn [* |2
M((C*)TL (t.x) — TL—’ ey n—
> [ i |? |2 2 | i [? |a]?
so that the orbit of a generic point x € P"! (on which (C*)"/A = (C*)" 1) is
mapped surjectively to the interior of the simplex A", while the orbits of the points

with stabilizers are mapped to the faces of A",

Let {vy, ...,v,} denote the standard basis in R". Consider a C-basis {ey,...,e,} C
Re(Ty (c+y») for Ty (c+y» = C" such that fori =1,...,n

d/.L(C*)n (61) — /Ui,

where here 77 (c+y» is the tangent space of C*)" at 1.

Lemma 4.1.1 Consider an algebraic morphism of groups \ : (C*)k — (C*)™. Then
for a suitable choice of coordinates on (C*)* and (C*)", the morphism \ can be written
as

k 1

Aty ti) = ([T 8

Jj=1

n
J

k ar
)
j=1

where A = (a;‘)je{l,...,k},ie{l,...,n} is a k X n— matrix with integer entries and such that

A-A =1L
This Lemma is proved in page 43 in [8].

Definition 4.1.1 Leti : X — P! and (C*)* a subgroup of (C*)". The (C*)"—action

on P"~ 1 induces an action of (C*)¥ on P"~'. We assume that this restricts to an action

The inverse limit of GIT quotients of 11 Vahid Yazdanpanah
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4. THE MOMENT MAP FOR A TORUS ACTION 4.1 Moment Map

of (C*)¥ on X. We define the moment map associated to the action of (C*)* on X by

L 2 L 2
‘Zlaﬂm ,z:la;c|xz|
1= 1=
x H n J 9 n )
> ’$z|2 > ’xz|2
i=1 i=1
that is, the composition
t
/,L(C*)k =A"o /,L((C*)n‘x. (41)

Thus the image of y is A'(A™), which is a polytope in R¥ ( See Theorem 8.9. [6]]).
Note that

n . ab n . ab
S I Pl e T 6 e
n

pa(t.x) = L al
| Tz 2y 2 [f?

n i 9
> | ety P
i=1 1

1

In particular, for a one-parameter subgroup A : C* — (C*)” for any ¢t € C*

tr=At)x={t"xy - tx,),
we have
ur: X — R 4.2)
i CLZ'|LL’¢|2
R S — (4.3)
,_El |zi|?

Example 4.1.1 Let’s assume (C*)? acts on P? as follows; t.x = (g : t111 : t5 )
where t = (t1,15) € (C*)? and v = (xy : 71 : x5) € P2 Then the moment map

associated to this action is

u: X — R?
ENE — a2
= (oo Pl TeolP e P eal?)-

Example 4.1.2 Suppose (C*)3 acts on P3 as below:

Y(t,to,t3) € (C*)?,  Y(wg: o1 :x9:x3) €P3

(tl,tg,tg)(l‘o 5 R ) I 1'3) = (270 . tll’l . tgl’g . tgl’g).

The inverse limit of GIT quotients of 12 Vahid Yazdanpanah
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4. THE MOMENT MAP FOR A TORUS ACTION 4.1 Moment Map

Then the moment map is as below:

p:P? - R?
RN ( |I1|2 |9U2|2
20|? + |21]2 + |z2|? 4 [23]2 7 |20|? 4 [21]? + |22]? + [23?
|953\2

).

20| + 21| + 22| + | 23]

The moment map for P3

w(1:0:0:0)=(0,0,0)

P3

Proposition 4.1.2 Given an embedding i : X — P"7! (for n > 1) which is (C*)"-

equivariant, and the action of C* on X induced by a one-parameter subgroup \ :
C* — (C*)", we have a naturally induced C*~linearisation on i*(Opn-1(1)) = L. For

this linearisation we have
XF={zeX:u;"(0)NnO(z) #0}.
Proof: Suppose r € X is fixed and for a one-parameter subgroup

A:C = (C)
toe o (t L),

there exists a point y = (y; : -+ : y,) € O(z) Ny *(0). Hence py(y) = 0 and we

The inverse limit of GIT quotients of 13 Vahid Yazdanpanah
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4. THE MOMENT MAP FOR A TORUS ACTION 4.1 Moment Map

have three cases:

Casel  y=1limy o A(t).x = limy_o(t* .2y : ... : .,
Case Il y = lim oo \(2).2
Case IIl y = A(¢).x for some ¢.

Case I. Since p is a continuous map

IU//\(y> — M}\(%ij}%(tal.xl el tan:[:n)>
= g%m((t L))

| zil”
= lim =;

t—0 Z ‘t2ai xi|2
i=1

n
a; |t2ai
=1

= min{a;; z; # 0} =0.

Without loss of generality let us assume a; = min{a; : x; # 0}. Hence a; = 0 and

therefore a; > 0 forall i = 2,3, ..., n. Now consider a global section in Ox (1)
F(Xl,...,Xn> - Xl.

F(z) # 0 and F is invariant under the C*—action which means that = € X3°.
The Case 1l is treated similarly, but with the minimum replaced by maximum.

In Case III we have 1) (A(t).z) = 0 hence either all a; = 0 whenever x; # 0, or there
exist a; > 0 and a; < 0 with z; and z; # 0. In this case we consider the global section
X jl»'”‘XZ!aj "in H°(X, £laillail), which is C*—equivariant and non-zero at . Hence in

all the cases, r € X3°.

For the converse let © = (xy,...,xz,) € X3°. This means that there exists a C*—
invariant section F' in H°(X, LY)® for some integer N > 0 such that F'(x) # 0. We

can assume that F' is a monomial
F(X X,) =X xbh xbm
Ly--osan e

with b; > 0 and that z; # 0 for all [ < m. On the other hand

pa(r) = Zai!inQ/Z |$i’2-
=1 =1

The inverse limit of GIT quotients of 14 Vahid Yazdanpanah
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4. THE MOMENT MAP FOR A TORUS ACTION 4.1 Moment Map

If y15 () = 0 then = € O(x) N p;,*(0) and therefore

O(x) N p13 ' (0) # 0.

Otherwise it is enough to find a solution, t', for ) (A(¢').z) = 0. Note that

F\(t).x) = F({t%xy:---:t%"x,)
= (t“lxl)bl (ta2$2)b2 c. (t“mxm)b’”
— talb1+f12b2+"‘+(lmbmxl{1xl272 B I‘ZT
i a;b;
= t=1 F(x)

== Zalbzz()andbz>0
i=1
= min{a;; x; # 0} < 0and max{a;; z; # 0} > 0.

Since ) (A(t).x), as a function of ¢, depends only on |¢| and

M=

a; | i

| 2|$z‘|2

lim pa(A\(t).2) = =0

e IR ES
=0

Il
3o

= min{aj; Z; 7£ O} < O,

and .
> |t a)?
lim py(A(t).2) = =

Jin = = max{a;; x; # 0} > 0,

2‘33'1"2

the equation ) (A(t).z) = 0 should have at least one solution, by the Intermediate

Value Theorem. Therefore

O(@) N 115 (0) # 0.

O

Theorem 4.1.3 For a one-parameter subgroup \
A:C = (C)” 4.4)
t o= (M., 4.5)

where C* via X acts nontrivially on X, we have X35° = {x € X : 3i, j such that x; #
0and a; < 0and x; # 0 and a; > 0}.
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4. THE MOMENT MAP FOR A TORUS ACTION 4.1 Moment Map

Proof: Consider the moment map associated to A:

J75N : X >R

&z 2
> |zil?

=0

Note

> a2
= —max{a;: 7 # 0}

> [te 2 if?

1=

Jim (k) =

—

and

M=

ai|tai 2|$i|2

1

o
i=1

lig% pa(t.x) = = min{a; : x; # 0}.

M|

Assume a; > 0, for all i € {1,...,n} such that z; # 0. Then lim;_,, p)(tx) > 0 and
limy_, pa(tz) > 0. S0 0 ¢ 1x(O(x)) ie. py'(0) N O(z) = () and therefore = ¢ X§°.

The same argument works for the case when all a; < 0.

Now to prove the converse, suppose there exist a; > 0 and a; < 0. Therefore since 1
is continuous, so there exist ty € C* such that either u)(toz) = 0 or limy_, o i (tz) =

0 or limy_, px(tz) = 0. Hence

tox € 43 (0)NO(x) = 43" (0)NO(x) #0
= ze X
O

We can use the Hilbert-Mumford numerical criterion from the proof of the Proposition

as below:

Theorem 4.1.4 Let X — P" and (C*)* C (C*)"*! a subgroup of the maximal torus
actin on P". We assume that the action of (C*)* on P" is the restriction of its action on

X. The rational action of (C*)" ™ on A" induces an action (C*)* on L = i*Opa(1).
With respect to this linearization on L = i*Opn (1),
o X% ={x;ux(x) < 0 forall I-parameter subgroups \}.

o X* = {x;ur(x) <0 forall 1-parameter subgroups \}.
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4.2 Description of Walls

Consider the projective variety X C P"~! with a (C*)"~! acting on P"~! such that X
be invariant under the action of a subgroup (C*)* of (C*)"~!. We consider the torus
(C*)"~1 as the quotient of (C*)" by C*, the diagonal in (C*)™.

There exists a natural decomposition p(X) = [J; F; into a union of convex polyhedra,
such that the complement of the union of the top-dimensional polyhedra is the image
of the set

{z € X such that dim(Stab(z)) > 0},

where Stab(x) denotes the stabilizer of x.

The top dimensional polyhedra are called chambers, and their boundary consists of

walls.

Lemma 4.2.1 Consider the action of (C*)* on P""!. Let x € P! be a point which
doesn’t have infinite stabilizer. Then the image of the orbit (C*)*-x through the moment

map [ic+r IS an open set in RE.

Proof: Consider a point x € P"! and the map i, : (C*)* — P"! given by the
action of (C*)¥ on z. Note that the image of this map is in (C*)"~! because = has
no infinite stabilizers. The restriction of the map pyc» : P"~1 — R™ to (C*)"~* has
fibers isomorphic to (.S1)"~!, and their preimages through i, are isomorphic to (S*)~.

Hence we have a commutative diagram:

n—1 M(C*)”

R A Rk

(€ —— ()

(C)/(81)F —=(C) (s ,
where the quotients are smooth manifolds and the vertical maps are smooth maps. We
can think of j as identifying (C*)"~!/(S')"~! with int(A""'). Hence ¢ = j o i,
is an embedding with d¢p = A. (Recall that A - A' = I, by Lemma hence
rank A = rank A* = k.) Hence d(A" o ¢) = A'- A = I and so A o ¢ is a local
diffeomorphism. m|

Lemma 4.2.2 The fixed point loci for any C*—action on a smooth variety are smooth.

Proof: Let’s denote a component of the C*—fixed locus in a variety X by Y. Every
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4. THE MOMENT MAP FOR A TORUS ACTION 4.2 Description of Walls

t € C* induces the map

t.: X — X

r = tux,

which for every y € Y induces dt : T, x — 7, x. Thus the restriction of 7x to Y
decomposes into sheaves of eigenspaces TX|Y = @fzoEi, where £y = Ty. Since Ty

is a vector bundle, its restriction to Y is also a vector bundle of constant rank.

From Theorem |A.0.11}, dim¢(,)E;, ®o, C(y) is upper semi-continuous. Since the

rank of 7, x, is constant, therefore the rank of each summand FE;,, must be constant. O

Theorem 4.2.3 Consider an action of the torus (C*)* on a smooth variety X C P!
such that the stabilizer of the generic point of X is trivial. If Y; is an irreducible
component of maximal dimension of Y = {x € X : dim(Stab(x)) > 0}, then there
exists a unique subgroup C* of (C*)* such that t.y = y foranyt € C* and y € Y;.

Proof: We will denote T' = (C*)*. Consider the following diagram

fHA) —=A ={(z,y);x =y}

| |

Tx X X x X,

where
(t,x);te = x+— (to,x);te = x

| |

(t,2) ———— (t.z, x),

where Y = {z € X; dim f~!((z,z)) > 0} i.e. Y represents the points with infinite
stabilizers. Let Y = U, Y; where Y; are the irreducible components of Y. There exists
a C* C (C*)* that fixes all the points of Y; because all the C* that fix points of YV’
should vary continuously when we move continuously on Y but all the C* — (C*)"~!
are discretely distributed. So there should be one C* which fixes all of these points.
Let y € Y be a generic point (could be smooth). We want to prove that y is fixed just
by one C*. Suppose that there exist a bigger torus 7} such that y. 7} = y, then 7,y is
fixed by 77. We can find a C* in 77 such that it fixes some other directions (other than

Ty,v)in T, x. So T} fixes something of dimension more than dim(7,y) = dim(Y").

To finish the proof we only need to show that X is smooth. Let x € X® . There
exist a hyperplane /1 that doesn’t contain x. So we can reduce our argument to affine
case, X = Spec(R). Let’s assume X© = Spec(R/J) where J is the smallest ideal is

The inverse limit of GIT quotients of 18 Vahid Yazdanpanah
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4. THE MOMENT MAP FOR A TORUS ACTION 4.2 Description of Walls

R such that R/J has trivial C*—action on it. It means that Spec(R/.J) is the maximal
scheme which is fixed by C*. The weights of the C*—action creates a grading on
R. Lets assume m, = (z1,...,x,) < R and J = (z;,...,x,) is generated by all the
generators of m, which are not fixed by C*—action. Any homogeneous element in R
that is not fixed by C*—action has at least one component which at least one of the
generators of J is dividing it and it has to be in J. Hence dim(R/J) = i — 1 and
therefore X©" is smooth. 0

Definition 4.2.1 We call 1(Y;) in the previous theorem a wall.

Let C be a chamber. As a result of the Theorem §.1.4] we have the following corre-

spondence.

Proposition 4.2.4 For any point x with finite stabilizer (T'x) is a polytope. A point x
is stable if and only if 1(T'z) D C.

Proof: From Theorem [4.1.4] for any 1-parameter subgroup A we have py(7z) con-

tains the projection of C' on Tt;.

Theorem 4.2.5 Let m and n be natural numbers with m < n and the (C*)"~! acting
on the Grassmanian G(m,n) induced from natural action on P"~'. For an arbitrary

wall Y; C G(m,n) (as in the previous definition) there exists a unique subgroup
A:C = (C)"

where )\ can be taken to act as below:
Ees (6. 1),

and a partition [ U J = {1,... ,n} with

1 1el
a; =
-1 ieJ

and I and J are nonempty, such that C* fixes the points of Y;.

Proof: Note that the diagonal of (C*)" acts trivially on G(m,n). The quotient of

n—1

(C*)™ by the diagonal, which is isomorphic to (C*)"~!, satisfies the conditions in the
previous theorem. In that context we simply can work with (C*)" considering {z €
G(m,n);dim(stab(z)) > 1} instead of {z € G(m, n);dim(stab(z)) > 0}. Now from
the previous theorem there exists Y, an irreducible component of maximal dimension

of {x € G(m,n);dim(stab(z)) > 1} and there exists a unique C* which fixes Y
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4. THE MOMENT MAP FOR A TORUS ACTION 4.2 Description of Walls

point-wise and therefore 1(Y) = W. Let’s assume this one parameter subgroup is as

below:

A:C = (C)”
b (4L 1),

The action of this C* on G(m,n) is induced from the action of C* on P"~!. More
precisely, if [Q] € G(m,n) where @ is an m x n matrix, we just multiply the i—th
column by t*. Without loss of generality we can reduce the argument on an open set
A™n=m) < G(m,n). Therefore let

M1 T2 -+ Tin—-m
ro1 T22 ... Top— 01 ... 0

Q] = : — n m L = [(R| L),
Tmi Tm2 -+ Tmpn—m 0 0 ... 1 .

where R is an m X (n — m)-matrix and [, is the identity matrix. Then ¢.[Q)] =

[(t.R|I)] where t acts on R by multiplying the i—th column by ¢* and the j—th row by

t_an—m+j .

Note that in other open sets the action looks different. The condition ¢.[Q)] = [Q)] is
equivalent to

a1 = Ap_my1, ifriq #0;

Ay = Gp—mt2, 1f 722 #0;

a1 = Ap—m+2, if 21 # O,

Therefore

T 7é 0= aj = Ap—m+i-

On the other hand, if a; = a,,_p,+; then the projection on the r; ;-th coordinate
Y (AT — AL

1s surjective.

Let ' = {ay, as, ..., a, } represent the set of weights.
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4. THE MOMENT MAP FOR A TORUS ACTION 4.2 Description of Walls

First claim. There exist a,b € Z such that I" = {a, b}.
Proof of claim. Let’s assume that {a,b,c} C I'. Then there exists a one-parameter
subgroup
N:C — (C)
to (8,

with

b — a ifa; =a;
’ b otherwise,

which also fixes Y, which is a contradiction with the uniqueness of the one dimensional

sub-torus which fixes a wall.
Second claim. We can choose the one-parameter subgroup A such that a = —b.
Proof of claim. This is true because A and
A :C" — (C)"
toe (et e,
define the same action on the projective space (which contains the wall). Hence after
choosing | = —(a +b)/2 € Z we obtaina’ = (a +1) = —(b+ 1) = —b'. Note that

if a + b is odd, one need to replace ¢ by ¢* to make this sum even and then proceed as

before.
Third claim. {a,b} = {1, —1}.

Proof of claim. Otherwise A is not an embedding but a multiple cover of the one-

parameter subgroup for which {a, b} = {1, —1}.

From the proof of Theorem [4.2.5 we have the following statement.

Theorem 4.2.6 With the assumptions of the previous Theorem, for a wall W' there
exist disjoint sets 1,.J and also disjoint sets I', J' such that I U J = {1,2,...,n} and
rvJ ={1,2,...m} and

Y ={[Q] € G(m,n): Q= (aij)i<icm,i<j<m,@ij =0if (e € I'Njel)V
(ieJ Njed)},

is fixed by the C* corresponding to W .
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4. THE MOMENT MAP FOR A TORUS ACTION 4.2 Description of Walls

Proof: Let [Q)] € G(m,n) where ) is an m x n matrix. Without loss of generality we

can reduce the argument on an open set A™("~™) C G(m,n). Therefore let

1,1 2 v Tin-m 1
T‘271 7"2’2 r2,n—m O 1 ... 0
[Q] - : : .. : : MR : = [(R|Im><m)]7
\ ot Tz s Tmpew 000 1)

where R is an m X (n — m)-matrix and I,,,«,, is the identity matrix. To have [Q] fixed
by C*—action if r;; # 0 then a; = a,_,+;. Hence from the previous Theorem we are
done. |

From this proof we have the following corollary.

Corollary 4.2.7 With the assumptions and notations of the previous Theorem, F' =
(n (W)=

Note C* acting on G(m, n), induces an action with the same weights as its action on
G(m,n), on the universal family and P"~! = P(C").

Corollary 4.2.8 Under the same assumptions as the last theorem, the set
{r € G(m,n) : Jim A(t).x € F},
is as below:
YT ={[Q] € G(m,n) : Q = (aij)1zizm<j<m. iy = 0ifi € I' N j € I},

and the set
{xr € G(m,n) : 15% A(t).x € F},

is as follow

Y™ = {[Q] c G(m,n) : Q = (aij)lginggjgn,aij =0 le & J/ /\] < J}

Example 4.2.1 In G(3,n) a wall corresponds to the following one-parameter sub-

group
A:C = (C)"
toe (Lt t et
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4. THE MOMENT MAP FOR A TORUS ACTION 4.2 Description of Walls

where
) =ay =03 = Qp_p = Ay = 1 € Z,

ag=as =+ =0y 3 =0, = —1 €%,

This wall corresponds to the set of all the points [Q] € A*™=3) which are fixed by the

C*—action above, namely

7”1’1 7’1’2 7“173 0 0 RN 0 1 00
Q - T21 T22 T23 0 0 Ce 0 010
0 0 0 34 T35 ... T3n-3 0 0 1
Note that in general such a point in G(3,n) is like this
7”171 T172 7“173 0 0 Ce 0 Tl,n_g 7”1771_1 0
Q = o1 T22 T23 0 0o ... 0 Ton—2 T2n—1 0
0 0 0 34 735 ... T3np-3 0 0 T3 n

The points whose orbits are going into this fixed loci when t — oo are like below:

a1 Ti2 "3 Tia T15 --- Tin—-3 Tin—2 Tin-1 Tin
Q = o1 T22 T23 T24 T25 ... T2n-3 T2an-2 T2n-1 T2n )
0 0 0 r34 735 ... T3np-3 0 0 T3 n

and the points whose orbits are coming into this fixed loci when t — 0 are like below:

a1 Ti2 T13 0 0 e 0 Ttn—-2 Tin-1 0
Q= 11 792 123 0 0 ... 0  7rop—2 7T2n—1 O
r3qg 732 T33 734 735 ... T3n-3 7T3n-2 T3n-1 7T3n

In chapter 5 we will see how this wall corresponds to points in G(3,n), each param-
eterizing plane together with a set of k lines passing through a point and n — k lines
which coincide. We note that here k is the number of columns which have 0 in their

third row.
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4. THE MOMENT MAP FOR A TORUS ACTION 4.2 Description of Walls

ly=ls=lg==lp-3=In

Remark 4.2.9 From the following diagram

PAV-1) | R(APV-1)

Iy

n—1
R"™™,

the image of an orbit O(x) is a polytope with vertices a subset of the vertices of the

image of Grassmannian variety under the moment map.

Each wall corresponds to a partition I U J = {1,2,...,n} where I corresponds to
the columns with positive weights and J corresponds to the columns with negative
weights. We denote the wall correspondent to this partition by W; and the moment

map associated to the C* by ;.

Proposition 4.2.10 Let I, and I two subsets of {1,2,...,n}. For two walls Wy, and
W1, (correspondent to I, and I,) consider the corresponding moment maps jiy, and
pre If Iy C Iy then puy,(Wr,) > pr,(Wi,) and also if Ji O Jp then py, (Wr,) >
i (W)

Proof: Assume [; C [, and also assume Wy, corresponds to the lines /4, ...l; in the
fiber that are passing through a point and w4, ..., u,,_ lines in the fiber coinciding. Let
(I1,1;, ;) be the matrix having the coefficient of the lines [y, [; and [; in the 1th, ith
and kth columns and O for the other columns. Note that the image of an orbit under
moment map is the convex hull(polytope) with vertices (v;, vs,v;) where v;, vs and
v; are the lines. For example ([, l;, 1)) corresponds to a vertex of up, (Y7). We have
pr, (L, Ly lg) > 0 also puy, (L, wg, lk) > 0, pr (L, Ly ) > 0, o (uq,ug, lx) < 0, ete
which gives us the result we wanted to prove. O
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Chapter 5

Moduli Problems

To describe the GIT quotient of a Grassmannian variety by the maximal torus (the
largest torus action on the variety) as a moduli space, one needs to describe its universal
family. The first section provides a proof that a GIT quotient of a projective bundle is
a projective bundle. The next two sections focus on describing a GIT quotient of
the Grassmannian variety by the maximal torus as a moduli problem and in the final

section, on describing a flip as a moduli problem.

5.1 GIT Quotient of a Projective Bundle

We want to show that under suitable conditions, the GIT quotient of a projective bundle

over a scheme, by an equivariant torus action, is a projective bundle.

Lemma 5.1.1 Let’s assume X C P" is a scheme and ¢ : P(£) — X is a projective
bundle, where £ is a locally free coherent sheaf on X and a (C*)* acts on X with
all finite stabilizers being trivial. We consider a linearization on E which induces an
action of (C*)* on P(E). Let’s assume that for a line bundle L on X and a linearisation
on L we have X*(L) = X*(L). Then there exists an ample line bundle L' on P(E)
and a linearisation of L' such that P(E)*(L) = ¢~ 1(X?*(L)).

Proof: We want to show that if € X*(L) for a line bundle £, then there exists a line
bundle £ on P(€) such that ¢~ (z) C P(E)*(L").

Consider a 1-parameter subgroup A : C* — (C*)"™. Let £ = Op(e(1) ® ¢*(L¥N) for
a large enough positive integer N. For y € ¢~ !(z), let z be a point in the fiber L,
This fiber is isomorphic to C. Therefore we can assume that we have \(t).z = t**Ne

where a is the weight of the A group on ¢*(£) and b is the weight of A on Ops)(1).

25
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Now from Hilbert-Mumford’s Criterion since x € X*(L) we have a < 0. So for large
enough positive integer N we have Na < —b which means that b + Na < 0. We can
chose NV large enough so that the previous relation is true for all 1-parameter subgroups
A, hence y € P(€)*(L') and therefore ¢~ (z) C P(E)*(L'). O

Theorem 5.1.2 . Let’s assume X C P" is a scheme and ¢ : P(E) — X is a projective
bundle where £ is a locally free coherent sheaf on X and (C*)* acts on X with no
non-trivial finite stabilizers P(E) has an equivariant Cartier divisor D C P(E) and
we fix the T—action induced on P(E) such that L(D) = Ope(1). Then for any GIT
quotient X /| /T satisfying the conditions of the lemma, there is a GIT quotient P(E) JT
such that ¢ = P(E) )T — X /T is a projective bundle.

Proof: First we prove that the orbits of the action on P(&) are transverse to the fibers

of ¢. From the previous lemma the following map

¢ ¢ N(X3(L))/T — X*(L)/T
[yl — [o(y)],

satisfies ¢~ (T.z) /T = P k()= Given z € X*(L) such that its stabilizer stab(z) =
{1} we can deduce that for every y € ¢~'(x) we have stab(y) = {1} if for y; and y,
in ¢~!(z) there exist a nontrivial tq € T such that ty.y; = v, then tg.z = x which is a
contradiction. Therefore ¢~ (z) N T.y = {y}.

Now we want to show that 7,7, N 7T, -1y = {0}. The torus action gives us the
following diagram
T =Y PE)(L) = X*(L),

where the composition of .y and ¢ is multiplication by x. Both x and y have no non-
trivial stabilizers. Hence both maps .« and .y are injective and therefore the restriction
of ¢ to T.y is an embedding. The last diagram induces the following diagram of the
tangent spaces:

Tory = Tir — Tyre) =% Tox,

where in 7; 1 the 1 is the identity of torus T'. Since ¢ over ¢! (x) C P(£) is constant,
x, hence dngTy iy = 0. Therefore if v € T, 4-1(z) N Ty then dp(v) = 0 and

therefore v = 0 (since d¢ is injective).

Now in the following diagram we want to show that d¢ = 0 where the vertical map ¢ is

an inclusion and u and ¢ are quotient maps which are smooth since the torus is acting
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freely (no non-trivial stabilizers) on P(€)*(L’):

¢~ () —=P(E) (L)) T

T

P(E)* (L)

Thus the differential map has maximum rank which means that the kernel of the dif-
ferential map is equal to the tangent space to the fiber. The previous diagram induces

the following diagram at the level of tangent spaces:

de
Ty6-1(x) — Tyl pee)s(cy/r

)

Ty rE)s(c)) ,

where the vertical map, j, is still an inclusion as 7, 4-1(,) ia a sub space of Ty, p)s ().
Now d: being injective is equivalent to Image(j) N ker(du) = {0} and this follows
from the previous part as we proved that 7, -1,y N 77, = {0}. Hence d. is injective

and therefore ¢ is an embedding.

Next we want to show that ¢, (L(D//T)) = Ope)(1) where £L(D/T) is the line bundle
associated to the divisor D /T'. As the quotient map is smooth and D is a certain divisor
so is D/T. First we need to show that ¢ ' ([z]) = P~ for every = € X°. In the

following commutative diagram

P(&)* (L) —*—= X*(L)

B(€)"(L')/T = X*(L)/T.
the vertical maps are the quotient maps and ¢ is the map induced by ¢ after taking

quotient by 7. Since u, v’ and ¢ are smooth, ¢ is smooth too which means that the

differentiation of ¢ is surjective and also ¢ is flat. Now

——1

¢ ([z]) = vwo ' (u[z])
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and since u’'|4-1(,) = @ which is an embedding then

W67 2) = 5 () = B,

We need a vector bundle & over X*(L)/T such that we have P(") = P(£)*/T. For a
point [z] € X*(L)/T we showed that 571(@]) > P*é=1) Therefore from Theorem

[A.0.T5] since

HY (P=€-Y £(D/T)) = HY (P~ Opge-1) (1)) = 0,

we have
3.L(D/T)y = H(6 ' ([2]), Optome-n (1)) = C=),
and
0.(Ope) (1)) = &,
is a vector bundle on X*(L)/T of rank equal to rank(&). 0

Now we want to show that points in the Grassmaninan varieties with a torus action on

them have trivial stabilizers.

Lemma 5.1.3 . Let the torus T = (C*)"~! act on the Grassmannian variety G(m,n)
and x € G(m,n) an arbitrary point such that the isotropy group Stab(x) is finite (z
has finite stabilizers). Then Stab(x) = {1} (Stabilizers of x are trivial).

Proof: . Let’s assume Stab(z) = {t1,...,ts} C T. Seti = 1 for example. Since x has

finitely many stabilizers, then there exists a one-parameter subgroup
A C*— (CH"

but we work with the lift of this action to (C*)"—action on G(m, n), hence
t— (..., t),

such that t; = A(tg) for some ¢y € C* and lim;_,, A(t).2 =y € Y, where Y is a fixed
point locus of C*. By Theorem 4.1 and the Remark before it in [2] , we can identify

x with a point z = (z1, ..., z) in Ny )y where Ny, ) s the sub-bundle of

the normal bundle ./\/’y/G(mjn) which corresponds to A—orbits "coming into" Y. But
Ny o

m,n) decomposes into positive weights by, ..., by such that

t1.(z1, oy ap) = (tgla:l, ...,tg’“a:k).
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Hence from Theorem to = land t; = (1,...,1). With the same argument for
to, ..., ts we have Stab(z) is trivial. O

The description of Flips for the projective bundle could be done for all weights in

general but in our case weights are only +1 or —1.

5.2 The Moduli Problem

A moduli space M for (equivalence classes of) geometric objects of a given type con-

sists of:

1. A set M whose points are in bijective correspondence with the objects we wish

to parameterize.
2. The notion of "good" functions to M described in terms of families of objects.

Definition 5.2.1 A Moduli Problem. A moduli functor is a contravariant functor from
the category of schemes to the category of sets that associates to a scheme B the equiv-

alence classes of families of geometric objects with certain properties parameterized
by B.

Definition 5.2.2 A Representable Moduli Problem and its Fine Moduli Space.

Given a moduli functor

G:6ch — Get
we say that (M,U), where U € G(M) (the universal family), finely represents the
moduli functor G if for any scheme B and any v € G(B) there exists a unique

¢ : B — M suchthatv = G(¢)(U).

Example 5.2.1 (The Grassmannian Functor). Let 0 < m < n be two positive inte-

gers. Let
G(m,n): Sch — Get,

be the contravariant functor that associates to a scheme B the set of sub-vector bun-
dles of B X gpec(cy C" of rank m, or, equivalently, the set of projective sub-bundles of
B X gpec(cy P! with fiber P™ 1. We will work with this second interpretation through-

out this thesis.

To a morphism of schemes [ : B' — B, the functor associates their pull-back.
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This functor is represented by the Grassmannian variety G(m,n). Indeed, the univer-

sal family over G(m,n) is the flag variety F' = F'(1,m,n) defined as follows
F(1,m,n) = {(z,L) € P! x G(m,n) : xis apointin L}.

The flag variety comes with two natural morphisms, which are the restrictions to F' of

the two projections from P"~* x G(m, n) to its factors:

(z,L) T

F(1,m,n) 2—pr-1!

.

L G(m,n)

Let "~ = Proj(Clyy, ..., yn)). To represent (z, L) € F = F(1,m,n) in coordinates,
we may choose (v, L) € (A™\ {0}) x M (m,n) where L is a m x n matrix of rank m.
Fori=1,2,....mlet R; € A" be the i—th row of the matrix L. Let v = (vy, vy, ..., Uny )
Then we can define L = P(V'), as the projectivisation of the vector sub-space V. =<
Ry, Ry, ..., R,, >C C" generated by Ry, R, ..., R, and v = P(< & >) where T =
Y viR e V.

Alternatively, we can think of L as a 1 — 1 linear transformation
L:C"— C"

Then V is the image of L and v.L = Z.

Note that (v, L) define (x, L) uniquely up to a change of basis g € GL(m) for V and

multiplication by a scalar for v. Hence
F(1,m,n) = {(v,L) € (C™\ {0}) x M(m,n) : L is of rank m} /(C* x GL(m)),

where the C* x GL(m)—action is as follow; for any (v, L) in (C™ \ {0}) x M(m,n)
and for any (t,g) in C* x GL(m)

(t,g).(v,L) = (tug~", gL),

where t - vg~! is the multiplication of the vector vg~" by the scalar t and vg~" is the
multiplication of matrices. Indeed, C* x GL(m) acts freely on {(v, L) € (C™\ {0}) x

M(m,n) : L is of rank m} hence the quotient is a smooth variety.
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Definition 5.2.3 The Moduli Problem of Planes with n given lines in general posi-

tion. Consider the functor

G:6ch — Get
B + [(m:P— B,Dy,D,,...,Dy)],

associating to each scheme B an isomorphism class of tuples
(m: P — B,Dy1,Ds,....,Dy),

consisting of a flat morphism 7 : P — B whose fibers P, are projective planes P?, and
foreachi € {1,...,n}, adivisor D; of P whose intersection {;, with each fiber P, is a
line l;, C P, such that

o liy # Ly fori # j.
* No three lines l;y,, ;, U1, intersect at the same point in P,

Two tuples (1 : P — B,Dy,Ds,...,D,) and (v’ : P' — B',D}, D}, ...,D.) are
isomorphic to each other if there exists a map ¢ : B’ — B and an isomorphism
¢: P'— ¢"(P)

P’ = ¢*(P) P

" ]

B/

Y

such that ¢ restricts to an isomorphism D! = ¢*(D;) for eachi € {1, ...,n}.

We will prove that this functor is representable. First we need some preliminary data.
Previously we have defined the flag variety F' = F(1,m,n) over G(m,n) which is
the universal family over G(m,n). F provides a P™~!—fibration over G(m,n). Let
D; = p5({y; = 0}) for i = 1,2,...,n. Then for [A] € G(m,n) such that A =

1,1 T1in
€ M(m,n), let {;, = Fy N D; where F), = P™! is the fiber of

T'm,1 Tm,n
F over [A]. Now let [x1 : @9 : ... : x,] be homogeneous coordinates on F. Then the

restriction of p, to F) is given by
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Fy — Pt

m
[T1 @t o T] [Z Ti%5li=1,.ns
j=1

and Z;nzl r;ix; = p3(y;) represents the equation of ¢; ,. Note that this equation is

unique only up to multiplication by a constant ¢; € C*.

In particular in the case m = 3, we get p; '([A]) = F) is a plane, and if A has no zero

column, we constructed n lines ¢; 4, ..., {,, » Where

Uip 27100 + 12Ty + 13,03 = 0.

(n) lines in P2

For1 <i < j < k < n,thelines {; 5, ¢; o coincide if and only if

i Ty
rankpij([A]) = Teq T2 <1,

r3: T3,

and /; A, ¢;a and {;, meet at a point (or two coincide) if and only if

)

Mg T Tik
25 Ti5 T2k = 0.

r3: Ti; T3k

Theorem 5.2.1 There exists an open set U' C G(3,n) such that the geometric quotient
U'/(C*)™ represents the functor defined above.
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Proof: Let U’ be the open subset in G/(3, n) given by the conditions p;j;([A]) # 0 for
all [A] € U’ and all sets of indices 1 < ¢ < j < k < n. By the discussion above,
the points [A] € U’ represent planes Fy — P"~! such that the hyperplane sections ¢; 5
satisfy the conditions in Definition [5.2.3]

Recall that for each i € {1,...,n}, the equations of ¢; , in Fy were defined uniquely
only up to multiplication by a constant ¢, € C*. Indeed, the natural action of (C*)"
on P"~! keeps the coordinate hyperplanes invariant. This action induces an action on
G(3,n) as described in Section[2.2]and hence on F' = F'(1,3,n) — P! x G(3,n).

Hence each t € (C*)" gives an isomorphism of P"~! which by restriction induces an

isomorphism

(FA7 él,A) ) ETL,A) — (Ft-A7 El,t-/\7 ) gn,t-A)-

Note that U’ is invariant under the action of (C*)" because

pijr(t - [A]) = titjtrpii([A]) # O,

forall [A] € U’, where t = (14, ..., 1,).
We will prove that U’ /(C*)" represents our given functor.

First we note that by Theorem [£.2.5] U’ is the set of points in G(3,n) whose (C*)"
orbits, when mapped via moment map, contain in the boundary all the external walls
(walls which separate chambers). Therefore the points in U’ are the stable points for
every linearisation of the action of (C*)” on G(3,n). Hence U’/(C*)™ is a geometric

quotient.

We claim that the family (p; ' (U")/(C*)* — U’/(C*)™, {4, ..., £,)) is the universal fam-
ily over U’ /(C*)™, for the given moduli problem. Equivalently, we wish to show that
for any tuple

(p: F— B,Dy,Ds, ..., Dy)

satisfying the conditions in Definition there is a unique map ¢ : B — U'/(C*)"
such that

F—=pr (U)/(C)"
P,
1/1 / *\Nn
B ur/(c)n,
is a fiber product i.e.
F =9 (pr(U)/(C)")
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F is a P>—family over B, whose hyperplane divisors satisfy the required properties. A
specific torus bundle 7' — B will be constructed below so that it works. We first wish
to construct amap ¢ : T xpg F — Pl = Proj(Clyi, ..., yn]) where y; is a global

section in £(D;) fori = 1,...,n and T is a torus bundle over B.

Each D, is the zero locus of a global section in £(D;). We only want one line bundle
but we have n of them: L£(D;), L(Ds), ..., L(D,,) which might not all be the same.
Note that on each fiber F, = P? we have L(D;)r, = Ox, (1) hence £(D;) ® L(D;)™*

is trivial on the fibers F;, of p for each i = 2,3, ..., n.

Let £; = L(D;) ® L(D;)~* fori = 2,3, ...,n. We claim that p,(L;) are line bundles
over B.

Forb € B the map ¢'(b) : R'p.(L;)@C(b) — H'(Fy, L) ia a surjective map because

HYFy, Ly) = H'(P? Op2) = 0 fori = 2,3,...,n. From the Cohomology and Base
Change Theorem the map ¢'(b) is an isomorphism for i = 2,3, ...,n which
means that R'p,(L;) ® C(b) = 0. Hence from part (b) of the same theorem ¢°(b) is
also surjective where ¢°(b) : R%p.(L;) ® C(b) — H°(Fy, L) = ['(Fp, L) and again

from the same theorem part (a), ¢°(b) is an isomorphism. So
pe(L:) @ C(b) 2 T(Fp, Lip) = T'(P?, Opz),
fori = 2,3, ...,n. Since I'(P?, Op2) is of dimension one, we can deduce that over each

point b € B the fibers p.(L;) @ C(b) = p.(L;), have dimension equal to one.

We claim p*p,(L;) = L; fori = 2,3, ..., n. Indeed, as p* is left adjoint to p,, we have
a morphism of line bundle p*p,(L;) — L;, which is an isomorphism on the fibers of p,
hence an isomorphism (by Nakayama’s Lemma).

Now we would like to have a nowhere zero section in p.(L;) for i = 2,3, ..., n. This
does not necessarily happen on B but it is true for the pull-back of p,.(L£;) on

f:T :=(p.(L2)\ (zerosection) ) xp - Xp (p.(L,) \ (zero section)) — B.

Hence f*(p.(L;)) has a nowhere zero section on 7" for i = 2,3, ..., n. In other word
[ (p«(Ly) =2 O, fori =2,3,...,n.

¢ f*(po(L;)) is trivial too where ¢, : T x g F is projection on the first component. On
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the other hand from the following fiber product diagram

TXB.FL>T
-
F—Lr o B,

we have ¢} f*p.L; = ¢;p*p.L;, and from p*p.(L;) = L; we have ¢;(L;) is trivial and
therefore
0 (L£(D1)) = q3(L(Dy)),

for: = 2,3, ...,n, and it has n global sections s1, ..., s, induced by Dy, ..., D,,.

It means that we have the following map
LT xgF — Proj(Clsy, ..., $n)),

which maps each fiber of ¢; into a linear projective subspace P> C P"~!. As D,
are quotient divisors for the (C*)n — 1 action on T' x g F, the map i is (C*)n — 1-

equivariant. Now the following diagram

T xpF =Pt

ifh
T :
induces an equivariant map ¢ : T — G(3, n). (Note that the (C*)"'—action is induced

from the action on P"~! and similarly the action on 7). Hence from the universal

property T x g F = ¢*F and we have the following fiber product diagram

T XB.F F
ith ‘/ﬂ
T—"-G(3,n),

and after taking a quotient by (C*)™ we have the following fiber product

F (T xp F)/(C) ' ——F[T =7 (U)/(C*)""

| |

B=T/(C)! G(3.m) () = /().

as all the quotient maps are (C*)n — 1-fiberation. O
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This moduli space U’/(C*)" is not compact. We would like to find a compactification
which is canonical, i.e. such that if (¢1,...,¢,) is an arrangement of lines in plane
parameterized by a point in this compactification, then for any permutation o € S,
the tuple (50(1), Lo(2) - - -, Lo(n)) is another arrangement of lines in a plane also param-

eterized by a point in this compactification.

5.3 The Moduli Problem Represented by GIT
quotients of the Grassmannian Variety G(3,n) by

the maximal torus

Dolgachev and Hu [3] and Thaddeus [9] proved that there are finitely many chambers
and walls in the image of a moment map. For the moment map associated to the
action of (C*)™ on G((m, n), let’s denote the set of chambers by {C} }, and the set of
walls by {W;},, where j € {1,2,...,¢}. The image of each orbit is a convex hull.
The vertices of this convex hull correspond to the lines in general positions. From

Corollary |4.2.6 for each wall W there exists a partition {1,....,.n} = [; U J; and a
partition {1,...,m} = I] U J/ such that

(W) ={[Q] € G(m,n) : Q = (Tij)mxn, Withr;; =0if (i € I[ Aj € I)V
(teJ Nje )},

where C* is the unique subtorus associated to W, and p is the moment map. From
Corollary 4.2.8|the set V;" := {z € G(m,n) : limy_,oo A(t).z € (u~1(W}))T"} is as
below:

STl x) >

Y, ={[Q] € G(m,n) : Q = (14)1<i<m,1<j<n, T3 = 0if i € Jy A j € Ji},

It e R

and each chamber having TW; as a wall is contained in only one of x(Y;") and p(Y;™).

For a chamber C), consider

A ={L: n(Y") D Cr},
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and
.A]; = {Jl/ : ,U,(YET) D) Ck}
Similarly we can define A:(O(x)) and A ;) for u(O(z)) for a point z.

Remark 5.3.1 Consider an arbitrary orbit O(x) and a chamber Cy. From Proposition

we have Cy, C p(O(x)) iff for every I € A:(O(x)) there exist I' € A such that
I C I' and for every J € A,y there exist J' € A, such that J C J'.

Previously we have defined the flag variety /' = F'(1,m, n) over G(m, n) which is the

universal family over G(m,n).

F provides a P™~!—fibration over G(m, n). Let D; = p5({y; = 0}) fori = 1,2,...,n.

11 T

Then for [A] € G(m,n) such that A = P € M(m,n), let {;, =
Tm,l rm,n

Fy N D; where F), = P™~1 is the fiber of F over [A]. Now let [z1 : Z9 : ... : 7,,] be

homogeneous coordinates on F). Then the restriction of py to F is given by

FA—>]Pm

m
[T1 029 1o Ty [Z T5iTi)i=1,.n»
=1

and Z;nzl r;ix; = p3(y;) represents the equation of ¢; ,. Note that this equation is

unique only up to multiplication by a constant ¢; € C*.

Note that this thesis works with G(3,7n). Hence p;'([A]) = F} is a plane, and we

constructed n lines ¢4 4, ..., £, A Where
Cin 2 1T1T1 + 1o + 13,03 = 0.

We will exclude the cases where 71, = ro; = r3; = 0 as such A are maped in the
boundary of 1(G(m, n) and are not relevant to our analysis. Let’s consider a wall W,
of a fixed chamber. Without loss of generality consider I; = {1,2} and .J] = {3}. For
r,s € Iy and all i € I] we have r;, = 1,3 = 01.e. o : x3 =0and {5 : 3 = 0. For

t € Jywehave l;p 421 + 19170 = 0 as rg = 0.

In general, whenever we have a partition / U J = {1, 2,3}, we will assume |I| = 2
and |J| = 1.

Definition 5.3.1 The Moduli Problem for a Chamber. For a fixed chamber C', con-
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sider the functor

Cr:6ch — Get
B — [(WZP—)BaDlaDQW"?Dn)]?

associating to each scheme B an isomorphism class of tuples (m : P — B, Dy, ..., D,,)
consisting of a flat morphism 7 : P — B whose fibers P, are projective planes P?, and
foreachi € {1,...,n}, adivisor D; of P whose intersection {;, with each fiber P, is a

line l;, C P, such that one of the following cases holds:
o Ifliyy =liyy = ... = li_p, then {iy, iz, ...,5.} C I}, for some I, € A

o If all the lines (;, y, ¥, p, ..., L}, » have a point in common, then {ji, ja, ..., jo} C
J) for some J, € A, .

Two tuples (m : P — B;Dy,Ds,...,D,) and (v’ : P' — B'; D}, D}, ..., D)) are
isomorphic to each other if there exists a map ¢ : B’ — B and an isomorphism

¢: P = ¢"(P)

such that ¢ restricts to an isomorphism D) = ¢*(D;) for eachi € {1, ...,n}.

Theorem 5.3.2 For every chamber Cy, there exists an open set U}! C G(3,n) such
that the geometric quotient U] | (C*)" represents the functor Cy, defined above.

Proof: Let
Uy = (C)" = (Cp),

where C}, is the interior of the chamber Cjy. Thus U] is the set of points b € G(3,n)
with the property that the intersections of the divisors D; = pi({y; = 0}) with the
fiber Fy, for @ = 1,2, ..., n are the lines, ¢;;, which satisfy the two conditions listed in
Definition[5.3.1] The rest of the proof is similar to the proof of Theorem[5.2.1] a

Now it is time to describe a flip of the universal bundle (i.e. the flag F' := F'(1,3,n))

over the Grassmannian variety (3, n). The flip corresponds to passing through a wall
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from a chamber C}, to a chamber C;. It corresponds to a birational map as below:
U /(C7)" - U /(C)".

Lemma 5.3.3 If C* acts with two different weights on P" it has two fixed loci of com-

plementary dimensions.

Proof: For an arbitrary A € C*and x = (zo : -+ : x,) € P

A=Az A Moy o Nay,),
where o < [ then the fixed lociis {z € P";x = (xg: -+ 12, :0:---:0)}U{x €
Pruax=0::0:Tprr:--:Tp)} ]

For the moment map p associated to the action of (C*)™ on G/(m, n) and a wall W, by
Theorem [4.2.3| there exists a unique one-parameter subgroup
A:Cr = (C)"
to— (.0,
such that W is the image through 1 of the locus fixed by C*. Recall that the flag variety

over the Grassmannian is F' = P(G) where G is the universal sub-bundle, which is a

rank 3 vector bundle and C* acts on each fiber of
Gl wyer = Gw,
and so we can write it as decomposition of eigenspaces
Gw = V1 @ Vy,

where V; is a rank one and ), is a rank two vector bundle. Note that P());) and P(V%,)
are fixed by the C*.

Recall that for each wall W there exists a partition {1,...,n} = I U J and a partition
{1,...,m} = I'U J" and a unique sub-torus C* such that

*

(PN ={[Q) € G(m,n) : Q = (aij)mxn, Witha;; =0if (i € ' Nj € )V
(teJ Nje )}
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From Lemma [5.3.3| the fixed locus of the fiber F}, over each point x € pu~1(W)%" is
isomorphic to the union of a point, P(V;),, and a line P(};),, in the projective plane
F,.

Consider a fixed linearisation on G(3,n). Recall that in Lemma we proved that
the pre-image of stable points via 7 is a set [, the set of stable points in F' for a suit-
ably chosen linearisation on F' = F'(1,3,n). Hence for a chamber C; and projection
on first component py, 71 ((C*)"u~1(C?)) is the set of stable points for an induced
linearisation on F'. Let’s denote by U; the GIT quotient of F' by (C*)" corresponding
to that linearisation and by M;, the GIT quotient of the Grassmannian variety. In the
image of moment maps to go from one chamber to a next one (which shares a bound-
ary with it) is the same as having a birational morphism between their corresponding
GIT quotients which is called a flip. Dolgachev and Hu in [3] for general case and
Taddeus [9] for an specific case showed that a flip corresponds to a blow-up followed

by a blow down. Mustata in [7] has described it in more details.

Lemma 5.3.4 Assume two chambers C; and C; share a wall W;. Unlike C; and C},
in the image of moment map for F' and (C*)", the chambers corresponding to U; and
U; do not share a common wall but there is a third chamber between them, whose

corresponding GIT quotient we denote by Uioj.

Proof: Denote 7' = (C*)", X = G(3,n), X* = T.u ' (Cy), M; = X35 T, Ff* =
7 N T.u Y Cy), Uy = Ef5)T, with p; : U; — M;. Let i/ : F — R" denote the
moment map for I with the T—action and C; = Ny erss ' (T.y') is the chamber corre-

sponding to U;. Apply similar notations for j instead of 7.

Let Y = ' (W;)®". We may assume X;* \ X* C Y~ = {y;limy oo t.y € Y} and
X2\ X YT = {y;limy oty € Y} Indeed if u(Tx D C;but C; ¢ p(Tx) then
W, is in the boundary of y(T'z), hence lim;_,, t.z € Y. We know that 7~ *(Y") contains
two C*—fixed loci P(V;) and P(V,). Define Cj; = /(7= (Y)), and Wy = 1/(P(V1))
and Wy = 1/ (P(V,)).

Consider the sub-torus C* which fixes Y and denote by y. the moment map for the
induced action of C* on the flag variety /'. From Equation we have pq. =
(dX\i=1)" o i/ where X' : R™ — R is projection map induced by the embedding C* —
(C*)™. Let N = (d\=1)".

If Z is a locus fixed by C* we denote

Z" = {z;tlgglot.z €z}
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and
S GURT
Z —{27%1n3t.z€Z}.

Claims:

(@) N (Cy) = (ue-(PON)), pie- (P(V2))).

() N(C) = (a, - (PON))) for some a € R, @ < pig. (P(V1)).
(©) XN(Cj) = (- (P(V)),b) for some b € R, b > pii. (P(Vy)).

(d) N(C;j;) is either a chamber in £/(F') or a union of chambers each having walls

contained in W, or Wy i.e. Cy; C 4/(T.y') for some o/ s.t. Wy C /' (Ty/), Wa C
Proof of (a): Every pointy’ € 7~1(Y) satisfies lim;_,o t.y/ € P(V;) and lim;_, t.y' €
P(V,), for the given C*—action on F'. Claim (a) follows from the fact that i : C*y' —
R factors through an embedding of C*y//S" — R.

Proof of (b): We first show Jy' € F**s.t. lim; . t.y" € P(V)). Indeed as X7\ X3 C
Y~ and 77 1Y) = P(V,) UP(V,), we have

ESS \ F]-SS C ]P)(Vl)i U ]P)(Vg)i 5.1

Moreover F* NP(Vy)™ = P(Vy)~ \ 7 (V).

We knew that P(V,)~ \ P(V,)//C* is a projective bundle, compact and 7~ !(Y) \
P(V,)//C* is a P'~bundle. Hence (P(V,)~ \ 7 '(Y))/C* is not compact, and in con-
sequence F** NP(Vy)™ =P(Vy)~ \ 7 1Y) # P(V2) ™.

As the lim;_,o t.y € P(Vy) UP(V,) forany y € 7 1(Y) we have 3y’ € F}* such
that lim; . t.y/ € P(V;). Moreover we saw in Equation (5.1) that for all y/ € F}*\
F*, we have e (T.y') = (ay, pe-(POV1))) or pe-(T-y') = (ay, pe-(P(V2))). As
pes(POV))) < pe-(P(V2))), it follows that

N(C)= N ne-(Ty) = (a, ue-(BON))).

y/eFiss
Note that as the map pc- : C*z — R factors through an embedding of C*z/S! in R
and limy_,o pu(tz) < limy_, p(tx) we have p(tr) < limygeo t.
Proof of (c): It is similar to the proof of (b).
Proof of (d): Lety' € Fandn(y') =y € X. f Wy N/ (T.y') # 0 and 3/ ¢ F?* then
either 7.y’ C 7~ (V') or C; C u(T.y). Equivalently, y' € 7~'(Y) or Ty C X3*. The
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last inclusion implies 7.y C F7*. In both cases, using (a), (b), () and the fact that IV,
is the wall sent to fi¢... (P(V,)), we have Wy N p/(T.y') # 0.

a

Correspondingly there is a birational map between U; and U; which we will shortly
show it made of two flips.

Consider an affine open set U,y = ({Zwww 7# 0}) which corresponds to all the ele-
ments in G(3,n) whose minor of columns (u, v, w) is non-zero. From Corollary

we have

(T (T ) M) = Pl e At V) L P19 (v (V2)
=(( W) Y Uuww) x B°LPY) € (7 (W) [\ Unow) x P2,
(5.2)

where 7 : F' — ((3,n) is the natural projection. Hence from the description of flags
in Example locally on Uy, we have the following

POV N1 (Uew) :=={y = ([Q], (v1 : va : v3)) € A3 x P2,
Q) = Hm AEL1Q) € (™ (V) Tim A1) € POV1) g}
={([Q], (v1 : vz : v3)) € A3 x P2

Sl x) >

(5.3)

which are the C*—orbits coming out of the first fixed locus P(}; ), and similarly

P(Vi)™ N 71-_l(quw) ={y = ([Q], (v1 : v2 1 v3)) € A=) P?;
Q1= lim A(t).[Q] € (1™ (W)™, lim A(t).y € POV1)ign}
={([Q): (v1 : vy : v3)) € A’ X P20y = 0y = 0,

St/ >

(5.4)

which are the C*—orbits going into the first fixed loci, P(V;). For P(V,) we have the
following
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PVo)* N (Unow) :={y = ([Q], (v1: 03 : v3)) € AP 5 P2
Q) =l \1).Q] € (4 (W) i A(0).y € BV}
={([Q], (v1 : vy : v3)) € A7) x P2,

S0l x>

(5.5)

which are the C*—orbits coming out of the first fixed loci, P(V;), and similarly
]P)(VQ)_ N W_l(quw) Z:{y = ([Q], (Ul Vg 123)) € A3(n_3) X ]P)Q;

Q= lim A(£).[Q] € (™ (W))"", lim A(t).y € POV2)jgn}
={([Q], (v1 : vz 1 v3)) € A3 P2 vy # 0V vy # 0,

It R e

(5.6)

The following diagram illustrates the flips between the GIT quotients of G/(m,n) and
between the GIT quotients of F":

U.

o

U; U,

% Fed X

U; U

M; M

U.

ij

\i,j

o
O
7

Figure 5.1: Flip of the universal families over two GIT quotients

where
M, = T (C9)/T,
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Mj =T (C5)/T,

MZ] - Bly—/TMi = Bly+/TM',
U = (T.p7(C5))/T,

Uy =7 H (T (C5))/T.

Ui = Blpy,)-rUis
Uj = Bl]p(yz)+/TUj, and

Uy = Bly ezl = BlyynUi = Ui xuy Us o7

Detailed description for these type of flips can be found in first section (and also Ex-
ample 1.16) of Thaddeus [9].

Indeed,

POV NPOV) N1 (Unww) = {([(@i)1<i<m 1 <j<(nem], (01 2 02 v3)) €

Il e

Am(n=m) 5 p2. (v1 0V vy #0) A (vg # 0)A

(5.8)
(a;=0if(ie JANjed)v(iiel njel))}
=7 HY N Uppw) \ (P(V1) UP(V)).
On the other hand
dim(P(Vy)*) = dim(AHI T P2y = 3|1] + 2|J| + 2, 59
dim(P(Vy) ") = dim (A7 s P2\ {(0: 0 1)) = 3|J| + |I| +2,
and also
dim(P(V)* NP(V,)7) = dim(AY IVHIIET s P2\ (PLU{(0:0:1)})) 5.10)
=2|J| + |I| + 2. '
Hence
dim(A3"=3) x P?) = dim(P(WV,)") + dim(P(Vy) ") — s

dlm(P(Vl)Jr N P(Vg)i) = 3(Tl — 3) + 2.

Moreover, from the local description of P();)" and P(V,)~ above, we see that these
intersect transversely at 7~ '(Y) \ (P(V;) UP()V;,)). Transverseness is preserved when
taking GIT quotients by 7', which explains Equation (5.7).
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Next, we construct a map ¢;; : U;; — M;; such that p; o g;; = q}-o\ﬁo fji andw =
g; o fj o fij. Note that U;; = BZP(@;/TBZP(VI)—/TUi and P(Vy)= /T = n=1(Y—)/T
while P(V,)~/T C = Y(Y™)/T C U, are regular embedding. It is because some of
the orbits which go into P()V,), pass through P();) first. Hence we may apply the

following lemma:

Lemma 5.3.5 Consider X,Y and Z smooth manifolds, with Z C Y C X regular

embeddings. Then
BlyBlz X = Bly—12Bly X,

where m : Bly X — X is the blow-up map and Y = Bl,Y is the strict transform of
Y in BizX. Moreover, the exceptional divisor in Bl,-1 ;) Bly X is a PE—bundle over

7N Z) where k = codimy Z.

Proof: Working locally, assume X = Spec(A), Y = V(Iy) where Iy = (t1,...,tq),
Z = V(Iz) where Iz = (t1,...,tg,ta11,---,t,) and P! = Proj(C[Ty,...,T;]).
Then

Bl;X =X
=VtT; —t;T; 4,5 € {1,...,n},i < j) (5.12)
C X x P! = Proj(A[TY, ..., T)),

and
Y = V(T .. Ty, t Ty — 4T, d < i< j) CY x P71,

fort; = f(t;) where f : A — B = A/Iy. Now let U, C X a standard affine cover;
(T, #0) and T}/ T}, = z;;

Up = Spec(Alxy, ..., Tp, ..., x0)/(t; — tpx; 21 # k))

et
— Spec(A[X . 2 .
pec( [tk7 ’tk’ 7tk])

We consider the case £ < d, as the other case is quite trivial. In this case, in U, we

have —
t1 tr tq
I =(—, ., —, 0y —),
123 tk (7%
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if k < d. Then an affine cover for
Bly X,
is as below: . . e
b Bty Lo
L A g

for some s € {1, ...,d}. To describe Bl,-1(;) Bly X we first describe Bly X locally as

Spec(A]

t ot tg
Spec(A[L, ... 22, 1.
pec( [ts | ts])

If k < d, then -1z is generated by tsx; where ; = f— fori € {1,...,d} and t; for
l €{d+1,..,n}. When k < d, an affine cover for Blr-12)Bly X is

tl E; E tn
tk, ceey tk, ceny tk, ceny tk

tl E tn
Spec(A|—, ..., —, .o, —
pec(AL e ]

D,

which is the same as the affine cover of Bly X descried above which proves the theo-

rem.

Finally, k = codimp, x (77 (Z)) — 1 = codimx Z — codimxY +1—1 = codimy Z.
O

The last Lemma gives us the following Remark.

Corollary 5.3.6 The following diagram is commutative i.e.

Uij = BZP(EQT;/TBZP(VI)_/T(U%) = Bly-1e(v)-/1)P; Uiy

where on the left hand side the second blow-up is along the whole fibers over the pre-

image of the wall which creates the flip.
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Ui;

U; = Bl]P’(Vl)*/TUi PE‘(U)

e \
| /

/
/

Figure 5.2: Flip of universal family over two GIT quotients

Indeed, we apply the previous Lemma to P(V,)~ /T C 7~ 1(Y~)/T C U,, keeping in
mind that 7=1(Y =) /T = P(V2)~/T in U; and that p;(U;) = Bl,-1(y-),7U;. Note that

T
7 1(Y~)/T = P(V2)~) as they coincide outside the exceptional divisor and their

intersection with the exceptional divisor is 7~ 1(Y") /(T Xpp,) P(V1)7)

—_——

Recall that M;; = Bly - ;0 M;. For a point y in the exceptional divisor Y~ /T, the fiber
qigl(y) of the map U;; — M;; consists of 2 components;

/-\_/

* ¢; '(y) = BlyoinsP? , the strict transform of ¢; ' (y) = P? under the blow-up p;.
e a fiber P? of the exceptional divisor E of p;.

Indeed, p~'(P(V1)~/T) N g; '(y) = {point} and codim—i;y—(P(V;)~) = 2. The
two components P? and BlpOmtIF’ intersect along a line P!, the exceptional divisor of
BlyoiniP%.

In the final step we want use these facts and show that all the fibers of ¢;; have the same

Hilbert polynomial. In other words Uj; is flat over M;;.

On a general fiber of the global sections of LI on P? = Proj(Cly, 32, ys]) (P*is a

fiber of the universal family) are generated by monomials 5 y52y$* where d; + ds +

mn+2

ds = mn. There are ( 5

m >0

) different global sections which means that for P> and

dim(H(P?, L") = dim T(P2, Oz (mn)) = (mn; 2).

The restriction of 3°; D; to a fiber P? of F' — G(3,n) :
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n lines in P2

For P!, the global sections of E‘@,ﬁn on P! = Proj(Clyi, y»]) are generated by mono-

mn+1

mials 3" y5* where dy 4 dy = mn. There are ( L

) different combinations. Hence

dim(H°(P', LE7)) = dim D(P?, O (mn)) = (m” + 1) .

1

Consider £; = O( f: D), the line bundle on U; involved in the presentation of M; as
a moduli space. Lé?lgij : U;; — U, be the composition of blow-ups described above,
and L;; := g;;L;. We will calculate the Hilbert polynomial of the fiber qigl(y) of the
family ¢;; : U;; — M;; with respect to the ample line bundle Eij| 0 W) Consider
y in the exceptional locus of M;; and p;(y) its image in M;. Recall that ¢;;'(y) =
BlyoiniP? Upr P2, With the notations introduced earlier, in the fiber g; ' (p;(y)) = P2,

the divisor f: D contains ¢ lines passing through (0 : 0 : 1), where ¢ = |.J|. Recall
=1

that (0: 0 : i) is the point which was blown up. Pull-back through g; o g;; these lines
t
yield ¢ divisors Fy, ..., F; in Bl P?, and ¢ other lines in P2. Let F' := 3. F; and
=1
L =3 D;—F on BlyynP? C g5 (). Thus Ly; is O(F+ L) on BlypingP? and Ops (t)
=1
on P2, and Op: (t) on Bl P> N P? = P'. Hence

ho(gzgl(y), Lij (m)) = hO(Blpm'ntP2, OBlpm'ntﬂﬂ (mF + mL))—i—

(5.13)
hO(B2, Opz (mt)) — RO(PY, Op (mt)).
Note that the pullback maps
hO(P2, Opa (mt)) — KO(P, Opi (mt)),
and
ho (Blpm‘mgPQ, OBlpointIP2 (mF + mL)) — ho (Pl, O[pl (mt)),
are surjective.
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We calculate each summand separately. Note that Bl P? = P(Op @ Opi(1)) is
a projective bundle over P! with f : P(Op @ Opi(1)) — P! and Op, (F) =
f*(Op(t)) while Opy .. p2(L) = t*Op2(k) = Op (k) for the blow-up map
L BlpomtIPQ — P2,

point]P2

point]P>2

Now consider £ lines and ¢ fibers in Blpm-mtIP’2 which are the pull-back of lines in P?

via the blow-up map.
t Fibers
Ft F2F1

Ly,

. K ling
| S
Ly

Fvrantinnal Nivienr

Form >0
0— IUFi — OBlpm-mIP’Q — OmF = OBlpomtIP’2/]UFi — 0,

where Iyp, = Opy,,,,p2(—mF). Multiplying this short exact sequence by O(mF +
mL) we have

0= O(mL) = O(mF +mL) = Oup, ® O(mF +mL) — 0. (5.14)

Since F1, ..., I} are fibers of the projection f : P(Op1 &Op:1(1)) — P, we have F? = 0
mt
and hence O p, ® O(mF) = @ Op1.

As well,
f*OBlpointIPQ (mk:) = Symmmk(OW D Opl(l))
= Opl(mk) D O]pl (mk — 1) D ... D O]pl,
and R'f,Op,...p2(mk) = 0 for i > 0. Hence

Hi(Blpoint}PQv (QBlpomtIP’2 (mk)) - Hi(]P)1> f*OBlpomt]W (mk)) = Oa

for 2 > 0 and thus the short exact sequence yields a short exact sequence for the
spaces of global sections
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0 = H°(BlyoinsP?, Opy,,. 2 (mk)) = HO(BlyoimuP?, O(mF +mL)) —
mt
HO(P', @ Op1 (mk)) — 0.

Hence

mt
dim(H"(BlpoinsP?, O(mF +mL))) = dim(H°(P", P O (mk))) +
dim(H®(BlyoinP?, Opy,,,, 52 (mk)))

(mk + 2) (mk + 1)
= + mt
2 1
= (mk+2)(mk+1)/24+ mt(mk + 1).
Hence the Hilbert Polynomial of g;;' (y) = P? U Bl P? with respect to £;;

Py(m) — (mt2+ 2) N (mk‘2+ 2) ot <mk:1+ 1) B (mt1+ 1) 5.15)

t2 + k% + 2kt 3t + 3k 4+ 2t — 2t
A — m

= m¥( 5 ) + m( 5 )+ 1 (5.16)
— mQ((tzk)QHm(?’(k;t))H, (5.17)

which is the same as the Hilbert Polynomial of P? with the ample line bundle Op: (t+k)

as below:

Poa(m) — <m(t—|—2k)+2>
o, (t+ k) 3(k+1)
= m*( 5 )+ m( 5 )+ 1.

As an example the following diagram shows what happens to the fibers over a flip:
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N

™= Blpz \\ Blpt]PQ 7T/ = Bll"

|

1
E/ |
| —

blow-down along E'
\

I
|
|
|
I [
N i Al

\ \

P2 — fiberation over Pl

. .

and the divisors in the fibers change as below:

blow down
—>

Figure 5.3: Flip of universal family over two GIT quotients

To connect these figures to Fig  is the restriction of the blow down map U, — U,

and 7’ is restriction of U;; — U,.

5.4 The Moduli Problem for a Flip

Definition 5.4.1 The Moduli Problem for a Flip. Consider two fixed chambers C},
and C; which share a wall W,. Recall the sets I}, J, C {1,2,...,n} associated to W, in

Corollary and beginning of Section We define the functor

Ui, : Gch — Get
B +— [(m:P— B,Dy,..,D,),

associating to each scheme B an isomorphism class of tuples

(r:P— B,Ds,...,D,),
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consisting of a flat morphism © : P — B whose fiber P, are either P? or P? Up
BlyoiniP? ( where the gluing is done along the exceptional divisors in the blow-ups,
and along some special lines in Ps) and such that the restrictions Uip, lopy ooy by Of
the divisors D1, Do, ..., D, to the fiber P, satisfy:

l.be == ]P)Q U[pl Blpointpz, then

e for each i € I, the L; := {;; C BlpomtIP’Q is a section of the projection ¢ :
BlyoiniP* = P(Opr @ Op1(1)) — P, different from the exceptional divisor (or

in other words pull-back of a line in P?),

* while for each j € J, the restriction [} p =: Fj is a fiber of ¢, and {; yp>

is a line intersecting I; at a point on the exceptional divisor I of B lpomthQ,

poinzﬁIPJZ

if B, = P2, then ,{;; is a line.
For all fibers P,
© if by = Lliyy = ... = Li,p then {iy,....1.} C I for some I, € A U AT, and
I # {i1,.yial,

* if U1y Ljy by -y Lj, b have a point in common then {ji, ja, ..., j.} C Jy for some
Jh c A]; U ./4]_; and Jh 7é {j17j27 "'ajc}’

where Aj, Ay, AT and A are as defined in Section|5.3| Assume |I}| = s and | J;| = t,
where s +1 = n.
Two tuples (m : P — B,Dy,Ds,...,D,) and (v’ : P' — B',D}, D}, ..., D)) are

isomorphic to each other if there exists a map ¢ : B’ — B and an isomorphism

¢: P’ — ¢7(P)

such that ¢ restricts to an isomorphism D! = ¢*(D;) for each i € {1, ...,n}.
Note that the last conditions are equivalent to the fact that
o if P, = P? the data (P, ¢4, ..., {,) corresponds to an orbit 7'z in G(3,n) with

IU(T.’E) O CpU Cj,
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o if Py = P2 U Bl /P? the first P? corresponds to Tz C G(3,n) with u(Tz) D
C; and C; N C; in the boundary of x(Tx). Also the contraction of Bl [P
corresponds to an orbit 7'z with p(T'z) D C; and C; N C} is in the boundary of
w(Tz).

Theorem 5.4.1 For every two chambers C; and C; which share a wall W, the scheme

M;; defined earlier represents the functor defined above.

Proof: We will prove that the family (U;; — M,;, Dy, ..., D,,) is the universal family
over M;; for the given moduli problem. First we note that any one of the special fibers
of U;; — M, is of the form S, = Blyyin/P? Upt P?. The restriction of the divisors
Dy, ..., D, to the fiber S, determine:

e ssections Ly, ..., Lg of BlyyinP* = P(Op1 & Op1(1)) — P
* ¢ fibers Fl, ceey Ft in Blpm‘nt]PQ = P(Opl D Opl(l)) — ]P)l.
« t lines in P2, intersecting the fibers above in ¢ points py, ..., p;.

The line bundle O, z2(F1) and Opy,,,. 2 (L1), with sections chosen to correspond
to the above divisors determine an embedding Bl P> < P!~ x P!, while the
line bundle Op=(1) with suitably chosen sections gives a map P? — P*~!. Note that
the composition Bl P? — P~ x Ps=1 —7™ Ps~1 contracts the exceptional di-
visor E of Blyy/P? to a point ¢ as [Ly] = [E| + [F] and [E]* = —1. Thus the
embeddings Blyyi,:P? < P! x P~ and P? — P! x {¢} glue to an embedding of
S = BlyyintP? Up1 P? < P~ x P*~1 which, after the Segre embedding, has Hilbert
polynomial P(m) as calculated in Equations (5.17).

Based on the discussion above, our strategy of proof will consist in identifying M;;
with a GIT quotient of the Hilbert Scheme H = Hilb(P"™! x P! P(m)). We will
proceed in the following steps:

(i) For any family (P — B, Dy,..., D,,) satisfying the conditions of the moduli
problem, we construct two torus bundle 77 and 75 over B, of ranks ¢t — 1 and
s — 1 respectively, such that for 7" = 17 X g T5, there is an embedding 7' x g P —
P!~! x P*~1 x T This is done just like in the proof of Theorem 5.2.1]except that
we work separately with {D, };c;, and {D;};e,.

(i) Hence there is a map T" — H = Hilb(P"™! x P~ P(m)), such that T x g P
is the pull-back of the universal family on 4. In the case when P — B is
exactly the family U;; — M;;, we get a torus bundle 7;; on M;; and an in-
jective map ¢;; : T;; — H, which we claim to be an open embedding. We

check this by comparing the dimensions of the tangent spaces T;;, and Hy, . 3) =
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H(Sy, Ng, jpt—1xps—1), while also checking that ¢;;(b) is a smooth point of H,
as H'(Sy, N, /pt-1xps—1) = 0. We do these calculations in the steps (numbered

from 1 to 5) following this proof.

(ii1) For any other family P — B, the corresponding map 7" — H has image embed-
ded in ¢;;(7};), since this open set must parameterize all schemes S, satisfying

the conditions of the moduli problem. Hence taking quotient by (C*)"~2 gives

P——U,

ij

|

YR
as described.

Let S = S1Upt Sy with S1 = Blyin/P? and Sy = P2 let P~ x P~ = Z. To calculate

H(S, NS/Pt—lXPs—l) we need a few lemmas as follows.

Lemma 5.4.2 Forallt > 0
Hi<Sl’TW|Sl> g Hi(Sla,TSl)’

Proof: Embed S C W where W := Blpi,,3(P? x P') =/ P! and S = f~!(a).
Indeed, N]plx{a} /p2xpt = Op1(1) @ Op1. Hence the exceptional divisor

P(Nptxfa}p2xpt) = P(Op1 (1) ® Op1) 2 BlyoinsP? = Sy,

while P2 x {a} &2 P? = S,. S is a fiber in the flat family f. Hence
Ngw = Og. (5.18)
Since S is a normal crossing divisor in I/, we have
(Nsyw)is; = Ns,yw @ Og, (D), (5.19)

where D = S; N Sy = P Indeed, Ng/w = Og(S) = Og(S1 + S2) and restriction to
S; gives the Formula above. From Formulas and we have

NSI/W = OBlpointP2<_D) = g*OP2<_]‘) ® (b*opl(_l),
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and N, w = Op2(—D) = Op2(—1), where g : S; — P?. Hence
Hi(Sj,NSj/W) — 0,

for all 7 and j.

Thus the short exact sequence
0—=Ts, — Twls, —>N51/W — 0,

leads to
Hi(‘Sl:TW‘Sl) = Hi(Sh’]TSH%
forallz > 0.

Lemma 5.4.3 1h°(P? Tp2) = 8 and h'(P?, Tp2) = 0 otherwise.

Proof: From Euler’s sequence for P%:

3
0— O]P?Q — @Ow(l) — 7&»2 — 0,

i=1
we have

hO(P2%, Op2) = 1,

h'(P?, Op2) = 0 for i > 0,

hO(P?, Op2(1)) = 3,

hi(P2, Op2(1)) = 0 for i > 0,

RO(P?, Toz) = 3h0(P%, Op (1)) — hO(P?, Op) = (3)(3) — 1 = 8 and
h'(P?, Tp2) = 0 otherwise.

Lemma 5.4.4 1°(Sy,Ts,) = 6 and h'(Sy, ¢*Ts,) = 0 fori > 0.

Proof: We have
Sl = Blpoint]Pz = ]P)(OIP’l & O]P’l(l)) _>¢ Pl’

ho(S;, Og,) = 1 and
hi(Sl, 081) = hi(]Pﬂa ¢*OS1) =0,

fori > 0, (as h'(¢7'(s), Og,jp-1(s)) = K (P, Opr) = 0 for i > 0 hence R'¢,Og, =0
for 7 > 0). Similarly, h*(S;, Og,(—1)) = 0 for i > 0. The relative Euler’s sequence
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for S1 = BlyoinsP? = P(Op1 @ Op1(1)) —? P! is as follow;
0= O = ¢"(Op @ Op1 (1)) ® Og, (D) — Tg, 1 — 0. (5.20)
Hence
h(S1, Ty ) = —h°(S1, Og,) + h°(S1, 0" (Op @ Opi (1)) ® Os, (D)),  (5.21)

and

h'(S1, Ts,ypr) = B'(S1, 0" (Om @ Opi (1)) ® Og, (D)),

for i > 0. To calculate h*(S1, ¢*(Op1 @ Op1(1)) ® Og, (D)), we use the short exact
sequence
0 — Og,(—=D) = Og, = Op — 0,

tensored with ¢*(Op1 @ Op1(1)) ® Og, (D), which yields:

0— ¢*(Op1 @ Op1(1)) = 0" (Op1 & Op1(1)) ® Og,(D) —
(Opl D O]pl(l)) X OD(D) — 0.

As Op(D) = Op1(—1) for the exceptional divisor D, we have
(O]pl S¥) Opl(l)) & OD(D) = Opl(-l) @ Op1 = 0.

On the other hand,

R'$.¢"(Opr ® Op1(1)) = (Opr @ Op1(1)) @ R'$,Os,, (5.22)

forz > 0. So

hi(Sl, ¢*(Op1 ® Op1(1))) = hi(IP’l, Opi1(—1) ® Op))
B 3if1 =0,
B 0 otherwise.

In conclusion,

h'(S1,¢"(Op @ Opi (1)) ® Os,(D))) = h'(S1,¢"(Op(~1) © Opr)) +
h"(IP)l,(’)Pl D Oﬂml(l))
= 3+1=4,
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and

hi(Sl, ¢ (Opr ® Op1(1)) ® Og, (D)) = hi(IP’l, Opi1(—1) ® Op)
= 0forz > 0.

Hence in the Equation (5.21)),
hO(Sl, 7-51/[p>1) - 4 — 1 = 3,

and
h'(S1, T, /p1) = 0.

Finally, from the relative tangent sequence;
0= Tgpr — Tsy = ¢ Tpr — 0, (5.23)

we have
hO(Sb,]A-S'l) = hO(Sl77A-S'1/IP’1) +h0<517¢*7I-F’1>7 (524)
and for ¢ > 0 we have h'(S1, Ts,) = h*(S1, ¢*Tp1). But
2
0= ¢"Opr = @ " Opi (1) = ¢ Tp1 — 0, (5.25)
i=1

and R'¢,¢* F = F ® R'¢,0Og, = 0 for all bundles F and i > 0. Therefore
h°(S1, ¢*Op1) = WO (P, Op) = 1,

hO(Sl, gb*Opl(l)) = hO(Pl, O]pl(].)) = 2 and

hi(Sy, ¢*Op1) = hi(Sy, $*Op1(1)) = 0 fori > 0. Hence

RO(Sy, ¢*Tp1) = 2R°(S1, *Op (1)) — h°(Sy, Op1) = (2)(2) — 1 = 3,

and h°(Sy, ¢*Tp1) = 0 otherwise. Therefore from Equation (5.24) h°(S;, Ts,) = 6 and
h'(Sy,Ts,) = 0 fori > 0.

Lemma 5.4.5
h(D, Twlp) = h°(D, Tp) + h*(D, Npyw) = 5,

and h'(D, Tw|p) = 0 for i > 0.
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Proof: As well, for P! = D =5, N S, we have

0—Tp = Twlp = Npw — 0, (5.26)

and
0= Npys, = Npyw = Neyw)ip — 0, (5.27)
where
Nbjs, = Om(1),

and

(Nspyw)ip = Op(—1) = Opr(—1).
Since

hi(P', Opi (1)) = 0,

for i > 0, we get h'(D, Np,w) = 0 for i > 0 and
h(D,Npyw) = h*(P', Opi (1)) = 2.
Also, Tiy = Tor = 591 On(1)/Op1 = Opi(2), 50 B(D, Ty) = 3 and
h'(D,Tp) =0
for i > 0. Hence Short exact Sequence[5.26] yields:
h°(D, Tw|p) = h°(D,Tp) + h°(D, Np,w) = 5,

and h'(D, Tw|p) = 0 fori > 0.
Continuation of the proof:

Putting calculations in Lemma Lemma and Lemma together and

using the exact sequence
0= Twls = 1. Twls, @ i2Twls, = Twlp — 0, (5.28)

(where i1 : S — S and iy : S5 — 5) we get:

2
0— HO(S, Twls) = P H(Si, Twls;) — H(D,Twl|p) —=°
=1

Hl(S, Tw‘s) — 0,
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2
where @ H(S;, Tw|s,) = C® x C® and H(D, Tyy|p) = C°. Hence
i=1

RO(S, Tw|s) — h*(S, Twls) = 9.
Now the short exact sequence

0— Ts = Twls = Ngw — 0, (5.29)
together with the equalities N = Og, h°(S, Og) = 1 and h'(S, Og) = 0, imply

hO(S, Ts) — h' (S, Ts) = h°(S, Twls) — h' (S, Tiw|s) — 1 = 8.

Let P =P ! x P~ where t + s = n and

p—2pst

-

]P>t—1

are the projections. We have a short exact sequence of fiber bundles
0 = 77 Opt-1 & 15 0pe-1 = 71 (8" Op-1(1)) & m3(8°Ope-1(1)) — Tp — 0. (5.30)

Tensoring this with Og, and Og,, respectively, we get

0— Og, & Og, = (8'Og,(F1)) & (°Os,(L1)) = Tpls, = 0,

and
0— 052 ) (952 — (@t052(1)) ) (@8052) — 7}3|52 — 0.

Using Og, (F1) = ¢*(Op (1)) and Og,(L1) = g*(Op2(1)) we get h°(S1, Tpls,) =
2t + 3s — 2,
h'(Sy, Tpls,) = 0 for i > 0,
hO(S2, Tpls,) = 3t + 5 — 2,
h'(Ss, Tpls,) = 0 for i > 0.
From tensoring the Short Exact Sequence with Op for D = S; N Sy = P! we
have;
0— Op @ Op1 — (&'Op1(1)) ® (®°Op1) — Tp|p — 0.

So (D, Tp|p) = 2t + s — 2 and h'(D, Tp|p) = 0 for i > 0.
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Moreover, from the short exact sequences on global sections induced by the above

presentation, we see that the short exact sequence

0— OS — il*(OSl) ) ’ig*(OSQ) — OD — 0,
tensored by 7Tp, yields an exact sequence of global sections:
0— HO<S77ID|S> — H0<Sv7}’51) ® H0<S=7ID’52) - HO(D77ZD|D> — 0.

Hence

h0(577}|s) - h0(5177}|51) + h0(5277}‘52) - hO(D77}|D)
= 2t4+3s—24+3Ht+s—2—-2t—s+2
= 3n—2,

and h'(S, Tp|s) = 0 fori > 0.

Finally, the short exact sequence for i : S — Z is as folow;
0—Ts—i"(Tz) = Ngjz — 0.
Hence

0— H°S,Ts) — H(S,i*(Tz)) — H°(S,Ng/z) — H*(S,Ts) —
HY(S,i*(Tz)) =0 — Hl(S,Ng/Z) — H?*(S,Ts) =0,

Hence h'(S, Ns/z) = 0 and

WS, Nsjz) = h(S,i"(Tz)) = h°(S, Ts) + h'(S, Ts)
= —8+3n—2
= 3n— 10,

while the torus bundle 7;; over M;; has dimension (n—2)+3(n—3)—(n—1) = 3n—10.

a
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Chapter 6

Compactification of Arrangements of

Lines in Planes as Inverse Limit

In the previous chapters we have constructed various GIT quotients of G(3,n) by
(C*)™ and their flips, and we presented these as moduli problem of arrangements of
lines in planes or other rational surfaces. The universal families for these moduli spaces
exhibited lines which were allowed to coincide or intersect in special ways. We would
like to construct a compact family of planes with the property that all lines are in gen-
eral position. We do not want that in a plane three or more lines pass through a point
and also we do not want in a plane two or more lines to coincide. Hence we have to
replace planes which exhibit at least one of these problems with other surfaces which
do not have such a problem. Thus this replacement is a compactification of the space

of arrangements of lines in planes in general position constructed in Definition [5.2.3]

The first section describes the image of G(3,n)/(C*)"~? under moment map. This
description is necessary for understanding special loci in the inverse limit of GIT quo-
tients of GG(3, n) by maximal torus. The second section defines a functor which satisfies
the desired properties and the third section states the main result of this thesis for the
Grassmannian variety G(3,n) namely, we construct a scheme which represents the

functor.

6.1 The Moment Map of (P?)" 3

We start by considering the family of GIT quotients of G(3, ) which are also described
as (]P)Q)Tl—?)/((c*)?.
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6. COMPACTIFICATION OF ARRANGEMENTS
OF LINES IN PLANES AS INVERSE LIMIT 6.1 The Moment Map of (P?)"~3

Consider the natural torus action of 7' = (C*)" on G(3,n) as described in Section [2.2]
and the sub-torus 7" = (C*)"~* which omits the triple ¢;,¢; and ¢, for fixed 1 < i <
j < k < n. A natural unique GIT quotient of G(3,n) by 7" (The linearisation coming

from the standard linearisation on G(3, n) induced by the action of torus on P" 1) is

GB,n) T = Ui jx/T

P? x P? x ... x P?,
n—3

112

where U, j 1, = {[A] € G(3,n) ; pijr([A]) # 0; A has no zero column }.

The quotient of I by 7" is a universal family over G(3,n) /T’
F)jT1’

J{pl
G(3,n)/)T".

The induced (C*)?-action on (P?)"~3 is given by

(', 0. ((rog oyt rs)) = (WM s 0" gy 1))
for an arbitrarily chosen (u’,v') € (C*)2. So G(3,n)//T’ can be understood as the
moduli space parameterizing n — 3 lines in P2. The choice of the triple ¢;,¢; and
count for the 3 lines. Note that for this moduli space 2 sets of n — 3 lines determine the
same point in the moduli space if and only if the lines are the same (it is not enough

condition to have an automorphism of IP? sending one set of lines to the other set).

Next we will construct the moment map for the (C*)?~action on (P?)"~3. Consider the

Segre embedding

P2 — PV (6.1)

n—3
((rucrogcrs))) = (] ra);i=1,2,3), (6.2)
i—1

where N = (3)"3 — 1. We can construct the moment map as in Equation (4.1). Recall
that p1 = A" o pyceyv where A is the matrix given by weights of the (C*)?-action

on PV,

|<]}>2)n—3

Lemma 6.1.1 The image of i after tilting the Y coordinate is as bellow and each

chamber is a triangle where sides are X = 1,Y = jand Z = k.
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(0,0) (1,0) (2,0) (3,0) (4,0) (n—4,0) (n—3,0)

Figure 6.1: Image of Moment Map

For each point P(i, j) in the net above let k = n — 3 — i — j. We can think of (i, j, k)
as the trilinear coordinates of P.

For every point P(i, j, k) with ¢, j and k positive integers so thati + j + k = n — 3,
we have P = p(x) where © = ((ry; : 72 : 731))ie{1,2,3,....,n—3} has ¢ coordinates triples
of the form (1 : 0 : 0), j coordinates triples of the form (0 : 1 : 0) and k coordinates

triples of the form (0 : 0 : 1). Note that there are (’7,?,23!
ilylk!

such points. Hence the nodes
of the net are the images of all the
v 2 g
itjihon—s 17K

(C*)2~fixed points. Note that (C*)? has three important sub-tori; C* x {1}, {1} x C*
and A = {(u,u) : v € C*}. The walls in this net are the images through p of the
fixed point loci with respect to these sub-tori. Note that the three sub-tori naturally
correspond to three directions in the net. The net segment given by the equation X = ¢
is the image through p of the loci given by (ry; : ro @ r3) = (1 : 0 : 0) for i values of
land (71, : 7oy : 731) = (0 : 79 : 75;) for the remaining values of /. Note that these are

fixed loci for C* x {1}. Similarly for the other trilinear coordinates j and k.

Now we describe the generic point for each orbit mapped by p to the region between
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X =iand X = 7. For other fixed loci the argument would be similar.

lim (¢,1).x X lim (¢,1).x
t—>0( ) +— . 4t—>oo( )

Here %in%(t, 1).z is a point in (P?)"~3 given by (n — 3) triples (ry; : 79 : r3), among
H

which (1 : 0 : 0) appears ¢’ times and r1; = 0 for the remaining triples. As well tli)m t.x

is a point in (P?)"~3 given by (n — 3) triples (ry; : 79 : 73), among which ry; = 0
exactly n — 3 — ¢ times and all the other triples are (1 : 0 : 0).

So we have

{2 =((r1y:roy :73y)) € (P?)"73 u(%%(t, a)e(X=i)}=
{z = ((r1y: 79y :73,)); : there exist a partition of {1,2,...,n —3} =1UJ
such that ro; =13, = O forevery l € I and ro; # O and r5; # O forevery [ € J
where |I| =4’}
(6.3)

Also

{z=((ryy 79y :732))1 € (P73 u(tliglo(t, l)x)e (X =1i)}=
{x = ((r1y:rey:7rsy)) : there exist a partition of {1,2,...,n —3} =TUJ
such that 7y ; # 0 for every [ € I and ; = O for every [ € J where
|I| =iand |[J| =n —3 —i}.
(6.4)

In conclusion points x such that u(C*z) is the entire interval (i, ), will have exactly
i triples (1 : 0 : 0) and exactly n — 3 — i triples with 71 ; = 0.

Using a similar argument we can describe the generic points for each (C*)!'-orbit
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mapped between two fixed loci Z = k and Z = k' and between two fixed loci Y = j
and Y = j'. Indeed, for (Y = j) we have

{=((rig:rag a0 € (P2 p(lim(1,8).2) € (V = j)} =
{z =((r1y : 724 : r3;)); : there exist a partition of {1,2,....n =3} =1TUJ
such thatr;; =73, = Oforeveryl € I andry; # 0,73, # 0 forevery [ € J
where || = jand |J| =n—3 — j}.
(6.5)

Also

{=((rigsrag i rsg)) € (P p(lim (1,6).2) € (Y = j)} =
{z =((r1s: roy : 73;)); : there exist a partition of {1,2,....n —3} =1UJ

(6.6)
such that 75, # 0 forevery [ € I and r5; = O forevery [ € J

where |I| = jand |J| =n—3 —j}.

For (Z = k) we have the following:

fo =((rag s rau o)) € (B p(lim (1, 8).0) € (2 = R} =

{z =((r1y : 24 : 73;)); : there exist a partition of {1,2,....n -3} =1UJ
such thatr;; =r9; = 0foreveryl € I and ry; # 0,72, # 0 forevery [ € J
where |I| = kand |J| =n —3 — k}.

(6.7)
Also
{x=((r1g:roy:r30)) € (P?)"3 . u(li_r)%(t,t).x) e(Z=k)}=
{z =((r1;: roy 1 73;)); : there exist a partition of {1,2,...,n —3} =1UJ 6.8)

such that r3; # 0 forevery [ € I and r3; = O forevery [ € J
where |I| = kand |J| =n —3 — k}.

Now we want to describe points mapped between two different nonparallel walls. Con-

sider the points in the shaded region here:
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From Equations (6.6) and (6.7), the fiber of the universal family over each point  such
that /4(C*z) is the shaded region , contains n—3—j lines with equation ry jz+7r3 ;2 = 0
for [ € J and a k—tuple line z = 0 (Since at the limit the orbits meet Y = j and Z = k)

.1 z=0 .0 -
(0:1:0) the multiple line (1:0:0)

]P2

Rotating the shaded region in the hexagon above clockwise by 120 degrees and 240 de-
grees, respectively, around P, yields similar configurations for the fiber of the universal
family (but rotated counter-clockwise by 120 degrees and 240 degrees respectively).
The points mapped to the following region are described as follow.

From Equations (6.6) and (6.3) the fiber of the universal family over each point in the
pre-image of these points contains n — 3 — j lines with equation 7 ;2 + r3;2 = 0 for

[ € J and i—tuple line x = 0.
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(0:0:1)

z=0
‘he multiple line

(0:1:0) z=0 (1:0:0)

and similarly if we rotate by 120 degrees or 240 degrees around the center. The next

case we study is as follow:

From Equation (6.8) the fiber of the universal family over each point in the pre-image

of these points contains n — 3 — k lines with equation ry ;x + ro;y = O for [ € J.

(0:1:0) z2=0 (1:0:0)

while
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Figure 6.2

From Equations and (6.3)) the fiber of the universal family over each point in the
pre-image of these points contains two groups of special lines. The first group is a set
of 4 lines with equation = = 0 (an i—tuple line) and the second is a set of k lines z = 0

(a k—tuple line).

(0:0:1)

z=0

(0:1:0) k lines

(1:0:0)
Similarly the generic points whose (C*)2—orbit maps between two fixed loci Y = j
and Z = k have an (n — 3)—tuple of coordinates where in 75; = 0 for n — 3 — j times

and r73; = 0 n — 3 — k times.
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Figure 6.3

In the fiber of universal family over these type of points there are n—3— j lines through
(0:1:0)and n — 3 — k lines through (0 : 0 : 1). We obtain similar structures when
we rotate the above by 120 degrees or 240 degrees.

0:0:1)

(0:1:0) (1:0:0)

In fact this tells us that there are two types of triangular chambers in Figure [6.1] The
first group is made of all the triangles with a vertex pointing upwards (same orientation
as p((P%)"=3). For a generic point among those whose orbits are mapped by y inside
such a chamber, the fiber of the universal family F'//T” over x is a projective plane
with line arrangements including (z = 0), (y = 0) and (z = 0) with some multiplicity.
The second group is made of all the triangles with a vertex pointing downwards. There
are no points in X whose orbits are mapped by p inside such a chamber. Rather, the
smallest image of orbits 1(O(x)) containing such a triangle are actually rhombuses.
For a generic point of such orbit, the fiber of the universal family F'//T" is a projective
plane with two different sets of lines, each set passing through one of the points (1 :
0:0),(0:1:0)or(0:0:1).
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6.2 Moduli Problem of Compactification of the Moduli

Space of Arrangements of Lines in Plane

This sections defines a moduli problem which generalizes the moduli problem of Ar-
rangements of Lines in Plane. We will prove that this functor is represented by the
inverse limit of the GIT quotients of G(3,n) by (C*)"~!. Denote the moment map
for this action by pyc+)n-1 : G(3,n) — R™"'. The notations from the introduction of
Section [5.3] will be employed. Recall from Remark [4.2.9] that the image of an orbit
via moment map is a convex hull made of union of polytops, with the same vertices
as the vertices of the image of Grrassmannian variety via moment map. We call such

polytopes A—polytopes.

Definition 6.2.1 Compactification of the moduli space of Arrangements of lines in

plane

Consider the functor

C:6ch — Get
B — [(’N:P—)B,Dl,DQ,...,Dn)],

associating to each scheme B all isomorphism classes of tuples (7, Dy, ..., D,,) con-
sisting of a flat morphism ©m : P — B and a set of flat families over B of re-
duced curves, D; embedded in P for each b € B (close point), the fiber P, is writ-
ten as P, = UjcaS;, where each S; is either Blr(pomts)IPQ (where r could be 0 and
also these points are distinct) or P! x P!, and there exists a corresponding partition

pcyn-1(G(3,n)) = Ujeal; into convex polytopes

A] — (mlELM(C*)nil(}/lJr)) ﬂ (mlleL//’L(C*)nil(}/}/_))7

and for each j € A, a rational map ¢; : P, — P? such that:

(a) Forall j,j € A,

P! & AN Ay is a codimension 1 face,
S; NSy =1 point < A; N Ay is a codimension 2 face,
0 otherwise,

and if S;NS; # () then S;NSy & Dy, and if S;NS; NS # () then S;NS;NSn &
D, for all .
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(b) Forall j € Aandi € {1,2,...,n} we have ¢;(D; N Py) = line in P2

(c) With the notations from the introduction of Section the sets
{i € {1,2,...,n}; ¢;(D;) are all the same line },
with at least 2 elements, are exactly the sets I; with | € L. The sets
{i € {1,2,...,n}; ¢;(D;) all intersect at the same point},

with at least 3 elements are exactly the sets Ji withl' € L.

(d) Consider the set Z = (Uer icr,®j(Di)) U (Urer Nic, ¢5(Ds)). Then ¢; restricts
to an isomorphism P, \ ¢7'(Z) = P*\ Z.

(e) (1) IfS; = BlrpomtSIF’Q, withr > 0, then ¢jls- 05 — P2 describes S; as the blow-

up of P? along the points where 3 or more lines of the form ¢;(D;) intersect.

(2) If S; = P! x P, then Djg - P! x P! — P? is the birational map given by
7

projection from a point in P* xP* C P? and when S;NS; # 0 and S;ND; # 0,

these are only fibers of one of the two projection P* x P* — P!, when they are

nonempty.

(f) For every wall W, corresponding to S; N S;, there exist a partition I} U I; =
{1,2,...,n} such that for every k € J, we have ¢;(Dy) = ¢;(S; N S;) and for
every k € I we have ¢;(S; N S;) € ¢i( D).

Two tuples (m : P — B,Dy,Ds,...,D,) and (v’ : P' — B’ D}, D}, ..., D) are
isomorphic to each other if there exists a map ¢ : B' — B and an isomorphism
¢: P'— ¢"(P)

such that ¢ restricts to an isomorphism D) = ¢*(D;) for eachi € {1, ...,n}.
Note that (e) implies that no 3 curves among D;s intersect at a point.

Remark 6.2.1 For each surface that satisfies the conditions of Definition there
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is a natural point in the inverse limit of GIT quotients of Grassmannian variety corre-
spondent to it. Each chamber Cy, is inside a polytope A,;. The chamber corresponds to
a GIT quotient M;. Every /\; corresponds to a surface S; which projects to a P? via ¢;
such that ¢;(D;) are lines in P2. From condition (f) and Proposition every A;

corresponds to a point in the My,

Two disjoint chambers which their images under moment map corresponds to two ad-
Jjacent polytops (A;, A;) corresponds to a point in the flip. Also two disjoint chambers
which their images under moment map corresponds to the same polytope, their corre-

sponding chambers are in the same polytope.

6.3 Main Theorem

In this section first we build up the inverse limit of universal families over the inverse
limit of the GIT quotients of G(3,n) with the sub-torus (C*)"~3. We recall the defini-
)+ S5 — Si,, aset

tion of an inverse limit. Let {.5;},c; be a set of schemes and ¢, ;,

of morphisms for any (i, i2) € J. Let f be the morphism

f : H Sil — H Sl'Q,
(7,'1,7,'2)€J (il,iQ)GJ
where it is defined component wise by ¢;,,1,). Let A be the diagonal in [];, ;,)e.s Si,-

The inverse limit defines as

lim 5; = £1(A).

We will prove that the functor of compactification of arrangements of lines in planes,
that we have defined in the previous section, can be represented with the inverse limit

of GIT quotients of Grassmannians.

Theorem 6.3.1 The functor of compactification of arrangements of lines in planes can

be represented by the inverse limit of GIT quotients of Grassmannian varieties.

Now we start building up the inverse limit. Recall the following diagram
F P! = Proj(Clxy, . . ., x,))

G(3,n),

where ' = F(1,3,n) is the Flag variety. Note that each GIT quotient parameterizes

sets of m lines in plane. For instance for a point z € (G(3, n) and two arbitrary elements
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t and ¢’ in the torus acting on G(3,7n) we have a class of planes with lines in them as

below:

Fy Fi.o Fir
t. t.
T > t.x > tt' .x

Before going through the proof we need to explain how we construct this inverse limit.
Variation of GIT gives us birational morphisms between various GIT quotients. In
general we construct the inverse limit using fiber product of GIT quotients via such

morphisms.

We start with building up the universal family over inverse limit of GIT quotients of
Grassmannian variety. We start with the following inverse system as shown in the
following diagram. The elements in the first (lowest) row are the GIT quotients of the
Grassmannian variety. Recall that there is finite number of them. The elements in the
second row are the elements on the top of the flips which are either the blow-up of an
element of the first row or they are isomorphic to the elements on the first row which is
a blow-up along a divisor. Then the elements in the next rows are just the fiber product

of the elements below them. So we have the following diagram
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M

7N

NNV VAN
AN ANVANVAN

where M = lgle M = Myj X n, Mg, My = My, X o, My and etc. Note that
this diagram is not a tree and there might be loops in there if we make an abstraction

of the orientation of the arrow. For example we might have a blow up map from M,
to Mz

Now we wish to construct a universal family over this limit. A first candidate would
seem to be the inverse limit of pull backs of universal families, constructed as follows:
let U; be the universal family over M;, (enjoying the properties of Definition[5.3.1)) and
Uj; the universal family of M;; (enjoying the properties of Definition [5.4.1]). We pull-
back the families U;, U;; and the maps between them, to the inverse limit M = @ M;

Thus we obtain a system of maps

ik U

NN

(Where m; : M — M, and m;; : M — M;; are the natural maps). We complete this to
an inverse system by taking the fiber products of the existing maps. The inverse limit
U of this inverse system has a natural map to M, and the generic fiber is a surface.
Unfortunately, some of the fibers of U — M might be higher dimensional. When the
inverse system is generated by three GIT quotients M;, M; and M, consider the flips
M;; and M, with the universal families U;; and U, mapping to the universal family

U; over M;. We take the fiber products like in the diagram:
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A*(Um) X pr*prU; Dk (Ujk)
w

Mzg XM

EaaN

T | e N
M, M,

Figure 6.4

M;

In the case of taking fiber product of fibers we may need to refine our construction so
that we eventually obtain a family of surfaces U — M. In order to construct U, we
will first need to gain a detailed understanding of the special loci in M and the surfaces
parameterized by them.

Recall the image of the moment map for the (C*)?-action on G(3,n) /T’ = (P?)"3

O (0 30 (.0 (40 4,0 =350 >

Figure 6.5

For each chamber C; in fyc+y2((P?)"7?), let M; be the corresponding GIT quotient
(C*)?u~Y(Cy?) J(C*)2, and consider the projection 7; : M — M, from M, the inverse
limit of GIT quotients, to M;. Note that as (P?)"~3 is the quotient of G(3,n) by
(C*)"=3 and M; is the quotient of (P?)"~3 by (C*)?, M, is also the GIT quotient of
G(3,n) by (C*)"'. Indeed for each (C*)"~! linearization of O(1) on G(3,n) we
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pick (C*)"~% C (C*)"~" such that G(3,1)2.).-1(O(1)) C G(3,1)2.)n-5(O(1)). The
(C*)"! linearizatin of O(1) induces a (C*)? linearization of O(1) on (P?)"~3. From
the point of view of moment map, the image of the moment map for ji(c-)2 : (P%)n=3 —

IR? is the section of the image of the moment map fycyn—1 : (P?)"7% — R

Consider now a node P in Image(yyc+)2), that is, the image of a fixed locus of (C*)2.
We saw that there are 6 regions in Image(/¢(c+)2) around the node which are not on the

axis:

and within each chamber R;, a chamber C; corresponding to a GIT quotient M; (i €

{1,...,6}).

Definition 6.3.1 7o each partition P = (U1 R;);r we associate a stratum (locally
closed subset) Yp of M as follows:

e Foreachi € I C {1,2,...,6}, we define Y} C M; to be the locus of points
[z] € M; such that u((C*)*.x) C UerR; and p((C*)2.2) contains the walls
bounding U;c1 R; (in the neighborhood of P).

 We define Yp to be the locus of points [x] € M such that 7;([x]) € Y] for each
i€{1,2,...,6} and all I in the partition P.

The region around the point P can be partitioned into unions of regions bounded by

walls, e.g.

or etc.

Our purpose is to give a natural description of the fibers of U — M over generic points

in the locus Y for various partitions P.

Now we start studying different partitions P around the image of a locus fixed by
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(C*)2. Up to rotations by 120° the following are all the possible partitions which are
6 triangles (case h), 1 parallelogram and 4 triangles (case d and g) , 2 parallelograms

and 2 triangles (case a, b and f), 2 trapezoids (case e) or 3 parallelograms (case c):

(a) (b)

********** \ RN
A \ £ \
/
/ A ’ N
/ A / N
\ \
/ /
\ \
’ /
\ \
’ ’
/ A ’ A
\ \
\ \
\ 4 \ 4
\ 4 \ 4
\ 4 \ 4
/ ’
\ \
9 ’ N /
\ 4 \ 4
\ 4 \ 4
R o N ’
,,,,,,,,, - [,
/ \ / \
’ \ / \
/ \ ’ \
’ \ ’ \
/ \ / \
/ \ / \
/ \ / \
’ \ ’ \
N ’ N ’
\ \
\ ’ \ ’
\ 4 \ 4
’ ’
\ \
/ /
\ \
\ ’ \ ’
\ 4 \ 4
’ ’

Case (h) consists of six triangles and case (i), corresponding to {1, 2, ..., 6}, consists of

the entire region around P.

Note for example that the following case can’t happen.
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There is no point in M = 1£1MZ corresponding to such a combination of orbits.
Indeed, following [[7]], for any [z] in the sub-locus of M represented below, the closures
of the orbits represented by 75([x]) and 76([x]) share a common 1-dimensional orbit
fixed by C* x {1} C (C*)? (see beginning of section 1). Let y be a point on this
1-dimensional orbit such that is a limit point for the orbit represented by 75[x], then
via the action of A = {(u,u);u € C*} we have p(lim,_,o u.y) = P, while writing y
as a limit point for the orbit represented by 74[z| given p(lim, . u.y) = A whichis a
contradiction as A # P.

To construct the inverse limit of GIT quotients in each case we start with three consec-
utive chambers. Denote M; = (C*)?u~Y(R;) J/(C*)? fori = 1,2, ...,6. As it is shown
in the following diagram we consider the inverse system associated to the 3 regions
R3, R, and Rs:

M. 345

N,
NN,

where I = {3, 47 5} and M345 = r&liel Mz = M34 X My M45.

Recall that in Definition we defined the moduli problem for two GIT quotients
and the flip between them. This definition applies to spaces M3, and M,; above.
Now it is time to define the moduli problem for three consecutive chambers where the
middle one is of second group (as defined at the end of Section [6.1| Figure[6.3).

In fact, there are two ways to define the moduli problem as follows.

Definition 6.3.2 The First Moduli Problem for The Partial Inverse Limit of Three
GIT Quotients Consider three fixed chambers Cy, Cy, and C; such that {k,h,j} =
{3,4,5} or {1,2,3} or {5,6, 1} and the first two chambers share a wall W; and the
last two chambers share the wall Wy. Consider I; U J, = Iy U Jy = {1,2,...,n}

The inverse limit of GIT quotients of 78 Vahid Yazdanpanah
Grassmannians by the maximal torus



6. COMPACTIFICATION OF ARRANGEMENTS
OF LINES IN PLANES AS INVERSE LIMIT 6.3 Main Theorem

partitions associated to the walls W, and W. With the conventions used in Section
note that I; N Iy = () (as we have 2 different lines given by v = 0 and y = 0 and
the line {{;};c1, coincide with x = 0 and the lines {{;};c1, coincide withy = 0), hence
I, C Jyand Iy C J,. Consider the functor

Z/{kh]’ZGCf) — Get
B — [(m:P— B,D,..,D,),

associating to each scheme B all isomorphism classes of tuples
(m: P — B,Ds,...,D,),

consisting of a flat morphism = : P — B whose fibers P, are all connected and are
either P? or P?2 Up Blp(,mtIP’2 or P? Up Blg(pomts)IPﬁ Upr P2 (P! in Blpm-mtIP>2 is the
exceptional divisor and two P in Blgpm-m]P’2 are the different exceptional divisors) and
such that the restrictions {1y, lop, ..., Uy, Of the reduced curves Dy, Ds, ..., D,, to the
fiber P, satisfy:

e if P, = P2, then all l; , are lines.

o if B, = P2 Up Blpomth’Q, then either for all v € I}, or for all v € Iy, we have
L; := l;, sections of the projection on the exceptional divisor Blpm-mIP’2 — P
and all other {; ;, are the connected unions of a fiber of ¢ : B lpm-ntIP’2 — P with
a line in P2

o if P, = P? Up1 BlopoinisP? Upr P2, then we can denote the two planes by P} and
IPIQ,, and the projections to the exceptional divisors ¢; : B lzpomtSIP’Q — Pl1 and
oy BlgpomtsIP’Q — Pﬁ such that Pll - IP’Z2 and P} C IF’IQ, are the exceptional

divisors in BlopoinisP?. Then

— for each i € I, the restrictions {;, are connected unions of a fiber of ¢y

with a line in P%, and similarly if we swap | with [,

= foralli € J N Jy, U} is a connected union between a line in P2, q line in

P% and the strict transform of the line PQ) in Blp oP>.
In general for all fibers B,
© if by = Lligy = ... = Ui,y then {ir, ..., 1.} C I for some I € Af U Af U AT,
and Il 7& {il, ceey ia} 7é Il/,

* if Ui v, Uiny - Lj, b have a point in common then {ji,j2, ..., jc} C J for some
J € A,; U A}: U AJ_, and Jl 7é {jl,jg, ...,jc} 7é Jl/,
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where A, A, A Ay AT and A are as defined in Section

Two tuples (m : P — B,Dy,Ds,...,D,) and (v’ : P' — B’ D}, D}, ..., D) are
isomorphic to each other if there exists a map ¢ : B' — B and an isomorphism

¢: P — ¢*(P)

P = ¢*(P) P

" ]

B/

such that ¢ restricts to an isomorphism D! = ¢*(D;) for eachi € {1, ...,n}.

Remark 6.3.2 Note that the strict transform for PQ in © : BlpoP? — P? is the
unique global section of O(n*H — Ey — Es), while the fibers of BlpgoP? — E; for
i = 1,2 can be thought of as the global sections of O(n*H — E;). (here H = Op2(1))

Theorem 6.3.3 Let’s assume the chambers Cy,, Cy, and C; are as in the previous defi-
nition. Then the scheme Myy; = My, X 1, My, represents the functor defined above,
where My, My, and M; are the GIT quotients corresponding to Cy, Cy, and C}, respec-
tively. Also Uyp; = pp, Uk ¥ P U, p;‘Lj U; represents the universal family over Myy,; where

Uk, U and U; are the universal families over My, M), and M; respectively.

Proof: Consider the following diagram:

Ugknj
/ \
PrnUkn P Unj
Uin PrLUR Uhj
Mp;

/\
TN,

Figure 6.6: Inverse limit of the universal families over the inverse limit of three GIT
quotients

where for T' = (C*)?,
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My =T.u 1 (CY)/T,
M, =T.u 1 (Cy)/T,
M; = T (C5)/T,
My, and My,; are the flips, Myy; = My, X v, My, Ugy, and Uy are universal families
over My, and M),; respectively, where py, : Myy; — My, pen @ Myn; — My, and
Prj © Myn; — My, are the natural contractions, and Uy, Uy, and U; are the universal

families over My, M), and M; respectively.

We claim that the family (p : Ugp; — Mg, b1, ..., {,) is the universal family over
My, for the given moduli problem. Note that Uyy,; is obtained by gluing open sets
from pj,;, Uk, and p;jjUhj. So it is flat over Mj;. Next we want to show that for any
tuple

(f: F— B,Dy,Ds,....D,),

satisfying the conditions in Definition there is a unique map ) : B — Myy,; such

that
f —_— Ukhj

P,

B—% Mip;,
is a fiber product i.e. F = ¢*(p; H(U")/(C*)™) and D; = o*(¢;).

We first check that (p : Ugp; — Mpp;, 41, ..., {y,) satisfies the conditions in Definition
To construct the blow-up of the projective plane in two points P and (), two blow-
ups BlpP? and BloP? can be glued together via BIpP?\ (E; U{Q}) = P2\ {P,Q} =
BigP?\ (Ey U {/FT}) where F; and E are the exceptional divisors. As a consequence,
P? Up: BlpgP? Upi P? can be regarded as the fiber product of P? Up1 BlpoP? and
BlpgP? Upt P? over P? , via the maps contracting the two planes to the points P and

@ respectively, like in the diagram.
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Thus the fibers of qxp; : Ugn; — My satisty the condition of Definition In fact
if [2] € My is such that g, [z] is P? Up1 BlpoP? Upr P2, then the Cartesian diagram
at the top of Figure [6.6|restricts over [z] to:

/ P? Up1 Blp,gP? Up1 P}, \

P2 U BlpP? BlgP? UF},

Contracting along IPNA ‘/omraction along P,
P Q

Figure 6.7

where the lines in red represent ¢; with ¢ € I, those in blue represent ¢; with ¢ € I,

and the green ones ¢; with i € J; N Jp.

A flat family fy, : Frn — B which satisfy the condition of Definition is
constructed from f : F — B by contracting the fibers which are isomorphic to
P2 Up1 BlopointsP? Upt P? along P?. This contraction can be defined as F = Proj &,
Oz(nD;) — Proj @, f.Ox(nD;) for some i € I; (such that D; N P? = (). Hence

from Theorem there exists a unique map 1)y, such that
Fih —= Ugn

fkhl J/
Yrn

- Mkh7
is a fiber product. Also from definition of Myy;, the map 1)y, factors through My,;

which provides the following diagram.
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fkh Ukh

~ 7

frn PinUkn

B wL M,
My

Note that the
Db U —— Uy,

L

Mpnj ——= M,

is a fiber product, hence
Fn — Dih Ukn

B khjs
is a fiber product.
Similarly we create f,; : Fp,; — B of a flat family of surfaces and therefore there exist

a unique map 1, ; such that

-7:hj HijUhj

.

B —— My,

is a fiber product. We also create the family f;, : F;, — B by contracting the other P2
in the special fibers isomorphic to P? Upt BloypinisP? Upt P2. Thus F = Fyp, X 7, Fhj-

From the existence of 1 ;, 1}, and vy, there exist a unique ¢ys; : B — My, such that
F = Fin X5, Fnj Ukn;

.

B Myn; = My, X, My,

is a fiber product where Vyn; = (g, ¥y,;) for Myn; = My, X ar, M. O

Definition 6.3.3 The Second Moduli Problem for The Partial Inverse Limit of Three
GIT Quotients Consider three fixed chambers Cy,, Cy, and C; as in Definition [6.3.2}
such that the first two chambers share a wall W, and the last two chambers share the
wall Wy Consider I U J, = I;; U Jy = {1,2,...,n} partitions associated to the walls
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Wi and Wy Consider the functor

Uy - Gch —  Get
B — [(m:P— B,Dy,..,D,),

associating to each scheme B the set of all isomorphism classes of tuples
(m: P — B,Ds,...,D,),

consisting of a flat morphism ™ : P — B whose fibers P, are all connected and are
either P? or P? Up: Blpm-mIP’2 or P? Up: (IP’1 X IF’l) Up P? and such that the restrictions
Uiy, lop, ..., Unp Of the reduced curves Dy, Dy, ..., D, to the fiber P, satisfy:

o if B, =P? then all {;, are lines.

e if P, = P2 Upm Blpomt]P’Q, then either for all i € I, or for all v € I, we have
L; := {;, sections of the projection on the exceptional divisor Blpm-mIP’2 — P
and all other {;}, are the connected unions of a fiber of ¢ : BlyoimP? — P!,

with a line in P? intersecting the fiber at a point on the exceptional divisor of
Blpoint]P2-

« if P, =P Up: (P! x P) Upt, P2, then we can denote the two planes by P? and
P%, and the projections ¢; : P! x P! — P} and ¢p : P* x P! — Py such that
P!, C P? and P'; C P3. Then

— foralli € JiNJy, thenl;;, C P! x P! are unions of two lines, one in each IP?,
and intersecting at the point of intersection P*; P!, C (P! x P NP2NP2,

— forall i € I, then l; s are connected unions of a fiber of ¢y and a line in

P2, and similarly if we swap [ with I/,
In general for all fibers P,

© if by = Lliyy = ... = Li,p then {in, ..., 1.} C I for some I € A U A} U AT,
and [l 7é {i17 ...,ia} 7§ Il/,

* if Ui by Uinby -y Lj, b have a point in common then {ji, j2, ..., jc} C J for some

J € A, UA; UAS, and Ji # {1, ja, - Je} # I,
where A, A;, A, Ay AT and A5 are as defined in Section
The isomorphism conditions are as in Definition[6.3.2)

Remark 6.3.4 Some of D;s might not be Cartier divisors in P as for example in the
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following case

P2 Up1 (P! x P1) Upa P2

To understand the transition from BlpgP? in Definition to P! x P! in Definition
6.3.3] we will start with the following lemma.

Lemma 6.3.5 Given the blow-up 7 : BlipgP* — P2, the strict transform | := PQ
of the line P() has self-intersection —1.

Proof: Consider the blow-up morphism 7 : BlipgP? — P? and denote I' := PQ
and [ = ﬁ@, and ' = E; + E5 =the sum of the exceptional divisors. Then

=) =P +E*+2AE=0PF-2+4=1*+2,

hence [2 = —1. O

Theorem 6.3.6 Both moduli problems introduced in Definition and Definition
are represented by the same smooth variety.

Proof: First the smoothness is a consequence of the fact that the strata of the blow-
ups M3y — M, and M5 — M, intersect transversally. This can be easily seen in the
preimage of My in G(3,n).

Now for any scheme B, suppose (f : F — B, Dy, ..., D,,) is a family which satisfies
conditions of Definition [6.3.2] With the notations from Definition [6.3.2] let £ :=
Ox(Xienur, Di) and consider the morphism

g : Proj(@,L%") — Proj(®, f.L%").

Note that F = Proj(,L£%") and let 7' := I'mage(g). For those b € B such that F, =
P2 or P2 Up1 Bl [P?, we can easily check that £, », is very ample, and therefore J;, =
Fi. Indeed letr = |[j|+|Iy|. Then £, = Op=(|;]), Ly = Opipp2(r.m*H—|L|Ey)

or Opy,pe(r.m*H — |Iy|Ey), and ;e 05, Di separates points and tangent directions

on different components of F;. As

HO(P27 £|p2) — HO(P2 A BZPP2’£|HD2mBLPP>2) - 0’
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and
HYBLP, Ly, ) = HOBP A BLP L, ) =0,

we deduce that £ is very ample.

For those b € B such that F, = P? Upt Blp oP? Up: P?, we can prove that g, : F, — F}
is the contraction of BlpgP? along PQ, (the strict transform of P(Q) defined in the

previous Lemma), and thus g,(BlpoP?) = P x P'. Indeed, in this case

= OBZRQPQ(?“.T(*H — ’IZ‘EZ — ’[l/‘El)y

|BlP’Q]P’2

while PQ = 7*H — E» — Ey, hence

deg(/lbé) = (T.?T*H — |IZ|E2 — ’]l/|E1>(7T*H — E2 - El)
= T — |]l| - ’]l’| = 0,

(as ™*H.E; = 0, E;.Ey = 0, E? = —1). so ]3@ is indeed contracted by g;. On the
other hand, points and vectors outside of 15@ are separated by sections of QBZP’QPQ
as follows from |[;| > 0 and |I;| > 0. We have thus proven that 7/ — B satisfies
Definition [6.3.3

To prove the inverse suppose (F' — B, D1, ..., D} ) is a family which satisfies con-
ditions of Definition Let D' = icjny, Di- Hence for every fiber Fy =
P2 Up (Pt x P!) Upt P, the divisor D’ intersects P! x P! in only one point, ), as we

can see in the following figure.

@ contraction  to a point /]@\
—
l Q

Hence D' is not a Cartier divisor as D’ N (P* x P') = {Q} is of codimension 2. After

blowing up F’ along D', the strict transforms of all D!s are Cartier divisors and the

blow-up F is a family of flat surfaces which satisfy the conditions in Definition [6.3.2]
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O

Remark 6.3.7 With the notations from Definition [6.3.1) we note that Msys is parti-
tioned into 4 strata Y3*, for (1) P = {{3},{4,5}}, (2) P = {{3,4},{5}}, (3)
P = {{3},{4},{5}} and (4) P = {{3,4,5}}. From discussion in the first section
of this chapter, the fiber of the restriction L{345‘Yg45 in these cases is BlplP? Up1 P?
(cases I and 2), P2 Up1 (P* x PY) Up1 P? (case 3) and P? (case 4). Each stratum Y3* is
an inverse limit of strata in M; and M;; with i, j € {3,4,5}, as described in Definition
6.3.1] Similarly for My23 and Msg;.

After constructing the partial inverse limits of GIT quotients corresponding to a point
P in p(T]P?), it is time to build up the whole inverse limit Mj93456 Of the inverse

system below:

M165><M345><M123
M5 Ml M37

In other words, M93456 s the fiber product in this Cartesian diagram:

Mi23456 M2z X Msgys X Mse;

| |

M1 X M3 X M5é(M1 X Mg) X (Mg X M5) X (M5 X Ml),

where the lower horizontal map is the diagonal map and Mi93 X Ms45 X Msg is the
inverse limit of the inverse system above. We construct the universal family, ;93456,

as inverse limit of the inductive system below:

PlesUies P345Us45 PlasUi23
pUs Pt p*Us,

where U is the universal family over M; for I C {1,2,...,6} and p; : Mia3456 — M)
the natural map and p* is the pull-back over M;s3456.

Theorem 6.3.8 Consider the partition of Misssse into strata as in Definition [6.3.1]
Then for each partition described in the cases following Definition[6.3.1] the restriction
of the morphism Uy23456 — Mi23456 to the stratum given by that partition has fibers of

the following types:
* in case (a) and (b) the fiber is made of two Bl P%s, a Pt x P* and a P? glued
as follows:
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>

* in case (c) it is made of three Blpomt]P’z:

* in case (d) it is made of a BlpomtIPQ, two P! x Pls and two P2s:

0y

e in case (e) it is made of a Bl P* and a P*:

o in case (f) it is made of two BlyyinP2s, a P' x P! and a P?:

e in case (g) it is made of three P! x P's and three P2s:

e in case (h) it is a P%:
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Here each P? is represented by a small triangle, each P* x P! by a rhombus and each
BlpP? by a trapezium. Moreover, Uyaziss — Miasuse is a flat morphism and the curves
D;s are represented as follow in the fiber in colors (each color represents a group of

curves which are intersecting the same surfaces in the fiber):

(a)

Case (b) is similar to case (a).

(c)
(d)
[
(e)
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(f)

(g)

and the last case consist of a P? and n lines in general position as below:

Note that the fibers of the universal family over M;,345¢ are obtained by gluing the
fibers of the universal families over M3, M345 and Msg; along the components that
are pulled back from M;, M3 and Mg. However in families over a scheme, the gluing

can also be expressed as a fiber product.

Example 6.3.1 Consider case (a) for the partition P = {{1},{2,3}, {4}, {5,6}}.

Then the fibers over Yp C Miasss6 of each of the universal families in

(PiUs)yy,, < (P54sUsas)

|

(PiU) )y, = Unasase)y.,

‘Yp

are as follows:
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contracts the two P2s contracting l ’Q‘

D e
P2 P2 U (P! x P1) UP?

Contracting P? to Q

1 1
contract P x P! and Pt xP
Bl pointP2s along fibers
<+— BlPointP2 BlPointP2
]P>2

multiple lines

The correspondence between fibers of the universal family and the representation of

strata via the moment map is a follows:

A £
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Figure 6.8: Fibers of the universal family versus strata

In each case the shaded area in hexagons show the image of orbits via moment map.

Proof: of Theorem Mi5345 has indeed a partition into strata as described in
Deﬁnition Moreover, each stratum Yp in M;s345 1s an inverse limit of a system of
strata in My, M3, M5 and Mya3, M3y5, Mse1. Thus for P = {{1},{2,3},{4},{5,6}}
(case (a) in Definition [6.3.2)), we have Yp = the inverse limit of

165 345 123
3/{1},{56><3},{4},{1><\ Yy ros)
Yoy Yy Yy

(with the notations from Definition [6.3.2]and Remark [6.3.7). Also,

P35 (Us s15) = (P3a5Usa5) Iy

45
|Y{3},{4},{5}

and similarly for the other terms in the inductive system of universal families. It fol-
lows that the fiber of u123456|y7, is the inverse limit of fibers of U, U3, Us and U3,
Usys, Use1 on the strata in the above diagram. From the argument before the start of the

proof, at the level of fibers we have the following inductive family:

P2 U BI,,P? P2UP2U (P! x P') P2 U Bl,, P2

/\/\/\

where the first and the last P?s in the second row are the same.
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AN\

Here the maps b; contract a P? to a point, and the maps a; contract Bl P?, or (P x

P') Up: P? to P! by natural projection maps.

Claim: Inverse limit of this family is the surface S = (P' x P') U BlpP? UP? U Bl P?
as below:

Figure 6.9

Proof of the claim: Note that the following diagram is commutative;
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where ;23 contracts the P?>—component, gs45 and gs¢; contract P! x P! to a P! (along
the fibers) and B’lmmg]P’2 along the fibers of Blpm-mIP’2 — L. Moreover, the diagram
above is formed by 3 Cartesian squares, and so S is the inverse limit of the system
above. Note that the moduli space Mi93456 1 a special example of the moduli space
introduced in [[7], Proposition 2.7 and Proposition 2.8. The proof for the flatness of the
universal family can be done similar to [7]. However it also can be done as follows,

directly without any use of toric varieties in an explicit way.

We will now check (by picking points and their images) that the surface S with £ =
O(X, D;) has the same Hilbert polynomial as P? with Op2(n). We partition the set
of divisors D; into 3 subsets: s divisors of BIpP? U (P! x P'), k divisors of BigP? U
(P! x P'), and ¢ divisors of BlpP? UP? U BlgP? (as in Figure . Thus on P! x P!,
with the two projections 7; : P! x P! — P!, we get s divisors which come from
sections in 75 (Op1(1)), and k divisors which come from 75 (Op:(1)). We will denote
the first ones by Fi, ..., F; and the last ones by Ly, ..., L. Alsolet ' = Y27 | F; and
L=yF L.
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Form >> 0

0— ImL — OPIXPI — OmL = O]}Dlx]pl/ImL — O,

where [,,;, = O(—mL). The tensor product of this short exact sequence with O(m.L)

gives us

0 — Opiypr = O(mL) = O,,,(mL) — 0,

where O(mL) is a locally free coherent sheaf on P! x P!. The tensor product of this

short exact sequence with O(mF’) gives us

0— O(mF) — O(mL+mF)— OmF +mL)® O, — 0.

Each L; fori € {1,2,...,k}, meets each F} for j € {1,2,...,s}in 1 point.

s fibers

Fs ol
Ly,
k fibers
Lo
Ly
P! x P!

Moreover L;.L; = 0 for every i and j. So O,,.(mL) = O,,, and

dim(H°(P' x P!, O(mF) ® O,)) = dim(H°(P' x P, @™ O(mF)|L;))

. (msl—i- 1>

= mk(ms+1).

Note that L; = P! and O(mF) is a line bundle on P! x P! and its sections are pull-

backs from P'. Hence
dim(H°(P' x P, O(mF))) = ms + 1.
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Note that on P* x P! the fibers for one ruling are sections for the other.

Prpi(m) = dim(H°(B' x P',O(mL +mF)))
= (ms+1)+mk(ms +1)
= (mk+1)(ms+1).

The global sections of L% on S are constructed by gluing global sections of L™ on

the components of S. Thus the following sequence is exact for m > 0:

0 —=HS, L) — H'(P' x P', LE™ )@ HY(P?, L) @ HY(BIpP? LP™ )
pl |p2 |BZPIP2

xPl

® HY(BlgP?, LP™ ) =" HO(P'o, L) @ H'(Py, L")
Q a b

P2

& H(P'e, LP) & H'(P'y, E?Z)%GHO({O}, L) =0,

where F(81,82783,84) = (83 — 892,84 — S2,83 — 51,84 — 81) and G(ta,tb,tc,td) =
(ta — tp — t. + tq). Hence for m > 0:

Po(m) = h(B" x B LET ) 4 WP, £7) + WO(BIpP, £ )+

x Pl

0 2 m 0/l m 0/l m 0l m
hO(BloP ,giw) — h(Ple, L7") — hO(P b,ﬁﬁlb) — W (P, L) -

‘{0}
(ms +2)(ms + 1)
2

WP LE7) + (o} L)

=(mk+1)(ms+1)+
(mk 4+ 2)(mk + 1)
2
(mt+1)+(mt+1)+ (mk+1))+1
(s+t+k)?* 5 3(s+t+k)

AL A+
5 T 5 mth

+ mit(ms + 1)+

(mt 4+ 2)(mt + 1)
2

+ mt(mk + 1) + — ((ms+ 1)+

which is the same as the Hilbert polynomial of P? with s + ¢ + k lines in it:
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Pp(m) = dim(H°(P? O(S:HD,)®™))
 (m(s+t+k)+2
N 2
(s+t+k)? , 3(s+t+km

= — _ 41,
5 m° + 5 +

Similarly for the other partial inverse limits we can calculate the Hilbert polynomial
and see the same fact about them too. Note that the proof of Proposition 3.3 in [[7]]
implies that M93456 is irreducible, hence for flatness of 23456 — M723456 it is enough
to check that the Hilbert Polynomial is constant on the the fibers ([S] Chapter 3 Section
9).

Case (c) corresponds to the following family on the fibers:
P2 U Bl,,P? P2 U Bl,,P? P2 U Bl,,P?

N e

where the first and the last P? in the lower row are the same and the maps to the
right are contraction along exceptional divisor in Bl,,;,;[P? and the maps to the left are

contraction of P? to a point.

Let S = BlpP? Upt BlgP? Up: BlgP? as below:

The following diagram is commutative;
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qab Gac

. e N

Q

where here each surface is denoted according to which of lines a, b, c it contains. Here
the clockwise maps are projections Blyy;P? — P! along with the identity on P?;
the counter clockwise maps are contractions of the P? and ¢, is made of the identity
on Bi%; P2, a contraction of b to 0 on BI%P? i.e. BIYP? — P? and a contraction
BISP? — P! on BISP?. Similarly for ¢, and gp.

This gives a morphism ¢ : S — S into the inverse limit S of the inductive family
above. To show that this is an isomorphism, let’s consider the morphisms

o

—_—

N

P2,
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We will prove that

iz, % Pe\e) = (PE\c) 6.9)
Aty e (N {o}) = a7 e\ {o}) (6.10)
Driyy e {o}) = a7 ({o}), 6.11)

are isomorphism. Note that ¢. is made of BI%;, ,P* — P?, the contraction BI%S; P? —

¢, and the contraction BIf}; ,P* — {o}. Thus q;'({o}) = Bl P2, ¢ (c\ {o}) =
BlggthQ \a, ¢t (P2 \ c) = Bl%, P2\ b\ c

point

On the other hand, the inductive system corresponding to ¢~ ! ({o}) is

BIc / \

2
point P

Ig% \ Pg /{i}

job. P2 = ¢=1({0}). The inductive system for ¢_*(c\ {o}):

whose limit is indeed B3, .,

) U{o}

/\

(B2 \a) U {0} Bl B \ 0
| |
{o} ¢\ {o}

T \ }/

which its limit is ¢ *(c \ {0}) = BI%, ,P* \ a and the inductive system for P? \ ¢:

point
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b\ {o} P2\ ¢

| |

b\ {o} P2\ ¢

‘\/

l]‘;f)mt}Pﬁ \ b \ c
whose limit is ¢, ' (P2 \ ¢) = BIlS, ,P?\ b\ c.

Now similar to the previous case we want to show that the surface S, the fiber in this

case, has the same Hilbert polynomial as P2,

Thus the following sequence is exact for m > 0:

0 —H"(S, L") — H°(BIpP?, L%™) @ H°(BIglP?, L&) & H°(BIgP?, LZ™)
- P a,c®m) & HO(P'y, L) EBHO(Plc,E@T) —CH ({0}, LE™) = 0,
Ply P

where F(Sl, S, 83) = (81 — S9,89 — 83,83 — 81) and G(tl,tg,tg,) = tl +t2 ‘|—t3. Hence
for m > 0:

mk + 2 mk + 1 mt + 2 mt+1 ms + 2
Ps(m) = 5 +mt 1 + 5 + ms ] + 5

+mk(ms+1) —(ms+1)—(mt+1)— (mk+1)+1

:(mk + 2)2(mk: +1) mt(mk + 1) + (mt + 2)2(mt +1)

(ms+2)(ms + 1)
+
2
—(mt+1)—(mk+1)+1
2
:(3+t2+k) m2+3(s+2t+k)

+ ms(mt + 1)

+ mk(ms + 1) + mk(ms + 1) — (ms + 1)

m+ 1,

which is the same as the Hilbert polynomial for P2.

Case (d) consists of two P2, two P! x P! and a Bl,,,;,;P? which gives us the following

inverse system:
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U (P x P) U P? U (P' X P') U BlyginP? P2 U BlygingP?

which is similar to the previous cases. Its inverse limit is as below:

Thus the following sequence is exact for m > 0:

0 —H°(S, L) — H°(BlyoinsP?, L2™) @ H°(P' x P*, £%™) @ HO(P?, L)
® HO(P?, £%™) @ H'(P' x P!, £®™) —F HO(P',, Lo @ HO(P',, Lo
a b

® H'(Pe, L) @ HO(Pla, L) @ HY(P'e, L) = HY ({0}, L) = 0,

where here F(81,82,83,84,S5) = (81 — 89,89 — 83,83 — S4,84 — 85,85 — 81> and
G(tl,tg,tg, t47t5) = tl -+ tQ + t3 -+ t4 -+ t5. Hence for m > 0:

Ps(m) =(ms + 1)(mk + 1) + (mt + 1)(ms + 1) + <m82+ 2) N (mt;— 2)

2 1
+ (mk; ) +mt<mk1+ ) Y1 (mt+1)— (mt+1)

—(ms+1)—(ms+1)— (mk+1) — (mk+1)
:(mkz +2)(mk + 1) (mt +2)(mt + 1)

5 +mt(mk + 1) + 5 +ms(mt + 1)
t+k)? 3 t+k
:(s+2+ )m2+ (s+2—|- )m+17

which is the same as the Hilbert polynomial for P2,

Case (e) consists of a IP? and a BlpoimtIP’2 which gives us the following inverse system:

P2 U BlyoiniP?

N

p? P2

This inverse system has the following inverse limit:
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The proof is similar to case (c). The calculation of the Hilbert polynomial is as follow.

The following sequence is exact for m > 0:

0 —=H (S, L) — H°(BlypinP?, L) @ H(P?, L)
— HO(IP’la,£®m)—>HO({O} E‘{ ") = 0.
Hence for m > 0:

mt + 2 mt+ 1 ms + 2 ms + 1
Ps(m) = +ms ] + 5 - ] +1

(ms +2)(ms + 1)
2

1
= +ms(mt + 1) +

2
(s—l—t2+k) m2+3(s+2t+k)

—(ms+1)+1

m+ 1,

which is the same as the Hilbert polynomial for P2,

Case () consists of two P?s and two P! x P! and a Bl,,;,;P? which gives us the

following inverse system:

U (P x P') U BlpointP? U (P' x PY) UP? P2 U Blyini P2

This inverse system has the following inverse limit:
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It can be proved similar to case (c).

Case (g) consists of three P? and three P! x P! whose inverse system is as below:

U (P! x PY) UP? U (P xPyup? UP xPHuP?

Again similarly to the case (c),it can be shown that this inverse system has the following

inverse limit:

|

Proof: of the Theorem [6.3.1 Let M/ denote the inverse limit of all the GIT quotients
of G(3,n) by (C*)"! and their flips. We will first construct a universal family U/
over M. Recall that the image of the moment map ji(c+)»-1(G(3,n)) is divided into
chambers separated by walls, and for each chamber C; there is a moduli space M,
described in Definition Consider a wall W, and two codimension 1 faces F; and
F5 of W,. Recall also that for each a,b,c € {1,2,...,n} where a # b # ¢ # a we
have an open set Uy, C G(3,n) such that Uy, /(C*)"=3 = (P?)"~3 and we have the

following commutative diagram of moment maps:

Uabc N’(C*)n—l Rn—l
| "
(]P>2)n—3 H RQ,

where pr is a linear projection sending the wall W, to a wall in u((P?)"~3) and each
of the F7 and F5 to a vertex in the net described in Figure This projection sends
the decomposition into chambers of fy(c+yn-1(Uape) into that of Imyu. The projection

pr corresponds to a choice of an inverse of (C*)"~1 — (C*)2.

(i) If W, is on the boundary of just one chamber C', then for each F; we consider the
moduli space M, corresponding to the inverse limit of GIT quotients associated

to chambers containing F;. Let U, be the corresponding universal family.

(i1) If IV} the wall between two chambers then each M, and their universal families
Up,, are as described in Theorem|[6.3.8] Let pp, : M — My, the natural morphism
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between inverse limits (of the total inductive family of GIT quotients, and the

subfamily giving Mp,).

Let C be the union of the chambers adjacent to W, F} and F5, and let M denote the
corresponding moduli space, defined as in Section for case (i) above and Section
[5.4]for case (it). Let pc: : M — Mc be the natural map. Within each universal family
Ur, , Up, and U, we consider the subspaces Z/{}l , U}z and U/, respectively, obtained by
removing all intersections of more than 2 divisors from among (Di)ie{u..,n}, as well as
any codimension 1 components of D;ND; from any fiber of the universal family, for all
i,j € {1,...,n},i # j. Then U C piUp. for each i € {1,2}. Indeed, this follows
directly from comparing Sections [5.3] [5.4] with Theorem [6.3.8] and Definition [6.3.2]
We can then form the universal family I/ by gluing p}.Ur, along piU, pairwise for
all codimension 2 faces F; in ji(c+)n—1(G(3,n)). Successively as above from Theorem
6.3.8| there exists a rational contraction p}. Ur, --+ prUc and ppUg is the open set

where this is in fact an isomorphism.

To prove the representability of the functor in Definition[6.2.1]it is enough to show that
any flat family of surfaces f : F — B with divisors (D;);cq1,...ny Which satisfy the
conditions of Definition |6.2.1} there exists a unique morphism ) : B — M such that
VU= F.

For any 3 adjacent chambers C, Cj, and C,, as in Definition [6.3.2] separated by the
walls W, and W), respectively, we will construct a morphism 41 : B — Mpy;, such
that the compositions with Mp; — M}, do not depend on k and j (and similarly for

the other indices).

For each chamber Cj, C fyc+)»-1(G(3,7n)), and each b € B, there exists a component
Sj(n),p in F, and a corresponding polytope Ay, 2 Cj,. Similarly for £ and j.

For each b € B, consider the sets of divisors D; described in part (c¢) of Definition
By eliminating some of these divisors, we can obtain A C {1,2,...,n} with the

properties:

L. ¢jmp(Diy) = Ojnys(Di,) for some iy,i9 € A < 45,0, € J for some J €
AFUAT U AT,

2. 0 s(Diy) N biny6(Diy) Ny p(Dis) # 0 for some iy, ip, i3 € A < i1, 49,73 €
I forsome ] € A, UA;, UA .

Let V4, C B be the subscheme whose points 0 satisfy two properties above with b
replaced by b’ (i.e. Vi, = {V' : U'satisfies 1 and 2 }).
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By the following Lemma 6.3.10} there is a contraction
Fy: F — Fa = Proj(®,m.L9"),
such that F Alv,, satisfies the conditions of Definition where here

EA = W(ZJEAD])

Indeed after the contraction, using Lemma §.3.9, F Alv,, satisfies Definition for
the set {D; };c4. In this context Definition [6.2.1] and Definition become equiv-
alent. This gives a map V4, — My, such that F, Alv,, is the pull-back of Upky,.

Moreover, by varying A and b we can cover the entire B.

To check that all F Alvy, fit together, it is enough to note that V4, only depends on
A and not on b and for A; C A, we have V4, D Vjy, for arbitrary b. Moreover

]-"VA2 |VA1 = ]-"VA2 as the contraction of ]-"VAQ on Vy,
is given by L4, which is trivial (£ Fyv, |Va, 18 relatively ample).
2

As all constructions are canonical this gives a map B — My, and a contraction
F — Fhrm such that Fpy,, is the pull-back of Uy, .

In conclusion, all the maps B — M, — M}, (where M, — M}, is only projection
on My) give amap ¢ : B — M into the inverse limit M, and F is the pull-back of
U by 1), as it can be reconstructed from Fjy,, in the same way in which ¢/ has been
constructed from Uy, in the proof of Theorem [0.3.8]i.e. as an inverse limit of the

pull-back of universal families Fy,,, and Fp,. O

Note that the morphism My, — M}, can also be contracted by using the contraction
of Fprm by an L4 for a smaller ret A. So the morphism B — My, — M, only

depends on the choice of A and not on A or k.

Lemma 6.3.9 Let (F — B, D, ...,D,) be a flat family of surfaces satisfying the
properties from Definition Let wp denote the relative dualising sheaf of F sheaf
of F over B. Then wx(31'_, D;) is relatively ample.

Proof: From [4] for each b € B there exists wp such that,

wP(ZDZ) :Ob(be—i_iDi)a

=1

where Kz, is the canonical divisor on the fiber. To prove that wp (3" ; D;) is ample,
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it will be enough to check it on the components as this will imply that for N > 0
HY (S, N S;,w¥ (D Di) ©0s,(SeNS;)) =0,

i=1 |Sk

SO
n n

HO(SkmSi,WN(ZDi> ) %HO(SkﬁSi,wN(ZD» ) — 0.

i=1 |Sk 1=1 |SENS;

We will apply the Nakai-Moishezon criteria of ampleness, namely we check L :=
Kp, + 371, D; is nef and has self-intersection positive. Let P, = U;S;. Then

Kz, = Ks, + Ek:(sj N Sk), (6.12)

where the sum is taken after all £ s.t. S; N S, = PL.

Casel.If¢; :5; = Bl (points)P? — P? then
Ks, = ¢;Kp2 + Y E, = =3¢ H + > E,, (6.13)

where H =the hyperplane divisor in P? and E, C S; are the exceptional divisors of

¢j\s,- Note that by condition (a) in Definition [6.2.1, E, are among the intersections
J

S; N Si. We’ll denote by £’ the indices for which S; NSy = P! is not an exceptional

divisor in S;. Then we can rewrite Equations (6.12) and (6.13) as :

Ly, = K;b‘sj +ZD”SJ_ = 3¢H+2Y E,+)> (S;NSe)+>_ D;NS;. (6.14)
=1 a

k' i=1

Step 1. By condition (b), (d) and (e) in Definition|6.2.1] both S; NS}, and S; N D; are
strict transforms of lines in P? (because it is not exceptional divisor), through the map
¢; : S; — P2 Define

I' :={S; N Sk # exceptional divisor } U{D;; D; N S; # 0}.
Let m = |I'| and d, = the number of lines of the form ¢;(D) with D € I, containing
the blow-up point ¢;(E,). Then using H= s H — 3 e E, for any line H in P?. We

can rewrite as:

L, = (m=3)¢;H + (2 — d)E,. (6.15)
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Hence for each a, L.E, = d, — 2 > 0. (due to (e) in Definition [6.2.1))

Step 2. We can also use the equation ¢;H; = H, + > acn, Faq for all line H; but those
four fixes lines of the form ¢;(D) with D € I to write Equation (6.14) as

L, = ¢jH +C, (6.16)

where C' is an effective divisor, SuppC' C (U E,) U (U (S; N Sy)) U (U, D;).
(Indeed, it is sufficient to choose the 4 lines H; such that no 3 of them intersect at

the same pointbecause ¢;(D;) are the date associated to an orbit in G(3,n), Tx with
w(Tx) = B,. We could pick 4 such lines, other wise dim Tz < (C*)"~1.

Equation implies C.C" > 0 for any irreducible curve C’ in S; which is not among
the exceptional divisors. Indeed, ¢7H.C" > 0 and we will prove that ¢;(C").¢;(C) >
0, and hence C.C" > 0:

(a) If C" ¢ SuppC, then it is enough to note that ¢;(C') contains at least 1 line (by (b)
and (d) in Definition|6.2.1)), and ¢;(C") is still an irreducible curve.

(b) If C" = S; N Sy or D, for some i, then we can choose one of the lines H; above to
be ¢;(C’), and then C" ¢ SuppC for C' thus constructed.

Step 3. We will prove (L s, )2 > 0. Indeed, by Equation (6.15)

(L‘Sj)2 = (m—3)*— > (dy — 2)% > 0.
It can be proved by induction on m. Let {H,..., H,,1} be a set of lines in plane
and for the moment we will assume that line H,,; (without loss of generality) con-
tains the intersection of at least 2 other pairs of lines Hy,..., H,,. Let V. = {H; N
Hy; foranyiand kin {1,...,m}} and B = {x € V : v € H,,;1}. We want to check
that
(m+1-3%= > (da—2)"=> (ds+1-2)*>>0.

aceV\B ac€B

By induction
(m—3)>=> (d, —2)*>0.

acV

So it is enough to prove that

2(m —3) — 3 (2(d, — 2) + 1) > 0.

a€EB

Note that H,,.1 & {H}, ..., H,, }. None of Hy,...H,, contains more than 1 points of B.
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So Y d, < m. Together with | B| > 2 this ends the proof. If no H, for (i = 1, ..., m+1)
contains 2 or more points at which two other H; meet, then

(D _da—3)*> D (do —2)%,

acv acV
for d, > 3 and |V'| > 2, which can be checked.

Case 2. S; = P' x P!, with the two projection m; : P' x P! — P!, then Kg, =
—2(my Hy + 75 Hy), where H; = the class of a point in P*. Thus

L| = —27T>1kHl — 27T;H2 -+ ZD“

S] ‘
=1

and using (e), Definition we obtain that L, is ample if and only if for each
i € {1,2} at least 3 of the divisors Dy, D,,...D,, are fibers for m; : P! x P! — P!,
otherwise dim D; < n — 1 which is a contradiction. O

Lemma 6.3.10 Let (F — B, Dy, ..., D,) be a flat family of surfaces with divisors as
in Definition Let I C {1,...,n} where |I| > 4 and consider

Lr:=wr(> Dy).

jel

Then there is a morphism
Fr: F = Proj(,LY™) — Proj(®,m.LF™),
such that (F; = ImFr — B, (F1(D;));er), satisfies Definition with n replaced
by |1.
Proof: Working inductively, it is enough to consider the case n — |I| = 1. We adapt
the steps in the proof of Lemma for wr(Xicr Di) = O(Ly):
Case 1. S; = Bl (points)P*. Then
Lyg, = =3¢;H +23 E,+3 (S;NSw)+>_ DinS;.
a k' i€l

I'; is defined similarly to I in the proof of Lemma|6.3.9] but with [ instead of {1, ..., n}.
Step 1. We get Ly, .F, = dl — 2 > 0 as there are always 2 lines in I'; containing
¢;(E,). The intersection number is 0 if and only if d! = 2.

Step 2. Works as in Lemma [6.3.9) with the exception of the case when
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(@) S; = Bl,P? and all ¢;(D;)icr pass through the same point. In this case, we can
only find 3 lines H; as in the proof of Lemma so LI = C with SuppC C
E,U(Up (S;NSk))U(UierD;). Due to condition (d) in Definition[6.2.1 L. D; > 0
and L'.(S; N Sy) > 0.

(b) S; =P2,[I!|=3(Ge D;NS; #0&ie{l,. n}\D.

Case 2. If S; = P' x P!, then F 5, is an isomorphism with the exception when
(D;)icr contains only 2 lines in the fibers of one of the projection 7; : P! x P — PL,
In conclusion, £y : F, — J{ is an isomorphism every where except at the P/ is an
isomorphism every where except at the loci C' where L|IC = O¢. Moreover, since
for S; = Blr(pomts)PQ, the only types of curves contracted by F7 5, are exceptional

divisors the map ¢; induces a map ¢’ such that

Fi,
is commutative, and ¢ satisfies conditions (b), (d) and (e) in Definition m

Corresponding to I C {1,2,...,n},|I| = n—1, we have an inclusion ¢ : G(3,n—1) —
G(3,n) compatible with the actions of the maximal tori such that ji(c+)n—1 07 gives the
map ficeyn-2 : G(3,n — 1) — R"2 C R"!. Thus every fiber F/ corresponds to a
partition of /ic+)n—2(G(3,n — 1)) into polytopes, obtained by cutting the partition of
fycy»-1(G(3,n)) induced by F, with the hyperplane R™~2. All the incidence condi-

tions in Definition are preserved, when {1, 2, ..., n} is replaces by /. O
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Appendix A

A Few Facts

The following definitions and theorems are from Algebraic Geometry by Hartshorne
[5].

Definition A.0.4 Let Y be a topological space. A function ¢ : Y — 7 is upper
semicontinuous if for each y € Y, there is an open neighborhood U of y, such that for
ally € U, ¢(y') < ¢(y). Intuitively it means that ¢ may get bigger at special points.

Now we have the following results.

Theorem A.0.11 (Hartshorne, Exercise I1.5.8) Let X be a noetherian scheme, and

F a coherent sheaf on X. We will consider the function
P(x) = dime(y) Fr ®o, C(x),

where C(x) = O,/m, is the residue field at the point x. Using Nakayama’s lemma it

can be shown that the function ¢ is upper semi-continuous.

Theorem A.0.12 . Let A be a ring and X be a scheme over A. If L is an invertible
sheaf on X, and if s1,...,s, € I'(X, L) are global sections which generate L, then
there exists a unique A-morphism ¢ : X — P% ' such that L = ¢*(O(1)) and

s; = ¢*(x;) under this isomorphism.

Proposition A.0.13 Let X be a noetherian scheme, £ a locally free coherent sheaf on
X and P(€) the associated projective space bundle. Let g : Y — X be any morphism.
Then to give a morphism of Y to P(E) over X, it is equivalent to give an invertible

sheaf L on'Y and a surjective map of sheaves on'Y, 1 : g* — L.

Proposition A.0.14 Let X be a projective scheme, and ¢ : X — P" be a morphism
corresponding to a line bundle L and sy, $1, ..., s, € I'(X, L), global sections which

Al
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generate L. Let V. C T'(X, L) be the subspace spanned by the s;. Then ¢ is a closed

immersion if and only if

1. elements of V separate points, i.e., for any two distinct closed points P, () € X,

there is an s € V such that s € m,Lp but s ¢ mqLy, or vice versa, and

2. elements of V' separate tangent vectors, i.e., for each closed point P € X, the

set{s € V : sp € mpLp} spans the C—vector space mpLp/m%Lp.

The next theorem is called Cohomology and Base Change Theorem from the same
book.

Theorem A.0.15 . Let m : P — X be a projective morphism of noetherian schemes
and let F' be a coherent sheaf on P, flat over X. Let x be a point of X then:

(@) If the natural map
¢'(z) : Rimo(F) @ C(x) — H(P,, F),
is surjective then it is an isomorphism, and the same is true for all x' in a suitable
neighborhood of .
(b) Assuming that ¢'(x) is surjective then the following conditions are equivalent;
(i) ¢ 1(z) is also surjective.

(i) R'7.(F) is locally free in a neighborhood of .
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