ARTICLE Fuzzy Information and Engineering
https:/idoi.org/10.26599/FIE.2023.9270029 ISSN: 1616-8658

Soft Homogeneous Components and Soft Products

Samer Al Ghour'

ABSTRACT

Firstly, for the topological spaces that contain a minimal open set, we obtain various inclusions between minimal
open sets and homogeneity components. For a given soft topological space (X, T,A), we define soft
homogeneous components. We show that soft homogeneous components of (X, T,A) form a soft partition of
the absolute soft set. Also, we show that (X, T,A) is soft homogeneous if and only if it has only one soft
homogeneous component. Moreover, we study the relationships between the soft homogeneous components of
(X, T,A) and the homogeneous component. For the soft topological spaces that contain a minimal soft open
set, we obtain various inclusions between minimal soft open sets and soft homogeneity components. In
addition, we show that soft homeomorphisms stabilize soft homogeneous components. Additionally, we
introduce two soft product theorems concerning soft homogeneity and soft minimality, respectively.
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1 Introduction and Preliminary

olodtsov!" introduced the concept of soft sets as a novel mathematical technique to deal with
uncertainties that traditional mathematical tools cannot solve. He has demonstrated numerous
applications of this theory in economics, engineering, social science, medical science, and other
domains. Papers on soft set theory and its applications in a variety of fields have grown in popularity in
recent years. Following that, Refs. [2, 3] employed soft sets to address a decision-making problem and
developed a variety of soft set operators, including intersection, union, and subset. The concept of a bijective
soft set was introduced and explored using a decision-making issue'’. Aktas and Cagman" investigated the
two types of sets and concluded that any rough and fuzzy set is a soft set. Ali et al.’ improved on the results
of Ref. [3] by changing the essential operators. It should be highlighted that the huge potential for soft set
theory applications in a variety of domains encourages rapid research growth (see Refs. [7-9]).
Shabir and Naz" proposed soft topological spaces as being defined over an initial universe with a specific
set of parameters. Soft interior, soft closure, soft separation, soft open sets, soft closed sets, and soft interior
were defined by Shabir and Naz"’. Many traditional topological notions have been examined and extended

in soft set settings (see Refs. [11-26]), but important additions are still possible. As a result, topological
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experts are becoming increasingly interested in studying soft topology.

Al Ghour and Bin-Saadon'” introduced and investigated soft homogeneity in soft topological spaces, and
they also gave some results about soft minimality. The author in Ref. [20] introduced and investigated soft
prehomogeneity. The first goal of this paper is to introduce some results regarding homogenous
components of topological spaces that have minimal open sets. The second goal of this paper is to continue
the study of soft homogeneity and soft minimality, in particular, we give two soft product theorems.

One of the primary motivations for writing this paper comes from the fact that geometric structures in
nature are often characterized by some kind of homogeneity.

Assume that X is a non-empty set and A is a set of parameters. A soft set over X relative to A is a
function G : A — P(X), where P(X) is X’s powerset. SS(X, A) denotes the family of all soft sets over
X relative to A. The null soft set and the absolute soft set are denoted by 04 and 14, respectively. If
G € SS(X, A) such that G(a) = {x} and G(b) = @ forall b € A — {a}, then G is called a soft point
over X relative to A and denoted by a,. SP (X, A) denotes the collection of all soft points over X relative
to A. If M€ SS(X,A) and a, € SP(X,A), then a, is said to belong to M (notation: a,EM) if
X € Mf(a).

Shabir and Naz!"” initiated the structure of soft topological spaces as follows: The triplet (X, 7, A), where
7 C SS (X, A), is known as a soft topological space if 7 contains the null and the absolute soft sets and 7 is
closed under finite soft intersection arbitrary soft union. The members of 7 are called soft open sets and
their soft complements are called soft closed sets.

We will use concepts and terminology from Refs. [13, 14] throughout this work for clarification.

Topological space and soft topological space will now be abbreviated as TS and STS, respectively.

The following definitions will be used in the sequel:

Definition 1.1"7  Let (X, <) be a TS. Then the relation «~ on X is defined as follows: For all x,y € X,
x « y ifand only if there exists a homeomorphism p : (X, ) — (X, ) such that p (x) = y.

Definition 1.2"7 Let (X,J) be a TS and let x € X. The set C, = {y € X: x «~ y} is called a
homogeneous component of X determined by the point x.

Definition 1.3") Let F € SS(X,A) and G € SS (Y, B). Then the soft Cartesian product of F and G
is a soft set denoted by F x G € SS (X x Y,A x B) and defined by (F x G) (a,b) = F(a) x G(b) for
each (a,b) € A x B.

Definition 1.4*) Let (X,7,A) and (Y, 0,B) betwo STSsandlet B = {FxXxG:Fc 7 and G € 7}.
Then the soft topology over X x Y relative to A x B having B as a soft base is called the product soft
topology and is denoted by 7 x 0.

2 Homogeneous Component

In this section, we obtain several results and examples concerning homogeneous components in TSs,
particularly those with minimal open sets.

Proposition 2.1 Let (X, ) beaTS.If {x} € min (X, ), then {{y} : y € C;} C min (X, ).
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Proof Let y € C,. Then there is a homeomorphism f: (X,J) — (X, ) such that f(x) =y and so
f({x}) = {y}.Itfollows that {y} € min (X,<).

The following example shows that the inclusion in Proposition 2.1 cannot replaced by equality in general:

Example 2.1 Let X = {1,2,3} and & ={9,X,{1},{2,3}}. Then {{y}:y € G} = {{1}}, but
min (X, ¥) = {{1},{2,3}}.

Proposition 2.2  Let (X, ) beaTS.If G € min (X, ), then G C ) C,.
xeG
Proof Let y € G, we will show that y € C, forall x € G.Let x € G, define f: (X,J) — (X, ) by

f(x) =y, f(y) =x,and f(z) =z forall z€ X — {x,y}.Then f isabijection with f(x) = y.

f isopen:Let U € S — {@}.

Casel UNG=o.Then UC X — {x,y} andso f(U) =U.

Case2 UNG # &.Since G € min (X, ), then G C U andso f(U) = U.

f ! is open: The proof follows because [ = f.

The following example shows that the inclusion in Proposition 2.2 cannot replaced by equality in general:

Example 2.2 Let X ={1,2,3,4} and S = {@,X,{1,2},{3,4}}. Then {1,2} € min (X,<), but
GNG=XNX=X.

Proposition 2.3 Let (X,3) be a TS. If G€ min(X,) such that |G| # |H| for all
H € min (X, ) — {G},thenforal x € G, G = C,.

Proof By Proposition 2.2, we need only to show that C, C G forall x € G. Let x € X and y € C,.
Choose a homeomorphism f: (X,J) — (X, ) such that f(x) =y. So, y € f(G). Note that
f(G) € min (X, J), so by assumption f(G) = G.Hence y € G.

Corollary 2.1 Let (X, ) bea TS such that min (X, ¥) = {G}. Thenforall x € G, G = C,.

In Examples 2.3 and 2.4, we provide direct applications on Corollary 2.1.

Example 23 Let X =1{1,2,3,4,5} and < ={@,X {1,2},{3,4,5}}. Then min(X,3) =
{{1,2},{3,4,5}}, and by Proposition 2.3, C; = {1,2} and C; = {3,4,5}.

Example 24 Let X=R and S={0} U{UCR:N C U}. Then min (X,3) = {N}, and by
Corollary 2.1, C; = N. On the other hand, it is not difficult to see that C_; = R — N.

Proposition 24 Let (X,S) be a TS. If G € min (X, S), then for all x € G, U{H € min (X, ) :
|G = |H|} = C..

Proof Let x € G. By Proposition 2.2, G C C,. Let H € min (X, ) with |G| = |H| and G # H, ie,
GNH = &. We are going to show that H C C,. Let y € H. Choose a bijection f: G — H. Choose a
bijection g : H — H with g(f(x)) = y.Define h,w : (X,J) — (X, ) by

flz), ifzeG;
h(z) =< f'(z), ifz€H,
z, if ze X— (GUH);
~ [glz), ifzeH,
W(Z>_{z, ifze X—H.

Then woh: (X,J) — (X, ) is a homeomorphism with (w o h) (x) = y. Therefore, y € C,. This
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shows that U {H € min (X, ) : [G| = [H|} € C,

To show that C, C|J{H € min(X,S): |G| = |H|}, let y € C,. Choose a homeomorphism
f:(X,9) — (X,¥) such that f(x)=y. So, y€f(G). Note that f(G) € min(X,S), so
f(G) € {Hemin(X,S) : |G| = |H|}.Hence, y € |J{H € min (X, ) : |G| = |H|}.

3 Soft Homogeneous Component

In this section, we present various results and examples addressing soft homogeneous components of STSs,
particularly those with minimal soft open sets.

For an STS (X, 7,A), the group of all soft homeomorphisms from (X, 7, A) onto itself will be denoted
by SH (X, 7,A).

Definition 3.1 Let (X,7,A) be an STS and let a,,b, € SP (X,A). Then a, is said to relate to b,
(notation: a, * b, ) if there exists f,, € SH (X, 7,A) such that f,, (a,) = by, or equivalently, a, * b, if
there exists f,, € SH (X, 7,A) suchthat p (x) =y and u(a) = b.

Theorem 3.1 The relation * in Definition 3.1 is an equivalence relation.

Proof To see that the relation * is reflexive, let a, € SP (X, A). Then f,, : (X,7,4) — (X, 1,A)
where p: X — X and u: A — A are the identities, is a soft homeomorphism with f,, (a.) = a,.
Thus, ay * a,. To see that the relation * is symmetric, let a, b, € SP (X, A) such that a, * b,. Then there
exists f,, € SH(X, 7,A) such that f,, (ax) = b,. It is not difficult to check that f,,~ € SH(X,7,A)
with fp-1,-1 (by) = a,,and hence b, * a,. To see that the relation * is transitive, let ay, b, c, € SP (X, A)
such that a, xb, and b, *c,. Then there exists f,,,f; € SH(X,7,A) such that f,, (ax) =b, and
fov (by) = ¢, . Itis not difficult to check that figop)(vou) € SH (X, 7, A) With fizep)(vou) (4x) = ¢, and hence
a, * ¢,;. This ends the proof that the relation * is an equivalence relation.

Definition 3.2 Let (X,7,A) be an STS and a,€ SP(X,A). The set SC, = {b, €
SP (X,A) : a, % b,} is called a soft homogeneous component of X relative to A determined by the soft
point a, .

Proposition 3.1 An STS (X, 7,A) is soft homogeneous if and only if it has only one soft homogeneous
component.

Proposition 3.2 Let (X, 7,A) bean STSandlet a,, b, € SP(X,A).If a, * b,, then (X, 7,) = (X, 15).

Proof If a, by, then there exists f,, € SH (X, 1,A) such that f,, (ax) = b,. By Corollary 5.13 of
Ref. [13], p : (X, 74) — (X, Tu(a)=s) is a homeomorphism. Therefore, (X, 7,) = (X, 13).

Proposition 3.3 Let (X,7,A) be an STS and let a,,a, € SP(X,A). If a, xa, in (X,7,A), then
x~yin (X,7,).

Proof If a, b, then there exists f,, € SH (X, 1,A) such that f,, (a.) = a,. By Corollary 5.13 of
Ref. [13], p : (X, 74) — (X, Tu(s)=a) is @ homeomorphism with p(x) = y. It follows that x ~ y.

Example3.1 Let X ={1,2,3,4} and A = {a, b} . Let
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F={(a,{1}),(b.{1,2})},
G={(a,{2}), (b, {1,2})},
H={(a,{3}),(b,{3,4})},
K= {(a,{4}),(b,{3,4})},
L={(a,2),(b,{1,2})},
={(a,2),(b,{3.41)},

B={F,G HK,LM},

and let (X,7,A) be the STS that has B as a soft base. Then SC, = {a;,a,,4a5,a,} and
SCyp, = {b1, by, b3,b4}.

Proof Case 1 To show that a; *a,, a;xay, by * by, and b; * by, take u = {(a,a),(b,b)} and
p=1{1,2),(2,1),(3,4),(4,3)}. Then f,, is a bijection with fo, (&) = a2, fou (a3) = a4, fou (1) =
by,and fy, (bs) = by.

four (X, 7,A) — (X, 7, A) issoftopen: fou (F)=G, fou (G)=F, fou (H) =K, fu(K)=H, fu (L) =
L,and f,, (M) =M.

fout (X, 7,A) — (X, 7, A) is soft continuous: f,, = fy-1u—1 = fou .

Therefore, a; * a,, as * ay, by x by,and b; x b, .

Case 2 To show that a;*xa; and b * bs, take u = {(a,a), (b,
(3,1),(4,2)}.Then f,, isabijection with f,, (&) = a; and f,, (b)) = bs.

four (X, 7,A) — (X, 7,A) issoftopen: fo, (F)=H, fou (G)=K, fou (H)=F, fou (K)=G, fou (L) =
M,and f,, (M) =L.

Jou s (X, 7,A) — (X, 7, A) is soft continuous: f,,/ = fo-1u-1 = fpu.

Therefore, a; * a; and b, * bs.

)} and p = {(173>>(2>4)>

Case3 ay * by is not true.
If a; * by, then by Proposition 3.2, (X, 7,) = (X, 7). But 7, is the discrete topology while 7} is not the
discrete topology.
Example3.2 Let X = {1,2} and A = {a, b} . Let
= {(a,{1}), (b, {1,2})},
={(a,{2}), (6, {1}1)},
H={(a,2),(b,{1})},
and 7 = {04, 14, F, G,H} . Then SC,, = {e,} forall e, € SP (X, A).
Proof 1t is sufficient to see that the only soft homeomorphism from (X, 7,A) onto (X, 7,A) is the
identity. Let f,, € SH (X, 7, A).We are going to show that # (a) = a and p (1) = 1 which ends the proof.
u (a)=a: Since min (X, 7, A)={H}, then f,, (H)=H.So, (fpu(H)) (a)=p (H(u"" (a))) =2 . Hence,
H(u'(a)) = @ and thus, u™' (a) = a. Therefore, u (a) = a.
p(1)=1:Since u(a) = a, then u (b)=b. Since f,, (H) = H, then (fou (H)) (b) = p (H (u™" ())) =
p(H (b)) = p({1}) = {1} . Thus, p(1) = 1.
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Proposition 3.4 Let (X, 7,A) bean STS.If a, € min (X, 7,A), then SC,, C min (X, 7,A).

Proof Let b, € SC,,. Then there is f,, € SH(X,7,A) such that f,, (a,) =b,. It follows that
b, € min (X, 7, A) . Therefore, SC,, C min (X, 7,A).

The following example shows that the inclusion in Proposition 3.4 cannot replaced by equality in general:

Example 3.3 Let X = {1,2,3} and A = {a,b}. Let H={(a,{2}),(b,{3})} and let (X,7,A) be
the STS that has B = {ay, b;, H,14} as a soft base. Then min (X, 7, A) = {4y, b;, H} . By Proposition 3.3,
SCq={a1, b1} or SC, ={a;}. To see that a; x by, let u={(a,b),(b,a)} and p ={(1,1),(2,3),(3,2)}.
Then f,, isabijection with f,, (a;) = b;.

four (X, 7,A) — (X, 7,A) issoftopen: fo (a1) = by, fou (b1) = a1, fou(H) = H,and f,, (14) = 14.

Jou (X, 7,A) — (X, 7, A) is soft continuous: f,,/ = fo-1u-1 = fou.

Therefore, a; * b;.

The following question about the exact version of Proposition 2.2 is natural:

Let (X,7,A) be an STS. Suppose F &€ min(X,7,A) and let a,€ F. Is it true that
{b,: b, € F} CSC,,?

The following example gives a negative answer to the above question:

Example 3.4 Let X ={1,2,3}, A={a,b}, H={(a,{1}),(b,{2,3})},and 7 = {04,14,H}.
Consider the STS (X, 7,A). Then min (X,7,A) = {H} and a;,b, € H. If a; * b,, then there exists
fou € SH(X,7,A) such that f,, (a;) = b,. So, u(a) =b and p(1) = 2. It is not difficult to see that
fu(H)=H and so  (fu(H))(a) = H(a). But (f () (@) =p(H(5) =p({2,3}) whie
H(a) = {1}.

By Proposition 3.2, SC,, = {a1, b1} or SC, = {a;}. To see that a; x by, let u = {(a,b),(b,a)} and
p=1{(11),(2,3),(3,2)}.Then f,, isabijection with f,, (@) = b;.

four (X, 7,A) — (X, 7, A) issoftopen: fp, (@) = by, fou (b1) = a1, and f,, (H) = H.

Jou (X, 7,A) — (X, 7, A) is soft continuous: f,,/ = fp-1u-1 = fou.

Therefore, a; * b, .

In the following result, soft homeomorphisms are shown to stabilize soft homogeneous components.

Theorem 3.2 Let (X, 7,A) bean STS, f,, € SH(X,7,A), and a, € SP(X,A). If H= Upesc, by,
fou (H) = H.

Proof Let fy, € SH(X,7,A) and let a, € SP(X,A). To see that f,,(H) C H,let b, € fou (H),
then there exists ¢, € SC,, such that f,, (c;) = b,. So, we have a, * ¢, and c, * by, hence a, * b,. Thus,
b, € SC,, and b, € H. This ends the proof that f,, (H) C H. To see that H iﬁ,u (H),let b, € H,
then b, x a,. Since fp, is surjective, then there exists ¢, € SP (X, A) such that f,, (c;) = b,. So, we have
c;* by, and by * a, hence, c; * a,. Thus, ¢, € SC,, . It follows that b, € f,, (H). This ends the proof
that H C fp, (H). This shows that f,, (H) = H.

Theorem 3.3 Let (X,7,A) be an STS, a, € SP(X,A), and let H=U{b, : b, € SC,, } . If there is
F € 7—{04} suchthat F C H,then He 7.

Proof Let b, € H,then b, € SC,, and so there exists f,, € SH(X,7,A) such that f,, (ax) = b,.

Fuzzy Information and Engineering | VOL 16 | NO 1 | March 2024 | 24-32 29



ARTICLE Soft Homogeneous Components and Soft Products

We have F € 71— {04}. If b, €F C H, then we are done. So we may assume that b, % F. Choose
¢ € F. Then ¢, € H and so ¢, € SC,, . Thus, there exists f,, € SH (X, 7,A) such that f, (c;) = ay.
Consider figop)(vou) : (X, 7,A) — (X, 7,A).Then figop)vou) € SH (X, 7,A) and

Sipoq)uov) () = (w0 v) (C))(poq)(z) = (u(v (C)))p(q(z)) = (u (a>>p(x) =b,.

Therefore, b, € H. Since fpoq)uov) 18 soft open, then fipoq)(uov) (F) € T. Since F C H, then
Figop)wou) (F) € fiqop)vou (H) . On the other hand, it is not difficult to check that fiup)veu) (H) = H.
Thus, b, € figop)(vou) (F) C H. This shows that H € 7.

4 Soft Product

In this section, we present two soft product theorems, one for soft homogeneity and one for soft minimality.

Definition 4.1 Let f,, :SS(X,A) — SS(Y,B) and f,, : SS(Z,C) — SS(W,D) be two soft
mappings. If px q: X xZ — Y x Wand uxv:A x C— B x D are the product functions defined
by (pxq)(x,2)=(p(x),q(2)) and (uxv)(a,b)=(u(a),v(b)), then [frxguxy :SS(X x Z,
A x C) — SS(Y x W, B x D) is called the product soft mapping of f,, and f,,.

Lemma 41 Let f,, :SS(X,A) — SS(Y,B) and f, :SS(Z,C) — SS(W,D) be two soft
mappings and consider the product soft mapping fipxq)(uxv) : SS(X x Z,A x C) — SS(Y x W, Bx
D). Then f@lxq)(uw) (F x G) = f,, (F) x f,,) (G) forevery F € SS(Y, B) and G € SS(W, D).

Proof Let F € SS(Y,B) and G € SS(W,D).Let a € A and ¢ € C.Then

(fgxq)(uxv)(p X G)) (a,c) =
(p X @)((F x G)((u x v)"(a,0))) =
(p x Q)((Fx G)(u"'(a),v 1(C)))
(px q)(F(u'(a ) =
p(F(u"'(a)))
((f pu (F))(a))
(f pu (F) X £, (G))(a, ¢).

It follows that f@lxq)(uw) (Fx G)=f, (F)xf,(G).
Proposition 41 If f,,: (X, T,A) (Y,0,B) and f,:(Z,6,C) — (W,p,D) are soft
continuous, then fpxg)uxy) 1 (X X Z, 7 x §,A x C) — (Y x W, 0 x p, B x D) is soft continuous.

X
X

Proof ~ Suppose that f,, and f;, are soft continuous. Let F x G where F € 0 and G € p be a soft
basic element for o x p. Since f,, and f;, are soft continuous, then f ./ (F) € 7 and f_'(G) € &. By
Lemma 4.2, f&lxq)(uxv)(F X G) = f pu (F) x f ./ (G), and s0 f@lxq)(uw)(F X G) € T x 8. It follows that
S(pxq)(uxv) is soft continuous.

Theorem 41 If f,,:(X,7,A) — (Y,0,B) and f,:(Z,6,C) — (W,p,D) are soft
homeomorphisms, then  fioxg)uxy) : (X X Z,7x §,AxC) — (YXx W,0 x p,Bx D) is soft
homeomorphism.
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Proof  Suppose that f,, and f;, are soft homeomorphisms. Since f,, and f,, are bijections, then
p,u,q, and v are bijections and so p x q and u X v are bijections. Therefore, f(,xq)ux» is a bijection.
Since fp, and f;, are soft continuous, then by Proposition 4.1, f(pxq)uxv) is soft continuous. Since
forwr 1 (Y,0,B) — (X,7,A) and fy1,1: (W, p,D) — (Z, 6, C) are soft continuous, then again by
Proposition 4.1, f((pxq)_l)((uxv)_l) = flo-'xg ) xv1)  (YX W0 X p,BX D) — (XX Z,T X 9,
A x C) is soft continuous. It follows that fpxq)(uxv) is soft homeomorphism.

Theorem 4.2 If (X,7,A) and (Y, 0,B) are soft homogeneous STSs, then (X x Y, 7 x 0,A x B) is
soft homogeneous.

Proof ~Let (a,b),.(c,d),,) € SP(XxY,AXB). Since (X,7,A) is soft homogeneous and
ay,c; € SP (X, A), then there exists f,, € SH (X, 7,A) such that u(a) = ¢ and p (x) = z. Also, since
(Y,0,B) is soft homogeneous and b,,d,, € SP(Y,B), then there exists f;, € SH(Y,0,B) such that
v(b)=d and q(y) =w. By Theorem 4.2, fixquxy is soft homeomorphism. Note that
(uxv)(a,b)=(u(a),v(b)) =(c,d) and (pxq)(x,y)=(p(x),q()) = (z,w). It follows that
(X x Y, 7 X 0,A x B) is soft homogeneous.

Theorem 4.3 Let (X,7,A) and (Y,0,B) be two STSs. If ¢, € SC,, and d, € SCy,, then
(6 D) € Sl

Proof Suppose that ¢, € SC,, and d,, € SC;,. Then there exists f,, € SH(X,7,A) and f,, €
SH(Y,0,B) suchthat p(x) =z, u(a) =c, q(y) = w,and v(b) = d. By Theorem 4.3, f(pxq)(uxy) is
soft homeomorphism. Note that (uxv)(a,b)=(u(a),v(b))=(c,d) and (pxq)(x,y)=
(p(x),q(y)) = (z,w). This shows that (¢, d),,, € SCap),, , -

Theorem 4.4 Let (X,7,A) and (Y, 0, B) be STSs. If F € min (X, 7,A) and G € min (Y, 0, B), then
FxG emin(Xx Y,7x0,AXB).

Proof Since F € min (X, 7,A) and G € min (Y,0,B), then there exists a, € F and b,€ G. So,
(a, b)(w) € Fx G andthus, F X G # 045. Suppose that M € (1 X 0) — {0455} with M c FxG.
Choose (c,d),,,, € M. Since M € T x 0, then there exists H € 7 and K € ¢ such that (c, ) (zw) €
HxK ¢ M C FxG. So, (c d)(w)é (Hx K)N(Fx G) and hence, (c, d)(w)é (FN H) x
(Gﬁ K). Thus, ¢, € FNH and d, € GNK. Since F € min (X, 7,A) and a, € FN H, then by
Proposition 3.2 of Ref. [13], F C H. Since G € min (Y,0,B) and b, € GN K, then again by Proposition
3.2 of Ref. [13], G C K. Therefore, Fx G C H x K. Hence, Fx G=H x KC M. Thus, M = F x G.
This shows that F x G € min(X x Y, 7 X 0,A X B).

(z,w

5 Conclusion

Since the creation of the STS structure, efforts have been undertaken to apply traditional topological ideas to
this soft structure. According to the published literature, STS offers a fertile setting for the extension of
topological concepts; for example, soft homogeneity was presented in Ref. [13], and the author in Ref. [20]
introduced and investigated soft prehomogeneity. In this paper, soft homogeneous components, which
form a soft partition of the soft points in a given STS, are introduced and analyzed. Various results and
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examples related to soft homogeneous components of STSs are introduced, particularly those contain a
minimal soft open set. Additionally, two soft product theorems concerning soft homogeneity and soft
minimality, respectively, are given. Some results related to homogeneity concepts in general topology are
also obtained.

The following subjects may be explored in our future research: (1) To define the soft prehomogeneous

components; (2) To define soft semihomogeneity.

Publication History

Received: 28 January 2021; Revised: 8 November 2023; Accepted: 10 December 2023

References

[1] D. Molodtsov, Soft set theory—First results, Comput. Math. Appl., vol. 37, nos. 4&S5, pp. 19-31, 1999.

[2] P. K. Maji, A. R. Roy, and R. Biswas, An application of soft sets in a decision making problem, Comput. Math. Appl., vol. 44, nos. 8&9, pp.
1077-1083, 2002.

[3] P.K. Maji, R. Biswas, and A. R. Roy, Soft set theory, Comput. Math. Appl., vol. 45, nos. 4&S5, pp. 555-562, 2003.

[4] K. Gong, Z. Xiao, and X. Zhang, The bijective soft set with its operations, Comput. Math. Appl., vol. 60, no. 8, pp. 2270-2278, 2010.

[5] H. Aktas and N. Cagman, Soft sets and soft groups, /n/. Sci., vol. 177, no. 13, pp. 2726-2735, 2007.

[6] M. L. Ali, F. Feng, X. Liu, W. K. Min, and M. Shabir, On some new operations in soft set theory, Comput. Math. Appl., vol. 57, no. 9, pp.
1547-1553, 2009.

[7]1 A. Acikgoz and N. Tas, Binary soft set theory, Eur. J. Pure Appl. Math., vol. 9, no. 4, pp. 452-463, 2016.

[8] N. Cagman and S. Enginoglu, Soft matrix theory and its decision making, Comput. Math. Appl., vol. 59, no. 10, pp. 3308-3314, 2010.

[9] N. Cagman and S. Enginoglu, Soft set theory and uni—int decision making, Eur. J. Oper. Res., vol. 207, no. 2, pp. 848-855, 2010.

[10] M. Shabir and M. Naz, On soft topological spaces, Comput. Math. Appl., vol. 61, no. 7, pp. 1786-1799, 2011.

[11] M. B. Kandemir, The concept of g-algebraic soft set, Sofi Comput., vol. 22, no. 13, pp. 43534360, 2018.

[12] T. M. Al-shami, M. E. El-Shafei, and M. Abo-Elhamayel, On soft topological ordered spaces, .. King Saud Univ. Sci., vol. 31, no. 4, pp. 556-566,

2019.

S. Al Ghour and A. Bin-Saadon, On some generated soft topological spaces and soft homogeneity, Helivon, vol. 5, no. 7, p. €02061, 2019.

S. Al Ghour and W. Hamed, On two classes of soft sets in soft topological spaces, Symmetry, vol. 12, no. 2, p. 265, 2020.

T. M. Al-shami, L. D. R. Ko¢inac, and B. A. Asaad, Sum of soft topological spaces, Mathematics, vol. 8, no. 6, p. 990, 2020.

T. M. Al-shami and M. E. El-Shafei, Partial belong relation on soft separation axioms and decision-making problem, two birds with one stone, Sof?

Comput., vol. 24, no. 7, pp. 5377-5387, 2020.

[17]J. C. R. Alcantud, Soft open bases and a novel construction of soft topologies from bases for topologies, Mathematics, vol. 8, no. 5, p. 672, 2020.

[18] M. E. El-Shafei and T. M. Al-shami, Applications of partial belong and total non-belong relations on soft separation axioms and decision-making
problem, Comput. Appl. Math., vol. 39, no. 3, p. 138, 2020.

[19] V. Cetkin, E. Giiner, and H. Aygiin, On 2S-metric spaces, Sofi Comput., vol. 24, no. 17, pp. 12731-12742, 2020.

[20] S. Al Ghour, Soft minimal soft sets and soft prehomogeneity in soft topological spaces, /nt. J. Fuzzy Log. Intell. Syst., vol. 21, no. 3, pp. 269-279,
2021.

[21] T. M. Al-shami, Compactness on soft topological ordered spaces and its application on the information system, J. Math., vol. 2021, p. 6699092,
2021.

[22] T. M. Al-shami, On soft separation axioms and their applications on decision-making problem, Math. Probl. Eng., vol. 2021, p. 8876978, 2021.

[23] T. M. Al-shami and A. Mhemdi, A weak form of soft a-open sets and its applications via soft topologies, A/MS Math., vol. 8, no. 5, pp.
11373-11396, 2023.

[24] T. M. Al-shami, A. Mhemdi, and R. Abu-Gdairi, A novel framework for generalizations of soft open sets and its applications via soft topologies,
Mathematics, vol. 11, no. 4, p. 840, 2023.

[25]S. Kaur, T. M. Al-shami, A. Ozkan, and M. Hosny, A new approach to soft continuity, Mathematics, vol. 11, no. 14, p. 3164, 2023.

[26] Z. A. Ameen, R. Abu-Gdairi, T. M. Al-Shami, B. A. Asaad, and M. Arar, Further properties of soft somewhere dense continuous functions and soft
Baire spaces, J. Math. Comput. Sci., vol. 32, no. 1, pp. 54-63, 2023.

[27] B. Fitzpatrick Jr and H. X. Zhou, Countable dense homogeneity and the Baire property, 7opol. Appl., vol. 43, no. 1, pp. 1-14, 1992.

[28] K. V. Babitha and J. J. Sunil, Soft set relations and functions, Comput. Math. Appl., vol. 60, no. 7, pp. 1840-1849, 2010.

[29] A. Aygiinoglu and H. Aygiin, Some notes on soft topological spaces, Neural Comput. Appl., vol. 21, no. 1, pp. 113-119, 2012.

[13
(14
[15
[16

[l W S i

Samer Al Ghour received the PhD degree in mathematics from University of Jordan, Amman, Jordan, in 1999. He is currently
a professor at the Department of Mathematics and Statistics, Jordan University of Science and Technology, Irbid, Jordan. His
research interests include general topology, fuzzy topology, and soft set theory. He is included in the World’s Top 2%
Scientists 2023 (by Stanford University and Elsevier).

32 Fuzzy Information and Engineering | VOL 16 | NO 1 | March 2024 | 24-32


https://doi.org/10.1016/S0898-1221(02)00216-X
https://doi.org/10.1016/j.camwa.2010.08.017
https://doi.org/10.1016/j.ins.2006.12.008
https://doi.org/10.1016/j.camwa.2008.11.009
https://doi.org/10.1016/j.camwa.2010.03.015
https://doi.org/10.1016/j.ejor.2010.05.004
https://doi.org/10.1016/j.camwa.2011.02.006
https://doi.org/10.1007/s00500-017-2901-3
https://doi.org/10.1016/j.jksus.2018.06.005
https://doi.org/10.1016/j.heliyon.2019.e02061
https://doi.org/10.3390/sym12020265
https://doi.org/10.3390/math8060990
https://doi.org/10.1007/s00500-019-04295-7
https://doi.org/10.1007/s00500-019-04295-7
https://doi.org/10.3390/math8050672
https://doi.org/10.1007/s40314-020-01161-3
https://doi.org/10.1007/s00500-020-05134-w
https://doi.org/10.5391/IJFIS.2021.21.3.269
https://doi.org/10.3934/math.2023576
https://doi.org/10.3390/math11040840
https://doi.org/10.3390/math11143164
https://doi.org/10.22436/jmcs.032.01.05
https://doi.org/10.1016/0166-8641(92)90148-S
https://doi.org/10.1016/j.camwa.2010.07.014

