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Novel Classes of Bipolar Soft Generalized Topological Structures:
Compactness and Homeomorphisms

Hind Y. Saleh, Baravan A. Asaad® > **, and Ramadhan A. Mohammed'

ABSTRACT
The purpose of this paper is to define bipolar soft generalized compact sets and bipolar soft generalized

compact spaces. The structures of §-centra|ized bipolar soft generalized closed sets collection in a bipolar soft
generalized compact space are given. Moreover, some main properties of bipolar soft generalized compactness
are discussed and their relationships are studied. The concept of a bipolar soft generalized compactness is
introduced and it investigates under what condition a bipolar soft generalized topological space forms a bipolar
soft generalized compact space. The relation between bipolar soft generalized compact space and soft
generalized compact space is proposed. Furthermore, some further properties of bipolar soft mappings, such as
bipolar soft composite mappings, are presented and some of their characteristics are explained. Additionally,
novel classes of bipolar soft mapping such as bipolar soft generalized continuous, bipolar soft generalized
open, and bipolar soft generalized closed mappings are defined. Finally, some results and counterexamples are
obtained.

KEYWORDS
bipolar soft generalized compact space (set); bipolar soft generalized continuous mappings; bipolar soft
generalized homeomorphism mappings

1 Introduction

or formal modeling, reasoning, and computing, most traditional tools are characterized by being
their crisp, deterministic, and precise. However, many complex problems exist in the domains of
economics, engineering, the environment, social science, medical science, and so on. Therefore,
traditional methods based on cases may not be suitable for solving or modeling these issues. Based on this, a
set of theories has been proposed to tackle these problems. In 1999, Molodtsov! introduced the soft set
theory, which was designed to solve sophisticated problems. Molodtsov’s theory has been implemented in
several branches of mathematics, including decision making problems, medical science, social sciences,
operation research, etc. Other researchers have improved the theory, such as Maji et al.”, who defined the
operation family of special information systems. Cagman and Enginoglu" redefined the operations of

Molodtsov’s soft sets and defined products soft sets and uni-int decision making method. Then, Aktas and
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Gagman' compared the soft sets to both fuzzy and rough sets. For the time being, there are two definitions
of soft topological spaces. The concept of soft topological spaces on a universe set was first defined by Shabir
and Naz". Likewise, the notion of soft topological spaces was also demonstrated using soft sets by Cagman
et al.”’ Ma et al.” extended of soft set and redefined and simplified operations between soft set. Ameen and
Al Ghour" presented minimal soft topology and investigated some of their properties. Ameen and
Algahtani” introduced some classes of soft functions defined by soft open sets modulo soft sets of the first
category. In Ref. [10], they investigated some properties of soft ideals in soft topological spaces.

Csaszar'" " introduced the notion of a generalized neighborhood system and generalized topological
spaces where he defined a family of subsets of 2 to be a generalized topology on (2 if it includes the empty
set and arbitrary union of its member and studied some of their basic properties, such as continuous
functions, associated interior, and closure operations, also compared his findings to those of the usual
topology.

In 2013, Shabir and Naz"’ explained that the bipolar soft set (BSS) structure has clearer and more general
results than the soft set structure. Naz and Shabir” came up the fuzzy bipolar soft sets and bipolar fuzzy soft
sets and established some algebraic structures of these two classes of bipolar soft sets. They presented an
application of fuzzy bipolar soft sets in decision making problems. Based on Dubois and Prade'”, decision
making is constructed on two sides, namely negative and positive. Bipolarity is significant for
characterization between positive and negative information to differentiation between a reasonable and an
unreasonable events. Fadel and Dzul-Kifli"” defined the concept of bipolar soft topological spaces via bipolar
soft sets and some properties. In Ref. [17], they introduced bipolar soft functions interms of bipolar soft sets
and discussed some of their characterizations. Oztiirk"* ' presented more properties and operations on
bipolar soft sets as well as the bipolar soft points are introduced. Subsequently, a number of definitions,
operations, and applications on bipolar soft sets and bipolar soft structures have been investigated. For
instance, Dizman and Oztiirk™ introduced fuzzy bipolar soft topological spaces via fuzzy bipolar soft sets.
Abdullah et al.* proposed a bipolar fuzzy soft set which is a new idea of bipolar soft set and they introduced
some basic operations and an application of bipolar fuzzy soft set into decision making problem. They gave
an algorithm to solve decision making problems by using bipolar fuzzy soft set. Al-shami®” defined some
ordinary points on bipolar soft sets as well as he presented an application of optimal choices by applying the
idea of bipolar soft sets. Karaaslan and Karatag”’ redefined concept of bipolar soft set and bipolar soft set
operations and presented decision making method with application. Karaaslana et al."! defined normal
bipolar soft subgroups. Mahmood™” defined a novel approach towards bipolar soft sets and discussed an
application on decision-making problems. Wang et al.”! and Rehman and Mahmood”’ combined some
generalization of fuzzy sets and bipolar soft sets. They investigated applications in decision-making
problems. Hussain" defined and discussed binary soft connected spaces in binary soft topological spaces.
He proposed an application of a decision making problem by using approach of rough sets. Bera and Pal*’
presented m-polar interval-valued fuzzy graph and application of it.

Yet, studies conducted on the limit point concept were required by mathematicians to bring about more

developments in mathematics. Shabir and Bakhtawar"” and Aras and Bayramov"" introduced the concept
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of bipolar soft compact spaces and studied some of their properties in detail. Musa and Asaad"” introduced
the concept of bipolar hypersoft set as a combination of hypersoft set with bipolarity setting and investigated
some of its basic operations. They also discussed some topological notions in the frame of bipolar hypersoft
setting”*. In 2022, Saleh et al.">* studied bipolar soft generalized topological spaces (BSGTSs) and defined
it as a set of E of bipolar soft collections over the universe (2. As such, the basic notions of BSGTSs, bipolar
soft (BS) E-open and BS E-closed sets, BS §-closure, BS E-interior, BS E-limit point, BS §-boundary, and
bipolar soft generalized topological subspaces (BSGTSS) were defined side by side with the investigation of a
number of their properties. After that, in Ref. [37], they presented some new ideas on BSGTSs such as BS fg:-
connected sets, BS E—connected spaces, and BS E-disconnected spaces. Then, they devoted towards the idea
of BS E—separated sets, BS E-separation sets, and BS E—hereditary property. The concept of BS §—locally
connected spaces and BS E—components are introduced. In addition, the concept of BS E-components that
the family of all BS E—components forms a partition for BSGTS is given. Then, some properties of BS E—
components in BSGTSs are proposed.

It endeavors to cast light on the concepts of compactness into the structure of BSGTS. Some substantial
concepts forwarded of BS E-compact sets and BS E—compact spaces are investigated. The use of bipolar soft
sets provides us with a fundamental means to tackle and investigate compactness in a more general way. BS
§ -compact proves to be a good extension of bipolar soft compact. A number of findings have been drawn
upon, e.g, the finite bipolar soft union of BS g- compact sets is also BS g compact. Later on, the notion of
g -centralized BS collection is presented and if it is BS g-closed set, then a BSGTS is BS g -compact and
some counterexamples are established to indicate that the converse in general may not be true. Some further
properties of bipolar soft mappings, such as bipolar soft composite mappings, investigate and discuss some
of its characteristics. Furthermore, BS §—continuous, BS E—open, BS §—closed, and BS E—homeomorphism
are introduced. Some of their characterizations are obtained. we conclude the paper and make

recommendations for further research.

2 Preliminary

We commence our paper by elucidating fundamental concepts related to our research prior to engaging in
its discussion. Throughout this work, let 2 be an initial universe, Y(2) be denoted the collection of all
subsets of 2, and @ be a set of parameters. Let ¢,0 C @ and BSS (2) be the set of all bipolar soft sets over

Q with parameters @, where ¢ = {p, P2, ..., Pn} be aset of parameters.

2.1 Bipolar soft set

This subsection investigates the concepts of bipolar soft sets and some properties and theorems related to
this work.

Definition 2.1 Let ¢={p;,ps,...,pn} be a subset of w. The Not set of ¢ is denoted by
=¢={=p1,7P2,...,7Pn} , where =p; = Not p;, forall i.

Definition 2.2"" A triple (0, A,¢) is called a bipolar soft set, denoted by BSS, on Q, where ® and A
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are mappings defined by © : ¢ — P(Q) and A : —~¢— P(Q) such that O(p) N A(—-p) =2 for all
p € ¢ and —p € —¢. In other words, a BSS (0, A,¢) can be written as

(0,4,6) ={(p,0(p),A(=p)) : p €6,0(p) N A(=p) = T}

Definition 2.3  For any two BSSs (0;,4;,¢) and (0,,A,,0), the BSS (0, 4,¢) is said to be a
bipolar soft subset of (0, A,,0) if

(1) ¢ € 0 and,

(2)61(p) € O,(p) and Ay(=p) C Ay(=p), forall p € ¢ and —p € .

This relationship is denoted by (@1,A1,c)§(@2,/\2,0). Similarly, the BSS (0, A;,6) is said to be a
bipolar soft superset of (0,,A,,0), denoted by (@1,A1,c)§(@2,A2,0) , if (0,,A,,0) is a bipolar soft
subset of (O, A},¢).

Definition 24" Two BSSs (0;,A;,¢) and (0,,A,,0) are said to be BS equal, denoted by
(01,A1,6) = (0, A5,0), if (01, A;,¢) is a bipolar soft subset of (0,,A,,0) and (0, A,,0) is a bipolar
soft subset of (@1, A;,¢).

Definition 2.5'7 The complement of a BSS (0, A,¢) is denoted by (0,A,¢)° and defined by
(0,A,6)°=(6°, A, ¢) where O and A° are mappings given by O°(p) = A(—p) and A°(—p) =0O(p),
forall p € ¢ and —p € —¢.

Definition 2.6N“” A BSS (0, A,¢) is said to be a relative null BSS (with respect to the parameter set ¢),
denoted by (@,0Q,¢),if ©(p) =@ forall p € ¢ and A(—p) = forall ~p € —¢. The relative null BSS
(with respect to the universe set parameters @ ) is called the null BSS on Q, denoted by (P, Q,0).

Obviously, a BSS (0, A, ) is said to be a non-null BSS if ©@(p) # & for some p € ».

Definition 2.7" A BSS (O, A,¢) is said to be a relative absolute BSS (with respect to the parameter set
¢), denoted by (Q,0,¢), if O(p)=Q forall pe¢ and A(—p) =2 for all ~p € —¢. The relative
absolute BSS (with respect to the universe set of parameter @ ), denoted by (.6, ®,m), is called the absolute
BSSon Q2.

Obviously, a BSS (0, A, ) is said to be a non-absolute BSS if @(p) # Q for some p € &.

Definition 2.8 Let (0,A,¢) EBSS(Q) and IT be a non-empty subset of Q. Then, the sub bipolar soft
setof (0, A,¢) over II denotedby ("6, A,¢), is defined as follows:

Te(p)=1InN6(p)and "A(—p) =T NA(=p), foreach p € ¢and —p € —.

Definition 2.9° Let (0, A,¢) E BSS(Q). The BSS (0, A,¢) is called a bipolar soft point (BSP) if
there exists 77, v € Q (itis possibleto 7 = v)and p € ¢ such that

@(y):{ i}, y=p;

g, y#p
A(y,):{ g’\{ﬂ,v}, ;/;ﬁf

We denote BSP (0, A, ) by 7%, and the family of all BSPs on  is denoted by BSP () (6m¢) -
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Definition 2.10°) Let 75, ﬂ:ff/ E BSP(Q)(;~ be two BSPs. Then, 7 and ﬂ;’f/ are said to be not
different BSPsif m =7’ and p = p’. Clearly, v="1" or v # v'.

Definition 2.11""  Let 7}, 71’51 E BSP(Q) () - Then 77 and 7'[;5/ are called different BSPs, denoted
by b # 7 if £ 7 orp#£p'.

Definition 2.12"”  Let (0, A,¢) E BSS(Q) and 7} E BSP(Q) (.~ - Then, 7{ is said to be contained
in (0, A,¢), denoted by 75 E (0,A,6),if re B(p) and v € Q\ A(—p).

Definition 2.13"" A collection ¥ = {(0,,4,,¢): (0,,4,,9) EE}),EF of BSSs is said to be a BS
cover of a BSS (0, A,¢) if

<@a A7 C)EOYEF(@}/)AW C)'

Furthermore, it is called the BS open cover of a BSS (0, A,¢), if each member of ¥ is a BS open set. A
bipolar soft subcover of ¥ is a subcollection of {(©), A,¢)},er which is also a BS open cover.

Definition 2.14" A bipolar soft subset (©,4,¢) of (,®,¢) is called a bipolar soft compact set,
denoted by BS compact set, if each BS open cover of (0, A,¢) has a finite BS subcover. A bipolar soft
topological space (BSTS) (Q,%, ¢,—¢) is said to be BS compact space, if (Q,®,¢) is a BS compact subset of
itself.

The readers can be found more properties on bipolar soft sets and bipolar soft topological spaces in Ref.

[13, 16, 18, 23, 30].

2.2 Bipolar soft mapping

This subsection investigates the concepts of bipolar soft sets with some properties and theorems related to
this work.

Definition 2.15"7 Let 9:Q — Q' be an injective mapping, 4 : ¢ — ¢ and p: =¢ — ¢’ be two
mappings such as p(—p) = —u(p) for all —p € =¢. Then, a bipolar soft mapping, denoted by BS
mapping, ?;9/4;) :BS(Q;) — BS(Q),), is defined as

For any BSS (0, A, 0) = BS(Q.):

(1) The image of (0, A,0) E BS(Q,) under 59/4/9’ 59!”) ((©,4,0)) = (?;59#10((9) , gsﬂp(A),c’) ,is a
BSSin BS(Q,), givenas, forall p’ € ¢,

~ _ ] YUpeu1(n0©(p))s w7l (p") Mo # 2
(PSyp(@)(p/)_{ @, P otherwise.

= n— § Npeprpn-oAp)), pH(mp) N0 # 2
(PSHP(A>(_|I))_{ ' P otherwise.

~—1 ~—1

= p i ~-1 I~ =
(2) The inverse image of (y,y,0’) € BS(Q) under ¢, , q)Syp((X?V,’OJ)) = ((pgyp(x),(pgﬂp(w),c) ,
isaBSSin BS(Q,), givenas, forall p € g,

;7;;;/)(%)(/,) :{ 9 (x(u(p))), ulp) e 0’§
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zg;p(W)(ﬂp) z{ 2:1("’(/)“/))))7 gg:ﬁg ; :Z’J

Definition 2.16"”  Let 59,1,) :BS(Q,) — BS(Q.) be a BS mapping and (01, A1,01), (05, A5,0,) €
BS(Q,). Then
(1) The BS union image of (0, A1,01), (05, A;,0,) € BSS(Q),) under %#P is defined as: for p’€¢/,

((99(©1,21,01))U(9g,,(02, 42,32)) ) (p') =
(P 93,p (O1)(P") U 93, (02)(P") 9, (A1) (7P") N @, (A2) (=)
(2) The BS intersection image of (01, A;,01), (0, A,,0,) E BSS(Q)) under 59[4, is defined as: for
pled,
((,(\p\‘)yp(@l?Al?01))ﬁ(¢9yp<@27A2702)))(p/) =
(P, 95,0 (O1)(P") M9, (02) ("), B3, (A1) (—P") U 9, (A2) (—P"))-
Definition 2.17""  Let 59’41) :BS(Q,) — BS(Q.,) be a BS mapping and (x,,¥,,01), (X, ¥, 05) E
BS(Q.,). Then
(1) The BS union of inverse image of (x,,v,,0;), (x,, ¥, 0%) € BS(Q
pec,

/

~-1
¢) under g, is defined as: for

~ ~-1

((g;p()(p 14% O'i))u(‘Psyp(Xzﬂ ¥y sz))) (p)=
(09500 (1) (0) Uiy (042) (0, B3y (¥1) (9) g0 (1) ().

=~ ~-1
(2) The BS intersection of inverse image of (x,,¥,,01), (X, ¥,,03) € BS(Q) under ¢g,, is defined as:

¢
for p € ¢,

=~ ~-1

(Pou Gtts V1 00)) P B0 (s ¥2:02)) ) () =
(P B33 () (P) NP3 (12 (P): iy (¥1) (9) U i (¥5)(-0))-

Definition 2.18""  Let isﬂp :BS(Q;) — BS(Q,) be a BS mapping, where 9:0Q — Q' is an
injective mapping, y:¢— ¢ and p:—¢—> —¢ are two mappings, such as p(—p) = —u(p) for all
—p € —¢. Then, ¢g,, is called a

(1) BS surjective mapping, if 9 and p are surjective mappings;

(2) BS injective mapping, if ¢ is an injective mapping;

(3) BS bijective mapping, if 9 and y are bijective mappings.

Proposition 2.1'7  Let ¢, :BS(Q;) — BS(Q,) be a BS mapping, where 9:0Q — Q' is an
injective mapping, ¢ :¢— ¢ and p:—¢—> ¢ are two mappings such as p(—p) = —u(p) for all
—p € 6.1 (01, A1,01), (0,,4A5,0,) € BS(Q), then

(1) 59# ) (2, Q, 6)) o( g 5, ¢') . The equality holds when 9 is surjective mapping.

(2) Py, ((2,0,6)) (2, @,¢).
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(3)IF (61, A1,01)C(02, A, ) , then Gy, (61, A1, 01) S (O, o, 02).

(4) @5, (01, 41,01)0(02, A2, 32)) = ., (61, A1, 0) Uy, (02, A2, ).

(5) 59[4,((@1,Al,al)%‘l(@z,Az,az)) Egsyp(@l,Al,al)ﬁisyp(@z,Az,02) . The equality holds if 59#9 isa
BS injective mapping,.

Proposition 2.2 Let ¢, :BS(Q;) — BS(Q,) be a BS mapping, where 9:0Q — Q' is an
injective mapping, ¢ :¢— ¢ and p:—¢—> —¢ are two mappings such as p(—p) = —u(p) for all
P €61 (6, ¥1,01) > (o ¥ 02) € BS(Q)), then

(1) 93,y ((0.2.6)) = (@,0,6).

@) 33, (2,0.6)) = (@2.0.).

GBI (141201 € (1 2005) s then Gy (3 V10 0) € Py (s V)

@) B (V220 O (0¥ 3) = Gy (00¥100) T Gy 2.5,

5) By (060 00) B (0 ¥2002)) = Py (00¥1200) 11 Gy 1oV 03).

6) 5;,41;,(()(17%6’)‘) - (?Q;p(xp%d))c-

Proposition 2.3 Let ¢, :BS(Q;) — BS(Q_) be a BS mapping, where 9:0Q2 — Q' is an
injective mapping, ¢ :¢— ¢ and p:—¢—> ¢ are two mappings such as p(—p) = —u(p) for all
—p € =¢.If (©,A,0) € BS() and (x,y,0’) € BS(Q,), then

(1) (6,A,0) E 5;;/3 @SHP(@’A’U)) . The equality holds if 0 = ¢ and 59#/3 is a BS injective mapping.

(2) If 9 is a surjective (bijective) mapping, then iﬁey ) (5; NVAAS ) E (X, ¥,¢) . The equality holds if
¢g,, is a BS surjective mapping.

2.3 Bipolar soft generalized topology

This subsection presented the concepts of bipolar soft generalized topology, and it investigated some
properties and theorems related to this work.

Definition 2.19"  Let § be a collection of bipolar soft subsets on (2, then E is said to be a bipolar soft
generalized topology (BSGT) on (2 if it satisfies the following conditions:

(M) (@,0,6) € 3. )

() If (©;,4,6) c E forall j € 7, then Ojej(@j,Aj,c) c E

Then, (Q,E, ¢,¢) is called a BSGTS on Q. The members of § are said to be bipolar soft §—0pen (BS E-
open) sets in (2. The complement of a BS §—0pen set is said to be BS E—dosed.

We can notice that (@, 5, ¢) isaBS E—open, but (6, @, ¢) needs not be BS E-open.

Definition 2.20" A BSGT igj is said to be strong if (6, D,¢) c §

Proposition 2.4" Every BSTS on Q isa BSGTSon Q.

Theorem 2.1"7  Let (Q,E, ¢,¢) be a BSGTS, then g = {(0,¢): (0,4,¢) c E} is soft generalized
topology (SGT).
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Theorem 2.2 Let (0,g,¢) be an SGT. Then the collection E consisting of BSSs (0, A, ) such that
(0,6) € gand A(—p) =0\ O(p) forall =p € —¢ defineaBSGT on Q.

Proposition 2.5"  Let (Q,E,p,—'p) be a BSGTS and 6 be a non-empty subset of Q. Then
% =1{(°A20,p) : (A,0,p) € g} isaBSGTSon Q.

Theorem 2.3" Let (Q,g,p) be an SGT. Then § is the class including BSSs (A,©,p) in which
(A,p) €gand O(—p) = Q\A( ) forall € p and —¢ € P deﬁneaBSGTon Q.

Definition 2.21°!  Let (Q £,6,7¢) be a BSGTS and C g Then ‘B is called a bipolar soft
generalized basis for the BSGT g, denoted by BSGB, if every element in g can be written as the bipolar soft
union of elements of % .

Definition 2.22"  Let (.Q,E, ¢,—¢) beaBSGTSand (0, A,¢) E BSS(Q). Then the collection

g(@Ac) {(@ A C) (@iaAhC) . (615A17C)é§7161}7
is said to be a bipolar soft generalized subspace (BSGSS) on (0, A,¢).

Remark 2.1™ g,  isaBSGSSon (0,4,¢).

Theorem 2.4™  Let (Q,E, ¢,—¢) bea BSGTS and % E § Then

N

(1) The family % is a BSGB of § if and only if there exists % » E % such that 70 é % "
(6,A,¢) forevery (@ A¢) c Eandevery m (0,A,¢).

(2) If the family 53 = {*B; },6 5 is a BSGB of g g then there exists B, E ‘B such that 75 E B, C
B, A B,, forevery B, ,B,, € % and every 7, c B, A B, .

Definition 2.23"  Let (Q, 2,6,76) be a BSGTs defined on Q and 7} c BSP(Q) ;) . Then, 7} is
called BS E—limit point of (0, A,¢) if for every (x,v,¢) c Esuch that 7 & (x, ¥, c) , we have

(0,4,97((1, 1,9\ (25)) # (@, 4,).

3 Bipolar Soft Generalized Compact Space

In this section, another significant property of BSGTS called a bipolar soft generalized compactness of
BSGTS. Some results of bipolar soft generalized compact spaces and bipolar soft generalized compact sets
are derived. Further, we show that the finite bipolar soft union of bipolar soft generalized compact sets is
also bipolar soft generalized compact set, and any bipolar soft generalized closed subset of bipolar soft
generalized compact set is also bipolar soft generalized compact.

Remark 3.1 Throughout this section, we assume that BSGTSs are strong BSGTSs

Definition 3.1 A collection ¥ ={(0,,4,,¢): (6,,4,,¢) g g}yel“ of BS g open sets on 2 is said

to bea BS E-open cover of a BSS (0, A,¢) if

(0,4,¢)CU,cr(0,,4,,6).

Furthermore, a BS subcover is a subcollection of {(©,,A,,¢)},cr, which is also a BS g-open cover.

Definition 3.2 A bipolar soft subset (©,A,¢) of (2, ®,¢) is called a bipolar soft generalized compact
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set, which is denoted by BS E-compact set, if each BS E—open cover of (O, A, ¢) has a finite BS subcover. A
BSGTS (Q,E, G, —¢) is said to be BS E—compact space if (6, ®,¢) isaBS E-compact subset of itself.
Example 3.1 Let QO =N be the set of natural numbers, ¢={pi,ps,P3,---}» [I={(On,A,):
n€N} be a collection of BS E—open and let % = {(p, {L,n+1},N\ {L,n+1}), (2, {1,2,
n+2},N\{1,2,n+2}), (ps,{1,2,3,n+3},N\{1,2,3,n+3}),(ps,{1,2,3,4,n+4},N\{1,2,3,4,n+
4}),...:n € N,n #1} for each p € . Consider a BSGT E% generated on BSGTS (II, E% , G,7G) by the
bipolar soft basis % . Then, a BSGTS (I1 ,E%, ¢,—¢) isnot BS ?@ -compact, we get
(01, 21,6) = (P 11,21 N\ {1,2), (2, {1,2,31, N\ {1,2,3}), (93, 11,2,3,41, N\ {1,2,3,4})....},
(©,42,¢) = {(p1,{1,3},N\{1,3}), (P2, {1,2,4},N\{1,2,4}), (p5,{1,2,3,5},N\ {1,2,3,5}),...},
(05,43,6) = {(py, 11,41, N\ {L4}), (93, 11,2,51, N\ {1,2,5}), (5, {1,2,3,6}, N\ {1,2,3,6}), ..}

(04, 44,6) ={(p, {1, n+1},N\ {L,n+1}), (p,, {1,2,n+ 2}, N\ {1,2,n+2}), (p;,{1,2,3,n + 3},
N\{1,2,3,n+3}),...},
form a BS E—open cover of BSGTS (II, E%, ¢,—¢) with no finite BS subcover.

Remark 3.2 It was pointed out that a BS g-closed subset of a BS g-compact space is also a BS g-
compact but a BS E—closed subset of a BSGTS is not necessary true as shown in the following example:

Example 3.2 Let Q =R be the set of real numbers, ¢ = {p1,p2,p3,...}, I={(0,,A,,6) : n € N}
and let % ={(p,V,R\V): VCR, V isa countable } for each p € ¢. Consider a BSGT E% generated
on a BSGTS (11, E% , G,76) by the bipolar soft basis % . Clearly, a BSGTS (II ,E%, ¢,—¢) is not a BS E% -
compact space, since the only BS §% -open cover is (II, @, ¢) itself, which has no finite BS subcover.

Now, let (0,,4,,6) ={(p;,N,R\N):ie N} be a BS g-closed but not a BS g-open set and let
induced BSGT on (0,,A,,¢) be generated by the bipolar soft basis H = {(p,{n},N\{n}):ne N} for
each p €¢. Then a BSGTSS ((@y,Ay, C)Eg{, S, —'C) is not BS 57:{ -compact, since a collection
{(p;;N,R\N) :i € N}, where

(01, 41,6) = {(pr, {1}, N\ {1}), (02, {1,2}, N\ {1,2}), (p5, {1,2,3}, N\ {1,2,3}), ..},
(02, 42,6) = (1, 121N\ {2), (02 (1,31, {13}, (s, {1,241, N\ {1,2,4})....},
(05,45,6) = {(p1,{3},N\{3}), (P2, {1,4},N\ {1,4}), (p5,{1,2,5}, N\ {1,2,5}), ...}

Y

(@, A 6) = {(py, {n}, N\ {n}), (p», {1>n+1}',N\ {Ln+1}),(ps; {1,2,n+ 2}, N\{1,2,n+2}),.. .},

isa BS E;{ -open cover of (0,,A,,¢) with no finite BS subcover.

Proposition 3.1 If (Q2,g,¢,—¢) isaBS g-compact space, then (Q,g,¢) isa S g-compact space.

Proof  Straightforward.

Proposition 3.2 If (0,g,¢) isa S g-compact space and (Q,E, ¢,—¢) is a BSGTS constructed since
Theorem 2.2, then (Q,E, ¢,—¢) isaBS E—compact space.
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Proof Let (0,g,6) bea S g-compact space and ¥ = {(0,,A,,6)},cr be a BS g-open cover of
(Q, D, ). Thatis

(Q,@,6)CUyer(0,,A,,5).

Then, Q=U{0,(p)},er for all pe€g. Since (Q,g6) is a S g-compact space, thus
Q=U{0,(p):i=12,...,n}yer.  Since  A(=p)=0\6(p) for  all pPEGS,  so
O =nN{A,(=p):i=1,2,...,n},cr. Hence, (Q,D,¢) E 6; (0,4, ,6) . Therefore, (Q,E, ¢,g) is
BS E—compaet.

Theorem 3.1 In BSGTS (Q,E, ¢,—¢), the finite bipolar soft unions of BS E—compact sets is BS E—
compact.

Proof Let (O, A, ), (On,Ap,¢) be any two BS E—compact subset of (QE, ¢,—6). Let ¥ beaBS E—
open cover of (O, Ay, ¢) 6 (O, Ay, ). Then, ¥ will also be a BS E—open cover of both (O, Ax,¢) and
(O, Apyg). So, by assumption, there exists a finite subcollection of ¥ of BS E-open sets, say,
{(Ox;, Ak 6) ey and {(Oy, Ay, )}, are finite BS subcover for (O, Ay, ) and (O, Ay, ), respectively.
Then, clearly that {(O, Ak, )}y T {(On,An;, )}, is a finite subcollection of ¥ of BS g-open sets.
Thus, it is a finite BS subcover for (O, Ax,5) 7 (On, An,¢). Therefore, (O, Ay, ) (O, Ay, 6) isaBS
g compact. By induction, every finite bipolar soft unions of BS g compact sets is BS g-compact.

Remark 3.3  The following example shows that the Theorem 3.1 for infinite bipolar soft union of BS E-

compact sets in general dose not hold.
Example 3.3 Let Q=N, ¢={p;,p,} and let § be a BSGTS over N consisting of all BSSs, generated
by the BSSs.
(61, 44,6) = {(pr, {1,2}, N\ {1,2}), (p2, {1,2}, N\ {1,2})},
(02,42,6) = {(p1,{1,3}, N\ {1,3}), (p2, {1,3}, N\ {1,3})},
(05,45,6) = {(p1, {1,4}, N\ {1,4}), (p, {1,4}, N\ {1,4})},

(O Ansc) = {(pr, {1+ TN\ {Ln 1)), (P, (L 11, {1+ 1})).

Now, let % ={(p,{n,n+1},N\{n,n+1}),(p2, {n,n+1},N\ {n,n+1})} bea collectlon of BS g-
compact sets in BSGTS (Q,E, ¢,—¢) . But the infinite bipolar soft union of the collection % is not BS g-

compact.

Theorem 3.2  Let (Q,E, ¢,—¢) beaBSGTS on Q and (O, A,¢) be a BSS. Then, (0,A,¢) isa BS E-
compact set if and only if every BS§ -open cover of (0, A c) has a finite BS subcover in (0, :(g;',c,—lc).

Proof Let (©,A,¢) beaBS g- compact subset of (02,g,¢,—¢) and the family ¥ = {(0,,A,,6)},er
be a BS g-open cover of (0, A,¢) in (Q £,6,76). Then, (0,A,¢) g :yg (©,,A,,6). Now the family
{(@,/3,() 5 (0y,4,,6)}yer isaBS g(&A?C) -open cover of ((0,A,¢), 5 Zono’ ¢,—6) . Since (O, 4,¢) is
a BS g-compact, there exists a finite BS subcover {(0,4,¢) 5 (0,,4,,¢)},. Therefore, (0,4,c) C

U, (0,,A, ) isobtained.
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Conversely it is clear.

Theorem 3.3  Let (Q,El,c,—'c) and (_Q,Ez,q,—'c) be BSGTSs. Then

(1) If (Q,Ez,c,—'c) is a BS Ez -compact space on 2 and §1 E Ez. Then (_Q,El,c,ﬂc) is a BS §1'
compact space on (2.

() If (Q,El, ¢,—¢) is not BS z -compact space on 2 and §1 E Ez. Then (Q,EZ, ¢,—¢) is also not BS
Ez -compact space on (.

Proof

(1) Let ¥ ={(®,,4,,6) }yer beaBS §1 -open cover of (?)7 ®,¢) in (_O,El,c,ﬂc) . Since §1 E g, then
¥ ={(0,,A,,6)}yer is the BS Ez -open cover of (?2, ®,¢) by the BS §2 -open sets of (Q,Ez, ¢,—¢) . Since
(Q,jgz, ¢,—¢) isaBS Ez -compact space. Thus,

~n

(Q, D, C>§Uy:1(®wAw ¢), forsome y,,y,,...,y, € I

Therefore, (£, ?1, ¢,—¢) isaBS El -compact space.

(2) The proof is similar to part (1).

Theorem 34 A BSGTS (Q, E, ¢,—¢) is BS § -compact if and only if there exists a bipolar soft basis %
for g g such that every BS g -open cover of (Q,g g, ¢, G) by members of 53 has a finite BS subcover.

Proof Suppose that 93 is a blpolar soft basis for (Q ®,¢) with the property that every BS g open
cover of (Q,®,¢) by members of ‘B has a finite BS subcover. Now let ¥ = {(0,,A,,6)},cr be a BS g—
open cover of (?2, ®, ), not necessarily by members of % For each BSS (0,,4,,¢) € ¥, there exists a

subcollection %(@w A,9) of % such that

(@y7 Ay7 C) = U(@u,Aa,C): 3

E%(@y-/\yﬁ)

(@ocaAoc;C)~

Now, let { = %(@y Ay.) - Clearly, ( isaBS E-open cover of (22, ®,¢) by members of % ,

U (0),4,,) €V
since ¥ isa BS g open cover of (Q ®@,¢) and ( C ¥. By hypothesis, then there is a ﬁmte subcollection,
say, {(©g,,A4,,6),(0p,,Ap,,6),..., (O ,Ap ,6)} of ¢ which a finite BS subcover of (Q, @, ¢) . Therefore,
for each k =1,2,...,n, there exists (0,,A,,¢) € ¥ such that (g, Ag,,6) c %(@W‘yi’c). So, clearly,
(0p,,Ap,,6) C (0,,A,,¢). Thus {(©,,A,,5), (@y27Ay2,c),...,(@yn,Ayn, ¢)} is a finite subcollection
of ¥ of BS g-open sets which BS subcovers of (£, ®,¢). Therefore, (?),(D, ¢) is a BS §-c0mpact.
Conversely is obvious.

Theorem 3.5 Let (H,EH, ¢,—¢) be a BSGTSS of (QE, ¢,—6). Then (H,EH,C, —¢) is a BS EH-
compact space if and only if every BS §-0pen cover of (ﬁ ,®,6) by BS E-open set in (Q,E, ¢,7¢) contains
a finite BS subcover

Proof Let (H &> ¢,—¢) beaBS gH -compact space and ¥ = {(0,,A,,6)},cr bea BS E-open cover
of (II,®,¢) by BS g-open set in (£2,g,¢,—¢). Now, II C Uyer (H N ©,(p)) for each p € ¢ and
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@ > Myer (IT'n A,(—p)) foreach —p € —=¢. Thus, ¥r = {("©,,"A,,¢)},er isaBS EH -open cover
of (I, ®,¢). Since (H,EH, ¢,—¢) is a BS EH -compact space, then there is a finite BS subcover, say,
{("e,,"A,,¢)}1, such that,

n

(I1, @, c)éuizl ("®,,," A, ,¢), for some y,,7,,...,y, € I.

Thus, implies that {(6),4,,9) }?:1 is a finite BS subcover of (ﬁ ,®,6) by BS §—open set in
(2,8,66).

Conversely, suppose that ¥;; = {("0,,"A,,¢)},er which is a BS En -open cover of (I:"[, ®,¢). Then,
clearly, ¥ = {(0,,A,,6)},er isaBS E—open cover of (1:7, ®,¢) by BS E—open set in (Q,E, ¢,¢) . Thus,
by given hypothesis we have, {(©,,A,,¢)}., is a finite BS subcover of (I:T ,@,¢). Therefore,
(IT ,EH, ¢,—¢) isaBS EH -compact space.

Definition 3.3  Let (.Q,E7 ¢,—¢) beaBSGTSon Q and ¥ = {(0,,A,,6)},cr be a collection of BSSs.
If bipolar soft intersection of every finite subcollection of ¥ is different since null BSS, then ¥ is called a E-
centralized bipolar soft (§ -centralized BS) collection.

Theorem 3.6 A BSGTS (Q,E, ¢,—¢) on Q is BS §—compact if and only if every collection of BS E—
closed sets with null BS intersection in (_Q,?, ¢,—¢) has a finite subcollection with null BS intersection.

Proof  Let (_Q,?, ¢,7¢) be a BS §—compact space and the bipolar soft intersection of
v={(06,,4,,9) }y < Which is null BSS be a collection of BS E—closed sets, such that

Thus,

UyeF(Q}MAy? C)C = (‘Qa q)v C)?

where {(©),4,, C)C}ye r is a collection of BS E—open cover of (2, ®,¢) such that

(0,0,9 =1 _,(0,4,,0 = (N _,(6,,4,,))"

is obtained. Since (f), ®,6) is a BS E—compact space, then there is a finite subcollection, say,
{(@Y’,,Ayi,c)’:}?:1 is a BS E—open cover of (Q,®,¢). Therefore, Oi:l (0y,4,,6)° = (Q, D, ¢). Hence,
~n ~

it (8y,,45,6) = (2,0,6). .
Conversely, let ¥ = {(0,,,A,,6)},er be a BS g-open cover of (Q,®,¢). Then, the bipolar soft
intersection of BS §—closed sets is null BSS such that

(,cr (@ 4,,6) = (€,2,0).

Since the condition of theorem
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is obtained. Thus,

~n ~n

Uwi (8546 = (1, (85041, 6))" = (2, 8:6).

Hence, (2, ®,¢) isaBS E—compact space.

Theorem 3.7 A BSGTS (Q,E, ¢,—¢) is BS E-compact space if and only if the bipolar soft intersection
of every E—centralized BS E—closed sets collection is different since null BSS.

Proof  Suppose that (Q,E, ¢,—¢) isa BS E—fompact and ¥ = {(@Z,Ay, c)}ye ; 1s a E—centralized BS
g-closed sets collection. Assume, if possible, ﬁyef(@w Ayg ) = (0, 0,¢). Then, Oyef(@ya AyQ)F =
(Q,0,¢). Thus, {(0,,A,,6)° }yep is a BS g open cover of (Q @, ). Since (Q D,¢) 1saBS g -compact.
We have Ul (0,4, ,6)° = =(Q,0,¢), by Theorem 3.6, ﬂyer(@y,/\y7 ¢) =(@, 0 ,¢) implies that

~n

ﬂi:1~(@yi,Ayi, ¢) = (D, Q,¢) . Therefore, ﬂlzl (0,,4,,6) # (D, Q,¢) implies that ﬂyer (0,,A,,¢) #
(0,0,9).
Conversely, suppose that (£2,g,¢,—¢) is not a BS g-compact space. Then, there is no finite BS subcover

of ¥ = {(®y,Ay,c)}y6F in (Q,E, ¢,6). So, Oizl(Qyi,Ayi,c) # (0Q,®,¢). We consider that BS E-
closed sets collection ¥ = {(8,,4,,¢)°} . Since

~n ~n

ﬂi:l (®Vi’AVi’ 6) = (Uizl (Q%’AW C))C # (2, 6, G)-

¥* isa g-centralized BS g -closed sets collection. Since the condition of theorem,

ﬂyer((ay?Ay, C)C #+ (@,6, g),

Hence, (?2,@, ¢) = Uyer(@ Ay, Q) F# (?2,@, ¢) . The assumption is wrong. Therefore, (Q,E, ¢,7¢) is
aBS E-compact.

Theorem 3.8 Every infinite bipolar soft subset (©,A,¢) of a BS E—compact space (Q,?, ¢,—¢) has at
least one BS E—limit point in (6, D,¢).

Proof  Suppose that (Q,E, ¢,—¢) is a BS E-compact space and (O, A,¢) is an infinite bipolar soft
subset of (6, ®,¢). Assume that (©,A,¢) has no BS §-limit point in ((:2, ®,) . Then, for each 70 c
(5, @, ¢), there exists a BS E—open set (x, ¥,6) containing 4 such that (@ A,Q) A (x,w,¢) = (nh) or
(@,?),c).Then, the collection {( Xy V)06 )} . isaBS g open cover of (Q,®,¢). Since (6,(13, ¢) is BS E—
compact, there exists a BSPs nfvl n’z)vz, -\ Ty, é (.Q ®,6) such that the bipolar soft union 6;
(X, ¥y,6) = (2, ®,¢), then

((XVI’WW ) (6,4, C)) <(Xy ¥y, ¢ N (Q’A’C))G"'6(<Xyn7Wyﬂ7c)ﬁ<@7A7C))7

yer
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is a finite BSS or null BSS (®, 02, ¢) . But

Gi:l((xyia L C)ﬁ(QaAa C)) = (Oi:l(Xyia L% C))ﬁ(@7A7 ¢)= (2,9, C)ﬁ(@v‘/h ¢)=(0,4,5),
is a finite BSS or null BSS (O, Q, ¢). This contradicts that (6, A,¢) is an infinite bipolar soft subset of
(Q,0,¢). N

Therefore, (6, A, ¢) has at least one BS g -limit pointin (2, @,¢).

4 Further Property of Bipolar Soft Mappings

This section presented further properties related to bipolar soft mappings. The following example shows the
definition of the BS mappings that was defined in Ref. [16].

Example 4.1 Let Q = {m,m,m} and Q' = {7}, 7}, 7}, 7, } be two sets, ¢ = {p1,P2,03,P4} and
¢ ={p{,p5,Pi,Ps} be two sets of parameters, let 9: Q — Q' be a mapping defined as 9(m;) = 7},
i=1,2,3, and p:¢—> ¢ be defined as u(py) = pu(P2) = Pl (Ps) = Pl (ps) = P}, the mapping
p:—¢— ¢ be defined as p(—p;) = —u(p;), i=1,2,3,4 and ESMP :BS(Q;) — BS(Q,) be a BS
mapping. Let (@LA,O') ={(p, {m}.{m}), (P2, {m}, {m, m}), (ps;,{m},{m})}. Then the image of
(6,4,0) under ¢, , we have u(a) = u({p1,p2,ps}) = {pi, P}

Now, for p; : u~'(p{) No = {pi,p2} N {p1,p2,p3} = {p1,p2}. Thus,

Gup (@) =9 U 0(p)) =9(6p) UO(p:)) = ({m} U{m}) = {m,m}.
peut(p)no

Thus, p(=0) = {-p},~p3}.

For —p; : p~'(—=p/)N—0 ={=p;,—p,}. Wehave

Do P =8 ) Alop)) =

—pept(=pj)No

9(A(=p) NA(=p2)) = I({m} N {m, m}) = 9({m}) = {m}.

We can write $y,,,((©,4,0))(p) = (p{, {m, m},{m}).
For py : u~'(ps)No ={ps}N{p1,p2.ps} ={ps}.Thus,
95,000 =9 | 0(p)) =9(6(py)) = 9({m}) = {m}.

pept(p;)Na

For —p} : p~'(=p;) N0 = {—p;}. Therefore,
59,4,;(/1)(#3;) = 9( m A(_‘P)) = S(A(_‘P3)) = 9({”1}) ={m}.

—pEp~(mp3)N-o
Hence, g, ((0.4,0)) = {(p}, [, m,} {m,}), (012, @), (o}, {1}, {7})., (P12, @)}
Remark 4.1 In Ref. [16], Fadel and Dzul-Kifli defined the BS mapping, BS image, and the BS inverse

image, and proved some of the properties, as a result, we found the following:

(1) In Proposition 2.1 (5), aSyp(((al?Al?Ul) M (@27A2,(72) = (@,A,mUUz)) i gNDSW(@l,Al,Ul) ﬁ
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59‘“’3(627/‘27 02) .
~-1 = ~-1
(2) In PI’OpOSitiOH 2.2 (5)’ (pSHP ((Xla l/’17 01) N (Xza qu sz) = (X? Wv OJI U 0J2)) 7& (PS‘up(Xp Wl? OJI)

~—1
(PSyp(X27 1//27 012) .
Example4.2 Let ¢y, be defined as in Example 4.1.
(1) Let (O, A;,01) and (O, A,, 05) be two BSSs defined as

<@17A1701) = {(p17{ﬂ1}>{ﬂ2})7 (p27{ﬂ3}7{ﬂ17ﬂ2})7 (p3,{7'[3},{7'[1})},
(02,45,05) = {(p1,{m, m}, D), (P2, {m3},{m}), (ps, 2, 2)}.

o

Then,
59yp(®17A17 01) = {(pllv {njlv 7-[/3}7 {njz})> (péa 9, Q/)a (Pé, {71/3}7 {7-[/1})> (pzlp 9, Q/)}7
$oup(02, 42,00) = {(p, {m, 1.}, @), (05,2, ), (3, { i}, {m}), (0} {1, 5, 7}, @) ).

Now,
59,4,,(@17/\1,01) N ¢5,,(02,45,00) ={(p{,{m},{m}), (02,9, 2), (p5, {ms},{m}), (ps,2,2)}.

On the other lland,
(@1,/\1,0'1) ﬁ (®27A2a02) :{(pla{ﬂl}a{HZ})a(va{ﬂ3}7{ﬂl77T2})7(p37{ﬂ3}7{ﬂ1})’ (p4,Q/,®)},

Thus,
59;4/)((@17/11701) % (QZ,AZ?UZ)) = {(pl’,{n{ﬂ-[é},{né})’(pz’,g,()’),(péj{né},{%}) > (piv{n/l:njzv

m},9)} -

Therefore,
¢9HP(®17A150-1) N ?ﬁgyp(@zaAzaaz) 2 asﬂp(((al»Alyo'l) N (@2,/\2,02))-

() Let (), ¥1:01)» (10 ¥2,05) € BS(2),
Ot vio 1) = {(p3, 2, 2), (p3 {m, M}, {m}) },
(to: ¥ 03) = {(pl: {7}, {3 1), (2 Am {2 ), (s, {m b A, 1), (ps, @, )}
Then,
5;;41;)()(171//170{) - {<p17®v9)7<p27®79)7(p3797®)7(p47{ﬂ17ﬂ3}7{ﬂ2})}a

5;;41;)()(27 V2 OJZ) = {(ph 9, {7T3})7 (Pz, 9, {773})7 (P37 {ﬂl}a {773})7 (P4, g, Q)}

Now,

~-1 ~ =1

goﬂyp(Xl’WNOII) N 909/4,)(96271//270!2) :{(ph@?‘Q)a(p27®7‘Q)7(p37{ﬂ1}7{7r3})7(p47®79)}'
On the other hand, (x;,¥;,01) N (X, ¥,,03) = (X, ¥,,03) , then

~-1 = ~-1
¢9/4p((X1’ ¥, 000X ¥ 0/2)) = QDSHP(Xz» ¥,,03).

~-1 = ~-1 -1
(PSﬂp((Xpwl’ojl)ﬂ(XZ’WZ’OJZ)) # (PSyp(XUwl’ojl)ﬂ(/)Syp(XZ’wPOJZ)'
Proposition 4.1 If 59[4 , BS(Q) — BS(Q,) is a BS bijective mapping, then ’;7;;;) :BS(Q,) —
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BS(Q.) isalso a BS bijective mapping.
Proof Let (x,,v,,01) # (Xpr ¥y, 05) E BS(Qy). As Esﬂp is a BS bijective mapping, then there exists
(@1,A1,01) 7& (@z,Az,O'z) é BS(QC) such that
?9,4,7(@1#\1»01) = (X, ¥1:01),
$90p(02,42,02) = (X, ¥, 03).

So, we have

(®17A1701) (PSyp(XNI//l’OJ)?
(02,42,02) = ¢9MP(X27WZ7OJ)

Hence,
=1 ~-1 ~-1 . )
(p\‘)‘up (Xl’ lljb Oll) % (PSyp(Xb WZ? 012) and (pf)yp 1ISa BS ll'lJeCthe mapping.

Now, let (©,4,0) & BS(Q.). Then, there is (y,¥,0)) € BS(€2,) such that %W(@ Ao) =
(v, 0). %HP is a BS surjective mapping. Thus (6, A, 0) 25;};(}(, v, d’) . Therefore, 909 is a BS
surjective mapping. Hence, 5;; , isaBS bijective mapping.

Definition 4.1 Let iwszS(Qlc) —>BS(_QZC,) and XSM,-BS(QZC,) — BS(Q;./) be two BS
mappings. Then, the BS composite mapping ASWO(pSM ,t BS(Q;,) — BS(Q3.s) is defined by
(Asﬂpo%l‘p)(@,A,U) ASM,(%W(@ A,0)) for (6,A,0) € BS(Q)

Proposition 4.2 Let ¢y, :BS(;) — BS(Q2,y) and XWP : BS(Q,s) — BS(Q;./) be two BS

¢
bijective mappings. Then, the BS composite mapping ZSHP 059# , i BS(2i) — BS(Q;.) is also a BS

~—1 ~-—1

bijective mapping and (ZSﬂPO¢SMP) (P\‘)ypOASHP
Proof Let (O1,A1,01) # (0y,A,,0,) E B~S(qu). Since 59#9 is a BS injective mapping, thus
P9up(O1,A1,01) # 9y, (02,A,,0,) . Again, since ZS[”P is a BS injective mapping, we get

ZS,M,D (59;4,0(@1’ Al; 01)) 7£ Z\‘)‘up (59#,0(@2’ A27 02)) .

Therefore,

(ZSHP 059;4,0) (®17A17 0'1) 7£ (ZSMP 059.‘413) (@2,A2, 0'2).

Hence, Ay, 0 5 9up 15 @ BS injective mapping,.

Now, let (H,P,d") c BS(;.) . Then, there exists (y, , ') c BS(2,.) such that
Z9yp(X71//70/) - (7-{7P7 0J/)7

as ZS# , is a BS surjective mapping. Again, since isﬂ , is a BS surjective mapping, then there exists
(6,A,0) c BS(Q;,) such that
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¢9yp(@7A7 0) = (X7 1//7 OJ)'
Thus,

Aoup(95,,(0,A,0)) = (H,2,0").

Therefore, Ag up © 59 up 18 @ BS surjective mapping. Hence, Ay up © 59 up 18 a2 BS bijective mapping.
So,let (@,A,0) € BS(Q), (y,¥,0") € BS(2y0),and (#,P,0") € BS(2s0), such that

P (@.4,0) = (1., ) and Ay, (x,¥,0) = (H,P, ).

Since isﬂ , and Z oup are BS injective mappings, then

-1

~-1 , , =~ ,
(0,4,0) =94, (x:¥,0") and (y,y,0) = Ay, (H,P,0").

Thus (Bou o%“”) (0,4,0) = Mgy (¢9HP(@’A’G>) =Doup(X, ¥, 0") = (H,P,0") . Since
(39 4p© 59@) is a BS injective mapping, then

(ZSHP © 59#;}) _1((]_{7 P? Oﬂ) = (@7 Aa 0)'

Also,

~—1 ~-1 , ~—1 ~—1 , ~1

<(P9MP ° ASW)) (7-{7P7 o ) = Poup (ASMP(?{,P7 o )) = (Psyp(X7 2 Oj) = (@7A7 0)'
~1 ~-1

= =~ -1 =~ ~
Therefore, (A\()Mp o <P9ﬂp) = Poup© ASyp .

5 Bipolar Soft Generalized Homeomorphism Mapping

This section, we present the novel types of BS E—continuous, BS E—open, BS E—closed, and BS E—
homeomorphisms. In addition, we support the research with examples to make the main results
understandable. Some results and counterexamples are given to explain this work.

Definition 5.1 A BS mapping 59#/3 : (Q,fgsﬂ,c,ﬁc) — (Q’,Eﬂ,,c’,ﬁc’) is said to be bipolar soft jé-
continuous, denoted by BS E—continuous, if 5;; Sy, o) c Eg for each (x,vy,0’) c Eg’-

Example 5.1 Let Q= {m,m,,n3} and Q' = {n}, 7}, 7;,7,} be two sets, 0 ={p1,p2,P3,p4} and
o' ={p/,p5, P, P4} be sets of parameters, J: Q — Q' be a mapping defined as 9(7;) =7! for i =1,2,3,
the mapping 16— ¢ be defined as u(p)) = p(p;) = pr, p(ps) = ps, and u(ps) = p;, so the
mapping p: ¢ —> ¢’ is defined as p(—p:))=—u(p;) for i=1,2,3,4. Now, let g,={(D,Q,¢),
(©,A,¢)} and EQ, = {(@,5’,0, (x-¥,¢')} be two BSGTSs defined on Q and ', respectively, where
(©,A,¢) and (y,v,¢') are BSSs defined as follows:

(®7A7 C) = {(plv a, {7-[3})7 (p27 a, {7-[3})’ (P3, {ﬂ1}7 {7-[3})’ (p4> g, Q)}7
(v, ¢") ={(pl A} {m}), (o3 {mi} Ama}), (05, {mi}, {3, i), (pi 2, 2) )

Then, it is clear that 5914 . (Q,EQ, ¢,7¢) — (2,¢y,¢',¢’) isaBS fgt-continuous mapping.
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Proposition 5.1 Let <p9M o1 (2, gQ,c,—uc) (@ ,Eﬂl,c’ ,7¢") be a BS mapping, then the following
statements are equivalent:
(1) ¢g,, isaBS g-continuous mapping,.

(2) The BS inverse image of each BS E-closed set is BS E-closed.
~-1 / ~ =1 ’ n = :/ /
(3) & (90, (X:¥,6)) T Bg5(c5, (X:¥,6")) foreach (x,y,¢') C (2, 0,¢).

(4) (PSHP( (6,A,¢)) E G (afﬂyp(@’A?C)) for each (©,A,¢) c (6,@,().

~-1 , ~ =
5) Doy (i (1 9:6)) € 5 (P ) foreach (x,y.¢) € (2.0.¢).
Proof

(1) = (2): Let ,¢') beaBS 2 -closed set in ’,: ¢, —¢’), thus ,¢')¢ isa BS E-o en set in
X l// g 8o X-¥,¢ p
~ ~—1 ~
(Q,8y,¢,7¢"). As (pSHP is a BS g -continuous mapping, then (P&up(x v,¢')¢ is a BS g-open set in

~—1

(Q,Eg,c,ﬁc). Since @, (X, ¥,¢')° = ((psﬂp()(,l//,c)) , then %W(X,W,C) is a BS E-closed set in
(0.80:6,76). i :

(2) = (3): Obviously, CEQI(X,W,C’) is a BS g-closed subset of (Q',®,¢'), by Statement (2),
5;;’)(%/()( ¥,¢')) is a BS E-closed subset of (6,®,c). Therefore, ((pwp(gﬂ/(x ¥,¢))) =
(psﬂp(ggl(x .6 )) Since, (X ¥,¢') IE ¢ (X:w,¢) implies ';7;;;,()(7% ) C <P9yp(gﬂ,(x ¥.6)),
therefore ¢ ((psyp()( ¥,¢)) C go(%#p(&go, (6y.6))) = 909,4,,( gQ,(X y.6')).

G

N

() = @: Let (0,4,6) C (Q,®,c), then g, (0,4,0) & (2,0, ).
&, (%W(fps,,p(@ 4.9)) E Boup(s, ($5(€.4.9)) . Thus, ¢ (0,4,6) C
D)) € Guup(S5, (90,(0.4,))) . Hence, G, (65, (0:4:6)) E Gy (B (55,
&, (§0,p(0:4,6)) .

(4) = () Let (x,v,¢) c (.(S’,(D,c’). Then apply Statement (4) to (y,v,¢')", we get

Since Statement (3),

CE ((pSHP (‘PSW(@ 4,
Pop(0:4,5))) C

=~ ~-1 Ne I~ ~ ~-1 Ne
P (G (B0 (1 ¥,6))) C &5 (D9 (P, (X ¥:6)) )

Hence,

%W(go(%ﬂp 0.6)))" € Gop) = = (& (. v:¢))".

Thus, ( (‘Ps,,p X)) ¢ C (P9MP(g/(X ¥,¢'))". Therefore,

5;;,,(@9,()(,%0) c i (o (195" -

(5) = (1): Let (x,v,¢’) bea BS g—open set in (Q’,Eg,,c’,—'c’). Since Statement (5), 59—;;:(%9,(?(’%
) = 0up¥:S) € i Doy (0¥6))- Bt i (G, (00¥56)) € $ay 0 ¥:') . Therefore
i Bons 0¥ ) = Fapg 1096 and 5,1 (,9:¢) i BS § -open setin (0,5,6,¢). Hence, 7,

isa BS g-continuous mapping.

c

Proposition 5.2 A BS bijective mapping (psW (Q, gg,c,ﬁc) (Q ',EQ,, ¢, =¢’) is a BS E-
continuous mapping if and only if &= (9"9;4,)(@ Aq)) g (pS/Ap (@Q(Q,A,c)) for all (©,A,¢) E
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(Q,0,¢). N
Proof Let ¢g,, be a BS g-continuous mapping and (0,A,¢) C (Q,@,¢), then (pSMP(G A,¢) in

(Q’,Egl,c’,ﬂc) ObVlously, ((PSHP(Q A,q)) isaBS g open setin (2',g,,¢',7¢"). As, 9y, , isaBS g—
continuous, then (pSW( = (go‘(,ﬂp(@,A,c))) isa BS g-open set in (Q,gg,c,—'q) and

i (Fapp (= ($5,0(0:4,0)))) = G (i ($5,, (€. 4,0))).

?learly, %Qf(asﬂp(@’Avc)) i 59,4,,(@7/\,()- As, %MP is a BS injective mapping, then
%up@gy(%ﬂp(@a&())) C (6,4,6) and

-1 ~ -1

%9(59#/?(%9/(¢9HP(@’A’C)))) (PSHP( ((Pf?#p(@Ac)))E%Q(@’A:C)'

Again, as %Mp is a BS surjective mapplng, then i ((PSMP(Q A,5)) C gowp( (0, 4,9)).
Conversely, let (y,v,¢") be a BS g -open set in (.Q .£0+6,¢'), then (PSyp(X v,¢') in (Q,'Eg,c,ﬂc).
By hypothesis,

igﬂ,(59,4,)(?75;;,)()(,w,c’)))EfpsW( (%:p(x ¥,¢))).

Since ¢y, is a BS surjective mapping, thus %ﬂl(x,w,c’) =(Lv:¢) C Py (igQ (fpsﬂp (x.v.¢))).

Since ?59 up is @ BS injective mapping, then

~—1 o |

Poup(X: ¥ C/)g%ﬂ (asyp()(» ¥,¢)).

B i B (0:6) € B9 Therefore, i (§a,, (1 ¥.¢)) = Fay(1s ¥.¢)- Hence
?9,,(X:¥,6) isaB$ g open set in ( , gQ,c,—'c) and consequently ¢y, 5aBS g -continuous mapping.
Propos1t10n53 A BS mapping <p9# , (2 gQ,c,ﬂc) ( ,EQ,,C ,7¢") is BS g-contmuous, if
(1) (2, gQ,,c ’,=¢') isan indiscrete BSGTS.
() (_Q,EQ, ¢,—¢) isa discrete BSGTS.
Proof

(1) Straightforward. N N

(2) Suppose that (0,g,,6,7¢) is a discrete BSGTS. Then every BS g-open set (yx,v,¢') in
(o ,gQ, ¢’,—¢’) is the BS inverse 1mage 90;;,3()( 1//, ¢) in (Q, Eg,c,ﬂc) which is also BS E—open set in
(Q, gQ, ¢,G). Therefore, BS mappmg (pw , isaBS g -continuous mapplng

Proposmon 54 Let <p9ﬂ , (02,8 gQ, ¢,—¢) — (€, gQ,, ¢’,—¢") beaBS g -continuous mapping, then:

(1) Ing 3 gQ,then (pSMP (Q, gQ,c,ﬂc) ( ,gQ/,c —¢’) isaBS g—contmuous mapping.

() If g, 2y C gQ/ then ¢, : (2, gQ,c,ﬂc) (Q’E;,,c’,ﬂc’) isaBS E—continuous mapping.

Proof The proofis stralghtforward

Proposition 5.5 A BS mapping ¢y, : (€2,€ gQ, ¢,7¢) — ( ’,EQ/, ¢/,—¢’) isa BS E—continuous if and

only if the BS inverse image of every member of a BS base % for (Q’,Eg,,c’ ,—¢') is a BS :g:-open in
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(2.80,6,7) i

Proof  Let ¢9y , be a BS g-continuous mapping and (©,A,¢’) be any BS basis element for
(2,8y,¢',¢') . Since (©,A,¢") is a BS g-open set in (©2',gy,¢",—¢') and ¢, is a BS g-continuous
mapping, then g;;p(@,/l,c’) isa BS E—open set in (Q,Eﬂ,c,—'c).

Conversely, let g;;p(@,/l,c’) be a BS E—open set in (Q,Eﬂ,c,—'c) for every (0,A,¢') c % and let
(x:¥,¢") beany BS g-opensetin (Q',g,,¢',—¢’). Then,

(6v6) = 0{(0,4,¢): (6,4,¢) €B),

Doy ¥56) = 00, (O1(6.4,¢): (6,4,¢) EB}) = 0§y, ({(6.4,) : (6.4,¢) EB}) .

Hence, 5;;/)()(,1//,6) is a BS E—open set in (Q,Eﬂ,c,—'c) since each égip(@,A,c’) is a BS g—open set
in (Q,Eﬂ,c,—'c) by hypothesis. Therefore, %H , isaBS E—continuous mapping, B

Proposition 5.6 Let 59,4,) : (Ql,ggl,c,—nc) — (Qz,ggz,c’,ﬂc’) and Dowe (2.80,,6",7¢) _,
(Q3,§Qs,c”,ﬂc”) be two BS E—continuous mappings, then XSMPO%W : (Ql,Eﬂl,c,ﬂc) e
(23,80,,6",¢") isalsoa BS g-continuous mapping.

Proof Let (H,P,¢") be a BS §—open set in (Qg,gga,c”,ﬂc”). Since ZSMP is BS E—continuous
mapping, then Z;;P(‘H,SD, ¢") is a BS §—0pen set in (Qz,fgcgz,c’ ,—¢'). Again, since 59[4) is BS E—

~-1 = = =
continuous, then @y, , (ASHP(H, #,¢")) isaBS g-open setin (21,80, 7¢) . But

~-1 =1 ~-1 =1 = =~ - ,
Popp (Bayp(HP56")) = (P © M) (H,P:6") = (Agup © Py ) (#HP, ).

Therefore, the BS inverse image under Zg 0 of every BS :—0 en set in _(23,: ,¢",—=¢") isa BS
g up (P9/4p ry 8-0p g_()3

§—0pen setin (Ql7§917 ¢,—¢) . Hence, Z‘g# pO 59#9 isa BS E—continuous mapping.

Proposition 5.7 Let 59[4 ,t (Q,Eg,c,—'c) — (Q',?Q/,q/,ﬂc’ ) be a BS E-continuous mapping, then
?9,+ (2,80,6) — (2, 8w, ¢') is S g-continuous.

Proof  Straightforward.

Proposition 5.8 Let the condition of constructing a BSGT since SGT as in Theorem 2.2 hold. If
ngSH 1 (Q2,80,6) — (2',g0,¢) is a S g-continuous mapping, then isﬂp : (QEQ,C,_'C) —
(2',gy,¢,~¢) is BS g-continuous.

Proof Let fdgsﬂ be a S g-continuous mapping and (x,v¥,¢’) be a BS E—open setin (Q',¢q,¢,—¢).
Then, (y,¢') isa S g-opensetin (Q',gy,¢). Since ;#59# isa S g-continuous mapping, thus ;5;: (x,¢) is
a S g-open setin (0,g0,¢). Therefore, 5;;4,(;(, v,¢') isaBS §—open setin (02,g0,¢,—¢). Hence, 59#@
isaBS fgt—continuous mapping.

Proposition 5.9 If 59,4 o' (Q,Eg,c,—‘c) — (Q’,Emc’ ,—¢) is a BS E—continuous mapping and
(0,A,¢) é (6, ®,¢) isaBS E-compact set, then ésﬂp(@,A, 9 é (_6’, ¢,¢') isaBS §-compact set.

Proof Let {(va Yy Cl)}yep be a BS E-open cover of ESW(@,A, ¢). Since ésﬂp isa BS E-continuous
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~_1 ~ ~
mapping, then for each y € I', ¢y,,(x,, ¥,,¢) is a BS g-open set in (2,g,,6, 7). Then, the collection
~-1 =~ =
{‘Ps,,p (X, ¥y C,>}y€1" forms a BS g-open cover of (0, A,¢). Since (0, A,¢) isaBS g-compact set, we get

~—1 Y. Z~-1 n ,
(0:4,6) = J{ @9,y (4,2 ¥, ) } 1 S0 U (1,0 9,56 )

so that, (PSyp(@ A¢) C {UL Xy ¥y S 0} Hence, (/)9;49(@ A c) 1saBSg compact set.

Deﬁn1t10n52 A BS mapping (P9MP (_Q gQ,c,ﬂc) ( ,go/,c —¢’) is said to be:

(1) BS g open if the image of every BS g -open setin Q is BS g- open in

(2) BS g-closed if the image of every BS g-closed setin Q is BS g—closed in Q.

Proposition 5.10 A BS mapping go‘(,[4 , (02,8 gQ, ¢,7¢) — (_Q’ ,EQ,, ¢,~¢) isaBS E—open if and only
if ‘PSMP(§Q(®7A7C)) c %,(‘Ps#p(@ A,q)) foreach (0, 4,5) g (f),@,c).

Proof Let gNDS#p beaBS g open mapplng and (0,A,6) C (Q,®,¢). Since i (@ A c) is a BS E—
open set in (£2, gQ,c,—'c) and (PSyp isa BS g -open mapping, then (PSyp( (6,A c)) isa BS g-open set in
(Q ,gQ/,c,ﬂc) and i ((psm)( (0,4,0))) = (psﬂp(gﬂ(@,A,c)) Obviously, i (@ A¢) E (0,A,¢)
and 909@( (0,A c)) C 909;4,)(@ A, ¢) . Hence,

B (9a (5 (0,4,0))) = g (i (0,4,0)) i (35,,(€,4,0)).

Conversely, let (pSW( (0,A,6)) C i (%S#p(@ A,q)) for every (O,4,) é (Q,®,¢) and let
(©,A,6) be any BS g-open set in (Q,EQ,C,—'C) so that i (@ A,¢) =(0,A,6). This implies
(pf)yp( (@ A C)) = aS/AP(@’A7C) é %Q, (¢9yp(®7A7c)) . But iEQ,((PS‘up(@?A7C)> i ¢9‘up(®7A7c)'
Therefore, (P9£p(®’A’C) = is (%ﬂp (©,A,6)). Thus, 9,,(0,A,¢) is BS g-open set in (2',gy,¢,
—¢') . Hence, ¢y, isa BS g-open mapping

Proposition 5.11 A BS mappmg 09 1 (£, gg,q,ﬂc) (Q’Emd ,7¢') isa BS §-closed mapping if
andonlyifa ((PSMP(@ A c)) C ;Sup( = (0,4,5)) foreach (0,4,c) E (Q,D,¢).

Proof Let ¢g,, beaBS g-closed mapping and (0,4, ) é (f),(D, ¢). Since CEQ(@,A,C) is a BS fg:-
closed set in (.Q,gQ,c,—'c) and (/)Syp is a BS g—closed mapping, then 59,4) (%Q(Q,A,c)) is a BS E—closed

set in (2,gy,¢,~¢) and CEQ/(%W( Q(@,A,c))) :ésyp(cg;Q(Q,A,c)). Obviously, (0©,4,¢) E

(@ A,¢) and %Mp(@ Ag) C ‘Peﬂp( (@,A,c)) . Hence,
ggf(q)\‘fﬂp (0,45 )— ggf((PSHP( (6,4 C))) 909#/)( (0,4 C))

Conversely, let ¢ (?SHP(@,A,c)) g (PSyp( (0,4,q)) for every (0,A,¢) C (Q,®,¢) and let
(©,A,6) be any BS g-closed set in (£, gg,c,—'c) so that ¢ (@ A,¢) =(0,A,6). This implies
c (%ﬂp(@ Ag)) C %p( (0,A,¢)) —%ﬂp(@ A,q). But <pSW(@ Ag) C ¢ ( ,(0,A,6)).

Therefore, (Pl‘)yp(@ Ag) = ((pSM)(@ A,q)) . Thus, 909#/?(@ A, ) is BS g-closed setin (Q',g Q/,c ' 6.

Hence, (p9 isaBS g closed mapping.
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~ X . = / /
Proposition 5.12  Let (I)SMP (Ql,gﬂﬂc,—‘g) — (927’§02,C/,—|C/) , AS#P : (QZagﬂzac 7—|C) —
(_()3,§Q ,¢",—¢"), and A'9/4PO(P9/AP (ngﬂl,g,—‘g) (_(23,§Q3,c”,—|g”) be three BS mappings, then:
(1) If (P9!4P and ASMP are BS g-open mappings, then Ag,,p O‘/’syp is also a BS g -open mapping.
) 1f Ag o is a BS g-open mapping and ¢, . is a BS surjective BS g -continuous mapping, then
up (pSyp g P pping g09/4p ) g pping
Ay up 152 BS §-open mapping
3) If A9 o is a BS g-open mapping and A is a BS injective BS ¢ -continuous mapping, then
I‘P gDSyp g % pping dup ] g pping
(pSM , isaBS g-open mapping.
Proof
(1) Let (©,A,¢) be a BS g-open set in (Q,¢,,6,7¢). Since @4  is a BS g-open mapping, then
p 8o, Poup p pping
$5,,(0,A,6) is a BS g-open set in (Qz,goz,c’,—'c’). Again, since ZSHP is a BS g-open mapping, then
ZSMP@SW(@,A,C)) = (sto?ﬁsﬂp)(@,A,c) is a BS g-open set in (Q3,§Q3,c”7—|g”)_ Hence,
ZS#P o 59;4' isaBS E—open mapping.

(2) Let (x,v,¢') be a BS E-open set in (Qz,ggz,c’ ,—¢'). Since ’?ﬁSH , isaBS E—continuous mapping,
then (pSW(}( v,¢') is BS E-open set in (Ql,ggl,cﬁq) . Again, since Zﬁﬂp ng’w is a BS E-open mapping,
thus (AgMPO(PSHP) (q)S‘up(X v,¢')) is a BS g-open set in (Q3,§Q3,q”,—|c"). As, 59#’3 is a BS surjective,
then

=~ ~ ~-1

(Agyp© ¢9;¢p) (%W(X» y.¢)) = ZSHP (59;@ @;;p()(» y.¢))) = ZWP(X, ¥.<),
isa BS §-open set in (93,§Qs,c”, —¢") . Hence, ZSyp isa BS §-open mapping
(3) Let (©,A,6) be a BS E—open set in (Ql7§_()17c;_'c) Since Asﬂpogoeyp is a BS g -open, then
(Zsﬂpofésﬂp)(@,A,c) is a BS E—open set in (93,§Qs,c”,—|c ') . Again, since Asﬂp is a BS g -continuous
mapping, then Z;;p((ZSW oésw) (0,A,c)) isBS E-open set in (Qz,ggz,c ,—¢") . Also, since ASHP o 509,4,0

is a BS injective mapping, we obtain that
~—1

Rauy B F3y(0,4,9) = Koy (B (55,0 (6.4,6))) = 5, (6,4,0),
isaBS E-open set in (Qz,EQ ,c’ ,—¢") . Hence, 59# , isaBS E—open mapping. _ N

Proposition 5.13  Let (p\‘?up (Ql,gol,c, -¢) — (QZ,EQZ, ¢, ¢, Agup  (22,80,65¢)
(Q3,§Q ,¢",—¢"),and ASWO%W (Ql,ggl,q,—‘c) — (Q3,§Q ,¢",—¢") be three BS mappings, then

)Ifg ‘Psﬂ , and AS” are BS g-closed mappings, then Ag‘up o (PSy , isalsoaBS g -closed mapping.

2)If A9# p o (p gup 18 @ BS g-closed mapping and ¢ ‘Ps up 18 a BS surjective BS g—contmuous mapping, then
As up 1 aBS g -closed mapplng

(3) If Asﬂ 3 o (/)9 isa BS g -closed mapping and As up 18 @ BS injective BS g -continuous mapping, then
(p9 up isaBS g -closed mapping.
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Proof The proofis similar to Proposition 5.12.

Proposition 5.14  Let ‘Ps,lp (Q, gQ,c,ﬂc) (.Q/,EQ/,C/,—'C/) is a BS E—open (BS E—closed)
mapping, then (/59# (2,80,6) — (2',20,¢) isalso S g-open ( S g-closed).

Proof  Straightforward.

Proposition 5.15 Let the condition of constructing a BSGT since SGT as in Theorem 2.2 hold. If
</59H (2,80,6) — (2,80,¢) isa S g-open (S g-closed) mapping, then %MP : (Q,Eg,c,—'c) —
(2',gy,¢,¢) is BS g-open (BS g-closed).

Proof Similar to the proof of Proposition 5.8.

Definition 5.3 A BS bijective mapping (l)9/4p (0,g gﬂ, ¢,—¢) — (Q ’,EQ/, ¢, =¢’) is said to be a BS E-
homeomorphism, if ¢ (P9[4p and (psylp are BS g -continuous mapplngs

Proposition 5.16 If gogﬂp (Q, gg,c,ﬂc) (2, gQ,,c ’,—¢') is a BS bijective mapping, then the
following statements are equivalent:

(1) 59;4 , i BS E—homeomorphism.

(2) 59# , is BS E—continuous and BS E-open.

(3) ESH , is BS §—continuous and BS §—closed.

Proof

=~ ~—1

= ~ ~-1 = =~
(1) = (2): Let Ag,, be a BS inverse mapping of ¢g,,. Thatis ¢y,, = Ag,, and Mgy = Poyp- Since

;75911 , is a BS bijective mapping, then ZSH , is also BS bijective. Let (©,A,6) be a BS E—open set in
= = ot ~-1 =~ ~

(2,80:6,76) . Since Ay, is BS g-continuous, then Ag,,(©,A,¢) isa BS g-open set in (Q',8y,¢,7¢).
~-1 —1 ~ ~

But Ay, <P9yp so that ASHP(Q Ag) (psﬂp((@ A,g) is a BS g-open set in (Q',g,.¢,—¢).

Therefore, ;9# , isBS g -open. Also, by hypothesis, gosy , isaBS g -continuous mapping.

(2) = (3): Let (0,A c) be BS g ~closed set in (£2, go,c,—'c) then (©,A,¢)° be BS g-open set, thus
(PSyp(@ A,¢)° is a BS g open set in (' ,gﬂ/ ¢,¢). As gogﬂp is a BS bijective mapping, then
(P9.MP(® A ¢)F (<p9#p(@,A,C)) . Hence, gNDSM)(G,A,c) is a BS E-closed set in (Q’,EQ,,c’,—'c’) and
consequently, 59,4 , isaBS E closed mapping

(3) = (1): Let (©,A,¢) be BS g open set in (Q, gQ,c,ﬂc) then (©,A,¢)¢ be BS E—closed set. Since

~—1 ~
‘Psﬂp is a BS g -closed mapping, then (/)Syp(@ Ag) = ASMP(@ A, ¢)f (ASW(@,A,c))C isa BS g-

~-1

closed set in (Q',g ,gQ,,c ',=¢"), therefore ASHP(@’A,C) is a BS g—open set in (Q’,EQ,,Q’,—@’). Hence,

~—1 =~

@4 up = Doup isaBS E-continuous mapping.

Proposition 5.17  Let <p9HP (Ql,ggl,c,ﬂc) — (Qz,Eoz,c’,—'c’) and ZSW : (QZ>§Q ¢, —
(93,g93,q ,¢")  be two BS g-homeomorphism, then Agﬂpo(p‘%‘p (Ql,gQ ,G,7¢) —
(_(23,?03 ,¢",—¢") is also a BS E-homeomorphism.

Proof Follows since Proposition 5.6, Proposition 5.12 (1), and Proposition 5.16.
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Proposition 5.18 If 59[4’3 : (Q,Eﬂ,c,—'c) e (Q’,Egl,c’,—'c’) is a BS E-homeomorphisms, then the

following statements hold for all (©,A,¢) C (Q,0,¢).
D 0l6, (0.9 = & (54, (0.0.9).
@) Py, (= (0,4,6)) = i (95,,(0,4,0)).
Proof

(1) Follows since Proposition 5.1, Proposition 5.11, and Proposition 5.16.

(2) Follows since Proposition 5.2, Proposition 5.10, and Proposition 5.16.

6 Conclusion and Future Research

The bipolar soft generalized compact sets and bipolar soft generalized compact spaces are introduced. The
structures of E-centralized bipolar soft generalized closed sets collection is a bipolar soft generalized
compact space have been discussed. In special case, this paper assumed BSGTSs is strong BSGTSs and it
discussed their main features; especially, the properties and related to finite bipolar soft union of bipolar soft
generalized compact sets and bipolar soft generalized closed sets in bipolar soft generalized compact sets are
also bipolar soft generalized compact. Moreover, main properties and the relationships between them have
been presented. The concept of a bipolar soft generalized compactness has been defined. Moreover, some
further properties of bipolar soft mappings, such as bipolar soft composite mappings, have been
investigated, and some of its characteristics have been explained. In addition, novel classes of bipolar soft
mapping such as bipolar soft generalized continuous, bipolar soft generalized open, and bipolar soft
generalized closed mappings have been introduced. In the forthcoming works, we will add some other
concepts of BSGTS such as bipolar soft separation axioms interms of bipolar soft generalized open sets and

bipolar soft points.
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