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Abstract

We give an explicit formula for the log-canonical threshold of a reduced germ of plane
curve. The formula depends only on the first two maximal contact values of the branches
and their intersection multiplicities. We also improve the two branches formula given in
[27].

Introduction

Let Xy be a nonsingular variety over an algebraically closed field k and consider a non-
zero ideal sheaf a C Ox,. Assume the existence of a log resolution 7 : X — X of a and let
F be the effective divisor such that aOx = Ox(—F). For any rational number ¢ > 0, the
multiplier ideal sheaf 7 (a") is defined to be J(a') = m,.Ox (Kx|x, — [tF]), where Kx|x,
denotes the relative canonical divisor of 7 (that is, the unique exceptional divisor on X
such that Ox (K x|x,) is the dual of the relative jacobian sheaf [30, page 206 (2.3)]) and
|-] the round-down or the integer part of the corresponding divisor. A similar definition
can be given for divisors on Xy. Multiplier ideals have been introduced and studied for
complex varieties and admit an interesting analytic setting but the definition we use
only depends on the existence of a log resolution. Multiplier ideals have a precedent,
adjoint ideals which were introduced by Lipman in [29], and [28, Chapters 9, 10, 11]
is the main reference for them. They are an important tool in birational geometry and
singularity theory. Among other reasons, it is worthwhile to mention that they provide
information on the type of singularity corresponding to the ideal a and are very useful
because accomplish several vanishing theorems. However, explicit computations are hard
since they involve either to compute resolutions of singularities or to obtain difficult
integrals.

Attached to a, there exists an increasing sequence of rational numbers 0 = 15 < 11 <
ty < -+-, called jumping numbers of a, such that J(a’) = J(a*) for oy < j < uy11
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and J(a“+1) C J(a%) for each I > 0. That is, the family of multiplier ideals of a is
totally ordered by inclusion and parameterized by non-negative rational numbers (see
[17] for more information about the antecedents of these numbers). Computing jumping
numbers is not easy. They are known for analytically irreducible (germs of) plane curves
(see [24, 37, 32] and there exist algorithms for obtaining them for ideals of the local
ring at a rational singularity of a complex algebraic surface [36, 1]. A combinatorial
criterium for a rational number to be a jumping number of a complete ideal a of finite
co-length in a local regular 2-dimensional ring is given in [22]. The case when a is simple
is well-known since jumping numbers and Poincaré series (an algebraic object relating
jumping numbers and multiplier ideals) have been computed [24, 19], see also [2] for the
Poincaré series in the non-simple case.

The first non-zero jumping number ¢; is named the log-canonical threshold of a. This
number is, possibly, the most interesting of the jumping numbers; it appears in many
different contexts and is related with rather different objects. Indeed, if a is given by a
polynomial providing a complex hyper-surface germ with an isolated singularity, the log-
canonical threshold can be computed, theoretically, via, the L? condition for holomorphic
functions [28], the growth of the codimension of jet schemes [31], the poles of the motivic
zeta function [20], the generalized and twisted Bernstein-Sato polynomial [25, 11], the
test ideals [21], the Arnold’s complex oscillation index [25], the Hodge spectrum [9] and,
as we have said, the orders of vanishing on a log resolution.

It seems that the first (implicit) use of the log-canonical threshold was in [5] where
a conjecture of Gelfand was proved. In the 1980’s this number was seen as one of the
invariants considered by Steenbrink [35] in the so-called spectrum of a singularity. It was
named complex singularity exponent and some of its properties were proved by Varchenko
[38, 39, 40]. Afterwards, Shokurov [33] considered the log-canonical threshold within
the context of birational geometry. This concept allows us to define log-canonical pairs
which play a fundamental role in the Minimal Model Program that recently has achieved
a great advance [7]. The paper [6] on the Shokurov conjecture (on the ACC for log-
canonical thresholds of non-necessarily nonsingular ambient spaces) has been crucial for
that progress.

Despite of being a very interesting number, only a few explicit generic computations
of log-canonical thresholds are known. For instance, as we have mentioned, it is known

for analytically irreducible (germs of) plane curves over algebraically closed fields. It is
1
B
In the complex case, the log-canonical thresholds of irreducible quasi-ordinary hyper-

+ B%’ where (3o, 51) are the first two maximal contact values of the curve [23, 24].

surface singularities are also known [10] and the motivic zeta function was used for this
computation. However, there is no formula for computing the log-canonical threshold of
a reduced plane curve. This is the goal of this paper. Uniquely, in the complex case,
a formula for the two-branches case is given in [27]. This formula depends on the first
two Puiseux exponents (which are 5y and 31) of the branches and on its intersection
number, and in many cases, the log-canonical threshold is given as the minimum of three
candidates. Furthermore, in the same paper, it is also proved that for any number of
branches, the log-canonical threshold only depends on the first two Puiseux exponents
of the branches and their intersection numbers; however no formula is given. Finally, in
[4, 3], it has been proved that (even in the non-reduced case), there exist suitable local
coordinates such that the log-canonical threshold coincides with the intersection of the
Newton polygon of the curve with the diagonal line.
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In this paper, we give in Theorem 2-13 an explicit formula for the log-canonical thresh-
old of a reduced (germ of) plane curve C. Our formula extends that of [27] to any
number of branches. We also improve the formula of [27] determining the value of the
log-canonical threshold for the two branches case without having to calculate a minimum
(see Corollary 2-18). Since, in our case, there exists a log resolution in any characteristic
and our methods do not depend on it, our formulae hold for any reduced curve in any
characteristic. As a byproduct of our result we provide a formula for the log-canonical
threshold of a non-reduced plane curve and also for a (non-necessarily simple) complete
ideal of finite co-length in the power series ring k[[z, y]] (see Remarks 2-19 and 2-20).

Next, we briefly describe the contents of the paper. Section 1 reviews some definitions
and properties we need for stating and proving our results; moreover, we give an example
of a curve with 8 branches whose minimal log resolution is represented by its dual graph,
object that is an important tool in our development. Our example is used in the paper
to explain notations and results. A simpler example with 3 branches is also provided for
helping the reader to get a complete understanding of our ideas. In Section 2 we state
our main result, Theorem 2-13, which is proved in Section 3. One step in the proof is
Proposition 2-3, which asserts that to compute the log-canonical threshold of C', we only
need to take into account those divisors of the minimal log resolution 7 of C associated
with the first two characteristic exponents [12, I11.2] of each branch. For the complex case,
this fact can be deduced either from [27] or [18]. Our proof is valid for any characteristic,
it is essentially algebraic and supported in some results from Delgado in [15]. Finally, we
add that the formula in [27] for the two branches case is a consequence of Theorem 2-13
and an improvement of that formula is stated as Corollary 2-18 in Section 2.

Theorem 2-13, has two parts: The first one determines an exceptional divisor Ej of «
which provides the log-canonical threshold. The second part uses this index k to show
the exact value of the log-canonical threshold in terms of the intersection multiplicities
between branches and the first two maximal contact values of each branch [12, TV.2].

Being more specific for part one, we define a weight function (see (2-2)) over those
vertices v; in the dual graph I'(C') of 7 given by Proposition 2-3. This weight is easily
computable as a difference that involves at most the first two maximal contact values
of each branch. For getting the minuend and subtrahend, we delete v; from I'(C') and
distinguish among branches attached, or not, to the connected component containing the
initial vertex vi. Set V the set of weighted vertices whose adapted degree (see Definition
2-4) is larger that two. Then, the first part shows that Ej corresponds to the end vertex
of a distinguished path in T'(C'). This path is the only one joining vy with a vertex in V
such that the weights of their vertices in V are negative, while the ones of the remaining
vertices in ) are not.

In Section 3, we give the proofs of Proposition 2-3 and Theorem 2-13 by means of
several auxiliary results. Lemmas 3-1 to 3-7 allow us to show Proposition 2-3 and they
are also useful for the proof of Theorem 2-13. The first part of this theorem is proved with
the help of three more lemmas which are uniquely based in combinatorics on the dual
graph. The main step to show its second part is Lemma 3-12, where a comparison among
candidates for log-canonical threshold is given. The proof of this lemma is supported on
previous results of the paper and on a suitable choice of different partitions of the set of
branches of the curve C.
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1. Preliminaries

Let R = k[[z,y]] be the formal power series ring with coefficients over an algebraically
closed field k. Consider a reduced series f € R and its decomposition f = fifa--- f, as
a product of irreducible elements f; in R. Denote by C' (respectively, C;, 1 < i < r) the
divisors on Spec(R) (that is, the germs of plane curves) defined by f (respectively, f;).
Assume also that C is singular and r > 2 or r = 2 but C7 and C5 are not non-singular and
transversal. A log resolution of C is a composition of finitely many blowing-ups centered
at closed points

T X=X 2 X — - — X1 =5 X = Spec(R), (1-1)

E; being the exceptional divisor of 7;, 1 < j < m, such that (f)-Ox = Ox(—F), where
F is an effective divisor on X which has simple normal crossing support. By an abuse of
notation, the strict transform of F; on X will also be denoted by E;. From now on we
will assume that 7 is a minimal (with respect to the number of involved blowing-ups)
log resolution of C. Notice that it exists and is unique (see [8], for instance).

According to the Introduction, if C, m and f are as above, we can associate with each
positive rational number ¢ a multiplier ideal T.Ox (K x|x, — [tF']) which we will denote
by J(Xo,tC). The log-canonical threshold of C, let(C'), will be the smallest positive
rational number ¢; such that J(Xo,:11C) # R.

Let O be the closed point of Spec(R) and C = {P, = O, Py, ..., P,,} the set of closed
points such that P; is the center of m;, 1 < j < m; C is a constellation of infinitely
near points [14] and C can be written as a union of constellations C = U]_;C; such that,
for each i = 1,...,r, C; is the constellation of points of C through which the successive
strict transforms (by the blowing-ups in (1-1)) of the branch C; pass. Given two points
P;, P, € C with k > j, Py is called infinitely near to P; (and denoted P, 2 P;) if the
composition of blowing-ups X1 — X;_1 maps P, to P;; notice that 2 is a partial
ordering on C. If, in addition, P, # P; and P} belongs to the strict transform of E; on
Xj—1, then Py is said to be proximate to P;, which is denoted by P, — P;. When Py, is
proximate to 2 points (respectively, 1 point) of C we name Py a satellite (respectively,
free) point.

The first infinitesimal neighborhood of a point P; € C is the family of closed points
belonging to the exceptional divisor obtained by the blowing-up at P; and the lth in-
finitesimal neighborhood of P; (I > 1) is (inductively defined) the set of points in the first
infinitesimal neighborhood of some point in the (I — 1)th infinitesimal neighborhood of
It is well-known that 7*C = CN’—&—Z;n:l n; EY, where E7 is the total transform of E); and
C the strict transform of C, both on X n; being the multiplicity of the strict transform
of C at Pj, 1 < j < m. We have also that

E;=E; - Y Ej.
PkHP]‘

Writing 7*C = C' + doim1biEj and Kx/x, = Y51, a;E; (the relative canonical divisor),
the following equality holds (notice that C' is assumed to be singular):

1ct(C) = min {aj = ajbfl |j= 1,27...,m}. (1-2)

J

In some occasions, the values @; will be named candidates for log-canonical thresh-
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old of C. The prozimity matriz of C is the matrix P = (ij)ﬂjzl defined by prr =
1 for all k, pp; = —1if P, — P; and 0 otherwise. Notice that (by,b2, ... b))t
P~l(ny,ny,...,n,)" and (a,az,...,a,) =P~ 1(1,1,...,1)%

The dual graph of C, T'(C), is an important object in our development. It is an oriented
tree such that the strict transform (on X)) of each exceptional divisor E; is represented
by a vertex, v;. Two vertices are connected by an edge if the corresponding divisors
meet. The strict transform (on X) C; of each component C;, i =1,...,r, is represented
by an arrow, a;, which is a label of the vertex associated with the exceptional divisor
whose strict transform meets C; (or, in other words, the maximum point of C; for the
ordering <). Usually each vertex v; is labeled by the number j (that is, the number of
blowing-ups in the sequence (1-1) needed to create the corresponding divisor). The initial
vertex of the edge that joins two vertices v;, and v, is the one labeled with min{ji, jo}.

We use the dual graph complemented with the so-called proximity (oriented) graph of C
for representing the minimal log resolution of 7. The proximity graph allows us to decide
which vertices are involved in the resolution of each branch. Its vertices correspond with
the points in C and its edges join proximate points. An edge joining P and P; (k > j)
is a continuous straight line whenever Py is in the first infinitesimal neighborhood of P;,
otherwise it is a dotted curved line. By convention, we will omit those dotted curved
edges which are deduced from others. As in the dual graph, we label with an arrow a;
the vertices corresponding with the maximum point in C;.

ExAMPLE 1-1.

A. Figure 1 shows the proximity and dual graphs (where we have omitted the orien-
tation) of a reduced curve C' with 8 components, C1, Cs, ..., Cs, defined by 8 irreducible
elements f1, fa,..., fs € R, such that its minimal log resolution 7 is obtained by blowing-
up a constellation, C = {P; }jlll, of 17 infinitely near points. The reader can see additional
labels in some vertices of the dual graph (thicker dots, stars and squares) that will be
explained in forthcoming examples. One has that C = U$_,C;, where

Ci={P1, P2, P3, Py, P5,Fs, Pr}, Co ={P1, P, Ps, P, Ps, P},
Cs = {P1, Ps, P3, Py, Py, Po, P11}, Cy={Pi, P, P35, Py, Py, Pro, Pr2, P13},
Cs ={P1, P2, Pis, P17}, Cg=Cr={P1, P, P3,Py, Py, P15}

and Cg = {PlaP27P16}-

Notice that, taking into account our mentioned convention, in the proximity graph we
have omitted the dotted curved edge corresponding with the proximity P; — P3 because
it can be deduced from the prOXimity P6 — P3. The points Pl, PQ, P)37 P4, Pg, Plo, P12, P14,
Py5 and Pjg are free and the remaining ones satellite. In addition the curves Cg, C7 and
Cg are nonsingular.

B. We also give a simpler example for a better understanding of our ideas. For sim-
plicity, we use the same notation as in item A. So, we consider a reduced curve C' with
three components C; defined by irreducible elements f; € R, 1 < ¢ < 3, whose minimal
log resolution is given by a constellation C = {Pj}?gl with 20 infinitely near points.
Proximity and dual graphs are depicted in Figure 2.
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2. Results

In this section we keep the notation given in the previous one. Let h be an irreducible
element in R such that 7 is a log resolution of the (germ of) curve H that it defines. Let
{BI}_, be its maximal contact values (see Section 2 of Chapter IV in [12], for instance).
This set of values is an increasing sequence of positive integers which is a minimal gen-
erating set of the so-called semigroup of values of H. In addition, they constitute an
equivalent datum to the embedded topological type of H and, in the complex case, can
be easily computed from the set of Puiseux pairs given by a primitive parametrization
of the curve. In this case g is the number of Puiseux pairs and, in the general case, g — 1
coincides with the number of vertices of degree 3 in the dual graph of H. Fundamentally
we will use the values B(’} and P, The value B(})L (respectively, B) can be computed as the
intersection multiplicity between H and a (germ of) transversal line at the singular point
of H (respectively, a (germ of) curve sharing with H all free points Py, ..., Py in C before
the first satellite point and such that its strict transform is regular and transversal to the
exceptional divisor created by blowing-up at P, at a nonsingular point of the exceptional
locus). When H is nonsingular, the unique defined maximal contact value is % = 1. In
this paper and in this case, we also define 3" as the number of points of C through which
the strict transforms of H pass.

DEFINITION 2-1. Let h and H be as above. A terminal satellite point for h (or for H)

Fig. 1. Proximity and dual graphs of Example 1-1.A.
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Fig. 2. Proximity and dual graphs of Example 1-1.B.

is a point P; € C such that it is satellite and the set
{P, € C\{P;}| the strict transform of H on X}, passes through P and P, 2 P;}
is either empty or its minimum (with respect to the ordering 2) is a free point.

Notice that the number of terminal satellite points for A coincides with the index g of
the last maximal contact value ﬁ_g and that the part of the dual graph of H up to the lth
terminal satellite point, 1 < I < g, can be deduced from the set of values {55, 37,..., B}
When the curve H is not singular, we denote by I the cardinality of the set of free points
P; € C through which the strict transforms of H pass. Otherwise, Ih 41 will stand for the
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cardinality of the set of free points P; € C satisfying the above condition and such that
every terminal satellite point for A is infinitely near to P; (see [15] for the source of the
notation); in other words, I! +1 is the length ¢ of the maximal chain of initial consecutive
free points P, < ... < P, such that the strict transforms of H pass through P; for all
i €{1,...,4}. Note that Bg is the multiplicity of the curve H and B{L the intersection
multiplicity between H and a nonsingular curve passing through Pi, Ps,..., P;. When
h = f; for some i € {1,2,...,r}, we have set C; instead of F; and, for simplicity, we will
write 3 (respectively, l}) instead of 3] (respectively, lgi).

Assume from now on that the curves C1,...,C, are singular and the remaining ones,
Cpn+1,- - -, Cr, are nonsingular. For each i € {1,2,...,n}, we denote by P;, the minimum
terminal satellite point for C; with respect to the ordering <. The following two sets will
be useful:

TI: {Ptl

i=1,...,n}
and

F:={P;eC|P; S P, forsome P,, € T}UCpt1---UC,.

~

Let us consider the above given examples with the aim of clarifying previous concepts.

ExAMPLE 2-2. Consider again the curve in Example 1-1.A. Then n = 5 and, from the
proximity graph, one can see that

T ={P, =P;,P,, = Ps, P, = P11, P, = P13, P, = Pi7}.

In the dual graph depicted in Figure 1, we have labeled those vertices representing divisors
E; such that P; is a satellite point and it is not in 7 (respectively, it is in 7)) with a
square (respectively, a star). Notice that, in this example, F = C.

The free points of C; such that the unique terminal satellite point in C; is proximate to
them (that is, the initial free points in the branch of the proximity graph corresponding
to Cy) are Py, Py, P3 and P,. Therefore I§ + 1 = 4. Similarly 12 = 3,13 = 5,15 = 6,13 =
2,18 =17 =6 and I§ = 3.

With respect to the curve in Example 1-1.B, one gets n = 3, T = {P,, = P;, P, =
P15,Pt3 = Pgo} and

F =C\{Ps, Py, Pro, P11, P12, Pig, Pi7}.

Next, we will state our first result which, in the complex case, can be deduced from
the proof of [27, Theorem 1.3]. This proof uses results in [26] developed for complex
numbers. Our result shows that the log-canonical threshold of C' depends only on the
part of the dual graph determined by the values 55 and 3% of every component C; of C.

PROPOSITION 2-3. With the notation given before Equality (1-2), it holds that the
log-canonical threshold of C' is the minimum of the elements in the set

i+ 1
{aj _ “be | P e J—"} :
J

Our main result uses a weight function for some vertices of I'(C'). Before stating it, we
introduce these weights and some other necessary concepts.

Recall that C' is a reduced curve with  branches and let Vr be the set of vertices v;
of I'(C') such that P; € F.
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DEFINITION 2-4. The adapted degree of a vertex v; # v (respectively, vi) of the dual
graph T'(C) is defined as the sum of its degree and the number of arrows labeling it
(respectively, one plus the number we have just defined).

The set of vertices in Vx with adapted degree greater than or equal to 3 will be denoted
by V.

Set S the set of free points in the configuration C corresponding with vertices in V.
Clearly, T is that of satellite ones. Then, the following notations will be used along the

paper
Vi ={v;|P; € T}, Vs:={Vj|P; € S}, Viee := {V; € Vr|P; is a free point},

Vend = {Vv; € Vx| v; has degree 1} and obviously V =V7y U Vs.

Vend is a subset of the set formed with the vertex v; and those vertices v; such that P;
is a maximal free point of F (with respect to the ordering <).

EXAMPLE 2-5. Consider again Example 1-1.A. Then, S = {Ps, Py, Py5}. These points
have been marked with thicker dots in the dual graph depicted in Figure 1. In Figure 2,
we have used the same mark for the dual graph of the curve in Example 1-1.B and, here,
S is reduced to one point, S = {Ps}.

As usual, a path v in I'(C) is an ordered sequence of different vertices of I'(C') such
that two consecutive ones are joined by an (oriented) edge. If a is the initial (or first)
vertex, in(7), and b the terminal (or last) vertex (which can also be given by an arrow, if
any, that labels it), ter(y), we will denote 7 by [a, b] and also, by an abuse of notation, its
set of vertices. Moreover, we will use ]a, b] (respectively, Ja, b[) to denote the path (or its
set of vertices) obtained after removing from ~ the initial vertex (respectively, the initial
and terminal vertices) and its incident edge (respectively, incident edges).

Let < denote the order induced by the (oriented) tree I'(C) in its set of vertices, that
is, given two vertices v;, and vj,, v;, < v;, means that v; belongs to [vi,v;,]. By
convention, if a; is an arrow that is a label of v;, then v; < a; will mean v;, < vj,.

Also, for every vertex v; € Vr, we define

vi={a;|v;£a} and v :={a;|v; <a;}. (21)

Furthermore we consider the map o : Vr — Z given by
o(vj)= > iBi— > B (2-2)
a; EVj< a; Evj2
where

S card ([vi, a;] N [v1, V] N Viee) if ter ([vi, a;] N [v1,v;]) € Vs,
T\ BB otherwise.

With these data, we are able to state Part (1) and the first assertion in Part (2) of
Theorem 2-13, which show a vertex vy, of the dual graph I'(C') providing the log-canonical
threshold @ of C. Next, we introduce the above mentioned necessary concepts that will
be useful in the next section and to state Part (2) of Theorem 2-13.

DEFINITION 2-6. Let hy and hy be two irreducible elements in R such that « is a



10 C. GALINDO, F. HERNANDO AND F. MONSERRAT

common log resolution of the curves Hy and Hs (# H;) that they define. The contact
pair of hy and hg, (hy | ha), is defined to be the couple of integers (g, ¢) such that:

e ¢ is the number of common terminal satellite points for hA; and hs.

e cis the cardinality of the set of free points P; € C such that the strict transforms of
H, and H; pass through P; and P; is infinitely near to the last common terminal
satellite point (if any).

An equivalent definition of contact pair using the Hamburger-Noether expansion of
the branches is given in [15].

EXAMPLE 2-7. Let us return to Example 1-1.A. C; and C3 do not share any terminal
satellite point and, moreover, the free points in C; N C3 are Py, Py, P3 and Py; therefore
(fi | f3) =(0,4).

Now, suppose that h; and hy are irreducible elements in R such that the minimal
log resolution of the curve defined by hy (respectively, ho) is given by blowing-up at the
points Py, Py, Pig, P17 and Pyg, Pig (respectively, and Pag, Po1). Pis, Pig, Pao, Po1 are new
points enlarging C up to a new configuration C’ such that all of them are proximate to
Py7, Pig and Py are two distinct points in the first infinitesimal neighborhood of Pi7,
Pig = Pig and Py 2 Pag. Set also 7 the log resolution given by C’. Then, each curve H;
and Hy has two terminal satellite points and (hq|hs) = (1,0) because Py is their last
common infinitely near point.

DEFINITION 2-8. Two components C;, and C}, of the curve C are called to be separated
at a point P; € C when maxx>(C;, NC;,) = P;.

Moreover, C;, and C;, will be freely separated at P; if they are separated at P; and
(fir | fin) = (0,¢) for some ¢ < min{I{*, 17 }.

Finally, a point P; € C is an initial separating point if at least two components Cj,
and C;, of C are freely separated at P;.

REMARK 2-9. Notice that if two components of C' are freely separated at a point Pj,
then P; must be a free point. As a consequence, S = {initial separating points of C}.

The following definition will allow us to clarify the meaning of the coefficients ¢;; and
the condition ter ([v1,a;] N [vy,V;]) € Vs appearing in the definition of our map o (see
Remark 2-11).

DEFINITION 2-10. Consider a point P; € C, C being the configuration of the mentioned
resolution 7 of C'. A curvette at P; will be an irreducible element ¢ € R defining a divisor
on Spec(R) different from C; for all ¢ € {1,2,...,r}, whose strict transform on X is not
singular and meets E; transversally at a regular point.

REMARK 2:-11. Notice that, if v; € Vz and a; € v5, then the condition
ter ([vi,a;] N [v1,V;]) € Vs

is equivalent to say that a curvette at P;, ¢, and C; are freely separated (as components
of a reduced curve that contains both branches). Moreover, in this case, the integer c;;
appearing in the definition of the map o coincides with the integer ¢ such that (¢ | f;) =

(0, ¢).
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REMARK 2-12. The sets vj< and Vj> do not change when v; runs over a path |v;,, v;,]
such that v;,,v;, € VU Venq and |v;,,v;, [NV = 0. Therefore the map o is constant in
such a path.

Let us denote by I(f;, fs) the intersection multiplicity of two different components C;
and Cy, 0 < 1i,s <7, of C. We are ready to state our main result, which is:

THEOREM 2-13. Let C' be a singular reduced (germ of) plane curve with r branches
and C (respectively, T'(C)) the constellation of infinitely near points (respectively, dual
graph) associated with its minimal log resolution. Consider the subsets T and S of C
and the subset of vertices V = Vr U Vs of T'(C) above defined. Then:

(1) There exists a vertex vy € V satisfying the conditions:

(a) o(vj) <0 forallv; € [vi,vp] NV and
(b) o(v;) =0 forallv; € V\ [v1,Vi].

(2) The log-canonical threshold of C is the value @y, defined in the above equality (1-2)
and it can be computed as follows:

o Ifvy=vy, € Vr, then
A = ¢, = 7664—81
' 22:1 dis’
where

5 — BiBi  if either s =i, or s # i and ByB5 = BiBy < I(fi, fs),
' I(fi, fs) otherwise.

e Ifvy € Vg, then
A = — 7(731 76-72'+I(fi17fi2)
B(ZJlI(finfiz) + 562 Zlgsgr, s#i1 I(fi17f8)

where C;, and C;, are any two components which are freely separated at Pj,.

REMARK 2-14. Notice that the vertex vj mentioned in Theorem 2-13 can be easily
obtained applying, to the graph I'(C), an obvious variant of the well-known breadth-first
search strategy used in graph theory.

ExaAMPLE 2-15. Consider the curve in Example 1-1.A. The sets of maximal contact
values of the components Cy,Ca, ..., Cs are, respectively, {3L, 81} = {5,17}, {82, 52} =
{3,11}, {B3, B3} = {2,11}, {B§, Bt} = {2,13} and {55, B} = {2,5}. We have that

V = Vs UVr = {va, V4, V7, Vg, Vi1, V13, V15, Vi7}.
Moreover
o(ve) ==Y By =—17, o(vr) =283 +265 - Bs — B — By — Bo — Bo — B5 = —8
i=1
and o(vs) = 25 + 258 + B — B2 — B3 — Bt — BS — B = 14.
Therefore, v is the distinguished vertex vy in Theorem 2-13. Then
_ Bi + B
BLBS + 2o IS, fs)

let(C) = ar = oy =

1
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With respect to the curve in Example 1-1.B, it holds: {3}, 81} = {8,44}, {32, 5%} =
{4,26}, {B3,33} = {2,13}. Now, V = {vs, Vs, V15, Vao}. Furthermore, o(vs) = —8 —
4—2 = —14, o(vy) = 53 + 583 — B} = 22, o(vis) = 53} + 535 — B2 = 46 and
o(vag) = 584 + 532 — 33 = 58. As a consequence, the distinguished vertex is vs and

BaBs + 1(f2, fs) _ 3
BeI(fa, f3) + BRI (f2, f1) + I(f2, f3)] 35
REMARK 2-16. Notice that our Example 1-1.A might induce the reader to think that
one has to consider a large number of vertices of T'(C'). However, generally speaking, this
is not true since we only need those vertices in V C Vx, this last set being (proportionally)
very small when C' has branches with many contact maximal values. We have considered
a case in item A of Example 1-1 where rather vertices are useful to illustrate a wide
spectrum of possibilities but avoiding unnecessary information. Our example in item B
shows a more generic case.

ICt(C) =a5 =

REMARK 2-17. When the ground field k is the field of complex numbers, it is proved
in [34] that an exceptional divisor E; contributes some jumping number of C'if, and only
if, Ej - (7*C)° — E;) > 3, where (7*C)° denotes the reduced divisor associated to 7*C.
This fact and Proposition 2-3 prove that, in this case, the log-canonical threshold of C' is
the minimum of the quotients @;, where v; € Vr and the degree of v; is greater than or
equal to 3. To define V, we have used the concept of adapted degree instead of degree.
Hence V could contain an additional vertex v of degree 2. We have preferred to use this
concept because it assures the uniqueness of the vertex vy in the statement of Theorem
2-13 and simplifies the proofs. For instance, if C' = Cy 4+ C5, where C; and Cy are two
unibranched equisingular (germs of ) curves meeting transversally at O = Py, then V has
three vertices, including vy, and the values @; corresponding with those three vertices
coincide.

As a consequence of Theorem 2:13 and the forthcoming Lemma 3-1, we state the
following result which determines the exact value of the log-canonical threshold of a
reduced curve with two branches.

COROLLARY 2-18. Assume that the number of components of C is r = 2 and, without
loss of generality, that 31 /8% < B?/B2. Then:

(a) If Cy and Cy are not freely separated, it holds that

ey = | Ty 425
1150
G ERE) otherwise.

(b) If, on the contrary, Cy1 and Co are freely separated,

M o1 By
B+ (F1.f2) if ¢ < ﬁé S6
_ ) _ Bi+B By 1
et(C) =\ mar oA <
51+50 otherwzse,

BF+I(f1,f2)
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¢ being the integer such that (f1 | f2) = (0,¢).

We finish this section with two remarks concerning the log-canonical threshold of a
non-reduced plane curve and of a complete ideal of our ring R.

REMARK 2-19. Assume that C' = Z _1 n:C; is a non-reduced curve, Cy,Cy,...,C;
being its integral components. Let C be the configuration of infinitely near points associ-
ated with a log-resolution of C. For each i € {1,2,...,r}, pick n; curves Cy1, Cia, ..., Cip,
defined by n; curvettes at the maximal point P;_; of C through which the strict trans-
form of C; passes and such that their strict transforms meet E; at different free points.
Then, it follows from the definition of log-canonical threshold that

let(C) = min{1/ny, 1/na,...,1/n.,lct(C")},

where C is the reduced curve >, ;. 37 < j<,, Cij- Therefore Theorem 2-13 provides, in
fact, a formula for the log-canonical threshold of any (reduced or non-reduced) singular
plane curve.

REMARK 2-20. Theorem 2-13 also provides, as a byproduct, a formula for the log-
canonical threshold of a complete ideal of finite co-length in R. Indeed, if a is such an
ideal, it has a unique factorization a = p'* - - - p7 as a product of simple complete ideals
[41, page 385]. Then, it is straightforward from the definition that let(a) = let(>°,_, D;)
where, for each i =1,...,r, D; is a sum of n; suitable chosen general curves of the ideal
p;. Recall that a general curve of a simple complete ideal p; is an irreducible curve whose
strict transform, on the surface given by the point blowing-up sequence providing the
exceptional divisor F; that defines the ideal, is regular and meets F; transversally at a
nonsingular point. Also, notice that in the previous sentence “suitable chosen” means
that the curves meet F; at different points.

3. Proofs

This section is devoted to prove the results that we have stated in the previous one. To
this purpose, in each subsection, we will introduce some notation and prove some prop-
erties which will be necessary to deduce our results. Notation and lemmas in Subsection
3-1 are also useful for Subsection 3-2.

3-1. Proposition 2-3: auziliary results and proof

We start this section with a lemma which is deduced from [15, Section 3] and will be
a key tool for our proofs.

LEMMA 3-1. Let hy and ho be two irreducible elements of R such that w is a common
log resolution of the curves Hy and Hy (Hy # Hay) that they define. Set I(hyi,hs) (re-
spectively, (hy | he) = (gq,c¢)) the intersection multiplicity (respectively, contact pair) of
hy and hy. Then:

(a) q > 1 if, and only if, _h ﬂhl b < I (hi, ha).

(b) Ifg=1 and ¢ =0, then I(hl,hg) ’“ B2 = BBl

(¢) If¢g=0 and c < mm{lh1 th}, then I(hl,hg) = cﬂhl ha

(d) If ¢ =0 and ¢ = min{I}* + 1,102 + 1}, then I(hy, ho) = min{Bl* g2, gt gh2}.

With the previous notation, for every curvette ¢ at a point of F, we consider the
following subsets of J, := {1,2,...,r}:
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¥ sel, | (¢] fs) = (0,¢) with ¢ = min{l§ + 1,15 + 1} and 8

| | @i

o

o
E\‘ ‘
RN AR
——

|
— =

sel. | (¢] fs) =(0,¢) with ¢ = min{l§ + 1,15 + 1} and =L >
0
sel. | (¢|fs)=(1,c) for some ¢ > 0},
[s €1, (¢ | fo) = (0,0) with ¢ < min{i§, [5}}.
Notice that the non-empty elements of {J1(p), J2(¢), J3(¢), Ja(p)} define a partition of
J,. If ¢ defines a nonsingular curve then Jy(¢) = Jy1(¢) U Ja2(p), where

—~—

J1( )Z
Ja() :
o J5(v) :
o Jy(p):

o Jui(p):={sel,|(¢]fs)=(0,¢) with ¢ <[ and ¢ < [§} and
o Juo(p):={sel.|(¢|fs)=1(0,c) with c= 1§ <I§}.

The following lemmas provide some properties that use and study the sets J;(p). They
will be needed for the development of our paper.

LEMMA 3-2. Let ¢ be a curvette at a free point P; € F. Then ¢ defines a nonsingular
curve and Ja(p) = J3(p) = 0.

Proof. Since Pj is a free point that belongs to F and ¢ is transversal to I, ¢ defines
a nonsingular curve. Then, the equality J3(¢) = 0 is clear because there is no terminal
satellite point for .

Reasoning by contradiction, assume that there exists s € {1,...,7} such that s €
J2(p). Then Cj is a singular curve and, taking into account that ¢ is nonsingular, we
have that (¢ | fs) = (0,¢) with ¢ =[5+ 1 and 5 /55 > c. That is, ¢ is the number of free
points in C; N F and 35 > CBS . But this contradicts Noether’s formula because 5_8 is the
multiplicity of Cs, 5§ = I(¢p, fs) and C, is singular. [

LEMMA 3-3. With the above notations, let P; € F and let ¢ be a curvette at P;.
(a) If P =P, €T, then
vii ={as | s € Li(p) Ua(p)} and vi ={as|s € J2(0) U Js(p)}-
(b) If P; is free, then
vi=A{a,|[secJi(p)UlJsi(p)} and V? ={as|s € Jua2(p)}.
Proof. For any couple of irreducible elements hy, ho € R (Hy # Hj), we define

I(hy,h
H(hy, hs) := i, ha) - 2),
0

In order to prove (a), first consider an index s € Ji(g) and let ¢’ be a curvette at P;
different from ¢. Lemma 3-1 implies that

Bi 5§
H(p, fs) = 1*30

B

Since B§/B5 < 87 /B¢, the following inequality holds:

H(p, fs) < H(p,¢'). (3-2)

By a result stated in [13, page 425], and proved in [16], the last inequality is equivalent
to fact that if v is the vertex satisfying [vi,v;] N [v1,as] = [v1, V] then vi < v;.
Moreover, since (¢ | fs) = (0, ¢) with ¢ = min{l§ + 1,15 + 1}, the process of construction
of the dual graph I'(C) allows us to deduce that either vi = v; or v = a,. So, the

and  H(p,¢") =57 (3-1)
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unique possibility is v = as and, therefore, a; € vj<. We notice that, although the
mentioned result of [13, 16] is stated over the complex numbers, its proof depends
only on the Hamburger-Noether expansions of the curves, which are independent of the
characteristic of the ground field.

Assume now that s € Jo(p) and consider a curvette ¢ at the point P, such that a, is
a label of v,.. Then, the inequality

H(fs ) < H(fs,9) (3-3)

holds because H (fs, ) = BYB5/B88, H(fs 1) = B§ and BY /B¢ < B;/B5. Also, again by
[13, page 425], vi, < a,, where vy, is the above mentioned vertex. Since (¢ | fs) = (0,¢)
with ¢ = min{l§ + 1,15 + 1}, vy is either v, or a,. So we have that v, = v; and, as a
consequence, ag € Vj/ .

When s € J3(¢p), it is clear that v; < a, because ¢ and f; share its minimum terminal
satellite point (that is P; = P;,).

Finally, assume that s € J4(¢) and suppose that a, & vj<. This means that v; < a;
and, in fact, v; < ay (because s & J3(¢)). By [13, page 425] we have that H(p,¢') <
H(p, fs), ¢ being also a curvette at P; different from ¢. This implies, using Lemma 3-1,
that ¢ > 5{ /B¢, ¢ being the value such that (¢ | fs) = (0, c). This is a contradiction and,
thus, a; € v

Therefore, the previous paragraphs and the fact that {J1(¢), J2(), J3(¢), Ja(¢)} is a
partition of J, conclude the proof of (a).

With respect to (b), our reasoning is analogous because the inclusion Ji(p) C v
(respectively, Ju1(p) C v, Jaa(p) C Vf) can be proved in a similar way to the proof
of Ji(p) C vy (respectively, Ju(p) C v5, Ja(p) U J3(p) C Vf) of (a). O

Given a curvette ¢ at a point of F, the sets J3(¢) and Ja(p) (or Jy1(p) and Jy2(p) if
 is nonsingular) are easy to compute only from the proximity graph of C. The following
result, that is a straightforward consequence of the two previous lemmas, will allow us
to detect, only by inspection of the proximity and dual graphs of C, the elements of the
sets Ji(p), k € {1,2}.

LEMMA 3-4. Let ¢ be a curvette at a point P; € F and let s € {1,...,r}.

(a) s € Jip) if and only if (¢ | fs) = (0,¢) with c = min{l§ +1,15+1} and a, € v; .
(b) s € Jo(p) if and only if (¢ | fs) = (0,¢) with ¢ = min{l§ +1,15+1} and a4 € vj).

EXAMPLE 3-5. Denote by ¢; a curvette at the point P; in the constellation C of
Example 1-1.A, 1 < j < 17. The partitions of Jg defined the curvettes ¢; at the points
in 7 US are given by the following sets:

Y2 Jl(gog) = Q] JQ(QDQ) = @ Jg((pz) = @ J4 1(302) @ J472(<,02) = {1,2,3,4,5,6, 7,8}.

p1 Ji(pa) = {1,2}, Ja(pa) = 0, J3(p4) = 0, Ju1(pa) = {5,8}, Ju2(pa) = {3,4,6,7}.

24 Jl(@?) - 07 J2(<,07) - {2a3747677}7 JS( ) {1}a J4(907) = {5 8}

vs Ji(ps) = {1}, Ja(ps) ={3,4,6,7}, Js(ws) = {2}, Ja(ws) = {5,8}.

e Ji(pn) ={1,2}, Ja(pn) = {4}, Js(en) = {3}, Jalen1) = {5,8,6,7}.

e13 Ji(p1s) ={1,2,3}, Ja(pis) =0, Js(piz) = {4}, Jalers) = {5,8,6,7}.

e15 Ji(p1s) ={1,2}, Ja(pis) =0, Js(p1s) =0, Jaa(pis) = {3,4,5,8},
Ji2(p15) = {6,7}.

17 Ji(err) =0, Ja(prr) = {8}, Ja(prr) = {5}, Julprr) ={1,2,3,4,6,7}.
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Next two lemmas will allow us to prove Proposition 2-:3 and to show expressions of
certain candidates for log-canonical threshold.

LEMMA 3-6. If ¢ is a curvette at P; € F, then a; = %

Proof. Consider the proximity matrix P of the configuration C associated with the
minimal log resolution of the curve C. As we have said, the vector (ai,as,...,a,) used
in (1-2) can be computed as follows: (ay,...,a,)" = P7I(1,...,1)!. The reason comes
from the fact that Kx/x, = Z;nzl E7. Moreover, the entries of the jth row of P71,
1 < j < m, are the multiplicities at the points of C of (the strict transforms of) a
curvette at P;. Therefore, it holds that a; is the sum of the multiplicities at the points
of C of the strict transforms of a curvette at P;. If the curve that ¢ provides, Cy,, is
not regular, then the equality a; +1 = Bg + Bf follows from [12, Lemma 3.3.6] and
the fact that 37 and S coincide with the first two characteristic exponents of Cy, [12,
Proposition 4.3.5]. Otherwise Bg" =1and Bf is, as we have defined above, the number of
points through which the strict transforms of C,, pass. Then, it is clear that the equality
aj +1= 6§ + 37 is also true.

We have just proved that the numerator of @, is as stated. With respect to the de-
nominator, it holds that

T
(b, bos - bn)' =P (01,0, ) = P (0, g, 1),
i=1

where n;; denotes the multiplicity at P; of the strict transform of C;. By Noether’s for-
mula, the jth component of the vector P~ (n;1, ..., n;,)" is the intersection multiplicity
between f; and a curvette ¢ at P;. Therefore b; = Y., I(y, fi), which concludes the
proof. [J

LEMMA 3-7. The candidates for log-canonical threshold given by the minimum termi-
nal satellite points P;,, 1 < i < n, can be computed as

_ _ B+ A
ay, = =r 5
25:1 dis
where the values §;s are defined as in the statement of Theorem 2-13.

Proof. Let ¢ be a curvette at P, and set e} := ged(53g, 31). Using Noether’s formula
and Lemma 3-1, it is easy to deduce that

5 3y 519
Be=2 and I(p.f) =22
€1 €1

Then, the result follows from Lemma 3-6. [

Now we are ready to give a proof of Proposition 2-3. Take a curvette ¢ at a point
P, € C\ F and let ig € {1,2,...,n} such that P, € C;,. It is enough to show that
ay = ay, - Let ¢ be a curvette at P, . By the proof of Lemma 3-6, there exists a positive
integer € such that

g o T8l +e
k= 5 iy
Zs:l I(QD’ fs)
and
Y Y
_ +
m = PR

Z::l 1(1/’7 f?) .
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Some straightforward computations show that the inequality @) > @y, holds if the
inequality

(BY + BS + ) (0, fo) = (BY + B (o, f5) (3-4)

is true for all s € J,.

Let us consider the partition of J,, {J;(¢))}}_,, given at the top of this section. Assume
firsst s € J3(¢) and thus P, = P;,. Since 7 is a log resolution of the curve Cs, it
happens 7*Cs = Cs + Z;nzl bjsE; for some nonnegative integers b;, and the quotient
& = BY +B§ +e

k I(p,fs)
by the proof of Lemma 3-7, the quotient a;io = (Bip + Bff)/](i/), fs) coincides with

Bidi_ 1 1
BsBy By By
which is the log-canonical threshold of Cs (see [24]). Therefore @) > agm and, then,
inequality (3-4) holds.
Now suppose that s is in other set of the partition. By Lemma 3-1 it happens that
BiB¢ if s € H(v)
o, f) = { B3BY it s € Jo(v)
cB3Bg it s € Ju(y),
where ¢ is such that (¢ | fs) = (0,¢). Writing ¢ instead of ¢, we obtain an analogous
formula which can be checked using the same argument.
Proposition 2-3 will be proved if we show that

(BY + BT, £5) = (BY + B (e, 1) (35)
because this inequality implies that of (3-4). And (3-5) is equivalent to
3% 3¥ 3P 3% gy 3Y
% > % respectively, % < é—l, % = % ,
BO 50 0 50 BO 50
whenever s € J; () (respectively, s € Ja(v)), s € J4(¢)), which concludes the proof since
o _ bt
85 By

It only remains to add that this equality is true because ¢ and v share its minimum

coincides with the candidate ‘”;)—:1 for log-canonical threshold of Cs. But,

terminal satellite point P, .

3-2. Theorem 2-13: auxiliary results and proof

In this section we keep the notations introduced in the previous ones.

Firstly and by means of the following three lemmas, we will prove (1) of Theorem 2-13.
The first lemma shows that ¢ is an increasing function on the set Vx (under the ordering
< defined before the definitions in (2-1)) and it follows from the fact that vi; C vy and
Vi,

-, © V,i, whenever vy, , v, € Vr and vi, < Vi,.

LEMMA 3-8. Let vy, and vy, be two vertices in Vx such that v, < Vi,. Then o(vy,) <
0(Viy)-

LEMMA 3-9. Let vi € V and let D = {v; € Vr\{vi}|Vv; = v and o(v;) < 0}.
Then, D has, at most, one mazimal element (with respect to the order relation <).
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Proof. Reasoning by contradiction, assume the existence of two maximal elements
Vj,,Vj, in D. One has that

o(vi) = > cuabBi— Y, Bi<0,
aievfa aievi
fora=1,2.

On the one hand we have that vi C vj<2 and, therefore,

N B> Y ez Y iz Y. B

> < > >
; a;,ev; evZ evZ
aq,evj2 i€ i a,levj1 auEvJ.1

On the other hand, by a symmetric reasoning, it holds that

i i
E By > E Bos
> P
a;evy aicvy,

<

>
because v C v:,
J2 J1

which concludes the proof. [
LEMMA 3-10. There exists a vertex vi € Vx satisfying the conditions:

(a) o(v;) <0 for all vj € [vi,vi] and
(b) o(v;) =0 for all v; € VF\ [V, Vi].

Proof. The result follows from the two preceding lemmas and the fact that o(vy) <0
because vi = 0. [

Now we are ready to prove Part (1) of Theorem 2-13. To do it, we need to define the
concept of consecutive vertices in V U Vepng.

DEFINITION 3-11. We will say that two vertices vi,, Vi, € VU Vena are consecutive if
Vi, < Vi, and |vg,, vi, [NV = 0.

Consider the vertex vy € Vr given by Lemma 3-10. If v; € V then the adapted degree
of vy is 2 and, therefore, there is no arrow labeling it; this implies that o(ve) = o(v1) < 0
and, then, vi # vy.

Also, we claim that vj cannot be a vertex in Venq \ V. Indeed, reasoning by contra-
diction, assume that vy € Vena \ V. Then vy is a vertex whose adapted degree is, at
most, 2. This implies that v has, at most, one arrow a; as a label (recall that v # vy);
moreover, C; must be a nonsingular curve since Py is a free point in F and, therefore,
B8 = 1. Hence o(vg) > Zase‘,; cksBs — 1 > 0 and this gives the desired contradiction.

So, if vi belongs to Vena then it must belong to V.

Finally, we are going to show that vy belongs to V, which proves (1) of Theorem 2-13
because vy, satisfies the conditions (a) and (b) given in the theorem’s statement. Indeed,
reasoning again by contradiction assume that vy ¢ V. Then there exist two consecutive
vertices, v;,,V;, in V U Venq, such that vy €]v;,,v;,[ (notice that, by the above proved
claim, v & Vena). Thus o(vy) = o(v;,) because o is constant along the path |v;,,v;,]
(see Remark 2-12) which contradicts Condition (b) of Lemma 3-10.

Now, we are going to prove (2) of Theorem 2-13. The following lemma will be of
importance for our proof.

LEMMA 3-12. Let vi,, Vg, be two consecutive vertices of V U Veng. It holds that:
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(a)

a) If o
(b)

If o
If o

Vi,) <0, then @ > @, for all j such that v; € [Vi,, Vg,].

Vi,) = 0, then @; > @y, for all j such that v; € [Vi,, V,].

Proof. Let 1y (respectively, 1)2) be a curvette at Py, (respectively, Pg,).

If L € {1,2} and vk, € VsUVeng then, by Lemma 3-2, the non-empty sets in the family

{J1(¥0), Jaa (), Ja2 (i)}
form a partition of J,.. Taking into account Lemmas 3-1 and 3.6, it holds that

_ dkl +1
Ok = ] 35 4+ d 2s (36)
2sedun () CRisBo T 2ise ) BT+ Ak 2se s n(w) P
where, for each P, € F, d. denotes the cardinality of the set [vi,v;] N Viee.
If, on the contrary, vi, = v, € V7, then applying Lemmas 3-1 and 3-6 again, we have
that

’801 + Biﬁl
2V ps 2s pY 2% ps
2senn) o B+ Lsen v PP + Lse i) husPo P

We will distinguish four cases:

akl = ati = (37)

Case 1: Vi, Vi, € Vs U Veng. Let us consider a vertex v; € [vg,,Vi,] and let ¢ be a
curvette at P;. Clearly, P; is free and ¢ is smooth. Moreover I(yp, fs) < I(¢2, fs) for all
s € J, and, by Lemma 3-1, I(y, fs) = d; 35 whenever s € Jy2(t2). Therefore

@ >a, = d; +1
3= %5 s s ns "
! Zseh,lwz) ChosBY T Dsesi(w) Pt &5 Xse s (wa) B0

Using (3-6), straightforward computations show that the inequality @} > @y, holds if
and only if

(dj —d) | D ewmsBo+ D> Bi— D>, B =0

s€J4,1(P2) s€J1(¢2) s€Ja,2(12)

and, by Lemma 3-3, this inequality can be written in the following form: (d;—dg, )o(vg,) >
0. Since d; < di,, we have that @; > @y, if o(vg,) < 0. So, we have proved Part (a) in
Case 1.

To prove (b), let us consider a vertex v; and a curvette ¢ as above. The facts Jy 2(3)2) C
Ja2(11) and cg, s = dy, forevery s € A := Jy o(1)1)\Ju,2(¢p2) allow us to write the equality
(36) as

dg, +1
ZS€J4,1(’¢J1)UA cklsﬁg + ZS€J1(’¢J1) Bf + dkl ZS€J4,2(1,/12) 58

On the other hand, from Lemma 3-1 one can deduce the following statements:

—1If s € Jy1(¢1) then I(p, fs) zic,ﬁng, because Jy1(11) C Ju1(p) and ¢;s = Ciy s-
—1If s € J1(¢1) then I(p, fs) = 85, because J1 (1) C J1(p).

—1If s € Jy2(1p2) then I(p, fs) = ijS, lzecause Ji2(12) C Jya(p).

~If s € A then I(p, fs) = di, B§ = ci, 5535, because A C Jy1(¢) and ¢js = ci,s = dy, -

Then, as a consequence of the previous statements and the fact that the non-empty
sets in the family {Ji(¢1), Ja,1(¥1), Ja2(¥2), A} are a partition of J,, it happens
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d;+1
ZS€J4,1(’¢J1)UA cklsﬂg + ZS€J1(’¢J1) 613 + d] ZS€J472(’L/)2) ﬁg

aj:

From this equality and that in (3-8), one can deduce that @; > @y, if and only if

(dj — dy,) S e+ DY Bi- > Byl =0

s€Jy,1(P1)UA s€J1 (Y1) s€J4,2(Y2)
Now, it is clear that vlfQ = v,jl U (V]i \vli) and, using Lemma 3-3, one gets that
Vé = {as | S € J471(1/}1) UAU Jl(wl)}

Moreover cg,s = ci,s for all s € Jy 1(¢1) U A. Thus the above inequality can be written
as (d; — di,)o(Vk,) = 0 and hence Part (b) in Case 1 holds because d; > d, .

Case 2: Vi, , Vi, € V7. Let us consider a vertex v; € [v,, Vy,] and a curvette ¢ at P;. By
Lemma 3-1, it follows that I(¢, fs) < min{B7 33, B35} for every s € J,. and, moreover,
I(p, fs) = crpsBE B3 for every s € Jy(1h2) (because the strict transforms of the curves Cy
and that defined by ¢ pass through the same free points). Therefore

- B +B87 -
2sed (i) B0 BT+ X sawa)0ds (w2) POBT + Lsesatapm) s B0 B

= . = .
a; za’ ;=

Taking into account (3-7), one can deduce that the inequality @”’; > @, holds if and
only if

BEB* =BsBy) | Do Bi— > Bt D cwsB| =0
s€J1(h2) s€J2(2)UJ3(2) s€Ja(2)
Finally, v; < vy, implies 37 /B¢ < BY?/BY? (see the proof of Lemma 3-3) and since, by
Lemma 3-3, the second factor of the left-hand side of the above inequality is o(vy,), we
have proved (a) in Case 2 because «; > ay, whenever o(vy,) < 0.
To prove Part (b) in this case, one only need to make an analogous reasoning. In

fact, one has to use the expression of &y, in (3-7) instead of @i, and the facts that
J1(1) = Ja(v2) and cg, s = Ciys for all s € Jy(11).

Case 3: Vi, € VsUVenq and vy, € V. Part (a) can be proved as in the previous case. To
prove (b), keep the same notations and observe that Ji(2) = 0. Now, 1 is nonsingular
(by Lemma 3-2) and

5 di, +1
P = 2s Rs’
' di, Zser(wz)uJS(wz) 60 + ZseJ4(w2) Cklsﬁo

by Lemma 3-1. Moreover

o s a® 5§ + 8L
j 2o = —= —=
T Xsenmusten) PP T X sy krsB3BG
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As a consequence 65-3) > ayy, if, and only if,

(B — d,B5) | — > Bi+ Y. amsB| 20
s€J2(12)UJ5(¢2) s€Ja(¢2)
And this inequality concludes the proof of (b) in this case after bearing in mind the
following facts: cp,s = cp,s for all s € J4(1)2), the second factor of the left-hand side of

the inequality is o(vy,) by Lemma 3-3 and dy, < 37/B§ because the strict transforms
of ¢ pass through, at least, d, free points of C.

Case 4: vy, € V7 and vi, € Vs U Vend. Reasoning in a similar way as we made for Part
(b) of Case 1, the equality
—— B§ +Bf
;= S — —
ZS€J4,1(1#2) Ck?sgap’BS + ZSEJl(wz) Bgﬂf + ZS€J4,2(1Z12) Bfﬁg

is a consequence of the following three statements:

—If s € Jy1(1)2) then I(p, fs) = ck2sﬂ_806_8, because Ju 1(¢2) C Ju(p) and ¢js = cp,s-
s € Ji(wa) then I(p, fo) = B B, because Jy () () U Ji ().
—1If s € Jy2(1p2) then I(p, fs) = BY 6.

Thus using Equality (3-6) and Lemma 3-3, we show that @&; > @, if and only if
(BY — di, B8 )o(vE,) = 0, which proves (a) in this case because dy, > 37 /5%
Finally, the proof of (b) is analogous to that of Case 2 and our lemma is proved. [J

EXAMPLE 3-13. As a complement of the above proof, we check some of the results
there used for the curve given in Example 1-1.A. For a start, ¥V = Vs U V7, where
Vs = {va,v4,vi5} and Vy = {vy,vs, Vi1, V13, Vi7}.

Now consider the vertices vy, = v4 and vy, = vi5, which are consecutive and both in
Vs. Here ¢1 = g and 2 = ¢15. J1(¢1) = {1, 2}, Ju,1(¢b1) = {5,8}, Ju2(¥1) = {3,4,6,7}
and Ji(12) = {1,2}, Ju1(v2) = {3,4,5,8} and Jy2(¢2) = {6,7}. As we have said, both
sets are a partition of Jg. These vertices correspond to Part (b) in Case 1. Apart from
11 and )9, our lemma would also consider ¢ = @14 whose sets J; are Ji(¢) = {1, 2},
Ji1(p) = {3,4,5,8} and Jy 2(p) = {6, 7}. Moreover, A = Jy 2(¢1)\J1,2(1p2) = {3,4} and,
as we have said, {Ja1(¢1), J1(¥1), Ja,2(12), A} is a partition of Js. Moreover, Jy 1(11) C
Jia(p), J1(11) € Ji(w), Ja2(th2) € Jao(p) and A C Jy1(p), as we stated.

To finish, we consider a situation corresponding to Case 4. It is vi, = vg and v, = vy.
In this case, ¢ = pg and J1(ps) = {1}, Ja(ps) = {3,4,6, 7}, J3(ps) = {2}, Ju(ps) = {5,8}
and the statements given in Case 4 of the previous lemma for ¢» = ¢4 and ¢ = @g hold.

Next we are going to prove Statement (2) in Theorem 2-13, which will finish the proof
of this result and our paper. Let P; be a point in F and assume v < v;. Then, Lemma
3-12 proves that @; > @ because the path [vg,v;] is contained in a union of paths of
the form [v;,,v;,], vj, and v;, being two consecutive vertices in V U Vepq. Otherwise, a
similar reasoning with the path [v;, vi] also shows that @; > @, and, by Proposition 2.3,
the log-canonical threshold of C' is @.

It only remains to obtain the expression of @ when P, € S because otherwise Lemma
3-7 provides that expression. Let C;, and C;, be as in the statement and denote by ¢ a
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curvette at Py, then the following chain of equalities finishes the proof:

_ Ciiig + 1 Ciiis + 1 _(i)l _62 + I(filvfiQ)

ak: =

Yomt Lo fs)  CiinBE + X sy CininBy B (firs fin) + B Y0 ey I (fir f5)
Notice that the second equality is a consequence of Lemma 3-1 and the last one has been
obtained by multiplying numerator and denominator by Bél _62.
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