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1. Introduction and motivation

Fractional calculus has garnered significant attention across various fields of study because of its
ability to capture non-local and long-range dependencies in data analysis and modeling. Fractional
calculus provides a more flexible framework for capturing intricate dynamics in real-world systems.
By incorporating non-integer orders, it becomes possible to model processes that exhibit fractal or
self-similar behavior, which are prevalent in many natural and man-made systems [2, 18]. This
flexibility allows for a more accurate representation of complex phenomena, leading to improved
understanding and enhanced predictive capabilities. Moreover, the application of fractional calculus
can unveil hidden patterns and long-range dependencies that may go unnoticed when using integer-
order operators [3,4, 12, 13]. In physics, fractional derivatives have been used to model anomalous
diffusion [41], viscoelastic materials [17], and complex transport phenomena [20,43].

A wide range of real-world processes exhibit memory effects or non-local interactions, where the
behavior of the system is significantly influenced by distant events or past observations [18]. For a
detailed discussion, we refer to the monographs by Kilbas et al. [27], Lakshmikanthem et al. [28],
Miller and Ross [29], Podlubny [31], Almeida et al. [11], and the references therein. Kilbas et al. [27]
provided generalized Riemann-Liouville fractional operators to define the derivative with respect to
a function. Several fractional derivatives concerning a function have been introduced, and their
properties have been studied [5, 8, 9, 14, 24, 34, 37-39]. Katugampola expands upon the established
framework of Erd’elyi-Kober operators, which are commonly used in the field of fractional derivatives.
However, Katugampola introduced a specific modification and variation to these operators, which is
referred to as the Hilfer-Katugampola fractional derivative [26]. These properties provide insights into
the behavior of such fractional derivatives and their interactions with other mathematical operations.

Terminal value problems have applications in various fields where the ability to specify a desired
final state is crucial to the problem at hand. For instance, in optimal control, terminal value problems
are employed to determine the optimal control that minimizes a cost function over a given time frame.
The terminal value serves as a constraint, allowing the specification of a particular final position or
velocity for the system. Researchers have extensively investigated the existence and uniqueness of
solutions to the terminal value problem, exploring the conditions under which a unique value can
be determined for the system. For example, Benchohra et al. [16] investigated the existence and
uniqueness of solutions for the terminal value problem in the Hilfer-Katugampola operator by using
different types of classical fixed point theory. Almalahi et al. [6,7], developed sufficient conditions for
the existence and uniqueness of solutions as well as stability results for the new terminal problems
with respect to another function. Shah et al. [35] introduced some important notes on terminal
value problems for fractional differential equations (FDEs) on infinite intervals. Abdo et al. [1]
investigated the novel properties for the solution of a coupled system for terminal value problems
involving a generalized Hilfer fractional operator. On the other hand, the symmetric solutions offer
valuable insights into the behavior, stability, and simplification of mathematical and physical systems.
They play a crucial role in simplifying analysis, facilitating physical interpretation, aiding in stability
analysis, enhancing numerical computations, and contributing to the development of mathematical
theories [42,44].

All of the aforementioned studies solely examined the properties of solutions within a single Banach
space. However, our study seeks to expand upon this by investigating how the behavior of solutions
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is influenced by different weighted Banach spaces. Also, we aim to explore the impact of altering the
function w on the solutions, while also examining multiple symmetric cases to observe the resulting
variations in their behavior.

In this study, we investigate the existence and uniqueness of solutions for a system of terminal FDEs
with w-Hilfer fractional derivatives and study their Ulam-Hyers (UH) stability [19,33,40]. Specifically,
we study the fractional system

{ DS = Filt, 6100, 620, vy 62(1), L € (a,b],a > 0, (1.1)
cb)=v;eR, i=1,2,....n, '

where

e w € C!([a, b],R) is an increasing function such that w'(t) # 0, for all ¢ € (a, b).

° Dg i’jv([) denotes the w -Hilfer fractional derivatives of order p;,(0 < p; < 1) and type @, (0 < a <
1),foreachi=1,2,....,n.

e The functions F; : JXR" — R,i =1, 2,....,n, are continuous and satisfy some conditions that will

be described later.

One of the primary motivations for studying terminal value problems with fractional derivatives
is to analyze the stability properties of the corresponding dynamical systems. The w-Hilfer fractional
derivative can capture complex behaviors such as subdiffusion or superdiffusion, which are not possible
with classical integer-order derivatives. By formulating the problem in a weighted space, stability
analysis can be performed in a manner that accounts for the importance or significance of different
components or variables within the system. The innovative aspects of this work compared to the
existing literature can be summarized as follows:

e We extend the analysis from single Banach spaces to different weighted Banach spaces, exploring
how the change of weights affects solution properties. This allows us to capture additional
structural information and understand the impact of weight functions on solutions.

e We investigate the sensitivity of solutions to changes in the weight function, providing insights
into the relationship between the weighted functions and solution behavior by considering
multiple symmetric cases to observe variations in solution behavior under different symmetry
conditions.

e Furthermore, our study examines the system’s properties in various Banach weighted spaces. We
establish the existence, uniqueness, and stability of solutions for the system of w-Hilfer FDEs with
minimal hypotheses, contributing to the theoretical understanding and providing a foundation for
further analysis and applications.

e To the best of our knowledge, this is the first study to establish the existence, uniqueness, and
stability of solutions for a system of w-Hilfer FDEs in different Banach-weighted spaces. Our
approach expands the understanding of the system’s behavior and broadens the range of potential
applications.

e Additionally, the study addresses various parallel problems by considering specific function
instances w. System (1.1) encompasses a fractional derivative that integrates several traditional
fractional derivatives. This broadens the scope of the analysis and allows for a comprehensive
investigation of the system’s properties.
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Notations: To enhance the readability, we fix the above notations and the following ones, we use these
without any further mention.

(1) ForO<a<b,let] :=(a,b] CR.

(2) T'(p) is the standard Gamma function given in [15].

(3) C(J,R) is the Banach space for all real-valued continuous functions defined on J, equipped with
the norm ||¢|| = rrllez}x ls(t)|, where J = [a,b]. The space [T, C(,R) is the product space of n
copies of C(J,R).

(4) Foreachi=1,2,...,n,lety; = p; + a(1 — p;), such that p; € (0, 1) and a € [0, 1]. Then, we define
the following spaces:

Cioyn,B) = {5 : T = B; (w() = w(@)' ') € CA, R,

and
C%‘

WO R) = {5 €CiyW(I.R) 1 DY ¢ € Ciy (I R)}.
The spaces Ci_,,,,(J,R) are called weighted spaces. Clearly, these are Banach spaces equipped

with the norm
Isill—y, 0 = max [Ow(0) = (@) ™i(0)]

(5) 8 = [1-,Ci-,,»J,R) is the product space of C;_,,,,(J,R),i = 1,2, ....,n. The product spaces B
are Banach spaces equipped with the norm

Hypotheses: To obtain our results, the following hypotheses must be satisfied: .
(Hy;) For each (4,¢1,62,...,60), (L,gf, S wuens g;) € J x R”, there exist constants K]{:i >
0,i,j= 1,2,....,n such that

n

[Fi (6 610, §2(0)s ot 600) = F (1, 610, 300, o 530N < Y K |00 = 650

=

(Hy,) For each (1, 61, 62, ....¢,,) € I X R”, there exist go]{_;,i > 0 with

IF; (1, 610, 20, 6D < D &L |60

=1

This paper is organized as follows. In Section 2, we state the needed fundamental notions of
fractional derivatives, lemmas, and theorems that will be used in the conversion of the system into
a fixed-point problem. In Section 3, we study the existence and uniqueness results of system (1.1), and
discuss some properties of the symmetric cases of system (1.1). In Section 4, we investigate the UH
stability of the solutions of system (1.1) and its symmetric cases. To illustrate our findings, Section 5
exhibits numerical examples with four cases and provides graphs of the solutions for all cases. We end
the paper with concluding remarks.
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2. Basic definitions and essential interpretations

In this section, the background definitions, lemmas, and theorems are given [8,27,30,37].

Definition 2.1. Let 0 < p < 1, ¢ be a continuous function on [a, b], and w be an increasing function
on (a, b) such that w' () # 0 for all v € (a,b). Then

(1) The w-Riemann-Liouville fractional integral for ¢ of order p is given as

1 L
HZ+’W(L)§(L):T]9) f W ()W) = w(s$))" ' g(s)ds.

(2) The Riemann-Liouville fractional derivative for ¢ of order p with respect to w is given as

1 d
Ds*,w(t)g(L) = (W,_(L)d ) at W([)g(l’)

Definition 2.2. Let 0 < p < 1,0 < a < 1, ¢t > a, and w be an increasing function on (a, b) such that
w' (1) # 0 for all ¢ € (a, b). Then, the w—Hilfer fractional derivative of ¢ of order p and type « is defined
by

1 d
P _ qa(l-p) (1-a)(1-p)
D aoSO = L (W—(L) E) Ly | SO 2.1)

Clearly,
D s@ =170 DY os@,

at,wi at,w(t)

where y = p + a(1 — p).
Lemma 2.3. For p,n, 6 > 0, we have

(]) Ha* w() a* W(L)g(L) Hi* 7ZV(l)g(L)'

(2) 1%, woWO — w(a))’! = 1"{[5?5) W) — w(a))P* !,

Note that D7, | (w() — w(a))’! =0, where y = p + a(l — p).

Lemma 2.4. Let ¢ € CJ,R), pe(0,1)and a € [0,1]. Fory = p + a(l — p), we have

(w(®) = w@)y™! -

P p —
I[a+ 0) DaJr’W(L)g(L) - g(l') - r( ) a+ W(L)

s(0).
Lemma 2.5. Foreach0O<p<1,0<a<l,y=p+a(l —p),andg € C’y_y,w(t)(J, R), we have

P Y _ p.a
Da+ w(t) a+ W(L)g(t) - g(L) ]Ia+ (o) (l+ W(L)g(L) ]Id+ W) D(l+ W(L)g(L)’
and
a(l-
DZ*,W(L)I[g“’,w(L)g(L) = Da*(-’w(lj))g(t)-
Definition 2.6. (Contraction mapping) Let (X, d) be a metric space, and Q : X — X be a mapping.

Then, Q is a contraction mapping if there exists a constant 0 < L < 1 such that for all ¢,y € X, the
Jollowing inequality holds:

d(Q(s), Q(y) < L d(s, ).

The constant L is referred to as the contraction constant. If L = 0, the mapping is called a strict
contraction.
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Theorem 2.7. (Banach fixed point theorem) Let (X, d) be a complete metric space, and Q : X — X be
a contraction mapping. Then, the mapping Q has a unique fixed point in X.

Definition 2.8. Let a < b be real numbers, and X be the space of all continuous function h on [a, b].
The set Q C X is said to be

(1) a uniformly bounded set if there exists M > 0 with ||h|| = sup,, 5 [A(] < M, for every h € Q.
(2) an equicontinuous set if for every € > 0 there exists 6 > 0 such that

L= <6 = |h(t) — h(t")| < &,
forall h € Q and for any (,1" € [a,b].

Theorem 2.9. (Arzeld-Ascoli’s theorem) Let a < b be real numbers, and X be the space of all
continuous function on [a,b). The set Q) C X is relatively compact if it is a uniformly bounded and
equicontinuous set.

Theorem 2.10. (Schauder’s fixed-point theorem) Let X be a Banach space and Q C X be a non-empty,
compact, convex subset. If Q : Q — Q is a continuous mapping, and Q(Q) is a relatively compact
subset of X, then Q has at least one fixed point in Q.

3. Main results

In this section, we establish and develop sufficient conditions for the existence and uniqueness as
well as UH stability results for the system (1.1). We begin by stating an equivalent integrals for the
considered system.

3.1. Equivalent integral equation

In the following theorem, we convert system (1.1) into equivalent integral equations.

Theorem 3.1. Let 0 < p;, < 1,0 < o < 1, and y; = p;+a(l —p),i = 1,2,....,n. If
F.(-,61(:), (%), ... ,6n(1)) € Ciyw,R), and ¢; € C?Lyi,W(J, R), then g; satisfies system (1.1) if and
only if g; is given by:

w(t) — wa) " ”
SO = (SoTw@) [P o 810,620 51 0)D)]

+]IZi’W(L)Fi(L9 Sl (L)9 gZ(L)’ ------ s gn(L))’ (3 1)

where

and
, 1 ¢
0 Pl 100,620 o 6400 = s f WSWW) = W) Fi(5, 61(5), s Su(5))ds.
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Proof. Letg; € Cy" (., R) be a solution of system (1.1). We prove that g; is also a solution of Eq (3.1).

From the deﬁn1t10n of Cl/l " ,(J,R), and using the definition 2.2, we have

;+);;(L)gl(t) € Cl ~Yis W(J R) and D% W(L)gl(L) a* w() lll+);;([)gl(t) € Cl ~Yis W(J R)

By the definition of the space C7__ (I, R), it follows that

1=yi,w

L s €Cl, (. R). (3.2)

a+ wlt

Using Lemma 2.4, with p = y;, we obtain

(w(©) — w(a))" ™!
Ly

(2% D2 os1) O = i) = lim (1,7, 1) - (3.3)

By hypothesis (g, eCl

1o NER R)) and Lemma 2.5, we have
Yi Yi Pi Pi
(Ha" w(t) D W(L)gl) (L) I[a+ w(b) D W(L)gl(L)

Since D1, )50 = Fit, §1(1), §2(0), -....., §4(1)), we have

(2% DL oS) O = 120 i 61(0), §2(0)s o (D). (3.4)
Comparing Egs (3.3) and (3.4), we see that

_ vi—1
60 = Ot (1,76 0+ 1 Bl 910620 ) (3)

Replacing ¢ with b in Eq (3.5), we get

b) — yi—1
(1) = SO i (117, 0+ Bt 106200 .00,

Using the terminal condition ¢;(b) = v;, we get

(w(b) —w(@)y " . v :
F('y,) %l_)n;zl (H;+:};‘:(L)S‘l) (L) + Hz:-’w(b)Fi(L, Sl (L)’ gZ(L)’ ------ s gn(l‘)) =

Thus, Ty
. -y _ Yi
P—r}; (H“+’W(‘)g’) = (w(b) — w(a))ri~!

Putting Eq (3.6) into Eq (3.5), we get

v =T Filt 610, 620, s 600 (3.6)

o = ((W(L)—W(a))
l (w(b) — w(a))

Hence, ¢;(¢) satisfies Eq (3.1).
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Conversely, let ¢; € C{"_ %W(J ,R) be functions satisfying (3.1). We prove that ¢; is also a solution of
the system (1.1). Applying the operator D”, = on both sides of Eq (3.1), we get

w()

_ ¥i—1
D% 60 = DZ’;’W(L)(%) [t = 7% Filts 610, 20 s 6200

DY oI i 610, §2(0), s §a(0): (3.7)
By Lemma 2.3, we have DZf,,W(L)(W(L) —w(a))’~! = 0, and hence Eq (3.7) becomes
DY si© = DY I Fi (610, 620 s 64(0). (3.8)
Then, from Lemma 2.5, the right side of Eq (3.8) becomes
D% ol o Filts 6100, 620, s 0(0) = DI PFiL, 61(0), 62(0)s vvvves Sa(0).
Thus, Eq (3.8) becomes
DY oSi0) = DI PR 61(0), 620, s (1))

From Eq (3.2), we have ]DYL’W(L)g,-(L) € Ci—y,w(J,R), and hence, Eq (3.8) implies

a

DY, oSi® = DI PE (L 61(1), 62(0), wovvees §4(1)) € Ciyy(T, R). (3.9)
AsF(,¢1(:), (), ...... ,6n(+)) € Ci—y,w(T, R), it follows that
Lo " Filts §10), 620)s vvvny 60(1)) € Ci (L R). (3.10)

From Eqgs (3.9) and (3.10) and the definition of the space C’i‘_yl_’w(J ,R), we get

Lo E6 610 620, ooy 6a(0) € C1y, (LR,

Now, by applying the operator I[Zflv:g ;) on both sides of Eq (3.9) and using Lemma 2.4, we have
Lo Fi@, 61(a), 62(@), oo 64(@))
I Dl i = i) = == (W) = w(@) !
o) o) I - p))
= DI,sO
= Fi(t, 610, 6200, -.ceoes 62 (). (3.11)

From Eq (2.1), Eq (3.11) reduces to
D2 60 = Filte 610, 620 oo 61(0)).
Thus, Eq (1.1) holds. O
Let Q : 8 — B be an operator defined by Q = (Qy, Q,, .....,Q,), where

_ vi—1
WO =~ w@ ) [t = 20 Fil 610, 200 s 5 0)D)]

Qi(s1,62, s (1) = (

w(b) — w(a)
+]I‘Zj-’w([)IFi(L’ S1 (L)’ gZ(L)’ """ s gn(L))
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3.2. Existence result

Theorem 3.2. Assume both (Hy,) and (Hy,) hold. Forr = 1,2, .....,n, let

" T, -
P, = ; 2(w(b) - w(a))l_y'%,.%(w(b) — w(@)"r
and
1—y; (7r) pit+y—1
Z 200(6) = W@k S Ow(B) — w(a)

If = max {¢;} < 1 and P = max {P,} < 1, then system (1.1) has at least one solution.

Proof. LetB > 73 - W, and define a closed ball Sg as

Sp = {51,625 -.60) € B 1 [I(S1, 625 -.SWllg < B}

To apply Schauder’s fixed point theorem, we divide the proof into the following steps.
Step1: Q (Sﬁ) C Sg. Forany (51,62, ....5,) € Sp, we have

1Q (51, 62, --6llg < Z 1Qi (51, 625 --Slle,,, ., - (3.12)
i=1

From (Hy,), we get

— vi—1
Qi (15,625 +e60) ()] < (M

w(b) — w(a)

+]IZ:- W(L)IF (La S1 (L)a §2(L)’ ------ ) gn(L))

W(L) — W(a) i1 n .
(M) il + T2 (Z:; er |§j(b)|J]
i (Z vl (L)|] ' (3.13)
=1

Taking into consideration that (g, ¢, ....5,,) € B, we have

Lo (Z Prl |§j (L)|) - Z I w(n‘PF w(t) — w(a))™! ’(W(L) —w(a)' (gj(t))'
=1
o 5 Ty ey
;‘Pujxlm(w(b) — w(a))"™ ||gj||clfw_. (3.14)

From (3.13) and (3.14), it follows that
|w@®) = w(@)'7"Q; (51, 62, -60) ()

n . r )
lui| + Z 90%.&(“)([)) - W(a))l’i+7j—1 ||S'j||cl_y_w]
=1 )

Iy
< (w(b) - w(a)'™ "T(pi + 7))

AIMS Mathematics Volume 9, Issue 5, 11762—-11788.



11771

L J

i+yi=1 || ~.
(w(b) — w(a))"™. ”ngleyj,w )
=1
Since y; < 1, then 1 —y; > 0, and hence (w(t) — w(a))'™" < (w(b) — w(a))' ™. Then, we get
1Qi (51,625 w6l ,, < il (W(b) = w(@)' ™" + 2(w(b) — w(a))'

o 5 Ty e
X ] —— (w(b) - Pityj . .
]Z::‘ 5T (p; + ) (w(b) = w(a) ”gJ“cl_W

Thus,

IA

n
1Q(51, 62 esllls < D NQu(ST 620 Sl
i=1

IA

D il (wb) = w(@)! " + > 20(b) = w(@)'
i=1 i=1

y Z o &(w(b) — w(a)" i ||9f||c1,7,,w

= ST(pi + 7))
< Z il (W(b) = w(@)' ™ + P (51,2, -Sw)llg < B.
i=1

Hence, Q (S/g) C Sp.
Step 2: Q is continuous. Let (Sik, S2, ..., Suk) be a sequence in Sg such that (Six, oy ovves S) —
(S1,62, .., §) In Sp as k — oo. Then, we have

1Q(S 1k S2k5 +ovs Sui)(1) — Q(S1, 625 vy S D5

n
D Qi1 S -or S0 = Qi1 62500 6D Dl
i=1

IA

IA

Z(W(b) = w(@) T TFi §1(0), €240 ey k(D)D) = Filt, §1(0), 62(1), oves 62(0)(D)]
i=1
+ Z(W(t) = w(@)' I F §10), 62605 eves St (D) = Filt, 610), €2(0), o0, 60 (1))

i=1

Y S, T o
2(w(b) — =i i T b) — pityj-1 o
< ; (w(b) — w(a)) ;KF,-F(I)[_ +7j)(w( ) — w(a)) s GJ”CFW

< LS 1hs S2ks woves Suk) — (815,62, 6|3 -
This implies that [|Q(S14 G2t - §u¢) — Q(S1, 625 v )l — 0 a8 k — 0o, So, Q is continuous.
Step 3: Q(Sﬂ) is equicontinuous.

For 1,1, € J with ¢; < 15, and for any (g1, 62, ....,S) € Sp, we have
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QST §2 v §1)(t2) = QST 62, s S (L1
= Z Qi(S15 625 v 6)(12) = QilS1, 625 -5 S0) (1))
i=1
L Z (W(t2) = w(@)"™" = (w(t) = w(@)"™"
(w(b) - w(a))"™"
X |vi = T4 Filts 610, 620, ey Sa(D)(B))
+ Z I i Filt2s 615620 vy 60) = 101 i1, 61, 62, 000 6 -
i=1
Since F;(-, 61(*), ...., §x(+)) are continuous on J, there exist &z, € R such that
[FiC, 610), s 51O < &5,
Hence,
QST 62 - §1)(t2) = QST 62, s )01
S (W) = w@)'™! = (W) = w(@)"™!
< Zl - b (a));i_l |vi = 120, Filta 610, €2(0), woes S(0)(D)]
O Filt2, 61(2), 62(62), s 6(12)) = T2 Fi(t1,61(01), §2(11), s (1)
i=1
5 (W) = w(@)'™" = () = w(@)"™! ,.
<2 - b= (a));i_l |vi = T2y il 610, 62(0), wovoes S0 (0)(D)]
n 1 0]
+> o) f W @) W) = w@)" ™" = () = W) | 1B, 10, €20), oor Su0)] e
i=1 1ova
' ; %pi) ”Lz w (OW(t2) = W)™ Fit 610, 62(0), enr Su(0)] dlt.
5 (W) = w(@)™" = () = w(@)”™!
<2 - b (a));i_l |vi = T2 il 610, 62(0), cvoes S0 (0)(D)]
o [ W[ - wwr = o - oy a
' Z r(i-) W OW() - W)y de
n _ yi—1 _ _ yi—1
< Z i) Wifv)()b) - WE:)()‘;)_I O [t = T2 Fils 10, 20 v 20D
Z S [00(e2) = w(@)” = (W) = wi@)"]. (3.15)

=1 l

Thus, we get
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|Q(§1,§z, s S)(2) — Q(S15, 625 wvves (1)
Z W(ta) = w(@)"™" = (w(t) — w(a))"™ [
(w(b) — w(a))"™!

R AN R STON YN N ()1 ()]

265
+Z o L09) = w@)” = ) = w(@)"].

Since w(¢) is an increasing function, then

|Q(gla G§2y eeeey g}'l)(LZ) - Q(gl’ G§2y eneny gn)(Ll)l - 09 as i, — L.

This implies that Q(Sﬁ) is equicontinuous. Since Q(S/;) is also uniformly bounded, then by Arzela-
Ascoli’s theorem, it is relatively compact. By Theorem 3.1, Q has a fixed point. Consequently,
system (1.1) possesses at least one solution. O

3.3. Uniqueness result

Theorem 3.3. Suppose that hypothesis (Hy,) holds. Forr = 1,2, ...,n, let

= )" 20w(b) — w(@) "k (”) ) by — wiay)Pr,
p ‘T(pi +7v,)

If { = max {{,} < 1, then system (1.1) has a unique solution.

Proof. To show that system (1.1) has a unique solution, we show that the operator Q is a contraction,
where O as defined in Theorem 3.1.
For all ¢ € J and (g1, 62, ..., 60), (67, 655 ..., 6,) € B, we have

n
5 < Z Qi1 520 ccvrs 50) = QulST. 65, v 63

i=1

Z(W(b) - W(a))l %I[Zi, w(b) |Fi(L9 S1 (L)’ gZ(L)’ """ > gn(L)) - IF?i(ta gT(L)’ S‘;(L), seees gZ(L))|
i=1

Q051,621 s 61) = QST 631 s 63)

IA

¥ Z(wa) —w(@)' T [Filte 610, 20 s 600) = Filt. 670, 630 v 50|

i j F(?’ ) i+Yi—
< Z2(w(b) w(a))' JZ; ’lm(w(lﬂ)—w(d))p v

S §||(g1’ §25eenesy gn) - (gl’ gZa seeey g;;) B

E leyj,w

Since ¢ < 1, the operator Q is a contraction map. Thus, by Theorem 2.7, system (1.1) has a unique
solution. O

3.4. Symmetric cases of system (1.1)

In this subsection, we consider some symmetric cases of system (1.1):
Casel: w(t) = ¢. In this case, system (1.1) reduces to a system of Hilfer fractional equations in the
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11774

following form

Dsi’fgi(l') = IF?i(lv’ Sl (L)’ S‘Z(l‘)’ ------ ’ gn(l’))’ Le Ja (3 16)
gb)=v,eR,i=1,2,....,n, '

where Dg ff represents the Hilfer fractional derivative of order p; [23]. Let 8, = []., Ci-,,.(J,R),
where C,_,,, is the weighted space defined as in the notation part and equipped with the norm

sy, = max|( - &) 76i0)]. (3.17)

Theorems 3.2 and 3.3 imply the following corollary.

Corollary 3.4. Assume that both (Hy,) and (Hy,) hold. For 1 <r < n, let

Z 2(b - ay"”! F((—Z))( — ), (3.18)
and .
* = Z 2(b - a)" 'k, %(b — a)Prl, (3.19)

If P* = max{Pr} < 1, and {* = max{{’} < 1, then system (3.16) has at least one solution
(S1,$2, ---» Su) € By, where ¢; is given by

— 4yl
() = %[ A A (RSTONT O NN ()]
+I[Zi,LIFi(L’ S1 (L)7 §2(L), """ ’ gn(L))’
where
17 Fi(t, 6100, 62(0), ooy (1)) = I )f(b—s)P' "Fi(5, 61(5), §2(8), +vvus Su(5))ds,
and
I” Fi(t, 61(0), $2(0), ..., §a(1) = I )f(L—S)”’ "Fi(s,61(5), 62(8), oy Su(5))ds.

Case 2: w(t) = logt. In this case, system (1.1) has the form

{ DY i) = Fi(t, 1), €2(0)s e 640), L E€T,a =1, (3.20)

sib)=v;,eR,i=1,2,...,n,

where, D’l’i’ffogt is the Hilfer-Hadamard fractional derivative of order p; [22, 32]. Let B, =
[Tz Ci—yitoe. B, R), where C;_,, 10g, is equipped with the norm

Isilli—y,10¢. = max |(log ) '6i(0)]. (3:21)
Theorems 3.2 and 3.3 then imply the following corollary.
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Corollary 3.5. Assume that both (Hy,) and (Hy,) hold. For 1 < r < n, let

Ty, e
Py Zzaogt)” i r—— (1) ; (log)”™™, (3.22)
and
ax Ty o
— yi—1 J J i+yj—1
=2 (logt) ZKFir(pi_l_yj)(lOgL)p vt (3.23)

=1
If P = max {P:*} < 1, and ™ = max{{*} < 1, then, system (3.20) has at least one solution
(S1,625 -es ) € Bo, Where g; is given by

1 yi—1
S‘[(L) = % [ i — I[ll):’ Jogb l(La Sl (L)’ gZ(L)’ """" > gn(l’))]

HITL g Filts 6100, 62(0), wovvves 62(0)),

where

1 (1. b
I[Ifl+ Jogb l(L9 Sl (L), gZ(L)9 ceees gn(t)) = Tpl) ﬁ ;(bg E)pi_lFi(& gl(S), g2(5)9 ceeey gn(S))dS,

and

IT: sog Filts 6100, ©2(0), ooy 6() = o )f —(log - )”’ 'Fi(s, 61(5), 62(8)s +ov0s S (5))ds.

Case 3: w(1) = ¢, where g > 0. In this case, system (1.1) becomes a system of Hilfer-Katugampola in
the following form.

{ Dpt ngl(L) Pi(L’ gl(L), §2(L), ------ s gn(L))’ LE J’ a> O’ (324)

sib)y=vieR,i=1,2,..,n,

where Dg i’ff,, is the Hilfer-Katugampola fractional derivative of order p; [26, 30]. Let 83 =
[Ti2; Ci—y« J,R), where C;_,, 4 is the weighted space equipped with the norm

il = max | — a®) 7). (3.25)

Theorems 3.2 and 3.3 imply the following corollary.

Corollary 3.6. Assume that (Hy,) and (Hy,) hold. For 1 < r < n, let

*** i (yr) _ i+yr—1
§ S P e (3.26)
and
*** i r(yr) _ i+yr—1
§2(bq @ty o s B (3.27)
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If P = max {P**} < 1, and ™ = max{{ ™} < 1, then system (3.20) has at least one solution

(S1,$2, ---s ) € B3, where ; is given by

(M))’i—l

6 = v =T Fi(6 610, 620, ey 5a(0))
S |
+I[2i’LqPi(La Sl (l’)’ §2(L), ------ s gn(L))a

where

. 1 ._
I Filt, 610, 62(0); ovvs 6a(1) = Tp)f gs? (b7 = s Fi(s, 61(5), 62(8), wevns Su($))ds,
and

. 1 o _

I Filt, 610), 62(0), s 60 (1) = Tp)f gs” (1 = TP TIF(S, 61(5), 62(5), -onnr ().
Remark 3.7. There are many symmetric cases of the function w and parameter « that result in
symmetric systems, some of which have already been discussed in the literature. For example.

1) For w(t) = tand a = 0, system (1.1) is equivalent to the Riemann-Liouville system [27].

2) For w(t) = tand a = 1, system (1.1) is equivalent to the Caputo system [27].

3) For w(t) = 1! and a = 1, system (1.1) is equivalent to the Caputo-Katugampola system [10].

4) For w(t) = 19 and a = 0, system (1.1) is equivalent to the Katugampola system [26].

5) For w(t) = tand a € (0, 1), system (1.1) is equivalent to the Hilfer system [23].

6) For w(t) = ,q > 0 and a € (0,1) system (1.1) is equivalent to the Hilfer-Katugampola
system [30].

7) For w(t) = logt and a € (0, 1), system (1.1) is equivalent to the Hilfer-Hadamard system [32].

8) For w(t) = logt and a = 0), system (1.1) is equivalent to the Hadamard system [22].

9) For w(t) = logtand a = 1, system (1.1) is equivalent to the Caputo-Hadamard system [25].

4. Ulam-Hyers stability analysis
The UH stability of system (1.1) is discussed in this section. Following the notation of this paper,

we state the following definition for UH for system (1.1) [19, 33,40].

Definition 4.1. System (1.1) is UH stable if there exists a positive constant Y = max{Y, 1>, ..., Ty}
such that for some & = max{ey, &y, ...,&,} > 0 and for each solution (zy,2, ....,2,) of system (1.1)
satisfying the following inequality

D207 = Filt 210, 220, e 20| < (4.1)
there exists a unique solution (g1, 2, ...., ) for system (1.1) such that
”(Zl’ L2y eeeey Zn) - (gla §2y veney gn)”B < Te. (42)

Remark 4.2. The functions (zy, 22, ...., 2,) are a solution of inequality (4.1) if and only if there exist
functions oi(t) € Ci—y, .1 = 1,2, ....,n (Which depends on solution z;) such that
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o ()] <L &

L] Dsi’jj([)Zi(L) = Fi("’ Zl(”)a ZZ(L)’ """ P Zn(‘)) + O-i(l')'

Theorem 4.3. Under hypothesis (Hy,), system (1.1) is UH stable, provided that

kLT () l_
m(w(b) -w(@) <1,

1

foralll <i<n.

Proof. Let e = max {€y, &, ...., &,} > 0 and let (1, 22, ..., 2,) € B be a solution of system (1.1) satisfying

inequality (4.1), and let (¢y, ¢, ....,5,) € B be the unique solution of system (1.1). By virtue of
Theorem 3.1, we obtain

_ yi—1
G0 = ﬂgi—(%) 20 0 Fills 610, 620 s 2(0)) (4.3)

+Hgi’W(L)Fi(La S1 (L)a gZ(L)’ """ ) gn(t))a
where 1
(w() —w(a) \"”
=y ——= , 4.4
Ao =v ((w(b) - w(a))) 4

since, we have assumed that (zy,22,....,2,) € %8B is a solution of system (1.1) satisfying the
inequality (4.1). Then, by Remark 4.2, we conclude that (zy, 25, ..., z,) satisfies the following system

D 70 = Filt, 210, 220, coveees Za) + 03(0), L €T, “4.5)
z(b)=v;eR,i=1,2,....n. ’

By Theorem 3.1, the solution z;(¢) of system (4.5) is given as

_ vi—1
z() = ﬂzi_(%) I%% o [Bi 210), 22(0), s 22(0) + (0]
+17

2o Pt 200, 220, e 20(0) + 0]

where

i

_ yi—1
ﬂz:vl_(wu) w(a))) |

4.6

w(b) — w(a)) (+0)
Hence, we have

() = 60|

W) —w@)\"™ ,-
< |ﬂzi - ﬂs’i + (m) I[ZJr’W(b) |0-l(l’)| + IZJr,W([) |O—l(t)|
_ vi—1
+ (%) 0 T 210,220, s 20) = il 610, 620 6500
+I[5i,w(t) |Fi(L’ 21 (L)a ZZ(L)’ ''''' 5 Zn(L)) - IF‘;i(t’ S1 (L)7 GZ(L)’ """" ) gn(“))l . (47)
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By (4.4) and (4.6), we have A, = A. Since the function w is increasing for each ¢ € Jand y; < 1
fori=1,2,..n, we get
(w(®) = w@) Y™
((W(b) - W(a)))
Hence, Eq (4.7) becomes

|z:(0) — 6i(V)]
< WLl + T2 o)
+IL o IFi( 210, 22(0), s 20(0) = Filt, 6100, €2(0), vvvvv, ()]

+I0 o TFilt, 210, 22(0), ovvvns 2(0) = Filt, 61(1), 62(0), wvvvnes Sa))] -

By the first part of Remark 4.2 and (Hy,), we get

2w(b) —wla)™

50 = 01 < s+ o Z K} [2;(0) = ) -

Thus, fori = 1, we have

2(w(b) - P
1z1(t) — 1] < & (Wl(“(ial _:VY)Z)) ]Ipl + w(b) Z Kg, |ZJ(L) - §1(L)|

Since ||gill;_y,, = MaX,e |(W(L) - w(a))l‘”g,-(t)| , and w is increasing function, then

2(w(b) — w(a))™

||Zl—§1||1—y1,w < &

+2) (w(b) = w(@) I [0 = 650)
j=1

I(pr+1)
20w(b) —w(@)” k5T () 1
o T+ 1) * 21‘(191 + 71)(W(b) — W@l =il

()
+2Z F(m—( w(b) = w(@)" 7 ||z; - §J||Cl vy

J=2 )

Hence, we have

1-2 (7) b D1
- m(w( )= (@) |llz1 = 1ll1yy
200(6) = w(@y 1 .
< g T + 1) Z F( (W(b) w(a))PrriY ||Z _ gf”cl .

N 2(w(b) — w(a))Pr+!-n 28, Z Kfslr(y)

P1+Yi=71 _
T + 1) T(pr + )(W(b) w(a)) |l2; §,||Cl”.

Note that the positive values of the Gamma function on (0, 1] are necessary to obtain the last inequality.
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Lete, = 1 - 205 () - w(@)”", and
n J
20w(b) - w(@)” T (1) .
R P +ZZ ﬁ(w(b) W@y " e =sill, -
It 2rf;,lf;l))( (b) — w(@)” < 1, then ¢; > 0. Then, we obtain

lz1 = s1lli- yw = Tl

(71
F( i+Yi)

Similarly, for each i = 2, 3, .., n, provided that 2 (w(b) — w(a))?" < 1, we have

&
llzi = silli—y,0 < =5

Ci
F I(yi)
L(pi+yi)

where c; = 1 — 2 (w(b) — w(a))”, and

T,’:

2w(b) — w(a)”
(w(b) = w(@)) Zn, <<b> W@ =5, -

L(pi+ 1)

Therefore, 1f2r( S0 (w(b) — (@)™ < 1,i = 1,2, .n, then

n
8.
121,22, v 20) = (61, 65 s Sl < Z i = Gilliy < D Y5 S £,
4

i=1 i=1

where &€ = max{g;} and Y = ), T— By Definition 4.1, the solution of system (1.1) is UH stable. O

4.1. Ulam-Hyers stability of symmetric cases
According to Theorem 4.3, we can easily prove the UH stability of symmetric systems as follows.
(1) Under hypothesis (Hy,), system (3.16) is UH stable, provided that
kLT (y;)
T (b-a) <1,
L(pi +vi)

forall1 <i<n.
(2) Under hypothesis (Hy,), system (3.20) is UH stable, provided that

ke T (v) b
S8 og 2y < 1,
L(pi+vi) a

foralll1 <i<n.
(3) Under the hypothesis (Hy;), the system (3.24) is UH stable, provided that
K T (i)
F’—(bq _ a‘])Pi < 1’
L(pi +vi)
foralll1 <i<n.
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5. An example

In this section, we consider an example of a system of w-Hilfer FDEs with different functions w.
Example 5.1. We study the system

11
22 ) — 1
{ St e RS e < @1,

. (5.1
c()=% i=12.,n,
for the cases w(t) = e, w(t) = t,w(t) = logt, and w(t) = (1.
Here, p; = %,a,-: %,y,-: %,a:O,b: v = 3f,and
1
IF;i(tv <1 (L), S‘Z(L)a ''''' ’ gn(l/)) =

18621+ X ||

Clearly, Fi(1,61(1), §2(0), , (1)) are continuous functions on [0, 1] X R" and satisfy

and

)

Jor all (61,62, ....64) , (21,22, +wn.Z) » o€, @ = KL = 7.

We fix the number of equations to be n = 5, and investigate the following cases:
Case 1: w(t) = é'. In this case, we have P = max{Py,...,Ps} ~ 0.75 < 1, and { = max{{y,...,{s} =
0.75 < 1, where P, and {, are given in Theorems 3.2 and 3.3, respectively.

Hence, all conditions in Theorem 3.2 and Theorem 3.3 are satisfied. Thus, the system has a unique
solution (1, §3, ..., §s5) . This solution has the form

si) = (@-D= |3 1 (1 ele—e)? ds
! (e-DF |2 T 1859 [1+3%, |9
1 L es(et_es)_jl

+1" 1 2s 5
(3) Jo 18(5>)[1 + 23, [s(9)]

ds.

On the other hand, let 1 € (0, 1] and €; > 0,i = 1,2, ..., n satisfying the following inequality

NI

1
Dy %10 = Filt, 61(0), 62(0), .., g(t))' < &

Then, system (1.1) is UH stable with

||(Z1aZ2’ ceeey Zn) - (glagZ, ceeey gn)”B < _Th
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h
wnere 2 , 1% n K]F(’}/)
Y = (el— ) +Z Fil V(e — 1)t s,
F(§+1) r F(§+’)/J)
and
_r 3
ci=1-2 (“)( ~ 1) =08>0.
rd+3)

Symmetric cases:
Case 2: w() = v. In this case, we have P* = max{P],...,P} = 0.37 < 1, and {* = max,gy {{f, ...,{;‘} =
0.37 < 1, where P; and {; are given in (3.18) and (3.19), respectively.

Hence, all conditions in Theorem 3.2 and Theorem 3.3 are satisfied. Thus, the system has at least
one solution (g1, 2, ...,Ss) given by

G = . F SO 1 (1-9° ds
, 2 TG Jo 1852 [1+ 33, 59|

1 ' (= s)_71
T 1+ 50
1) Jo 18(52) |1+ 27, |09
On the other hand, let 1 € (0, 1] and &; > 0,i = 1,2, ..., n, satisfying the following inequality,

Dort6i0) = Filt, 610, §2(0), s 620 < &

ds. (5.2)

Then, system (3.16) is UH stable with

n
&i
||(Zla L2y eeney Zn) - (gb G§2y eney gn)”B < Z ZTi»
. 1

where J
2 2ok U y)
Y, = ; +ZF’1—(J)>O,
r(z + 1) i r(z + ’)/J)
and | (3
c=1-2-2 () = 0.9 > 0.
G +2)

Case 3: w(1) = logt. For this case, we need to change the interval J, as the function w is not defined
on (0,1]. So, in this case, only a and b will be changed to be a = 1,b = 2, P = max{P|", ..., P} =
0.75 < 1, and £ = max {{;", ...&3"} = 0.76 < 1, where P}* and (" are defined in (3.22) and (3.23)
respectively. Hence, all conditions in Theorem 3.2 and Theorem 3.3 are satisfied. Thus, the system has
at least one solution (g, §2, ..., S5) given by

(logo)®

Gi(t) = =
(log2)7

3i f s71(log2 —log s)> s
2 TG D186 [1+ 23, s8]

1 * s'(logt —log )7
+F T > ; s

() J1 18652 [1+ 27, 509

(5.3)
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On the other hand, let 1 € (1,2] and €; > 0,i = 1,2, ..., n, satisfying the following inequality.

Dy a0g, 510 =~ Filt, 610, 20, s 50| < .

Then, system (3.20) is UH stable with

121,224 20) = (61,620 )l < 3, 1T
i=1 !
where .
i= 2(log 21_ log 1)% + Zn: K]JFF(Y ) (log2 —log 1)%+Vf—%‘ > 0,
rd+1) T +y)
and X
ci=1-2 ﬁr(z))(logZ log 1)} = 0.9 > 0.

G+
Case 4: w(1) = 1,q > 0. We also consider this case on (1,2], even though we can consider the
system on [0, 1], where it will be generalizing case 2. In this case, we have P = max{P|", .., P} ~

0.75 < 1,and { = max{ A ***} 0.75 < 1, where P** and ** are defined in (3.26) and (3.27),
respectively. Hence, all conditions in Theorem 3.2 are satisfied. Thus, the system has at least one

solution (g1, 3, ..., §y) given by

m—n% f gs™' (27— 5%)7
i) = ———= |5 ds
Q-D7 |2 T 18(52) [1+ 23, [si(9)]|
A R Gt Ok

r( )i 18(52) [1+ 23, [s5(9)|

ds. (5.4)

Letg=2andeg; >0,i =1,2,...,n, satisfying the following inequality.

Dé+iz§i(L) = Fi(t, 61(0), 2(0),s ..., g,,(L))' <e&;.

Then, system (3.24) is UH stable with

121,225 s 20) = m%n&m<z T

where
TR Y
T:ﬂ?—w+§jﬁﬂnhf_mmw>o
G +1) e G +v)
d
an Lr(é)
ci=1-223 22 )2 =0.7>0.
F(E + 4)
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We fix i = 2 and present the graphical presentations of solutions for the above four cases in
Figures 1, 2, 3, and 4 respectively as follows:

In Figure 1, we have presented the graphical presentation of Case I using i = 2 to investigate
the properties of the system under the Banach weighted spaces and provide insights into the system’s
response by using the weighted measurable function w(t) = €' over the interval [0, 1]. From Figure 1,
the UH stability is obvious and the symmetry in the approximation solution also arises. Moreover,
the uniqueness of the solutions here clearly corresponds to the coupled system of two equations.
Remember, we use for graphical presentation (1.1) using i = 2.

Solutions

Figure 1. Graphical presentations of solutions for Case I.

In Figure 2, we have presented the approximate solution for the system using i = 2 to investigate
the properties of the system under the Banach weighted spaces and provide insights into the system’s
response by using the weighted measurable function w(t) = ¢ over the interval [0, 1]. The graphical
illustration for the approximate solution demonstrates the symmetry in both solutions for the given
weighted measurable function. Here, we have also used (5.2) to illustrate graphs for the approximate

solution using i = 2.

Solutions

Figure 2. Graphical presentations of solutions for Case II.

In Figure 3, the approximate solutions using the weighted measurable function w(t) = logt in
Banach weighted spaces are displayed by selecting the interval [1,2]. We considered again (5.3)
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using i = 2 and demonstrated the approximate solutions to elaborate the behaviors of both graphs.
From the graphs, we see that, as logt is considered, we have displayed the approximate solutions
over the interval [1,2). The UH stability can be observed in the graphs and the symmetry also is
understandable. There is a little bit of difference in both graphs’ behaviors is due to the reason that we
do not know the exact solution as the problem is very highly nonlinear.

Solutions
&
T

Figure 3. Graphical presentations of solutions for Case III.

In Figure 4, we have displayed the approximate solution of (5.4) using i = 2 by utilizing the weighted
measurable function w(t) =t in Banach weighted spaces. The solutions for the coupled system have
been plotted over [1,2]. From the graphs, we see the symmetric behaviors and UH stability. From
these discussions, we conclude that symmetry concepts are significant when it comes to natural laws.
Further, it is highly interesting that symmetry is the key to nature, but symmetry-breaking processes
are mostly responsible for the texture of the universe. There are many different ways that nature’s
symmetry can be obscured or disturbed. All these discussions about the symmetry in solutions of
type as mentioned above integrals will be helpful for those researchers working in physical sciences
including quantum physics, mechanics, etc.

Solutions

Figure 4. Graphical presentations of solutions for Case I'V.
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6. Conclusions

In our study, we focused on exploring the existence and uniqueness of symmetric solutions for a
system of terminal FDEs in the context of weighted spaces. The specific operator we utilized was the
w-Hilfer FD, which is known for its importance in fractional calculus. To examine the existence and
uniqueness of symmetric solutions, we employed two fixed-point theorems, the Schauder and Banach
fixed-point theorems. These theorems provide the mathematical tools for establishing the existence and
uniqueness of solutions in various settings. By applying Schauder and Banach fixed-point theorems
to our system, we were able to obtain two key theoretical findings and four symmetry cases. These
findings clarify the behavior and properties of symmetric solutions in the considered Banach weighted
spaces. By mathematical analysis, we discussed two types of stability in the Ulam sense. The
investigation of terminal FDEs using the w-Hilfer FD operator in Banach weighted spaces represents
a recent and cutting-edge research direction. We believe this study contributes to the advancement of
knowledge in this particular area. Overall, our study not only addresses the challenge of examining the
existence and uniqueness of symmetric solutions, but also provides valuable insights into the dynamics
and applications of such solutions in fractal mediums. By offering a comprehensive explanation of
these processes, our research contributes to the existing literature and expands the understanding of
the real-world application of fractional calculus. In future work, we will extend these results with a
piecewise fractional operator with the concept of Atangana-Baleanu.
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