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Abstract 

Throughout its historical development, mining has faced the problem of moral and material re-

sponsibility due to various types of endangerment and damage to the environment. As a result of the 

underground coal exploitation, a movement of the rock massif above the coal seam, and changes on 

the terrain surface due to the process of massif stabilizing take place. The process occurs in space and 

time, from the moment of balance disturbance in the massif, i.e., the beginning of excavation, during 

excavation, and after the final excavation of deposit, when the equilibrium state is reestablished in the 

massif. The character and intensity of these movements and principles according to which they are 

performed, depend on numerous natural and mining-technological conditions, and are specific to each 

individual coal deposit. Deformations on the terrain surface in the sinkhole occur in the horizontal and 

vertical directions. Their values serve to determine the vulnerability level of individual objects on the 

terrain surface. On the basis of the Patarić-Stojanović stochastic method for the predictive subsidence 

and deformations calculation, an original MITSOUKO program package, supported by the spatial 

analyses in the Geographic Information System (GIS), was designed. A case study in Sladaja village 

influenced by the underground exploitation in the coal mine "Rembas"- Resavica, one of the biggest 

Serbian coal mines, has been chosen. The data processed in the GIS provided determining the module, 

sense, and direction of the displacements, sinking velocity, and possible effects of subsidence on facili-

ties. 

Keywords: underground coal mining, ground surface movements, stochastic theory, GIS, spa-

tial analysis 

 

                                                           
*
 University of Belgrade, Technical Faculty in Bor, Vojske Jugoslavije 12 Bor, Serbia,  

e-mail: nvusovic@tfbor.bg.ac.rs 
** University of Belgrade, Institute of Chemistry, Technology and Metallurgy, Njegoševa 12,  

   Belgrade, Serbia, e-mail: m.vlahovic@ihtm.bg.ac.rs,  mvlahovic@tmf.bg.ac.rs 
***

 This work was financially supported by the Ministry of Education, Science and Technological 

Development of the Republic of Serbia (Grant Nos. 451-03-68/2020-14/200131 and 451-03-

68/2020-14/200026). 

INTRODUCTION  

The surface subsidence and its harmful 

effects on infrastructures above mining 

operations is a serious problem resulting 

from the underground coal mining in min-

ing basins. The inevitability of conse-

quences for objects on the terrain surface 

can be related to the conditionality of the 

mine location. Deposits of mineral raw 

 
 

 

materials, which are often near and below 

populated areas or natural and technical fa-

cilities, dictate the position of underground 

pits and surface mines. It is truly claimed 

that the fight against these phenomena is the 

main feature of the entire mining history. 

The environment and surface objects can be 

seriously affected by the subsidence [1]. 
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In the zone of mining works, an impact 

sinkhole occurs on the terrain surface. The 

shape and position of the sinkhole in rela-

tion to the excavated space depend on the 

mining and geological conditions of exca-

vation. When the deposit lies horizontally, 

the sinkhole is symmetrical with regard to 

the excavated space, while with steep 

seams it acquires an asymmetrical shape. 
Damages due to the surface subsidence 

can be provoked by the surface slope 
changes, differential vertical displacements, 
and horizontal strains and based on their 
values, the vulnerability level for individual 
objects on the terrain surface can be esti-
mated. Structural damages on facilities de-
pend on the construction method and used 
materials; also, the chosen mining method 
has a great influence [2].  

Case study presents a predictive calcu-

lation of the subsidence and deformations 

based on the stochastic method by the 

Pataric and Stojanovic in the MITSOUKO 

program package, and the GIS model us-

ing the input data from the underground 

coal mine "Rembas"- Resavica in Serbia. 
The calculated subsidence and defor-

mations in the analysed period have been 
presented graphically and described in the 
spatial analysis in GIS. Hence, the system 
created can be a useful tool to manage the 
subsidence data, determine its evolution, 
predict deformations and future environ-
mental and social impacts, and control 
corrective measures. The application of 
the presented method supported by GIS on 
the chosen area enables a more automated 
assessment of building damage caused by 
the mining activity. The procedure out-
lined in this paper may also be satisfacto-
rily applied in the other counties which 
cope with the problem of building damage 
risk assessment optimization [3]. 

STOCHASTIC MODEL OF THE 

GROUND SURFACE MOVEMENTS 

DUE TO THE UNDERGROUND 

COAL MINING 

Surface subsidence can be caused by 

the underground mining during operations 

or later owing to deformations in the rock 

mass whereby the geologic factors such as 

the quantity and quality of the subsoil, 

rock components and superficial condi-

tions are of significant importance [4]. 

The developed subsidence prediction 

methods with different starting assumptions 

for deriving equations that describe the sub-

sidence curve are: profile function methods, 

inluence function methods, empirical meth-

ods and numerical models. Theoretical 

methods try to explain a mechanism that 

can predict the magnitude of subsidence: 

profile function methods are based on the 

application of inluence function of the ele-

mentary excavated volume on the ground 

surface subsidence; influence function 

methods are based on the effect of extrac-

tion the infinitesimal elements of an area; 

empirical methods based on the results of 

systematic measurements in the local condi-

tions of a coal basin; numerical models use 

the finite elements methods, boundary ele-

ments method, distinct elements method 

and finite difference methods to calculate 

the displacements and subsidence of ground 

surface [3]. 

Mining prophylaxy was greatly dis-

turbed and disabled because of the modest 

calculation capacity and lack of automa-

tion. Computer technology and GIS ena-

bled benefits in this field [2,3].  

Stochastic medium theory for subsidence 

and deformations prediction 

Ground surface movements, caused by 

the underground coal mining, are very 

complex and therefore difficult for mode-

ling due to the complicated behavior of the 
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overlying rock mass and land profiles. Since 

the behavior of overlying strata is compli-

cated due to numerous known and unknown 

factors that affect and conduct moving of 

the rock mass, the stochastic theory of 

ground moving was used in these models 

for the mine subsidence prediction. 

Generally, it is easier to predict the 

definite subsidence than the movements 

caused by sequential and complicated 

mining processes. Therefore, the stochas-

tic theory can be a universal method for 

the mine-subsidence and deformations. 

Litwiniszyn (1950) proposed a stochas-

tic subsidence model presuming the ground 

mass as a discontinuous medium where an 

element movement towards a collapsing 

cavity is considered as the Markovian pro-

cess [5,6]. According to the stochastic theo-

ry, moving of the rock mass above the ex-

cavated element might happen randomly 

with a certain likeliness.  It assumes that the 

rock mass can be moved from one location 

to another and its shape can vary under unit 

element mining, however its total volume 

remains the same. The procedure is based 

on the concept of stohastic process. Since its 

beginning, this theory has undergone nu-

merous and constant improvements. 

Liu and Liao (1965) established a sto-

chastic method named the Stochastic Medi-

um Theory Model (SMTM), a profile func-

tion based on the statistic medium algorithm 

method, for the prognosis of underground 

mining-induced surface movement, which 

is the most commonly used method in Chi-

na [7,8].  

The Pataric-Stojanovic (1994) stochas-

tic method applies the mathematical statis-

tics and starts from the assumption that the 

massif is multi-layered, divided by a series 

of cracks into a large number of elements 

whose movements have stochastic charac-

ter. Since the subsidence is plane, two 

coordinates are sufficient: an abscissa par-

allel to the layers (horizontally) and an 

elevation vertically with the upward direc-

tion-to determine the position of elements 

in the massif [9,10]. For the boundary 

transition from a discrete division to a 

continuous massif, the starting point is the 

position of elements that are defined by 

the coordinates, i.e.: 

      , ,,
2

1
, zaxFzaxFhzxF 

 (1) 

where  zxF , 
 
is the function of subsidence 

probability. 
Basic formula for calculating subsid-

ence during the inclined seams excavation 

is obtained: 

     yYyxXUyxU  ,  , 0 ,   (2) 

where: 
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where: 

H - seam depth;   - angle of seam dip;  

a - dimension of excavation area;  

parameters:  

sin

0p
p  ;   Qq  sin 1  ; 
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sin

0q
q  ;  

 - angle of full subsidence. 

The stochastic subsidence prediction en-

ables the calculation and presentation of 

surface subsidence at any point in a grid 

with a large number of numerical data. The 

subsidence curve will be the same in any 

profile by the dip, so it is a plane subsidence: 

   yYUyU   0 ,  (3) 

where  yY  is calculated from the Eq. (1). 

Deformations during subsidence 

Deformations are relative changes that 

occur as a result of uneven subsidence or 

horizontal displacements on the undermined 

terrain. They are calculated from the diffe-

rence of absolute subsidence values, or hori-

zontal displacements of adjacent points, 

reduced to a length unit. 

Based on their values, the vulnerability 

level of individual objects on the ground 

surface is determined. Vertical deformations 

are expressed through the slope changes and 

curvature of the terrain. Horizontal defor-

mations-dilatations, are expressed through 

elongation or shortening of individual inter-

vals between adjacent points [11]. 

Slope 

Subsidence values can only be meas-

ured at a limited number of discretely ar-

ranged points and the slope can be calcu-

lated from this data. The slope ( N ) repre-

sents the ratio of difference in the subsid-

ence of adjacent points according to their 

distance. It is expressed in (mm/m). In 

fact, it is the mean slope between the ten-

don AB  of the subsidence curve and the 

horizontal (Figure 1): 

 
 

 
Figure 1 Slope [9] 

 

With the coordinate origin above the 

middle of excavated space, the x -axis in a 

direction of coal seam dip and the y -axis in 

a direction of coal seam strike, the slopes 

will be positive (+) by the strike and nega-

tive (-) by the dip. 

If the equation  U
 
in a given profile 

is known, its first derivative determines the 

slope of tangent at some arbitrarily chosen 

point M , determined by the coordinate  : 

 








U
NNM .

  (4) 

In the general case, when the equation of 
the subsidence curve  yxU , 

 
is known, the 

point M   and slope direction at that point 
must be given, because an unlimited number 
of vertical planes can be placed through each 
point on the surface of subsidence curve, 
whereby to each plane corresponds a diffe-
rent subsidence curve and thus the other 
slope value (Figure 2).  
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Figure 2 Slope value determination at a point M on the surface of the subsidence curve [9] 

 

To solve practical problems, it is neces-

sary to know the main slope in the plane, in 

which it has the maximum value. If   is a 

vertical plane through a point M , which 

makes an angle   with the axis xO  (Figure 

2), the coordinates of the point M  are:   

 cos MAM xx  

 sin MAM yy , 

then, according to Eq. 4, the slope equa-

tion will be: 
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 . (5) 

If  yxN
x

U
x ,




 and  yxN

y

U
y ,




, 

for a certain point  MM yxM , 
 
it follows 

that: 

     , MNyxN xMMx 
 

and  

   MNyxN yMMy , . 

Main slope. It can be seen from Eq. (5) 

that there is such a value of the angle 

0 
  

for which the slope at an arbitrarily 

chosen point M  will be   00 MN , so 

using: 

    0sincos 00   MNMN yx  

it follows that: 

 
 MN

MN
tg

y

x0 . (6) 

The angle 0  obviously determines a 

direction of subsidence contour line at the 

point M . 

Also, a position of the plane   such that 

the slope has an extreme value  MN  can 
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be found; if I   is the angle determining 

that position, from the condition 

 
0



MN , it follows that: 

 

 

    0cossin  IyIx MNMN   

 

so it is: 

 

 MN

MN
tg

x

y

I   (7) 

The angle I  
determines the main di-

rection, and the extreme value of the slope 

   MNNM 11 
 

is called the main 

slope at the point M  [9]. 

Based on Eq. (7) for known projec-

tions  MNx  
and  MN y , using familiar 

trigonometric identities, the following can 

be calculated: 
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If these results are entered in Eq. (4), 

the value of the main slope is obtained: 

   MNN IM 1  

     MNMNMN yxI
2
 

2
  .

  (8) 

Since the second derivative is: 

 

 

 
        0sincos    2

2





MNMNMN

N
Iyx

M 



, 

 

then this extreme value is also the maxi-

mum. 

From Eqs. (6) and (7), it follows that: 

010  Itgtg  , so the main direction 

I  is perpendicular to the subsidence con-

tour line at the point M  is: 

    .,yx, constyxUU MM   

Since the main plane I  is determined 

by the vertical and main direction I , it 

also contains the normal at the point M  of 

sinkhole, and the main slope  MNI  
also 

represents the angle between the vertical 

and this normal. For example, it is the angle 

that the axis of a pillar after the massif sink-

ing will form with its original direction (ver-

tical).  

In practice, depressions and defor-

mations are most often determined in the 

main profiles, in which their extreme values 

also occur. However, if the excavated sur-

face is not full, i.e., the subsidence did not 

reach its maximum possible value on the 

terrain surface, general conclusions about 

these values cannot be made, neither the 

places where the greatest deformations oc-

cur, because the result depends on the exca-

vated field [9,10]. 



No. 3-4, 2020  Mining & Metallurgy Engineering Bor 43 

Curvature 

Curvature represents the ratio of differ-

ence in the slope of adjacent intervals and 

the mean value of their lengths. It is denoted 

by K , ant its unit is (1/km). With slope 

signs, the convex curves are positive with a 

 
 
 

(+) sign, and concave curves are negative 

with a (-) sign, as shown in Figure 3.  

Radius of curvature is the reciprocal 

of curvature. It is denoted by R  and its 

unit is (km). 
 

 

 
Figure 3 Curvature [9] 

 

If the equation   U
 
of the subsidence 

curve in the observed profile is known, its 

first derivative defines the slope  xUN  
 

and the second derivative determines the 

curvature. The curvature at any point M  
determined by the coordinate 

 
can be cal-

culated, using a known formula from differ-

ential geometry:  

 
  2/32 1 U

U
K




 .  

As the value of the slope is small, the 

member   )( 22  NU 
 

can be ne-

glected in relation to the unity, so a sim

pler formula is used to calculate the curva-

ture at a point: 
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U
K    (9) 

Finally, if the equation of the subsidence 

sinkhole  yxU ,  is known, a curvature can 

be calculated at any point  yxM ,  of the 

profile that angle 
 
forms with the axis 

Ox . From Figure 3, it is obvious that: 

 cos MAM xx  

 sin MAM yy ,  

so, based on Eq. (12): 

 
 

 
2

2

222

2

2

2 


















































U

y

Uyx

yx

Ux

x

U
KM ,  

or, if shorter forms are introduced: 
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, 

it follows that: 

   22 sincossin2cos yxyxM KKKK  . (10) 

 

Instead of squares, i.e., products of 

sines and cosines, a double angle can be 

introduced, based on the known trigono-

metric identities: 

  2  cos1
2

1
cos 2  ;  

  2  cos1
2

1
sin2    

and  2sincossin2  . 

So, a simpler form of the equation is 

obtained: 

 

 

       2sin2  cos  
2

1

2

1
xyyxyxM KKKKKK  . (11) 

 

The members  xK
 

and yK  in this 

formula according to Eq. (9) represent the 

curvatures at the point  yxM , 
 
for pro-

files parallel to the coordinate axes. The 

third member, 
yx

U
K xy






2

 represents the 

twist in a direction of coordinate axes at 

the point  yxM , .  

Main curvatures. To solve practical 

problems, it is necessary to determine the 

extreme values of curvatures  IK  and IIK
 

at the point  yxM , , which are called the 

main curvatures at a point, and the angles 

1  
and 2  

of the corresponding profiles 

determine the main directions. According to 

Eqs. (10) and (11), the value of curvature at 

a point depends on the angle  , so deter-

miniation of extreme values of the function 

  MK
 
is mathematically reduced to the 

trigonometric equation: 

 

    02cos22sin   
 










xyyx

M KKK
K

,  (12) 

 

whose solution: 

 
2

2tan
yx

xy

KK

K


  (13) 

determines the main directions. If the main 

direction is known, the other is 

12 90   o
, because: 

  112 2tan  2180 tan2tan   o
 and 

therefore 2  
is the solution of Eq. 13. The 

main directions are orthogonal.  

If trigonometric identities: 
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are entered in Eq. (11), values of the main 

curvatures are: 
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    22 4 
2

1

2

1
xyyxyxI KKKKKK 

 (14) 

    22 4 
2

1

2

1
xyyxyxII KKKKKK   

whereby IK
 
is the highest and IIK

 
the 

lowest value of the main curvatures [9, 10].  

Members xK , yK  and xyK  are calcu-

lated by the formulas: 

   yYxX
n

U
K x 0022

0  ;  

   yYxX
n

U
K y 0202

0  ;  

   yYxX
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K xy 01012

0   
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Horizontal deformations - dilatations  

Horizontal deformations- dilatations, D , 

with the unit (mm/m), are determined from 

the displacement of neighbouring points on 

the terrain surface in the horizontal plane 

(Figure 4) and expressed through elongation 

(+), or shortening (-) of the interval between 

adjacent points (Eq. 15): 

ABl

P
D


  

 
(15) 

where: AB PPP   

 

 

 

Figure 4 Horizontal deformations- dilatations [9] 

 

Elongation occurs if, after moving the 

undermined terrain, the horizontal dis-

tances between adjacent points are in-

creased, and shortenings in the opposite 

case. When the points on the undermined 

massif surface move horizontally, defor-

mations similar to those during subside-

nce, also occur. Two arbitrarily chosen 

points, 0A  and 0B , of undisturbed massif, 

at a distance 000  lBA 
 
after consolida-

tion, move into position A , that is B , 

and angle   between the line segments 

00  BA
 
and AB  (Figure 4) can be found 

analogously to the slope (Eq. 16): 

0l

PP
BA 




  ,
 

(16) 

where AP
 
and BP  

are the distances of 

the points A  and B  from the original 

direction; the angle   is called the shear 

strain. 
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Figure 5 Shear strain [9] 

 

The shear strain at a point  yxM , 
 
is 

calculated according to Eq. (17): 

   2sin 
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 (17) 

whereby: 
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where xy
 
denotes slide that will be ex-

plained in the following text. 

The points A , B  and C of the undis-

turbed massif surface are at distances 

1lAB 
 
and 2lAC  , and at a right angle 

(
oABC 90 ). Due to the rock massif un-

dermining, there is a horizontal movement 

and these points move to positions 1A , 1B
 

and 1C , whereby, in general case, the angle 

111 CBA
 
is no longer a right angle. Shear 

strain of the line segment ( AB ), 

1l
AB







 

will be positive if 0 ; the 

deflection AC
 
is positive if 0 , so the 

change of right angle is ACAB   . Half of 

this change is slide: 










 





212

1
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   (18) 

As  sincos yx PPP  , it follows 

that: 
 

 

 sincos yx PPP    

 cossin yx PPP   



No. 3-4, 2020  Mining & Metallurgy Engineering Bor 47 

and: 

    2sin 
2

1
2cos yxxy DD   

Half the difference 

 
2

1

21









 





ll


  is rotation. This 

quantity is not a deformation, because it 

does not change the shape of triangle 

ABC , but only its rotation. For the point 

rotation, the following can be applied: 

























y

P

x

P
xy

xy
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1
 , 

so the shear strain at the point is the sum 

of rotation and slide: 

    M . (19) 

Main dilatations. If BAl   is the dis-

tance between the projection of points A  

and B  on their original direction 00  BA , 

according to Figure 5, it is obvious that: 

BABA PPll   0   
 
 

BA PPlll   0   .  

In the general case 0   BA PP  , so 

l  is an elongation when BA PP     , or a 

shortening when 0   BA PP  . 

According to Eq. (15), the relation 

0
 

l

l
D




 

is dilatation of line segment AB ; 

it is the average elongation or the shortening 

of this line segment. 

When the equations  yxPx ,
 

and 

 yxPy ,  for horizontal displacements are 

known, the dilatation at a point is defined 

analogously to the slope: 
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(20) 

 

If denotations and a double angle are introduced, the following is obtained: 

 

 

     2 sin2 cos 
2

1

2

1
 xyyxyx DDDDD  .  (21) 

 

This formula has the same form as Eq. 

(11), so the main dilatations directions are 

determined similarly as for curves [9,10]: 

 
2

2tan
yx

xy

DD 



 ,  (22) 

as well as their values: 

    22 4 
2

1

2

1
xyyxyxI DDDDD 

 
(23) 

    22 4 
2

1

2

1
xyyxyxII DDDDD  . 

Since the formulas have the same form 

as those for the curvature, it follows that the 

sliding in the main directions is 012  , 

and the greatest sliding: 

 21
2

1
DDxy    (24) 
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is for the axes Ox  and Oy , which form 

the angle of 
o45  with the principal axes. 

PROTECTION OF FACILITIES AND 

PROTECTION CRITERIA 

A protective pillar is a part of deposit 

under a facility that is not excavated or is 

excavated in such a way that no harmful 

deformations appear on the object. The 

endangerment of objects on the terrain 

surface outside the boundary of the non-

excavated protective pillar, or within its 

boundaries if it is excavated, depends on 

the type and value of deformations that 

may occur on the object [9]. 

The type of deformation according to a 

certain criterion depends on the object 

type, and the level of these deformations 

depends on the construction of object. 

There are objects, in terms of damage, 

sensitive only to a certain-primary type of 

deformation, while the other types of de-

formation are of secondary importance. 

Buildings and similar masonry buildings 

are most vulnerable to the horizontal de-

formations, which lead to the appearance 

of cracks. Tall buildings, chimneys, and 

towers are sensitive to changes in a slope. 

The main structures (railways, roads, pipe-

lines) are sensitive to changes in curva-

ture. There are objects of complex con-

structions that are simultaneously vulner-

able to the appearance of several types of 

deformations, and in that case, they must 

be expressed through some common crite-

rion [2,9,12].  

A long-term observation of behavior 

and damage of various facilities in differ-

ent excavation conditions, empirical and 

statistical laws of occurrence of certain 

deformation types were obtained thus  

enabling to distinguish the limits between 

different intensities of damage, and to 

define the protection criteria. Such obser-

vations were performed in many mining 

developed countries with different levels 

of population, in different mining condi-

tions, on facilities of different construction 

methods and characteristics, so that vari-

ous protection criteria were created. The 

main difference between them is in terms 

of their generality, or their detail, which 

arises from the scope and level of study in 

the individual countries around the world 

[12,13]. In Serbian mining practice, there 

are still no adopted criteria for the protec-

tion of facilities from the impact of under-

ground mining works [9].  

According to the Polish instructions 

for assessing the dangerous impact of 

mining on buildings at the planned mining 

sites, which are most often used in solving 

these problems in the Serbian coal mines 

[9], the basic criteria for protection of ob-

jects are the allowed values of slope ( N ), 

radius of terrain curvature ( R ) and hori-

zontal deformations - dilatations ( D ). To 

determine the degree of dangerous impact 

of continuous deformations on the existing 

and planned facilities in the analyzed area, 

the mining terrain is divided into catego-

ries [2,12,14], whereby the limits are de-

termined on the basis of the highest max-

imum values of deformations for a given 

category. Then the area of a given catego-

ry is determined by selection the maxi-

mum ranges, which are the result of the 

least favorable distributions of specific 

deformation indices. Accordingly, the 

facilities are divided into four protection 

categories (I-IV), whereby for each cate-

gory, the allowed values of deformations 

are prescribed, as shown in Table 1. 
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Table 1 Criteria for classification the surface movements and deformations [12] 

Terrain 

category 

Magnitude of expected deformations 

Possible degree of damaging;  

types of surface structures 

Usability for 

spatial  

development 
maxN  

(mm/m ) 

minR  

(km) 

maxD  

(mm/m) 

0 N <0.5 R 40 D 0.3   

I <0.5 N 2.5 40> R  20 0.3< D 1.5 

Small, easily fixable damage may occur. 

Mo-numental objects, industrial systems, 

especially important for safety of life rea-

sons, or regarded as especially important, 

e.g., gas pipelines, the damaging of which 

may cause gas outbursts; water reservoirs. 

Safe areas, no 

protection of ob-

jects is needed 

II <2.5 N 5.0 20> R  12 1.5< D 3.0 

Small damage of objects may occur; rela-

tively easy to remove. The most important 

objects, industrial objects, large-furnaces, 

coke furna-ces, hoisting shafts and ma-

chines, Industrial objects-monolith or with 

overhead cranes, public utility objects, e.g., 

hospitals, theatres, vaulted churches), river 

valleys, water reservoirs, main railways and 

stations, tunnels, vaulted bridges, main 

water-works unprotected against mining 

damage, huge houses of residence (longer 

than 20 m). Big cities. 

Areas, where 

partial protection 

of all objects is 

not profitable 

III 5.0< N 10.0 12> R  6 3.0< D 6.0 

Bigger damage of objects may occur, with-

out destroying them. The main roads, routes 

and small railway stations, industrial objects 

which are less susceptible to the movement 

of the subsoil (no overhead cranes), uncoated 

freezer-rooms, high chimneys, smaller 

houses of residence (10–20 m in horizontal 

prospection), city sewage treatment plants, 

main collectors, sewage pipelines, gas pipe-

lines, steel gas pipelines. 

Areas requiring 

partial protection 

of objects (type of 

protection de-

pends on the type 

of object, its 

sensitivity, subsoil 

properties, and 

magnitude of 

deformations) 

IV 10.0< N 15.0 6> R  4  6.0< D 9.0 

Serious damage, objects are nearly de-

stroyed. Stadiums, small houses, other less 

important objects. 

Areas requiring 

serious protection 

of objects 

V N >15.0 R <4   D >9.0 Very serious damage, objects are destroyed. 

Areas which are 

not fit for spatial 

development 

 

A CASE STUDY 

The entire raw material potential of coal 

in Serbia, which is predisposed to the under-

ground exploitation systems, belongs to the 

JP PEU coal mines. In active coal deposits, 

the dominant geological forms are layered 

sloped structures with the pronounced tec-

tonic deformations, whose consequences are 

irregular shapes of limited exploitation areas 

as well as possible short lengths of excava-

tion fields and panels with frequent changes 

in the strike and angles of seam dip. These 

phenomena are the result of complex post-

 

 

 

tectonics in the deposits. The seams from 

several to 40 m thick are from horizontal to 

steep. It should be added that the basic phy-

sico-mechanical properties of the working 

environment are relatively unfavorable be-

cause predominant are the deposits where 

the values of compressive strength of the 

mine roof and floor are lower or significant-

ly lower than coal, which greatly narrows 

the possibility for application of large mech-

anized systems and concentration of produc-

tion in them. In terms of the depth of coal 
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seams, most deposits belong to the group of 

mines with a medium depth of exploitation, 

up to 500 m. The natural-geological condi-

tions in the deposits have a decisive role in 

choosing certain technological solutions of 

exploitation, excavation systems (methods 

and technologies) and security measures in 

the underground mining facilities [15].  

Characteristics of the research site 

The "Strmosten" coal deposit has a syn-

cline shape whose wings spread to the 

southwest. The axis of syncline extends 

from the east and sinks to the west at an 

angle of 10-20°. Limestones form the rim 

and, for the most part, the basis of produc-

tive series, thus presenting the paleorelief of 

basin together with the andensites. A deve-

loped coal seam with complex structure in 

the "Strmosten" deposit is stratified in three 

parts in the northeastern area, and in two 

parts in the central, eastern and western are-

as. The thickness of coal is from 2 to 8 m, on 

average 5.87 m at a depth of 380 to 525 m. 

The barren sediments in the layer are com-

posed of marly and coal clays, marls, clayey 

sandstones and sandstones. Roof deposits, 

with the exception of the roof immediately 

above the coal seam which are of the Mio-

cene age (red sandstones, marls, sandstones, 

limestones and conglomerates) are most 

often homogeneous and undamaged. Most 

of the roof sandstones are red sandstones, 

and the conditions of collapse during exca-

vation and level of the manifestations of pit 

pressures depend on their structural and 

physico-mechanical characteristics [15,16, 

17,18].  

Mine subsidence prediction based on  

the stochastic method and spatial  

analysis in GIS 

The problem of surface subsidence and 

protecting infrastructure above the mining 

operations has been actual for decades in the 

“Strmosten“ deposit. In the Technical Min-

ing Project, the parameters of displacement 

the undermined terrain and protection of the 

facilities of the Sladaja village from the im-

pact of underground mining works above 

the "Strmosten" pit were determined [17]. 

According to the stochastic Patarić-

Stojanović method, subsidence at any point 

was calculated in the coordinate system 

placed in the centre of a certain excavation 

panel (EP). This enabled to calculate the 

parameters of displacement process for each 

EP and obtain complete information on the 

consequences of undermining on the terrain 

surface in the form of subsidence (U ) and 

slope ( N ), cumulatively after successive 

mining of 21 EP in the excavation field OP2 

of the "Strmosten" deposit (Figure 6). 

Calculating and graphical presenting 

the subsidence of undermined terrain is 

based on the originally developed soft-

ware application MITSOUKO and the 

possibilities of spatial analysis in GIS, 

which are the result of modern scientific 

research [3,19,20,21,22]. Subsidence and 

deformations using the MITSOUKO are 

calculated by the simulation of excavation 

according to the polygonal EP and adop-

ted mining dynamics, whereby the results 

were integrated and processed in GIS [3]. 

The basic formulas in the Patarić-

Stojanović stochastic method, contain 

parameters dependent on the excavated 

space ( bdHla ,,,, ) and included in the mi-

ning project, as well as parameters 

( qmpU ,,,0 ), which are not determined 
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in physical meaning, but define the be-

havior of the undermined terrain during 

consolidation and have to be brought into 

connection with the geometric character-

ristics of displacement process in the 

rock massif.  Angles of draw ( 111 ,,  ), 

 
 

 

Figure 6 Excavation field OP2 of the “Strmosten“ deposit [17] 

 

which limit the zone affected by the 

movements on the ground surface, and 

angle of full subsidence ( ), as the basic 

angular parameters of displacement pro-

cess, are among them [17]. When deriving 

the empirical formulas for the predictive 

subsidence calculation by the Patarić-

Stojanović method, all points of the massif 

were observed, although the application of 

formulas is li-mited only to its surface-

undermined terain, since a long-term sys

tematic subsidence monitoring in mines 

over the world were performed mainly on 

the surface of undermined terrain. Finally, 

Figure 7 presents the mining operation 

plan and predicted the subsidence contour 

lines with the maximum subsidence value 

( maxU = − 2927 mm) after mining 21 ex-

cavation panels in 2038, that is the entire 

excavation field in the “Rembas” Resavica 

- Serbia coal mine [17]. 
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Figure 7 Subsidence contour lines after mining the entire excavation field in the coal mine  

“Rembas” Resavica- Serbia [17]      
 

 

 

 
The MITSOUKO software, in the 

TILT module, calculates and tabulates the 

slope components at the specified points 

of defined EP. First, the slopes in a direc-

tion of the absolute coordinate system, 

formed by excavating one EP, are calcu-

lated, and then the procedure is repeated 

for all EPs. The components of the total 

slope in a direction of axes of the absolute 

coordinate system at a given point are 

obtained by summing the components of 

slopes of individual EPs [3,17]. 

Vulnerability Assessment of the  

Cemetery in the Sladaja Village 

The cemetery in the Sladaja village 

covers an area of 10100 m
2
 and a perime-

ter of 426 m. Specific objects, such as 

monuments in the area of the cemetery in 

the village, are most sensitive to changes 

in slope ( N ). On the other hand, this type 

of objects is not affected by the horizontal 

deformations ( D ) and radius of curvature 

of the terrain ( R ) because the dimensions 

of monuments are relatively small. 
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To protect the terrain surface from sub-

sidence, and thus the rural cemetery in the 

village, the management of the Rembas - 

Resavica mine decided to leave a protective 

pillar in a part of coal seam below the sub

ject area [18]. Based on the prediction [17], 

after excavation of all EPs without leaving a 

protective pillar, the calculated subsidence 

values in this area were from U =- 2,200 

mm to U = - 2,920 mm (Figure 8). 

 
 

 

Figure 8 Subsidence contour lines after mining the entire excavation field in the surrounding of 

the Sladaja village and cemetery [17] 

 

Based on these subsidence data, the 

slope values were calculated for the pur-

pose of determining the deformations in 

the area of rural cemetery. The maximum 

slope was calculated at a value of maxN = 

11.0 mm/m in the eastern part at a very 

border of the cemetery; slope values N  in 

the central part of the cemetery ranged 

from 2 to 7 mm/m and increased in the 

eastern part to a value of 14 mm/m (Fi-

gure 9). Higher slope values in this part 

can be explained by the greater layer 

thickness ( d = 6.5 m), smaller excavation 

depth ( H ranged from 385 m to 415 m) 

and proximity of the old mining opera-

tions [17,18]. 

By comparison the calculated slope 

values with the allowable values, it can be 

concluded that the maximum slope value 

of 11 mm/m is below the allowable for 

objects of protection category IV (Table 

1) [12,17,18].  
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Figure 9 Slope values in the region of Sladaja village [17] 

 

In the subsidence calculation, the de-

posit recovery is taken with a value of 

65%, which can be considered as the 

highest in the given conditions of mining 

works of the "Strmosten" pit. According 

to the real estimation, the excavation loss-

es will be significantly higher, i.e., the 

recovery will be lower, so there is a cer-

tain uncertainty in estimation the maxi-

mum slope value on the terrain surface. It 

is realistic to expect that the maximum 

slope value will be significantly below the 

calculated values in the area of cemetery 

in the village [17]. 

Based on the above facts concerning 

the predicted values of subsidence and 

slope, it can be concluded that under the 

area of cemetery in the Sladaja village 

when excavating the remaining coal re-

serves in the OP2 excavation field of the 

"Strmosten" pit in RMU "Rembas" – Re-

savica a protective pillar should not be 

left [17,18]. 

CONCLUSION 

Deformations are relative changes that 

occur due to an uneven subsidence or hor-

izontal displacements on the undermined 

terrain. Damages owing to the surface 

subsidence can be the result of surface 

slope changes, differential vertical dis-

placements, and horizontal strains. Based 

on their values, the vulnerability level for 

individual objects on the terrain surface is 

determined. Case study presents a predic-

tive calculation of subsidence and defor-

mations using the input data from the un-
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derground coal mine "Rembas"- Resavica 

in Serbia by the MITSOUKO program 

package, designed based on the stochastic 

Pataric-Stojanovic method,  and supported 

by spatial analyses in the GIS. 
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