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The investigation of singular integro-differential equations relating to adhesive contact
problems of the theory of viscoelasticity

Nugzar Shavlakadze , Nana Odishelidze and Francisco Criado-Aldeanueva

Abstract. The exact and approximate solutions of singular integro-differential equations relating to the problems of inter-
action of an elastic thin finite or infinite non-homogeneous patch with a plate are considered, provided that the materials
of plate and patch possess the creep property. Using the method of orthogonal polynomials the problem is reduced to the
infinite system of Volterra integral equations, and using the method of integral transformations this problem is reduced to
the different boundary value problems of the theory of analytic functions. An asymptotic analysis is also performed.

The considerable development of the hereditary theory of Bolzano—Volterra mechanics has been defined
by various technical applications in the theory of metals, plastics and concrete and in mining engineering.
The fundamentals of the theory of viscoelasticity, the methods for solving linear and nonlinear problems
of the theory of creep, the problems of mechanics of inhomogeneously ageing viscoelastic materials, some
boundary value problems of the theory of growing solids, the contact and mixed problems of the theory
of viscoelasticity for composite inhomogeneously ageing and nonlinearly-ageing bodies are considered in
[1-4].

The full investigation of various possible forms of viscoelastic relations and of some aspects of the
general theory of viscoelasticity are studied in [5-8]. Research on the field of creep materials can be found
in [9-12].

Contact and mixed boundary value problems on the transfer of the load from elastic thin-walled ele-
ments (stringers, inclusions, patches) to massive deformable (including aging viscoelastic) bodies, as well
as on the indentation of a rigid stamp into the surface of a viscoelastic body, represent an urgent prob-
lem both in theoretical and applied aspects. Problems of this type are often encountered in engineering
applications and lead themselves to rigorous mathematical research due to their applied significance.

Exact and approximate solutions to static contact problems for different domains, reinforced with non-
homogeneous elastic thin inclusions and patches were obtained, and the behavior of the contact stresses
at the ends of the contact line were investigated in [13-16]. One type of analysis assumes continuous
interaction and the other the adhesive contact of thin-shared elements (stringers or inclusions) with
massive deformable bodies. As is known, stringers and inclusions, such as rigid punches and cuts, are areas
of stress concentration. Therefore, the study of the problems of stress concentration and the development
of various methods for its reduction is of great importance in engineering practice.

In work [17] we consider integro-differential equations with a variable coefficient relating to the inter-
action of an elastic thin finite inclusion and plate, when the inclusion and plate materials possess the creep
property. Here continuous contact between inclusion and plate is considered. The solutions to integro-
differential equations of the first order are obtained on the basis of investigations of different boundary
value problems of the theory of analytic functions. The asymptotic behavior of unknown contact stresses
is established.

In this paper, in contrast to work [17], contact with a thin layer of glue is studied when the patch, plate
and adhesive materials have the property of creep. A second-order singular integro-differential equation
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30 was obtained. Here the asymptotic analysis was also carried out and approximate and exact solutions
40 were obtained for various cases.

a1 1. Formulation of the problems and reduction to integral equations

a2 Let a finite or infinite non-homogeneous patch with modulus of elasticity E7, thickness hq(z) and Poisson’s
a3 coefficient 11 be attached to the plate (E2,12), which occupies the entire complex plane and is in the
a2 condition of a plane deformation. It is assumed that the patch, as thin element, is glued to the plate
45 along the real axis, has no bending rigidity, is in the uniaxial stressed state and is subject only to tension.
a6 The tangential stress qo(x)H (t —to) acts on the line of contact between the inclusion and the plate from
a7 to (H(t) is the unit Heaviside function). The one-dimensional contact between the plate and patch is
as affected by a thin layer of glue with thickness hy and modulus of shear Gy.

49 It is assumed that the plate, patch and glue layer materials have the creep property which is char-
so acterized by the non-homogeneity of the ageing process and has different creep measures C;(t,7) =
51 @i(1)[1 — e 7= 7)], where @;(7) are the functions that define the ageing process of the plate, patch and
52 glue layer materials; the age of the different materials is 7;(2) = 7; = const; v = const > 0, i = 1,2, 3.

53 Besides, the plate Poisson’s coefficients for elastic-instant deformation v5(t) and creep deformation
54 o(t, ) are the same and constant: vo(t) = va(t, 7) = vo = const.

55 Assuming that every element of the glue layer is under the condition of pure shear, the contact
s6 condition has the form [18]

57 up(t, ) — ua(t,x,0) = ko(I — L3)q(t, x), x| <1, (1)

58 where us(t, 2, y) is the displacement of the plate points along the oz-axis and ko:=ho/Go, ui(t,x) is the
so displacement of the inclusion points along the oz-axis, I is the unit operator.

60 We have to define the law of distribution of tangential contact stresses ¢(¢,x) on the line of contact
61 and the asymptotic behavior of these stresses at the end of the patch.
62 To define the unknown contact stresses we obtain the following integral equation (see [1-4] )
2(1 —v3 Yq(t,y)d
. (1—v3) (I_LQ)/ q(t,y) dy
mEy . y—=
1 xT
64 = m(f - Ll)/ la(t, y) = ao(y) H(t — to)] dy — ko(I — L3)q'(t, @), 2| <1,
-1
1
. [ latt) - a) (= to)]dy =0 )
-1
66 where time operators L; = 1,2,3 act on an arbitrary function in the following manner:
t
67 (IiLl)w(t) :w(t) 7/ Kl(t+plv7-+p7)w(7—) dT? Pi =T 77—207 1= 17273a
7
oC;(t 0Cs(t
68 Ki(t7T):Ei Z( 77-)’ i:1,2, K3(t7T):G0 3( ,T)v
or or
Eih
69 wt,7) = @a(N)[1—e 0] EB(z) = L@
70 1—vy

71 where 70 = tg is the instant of load application.
72 Introducing the notation

- p(t, ) = /_i la(t,y) = () H(t —to)]dy, A= 2(%2”2)
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from (2) we obtain the following two-dimensional integro-differential equation

211 [ EUIY (1 Le(t) — k(T - L () 4 g(ta), ol <L

(o) = =2 (1= Bapa(t)(1 — eﬂ(t*to)))/ WWIAY @) (1 = Gopa(t)(1 — e 1100 (3)

™ -1 Y-

with conditions
e(t,1)=0, t=t (4)
Thus, the above posed boundary contact problem is reduced to the solution to singular integro-
differential equation (SIDE) with condition (4). From the symmetry of the problem, we assume, that
E(x) and go(x) are even and odd functions, respectively. The solution of Eq. (3) under condition (4) with
respect to variable x can be sought in the class of even functions. Moreover, we assume that function
go(x) is continuous in Holder’s sense (hereinafter, H) and is continuous up to the first order derivative
on an interval [—1,1], i.e. g0 € C*([-1,1]).

2. The asymptotic investigation

Under the assumption that

B(xz) = (1 —a%)“bo(x), (5)
where w = const > 0, by(x) = bo(—x), bp € C([—1,1]), bo(x) > ¢o = const > 0, the solution to problem
(3), (4) will be sought in the class of even function whose derivative with respect to variable « can be
represented as follows:

O'(t,x) = (1 —2%)%go(t, x), a>—1, (6)
where go(t,z) = —go(t,—), go € CH([-1,1]), go(t,x) # 0, € [-1,1]. ¢'(¢,x) represents the unknown
tangential contact stress.

Introducing the notation

1 2\«
1-— t
Do (z,t) = / (= 5%)%0(t 5) ds
—1 S —X
by virtue of the well-known asymptotic formula [28] we have for —1 < a < 0
®o(z,t) = Frctgmago(t, F1)2*(1 £ 2)* + 4 (2,t), = — FL
O (z,t) = L (z,1)(1 £ 2)%=, a4 = const > «
and for a =0
Do (z,t) = Fgolt, 1) In(1 £ x) + Py (x, 1), x— Fl
Functions ®% (z,t) and & (z,t) satisfy (H)’s condition in a neighborhood of the points 2 = F1, respec-
tively.
In case a > 0 function ®g(x,t) belongs to the (H) class in a neighborhood of the points z = +1.
In addition, we have [22]

L 2°(1 + ) !
/ (1-s )O‘go(t?s)ds:Tgo(t,il)F(a—i—L—a,?—&—a,(l:l:x)/?)—&—G;(:mt), x — Fl,
—1 (67

1im1 G (z,t)(1 £ x)_("“"l) =0
T—F

where F(a,b,c,x) is a hypergeometric Gaussian function.
The case —1 < a < 0 is not of interest, since negative values of the indicator a contradict the physical
meaning of condition (1).

a Journal: 33 Article No.: 1471 [ ] TYPESET [ DISK [_]LE [_] CP Disp.:2021/1/27 Pages: 15




Author Proof

112
113

114

115

116

117
118
119
120

121

122

123
124

125

126

127
128

129

130

131

132

133

134

135
136

137
138

139

140

141

142

_####_ Page 4 of 15 N. Shavlakadze, N. Odishelidze and F. Criado-Aldeanueva ZAMP

Let 0 < a < 1, then in a neighborhood of the points z = —1 equation (3) can be written in the
following form

2%(1 +2)**°(I — L1)go(—1,1)
2¢(a+ 1)(1 + z)«bo(—1)
—ko2*(1+2)°(I — L3)go(—1,t) = g(—1,8)(1 + z)+=°
(. t) = {/\go(—l,t)(l + o) (1l 4 2) — 2(1 4 2)+d_(2,¢), fora=0
’ —2(1+z)*+e2Py(z,1), for a # 0

(I - Lo)W(z,t) + + (I = L)G (2, ) (1 + )T

(7)

where ¢ is an arbitrarily small positive number. When passing to limit # — —1, the analysis of the
obtained equations leads to the necessity of satisfying inequality 2 + ¢ > w, i.e. w < 2.

In case a > 1 from (7) it follows that @« = w — 1.

An analogous result is obtained in the neighborhood of the point x = 1.

The obtained results can be formulated as follows:
Theorem 1. Assuming that (5) holds, if problem (3),(4) has the solution in the form (6), then:

o Ifw>2thena=w—1, (a>1)

o [fw<2thend<a<l.

Conclusion. If the patch rigidity varies by the law

E(z) = (1 — )"/ by (2),

where bo(z) > 0 for |z| < 1, bo(x) = bp(—x), n > 0 is integer, then from the above asymptotic analysis,
we obtain:

1
Oé:n*§, forn=23,...

and 0 < o < 1for n =0 or n =1 (the same result is obtained for E(z) = bo(z) > 0 or E(x) = const,
|z] <1).

3. An approximate solution to SIDE (3)

From the relation

1 AT B ploB)
l/ (1 =5)%(1+s)"Pyp " (s)ds — ctgra(l — 2)*(1 + 2)° PO (z)—

T J)_ 1 S—x
20T () (B +m + 1)
mMa+pf+m+1)

Fim+1l,—-a—F—-m,1—q,(1—x)/2)

obtained by Tricomi [19] for orthogonal Jacobi polynomials ples )(

(see [20]).

x) and from the well-known equality

MNa+m+1)
I'(l+a)
we get the following spectral relation for the Hilbert singular operator
1 (1 h 82)n_1/2P7(nn_1/2"n_1/2)(s) ds
[,

m!P&P) (1 - 2z) = Fla+pf+m+1,-m,1+ «,x)

ne2n— 1/2—n,1/2—n
= (—1)r22nLaplS A (), 8)

where I'(z) is the known Gamma function.
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1. On the basis of the above asymptotic analysis performed in the cases
n=0;n=1; E(z) = bo(x) > 0; E(z) = const, lz] < 1;

the solution to equation (3) will be sought in the form

,/1_x2ZX P(1/21/2)( ),

where function X (¢) has to be defined for k =1,2,. ...
Using relation (8) and the Rodrigues formula (see [21]) for (9) we obtain

LVT=e2pM P P gy ar _ op P21 g
t—x a k+1 ’
— X (t)
— (1 _ n2\3/2 k (3/2 3/2)
k=1
(p”(t,l‘) _ 1/2Zka ( 1/2 71/2)( )

Substituting relation (9), (10) into equation (3), we have

1 — g2)3/2 X i _
O S e p6rzar ) Lox- 1) S X PGV () 4
El(l‘) — 2/{3 st
2ko(1 — 2)"V/2(I — La) kak OPP TV (@) = g(t2), 2] < 1.
k=1

_HHHE

(10)

(11)

Multiplying both parts of equality (11) by P,S;ll/Q’fl/Z) () and integrating in the interval (—1,1),

we obtain an infinite system of Volterra’s linear integral equations

? o (1)
kom (W) (I = La)Xom(t) = > R — La) Xi(t) = Z RZW (I — L)X (t) = gm(t),

I'(m+2)
m=1,2,...

k=1 k=1

where

14 2\3/2
(1 1 (1—22) 3/2,3/2) —1/2,—1/2
Rmi = 5/71 O P,Ef/l / (a:)PT(,H_l/ /)(:c) dz,

R®

mk —

1
gm(t) = / g(t, z) PSPV (2) da.

-1

1/2,—-1/2 —-1/2,—1/2
~2/\/ PPV @) PP (@) da

Introducing the notation

& R(l) 0 R(2)
Ton(t) = Wi ko X (t) — H’”:Xk(t) —Zwikak(t) :
1 k=1

where

a Journal: 33 Article No.: 1471 [ ] TYPESET [ DISK [_]LE [_] CP Disp.:2021/1/27 Pages: 15
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system (12) will take the form

t 00 (1)

Tn(t) — ko | Ks(t —7)Xp(r dT—i—Z mk/Klt—TXk()d
to
o
mk Ky(t—71)X = =1,2,... 1
+kzl o / St — ) Xe(r)dr = gn),  m=1,2, (13)

In condition Gops(t) = E1pi(t) = Eapa(t) system (13) reduces to the following ordinary
differential equation of second order
Tm(t) + 7(1 + GOSOS(t))Tm(t) = gm(t) + 'ng<t)a (14)
with initial conditions:
Tm(tO) =0, Tm(tO) = gm (to)

The solution to this differential equation gives an infinite system of linear algebraic equations with
respect to X, (t), m=1,2,...

0 1) S (2)
R T ()
E g mEX = 1
T)’L k P Wi k(t) Wi ( 5)

where

T,(0) = gma) | oy / AT /t:ws) T 1gm($)]a(s) ds,

to a(T) « T)
a(t) = exp / (1 + Gops(s)) ds

Let us investigate system (15) for regularity in the class of bounded sequences using the known
relations for the Chebyshev first-order polynomials and for the Gamma function [5]

_ T'(m+1/2) . L(m+a)
Pi-1/2:-1/2) SR Ty (cos(8)) = cos 1 =1
m ( ) ﬁF(m T 1) m (-T), m(COS(G)) CcOS m@, mgnoo m F(m n b)
we have
2 T
Rfi;c Aork)B(m) cos(k + 1)6 cos(m + 1)fsin 6 do
(k+1)(m+1)
_ 2/\a(k) (k) 1= o3 k=m
= — X (71)k+m+1 1 1 .
(k+1)(m+1) — GFmie) rmsD) T G=mnGmm= |2 K # ™M

_JOo(m™), k=m, m— oo
B O(m=°%?2),0(k75/2), k#m, km— oo,

where a(k), B(m) — 1, when k, m — oo.
By virtue of the Darboux asymptotic formula (see [8]), we obtain analogous estimates for

RO _ {O(mﬂ% k=m, m— oo,

O(m=52),0(k™'/2), k#m, km— oo
and the right-hand side T, (t)/wy, of equation (15) satisfies at least the estimate
T’"l (t)

=O0(m™'?),m — o
Wm
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2. If n = 2 the solution to equation (3) will be sought in the form
ot z) = (1-2?) 3/221/ ()PP (), (16)

where numbers Y;, have to be defined for k = 1, 2, e
Using the relation arising from (8) and from the Rodrigues formula (see [21]) for the orthogonal
Jacobi polynomials, we get
1 1 (1 _ x2)3/2p(3/213/2)(t) dt _3/9.-3/2
/ k o)

™J_1 t—ax

plt,e) = 5/22 P(W 2 (w),

¢ (t,7) 2(1 — 2%)/2 ZkY 0P (@), (17)
Similarly as for system (15), we obtain

> @)

R ~

S Yo (1) — <R(3) + ]Zlk> Yi(t) = Tn(t), m=12,... (18)
k=1

where

1
—3/2,— ,1/2
Rfji = —2) / ) PIE+:13/2 3/2)($)P,(nlfl Y )(x) dx,

4 IR 5/2,5/2 1/2,1/2
Rgngc:7/ bo(x)Plgf/l /)(J)) r(rL-i/-l /)( )dl‘,

1
~ 1/2,1/2
in(®) = [ ota) PR @) da
I'(m+5/2)
I'(m + 3)

~ . todr todr T .. .
Tot) =Gnlte) | 5+ [ 5 [ ) +2n(s)as) ds

to Oé(T) to 04(7') to

Using again the Darboux formula, and the known relation for the Chebyshev second-order polyno-

mials (see [21,22])
P(1/2 1/2)( )= MU (z), U, (cosb) = M

9
5m:4k0m< ) — 1, m — 00,

Val(m + 2) sing '
we obtain the following estimates:
(3) O(m™1), k=m, m— oo,
Ry = —5/2 —5/2
O(m=52),0(k™?), k#m, km— oo,
(4) O(m=1), k=m, m— oo,
Rmk - —1/2 -1/2 )
O(m='2),0(k™"?), k#m, km— oo,
gm = O(m71/2), m — Q.

Thus, systems (15) and (18) are quasi-completely regular for any positive values of parameters
ko and X in the class of bounded sequences.
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— > > > > > > % > Case A

X
% > > Case B
F1G. 1. Graph of cases A (upper) and B (lower)
224 On the basis of the Hilbert alternatives [23,24], if the determinants of the corresponding finite
225 systems of linear algebraic equations are other than zero, then systems (15) and (18) will have
226 unique solutions in the class of bounded sequences. Therefore, by the equivalence of system (15) (or

207 (18)) and SIDE (3) the latter has a unique solution.

2s 4. Exact solution to SIDE (3)

29 Case A. Suppose that a plate on a semi-infinite segment is reinforced by an inhomogeneous patch whose
o rigidity changes by the law E(x) = haz? h = const > 0. The patch is loaded by a tangential force of
intensity 7o(¢, ) = 7o(x)H (t — to) and the plate is free from external loads (see Fig. 1). We have to define
232 the law of distribution of tangential contact stresses 7(¢,z) on the line of contact and the asymptotic
23 behaviour of these stresses at the end of the patch.

2!

w

2

w
=

234 70, T4 € H([0,00)), 70(0) =0, () = O(z™2), T — 00, / 7o(2) do = 0.
0
235 To determine the unknown contact stresses we obtain the following integral equation
_ nl(tax) _ é _ /OO nll(tvy) dy _ _ i _
236 (I Ll) W p (I Lg) ; 7y . ko([ L3)’I’]1 (t, !E) =0g1 (t7 .%‘), z >0,
237 Uit (t70) = Oa Uit (tv OO) = Oa
r A [ 1o(t,y)d
238 771(75795) = / [T(ta y) N TO(ta y)] dy? gl(t7x) = kOTO/(t?m) + = / M
0 ™ Jo y—x
239 g1 € H((0,00)), g (t,z) =0(1), x— 04, gi(t,x) =0(x7?), = — o0
240 M, 7’/1 € H([Oa OO))7 7]/1/ € H((Ov OO)) (19)
241 The change of the variables z = e, y = €¢ in equation (19) gives
po(t,§) A = e (t,¢) dg -
(L) PR 20— L) [ HESE ko (1~ Lylef (1. €) — w0t
23 =ctgo(t,€), ¢ < oo (20)

200 where @o(t, &) = m(t,e%), go(t,€) = g1(t, %), [go(t,€)| < ce™ 4, €] — oo.
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Subjecting both parts of equation (20) to Fourier’s transformation with respect to ¢ [25] and using
the convolution theorem under condition Ej¢1(7) = Gops(7), we obtain following boundary condition
of the Carleman-type problem for a strip

Ahscthrs F(t,s)
— ([ — L9)® —_—
T hohs(s 20 0~ P2)28) = T iy

@(t,s):\/% [ Pt dE Flts) = o= / g0 (t, €)' de

Function F'(t, z) is holomorphic on strip —1 < Imz < 1.

The Carleman-type problem for a strip is formulated as follows:

Find a function which is analytic on strip —1 < Im z < 1, (with the exception of a finite number of
points lying on strip —1 < Im z < 0, at which it has poles), continuously extendable on strip boundary,
vanishes at infinity and satisfies condition (21) [26,27].

If we find function ®(t, z) which is holomorphic on strip 0 < Im z < 1, extends continuously on the
strip boundary and satisfies condition (21), then the solution of the problem is the function

(I —Ly)®(t,s+1i)+ |s| < o0 (21)

where

O(t, 2), 0<Imz<1
Do(t,2) = 4 —a(t,2+i)+ Folt,2) l<TImz<0
G(z) ’
where
Mhzcth F(t
Gz) = zethmz Foltyz) = (t, 2)

1+ kohz(z+1)’ 1+ kohz(z + 1)

Representing the function G(s) in the form
As koh(s* 4+ 1)cthmsthls shT (s +1) As shi (s +1)

GO = @D 1+ kohs(s 1) shfs  iko(s?+ 1) o) shis

where
koh(s® 4+ 1)cthmsthZ s

1+ kohs(s+1)
and remarking that the index of function Go(s) on (—o0,00) is equal to zero and Go(s) — 1, s — £oo,
function In Go(s) is integrable on the axis and we can write it in the form

Xo(s) ’

Go(s) =

Go(s) = ls| < o0, (22)

where
1 oo
Xo(2) = exp {2, / In Gy (s)cthm(s — 2) ds} .
? — 00
Function Xy(z) is holomorphic on strip 0 < Im z < 1 and bounded on the closed strip.
Substituting (22) in condition (21) and introducing the notations

2®(t, 2) ko Tz
Ut z) = ——= Ao = — X = Xo(2)X(z)sh—
(72) Xl(z) ) 0 2\ 1(2) O(Z) (Z)S 9’
: : (z+i)Fo(t, 2)
X(z) =XT(2 Ft.z) =2 "_""2\»7/
(Z) 0 ( +ZZ)7 ( 72) X1(2’+’L) )
we have
(I—Ll)\I/(t,S+l)—|—(I—L2)\I/(t,$) ZF(t,S), |S| < 0, (23)
Using Stirling’s formula [22] for the Gamma-function, the following estimate is valid
X (2)] = O(sP>)e ™2, X4(2)| = O(I8]**7%), z=s+iw, 0<w<1
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Applying the Fourier transformation to (23), we obtain the Volterra’s integral equation of second kind

[€“(I = Ly) + (I — Ly)]®1 (¢, w) = F(t,w)

where & (t,w), F(t,w) are the Fourier transformations of functions W(t, s), Fi(t, s), respectively.
Since function F(t,z) is analytic on strip —1 < Imz < 1 and F(t,z) — 0 uniformly, for |z| — oo,

function F(t,w) exponentially vanishes at infinity, i.e. |F(t,w)| < cexp(—|w|), |w] — oo.
It is easy to show that integral equation (19) can equivalently be reduced to the following differential
equation of second order

fI;l(t, w) + ya(t, w)&;l(u w) = g(t,w) (24)

with the initial conditions

where

O, (tg, w) = Fy (to, w)(1 +e®) 7L,

B (to, w) = [F1(to,w) = i (to, w)(e"pr (ko) + alto))(L+¢*) 7| (14 €) 7!

a(t,w) =1+ (B1e o1 (t) + Expa(t))(1+ )7,
g(t,w) = go(t,w)(1+ "),
go(t,w) = Fl(t w)—l—’yFl(t w).

Integrating differential equation (24) and fulfilling the initial conditions, for function &)1(75, w) we obtain
the expression

where

Oy (t,w) = {Fy(t,w) + Fy(t, to,w)}(1 + e®) (25)

t

Fi(t,tg,w) = 'yﬁl(to,w)(ewgol(to) + pa(to)) (1 + e“’)71 / exp(—yb(w, T, to) dr

0

t I .
—w / exp(—Ab(w, 7, to) dr / (ag,w) — 1) exp(yb(w, g, to) F1 (g, w) dg,

0 To

b(w, 7, t0) = /T a(p,w)dp = (17 — to) + (Ere“1 (7, to) + Eatha(7,19)) (1 + €)1,

0

Yi(7,t0) = /tT e1(p) dp, Vao(T,t0) = /tT pa2(p) dp

Function ® (¢, w) given by (25) has the same property as function Fj (¢, w) when |w| — co.
By the inverse transformation of equality (25) and using the generalized Parseval’s formula we obtain

where

X1 \/7/ )(is+ 1) ds
X1 s—1 Sh?T(S—Z)

X Py t T
X6 vyt ormo)) [ Quirz)ar - 1) [ [ @urazan o

iz to iz to to
/°° exp(—vb(w, T, To)Fl(To, Ye~ w2 dw
s (1+ew)? ’

02 /°° exp(—yb(w, 7, 79)(a(g, w) — 1) exp(yb(w, q,m)ﬁl(q, w)e” W2 dw
(r,

’ i 1+ew
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Thus functions F(t,z), Q1(7, z), Q2(T, g, z) are analytic on strip —1 < Im z < 1 and vanish uniformly
|Re z] — oo. The function defined by (26) is holomorphic on strip —1 < Imz < 0, and continuously

extendable on the strip boundary.

If function F'(t, z) (or Fy(t, z)) exponentially vanishes at infinity, then it is easy to prove that function

®(t, z) has the same property. The inverse Fourier’s transformation gives
1 0o

T
V2T ) —oo

T(t,x) = 70(t,x) + m1 (¢, ) = 70(t, @) + is®(t,s)e "% ds.

Taking into account Cauchy’s formula, we get

im—l o]

V2r J_so
=T1o(t, ) + \/% / (5 +3)D(t, s +i)e M7 ds.

T(t, ) = 1o(t, x) + (s +0)B(t, s + i)e~icHD e g

Consequently, for the tangential contact stresses have

O(l)a T — O+
O(z7'79), z—00, >0

T(t,x) = 70(t, x) + {

The obtained results can be formulated as

(27)

(28)

Theorem 2. If E(z) = hox?, > 0, hg = const > 0, integro-differential equation (19) has the solution,

which is represented effectively by (27) and admits estimate (28).

Conclusion 1. Thus, when the rigidity of half infinite patch changes with parabolic law the tangential

contact stresses at the thin end of inclusion has no singularities, it is bounded.

Case B. Suppose that on the finite segment of OX axis, the plate is reinforced by an inhomogeneous
patch whose rigidity changes by the law E(x) = ha, h = const > 0 (for example, a wedge shaped
inclusion). The contact between the plate and the patch is achieved by a thin glue layer with rigidity

ko(z) = kox, 0 < z < 1, kg = const > 0.

The patch is loaded by a horizontal force Pd(ax — 1)H (t —to) and the plate is free from external loads

(see Fig. 1).
To define the unknown contact stresses we obtain the following integral equation

(- Ly) ”j}ff;cf)—iU—Lg) / ”5(;’_#—<I—L3><ko<m>ng<t,x»'=o, 0<a<l,

772(75, 0) =0, 772<ta 1) = P7 772(t?$) = / T(t?y) dy7
0

n2 € H([0,1)),  n5 € C((0,1)), s%pl) |15 ()] < o0.
xe (0,

The change of variables x = ef, y = €¢ in equation (29) gives

A 0y d
(I —Ly) @ + ;(I — Ly) . % —ko(I — La)y"(t,€) =0, § <0,

P(t,—00) =0,  »(t,0)=P, (L&) =mna(t,e).

(29)

(30)

Applying Fourier’s transformation to both parts of equation (30) and using the convolution theorem we

obtain the following boundary condition of the Riemann problem [25]
Ut (t,s) = (I — L1)® (t,s) + Ahscthws(I — Ly)® (t,5) 4+ kohs?(I — L3)®™ (t,s) + go1(t, s),

—00 < § < 00,
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where
0
O (t,s) = \/%/_ W(t, ¢)e™S d¢, goi(t,s) = \/%(Pi)\h(cthws), + Pikohs — kohy)'(t,0)),

+ _h o isC + _ )0 e
Wt s) = — ; P, Qe dg, W (t’g)_{kfooolfffgdg kot"(t,€), £>0

Equation (31) under condition
Gops(t) = Erpi(t) = Eapa(t)
takes the form

Ut (t,s) = (14 miscthrs + kohs?)[®(t, s) + (1 + Eip1(t + p1)@(t, 5)]~ + gou(t, s) (32)

The problem can be formulated as follows: it is required to obtain function W' (z), holomorphic in
the Im z > 0 half-plane, which vanishes at infinity, and function ®~(z) holomorphic in the Im z < 1 half-
plane (with the exception of a finite number roots of function G;(%z)), which vanishes at infinity. Both
are continuous on the real axis and satisfy condition (32) [25]. Boundary condition (32) is represented in
the form

+(t s 8) i -
\IJS Efz ) fi(sl [@(t,5) +v(1 + Evpr(t+ p1))2(t, 8)]” - (s — i) + %

G1(s) = 1 + Ahscthrs 4 kohs?,
Go1(s) = (koh)'G1(s)(1 +5%)71,  ReGoi(s) >0,
Go1(00) = Gp1(—o00) =1, IndGpi(s) = 0. (33)
Introducing the notation
[@(t,5) + (1 + Erpu(t + pr))@(t, 5)] = K~ (t,5)
the solution of this problem has the form [28]
X(t,2)

B = e

Imz <0, Ut (t,2) = X(t,2)(z +1), Imz >0,

K~ (t,2) = (UH(t,2) — goi(t,2))G1 (), 0<Imz <1, (34)

where

X(t,z) = {27”/ o 901 (t, y))c(ly Z)}7 X(z):exp{;m/_zhlc;m(gf(hj}_

we have the following differential equatlon

O (t,5) + (1 + Bror(t + p1) @7 (t,5) = K~ (t,9) (35)

with the initial conditions
D (to,s) = K~ (to,s), D (to,s) = K~ (to, s)yErp1(to + p1)
Integrating differential equation (35) and fulfilling the initial condition, for function ¥~ (¢, s) we obtain
the expression
O (t,s) = K~ (t,8)(1+T(t)) (36)
where

T

T(t) szlgol(to—&-m)/ exp(—vb(T,to)dT—i—/ [exp(—’yb(T,to)/ exp(vb(p, to) dp| dr,

to to to

brvto) = | “a(@)dg,  alg) =1+ Ergrlg + p)

to
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The boundary value of function Q@ (¢, 2) = 2\5% —i2®7(t, 2) is the Fourier transform of function W'(¢, e¢).

Therefore, we get

r(tz) = my(t,x) = ¢217m / O:O Q(t,s)e " ds, (37)
T(t,z) = O(1), x—1_ (38)
(o) =0 Y, w0y, yo>1/\koh (39)

Remark 2. If kgh < 1, then 7(t,z) = O(1), + — 0.

Remark 3. If koh = 4, then G1(i/2) = 0 and 7(t,z) = O(z~'/2), 2 — 0.
Thus, the following theorem is proven:

Theorem 3. Integro-differential equation (29) has the solution, which is represented effectively by formula
(37) and admits estimates (38), (39).

5. Discussion and numerical results

Asymptotic estimates for the solution to integro-differential equation (2) are obtained. A method of
reduction for infinite regular systems of linear algebraic equations is justified. For any law of variation of
the stiffness of the patch, tangential contact stresses have finite values at the ends of patches.
To obtain numerical results, specific values of the aging functions of the plane, patch and glue are
considered in the form
©1(t) = 0.0098¢3(t)
wa(t) = 0.00123¢p3(t)
4.82-10710
t
The numerical values of the remaining parameters of the problem are taken as follows:
E; =120-10°MPa, v, =0.5, FE5;=95-10°MPa, v, = 0.3,
GV =0.117-10°MPa, (G =11.7-10°MPa), ho=5-10""m, hy(z)=hy =5-10">m,

v =0026day”", ¢\V(z) =10°v/1— 22N, (¢?(z) =10"V/1—22N), p; =0 (i=1,2,3),
to = 45days, t() = 2.5 . 10% days, (t?) = 9- 103days)

@s3(t) = 0.09-107 1 +

The shortened finite systems of linear equations corresponding to systems (15) and (18), consisting of
10 and 12 equations have been solved. The results of the calculation show that an increase in the number
of equations in the systems led to a change only in the seventh decimal place in the solutions.

Increasing the shear modulus of the glue causes the increase of the sought contact stresses, and the
increase of the time value is corresponded by a decrease of the values of these stresses.

For comparison, the following should be noted: in contrast to a number of works in which a rigid contact
between two interacting materials is considered and where unknown contact stresses have singularities
at the ends of the contact line (i.e. stress concentrations arise), in this work, the contact between two
bodies with viscoelastic (creep) properties is carried out using a thin layer of glue and, therefore, the
found contact stresses at the ends of the contact line turned out to be limited (finite).

Obviously, the absence of stress concentration in the deformable body is extremely important from a
engineering point of view.

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps
and institutional affiliations.
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