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Abstract In this paper we are concerned with two classes of conformally invariant
spaces of analytic functions in the unit disc D, the Besov spaces BP (1 < p < o)
and the Qs spaces (0 < s < 0o0). Our main objective is to characterize for a given
pair (X,Y) of spaces in these classes, the space of pointwise multipliers M (X,Y),
as well as to study the related questions of obtaining characterizations of those
g analytic in D such that the Volterra operator T or the companion operator I,
with symbol g is a bounded operator from X into Y.
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1 Introduction

Let D = {z € C: |z] < 1} denote the open unit disc of the complex plane C and
let Hol(D) be the space of all analytic functions in D endowed with the topology
of uniform convergence on compact subsets.
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If 0<r<1 and f € Hol(D), we set

1/p

27 .
Mp(r, f) = (%/0 If(relt)\pdt> , 0<p<oo,

Moo (r, f) = sup [f(z)]-

|z|=r

If 0 < p < oo the Hardy space HP consists of those f € Hol(D) such that
def
I fllere = sup Mp(r, f) < oo.
o<r<1

We mention [18] for the theory of HP-spaces.
If 0 < p < 0 and a > —1, the weighted Bergman space A%, consists of those
f € Hol(D) such that

1/p
1l (<a w1 [l dA(z>) < co.

The unweighted Bergman space A} is simply denoted by AP. Here, dA(z) = %dm dy
denotes the normalized Lebesgue area measure in D. We refer to [19], [36] and [58]
for the theory of these spaces.

We let Aut(D) denote the set of all disc automorphisms, that is, of all one-to-
one analytic maps ¢ from D onto itself. It is well known that Aut(D) coincides
with the set of all M6bius transformations from DD onto itself:

Aut(D) = {hpa : [A|=1,a €D},

where ¢q(2) = (a — 2)/(1 —az) (2 € D).

A linear space X of analytic functions in I is said to be conformally invariant
or Mébius invariant if whenever f € X, then also f oy € X for any ¢ € Aut(D)
and, moreover, X is equipped with a semi-norm p for which there exists a positive
constant C such that

p(fop) < Cp(f), whenever fe X and ¢ € Aut(D).

The articles [8] and [44] are fundamental references for the theory of Mébius in-
variant spaces which have attracted much attention in recent years (see, e.g., [3,
16,17,30,47,57,58]).

The Bloch space B consists of all analytic functions f in D such that

pa(f) = sup (1 - 21 |'(2)] < oe.
z€D

The Schwarz-Pick lemma easily implies that p, is a conformally invariant semi-
norm, thus B is a conformally invariant space. It is also a Banach space with the
norm ||-||g defined by || fl|z = |f(0)] + ps(f). The little Bloch space Bo is the set of
those f € B such that lim;_,,(1 - 12|2)|f'(2)| = 0. Alternatively, Bo is the closure
of the polynomials in the Bloch norm. A classical reference for the theory of Bloch
functions is [7]. Rubel and Timoney [44] proved that B is the largest “reasonable”
Mobius invariant space. More precisely, they proved the following result.
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Theorem A Let X be a Mobius invariant linear space of analytic functions in D and
let p be a Mobius invariant seminorm on X. If there exists a non-zero decent linear
functional L on X which is continuous with respect to p, then X C B and there exists
a constant A > 0 such that ps(f) < Ap(f), for all f € X.

Here, a linear functional L on X is said to be decent if it extends continuously
to Hol(D).

The space BMOA consists of those functions f in H' whose boundary val-
ues have bounded mean oscillation on the unit circle 0D as defined by F. John
and L. Nirenberg. There are many characterizations of BMOA functions. Let us
mention the following:

If f € Hol(D), then f € BMOA if and only if || f | zrroa = 1£(0)] + pu(f) < oo,
where

p«(f) =sup||f o pa — f(a)lm=-
ach

It is well known that H*® C BMOA C B and that BMOA equipped with the
seminorm psx is a Mobius invariant space. The space VMOA consists of those
f € BMOA such that lim|, 1 [|f o pa — f(a)l|lgz = 0, it is the closure of the
polynomials in the BMOA-norm. We mention [28] as a general reference for the
space BMOA.

Other important Mobius invariant spaces are the Besov spaces and the Qs
spaces.

For 1 < p < oo, the analytic Besov space BP is defined as the set of all functions
f analytic in D such that f’ € AP _,. All B? spaces (1 < p < o0) are conformally
invariant with respect to the semi-norm p,, defined by

def

P (F) 07 Lar

2

(see [8, p.112] or [16, p.46]) and Banach spaces with the norm || - | g» defined
by || fllze = |f(0)] + pg»(f). An important and well-studied case is the classical
Dirichlet space B2 (often denoted by D) of analytic functions whose image has a
finite area, counting multiplicities.

The space B' requires a special definition: it is the space of all analytic func-
tions f in D for which f”/ € A'. Although the semi-norm p defined by p(f) = ||f”|| a1
is not conformally invariant, the space itself is. An alternative definition of B! with
a conformally invariant semi-norm is given in [8], where it is also proved that B*
is contained in any Mo&bius invariant space. A lot of information on Besov spaces
can be found in [8,16,17,37,56,58]. Let us recall that

VMOA C By, BMOA C B,
B' CBP € BI CVMOA C BMOA, 1< p< q<oo.

If 0 < s < o0, we say that f € Qs if f is analytic in D and

sup / 1 (2) (2 )" dA(2) < oo,
ac€D JD

where g(z,a) = log(|1 — @z|/|a — z|) is the Green function of D). These spaces were
introduced by Aulaskari and Lappan [12] while looking for characterizations of
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Bloch functions (see [50] for the case s = 2). For s > 1, Qs is the Bloch space,
Q1 =BMOA, and

DngngSQQBMOA, 0<81<82<1.

It is well known [14,46] that for every s with 0 < s < oo, a function f € Hol(D)
belongs to Qs if and only if

1/2
() (s [P0 - @) aa)) < .
acD JD
All Qs spaces (0 < s < oo) are conformally invariant with respect to the semi-
norm p,_. They are also Banach spaces with the norm |- ||g, defined by || f|q, =
[f(0)] + pg. (f). We mention [52,53] as excellent references for the theory of Qs-
spaces.
Let us recall the following two facts which were first observed in [10].

If 0 <p<2, then BY C Qs for all s > 0. (1)

If 2 < p < oo, then BP C Qs if and only if 172<3. (2)
p

For g analytic in I, the Volterra operator Ty is defined as follows:

Ty(f)(z) € /0 “J(©)F(€) de, € Hol(D), =€ D.

We define also the companion operator I, by

def

z
NG [ o©F ©de. 1 eno®), zeD.
The integration operators Ty and I4 have been studied in a good number of papers.
Let us just mention here that Pommerenke [43] proved that T, is bounded on H?
if and only if g € BMOA and that Aleman and Siskakis [4] characterized those
g € Hol(D) for which Ty is bounded on H? (p > 1), while Aleman and Cima
characterized in [1] those g € Hol(D) for which Ty maps H? into H?. Aleman and
Siskakis [5] studied the operators Iy and Ty acting on Bergman spaces.

For g € Hol(D), the multiplication operator My is defined by

My(£)(2) ¥ g(2)f(2), f € Hol(D), = € D.

If X and Y are two Banach spaces of analytic function in D continuously embedded
in Hol(D) and g € Hol(ID) then g is said to be a multiplier from X to Y if My(X) C
Y. The space of all multipliers from X to Y will be denoted by M(X,Y) and
M (X) will stand for M (X, X). Using the closed graph theorem we see that for the
three operators Ty, Iy, Mg, we have that if one of them maps X into Y then it is
continuous from X to Y. We remark also that

Ty(f) + 1g(f) = Mg(f) — £(0)g(0). (3)

Thus if two of the operators Ty, I, My are bounded from X to Y so is the third
one.
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It is well known that if X is nontrivial then M(X) C H™ (see, e.g., [2,
Lemmal. 1] or [48, Lemmal.10]), but M(X,Y) need not be included in H* if
Y ¢ X. However, when dealing with M&bius invariant spaces we have the follow-
ing result.

Proposition 1 Let X and Y be two Mobius invariant spaces of analytic functions in
D equipped with the seminorms py and py, respectively. Suppose that there exists a
non-trivial decent linear functional L on'Y which is continuous with respect to py . Let
g € Hol(D). Then the following statements hold.

(i) If My is continuous from (X, py) into (Y, py.), then g € H*.
(i) If I4 is continuous from (X, py ) into (Y, py.), then g € H>.

Before embarking into the proof of Proposition 1, let us mention that, as usual,
throughout the paper we shall be using the convention that C = C(p,«a,q,8,...)
will denote a positive constant which depends only upon the displayed parameters
p,a,q,B... (which sometimes will be omitted) but not necessarily the same at
different occurrences. Moreover, for two real-valued functions E1, B2 we write £ <
Es, or Ey1 2 Es, if there exists a positive constant C' independent of the arguments
such that E; < CEs, respectively E1 > CFEs. If we have F1 < F and Ey 2 E»

~

simultaneously then we say that F; and Ey are equivalent and we write F; < Es.

Also, if 1 < p < oo, p’ will stand for its conjugate exponent, that is, % + % =1.

Proof of Proposition 1. Since X is conformally invariant, Aut(D) C X [8, p. 114] and
px(pa) <1, a€D. (4)

Suppose that My is continuous from (X, py) into (Y, p, ). Using this, Theo-
rem A, and (4) we obtain

ps(9¥a) S py(g9pa) S px(pa) S1, aeD.
This implies that
(1—1al?) |¢'(a)¢ala) + g(a)gula)| 1, aeD.
Since ¢(a) = 0 and ¢}, (a) = —(1 — |a|*)™*, it follows that
l9(a)l 1, a€D,

that is, g € H™.
Similarly, if we assume that Iy is continuous from (X, py) into (Y, py ), we
obtain

ps (Ig(pa)) 1, a€D.
This implies that

(1= al*) [(Ig(2a)) (@)] = (1 =lal*)lea(@)llg(a)] = lg(a)l S1, a€D.

For notational convenience, set

BO ={Qs:0 < s <ootU{BY:1<p <oo}
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The main purpose of this paper is characterizing, for a given pair of spaces X,Y €
BQ, the functions g € Hol(D) such that the operators My, Ty and/or I, map X
into Y. When X and Y are Besov spaces this question has been extensively studied
(see, e.g. [9,26,32,45,49,59]). Thus we shall concentrate ourselves to study these
operators when acting between a certain Besov space BP and a certain Qs space
and when acting between Qs, and Qs, for a certain pair of positive numbers s1, s3.

2 Multipliers and integration operators from Besov spaces into Qs-spaces

For a > 0, the a-logarithmic Bloch space Biog,« is the Banach space of those functions
f € Hol(D) which satisfy

1f hog.a < 1£(0)] + sup(1 — |2[) (10g %) 1/(2)] < . (5)
z€D 1 ‘Z‘

For simplicity, the space Biog,1 Will be denoted by Bjg.
It is clear that Biog,n C Bo, for all @ > 0. Using the characterization of VMOA
in terms of Carleson measures [28, p. 102], it follows easily that

Biog,a CVMOA, for all a > 1/2.

In particular, B,z C VMOA.
Brown and Shields [15] showed that M (B) = Biog N H*°. The spaces M (B?, B)

(1 < p < ) were characterized in [25]. Namely, Theorem 1 of [25] asserts that
M(B*,B) = H* and

M(BP,B) = HOO N Blog,l/p’v 1 < p < oo, (6)
where p’ is the exponent conjugate to p, that is, % + % =1.
In this section we extend these results. In particular, we shall obtain for any

pair (p,s) with 2 < p < co and 0 < s < oo a complete characterization of the
space of multipliers M (BP,Qs).

Let us start with the case s > 1 which is the simplest one.
Theorem 1 Let g € Hol(D). Then:

(i) Iy maps B! into B if and only if g € H*.
(ii) Mg maps B* into B if and only if g € H.
(i15) Ty maps B into B if and only if g € B.

Proof. If Ig(Bl) C B then, using Proposition 1, it follows that g € H*°.
To prove the converse it suffices to recall that B* C B. Indeed, suppose that
g € H® and take f € B'. Then

(L= 1= [(Lo (1) )] = A= 1= g < 1 lsllgllpre=-

Thus I,(f) € B.
Hence (i) is proved. Now, (ii) is contained in [25, Theorem 1].
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It remains to prove (iii). If Ty(B') C B then Ty(1) = g — g(0) € B and, hence
g € B. Conversely, if g € B and f € B! then, using the fact that B ¢ H®, we
obtain

(== [T () )] = A =12 @I < Nglsl il
Thus Ty(f) € B. Hence (iii) is also proved. O

Theorem 2 Suppose that 1 < p < oo, % + ﬁ =1, and let g € Hol(D). Then:
(i) Iy maps BP into B if and only if g € H™.
(i) Mg maps BP into B if and only if g € H* N Biog 1 /-
(i1i) Tgq maps B into B if and only if g € Biog 1 /p -
Proof. If I, maps BP into B then Proposition 1 implies that g € H*. Conversely,
using that B? C B, we see that if g € H> and f € B? then

L= =) | (5) @) = A= 1= g < 1£llsllgll o=

Hence, I4(f) € B. Thus (i) is proved and (ii) reduces to (6).
Finally, (iii) follows from the following more precise result.

Theorem 3 Suppose that 1 < p < oo, % + 1% =1, and let g € Hol(D). Then the
following conditions are equivalent.

(a) Ty maps BP into B.

(b) ge Blog,l/p"
(¢) Ty maps BP into By.

Proof of Theorem 3. (a)=-(b) Suppose (a). By the closed graph theorem Ty is a
bounded operator from B? into B, hence

L= 1P @IS I flpe, z€D, fe B (7)

For a € D with a # 0, set

1o\ 1
fa(z) = (log W) log 1=, *€ D. (8)

It is readily seen that f, € BP for all a and that || fs||g» < 1. Using this and taking
f=faand z =a in (7), we obtain

1/p
A= (=) 5L

that is g < Blog,l/p"
(b) = (c) Suppose (b) and take f € BP. It is well known that

1 1/17,
1f(2)| = 0((10glzlg> >» as |z| — 1,

(see, e.g., [37,56]). This and (b) immediately yield that Ty(f) € Bo.
The implication (c) = (a) is trivial. Hence the proof of Theorem 3 is finished
and, consequently, Theorem 2 is also proved. [



8 Daniel Girela, Noel Merchén

Let us turn now to the case 0 < s < 1. We shall consider first the Volterra
operators Ty. For 0 < s < co and o > 0 we set

Qs,log,a = {f € Hol(D) : sup <log ﬁ) /D|f/(z)|2(1 — \<pa(z)|2)8 dA(z) < oo} .

ach

We have the following results.

Theorem 4 Suppose that 0 < s <1 and let g € Hol(D). Then:

(i) Ty maps B into Qs if and only if g € Qs.

(i) If 1 <p<oo,0<s<1, and Ty maps BY into Qs, then g € Qg 10g.1/p' -
(i1t) If 1 < p < oo, then Ty maps BP into Q1 = BMOA if and only if g € Q1,10g,1/p'-
() If2<p<oo,0<s<1,andl— % < s then Ty maps BP into Qs if and only if

g€ Qs,log,l/p"

Before we get into the proofs of these results we shall introduce some notation
and recall some results which will be needed in our work.

If I C 0D is an interval, |I| will denote the length of I. The Carleson square
S(I) is defined as S(I) = {re't : et €1, 1— % < r < 1}. Also, for a € D, the
Carleson box S(a) is defined by

arg(az) 1= |a| }
27 - 2

If s > 0 and p is a positive Borel measure on D, we shall say that p is an
s-Carleson measure if there exists a positive constant C' such that

S(a):{zeD:1—|z\§1—\a\,

w(S(I)) < C|I|°, for any interval I C 9D,
or, equivalently, if there exists C' > 0 such that
u(S(a)) <C(1 —|a])®, for all a € D.
A 1-Carleson measure will be simply called a Carleson measure.

These concepts were generalized in [55] as follows: If u is a positive Borel
measure in D, 0 < o < o0, and 0 < s < o0, we say that p is an a-logarithmic
s-Carleson measure if there exists a positive constant C' such that

p(S() (log 37)"

1l

< C, for any interval I C oD

or, equivalently, if

«
#(5(0)) (108 2.7 )
aeb (L [aP)?
Carleson measures and logarithmic Carleson measures are known to play a basic
role in the study of the boundedness of a great number of operators between
analytic function spaces. In particular we recall the Carleson embedding theorem
for Hardy spaces which asserts that if 0 < p < oo and p is a positive Borel measure
on D then p is a Carleson measure if and only if the Hardy space H? is continuously
embedded in LP(du) (see [18, Chapter9]).
In the next theorem we collect a number of known results which will be needed
in our work.

< 00.
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Theorem B (i) If 0 < s < 1 and f € Hol(D), then f € Qs if and only if the Borel
measure p on D defined by

du(z) = (1= 12*)°1f'(2)|” dA(z)

is an s-Carleson measure.
(i) If 0 < a < 00, 0 < s < 00, and 1 is a positive Borel measure on D then p is an
a-logarithmic s-Carleson measure if and only if

2 C’/ 1—la® \®
su 10 —_— —_— d z) < oo.
aéﬁ( g1_|a|2) D<|1—az|2 wz)

(i53) If 1 <p <2 then BP C Qs for all s > 0.
(iv) If 2 < p < 0 andl—%<s, then BP C Qs.
(v) For s > —1, we let Ds be the space of those functions f € Hol(D) for which

def

1/2
Iflp, = 1£(0)] + ( /D (1fIZI2)5|f’(Z)I2dA(Z)) < 0.

Suppose that 0 < s < 1 and o > 1, and let p be a positive Borel measure on D. If
is an a-logarithmic s Carleson measure, then p is a Carleson measures for Ds,
that is, Ds is continuously embedded in L?(dp).

Let us mention that (i) is due to Aulaskari, Stegenga and Xiao [13], (ii) is due
to Zhao [55], (iii) and (iv) were proved by Aulaskari and Csordas in [10], and (v)
is due to Pau and Peldez [41, Lemma 1].

Using Theorem B (ii) and the fact that

2 = (1 —Jal*)(1 — |21*)
1 —az|? ’

1 —Jpc2)

we see that for a function f € Hol(D) we have that f € Qg 04,0 if and only
if the measure u defined by du(z) = (1 — |2|?)%|f'(2)|? dA(2) is a 2a-logarithmic
s-Carleson measure.

Proof of Theorem 4 (i). Suppose that Ty, maps B! into Qs. Since the constant func-
tions belong to B!, we have that T,(1) = g — g(0) € Qs and, hence, g € Q.
To prove the converse, suppose that g € Qs. Then the measure p defined by

du=) = (1 [2)"]g (2) /2 dA(2)
is an s-Carleson measure. Take now f € B, then f € H* and, hence,

(1= 12 (T () ) = (= 152)1g D PIEP < MG (1= 22)%19' ()

Since p is an s-Carleson measure, it follows readily that the measure v given by
dv(z) = (1—|z|)* |(Tg(f))/ (z)|2 dA(z) is also an s-Carleson measure and, hence,
Ty(f) € Qs. O
Proof of Theorem 4 (ii).

Suppose that 0 < s < 1, 1 < p < oo, and that T, maps BP into Qs. For
a €D\ {0}, set

1 -1/p
fa(Z) = (log m) log S ID),

l—az’
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as in (8). We have that ||fa||gr < 1 and it is also clear that

1 l/p/
[fa(z)] < <log71_|a|2) . z€S(a).

Using these facts, we obtain
2/p’
@%J“)/ (1= )l () dA(2)
A =lal)®*  Js

V¥ —228 /Z ZQ -
SBE /S(a)(l 1217)%1g" (2) fa(2)|” dA(2)

_¥ _225 /22 .
= Gy [, (1 0 P aAC),

The fact that Ty is a bounded operator from B? into Qs, implies that the mea-
sures (1 —|2[2)*| (Ty(fa))' (2)|? dA(z) are s-Carleson measures with constants con-
trolled by ||Ty|/?. Then it follows that the measure (1 — |2|%)°|¢/(2)|? dA(2) is a
2/p’-logarithmic s-Carleson measure and, hence, g € QRs,1og,1/p - U

Proof of Theorem / (i3) and (iv). In view of (ii) we only have to prove that if g €
Qs 10g,1/p then Ty maps BP into Qs.
Hence, take g € Q; 10,1/, and set

_ 2 27 N2 248
k(@) =swp (log 2 ) [ IR ea(e)) aa(),

and take f € BP. Set F = Ty(f), we have to prove that F € Qs or, equivalently,
that the measure p, defined by

dp(2) = (1= 22| F ()] dA(2)
is an s-Carleson measure. Let a € . Using the well known fact that
1—|af?® < |1—az|, zeS(a),

we obtain

1 "R(1 — [212)° ) = /(s 2 (1—2*)*(1 — |a]*)® 5
T o, FOPa— e = [P C s

= /S( )|f(z)|2|g/(z)|2(1— lpa(2)]?)® dA(2)
< 2 [ 1f@PI8 (IR0~ lpa) ) dA()
D

+2AU@—ﬂw%%Wuw%@ﬁmm@

= 2T1(a) + QTQ(Q). (9)
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Using the fact that

1/p
@) = £ 5 1w (tog =) (10)

we obtain

2/p’
@) S Ul (e =g ) [P0 - @) 446 S Kol
(1)

To estimate T»(a) we shall treat separately the cases s =1 and 0 < s < 1.
Let us start with the case s = 1. Then

To(a) = / 1£(2) = 1@ Plg ()21~ ga(2)]?) dA(2).

Making the change of variable w = ¢(z) in the last integral, we obtain

To(a) = /D |(f 0 pa)(w) = f(@)*(g 0 pa) (w)]*(1 = [w]*) dA(w).

Since Q1,10g,1/p C Q1 = BMOA, g€ BMOA and then it follows that, for all a € D,
gowa € BMOA and p«(g o pa) = p«(g). This gives that all the measures (1 —
[w|?)|(go¢a)'(w)|? dA(w) (a € D) are Carleson measures with constants controlled
by ll9ll%ar04- Then, using the Carleson embedding theorem for H? and the fact
that B? is continuously embedded in BMOA, it follows that

2
2(a) S llgllBrmoa a e ByvoallfllBroa S lgllBvoallfliBe-
Tx(a) < llgll If ova = f@)lF S lglZ 17117 < lgllZ I £1I

Putting together this, (9), and (11), we see that the measure p, is a Carleson
measure. This finishes the proof of part (iii).

To finish the proof of part (iv) we proceed to estimate T»(a) assuming that
2<p<oo,0<s<1,and 1 -2 < s Notice that

To(0) = (1= Jaf")* [ f(<f)_m§3

Since 0 < s < 1, 2/p’ > 1, and the measure (1 — [2]*)%|¢’(2)|? dA(z) is a 2/p'-
logarithmic s-Carleson measure, using Theorem B (v), it follows that

19" () (1 — [21*)" dA(2).

To(a) < (1= Jof")* (@) = 1O + | ’ f(“) Ly A

The growth estimate (10) and simple computations yield
. 2
72(0) % 11 (1 1) (log s ) + [P - o)) aaG)
|f f(a _ 2\ s
+ [HEZTOR G - ooy asce

— f(a))? 2\s
SWl + [ I @Ra-leuaPy aae) + [ LLIDEG o) dace),
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By Theorem B (iv), our assumptions on s and p imply that B? is continuously
embedded in @Qs. Hence, f € Q5. This implies that

/D PR - pa(2) ) dAG) < [1£1B, S 1150

and that
1f(2) = f(a)?

A (—leaP) dAG) S 111, 5 151,

by a result proved by Pau and Peldez in [41, pp. 551-552]. Consequently, we have
proved that T(a) < ||f]|%». This, together with (9) and (11), shows that up is an
s-Carleson measure as desired. Thus the proof is also finished in this case. [J

The case when 1 < p < 2 and 0 < s < 1 remains open. This is so because if we
set o = 2/p’, then a < 1 and, hence, « is not in the conditions of Theorem B (v).
We can prove the following result.

Theorem 5 Suppose that1 < p <2 and0 < s < 1, and let g € Hol(D). The following
statements hold.

(i) If Tq maps BP into Qs then g € Qg 10g,1/p -
(i) If a > 1/2 and g € Qs 10g,a then Ty maps BP into Qs.

Proof. (i) follows from part (ii) of Theorem 4.
Let us turn to prove (ii). Suppose that 0 < s < 1, & > 1/2, and g € Qs 10g.a-
Set

_ 2 2o / 2 2\s
K(g)—itelg (logm) /Dlg ()7 (1 = |ea(2)[7)” dA(2),

and take f € BP. Set F = Ty(f), we have to prove the F € Qs or, equivalently,
that the measure u, defined by

dup(2) = (1= [21")°|F'(2)]* dA(2)

is an s-Carleson measure. Now we argue as in the proof of Theorem4 (iv). For
a € D, we obtain

1 / 2 2\s
TPy foy, FEPA 1 AG) S 2T@) + 2 (12)

where T'(a) and T>(a) are defined as in the proof of Theorem 4. Using (10) and

the fact that ﬁ < 1 < «, we obtain

2 «@
@) = £0)1 5 Wl (0w =z )
This yields

1@ S 1 (o8 1) 0GP0 @) 04 £ K

(13)

To estimate Th(a), observe that the measure (1 — |z|?)%|¢’(2)|> dA(z) is a 2a-
logarithmic s-Carleson measure. Since 2a > 1, using Lemma 1 of [41], this implies
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that the measure (1 — |2|?)*|¢’(2)|>dA(z) is a Carleson measure for Ds. Then,
arguing as in the proof of Theorem 4 (iv), we obtain Ts(a) < ||f||%,. This, together
with (13) and (12), implies that the measure p, is an s-Carleson measure. [J

Regarding the operators I, and My we have the following results.
Theorem 6 Let g € Hol(D), then:

(1) If 1 <p<2 and 0<s <1 then:

(1a) I4 maps BP into Qs if and only if g € H™.

(1b) If Mg maps B into Qs then g € Qg 10,1/ NH™.

(1c) If g € Qs,10g,0 N H for some o > 1/2 then Mg maps BP into Qs.
(2) If 2<p< oo and 1—%<s§1 then:

(2a) I4 maps BP into Qs if and only if g € H™.

(2b) Mg maps BP into Qs if and only if g € Qg 1051/, N H™.
(3) If 2 <p < oo and O<s§1—% then:

(3a) I4 maps BP into Qs if and only if g = 0.

(8b) Mg maps BP into Qs if and only if g = 0.
Proof of Parts (1) and (2) of Theorem 6. Using Proposition 1 it follows that if either
Iy or My maps BP into Qs for any pair (s,p) with 0 < s < co and 1 < p < oo then
g€ H™.

Suppose now that s and p are in the conditions of (1) or (2) and that g € H*.

Take f € BP. We have to prove I4(f) € Qs or, equivalently, that the measure

(1 —121%)%|f'(2)1?|9(2)|? dA(2)is an s-Carleson measure. (14)

Using (1) and (2), we see that B? C Qs. Hence f € Qs which is the same as
saying that (1 — |2|?)%|f’(2)|? dA(z) is an s-Carleson measure. This and the fact
that g € H trivially yield (14). Thus (1a) and (2a) are proved. Then (1b), (1c),
and (2b) follow using Proposition 1, the fact that if two of the operators Ty, I,
Mg map BP into Qs so does the third one, Theorem 4, and Theorem 5. (J

In order to prove Theorem 6 (3), for 2 < p < co we shall consider the function
F, defined by

oo

1 k
Fp(z) = ZWZQ , z€D. (15)
k=1

Using [10, Corollary 7] or [14, Theorem 6], we see that F, € BP and Fj, ¢ Q;_=.
P

Hence 9
Fp € BP\ Qs, 0<s§1—1—), 2 < p < oo. (16)

Let us estimate the integral means Ma(r, Fj,). We have

o0
2Fp(z) = ZQk/p k_1/2z2k, zeD
k=1

and, hence,

o
/ k
Ma(r, Fp)? 2 3 207102 o <r <1
k=1
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Set rp, =1-2"" (n=1,2,...). Then

0o
’ k
MQ(TTL,FI/))2 Z ZQQk/p kflrrgl +1
k=1

ro_ n+1 LA
Z22n/pn L2 ZZQn/pn < n=12....

This readily yields

Ma(r, F})? 2, , 0<r<l (17)

(1—7r)2/? log %=

Proof of part (3) of Theorem 6. Suppose that 2 < p < co and 0 < s < 1— % and
g € Hol(D) is not identically zero.

Suppose first that either Iy or My maps BP into Qs. We know that then g € H™
and then, by Fatou’s theorem and the Riesz uniqueness theorem, we know that
g has a finite non-tangential limit g(ew) for almost every 6 € [0,27] and that
g(e"®) # 0 for almost every #. Then it follows that there exist C' > 0, ro € (0,1),
and a measurable set E C [0, 2n] whose Lebesgue measure |E| is positive such that

lgtre’)|>C, 6eE, ro<r<l. (18)

Since Fj, is given by a power series with Hadamard gaps, Lemma 6. 5 in [60, Vol. 1,
p- 203] implies that

/ [Fp(re®)Pdo = Ma(r, Fp)®, 0<r<1. (19)
E
Using the fact that s <1 — %, (18), (19), and (17), we obtain

1 1
/ (1= )*Ma(r, ) g)? dr > / (1= )13 Ma(r, F g)? dr
0

To

1 . . 1 .
Z/ (1—7")1_%/ |F1l,(7“e’0)|2 |g(r619)\2d9dr > / (l—r)l_%/ |le,(rel9)\2d9dr
) E o E

1
z/ (1—7)'"% My(r, F))? dr z/ dr

o ro (1 —r)log ﬁr

1 = 00. (20)

If we assume that Iy maps BP into Qs then I4(Fp) € Qs and then, using [11,
Proposition 3. 1], it follows that

1
/ (1 —7)°Ma(r, F) g)* dr < oco.
0

This is in contradiction with (20).
Assume now that My maps BP into @Qs. Since 1 and F), belong to BP, we have
that g and F, g belong to Qs and then, by [11, Proposition 3. 1],

/1(1 ) Ma(rg)? dr < oo (21)
0
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and )
/ (1= 1)° Ma(r, (Fpg))2dr < oc. (22)
0
Notice that Fp € H> and then
Ma(r,Fpg') < Ma(r,g'), 0<r<l.
This and (21) imply that
1
/ (1 —7)° Ma(r, Fp g)* dr < oo. (23)
0
We have arrived to a contradiction because it is clear that (20) and (23) cannot
be simultaneously true. O

In the other direction we have the following result.

Theorem 7 Suppose that 0 < s < 0o and 1 < p < 0o and let g € Hol(D). Then the
following conditions are equivalent

(i) My maps Qs into BP.
(i) g =0.

Proof. Suppose that g # 0. Choose an increasing sequence {rn}n=; C (0,1) with
lim{r,} =1 and a sequence {0, }7>; C [0, 27] such that

lg(rne®™)| = Moo (rn,g), n=1,2,....

For each n set )
fn(z) = log T o=y *€ D.

e i0n

Notice that M(r1,g) > 0 and that the sequence {M(rn,g)} is increasing. Set
1
fn(z):logm, ZGD, n:1727....
We have that f, € Qs for all n and

I fnllQ. = 1.

Assume that My maps Qs into BP. Then, by the closed graph theorem, My is
bounded operator from Qs into BP. Hence the sequence {g fn}o>; is a bounded
sequence on BP, that is,

lg frllgr S 1.

Then it follows that

= |g(rne'™) fu(rne'™)|

1 1/17/
1—rp '

M(r1,g)log <M (rn,g)log

1—ry —

1 1/13/
<llg full 5 (1og L ) < (1og

1—ry

This is a contradiction. [J
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3 Multipliers and integration operators between Qs spaces

As we mentioned above the space of multipliers M(B) = M(Qs) (s > 1) was
characterized by Brown and Shields in [15]. Ortega and Fabrega [40] characterized
the space M(BMOA) = M(Q1). Pau and Peldez [41] and Xiao [54] characterized
the spaces M(Qs) (0 < s < 1) closing a conjecture formulated in [51]. Indeed,
Theorem 1 of [41] and Theorem 1.2 of [54] assert the following.

Theorem C Suppose that 0 < s <1 and let g be an analytic function in the unit disc
D. Then:

(i) Ty maps Qs into itself if and only if g € Qs 10g,1-
(i1) Iq maps Qs into itself if and only if g € H™.
(it) Mg maps Qs wnto itself if and only if g € Qs 105,10 N H™.

We shall prove the following results.

Theorem 8 Suppose that 0 < s1 < s2 <1 and let g € Hol(D). Then:

(i) Ty maps Qs, nto Qs, if and only if g € Qs, 10g,1-
(1) Ig maps Qs, into Qs, if and only if g € H™.
(iii) Mg maps Qs, into Qs, if and only if g € Qs, 105,10 N H™.

Theorem 9 Suppose that 0 < s1 < s2 < 1 and let g € Hol(D). Then the following
conditions are equivalent:

(i) Ig maps Qs, into Qs, .
(1) Mg maps Qs, into Qs, .
(iii) g = 0.
Proof of Theorem 8. For a € D we set

2
ha(Z) = log 1—762’ z € D.

Then hq € Qs, for all a € D and
lhallq., = 1. (24)

o If Ty maps Qs, into Qs, then Ty is a bounded operator from Qs, into Qs,. Us-
ing this and (24), it follows that for all & € D the measure (1—|z|?)%2|¢’ (2)|?|ha(2)|? dA(2)
is an sa-Carleson measure and that

/ BRI PIR) 4AG) £ (1 ~lo)™, aeD. (9

Since 9
|ha(z)|xlogm, zeS(a),

(25) implies that

2 2 2\ 82 /22 2 _a282
(o5 ) [, (- I P aAe) 5 -1y
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This is the same as saying that the measure (1 — |z|?)*2|¢/(2)|* dA(z) is a 2-
logarithmic s2-Carleson measure or, equivalently, that g € Qs, 10g,1-

If g € Qs, 10g,1 then, by Theorem C, Ty maps Qs, into itself. Since Qs, C Qs,,
it follows trivially that Ty maps Qs, into Qs,. Hence (i) is proved

e Proposition 1 shows that if I, maps Qs, into Qs, then g € H™.

Conversely, suppose that g € H*. In order to prove that I, maps Qs, into Qs,,
we have to prove that for any f € Qs, the measure (1 — |2]?)%2|g(2)|?|f'(2)|? dA(2)
is an sp-Carleson measure. So, take f € Qs,. Then (1 — |2|?)%1|f/(2)|? dA(z) is an
si1-Carleson measure. Then it follows that

/ (1= 122 19(2) PIf ()2 dA(2)
S(a)

<lglFree (1 = [a]?)* 7 /S( )(1 — 122)* £ (2)]2 dA(2)

S~ o)™
This shows that (1 — [2]?)%2|g(2)|?|f'(2)|* dA(2) is an sp-Carleson measure as de-
sired, finishing the proof of (ii).

o If My maps Qs, into Qs, then, Proposition 1, g € H*. Then (i) implies that I
maps Qs, into Qs,. Since My(f) = I4(f) +Ty(f) +(0)g(0), it follows that Ty maps
Qs, into Qs,. Then (i) yields g € Qs, 10g,1- Then we have that g € Qs, 106,10 N H™.

Conversely, if g € Qs, 10,1 N H then (i) and (ii) immediately give that both
Ty and Iy map Qs, into Qs, and then so does My. O

Some results from [11] will be used to prove Theorem9. As we have already
noticed if 0 < s <1 and f € Qs then fol(l — 1) Ma(r, f)?dr < oco. Using ideas
from [27], Aulaskari, Girela and Wulan [11, Theorem 3. 1] proved that this result
is sharp in a very strong sense.

Theorem D Suppose that 0 < s < 1 and let ¢ be a positive increasing function defined
in (0,1) such that

/ (1—r)%o(r)?dr < 0.
0

Then there exists a function f € Qs given by a power series with Hadamard gaps such
that Ma(r, f') > @(r) for all v € (0,1).

Proof of Theorem 9. Suppose that g # 0 and that either Iy or My maps Qs, into Qs, .
By Proposition 1, g € H> and then it follows that there exist C > 0, ro € (0, 1),
and a measurable set E C [0, 27] whose Lebesgue measure |E| is positive such that

lg(re’®)|>C, 6e€E, ro<r<l.

e Suppose that I; maps Qs, into Qs, . Then we use Theorem D to pick a function
F € Qs, given by a power series with Hadamard gaps so that

1
’
Mz(’r‘,F) > m, O<r<l1. (26)

Since I4(F) € Qs,,
1
/ (1= )" Ma(r, F'g)? dr < oc. 27)
0
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However, using Lemma 6. 5 in [60, Vol. 1, p.203] and (26), it follows that

1 1
/ (1 —7)° Ma(r, F’g)2 dr 2 (1—7)* / |F/(7“ew)|2|g(7"ew)\2 do dr
0 E

To

1
Z/(l—r)sl/ |F’(relg)|2d0dr
0 E

1
= / (1 — ) Ma(r, F')? dr
T

0
1
Z/(l—r)_ldr
To
= 0.

This is in contradiction with (27).
e Suppose now that My maps Qs, into Qs,. Take ¢ > 0 with s —s1 —e > 0 and
use Theorem D to pick a function H € Qs, given by a power series with Hadamard

gaps so that
1

!/
MQ(T,H) > W, O<r<l1. (28)
Since gH € Qs, we have that
1
/ (1—7)*"My(r,gH + gH')? dr < oo. (29)
0
Using Lemma 6.5 in [60, Vol. 1, p.203] and (28), we obtain as above that

1 1 )
/(1—r)sl+EM2(r,H'g)2er/ (1—r)51+5/ \H'(rew)|2d0dr
0 To E
1

~

1
Z/ dr
ro 1—7r

= c0. (30)

>/ (1 —r)** T My (r, H')? dr
To

Notice that g € Qs,. Using this and the fact that

2
H <
[H(z) Slog (=1, z€D,

it follows that

1 1 2
[a-nr g < [Fa-nt (s 2 ) a2 ar
0 0
1
5/0 (1=r)5 5 My(r, ¢ ) dr < . (31)

We have arrived to a contradiction because (29), (30), and (31) cannot hold si-
multaneously. U
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Remark 1 The implication (ii) = (iii) in Theorem9 was obtained by Pau and
Peldez [42, Corollary 4] using the fact that there exists a function f € Qs,, f # 0,
whose sequence of zeros is not a Qs,-zero set.

This idea gives also the following;:

M(B,Qs) = {0}, 0<SS1

Indeed, it is well known that there exists a function f € B, f # 0, whose
sequence of zeros does not satisfy the Blaschke condition [7,31]. If g # 0 were a
multiplier from B into Qs for some s < 1 then the sequence of zeros of fg would
satisfy the Blaschke condition. But this is not true because all the zeros of f are
zeros of gf.

4 Some further results

The inner-outer factorization of functions in the Hardy spaces plays an outstanding
role in lots of questions. In many cases the outer factor Oy of f inherits properties
of f. Working in this setting the following concepts arise as natural and quite
interesting.

A subspace X of H' is said to have the f-property (also called the property of
division by inner functions) if h/I € X whenever h € X and I is an inner function
with h/I € H'.

Given v € L*°(0D), the Toeplitz operator T, associated with the symbol v is
defined by

Tof(z) = P(vf)(z) = %/@D%dg feH', zeD.
Here, P is the Szegd projection.

A subspace X of H' is said to have the K-property if TE(X) C X for any

e H™®.

These notions were introduced by Havin in [34]. It was also pointed out in
[34] that the K-property implies the f-property: indeed, if h € H L Iis inner and
h/I € H' then h/I = Tsh.

In addition to the Hardy spaces H? (1 < p < oco) many other spaces such as
the Dirichlet space [34,38], several spaces of Dirichlet type including all the Besov
spaces BP (1 < p < 00) [20-22,39], the spaces BMOA and VMOA [35], and the
Qs spaces (0 < s < 1) [23] have the K-property. The Hardy space H!, H>® and
VMOAN H* are examples of spaces which have the f-property bur fail to have
the K-property [35].

The first example of a subspace of H! not possessing the f-property is due to
Gurarii [33] who proved that the space of analytic functions in D whose sequence
of Taylor coefficients is in ¢! does not have the f-property. Anderson [6] proved
that the space Byp N H* does not have the f-property. Later on it was proved in
[29] that if 1 < p < oo then HP N B fails to have the f-property also.

Since as we have already mentioned the Besov spaces BP (1 < p < oo) and the
Qs spaces (0 < s < 1) have the K-property (and, also, the f-property), it seems



20 Daniel Girela, Noel Merchin

natural to investigate whether the spaces of multipliers and the spaces Qs iog,a
that we have considered in our work have also these properties. We shall prove the
following results.

Theorem 10 The spaces of multipliers M (BP,Qs) (0 <s<1,1 <p < o00), M(Qs;,Qs,)
(0 < 51,82 <1), and M(B?,B?) (1 <p,q < oo) have the f-property.

Theorem 11 For a >0 and 0 < s < 1 the space Qs 10g,a has the K-property.

Theorem 10 follows readily from the following result.
Lemma 1 Let X and Y be to Banach spaces of analytic functions which are contin-
wously contained in H'. Suppose that X contains the constants functions and that Y
has the f-property. Then the space of multipliers M(X,Y') also has the f-property.
Proof. Since X contains the constants functions M (X,Y) CcY c H'.

Suppose that F € M(X,Y), I is an inner function, and F/I € H'. Take f € X.
Then fF € Y C H! and then fF/I € H'. Since Y has the f-property, it follows
that fF/I € Y. Thus, we have proved that F/I € M(X,Y). O

Theorem 11 will follows from a characterization of the spaces @ 10g,« in terms
of pseudoanalytic continuation. We refer to Dyn’kin’s paper [24] for similar descrip-
tions of classical smoothness spaces, as well as for other important applications of
the pseudoanalytic extension method.

Let, D_ denotes the region {z € C: |z| > 1}, and write

« def

- =1/z, ze€C\{0}.
We shall need the Cauchy-Riemann operator
= O det 10 .0 )
0 = % - 3 (%_aniy)’ z=x 4+ 1y.
The following result is an extension of [23, Theorem 1].

Theorem 12 Suppose that0 < s < 1, > 0, and f € No<qcooH?. Then the following
conditions are equivalent.

(Z) f S Qs,log,a'
2 2« , ) 1 s
% sup | log ——— / z (771) dA(z) < 0.
@ s (o 2) [ (o )
(iii) There exists a function F € C*(D_) satisfying
F(z)=0(1), asz— oo,

lim+ F(re'?y = f("), a.e. and in LI([—m,7]) for all ¢ € [1,00) ,
r—1

2 2c . 9 9 s
sup <log ﬁ) / |0F (2)| <|gpa(z)| 71> dA(z) < oo.
la|<1 al D_

Theorem 12 can be proved following the arguments used in the proof of [23,
Theorem 1], we omit the details. Once Theorem 12 is established, noticing that if
a>0and 0 < s <1 then Q1050 C Qs C BMOA, Theorem 11 can be proved
following the steps in the proof of [23, Theorem 2]. Again, we omit the details.

Acknowledgements. We wish to thank the referees for reading carefully the
paper and making a number of nice suggestions to improve it.
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