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1. Introduction

In our two preceding works [9,10], focused on the inverse Galois problem’s framework, we proved that any effective
action on a manifold by a finite group or a torus can be described by a single vector field. However, it is crucial to note that
the generality of this result does not extend to compact connected Lie groups, as exemplified in Example 6.3 of [10].

As a result, a compelling and challenging question naturally arises: how do we determine the actions of these compact
connected Lie groups? To address this intriguing inquiry, we embark on exploring the possibility of employing a family of
vector fields as a potential solution.

In this paper, we demonstrate that for any connected compact Lie group smoothly acting on a connected manifold, the
group can always be equated to the group of automorphisms of a couple of vector fields defined on this manifold, given the
existence of a free point (Theorem 1.1). Furthermore, we provide illustrative examples of Lie group effective actions lacking
a free point, and in which the action cannot be described by any family of vector fields (Theorem 6.3).

To ensure clarity and consistency throughout the manuscript, we begin by establishing the notation and conventions that
will be employed throughout the paper. Our fundamental reference sources for differential topology, differential geometry,
and Lie group actions are as follows: [4] for differential topology, [5] for differential geometry, and [6] and [11] for Lie
groups actions. It is assumed that the reader is already acquainted with our two preceding papers [9,10].

Throughout this work, we consider manifolds (without boundary) and their associated objects to be real and of class
C°, with actions on the left, unless otherwise stated.

Consider a diffeomorphism F: M — M’ and a vector field X on M. The notation F,X represents the vector field on M’
defined as follows:

(FX)(y) = Fu(X(F1 (1))
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for every y € M’. Here, F,: TM — TM’ refers to the differential of the mapping F that acts on tangent vectors between the
tangent bundles TM and TM’.

Let F be a family of vector fields on an m-manifold M. The group of automorphisms of F, denoted as Aut(F), comprises
the subgroup of diffeomorphisms of M that preserve each element of F.

Now, let us consider an action of a Lie group G on the manifold M. A point p € M is termed free if its isotropy group (or
stabilizer) reduces to the neutral element e of G. Observe that if p is free, then all points within its orbit are also free. It is
worth noting that the existence of a free point guarantees the action’s effectiveness, and conversely, this holds true when
G is a torus (as stated in Proposition 7.1 of [10]). Thus, for torus actions, there is no difference between being effective and
the existence of free points.

Furthermore, it is important to recall that if the action is effective, then G can be treated as a subgroup of the group
Diff(M), which consists of diffeomorphisms of M.

Then, our main result is:

Theorem 1.1. Consider an action of a connected compact Lie group G on a connected manifold M. If the action of G has a free point
then there exist two complete vector fields X, X1 such that G = Aut(X, X1).

On the other hand, Theorem 6.3 demonstrates that the aforementioned hypothesis of the existence of a free point cannot
be substituted by merely assuming the action to be effective (further details are provided below).

Consider a family of vector fields, denoted as 7, defined on the manifold M. In the context of this paper, we shall use the
terms JF determines or F describes to refer to the action of a transformation group G, if and only if G is the automorphism
group of F, expressed as G = Aut(F). It is important to note that under such circumstances, every element belonging to
the family F is inherently G-invariant.

Organization of the paper: This paper is structured into eight sections, with the first section serving as the introduction.
Sections 2 and 3 present the essential results concerning Lie groups and vector fields, which are needed later on. The main
result is demonstrated in Sections 4 and 5.

In Section 6, it is shown that the assumption of the existence of a free point cannot be omitted. Specifically, it is showed
that the natural action of U(n) on C" =R?", n > 2, is described by two vector fields. However, no family of U(n)-invariant
vector fields can completely determine the natural action of U(n) on C" \ {0} (see Example 6.4).

Section 7 presents additional examples of compact connected linear groups. For instance, we consider the natural action
of SO(n) for n >3 and SU(m) for m > 3. In these cases, it is shown that the action cannot be described by invariant vector
fields. However, a different outcome is observed in the case of the symplectic group, where its natural action can always
be determined using two invariant vector fields. We end this section with a result on the stability of some determinable
actions (Proposition 7.3 and Remark 7.4).

The concluding section of this paper presents a curated list of open problems and questions that naturally arise from our
work.

Acknowledgments: The first author was partially supported AEI (Spain) grant PID2020-118452GB-100/AEI/10.13039/
501100011033. The second author was partially supported by AEI (Spain) grant PID2020-118753GB-100/AEI/10.13039/
501100011033, and by PAIDI 2020 (Andalusia) grant PROYEXCEL-00827. We express our gratitude to the anonymous referee
for his/her valuable feedback and contributions.

2. Preliminaries on Lie groups

In this section, we will present some fundamental concepts related to Lie groups, which will be crucial for our subsequent
discussions.

Throughout the remainder of this paper G will be a connected compact Lie group of dimension n, e its neutral element,
and G its Lie algebra of left-invariant vector fields. When required, we will treat G as TeG using the vector isomorphism
X € G X(e) € TeG. We say that a couple X, Y of elements of G is dense if the connected Lie subgroup H corresponding to
the Lie subalgebra H spanned by X and Y is dense within G.

Note that if the couple X, Y is dense and f: G— R is a function such that Xf =Yf =0, then f is constant.

We show that dense couples do always exist.

Proposition 2.1. In the algebra G of a connected compact Lie group G there exist dense couples.

Proof. According to a classical result by Schreier and Ulam [7], if G is both connected and compact, then there always exist
elements g and h in G such that the group generated by g and h is dense in G. In this case, since the exponential map of
G is surjective onto the group, there exist X and Y in the Lie algebra G such that exp(X) =g and exp(Y) = h. It is evident
that the couple X,Y is dense. O
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Given an abstract group G acting on a set S on the left (resp. right), and g€ G, Lg: S — S (resp. Rg: S — S) denotes the
induced by left (resp. right) multiplication by g. Observe that if S =G endowed with the natural left and right G-actions,
then the maps Ly and R, commute for any g, h € G. Therefore:

Lemma 2.2. Let G be a Lie group and g € G. If X is a left-invariant vector field on G, then (Rg). X is the left-invariant vector field with
initial condition

((Rg)«X) (@) = (Ag-1)4(X(e))
where Ah =Lpo Rh—l.
Similarly, if X" is a right invariant vector field on G, then (Lg). X' is right invariant and

((Lg)+X") (&) = (Ag).(X'(e)).

Let Z be a vector field defined on a product manifold P; x P,. We say that Z is horizontal if (;3).Z =0, and strongly
horizontal or s-horizontal if Z is horizontal and preserves the foliation given by the second factor (roughly speaking, Z is
tangent to the first factor and independent of the “second variable”). In a similar way one can define the notions of vertical
and s-vertical vector field on Py x P3.

Observe that given a vector field Z; on Py (resp. Z; on P;) there exists one and only one vector field on Py x P, which
we will still denote as Z; (resp. Z), such that it is s-horizontal (resp. s-vertical) and (771).Z1 = Z1 (resp. (72)«Z2 = Z3).

In a more general setting, given a map 7 : P — Q between manifolds, a vector field Y on P is called vertical if m,Y =0.

Let A be an open subset of R¥ and G be a Lie group. Consider a vector field H on A and a map ¢: A — TeG. Let
F: A x G— A x G be the diffeomorphism given by F(x,g) = (x, g - exp(¢(x))). Then:

Lemma 2.3. If ¢ takes values in an abelian subalgebra G’ of G = TeG, and H is thought as an s-horizontal vector field on A x G, then
F.H = H+ V where V is vertical, and every V (x, ), x € A, is the left-invariant vector field with initial condition V (x, &) = (¢« H)(X).

Proof. Consider the obvious left and right G-actions on A x G given by h- (x, g) = (x, hg) and (x, g) -h = (x, gh), and observe
these actions commute too. Since F(X, 8) = Rexp(p) (X, &), then F and Lz, § € G, commute. Therefore:

(Lg)*(F*H) = F*((Lg)*H) =F.H

hence (Lg)«V =V, which implies that every V (x,_) is left-invariant.

Now we compute the initial conditions that determine V (x,_). Let G’ be the connected Lie subgroup of G with algebra
G'; set Go =G'. Then Gg is a connected abelian closed Lie subgroup of G and a regular submanifold. As exp(¢(A)) C Go, it
is enough to compute the initial condition for F: A x Gg — A x Go. In other words, we may assume that G is abelian and
connected by replacing it with Gy if needed, thus we assume that G=R" x T?.

On R" x T* consider coordinates (y,6) = (y1,..., yr,01,...,0s) and the vector fields 3/dy1,...,d/9y;, 3/0361,...,0/36;.
Then a vector field U on R" x TS is invariant (left or right) whenever there exist ai,...,a;,bq,...,bs € R such that
U=Y"_1aj0/dy;+ Y j_1bed/d6,.

If Te(R" x T) is thought as R" x R® through 4/9y1,...,d8/3y;,3/361,...,03/30s, then exp(v, w) = (v, p(w)) where
p: RS — TS = (R%/2 Z®) is the canonical projection. Thus F(x, (y,0)) = (x,y + ¢1(x),6 + p(¢2(x))) where 91 =m10¢
and @ =m0 .

Finally, a straightforward computation shows that V (x,e) = (¢, H)(X). O

The following is a restatement of Exercise 9 found in [11, p. 134]:
Lemma 2.4. Let G be a connected Lie group and v : G — G be a diffeomorphism such that:

(a) ¥ maps left-invariant vector fields to left-invariant vectors fields (or alternatively right ones to right ones).

(b) y(e)=e.
Then v is a Lie group isomorphism.
3. Some useful results on vector fields

In this section, we introduce key results pertaining to vector fields that will be utilized subsequently. We follow the
convention established in Section 2, and employ the notation defined therein. Moreover, from now on & = Z’]‘-:1 Xj0/0X;
denotes the radial vector field of R¥, where k > 1, endowed with the canonical coordinates (x1,...,x,) of RK. As needed,
we may also view & as an s-horizontal vector field on R¥ x G.

Let P be a regular submanifold of a manifold Q and Z be a vector field defined on an open subset of Q that includes
P. We say that Z is tangent to P at order 1 if:
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(1) Z vanishes at P.
(2) For every vector field Y defined on an open subset B of Q, the vector field [Z, Y] is tangent to P at BN P.

On G consider a left-invariant vector field V and think of it as an s-vertical vector field on R¥ x G. Set X =& + V on
R¥ x G. Then {0} x G is the set of those points whose X-trajectory has compact adherence. Therefore, {0} x G is an invariant
of X, and if Y is a vector field commuting with X, then Y has to be tangent to {0} x G.

On the other hand, consider a vertical vector field V; such that each Vi(x,_), x € R¥, is left-invariant, and consider a
function h: R¥ — R with compact support such that jéh =0 but joh #0. Set X1 = V1 + (homy)X.

Let £(X, X1) be the set of those vector fields Y on R¥ x G such that:

(@) [X,Y]=0
(b) [Xq, Y] is tangent to {0} x G at order 1.

Finally, let {61, ..., 6,} be a basis of the algebra of right invariant vector fields of G, and think of each 6,, r=1,...,n, as an
s-vertical vector field on R¥ x G. Then:

Lemma 3.1.If V, V{(0,_) is a dense couple of G, then £(X, X1) is a Lie subalgebra of the Lie algebra of vector fields on R¥ x G of
dimension k? 4+ n with basis

d
Xi—,0: ¢, j,e=1,...k;r=1,...,n.
{Jaxz r} !

Proof. First note that, for each Y € £(X, X7), [X7, Y] is tangent to {0} x G at order 1 if and only if [V, Y] is so. Therefore,
we shall prove the result assuming this last hypothesis.

Let Y = Z’]‘ﬂ fix,g0d/0x; + ZL] or(x,8)6r € L(X, X1). Then X and Y commute, and Y has to be tangent to {0} x G,
thus f;(0,8) =0, for every ge G and every j=1,...,k.

Since V, V are left-invariant, then X, V, and V; commute with 61, ..., 6;. Now, from [X, Y]jj0jxc = [V1, Y]j{ojx¢ =0 it
follows that V - ¢ and V1 -¢r, r=1,...,n, vanish on {0} x G. But V, V; is a dense couple so each ¢, is constant on {0} x G.

A computation shows that

X YI=Y+) (X 06

r=1

where Y is a functional combination of d/0x1,...,9/0x. Hence X - ¢, =0, i.e. ¢ is constant along the X-trajectories. But
the o-limits of X-trajectories are included in {0} x G, set where ¢, is constant, so each ¢, r=1,...,n, is constant.
Replacing Y by Y — 2?21 @6 allows us to assume Y = Z';:l fj(x,g)9/0x; where each f; vanishes on {0} x G.
In turn from [X,Y]=0 it follows X - f; = f;, j=1,...,k.
On the other hand

k
[Vi.Y]1=) (Vi f))d/ox;j+ W
j=1
where W is vertical. Thus V- fj =0, j=1,...,k on {0} x G since [Vq,Y] is tangent to this submanifold. Moreover as
[V1,Y] is tangent to {0} x G at order 1, U - (V- fj) =0, j=1,...,k, on {0} x G for every vector field U = 212:1 agd/oxg
with aq,...,a, € R.

In order to finish the proof, we must show that every f; is independent of g and linear on x. In other words, given
f:R¥x G— R such that f({0} x G) = (V1 - f){0} xG) =0, X- f=f and (U - (V; - fi) ({0} x G) =0 for every constant
vector field U, we need to prove that f is independent of g and linear on x.

First, we consider the case k = 1. Since f vanishes on {0} x G, then f =x¢ for some function ¢. Now X - f = f becomes
X - ¢ =0, which implies that ¢ is constant along the X-trajectories.

Set U = d/dx. Then

aVvi-f) a(V1-9)
LN AN VA 7
0X 1etX ax

vanishes on {0} x G, hence V1 - ¢ does so.

As X =V on {0} x G, and the couple V, V1(0,_) is dense, then ¢ must be constant on {0} x G. But the «-limits of all
the X-trajectories are included in {0} x G, so ¢ is constant and f =ax for some a € R. That is, f is independent of g and
linear on x, what concludes the case k=1.

We consider now the case k > 2. Let E be any vector line in R¥, thus E = R. Since:

4
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e X and Vq are tangent to E x G,
e the restriction of & to E is still the radial vector field
e and one may choose U to be a constant vector field tangent to E,

we apply the 1-dimensional case above to get that f: E x G— R is independent of g and linear on E
Finally, as the union of all the vector lines E equals R¥, it follows that f is independent of g and linear on R¥. Indeed,
clearly f is homogeneous of degree 1 and therefore linear (see Remark 3.2 below). O

Remark 3.2. Let A C R¥ be an open ball centered at the origin and radius r € (0, 0]. If ¢: A — R is homogeneous
of degree d then d¢/dx1,...,9¢/dx; are homogeneous of degree d — 1. Therefore, when d = 1 the partial derivative
dQ/dx1,...,0¢/dx; are constant and ¢ has to be linear.

Proposition 3.3. Let F: R x G — RX x G be an automorphism of X = & + V that preserves X; = V1 + (h o 1) X on an open
neighborhood of {0} x G, that is, there exists A, an open set neighborhood of {0} x G, such that F,X;(x,8) = X1 (F(x, g)) for any
(x,8) € A. If V, V1(0,_) is a dense couple, then there exist an isomorphism ¢ : R¥ — Rk and an element A € G such that

F(x.8) = (¢(x),rg)
forall (x,8) e R¥ x G.

Proof. The diffeomorphism F induces a Lie algebra automorphism of L(X, X7). Let £; denote the ideal with basis
{xj0/0x¢1j,£=1,...,k}, while £ denotes the ideal with basis {01, ...,6,}. Then [£1, £2] =0 and L(X, X1) =L & L>.

Note that Y € £(X, X1) has a zero if and only if Y € £4. Thus £; is an invariant of F. Moreover, £ gives rise to the
foliation g = constant (first define it on (R¥ — {0}) x G and then extend it by continuity to R¥ x G). Of course this foliation
is an invariant of F.

On the other hand, F has to map £; to an ideal £/, such that £(X, X1) = £1® L, and [L1, £] = 0. Therefore, there exist
Z1,...,Zy € L1 such that {61 + Z1,...,6, + Z,} is a basis of 5/2 and [Z;, £1]=0, r=1,...,n. This implies that Z, = b;&,
b; € R, since the center of £ is spanned by &.

But the closure of the trajectories of any element in £, is compact, hence the closure of the trajectories of any element
in £/, has to be so. In the case of 6, + Z;, this last assertion is true only if Z, = 0. In short £}, = £; and £; is an invariant
of F. Consequently, the foliation x = constant associated to £ is also an invariant of F.

From the invariance of the foliations associated to £q and £, respectively, that is the foliations given by the factors of
Rk x G, it follows the existence of two map ¢: R¥ — R¥ and v : G — G such that F(x, g) = (¢(x), ¥ (g)).

As F preserves X, ¢ must preserve &, which implies that ¢ is linear. Obviously ¢ is a bijection hence an isomorphism.

In turn v induces a Lie algebra automorphism of the ideal £, that is of the Lie algebra of right invariant vector fields.
Moreover, composing ¥ on the left with L,-1, where A =/ (e), one may suppose v (e) = e. In this case by Lemma 2.4 v is
a Lie group isomorphism. Therefore, 1y induces an isomorphism of G.

As F. X =X, F.X1 = X7 around {0} x G, and X =V and X; = V1(0,_) on {0} x G, one concludes that ¢,V =V and
¥ V1(0,0) = V1(0, ).

Let H be the Lie subalgebra of G spanned by V, V1(0,_), and H the connected Lie subgroup of G corresponding to .
Clearly y,Y =Y for all Y € H, so ¢ equals the identity on H. Finally, since V;V{(0,_) is a dense couple H = G, hence
¥ =1d, and the result follows. O

Remark 3.4. Notice that if F is like in Proposition 3.3 and ¢ is shown to be a multiple of the identity, then ¢ =Id.

Indeed, as F preserves the couple X, X1 around {0} x G, then close to the origin ¢ has to preserve the function h: Rk —
R. Set ¢ = ald. Consider a vector line E in R¥ such that the jet of order 5 at the origin of h|g does not vanish. Endow E
with the coordinate y. Then hig(y) = y5f1(y) where fz(O) #0.

As h is g-invariant near the origin one has hjg(ay) = hjg(y), hence (ay)sfl(ay) = y5f1(y); finally computing the fifth
derivative at the origin yields 51a%h(0) = 5!f1(0), soa=1.

Note that the support of h around the origin can be taken as small as desired. Even more, h can be replaced by hh; in
the expression X1 = V1 + hX provided that h(0) # 0.

Let A C R¥ be open, and W be a vertical vector field defined on A x G. It what follows we say that W is left (respectively
right) invariant if each W (x,_), x € A, is left (right) invariant.

Lemma 3.5. Let X be the vector field on R¥ x G given by X= £+ V where £= Z’]‘-:1 fi(x)d/0xj, and V is a vertical left-invariant
vector field. Assume that:

(1) on Rk it holds:
(a) & is complete.
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(b) '5(0) 0 and its linear part at the origin is a positive multiple of identity.
(c) The outset of the origin equals R¥, that is, the a-limit of every trajectory ofé is the origin.
(2) There is an abelian subalgebra G’ C G such that Vix,)eg for every x € R¥,

Then there exist a diffeomorphism F: R¥ x G > R¥ x G, b e R, and V € G such that:

(i) F commutes with the (natural) left action of G on R x GandV =V (0, ).
(ii) FxX =b& + V when V is thought as an s-vertical vector field.

Proof. The first part of the proof of Lemma 2.4 in [10] (see also [8] and [9, Proposition 2.1]) allows us to assume E =E.
(Note that this fact is essentially a consequence of the Sternberg linearization theorem stated as Theorem 3.7 just after the
end of this proof.)

Define ¢ : R¥K = G’ € G = TeG by setting v (x) = V(x, e). By Lemma 2.1 in [10] there is ¢: R¥ — G’ such that (¢.&)(x) =
¥(0) — ¥ (), xeRK.

Now consider the diffeomorphism F: R¥ x G - R¥ x G given by F(x,g) = (x, g - exp(¢(x))). By Lemma 2.3, F,&é =£ +6
where 6 is a vertical left-invariant vector field with initial condition

0(x, @) = (@.£)(X) =Y (0) — Y (x), xeR",

Moreover, since G’ is abelian then F*V =V by Lemma 2.2. Therefore:
FiE+ V)X e) =) +y(0) — ¥ (0 + V(x,e) =&x) + ¢ (0). O

Remark 3.6. Observe that if X matches the hypotheses of Lemma 3.5, then X = (ho 711)5 4+ (h1o m)V where h: R¥ > R
is a positive and bounded function and any hy: R¥ — R, fulfills the hypotheses of Lemma 3.5 too.

We will now rephrase the classical Sternberg linearization theorem [8, Theorem 1] within the context of vector fields.

Theorem 3.7 (Sternberg linearization theorem). Let 0 € D C R" be an open set, and let X = Xo + X1 be a vector field on D where

el
X;j

Xo—Zﬂqu ',al]e]R and X;= Zf]a

i,j=1 j=1

with fj(0)=0,j=1,...,n,and (3 fj/9x;)(0) =0,i, j=1,...,n. Let A1, ..., Ay be the eigenvalues of the square matrix (a;;) defined
by the coefficients of Xo. Then if

n
Mj# Y Kk
r=1
forevery j =1,...,n and every family kq, ..., k, of non-negative integers such that ky + - -- + kn > 1, there exist two open sets

0e D1 C D,0e D; C D and a diffeomorphism F: D1 — D5 such that F(0) =0 and F, X = Xo.

Note that given any manifold S, the projection map m1: S x G— S is a G-principal fibre bundle for the natural left
G-action on S x G. _ -

Consider a connection D on a G-principal fibre bundle 7 : P — Q and a point g € Q. One will say that D is a product
around 7 ~1(q) if there are an open set ¢ € A C Q and a fibre bundle isomorphism (over Id: A — A) between 7 : 7 1(A) -
A and m1: A x G— A such that D, regarded on 1: A x G— A, is given by D(u g) =Ty A x {0} C T(y,g). Equivalently, the
connection D is a product around 7 ~'(q) if D is flat in a neighborhood of q [5, Section I1.9].

Lemma 3.8. Let 77 : E — R be a G-principal fibre bundle endowed with a connection D. Let &' be the lift of & to E by means of D. If
around 7~ (0) the connection D is a product then there exists a fibre bundle isomorphism (over the identity) F: E — R¥ x G such

that F.&" = YK, x;0/0x;.

Proof. Since around 7 ~1(0) the connection D is a product then there is an open ball By,(0) such that, as principal fibre
bundles, 77 : 7~ 1(B2q(0)) — B24(0) is identified (over the identity) to 71 : B2q(0) x G — B4 (0) while D is given by the first
factor. Note that on B3(0) x G one has &' = Zl;-:l X;j0/0x;.

Define 7: B2q(0) — 71 (B2q(0)) = B24(0) x G by setting t(x) = (x, e). Let ®': R x E — E be the flow of & (clearly this
vector field is complete since G is compact). Recall that the flow of £ is ®(t, x) = e’x.

6
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Now define 7/: R¥ < B,(0) — E by setting

/()= (log(||x|| —a),T <£>> )
lIx1l

Since ®(log(||x|l —a), ax/||x]|) =x and £ is the projection of &', it follows that 7/(x) e ~1(x); that is T/ is a section.

As 7 and T’ agree on By, (0) ~ B4(0) they define a global section s: R¥ — E.

By construction s(R¥), which is a closed regular submanifold of E, is union of integral curves of &', so & is tangent to
s(RKy.

Consider : R¥ x G — E given by y/(x,g) = g- s(x). Then m; = 7 o ¥. Thus (¢~ 1),&" projects by m; in £ More-
over, (¥ ~"),& is G-invariant and tangent to R¥ x {e} since &’ is G-invariant and tangent to s(R¥). Therefore, necessarily
(N, = Zl;':l x;d/8x;, and it suffices to set F=y 1. O

Remark 3.9. As the referee kindly pointed us, it is possible to give a geometric description of the proof above: we use
flatness of the connection D around O to find a covariantly constant trivialization of 7 in a neighborhood of 0, and then we
extend this trivialization by parallel transport along radial directions.

Lemma 3.10. Let Y be a vector field on R¥ x G such that Y = & + W where W is vertical and left invariant. Given 0 < a < b there
exists a principal bundle automorphism (over the identity) F: R¥ x G — RK x G such that F,.Y = & + W where:

(a) VI/ is vertical and left-invariant.
(b) W(x.)=0ifx¢ By(0). _ B
(c) F equals the identity on B4(0) x G, and therefore W (x, _) = W (x, _) if x € B4(0).

Proof. Take c € (a,b). Consider a vertical left-invariant vector field W’, with support included in B(0) x G, such that
W’ =W on B.(0) x G. Let @' be the flow of £ + W — W’ and let s: R¥ < B;(0) — R¥ x G be the section given by

, ax
s(x) =@ <log(IIXI| —a, <— e)) .
lIxIl

As s(x) = (x, @) when x € B.(0) ~. Bq(0), we can extend s to R¥ by setting s(x) = (x, e) on Bg(0).
Now consider the diffeomorphism v : R¥ x G — RK x G given by v (x, g) = g - s(x). The same reasoning as in the proof
of Lemma 3.8 shows that

k
WG+ W — W)= x;9/0x;.

j=1
Therefore,
WY =@ DE+W - W)+ D)W =+ )W
For finishing, set F =1 and W = ()W'. O

Remark 3.11. If Y =& + W, and W vanishes around {0} x G, then there is an F as in Lemma 3.10 such that F,Y =&.
Indeed, choose b > 0 in such a way that W vanishes on Bj(0) x G and set W’ =0 in the proof above.

4. The free case
In this section we prove Theorem 1.1 under the following two additional hypotheses:

e The action of the n-dimensional connected compact Lie group G on the m-manifold M is free.
ek=m-n>1.

Observe that the free G-action on M gives rise to a G-principal fibre bundle 7: M — B where B is a connected k-
manifold.

Let ;: B— R be a proper and non-negative Morse function. Let C denote the set of critical points of u, which is closed
and discrete, hence countable. From the paracompactness of B, it follows that there exists a locally finite family {Ap}pec of
disjoint open sets such that p € Ap, p € C.

According to [10, Section 3], there exists a Riemannian metric & on B such that the gradient vector field Y of w is
complete and, moreover, around each p € C there are coordinates (x1,...,X;) with p=0and Y = Z’]‘-:1 Ajxjo/0x; where:

(1) Ay =---=Xx¢ >0 if p is a source, i.e. p is a minimum of /.

7
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(2) A =---=2x <0if p is a sink, i.e. p is a maximum of w.
(3) Some A; are positive and the others negative if p is a saddle point.

Indeed, the scalars Aq,..., A, do depend on the point p. However, to maintain a more concise notation, we have omitted
this detail.

Furthermore, it is important to emphasize that these properties remain valid even when the vector field Y is scaled
by a positive bounded function. This is because their dependence is solely on the Sternberg linearization theorem (see
Theorem 3.7).

Let I be the set of sources of Y, i.e. I is the set of local minima of w. For each i € I, let S; denote the Y-outset of i. Then
[9, Lemma 3.3] becomes:

Lemma 4.1. The family {S;}ic; is locally finite and | J;; Si a dense set in B.

In what follows we assume that the locally finite family {A,}pec defined above verifies A; C S; by replacing A; by A;NS;
if necessary.

Shrinking each Ap, p € C \. I, allows us to identify Ap with the ball B, (0), with p=0and Y = Zl;-:] Ajxjo/0xj, thus
the G-principal fibre bundle 77 : 7! (Ap) — Ap becomes 77: Bg,(0) x G— Bg, (0).

As the family {Ap}pec is locally finite and its elements are disjoint, then it is possible to find a connection D on
7 : M — B with the following properties:

(1) For every p € C \ I there exists 0 < 8y < &p such that the connection D on Bs,(0) x G equals the one induced by the
first factor.
(2) D is a product on each fibre 7 ~1(i), i € I.

Let Y’ denote the lift of Y to M by means of D. By construction Y’ is G-invariant and complete (recall G is compact).
On the other hand, given that Property (1) above holds for D, whenever p € C \ I, we can assert that Y’ = ZI}:] AjXxj0/0X;j
on Bs, 0) x G.

As it is well known, the w-limit of a regular trajectory of the gradient vector field Y is empty, a saddle or a sink.
Therefore (see [10, p. 884] for the definition of order):

Lemma 4.2. The w-limit of a regular trajectory of Y’ is empty or a zero of Y’ of order 1.

Now, according to [9, Proposition 2.1], each outset S; may be identified to R¥ in such a way that Y =g; Z’;‘:] Xjo/0xj,
a; > 0. In turn, by Lemma 3.8, 77 : 7~ 1(S;) = S; = R¥ can be identified, as G-principal fibre bundle, to 71 : R x G — R¥ in
such a way that Y’ =g; Z’]‘-zl x;0/0x; (where a; Z’j‘-=1 xj0/dx; is regarded as an s-horizontal vector ﬁeld)._

Moreover, we can assume that A; is identified with an open set in R¥ that includes the closed ball B3(0). This can be

achieved by applying an appropriate dilation to both instances of R, the total space and the base space, as needed.
Let K; denote the compact set B3(0) x G when regarded within 7 ~1(S;).

4.1. Construction of Y”

The next step is to modify Y’ by adding a vertical component to it. More precisely, considering that the family
w=1(Sp)iel is locally finite and its elements are disjoint (due to the properties of the family S;i € I), we will construct
the new vector field by augmenting Y’ on each w~1(S;) with a left-invariant vertical vector field whose support is con-
tained within Kj.

Let Z =& + U be a vector field on R¥ x G where:

(1) U is s-vertical and left-invariant.
(2) U(0, e) belongs to some dense couple of G = TeG.

Let F: R¥ x G — R x G be the principal bundle automorphisms (thus a diffeomorphism) as provided by Lemma 3.10
fora=1,b=2and Z. Set F,Z =& + U. Observe that the support of U is included in B3(0) x G. Let U; be the vector field
on 7~ 1(S;) which is identified to U on R¥ x G.

Define the vector field Y” by setting:

o Y=Y +aU; on w71(S)), iel.
e Y=Y on M_Uieln_](si)'

Then Y” is left-invariant and complete (7,Y” =Y and G is compact). Moreover, Lemma 4.2 still holds for Y” because
Y=Y on M~ Ui Ki.
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The identification of 7~1(S;) with R¥ x G may be composed with F~! in order to obtain a second identification of
71(S) with R¥ x G such that Y =a;(3%_; x;0/0x; + U).

It is easily seen that g € #~1(I) if and only if the closure of the Y”-trajectory of q is a torus of dimension > 1. Thus,
s=1(I) is an invariant of Y”, but it’s important to note that not necessarily each 7 ~1(i), i € I, is an invariant of this vector
field. To avoid this issue, we will need to modify Y”.

4.2. Construction of X

We first assume k > 2. For every source i € I choose P; C A; a set of k+ 1 points, all them close enough to i but different
from it, in such a way that the linear «-limits of the Y-trajectories of these points are in general position (see [9, pp.
319-320] and [10, p. 844] for definitions). Let P = J;; Pi.

Fix an injective set theoretical map n: P — N\ {0}. As {A;}ic; is still locally finite, there is a bounded function 7: B — R
that is positive on B . P and has a zero of order 2n(p) at every p € P.

Finally define X = (t o r)Y”, which is clearly a G-invariant and complete vector field.

Let R;, i €I, be the outset of i with respect to TY. Given a point a € R, let [a, o) ¢ R¥ denote the ray {ta: t € [1, co)}.
Identifying S; with R¥ in the usual way implies that S; < R; = Upepi [p, 00). Therefore:

Lemma 4.3. The family {R;}i¢, is locally finite, and the set | J;; R; is dense in B. Consequently, the family {r Y (R)}ies is also locally
finite, and the set | J;; = 1(R;) is dense in M.

Now, we identify 7~ (S;) with R¥ x G so that Y” = a,»(z’;:1 Xjd/3xj+U). Then - 1(S)) 7 1(Ry) = (Upep,[p, 00)) X G.
According to [9, Proposition 2.1], which can also be considered as a consequence of Theorem 3.7, for each i € I there exists
a diffeomorphism f;: R; — RK such that

k k
(fi)w(@T Y xj0/0x)) =b; Y x;0/0x;
j=1 j=1
where b; = a;7(0) > 0. Therefore, the diffeomorphism F;: R; x G — R¥ x G, given by F;(x,8) = (fi(x),g), allows us to
identify 7 : w1 (R;) — R; with 71: R¥ x G— Rk, as G-principal fibre bundles and over f;, in such a way that

k
X =biZXj3/3Xj + Wi
j=1
where W, is vertical and left-invariant, W; (0, e) belongs to some dense couple and every Wi(X, e), x € R¥, is proportional
to W;(0, e).
By Lemma 3.5 applied to b; Z’]‘-:1 x;j0/dxj + W, there exist a diffeomorphism F: R¥ x G > R¥ x G, which commutes
with the left action of G, and V; € G such that V; = Wi(O, _) and

k k
F* biZX]‘B/BXj—i-W,‘ =biZXj3/3Xj+V,'.
=1 =1

Composing, on the left, the foregoing identification with F gives rise to a second identification of 7 : w ~1(R;) — R; with
71: R¥ x G — R¥, over some f;: R; — R¥ and as G-principal fibre bundles, such that X = b; Z';:] xjd/dxj + Vi, bi > 0,
where:

(1) Vj is s-vertical and left-invariant.
(2) Vi(0, e) belongs to some dense couple.

In the following, we will refer to this type of identification as suitable.
We also obtain that:

(a) Each w~1(i) is a connected component of the set of those points of M such that the closure of their X-trajectories is a
torus of dimension > 1.

(b) w~1(R;) is the outset of 7w ~1(i), that is the set of points of M whose X-trajectory has its a-limit included in =1 (i).

(c) For each p e P; there exists one and only one open vector half-line Ej, such that Ej, x G is the set of points of M whose
X-trajectory has its -limit included in 7 ~1(i) and whose w-limit is a zero of X of order 2n(p).

(Recall that 7 ~1(R;) = (R" ~ Upepi p, oo)) xGand X = (tom)-(a; Z’]‘»21 xj3/9x;+U) for some identification of 1S
with R¥ x G.)
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Remark 4.4. From the preceding properties, it follows that if F: M — M is an automorphism of X, then F(rr‘1 (i)) =m771()
and, consequently, F( ~1(R;)) =7~ (R)).

Moreover, if F: w~1(R;) — m~1(R;), when 7 ~'(R;) is suitably identified as R¥ x G, is given by F(x,g) = (¢i(X), A; - &)
where ¢; € GL(k, R) and A; € G (refer to Proposition 3.3), then ¢; is a positive multiple of the identity. This is required to
preserve the half-lines E,, where p € P;, and these half-lines are in general position as a result of the construction of P;.

Finally assume k = 1. In this case one cannot add additional zeros to construct the set P because in this scenario | ;. Ri
is no longer dense. Instead of that, we consider a proper and non-negative Morse function x«: B — R, which has two or
more maxima if B is not compact, and define P to be the set of sinks of Y. Then, given an injective set theoretical map
n: P — N ~ {0}, one can construct a bounded function t: B — R that is positive on B \. P and has a zero of order 27n(p)
at every p € P, as in the case k > 2. Therefore, if p € P, then 7Y has a zero of order 2n(p) + 1 at p.

The remaining arguments work in a similar way and one concludes that F( ~1(i)) =7 ~1(i) and F(7~'(R))) =7~ 1(R})
where R; = S;. Obviously any ¢; € GL(1, R) is a multiple of the identity.

Another way of dealing with the case k=1 is to consider a Morse function @ on B with a single minimum. In this case
F(7r~1(Rj)) =7 ~'(R;) where R; = ;.

4.3. Construction of X
Let V1 be a vertical vector field on M such that

(i) V4 vanishes on M\ U, 7 "1 (R).

(ii) On every 7w ~1(R;), suitably identified to R¥ x G, satisfies:
(1) Vq is left-invariant and its support is compact.
(2) Vi(0,e), V1(0,e) is a dense couple of TeM =G.

Let h: M — B be a function vanishing on B \ | ;¢ Ri such that for every i e I:

(a) jth=0 but j?h #£0.
(b) h: R; - R has compact support.

We define X1 = V1 + (hom)X, which is obviously a complete and left-invariant vector field.

Then, for every F € Aut(X, X1), we have F(r~'(Rj)) =7~ !(R;) for all i € I, and F: w~'(R;) — 7 ~(R;) preserves both
X and X;. Making use of a suitable identification of 7~ (R;) and R¥ x G, our F can be seen as a self-diffeomorphism of
R¥ x G which preserves X = b; le‘:l Xjo/0xj+ Vi, bi >0, and X; =V 4+ (hom)X.

By Proposition 3.3 there exist ¢; € GL(k, R) and A; € G such that F(x,g) = (¢;(x), A; - ). From Remark 4.4 if k > 2, or
directly if k =1, it follows that ¢; is a multiple of the identity. Finally, Remark 3.4 (note that i is identified to 0 € R¥) allows
us to infer that ¢; =1d, that is F =Ly, on 7~ 1(R)).

Consider a G-invariant Riemannian metric on M. Then F is an isometry on | J;; 7~ 1(R;) and, by continuity, on M. Thus
fixed g € I then F =L, on the open set Rq, which is non-empty. Since M is connected and F, L,, are isometries, it follows
that F = L, on the whole M.

In other words, Theorem 1.1 is proved in the free case (k > 1).

Remark 4.5. Consider two G-invariant, positive and bounded function ¢, ¢1: M — R, and define X= @X and X = ©1X1
\Lvhgre X, X7 are the vector fields constructed abovg. Then both X and X; are G-invariant and complete, and the couple
X, Xy describes G as X, X1 does so. Indeed, X and X share the same singularities with the same order and have identical
trajectories, albeit with different parametrizations but maintaining the same orientation. The same holds for X; and X;.
Therefore, the reasoning involving X and X, follows a similar line of argumentation as that for X and Xj.

5. Actions with a free point

In this section we conclude the proof of Theorem 1.1. Consider an action of a connected compact Lie group G, with
dimension n, on a connected m-manifold M. Assuming the existence of a free point, the type of the principal orbits of the
action is G itself, and if S is the set of non-free points, then M \ S is open, connected and dense. Furthermore, the G-action
on M \ S is free (see [2, Theorem IV.3.1]).

We first assume m > n. Let X, X} be a couple of vector fields on M \. S describing G and constructed like in the preceding
section.

By [10, Proposition 7.2] there are two functions p, ¢1: M — R bounded, G-invariant, vanishing on S and positive on
M ~. S, such that the vector fields X, X; on M defined by X = pX', X; = @1X; on M~ S and X=X, =0 on S, are
G-invariant and differentiable.

Set X1 = X;; note that X; =@1Xj on M\ S.

10
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Let h: R — R be the function given by h(t) =0 if t <0 and h(t) = exp(—1/t) if t > 0. Set X = (ho p)?. Then X = X’
on M~ S where ¢ = (ho p) - p. Moreover, X, X; are G-invariant and complete, and X vanishes at order infinity at p if and
only if p € S. By Remark 4.5 the couple X, X1 describes G on M \ S.

Given F € Aut(X, X1), then F(S)=S and F: M~ S — M . S is an automorphism of X, X7 regarded as vector fields on
M . S. Therefore, there exists & € G such that F =L, on M ~\. S and, by continuity, on the whole M.

Finally, we assume m = n, that is we assume that G acts on itself on the left. Consider a couple dense X, X; of G. Let
F: G— G be an automorphism of this couple. By replacing F by Ly o F, where A = (F(e))~!, one may suppose F(e) =e. In
this case Fjg =Id, where H is the connected Lie subgroup of G whose Lie algebra is spanned by X, X;. But H=G,so F=1d.

This concludes the proof of Theorem 1.1.

We end this section by providing an example of an action with free points.

Example 5.1. Endow V = ]_[;?;11 R", n > 3, with the SO(n)-action given by g-v = (g - v1,...,8 - Vp_1), Where v =
(V1,...,Vp—1). This induces an action of SO(n) on the sphere

ST =y e Vi fvilP 4+ lvaa P =11,

such that a point v of "™~ D=1 js a free for this SO(n)-action if and only if the vectors vi, ..., vy_; are linearly indepen-
dent. Thus the SO(n)-action on $"™~D=1 has both free and non-free points.

For instance, let n =3, so V =R3 x R? and the induced SO(3)-sphere is S°. Let F: S° — R? be the map defined by
F(v) = ({v1,v1), (v1, v2)). Then a computation shows that F(S®) = E, where E = {x € R?: (x; — 1/2)® + x5 < 1/4}, and
v € §° is free if and only if F(v) belongs to the interior of E. Indeed, given real numbers a,b > 0, and c, there exist
two vectors vq, vy € R3 such that ||[v{||> =a, |[v2]> =b and < vq, vy >=c if and only if c> <ab, and v, v, are linearly
independent if and only if ¢? < ab. Therefore, x € R? belongs to F(S°) if and only if x3 < x;(1 —x;) while x is the image of
a free point if and only if x3 < x1(1 — x;). Finally observe that x3 <x;(1 —x;) if and only if (x; — 1/2)2 +x3 < 1/4.

6. Invariant vector fields and homogeneous spaces

In this section, we demonstrate that the hypothesis of the existence of a free point in Theorem 1.1 cannot be omitted.
This is shown through Corollary 6.2 and Theorem 6.3.

Now, consider an effective and transitive action G x P — P of a compact and connected Lie group G, of dimension n, on
a compact and connected manifold P, of dimension r > 1.

Let A C X(P) be the Lie algebra of fundamental vector fields associated to the action of G, thus A is isomorphic, in a
natural way, to the algebra of right invariant vector fields on G (see [6]). Additionally, let B C X(P) be the Lie algebra of
those vector fields on P that commute with (the action of) G, i.e., they are G-invariant. It is evident that [ A, B] =0.

For each p € P, let G, denote its isotropy subgroup, and set B(p) = {X(p)| X € B}. As G and B commute one has:

e Every element of B is completely determined by its value at a point; thus dimB(p) =dimB, p € P, and B defines a
foliation, say JF, on P.
o If p and q belong to the same leaf of 7 then G, = Gg.

Therefore, if dimB =r, then G, does not depend on p, and since the action is effective, G, = {e}. In other words, P may
be identified to G, and B to the algebra of left-invariant vector fields on G. Thus dim BB < r if and only if the isotropy subgroups
have two or more elements.

On the other hand, observe that if G is a torus then necessarily each G, = {e} and dim B =dimG = dim P.

Proposition 6.1. Let G x P — P be an effective and transitive action of a compact and connected Lie group G, of dimension n, on a
compact and connected manifold P, of dimension r > 1. Let B C X(P) be the Lie algebra vector fields on P that commute with (the
action of) G. If dim B < r, then there exists a diffeomorphism A: P — P which preserves every element of B and such that A # Lg for
allg eG.

Proof. We assume dim3 > 1 since the case B =0 is trivial. First we show that the leaves of F are compact regular
submanifolds. Endow P with a G-invariant Riemannian metric g. Given any p € P there are normal coordinates on an open
neighborhood A of p, € >0, and an integer 1 < ¢ <r — 1 (see below) such that A is identified to B, (0), p to the origin and
Gp to a SLzbgrOL;p of the orthogonal group O(r) whose set of fixed points in B (0) equals B.(0) N ({0} x R?) when one sets
R"=R"™* x R*.

Indeed, first observe that one may assume that g(p), p =0, equals the standard scalar product on R". Take any g € Gp.
As g is an isometry of (P, g), it maps geodesics into geodesics, which implies that, in normal coordinates around p, the map
g is homogeneous of degree one, hence linear (see Remark 3.2). Since g(p) is the scalar product of R", here linear means
that “g belongs to O(r)”. Finally note that the set of fixed points of a subgroup of O(r) is always a vector subspace of R".

Note that given Y € B, then Y(p) € TP is invariant under the linear action of G, on T,P. Conversely, if v e TP
is invariant under this linear action, then one can define Y € B, with Y(p) = v, by setting Y(g- p) = (Lg)«Vv (the linear

11
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invariance of v implies that this construction is correct). Therefore, in normal coordinates B(p) = {0} x R¢ ¢ ToP and
dim B = ¢ (for this reason 1 < ¢ <r —1 as announced above).

Let N be the leaf of F passing through p. As G, =Gq for all g € N, then NN A= NN B¢ (0) C ({0} x Rf) N B¢ (0) and,
if € is small enough, N N B, (0) = ({0} x R¢) N B, (0) since TpN = B(p). Therefore, N is a regular submanifold (reasoning as
before with every point of N).

Consider a leaf N’ of F and a sequence {py}xery C N’ with limit p; then N’ = N, that is p € N’. Indeed, let G’ be the
isotropy subgroup of any point in N’ (all the points in N’ have the same isotropy subgroup). From {pylreny — p follows
that G C G,. As G’ and G, are conjugated they have the same dimension and the same number of connected component,
so G =G,.

If k is big enough and ¢ sufficiently small, since G, - px = pk, one has that p; € ({0} x RY N B.(0) = N N B.(0); that
is pr € N and N’ = N. This reasoning applied to the points of the closure of N’ shows that the leaves of F are closed, so
compact.

On the other hand, there are a simply connected Lie group H and an action H x P — P whose algebra of fundamental
vector fields equals B (see [6]). Moreover, the actions of G and H commute because by construction G and 5 do so.

By the transitivity of the action of G, all the isotropy subgroups of the action of H are equal. Denote H’ this subgroup;
then H’ is the kernel of the morphism h € H~ Ly, € Diff(P). Therefore, the quotient group H= H/H' acts freely on P with
B as algebra of fundamental vector fields. Besides, the orbits of the action of H are the leaves of F, so H is compact and
connected. . _

Thus the action of H gives rise to a H-principal fibre bundle 7: P — Q. Observe that dimQ =r— ¢, so 1 <dimQ <
dimP since 1 <{<r—1. ~

Consider any q € Q and an open neighborhood B of it such that 7 : 7~1(B) — B is identified, as H-principal fibre bundle,
to 71 : Ba(0) x H—> Bo(0) where g=0 and a > 0. Let j¢: B4(0) — H be a map such that ;(0) # & and p(g) = & outside of
a compact 0 € K C B4(0), where € is the neutral element of H. One define »: P — P by setting A =1Id on P ~. 7w ~1(B) and
A, ) = (x,h- 1)) on 71 (B) = B4(0) x H.

With respect to the metric g, A is not an isometry because equals the identity on a non-empty open set but A # Id.
Therefore, A # Lg for all g € G since each Lg is an isometry.

Moreover, A preserves each Y € B because Yir-18) where 77 1(B) = B,(0) x H, is a fundamental vector field of the
action of H on Bq(0) x H given by h’ - (x,h) = (x,h’ - h) (as we pointed out before, the fundamental vector fields of the left
action of a Lie group on itself are the right invariant vector fields, see [6]). O

Finally the key result in this section is:

Corollary 6.2. Let Q be a connected manifold. Under the hypotheses of Proposition 6.1, the action of Gon Q x P givenby g- (q, p) =
(g, g - p) is not determined by any family of G-invariant vector fields.

Proof. Consider any G-invariant vector field X on Q x P. Then X is foliated with respect to the foliation given by the
second factor, that is the foliation given by the orbits of G. Therefore, X =Y + V where Y is s-horizontal, V vertical and
each V(q,_), g € Q, is G-invariant, that is belongs to 5. ~
_ Define the diffeomorphism A: Q x P — Q x P by setting A(q, p) = (9, A(p)) where 1 is like in Proposition 6.1. Clearly
A X = X.

Thus if £ is a family of G-invariant vector fields, then i € Aut(£) but A ¢ G C Diff(Q x P). O

From Corollary 6.2 it immediately follows:

Theorem 6.3. Consider an homogeneous space G/H and the natural left action of G on it. Assume that:

e G is compact and connected.
o H has two or more elements and does not contain any normal subgroup of G but {e}.

Let Q be a connected manifold. Then the action of G on Q x (G/H) given by g - (q, [g']) = (q, [gg']) is effective and cannot be
described by any family of G-invariant vector fields.

We finish this section with an example that illustrates an effective G-action on a manifold M satisfying the following
conditions:

(1) The set of fixed point M€ is not trivial, indicating that the G-action is not transitive,
(2) The G-action on M is determined by a couple of vector field.
(3) However, the induced G-action on M ~. M® cannot be determined by any family of G-invariant vector fields.

12
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Example 6.4. Consider the space M = R%", where n > 2, equipped with coordinates x = (x1, ..., X2;). We introduce the
complex structure | = Z’;:l(ezj ® e’z‘];] —e_1® eﬁj), where eq,...,e2n is the canonical basis of R?". With respect to
J, the space M becomes a complex vector space of complex dimension n, defined by (a + bi)x = ax + b Jx. Therefore, M is
equipped with an effective action of the unitary group U(n), defined as the set of elements in GL(n, C) that preserve the
Hermitian inner product 0(x, y) = (x, y) — i(Jx, y). It is evident that MU™ = {0}.

We show that the U(n)-action on M can be described by a couple of vector field.

Let Y be the linear vector field associated to J, thatis Y(x) = Jx, x€ M. Then Y = 2?21 (—X2j0/0x2j_1 + X2j—10/9X2j).

A real endomorphism A of M is C-linear if and only if Ao J = J o A, which is equivalent to say that A, as differentiable
map, preserves the vector field Y.

Set X=¢& = Zf":l x¢3/3x, and X1 = (||x||> — 1)Y. Consider a diffeomorphism f: M — M which preserves X; then, as it
is well known, f € GL(2n, R). Now suppose that f preserves X; too. Then f maps X;'(0) into itself, so f($?'~1) = §2"~1.
Thus if the length of x equals 1, then that of f(x) equals 1 too, and from the linearity of f it follows that | f(x)|| = |x||,
x € M. In other words, f is an isometry. This last fact implies that the function ||x||2 — 1 is f-invariant; therefore f preserves
Y, which means that f is C-linear. Thus f € 0(2n) NGL(n, C) =U(n).

Conversely, if f € U(n), then f preserves X and X;. Hence Aut(X, X1) =U(n).

Note that in our case, the origin of 0 € M plays a crucial role since the action of U(n) on M ~ {0} =M ~ MV® n>2,
cannot be determined by means of U(n)-invariant vector fields.

Indeed, consider the diffeomorphism v : M ~ {0} — Rt x §2"=1 given by v (x) = (||x|l, x/|Ix|). Then the action of U(n)
on M ~ {0} becomes the action of U(n) on R* x $2"~1 defined by g- (t, y) = (t,g- y) and Corollary 6.2 applies.

7. Some examples on compact connected linear groups

Both the natural action of SO(2) on R? and the natural action of SU(2) on C2 =R* have a free point. Therefore, these
actions are determinable by Theorem 1.1. However we shall see that the natural actions of SO(n) on R", n > 3, and of SU(m)
on C™=R2M™ m >3, are not determinable.

Indeed, let us start with SO(n), n > 3. First observe that at any x € R™ \ {0} the only direction that is invariant under
the action of the isotropy group of x is given by &£(x), & = le-:] xjo/0xj. Therefore, if X is an SO(n)-invariant vector field
on x € R™" \ {0}, then X = f& where f is an SO(n)-invariant function, that is to say constant on each sphere centered at the
origin.

This last fact implies that f is O(n)-invariant too and, as a consequence, that X is O(n)-invariant too. Since the origin
is a fixed point, necessarily both the natural actions of O(1) and SO(n) have the same set of invariant vector fields on R".
Therefore, the natural action of SO(n) on R", n > 3, cannot be determined by means of SO(n)-invariant vector fields.

Now consider the case of SU(m), m > 3. As in Example 6.4, set Y = Z;L (—x2j0/0x2j_1+X2j_10/0X2j). Then the isotropy
group of each x # 0 has just one invariant vector complex line that, as real plane, has {£(x), Y(x)} as a basis. Since Y is
invariant under the action of U(m), every SU(m)-invariant vector field X on R" \ {0} writes X = f& + gY where f and
g are SU(m)-invariant functions (and therefore U(m)-invariant). Finally the same reasoning as before shows that SU(m)
cannot be described by means of SU(m)-invariant vector fields, although the natural action of U(m) can be determined by
two invariant vector fields (Example 6.4).

Our next example shows that the natural action of the symplectic group can be described by a couple of invariant vector
field.

Example 7.1. On R¥, r > 1, let consider the following complex structures
r
J=) (ear2®el 5 —ea 3®el_,+eu®eh | —eq 1€
=1
r
K=Y (ear-1®€} 3 —ea®ej_,—ea 3®eh 1 +ea2®e})
=1
r
L=> (ear®€fy, 3+ea 1@} 5 —ea2®€f 1 — a3}
=1

where {eq, ..., e4} is the canonical base of R%".

With respect to J, K and L the space R% becomes a quaternionic (left) vector space of dimension r by setting (a + bi +
cj+dk)x =ax+bJx+ cKx+dLx.

Let Y, Z, U be the linear vector fields on R*" given by Y (x) = Jx, Z(x) = Kx and U(x) = Lx, x € R*", respectively. A real
endomorphism A of R# is H-linear if and only if Ao J = JoA, AcK=KoA and AoL=LoA, which is equivalent to say
that A, as differentiable map, preserves Y, Z and U. Thus the symplectic group Sp(r), r > 1, is the set of those A € O(4r)
that preserves Y, Z and U.

Let consider the open intervals Iy = (4,9), I, = (16, 25) and I3 = (36, 49), and let ¢1, @2, ¢3: R — R be functions such
that:

13
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(1) @2 + 92 + 932 >0 0on R\ {1} and ¢;1(1) = ¢2(1) = ¢3(1) =0.
(2) @a(Ip) =8qp for every a=1,2,3 and every b=1,2, 3.

Now set X =& and X1(x) = @1 (X)) Y (%) + @2 (X2 Z(x) + @3(|1X|>)U (x), x € R*", which defines a vector field X; on
R#". Observe that X' (0) = {0} U S4~1.

Then Sp(r) equals Aut(X, X1). Indeed, obviously Sp(r) C Aut(X, X1). Conversely, consider any f € Aut(X, X1). As f pre-
serves X, necessarily it is R-linear. On the other hand as f preserves X; then f(X;'(0)) = X;'(0), so f(s¥~1) = s%~1
and f is an isometry (see Example 6.4).

Observe that X; =Y on B3(0) . B2(0). Therefore, f preserves Y on this open set and, by the analyticity of f and Y, on
the whole R*". Analogously f preserves Z and U, hence f e Sp(r).

We now consider a generic manifold M of dimension m, and let Act(M) be the set of all the effective actions of compact
connected Lie groups on M. Thinking of these actions as subgroups of Diff(M) gives rise, by inclusion, to a partial order on
Act(M). Finally, let Acto(M) be the set of those elements of Act(M) that are determined by some family of invariant vector
fields.

The poset Actg(M) has nice structural properties:

Lemma 7.2. The ascending chain condition holds in Act(M). In particular, every element in Act(M) is included in some maximal
element.

Proof. Recall that elements in Act(M) can be regarded as connected compact groups of isometries for a suitable Riemannian
metric on M. Consequently, the dimension of any G in Act(M) is bounded above by m(m + 1)/2 by Theorems 3.3 and 3.4 in
[5, Chapter VIJ.

Now, consider any strictly ascending sequence

GlCGZCCGrC

in Act(M). Since every group is connected, we have 0 < dimG; < dimG;+1 <m(m+ 1)/2, and this sequence must eventually
stop. Moreover, if the sequence cannot be extended, it must conclude with a maximal element. O

A direct consequence of Lemma 7.2 is that the ascending chain condition also holds in Acto(M), and we obtain the
following stability property for the maximal elements in Acto(M):

Proposition 7.3. Let G be a maximal element in Acto(M), and let VV be a family of G-invariant vector fields on M. Then either W does
not determine any element of Acto(M) or G = Aut(W).

Remark 7.4. A particular case of the above proposition is as follows. Suppose that G is a maximal element in Acto(M) and
is determined by two G-invariant vector fields X, X;. If X', X} is a new pair of G-invariant vector fields which is” close”
to the original pair X, X; in some Whitney C¥ topology [3, p. 43], then one of two scenarios arises: either X’, X} do not
determine any element in Acto(M), or we have G = Aut(X’, X}).

Proposition 7.5. The natural action of U(m) on R2™, m > 1, is maximal in Acto(R2™).

Proof. Let us start recalling a result needed later on. Consider two connected compact Lie subgroup H,H’ of SO(2m), > 1,
the first one isomorphic to U(m). If H C H' then either H=H' or H=SO(2m) [1].

Let G € Acto(R?™) such that U(m) C G. Then every G-orbit has dimension strictly smaller than 2m, as otherwise R?™
would be compact. Furthermore, since U(m) C G, every G-orbit contains the induced U(m)-orbit. This induced orbit is
either a (2m — 1)-sphere centered at the origin or the origin, which we identify as the degenerate sphere with radius zero.
Combining both arguments, we conclude that the G-orbits consist of all the spheres centered at the origin, including the
degenerate one, and the origin is a fix point of the G-action.

Endow R?™ with a G-invariant Riemannian metric g. For this metric consider normal coordinates (uq,...,uzy) in an
open neighborhood A of the origin, which is identified to some open ball B;(0) (origin to origin). As usual we suppose that
B(p), p=0, equals the scalar product of R2™, Then both U(m) and G are identified to subgroups of SO(2m) (see the second
paragraph of the proof of Proposition 6.1).

If m=1 then dimU(1) =dimSO(2) = 1 and necessarily G=U(1). Therefore, assume m > 2 and G # U(m), which implies
that G is isomorphic to SO(2m) and dimG=mQ2m — 1).

Moreover the action of G on every sphere of positive radius is effective. Indeed, if not the Lie algebra of G, and so that of
SO(2m), includes a proper ideal, which excludes the case m > 3. If m = 2, as the action of U(2) on these spheres is effective,
this ideal ought to have codimension > 4, but there is no such ideal.
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Set Y = ZT:1 (—X2j0/3x2j—1 + X2j—10/9xX2j) (see Example 6.4 again). At each x # 0, and for the action of U(m), the
isotropy group of this point has just a vector real plane of invariant vectors one of whose basis is {£(x), Y (x)}. Therefore,
each U(m)-invariant vector field X on R2™ < {0} writes X = f& + gY where f and g are functions of ||x]|%.

Let Sy, x # 0, be the sphere centered at the origin and passing through x. Since the action of G is effective on all its
orbits but {0} and dim G = dimSO(2m), a vector v € TyR?™, x # 0, is invariant under the action of the isotropy group of x if
an only if it is g-orthogonal to T,Sy. Therefore, there exists a G-invariant vector field V on R%™ < {0} such that:

(1) gv,v)=1.
(2) V is g-orthogonal to every Sy, x # 0, and points outward.

Obviously V is U(m)-invariant; therefore, it writes V =a& +bY where a and b are functions of ||x||?> and a > 0 every-
where.

Observe that any G-invariant vector field defined on a punctured open ball B,(0) ~ {0} is the product of a function of
(x| and V. Let R be the radial vector field of the normal coordinates (u1, ..., Uy), that is to say R = 2?21 ujo/ouj. On a
punctured open ball B;(0) ~. {0} included in A one has R = fV where f is a positive function of ||x||2.

Consider a positive function ¢ of ||x||> defined on R?™ < {0} such that ¢V is complete and ¢ = f on B 2(0) \ {0}.
Define a new vector field W on R%" by setting W = R on B:/2(0) and W =¢V on R2™ « {0}. Then W is complete at its
linear part at the origin equals the identity. Moreover, W is G-invariant.

Now by Sternberg linearization theorem (see Theorem 3.7 and page 319 of [9]) there exists a diffeomorphism F: R?™ —
R?™ such that F,W =&.

Consider the conjugate action on R2™, which will be called G*, given by g-x = F(g- F~1(x)). Clearly G* belongs to
Actg(R?™) and & is G*-invariant; therefore, G* is linear. As this group is compact, there always exists a G*-invariant scalar
product. Thus via a linear automorphism of R2™, the action of G* can be assimilated to the natural action of SO(2m) on
R2™, But this last one does not belong to Acto(R%™), contradiction. O

8. Some open questions

In this last section we collect a list of open questions that naturally arise from our work.

First, we observe that our main result, Theorem 1.1, can be expressed in terms of centralizers of elements within the full
group of diffeomorphisms.

Indeed, let us Z be a complete vector field Z on a manifold P, and let ®; be its corresponding flow. Consider two
rationally independent real numbers, denoted as a and b. Now, given a diffeomorphism f: P — P, it commutes with every
@, where t € R, if and only if it commutes with both &, and ®.

Additionally, we observe that f commutes with the flow @, that is f e Cpjgrn) (®r), if and only if it preserves the vector
field Z. Therefore, Theorem 1.1 leads us to the following conclusion:

Corollary 8.1. Consider an action of a connected compact Lie group G on a connected manifold M. If the action of G possess a free
point, then there exist f; € Diff(M), i =1, ..., 4, such that each f; is diffeotopic to the identity map, and

4
G= ﬂ Coittv (fi)-

i=1

Then, it is natural to ask whether group actions of connected Lie groups on connected manifolds can be described as
centralizer of diffeomorphisms:

Question 8.2. Consider an action of a connected compact Lie group G on a connected manifold M.

(a) Under which hypothesis is it possible to find a family of diffeomorphisms { f; € Diff(M) : i € I} such that

G= ﬂ Coiteovy (fi)?
iel
(b) If such a family exists, what is the minimum number of diffeomorphisms it must contain?
In Section 7 it is shown that there exist connected linear compact groups whose natural action is not determinable
by any family of invariant vector fields. Lemma 7.2 and Proposition 7.3 suggest that an inductive argument via maximal

subgroups of connected compact Lie groups, as classified in [1], may allow to tackle the following open question:

Question 8.3. For every integer n > 0, what is the complete description of all connected compact subgroups G C GL(n, R) such that
the natural G-action on R" is determinable?
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In a completely general setting, solving the problem equivalent to Question 8.3, which seeks the complete description
of elements in Actp(M), may seem unattainable for a generic M. Nevertheless, Proposition 7.3 and Remark 7.4 indicate that
maximal elements in Actg(M) could be characterized using invariant vector fields and a suitable definition of action stability.
This leads to the following inquiry:

Question 8.4. Consider a connected m-manifold M and a family of vector fields F on M. Is it possible to devise a suitable definition of
stability for the Aut(F)-action in terms of the elements in F and characterize those actions that are stable?

Finally, our methods are not applicable in the C° class because they rely on Lemma 3.4 in [9], which does not hold for
continuous maps. Similarly, they cannot be applied in the analytic case due to the use of plateau functions. Therefore, a
natural question arises:

Question 8.5. Do our results hold true in the continuous or analytic classes?
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