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Abstract. The main purpose of this paper is to characterize norm-additive
in modulus, not necessarily linear, maps defined between function algebras
(not necessarily unital or uniformly closed). In fact, for function algebras A
and B on locally compact Hausdorff spaces X and Y , respectively, we study
surjections T, S : A −→ B satisfying ‖|Tf | + |Sg|‖Y = ‖|f | + |g|‖X for all
f, g ∈ A.

1. Introduction

The study of preserver problems dealing with analyzing maps between Banach
algebras that preserve certain spectral properties is an active research area. With
regard to function algebras, most efforts have been devoted to characterize sur-
jections preserving some given norm, spectrum and range, or certain subsets of
the spectrum or of the range. For instance, the linear bijections of C(X) for a
compact Hausdorff space X, which preserve the supremum norm are determined
in the famous Banach-Stone theorem ([2, 27]). The Gleason–Kahane-Żelazko
theorem on the characterization of linear maps between semisimple commutative
Banach algebras preserving the spectra is another well-known result in this area
([31]). Let us also recall a theorem by Kowalski and S lodkowski, in [15], which
says that if a map T : A −→ B between semisimple commutative Banach algebras
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satisfies σ(Ta+Tb) ⊆ σ(a+ b) for all a, b ∈ A, then T is an algebra isomorphism,
where σ(·) denotes the spectrum of the algebra element.

In [22], Molnár showed that if X is a first countable compact Hausdorff space
and a surjection T : C(X) −→ C(X) satisfies (TfTg)(X) = (fg)(X) for all
f, g ∈ C(X), then T (1)−1T is an algebra automorphism. Motivated by Molnár’s
result, some extensions to the context of uniform algebras and Banach function
algebras have been given in [8, 9, 10, 23, 24] and in [18, 19] with respect to a part
of the spectrum or the range.

In [25], Rao, Tonev and Toneva studied maps T : A −→ B between uniform
algebras satisfying Rπ(Tf + Tg) = Rπ(f + g) for all f, g ∈ A, where Rπ(f) is the
peripheral range of f , i.e., the set of range values of f with maximum modulus.
They found sufficient conditions for such maps to be algebra isomorphisms.

In this respect, Tonev and Yates ([30]) characterized maps T from a uniform
algebra A on a compact Hausdorff space X onto a uniform algebra B on a com-
pact Hausdorff space Y which are called norm-additive in modulus in [25], in
the sense that ‖|Tf | + |Tg|‖Y = ‖|f | + |g|‖X for all f, g ∈ A. They also gave
certain conditions under which T is an isometric algebra isomorphism. Moreover,
in [6], Hatori, Hirasawa and Miura considered a spectral-radius additivity condi-
tion (r(Tf + Tg) = r(f + g)) for maps between unital semisimple commutative
Banach algebras. From the given representation for such maps in [6], one can
deduce that these maps between uniform algebras are norm-additive in modu-
lus, but the converse is not true. For example, let A be a uniform algebra on
a compact Hausdorff space X, we can choose easily a map δ : A −→ {1,−1}
such that the self map T : A −→ A defined by Tf = δ(f)f , f ∈ A, is a norm-
additive in modulus surjection which is not additively spectral-radius preserving.
Besides, the investigation of conditions under which maps between algebras of
functions are composition or weighted composition operators has also attracted a
considerable attention. For instance, the Gleason–Kahane-Żelazko theorem and
the theorem by Kowalski and S lodkowski are related to this problem. Recently
in [29] Tonev and Toneva gave non-linear sufficient conditions for isometries be-
tween dense subsets of uniformly closed function algebras, not necessarily unital,
to be weighted composition operators and in particular, they obtained a charac-
terization of norm-additive in modulus maps using a technique similar to the one
used in the study of weak multiplicative maps ([28]), or one can see some related
conclusions in [5, 13, 14, 16, 26]. Moreover, Miura characterized in [21] R-linear
isometries between function algebras and generalized some previous results. For a
survey on the recent results concerning spectral preserver maps between algebras
of functions, we refer the reader to [7].

The main purpose of this paper is to characterize norm-additive in modulus
maps for function algebras (not necessarily unital or uniformly closed). In fact,
for function algebras A and B on locally compact Hausdorff spaces X and Y ,
respectively, we study surjections T, S : A −→ B satisfying ‖|Tf | + |Sg|‖Y =
‖|f | + |g|‖X for all f, g ∈ A, which we call jointly norm-additive in modulus. It
should be remarked that there is no linearity assumption on the operators in all
these results.
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2. preliminaries

Let X be a locally compact Hausdorff space. By C0(X) we mean the classical
Banach algebra of all continuous complex-valued functions on X vanishing at
infinity, equipped with the supremum norm on X denoted by ‖·‖X . A subalgebra
A of C0(X) is called a function algebra on X if A separates strongly the points
of X in the sense that, given x, z ∈ X with x 6= z, there is an f ∈ A with
f(x) 6= f(z) and for each x ∈ X, there exists f ∈ A with f(x) 6= 0. A Banach
function algebra on X is a function algebra on X which is a Banach algebra
under a certain norm. A uniformly closed function algebra on X is a function
algebra on X which is a closed subalgebra of (C0(X), ‖.‖X). Note that, when X
is compact, we shall assume that all function algebras on X contain the constant
functions, and in this case each uniformly closed function algebra on X is also
called a uniform algebra on X.

Let A be a function algebra on a locally compact Hausdorff space X. We
denote the closure of A in (C0(X), ‖.‖X) by A. A boundary for A is a subset E
of X such that every f ∈ A attains its maximum modulus at some point of E.
The unique minimal closed boundary for A, denoted by ∂A, is called the Šilov
boundary of A. The Choquet boundary Ch(A) of A is the set of all x ∈ X for
which δx, the evaluation homomorphism at x, is an extreme point of the unit ball
of the dual space of (A, ‖.‖X). Then, clearly, Ch(A) = Ch(A). Moreover, Ch(A)

is a boundary for A and Ch(A) = ∂A, by [1, Theorem 1].
For an element f in a function algebra A on X, the peripheral range of f ∈ A,

which is denoted by Rπ(f), is defined by

Rπ(f) := {λ ∈ f(X) : |λ| = ‖f‖X}.

It should be noted that the concept of the peripheral range of a function was
introduced by Luttman and Tonev in [19].

Let A be a function algebra on a locally compact Hausdorff space X. A function
f ∈ A is called a peaking function of A if Rπ(f) = {1}. We denote the set of
all peaking functions of A by PA and for a point x ∈ X, PA(x) := {f ∈ PA :
f(x) = 1}. We also call a subset K of X a peak set for A if there exists a peaking
function f ∈ A such that K := {x ∈ X : f(x) = 1}. An intersection of peak sets
is said to be a p-set. A point x ∈ X is a strong boundary point for A if for every
neighborhood V of x, there exists a function f ∈ A such that ‖f‖X = 1 = f(x)
and |f | < 1 on X \ V . It is well known that if A is a uniformly closed function
algebra, then Ch(A) is, indeed, the set of all strong boundary points for A (see
[17, Theorem 4.22] for compact case and [24, Theorem 2.1] for general case). But
this result is not true for general Banach function algebras (although the Choquet
boundary always contains all strong boundary points). For instance, the example
given in [3] shows that there exists a Banach function algebra A on a compact
metric space X with a peak set which contains no strong boundary point. Hence,
since each peak set for A intersects Ch(A), then there is a point in Ch(A) which
is not a strong boundary point.

For an arbitrary function f ∈ A, we denote the maximum modulus set of f by
Mf := {t ∈ X : |f(t)| = ‖f‖X}.
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An additive version of Bishop’s lemma (the additive Bishop’s lemma) has been
proven in [25]. Here, in the proofs of our results, we apply the following analogue
generalization of the additive Bishop’s lemma to the context of uniformly closed
function algebras:

Lemma 2.1. [30, Lemma 1] Assume that A is a uniformly closed function algebra
on a locally compact Hausdorff space X and f ∈ A. Let x0 ∈ Ch(A) and arbitrary
r > 1 (or r ≥ 1 if f(x0) 6= 0), then there exists a function h ∈ r‖f‖XPA(x0) such
that

|f(x)|+ |h(x)| < |f(x0)|+ |h(x0)|
for every x /∈ Mh and |f(x)| + |h(x)| = |f(x0)| + |h(x0)| for all x ∈ Mh. Conse-
quently, ‖|f |+ |h|‖X = |f(x0)|+ |h(x0)|.

Note that the preceding lemma is stated in [30] for the case where X is a
compact Hausdorff space X, but the same proof, with obvious modifications, can
be also adopted directly for the locally compact case.

At the end of this section we state the following lemma which is used on several
occasions in the next section:

Lemma 2.2. [1, Lemma 3] Let X be a locally compact Hausdorff space, A be a
subalgebra of C0(X) and x ∈

⋃
f∈A

Mf . If U is an open subset of X containing⋂
x∈Mf

Mf , then there exists g ∈ A such that ‖g‖X = 1 = g(x) and |g(z)| < 1 for

all z ∈ X \ U .

3. The results

In the sequel, we shall assume that A and B are function algebras on locally
compact Hausdorff spaces X and Y , respectively. A map T : A −→ B is called
norm-additive in modulus ([25]) if

‖|Tf |+ |Tg|‖Y = ‖|f |+ |g|‖X
holds for every pair f, g ∈ A. Here we introduce a related concept:

Definition 3.1. Two maps T, S : A −→ B are jointly norm-additive in modulus
if

‖|Tf |+ |Sg|‖Y = ‖|f |+ |g|‖X (f, g ∈ A).

Using a similar technique to [10], we introduce appropriate subsets X̃ and Ỹ
of X and Y , respectively, with some equivalence relations on them (we include
all statements and details for the sake of completeness) and show that surjective
jointly norm-additive in modulus maps T, S : A −→ B induce a homeomorphism
between the produced quotient spaces. In particular, if all points in Ch(A) and

Ch(B) are strong boundary points, then X̃ = Ch(A), Ỹ = Ch(B) and each
equivalence class consists of just one element. So, in such cases, a homeomorphism
is induced between Ch(A) and Ch(B).

For an element x ∈
⋃
f∈A

Mf , set Ix :=
⋂
f∈Fx

Mf =
⋂

x∈Mf

Mf , where Fx := {f ∈

A : |f(x)| = 1 = ‖f‖X}.
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Let J := {Ix : x ∈
⋃
f∈A

Mf}. Now we define the equivalence relation ∼ on

X̃ := {x ∈
⋃
f∈A

Mf : Ix is a minimal element of (J ,⊆)} as follows: For x, z ∈ X̃,

x ∼ z if and only if Fx = Fz (or equivalently Ix = Iz). Since for each x ∈ X̃,
Ix is minimal, we conclude that [x] = Ix. In particular, if each point in Ch(A)
is a strong boundary point for A (this holds, for example, when A is either a
uniformly closed function algebra or a completely regular function algebra on
X, in the sense that all points in X are strong boundary points ([11])), then

X̃ = Ch(A) and for each x ∈ Ch(A), [x] = {x}.
We also consider, similarly, the subset Ỹ of Y with an analogous equivalence

relation on Ỹ .

Now we state and prove a series of lemmas to be used in the proof of the main
theorem (Theorem 3.5).

Lemma 3.2. Let A be a function algebra on a locally compact Hausdorff space
X and E be a p-set for A. Then Ch(A|E) = Ch(A) ∩ E.

Proof. First, let us prove that the following conditions are equivalent:
a) x ∈ Ch(A).
b) For each y 6= x in X, there is a function f ∈ A with ‖f‖X = 1 = f(x) and

|f(y)| < 1.
We shall first show that (a) implies (b). Take x ∈ Ch(A). Since x ∈ Ch(A) =

Ch(A), x is a strong boundary point for A (since A is a uniformly closed function
algebra) and, so, (b) is deduced easily.

Now assume that (b) holds. Let V be a neighborhood of x. By (b), for each
y ∈ X \ V , there exists an fy ∈ A with ‖fy‖X = 1 = fy(x) and |fy(y)| < 1. Then
we can choose a neighborhood Vy of y such that |fy| < 1 on Vy and X∞ \ V ⊆⋃
y∈X\V

Vy. So, by the compactness of X∞ \V , there are finitely many y1, · · · , yn in

X \ V with X∞ \ V ⊆
n⋃
i=1

Vyi
. Hence the function f := 1

n
(fy1 + · · ·+ fyn) belongs

to A, ‖f‖X = 1 = f(x) and |f | < 1 on X \ V . Therefore, x ∈ Ch(A) = Ch(A)
and (a) is proved.

We now turn to the proof of the equation Ch(A|E) = Ch(A) ∩ E. By the
above conclusion, clearly, Ch(A) ∩ E ⊆ Ch(A|E). For the reverse inclusion, let
x ∈ Ch(A|E). Since it is obvious that x ∈ E, it suffices to check that x ∈ Ch(A).
Let us suppose that y ∈ X \ {x}.

• If y ∈ E, then, since x ∈ Ch(A|E), there is a function f ∈ A|E with
‖f‖E = 1 = f(x) and |f(y)| < 1. Since E is a p-set for A, there is a

function f̃ ∈ A such that f̃ |E = f and ‖f‖E = ‖f̃‖X by [17, Theorem

7.4]. Hence f̃ ∈ A with |f̃(y)| < 1 = ‖f̃‖X = f̃(x).
• If y ∈ X \E, take an open set V containing E disjoint from y. Since E is a
p-set, by [17, Theorem 7.1], there exists a function f ∈ A with ‖f‖X = 1,
f = 1 on E and |f | < 1 on X \ V ; in particular, |f(y)| < 1.
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Therefore, again by the above conclusion, x ∈ Ch(A). �

In the following lemma, we show that two surjective jointly norm-additive in
modulus maps T and S are monotone increasing in modulus (see [30]). Namely:

Lemma 3.3. Let T, S : A −→ B be two surjective jointly norm-additive in
modulus maps. For f, g ∈ A, |f | ≤ |g| on Ch(A) if and only if |Tf | ≤ |Tg|
(respectively, |Sf | ≤ |Sg|) on Ch(B).

Proof. Let f, g ∈ A such that |f | ≤ |g| on Ch(A). Contrary to what we claim,
assume that there is a member y0 ∈ Ch(B) such that |Tf(y0)| > |Tg(y0)|. If we
denote γ := 1

2
(|Tf(y0)| + |Tg(y0)|), then |Tg(y0)| < γ < |Tf(y0)|. Let V be a

neighborhood of y0 such that |Tg| < γ on V . Choose a peaking function k ∈ B
with k(y0) = 1, Mk ⊆ V and |k| < γ

t
on Y \ V , where t = 1 + ‖Tf‖Y + ‖Tg‖Y .

Thus, it can be easily checked that ‖|Tg|+t|k|‖Y < γ+t and |Tf(y0)|+t|k(y0)| >
γ + t. Then

‖|Tg|+ t|k|‖Y < ‖|Tf |+ t|k|‖Y (1).

On the other hand, let {kn} be a sequence in B with lim
n→∞

kn = k. By the

surjectivity of S and for each n ∈ N, we can choose a function hn ∈ A such that
Shn = tkn. Hence, since T and S are jointly norm-additive in modulus maps, we
have for each n ∈ N,

‖|Tg|+ t|kn|‖Y = ‖|g|+ |hn|‖X
≥ ‖|f |+ |hn|‖X
= ‖|Tf |+ t|kn|‖Y .

Letting n → ∞, we obtain ‖|Tg| + t|k|‖Y ≥ ‖|Tf | + t|k|‖Y , which contradicts
(1), thus proving that |Tf | ≤ |Tg| on Ch(B).

Similarly, the converse can be deduced.
Furthermore, since the conditions are symmetric for T and S, a similar argu-

ment shows that |f | ≤ |g| on Ch(A) if and only if |Sf | ≤ |Sg| on Ch(B). �

Lemma 3.4. Let T, S : A −→ B be two surjective jointly norm-additive in

modulus maps and let x ∈ X̃. There exists a point y ∈ Ỹ such that
⋂
f∈Fx

MTf =

[y] =
⋂
f∈Fx

MSf .

Proof. First note that, clearly, T is a norm-preserving map, i.e., ‖Tf‖Y = ‖f‖X
for all f ∈ A.

Let us now check that {MTf : f ∈ Fx} has the finite intersection property. For
this purpose, let f1, · · · , fn ∈ Fx. Then f = f1 · · · fn belongs to Fx. Clearly, for
each i = 1, · · · , n, |f | ≤ |fi|, thus by Lemma 3.3, |Tf | ≤ |Tfi| on Ch(B). There
is a point y ∈ Ch(B) such that |Tf(y)| = 1 because ‖Tf‖Y = ‖f‖X = 1. Then,
since for i = 1, · · · , n, we know that ‖Tfi‖Y = ‖fi‖X = 1, the previous inequality

yields |Tfi(y)| = 1. Hence y ∈
n⋂
i=1

MTfi
. Then

⋂
f∈Fx

MTf 6= ∅. Moreover, since

every chain in the family F = {Iz : z ∈
⋂
f∈Fx

MTf} has a lower bound, then, by
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Zorn’s lemma, F contains a minimal element, say Iy, which is, in fact, a minimal

element of {Iz : z ∈
⋃
g∈B

Mg}. Thus y ∈ Ỹ and therefore, [y] = Iy ⊆
⋂
f∈Fx

MTf .

Now we prove that
⋂
f∈Fx

MTf = [y]. Suppose not; then there exists a member

z ∈
⋂
f∈Fx

MTf \ [y]. Choose a neighborhood W of [y] in Y which does not contain

z. By Lemma 2.2, we can find a function g ∈ Fy such that |g| < 1 on Y \W ; in
particular, |g(z)| < 1. The surjectivity of S implies that g = Sf for some f ∈ A.

We claim that f ∈ Fx. If f /∈ Fx then |f(ξ)| < 1 for every ξ ∈ [x]. Hence there
exists a neighborhood V of [x] in X such that |f | < 1 on V . Choose a function
h ∈ Fx such that |h| < 1 on X \ V . By hypothesis,

2 = ‖h‖X + ‖f‖X ≥ ‖|h|+ |f |‖X = ‖|Th|+ |Sf |‖Y ≥ |Th(y)|+ |g(y)| = 2,

and consequently, ‖|h| + |f |‖X = 2. Then there is a member x ∈ X such that
|h(x)| = 1 = |f(x)|, which is impossible because |f | < 1 on V and |h| < 1 on
X \ V . Hence,

⋂
f∈Fx

MTf = [y].

By a similar argument we conclude that there is a point y′ ∈ Ỹ such that⋂
f∈Fx

MSf = [y′] and, moreover, if g ∈ Fy′ and g = Th, then h ∈ Fx.

We finally claim that y = y′. Indeed, if we assume that y 6= y′, then, by Lemma
2.2, there exists a function F ∈ Fy such that |F (y′)| < 1. Let f ∈ A such that
F = Sf . According to the above, f ∈ Fx and so Sf ∈ Fy′ . Consequently, F ∈ Fy′ ,
which is a contradiction. Hence, y = y′ and then

⋂
f∈Fx

MTf = [y] =
⋂
f∈Fx

MSf . �

Let us denote by ψ([x]) the unique class [y] obtained in the previous lemma.

Since it depends only on [x], then we can define a map ψ : X̃/ ∼−→ Ỹ / ∼ by

ψ([x]) = [y] for all x ∈ X̃, where [y] =
⋂
f∈Fx

MTf =
⋂
f∈Fx

MSf .

In the sequel, τq stands for the quotient topology on a given quotient space
and by τo we mean the weakest topology under which the corresponding quotient
map is open.

Theorem 3.5. (i) Suppose T, S : A −→ B are surjective jointly norm-additive

in modulus maps. Then there is a bijective continuous map ψ : (X̃/ ∼, τo) −→
(Ỹ / ∼, τq) such that ψ−1 : (Ỹ / ∼, τo) −→ (X̃/ ∼, τq) is continuous and, for each

x ∈ X̃ and f ∈ A with ‖f‖X ≤ 1, ‖Tf‖ψ([x]) = ‖f‖[x] = ‖Sf‖ψ([x]).
(ii) Moreover, if T and S are R+-homogeneous, then ‖Tf‖ψ([x]) = ‖f‖[x] =

‖Sf‖ψ([x]) for all f ∈ A and x ∈ X̃.

Proof. (i) Let f ∈ A with ‖f‖X ≤ 1 and x ∈ X̃. We shall first show that
‖f‖[x] = ‖Tf‖ψ([x]). Let us suppose that ‖f‖[x] = 0 but ‖Tf‖ψ([x]) 6= 0. Then
there exists a member y0 ∈ ψ([x]) such that Tf(y0) 6= 0. On the other hand,

for ε = min( |Tf(y0)|
2

, 1), there exists a neighborhood V of [x] such that |f | < ε
on V . Now, by Lemma 2.2, we can choose a function k ∈ A such that k ∈ Fx
and |k| < ε on X \ V . Hence, according to Lemma 3.4, Sk ∈ Fψ([x]) and, by the
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norm-additive in modulus assumption on T and S,

|Tf(y0)|+ 1 ≤ ‖|Tf |+ |Sk|‖Y = ‖|f |+ |k|‖X ≤ ε+ 1.

Thus |Tf(y0)| ≤ ε, which is a contradiction. Therefore, it follows that ‖f‖[x] =
0 = ‖Tf‖ψ([x]).

Let us now consider the case where ‖f‖[x] 6= 0. Since [x] is compact, we can
take x′ ∈ [x] with ‖f‖[x] = |f(x′)|.

For each g ∈ Fx′ = Fx, we claim that Mg contains the peak set {t ∈ X : g(t) =
g(x′)} for A. It is apparent that {t ∈ X : g(t) = g(x′)} ⊆ Mg. Therefore we
shall show that {t ∈ X : g(t) = g(x′)} is a peak set for A. Let g(x′) = eiθ, where
−π < θ ≤ π (note that g ∈ Fx′ and consequently, |g(x′)| = 1 = ‖g‖X). Then

h = e−iθg ∈ A and, so, the function k = h e
h

e
belongs to A (since h ∈ A, eh =

∞∑
k=0

hk

k!
∈ A1 and A is an ideal of A1). Note that Reh ≤ |h| ≤ ‖h‖X = ‖g‖X = 1.

Hence

|k| = |he
h

e
| = |h|e

Reh

e
≤ eReh

e
≤ e1

e
= 1.

Thus ‖k‖X ≤ 1. Moreover, from the above relation and since |h| ≤ 1, it follows
that

|k(t)| = 1 ⇔ eReh(t) = e⇔ h(t) = 1 ⇔ k(t) = 1.

Therefore, k is a peaking function with

P (k) = {t ∈ X : k(t) = 1} = {t ∈ X : h(t) = 1} = {t ∈ X : g(t) = g(x′)}.

Thereby, {t ∈ X : g(t) = g(x′)} is a peak set for A.
As a consequence, we have a non-empty intersection of peak sets for A. Namely

Nx′ :=
⋂
g∈Fx′

{t ∈ X : g(t) = g(x′)} ⊆
⋂
g∈Fx′

Mg = [x].

So, according to Lemma 3.2, Ch(A|Nx′ ) = Ch(A) ∩ Nx′ . Hence there is a point
x0 ∈ Ch(A) ∩ Nx′ with |f(x0)| = ‖f‖Nx′ . Then we have |f(x′)| ≤ ‖f‖Nx′ =
|f(x0)| ≤ ‖f‖[x] = |f(x′)|, which yields |f(x0)| = |f(x′)| = ‖f‖[x]. Therefore we
can also assume that x0 is a point in Ch(A)∩[x] such that ‖f‖[x] = |f(x0)|. Let V
be an arbitrary neighborhood of ψ([x]) in Y . Our next goal is to find y ∈ V such
that ‖f‖[x] ≤ |Tf(y)|. Using Lemma 3.4 and Lemma 2.2, there exists a function

h′ ∈ Fx such that Sh′ ∈ Fy and |Sh′| < min(1
2
, |f(x0)|

2
) on Y \V . Then, by Lemma

2.1, for x0 ∈ Ch(A) and r = 1
‖f‖X

, we can find a peaking function h ∈ PA(x0)

with ‖|f |+ |h|‖X = |f(x0)|+1. Let {hn} be a sequence in A converging uniformly
to h and let an = ‖hn‖−1

X for all n ∈ N. Thus

‖f‖[x] + 1 = |f(x0)|+ 1 = ‖|f |+ |h|‖X
= ‖|f |+ |h′h|‖X = lim

n→∞
‖|f |+ |anh′hn|‖X

= lim
n→∞

‖|Tf |+ |S(anh
′hn)|‖Y .
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Now choose yn ∈ Ch(B) with ‖|Tf |+|S(anh
′hn)|‖Y = |Tf(yn)|+|S(anh

′hn)(yn)|.
Because of the compactness of Y∞, there is a subnet {yα} of {yn} which converges
to some y ∈ Y∞. Hence

‖f‖[x] + 1 = |f(x0)|+ 1 = |Tf(y)|+ lim
α
|S(aαh

′hα)(yα)|.

For each α, |S(aαh
′hα)| ≤ |Sh′| due to Lemma 3.3. We claim that y cannot be in

Y∞\V . Indeed, if y ∈ Y∞\V , then |S(aαh
′hα)(y)| ≤ |Sh′(y)| ≤ min(1

2
, |f(x0)|

2
). So

‖f‖[x]+1 = |Tf(y)|+lim
α
|S(aαh

′hα)(yα)| ≤ 1+|Sh′(y)| ≤ 1+
|f(x0)|

2
= 1+

‖f‖[x]

2
,

which is a contradiction. Therefore, y ∈ V and ‖f‖[x] = |f(x0)| ≤ |Tf(y)|.
Hence, the continuity of Tf implies that ‖f‖[x] ≤ ‖Tf‖ψ([x]). Finally, a similar

argument (for Tf instead of f) yields ‖Tf‖ψ([x]) 6= 0 and, then, the reverse
inequality (‖Tf‖ψ([x]) ≤ ‖f‖[x]) is proven in a similar way. Therefore, ‖f‖[x] =
‖Tf‖ψ([x]). Analogously, we can conclude that ‖f‖[x] = ‖Sf‖ψ([x]).

On the other hand, as in Lemma 3.4, for each y ∈ Ỹ ,
⋂

Tf∈Fy

Mf = [x] =
⋂

Sf∈Fy

Mf

for some x ∈ X̃ and, so, we can define a map ϕ from Ỹ / ∼ into X̃/ ∼ such that, for

each y ∈ Ỹ , ϕ([y]) is the class [x] given by the above relation. In like manner, we

can also get ‖f‖ϕ([y]) = ‖Tf‖[y] = ‖Sf‖[y] for all f ∈ A with ‖f‖X ≤ 1 and y ∈ Ỹ .
Therefore, in particular, we have ‖f‖[x] = ‖f‖ϕ(ψ([x])) and ‖Tf‖[y] = ‖Tf‖ψ(ϕ([y]))

for all x ∈ X̃, y ∈ Ỹ and f ∈ A with ‖f‖X ≤ 1.

Now take x ∈ X̃ and also, for simplicity, let [x′] := ϕ(ψ([x])). We claim that
[x] = [x′]. Suppose not; then there exists an open neighborhood U of the compact
subset [x] = Ix of X with U ∩ [x′] = ∅. Hence, by Lemma 2.2, we can find a
function g ∈ Fx such that |g(z)| < 1 for all z ∈ X \U . Hence ‖g‖[x] = 1 > ‖g‖[x′],
which is impossible. Thus [x] = ϕ(ψ([x])) and also a similar argument shows that

[y] = ψ(ϕ([y])) for all y ∈ Ỹ . This implies that ϕ is the inverse of ψ, i.e., ψ is
bijective.

Next, in order to get the continuity of ψ : (X̃/ ∼, τo) −→ (Ỹ / ∼, τq), let

x0 ∈ X̃ and y0 ∈ Ỹ with ψ([x0]) = [y0]. Let W̃ be a neighborhood of [y0] in

the quotient topology on Ỹ / ∼. Then there is a neighborhood W0 of y0 in Y

with π−1
2 (W̃ ) = Ỹ ∩W0, where π2 : Ỹ −→ Ỹ / ∼ is the quotient map. Clearly

[y0] ⊆ W0. Hence, by Lemma 2.2, there exists a function g ∈ A such that
Tg(y0) = 1 = ‖Tg‖Y and |Tg| < 1/2 on Y \W0; in particular, |Tg| < 1/2 on

Ỹ \π−1
2 (W̃ ). By the preceding explanations, ‖g‖[x] = ‖Tg‖ψ([x]) = ‖Sg‖ψ([x]).

Thus if we let

Ṽ := {[x] ∈ X̃/ ∼: ‖Tg‖ψ([x]) > 1/2} = {[x] ∈ X̃/ ∼: ‖Sg‖ψ([x]) > 1/2},

it suffices to check that Ṽ is a neighborhood of [x0] in (X̃/ ∼, τo) and that

ψ(Ṽ ) ⊆ W̃ . Since y0 ∈ ψ([x0]) and ‖Tg‖ψ([x0]) ≥ |(Tg)(y0)| > 1/2, then ‖g‖[x0] =
‖Tg‖ψ([x0]) > 1/2. Consequently, there exists x′ ∈ [x0] with |g(x′)| > 1/2. Choose
a neighborhood U of x′ in X such that |g| > 1/2 on U . In particular, |g(x)| > 1/2

for all x ∈ U ∩ X̃. Then ‖Tg‖ψ([x]) = ‖g‖[x] > 1/2, i.e., [x] ∈ Ṽ . Hence
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Ũ = π1(U ∩ X̃) is a neighborhood of [x′] = [x0] such that Ũ ⊆ Ṽ , where π1 :

X̃ −→ X̃/ ∼ is the quotient map. Therefore, Ṽ is a neighborhood of [x0] in

(X̃/ ∼, τo). Moreover, ψ(Ṽ ) ⊆ W̃ because if [x] ∈ Ṽ , then ‖Tg‖ψ([x]) > 1/2

and, so, |Tg(y)| > 1/2 for some y ∈ ψ([x]). Thus y ∈ Ỹ ∩ W0 = π−1
2 (W̃ ).

Consequently, ψ([x]) = [y] ∈ W̃ and, therefore, ψ is continuous.

Similarly, ψ−1 : (Ỹ / ∼, τo) −→ (X̃/ ∼, τq) is continuous as well.

(ii) Let f ∈ A and x ∈ X̃. Since T is R+-homogenous, by (i) it follows that

‖Tf‖ψ([x]) = ‖f‖X · ‖T (
f

‖f‖X
)‖ψ([x]) = ‖f‖X · ‖

f

‖f‖X
‖[x] = ‖f‖[x],

i.e., ‖f‖[x] = ‖Tf‖ψ([x]). Similarly, we may conclude that ‖f‖[x] = ‖Sf‖ψ([x]) �

As mentioned before, if each point in Ch(A) is a strong boundary point for A,

then X̃ = Ch(A) and [x] = Ix = {x} for all x ∈ Ch(A). Furthermore, in these
cases the quotient maps are identity maps and the topologies τq and τo are the
same relative topology of spaces.

Note also that there are several classical function algebras with the property
that the points in the Choquet boundary are strong boundary points, such as
uniformly closed function algebras, algebras of Lipschitz functions (Lip(X)), of
little Lipschitz functions (lip(X)), of the (pointed) Lipschitz functions (Lip0(X)),
of bounded variation continuous functions (BV C(X)), of absolutely continuous
functions (AC(X)) and of n-times continuously differentiable functions (C(n)(X),
n ∈ N ∪ {0,∞}) on appropriate compact spaces X. It is interesting to note that
when X is a perfect compact plane set which is a finite union of uniformly regular
sets (see [4]), the algebra C∞(X) (for example, C∞(I), where I = [0, 1]) is not a
Banach function algebra.

Thus we can deduce the following corollaries easily:

Corollary 3.6. If all points in Ch(A) and Ch(B) are strong boundary points, T
and S are R+-homogenous and jointly norm-additive in modulus surjections, then
there exists a homeomorphism ϕ : Ch(B) −→ Ch(A) such that for all y ∈ Ch(B)
and f ∈ A,

|Tf(y)| = |f(ϕ(y))| = |Sf(y)|.

In particular, by assuming S = T , the above result can be applied for norm-
additive in modulus surjections. We recall that such maps between uniform al-
gebras have recently been studied in [25, 30], and moreover, between dense sub-
algebras of uniformly closed function algebras in [29]. Corollary 3.6 implies [25,
Lemma 14 and Corollary 6]. Moreover, since each dense subalgebra of a uniformly
closed function algebra is a function algebra, the preceding result generalizes [30,
Proposition 10] and [29, Proposition 3.1] without the injectivity assumption for
T .

Corollary 3.7. Let (X, d1) and (Y, d2) be compact metric spaces and let T, S :
Lip(X) −→ Lip(Y) be R+-homogenous and jointly norm-additive in modulus sur-
jections. Then there exists a bi-Lipschitz homeomorphism ϕ : Y −→ X such that
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for all y ∈ Y and f ∈ Lip(X),

|Tf(y)| = |f(ϕ(y))| = |Sf(y)|.

Proof. Since Lipschitz algebras are completely regular, then, by Corollary 3.6
there exists a homeomorphism ϕ : Y −→ X such that |Tf(y)| = |f(ϕ(y))| for all
y ∈ Y and f ∈ Lip(X). Assume now that ϕ is not a Lipschitz map. Then, by
[12, Lemma 2.3], there exist sequences {yn} and {y′n} in Y converging to a point
y ∈ Y such that yn 6= y′n and

n <
d1(ϕ(yn), ϕ(y′n))

d2(yn, y′n)

for all n ∈ N and a function f ∈ Lip(X) with f(ϕ(yn)) = d1(ϕ(yn), ϕ(y′n)) and
f(ϕ(y′n)) = 0. In particular, Tf(y′n) = 0. Thus we have

n <
d1(ϕ(yn), ϕ(y′n))

d2(yn, y′n)
=
|f(ϕ(yn))− f(ϕ(y′n))|

d2(yn, y′n)
=
|Tf(yn)− Tf(y′n)|

d2(yn, y′n)
≤ L(Tf)

for all n ∈ N, which is impossible since Tf ∈ Lip(Y). Therefore, ϕ is a Lips-
chitz map. Similarly, ϕ−1 is a Lipschitz map on X, and, so, ϕ is a bi-Lipschitz
homeomorphism. �

Remark 3.8. A similar result is valid for the pointed Lipschitz algebras. Indeed,
since the pointed Lipschitz algebra Lip0(X), for a pointed compact metric space
X with the base point eX , is a Banach function algebra on the locally compact
Hausdorff space X\{eX} and every point in X\{eX} is a strong boundary point,
then, similar to the above proof and applying [12, Lemma 2.4], we conclude that
Corollary 3.7 is also true for the pointed Lipschitz algebras.

We would like to note that if we assume S = T in the previous corollaries, then
the map T is a composition operator in modulus which is not necessarily linear
or multiplicative. For example, as pointed out before, if A is a function algebra
on a compact Hausdorff space X, then a map δ : A −→ {1,−1} can be chosen
such that the self map T : A −→ A defined by Tf := δ(f)f , f ∈ A, is a surjective
norm-additive in modulus map which is neither R-linear nor multiplicative. In
contrast, if we assume that a norm-additive in modulus surjection T : A −→ B
is additive, then since T0 = 0, ‖Tf +Tg‖Y = ‖T (f + g)‖Y = ‖f + g‖X and again
because of the equation T0 = 0, we conclude that ‖Tf − Tg‖Y = ‖f − g‖X for
all f, g ∈ A. Hence by the Mazur–Ulam theorem ([20]), T is an R-linear isometry
between the uniform closures of the algebras and so according to [21, Theorem
1.1] we can obtain its representation. If, furthermore, T (ih) = iT (h) for some
h ∈ A with h 6= 0 on Ch(A), hence T is a weighted composition operator on the
Choquet boundary of B. Moreover, in [29, Theorem 4.1] it has been proven that
if the latter condition is replaced by Rπ(Tf) = Rπ(f) for all f ∈ A, then T is an
algebra isomorphism. Note that these recent results are true when T is defined
between dense subsets of A and B since T is an R-linear isometry and so it can
be extended naturally (see [29]).
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Corollary 3.9. Let m,n ∈ N ∪ {0,∞}, T, S : C(m)(I) −→ C(n)(I) be additive,
jointly norm-additive in modulus surjections such that T (ih) = iT (h) and S(ik) =
iS(k) for some h, k ∈ C(m)(I) with h, k 6= 0 on I. Then m = n and there exists

a C(n)-diffeomorphism ϕ : I −→ I such that Tf(y)
T1(y)

= f(ϕ(y)) = Sf(y)
S1(y)

for each

f ∈ C(n)(I) and y ∈ I.

Proof. From the above explanations and Corollary 3.6 it follows that there is a

homeomorphism ϕ : I −→ I such that Tf(y)
T1(y)

= f(ϕ(y)) = Sf(y)
S1(y)

for all y ∈ I and

f ∈ C(m)(I).
We now show that ϕ ∈ C(n)(I). Let v ∈ C \ {0} and put f ∈ C(m)(I) defined

by f(x) = xv for all x ∈ I. Then for each y ∈ I,

Tf(y) = T1(y)f(ϕ(y)) = T1(y)ϕ(y)v.

Hence ϕ = Tf
vT1

and since v 6= 0, |T1| = 1, it follows easily that ϕ ∈ C(n)(I).

Similarly, ϕ−1 ∈ C(m)(I).
Next, we show that m = n. Let f ∈ C(m)(I). Thus g = f ◦ ϕ−1 ∈ C(m)(I).

Fix u ∈ C \ {0} and put h = gu. Then h ∈ C(m)(I) and hence Th ∈ C(n)(I).
Moreover, for each y ∈ I,

Th(y) = T1(y)g(ϕ(y))u = T1(y)f(y)u.

Thus f = Th
uT1

∈ C(n)(I) since u is not zero and |T1| = 1. Therefore, C(m)(I) ⊆
C(n)(I) and so m ≥ n. By symmetry, n ≥ m and then m = n. �
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