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ABSTRACT

Single-photon transitions are one of the key technologies for designing and operating very-long-baseline atom interferometers tailored for
terrestrial gravitational-wave and dark-matter detection. Since such setups aim at the detection of relativistic and beyond-Standard-Model
physics, the analysis of interferometric phases as well as of atomic diffraction must be performed to this precision and including these effects.
In contrast, most treatments focused on idealized diffraction so far. Here, we study single-photon transitions, both magnetically induced and
direct ones, in gravity and Standard-Model extensions modeling dark matter as well as Einstein-equivalence-principle violations. We take
into account relativistic effects like the coupling of internal to center-of-mass degrees of freedom, induced by the mass defect, as well as the
gravitational redshift of the diffracting light pulse. To this end, we also include chirping of the light pulse required by terrestrial setups, as
well as its associated modified momentum transfer for single-photon transitions.

VC 2023 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license (http://
creativecommons.org/licenses/by/4.0/). https://doi.org/10.1116/5.0174258

I. INTRODUCTION

Atomic sensors, such as clocks1 or atom interferometers,2 gain
increasing attention as an alternative for detecting gravitational
waves,3–16 possible Standard-Model violations like dark matter17–26

(DM), or violations of the Einstein equivalence principle27–38 (EEP).
While most of these proposals rely on internal atomic transitions, e.g.,
induced by (optical) single-photon transitions,39–42 they mainly focus
on the dynamics between the times of interaction with the electromag-
netic field. To complement these approaches, we study in this article
the effects of gravity, chirping, and of a basic model for DM and EEP
violations on single-photon transitions, focusing on the atom’s dynam-
ics during the interaction with electromagnetic fields.

Differential measurements between two spatially separated
atomic clocks or light-pulse atom interferometers, proposed for tests of
gravitational waves5,7–9 or DM,18,22,43,44 probe different points in
spacetime.While a finite propagation speed of light already contributes
to the phase of a single atom interferometer, for differential setups this
effect becomes even more crucial due to the large spatial separations

and is in fact key to those measurement schemes. As a deleterious side
effect, differential laser-phase noise enters the signal7 when relying
on two-photon transitions, such as Raman or Bragg diffraction
commonly used45 for atom interferometers. This differential noise
is suppressed using (optical) single-photon transitions, which can
also drive optical atomic clocks in the Lamb–Dicke regime.39 In
addition, some atom-interferometric tests of EEP rely27,29,30,33,34,37,38

on such transitions.
Even though some demonstrators for atom-interferometric gravi-

tational-wave detection under construction in horizontal configura-
tions10,13 rely on Bragg diffraction,5,11,45,46 a great number of the
current vertical proposals12,14,16 are based on single-photon transitions
to avoid laser-phase noise. In such terrestrial setups with very long
baselines,31,47–49 the propagation of light as well as its gravitational red-
shift37 has to be considered. Moreover, because of gravity, also chirp-
ing50 is necessary to remain resonant during the diffraction process. In
addition, possible DM fields may further modify the transition. Since
other long-baseline setups plan on using single-photon transitions for
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EEP tests,51 possible EEP-violating fields also have to be included for a
complete description of diffraction.

For the design and configuration of a differential atom-
interferometric sensor, one has to decide on an atom species that has
implications on atomic diffraction:52 Fermions offer weakly allowed
clock transitions such that direct single-photon transitions without an
auxiliary state are possible for fairly low laser powers. However, they
suffer from spontaneous emissions and atom loss, resulting in an
increase in shot noise and loss of coherence. Moreover, the increased
cloud size and high expansion rate, caused by their fermionic nature,
are detrimental for atom interferometers. Contrarily, the correspond-
ing transitions of bosonic candidates have a clock lifetime limited by
E1�M1 processes53,54 and offer the possibility to generate
Bose–Einstein condensates with a low expansion rate. However, a
direct excitation of such a transition with feasible laser powers is not
possible, resulting in the need for magnetically induced transi-
tions.40,41,52,55,56 An alternative for bosons is driving the intercombina-
tion line,42 although its lifetime is significantly shorter than for the
clock line, limiting interrogation times and the spatial separation of
atom-interferometric detectors.

Consequently, this article focuses on magnetically induced single-
photon transitions. At the same time, by neglecting Stark shifts and by
replacing the effective Rabi frequency by the corresponding actual one,
our results can easily be transferred to direct single-photon transitions
without magnetic fields. In our study, we include gravity,37 chirping,50

and a weakly coupled, ultralight, scalar dilaton field27,57–61 as a model
for both DM and EEP violations. We consider relativistic effects like
the coupling of internal energies to the center-of-mass (c.m.) motion
of the atom, induced by the mass defect,62–66 which is necessary for a
consistent modeling of many DM-detection schemes and EEP-test
proposals. In Sec. II, we derive an effective two-level system for mag-
netically induced single-photon transitions including all perturbations
discussed above. The resulting modified resonance condition, applying
to both magnetically induced and direct single-photon transitions, is
discussed in Sec. III. We study perturbatively the time evolution during
a pulse in Sec. IV and discuss the effects on the phase of an atom after
diffraction. We conclude the article in Sec. V. In Appendix A, we pre-
sent technical details on adiabatic eliminations including time-
dependent perturbations. Appendix B solves the time evolution in the
Heisenberg picture, while Appendix C shows the phase resulting from
the modified wave vector for non-ideal chirping.

II. MAGNETICALLY INDUCED SINGLE-PHOTON
TRANSITIONS

To include physics beyond the Standard Model, we assume a clas-
sical, scalar, ultralight dilaton field .ðẑ ; tÞ ¼ .DMðẑ ; tÞ þ .EPðẑÞ,
which splits37 into a DM and an EEP-violating part. It depends in a
one-dimensional model on c.m. position ẑ and laboratory time t and
couples27,57 to all particles of the Standard Model including electro-
magnetic fields and the constituents of atoms. As a consequence, elec-
tric and magnetic fields as well as the mass of the atom and its internal
energies depend36,37 on the dilaton. Since we focus on magnetically
induced single-photon transitions for now, the laser does not couple
the ground state jgi directly to the excited state jei but to an ancilla
state jai, which is strongly detuned by a frequency D from resonance,
see Fig. 1. To transfer the population nonetheless, an additional static
magnetic field, magnetically coupling the ancilla state to the excited

one, is required.40,41,55,56 The Hamiltonian for the three-level system
takes the form

Ĥ ¼
X
j

Ĥ j p̂; ẑ ; .
� �jjihjj � d̂E ẑ ; t; .ð Þ þ l̂B0 .ð Þ: (1)

It includes the electric dipole operator d̂ ¼ dag jaihgj þ h:c: interact-
ing with a classical electric wave E as well as the magnetic dipole opera-
tor l̂ ¼ laejaihej þ h:c: interacting with a static, real-valued magnetic
field B0. Here, the dipole transition element dag is coupling the ground
state to the ancilla state, while the magnetic dipole transition element
lae couples the excited state to the ancilla state. The c.m. momentum p̂
and position ẑ operators point in the z-direction of the laboratory
frame, with ½ẑ ; p̂� ¼ i�h. The time- and position-dependent dilaton field
.ðẑ ; tÞ is specified later. Since it couples to the mass-energy of the
atom,62–66 it also influences the motion of the atom in each internal
state jji through

Ĥ j p̂; ẑ ; .
� � ¼ mjð.Þc2 þ p̂2

2mjð.Þ þmjð.Þgẑ ; (2)

with c being the speed of light and the gravitational acceleration g
aligned with the z-direction. We emphasize that the state-dependent
mass mjð.Þ depends not only on the dilaton but also on the atomic
state jji, i.e., it includes the mass defect62–66 and introduces a coupling
of internal states to c.m. operators. Furthermore, we assume

E ẑ ; t; .ð Þ ¼ E0ð.Þ eiuLðẑ ;tÞ þ h: c: (3)

for the electric wave propagating against gravity with dilaton-
dependent amplitude E0ð.Þ and phase

FIG. 1. Term diagram of a three-level system used for magnetically induced
single-photon transitions between the ground state and the excited state. The sys-
tem consists of ground, excited, and ancilla states jgi; jei, and jai at energies
�hxg=e=a, respectively. The mean frequency �x of the excited and ground state has
also been introduced to describe the Compton frequency of the effective two-level
system. The ancilla state is coupled to the ground state by an electric dipole
moment dag interacting with a classical electric wave E. Its frequency xL is
strongly detuned from resonance by D. Furthermore, the magnetic dipole lae
interacts with a static, real-valued magnetic field B0, coupling the ancilla state to
the excite state. Both fields are influenced by the dilaton field .. The combination
of both fields drives effective transitions from the ground state to the excited state,
which are detuned by d.
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uLðẑ ; tÞ ¼ kẑ 1þ at
c
� ðg þ aÞẑ

2c2

� �
� u0 � xLt 1þ at

2c

� �
: (4)

Here, u0 is the phase offset of the laser, while xL is the frequency
of the electric field and a is its chirp rate in units of an acceleration.
Chirping is necessary to compensate for Doppler shifts and induce
resonant transitions in gravity, as shown in Fig. 2, and therefore of
particular relevance for vertical setups. The first term in Eq. (4) is
the spatial mode function and gives rise to the momentum
imparted on the atom via a displacement operator. Without taking
into account any perturbations, it transfers a momentum �hk to the
atom, where the dispersion relation kc ¼ xL holds, in contrast to
two-photon processes where the effective wave vector can be tuned
independently from the transferred energy. This first term also
includes a time-dependent modification from chirping, usually not
present for two-photon transitions, as well as a gravitational red-
shift factor gẑ2=ð2c2Þ from the gravitational modification of the
wave vector. Since chirping acts as an additional acceleration, it
also appears as an accelerational redshift factor aẑ2=ð2c2Þ. Hence,
the momentum transfer does not include a redshift modification
proportional to ẑ2 for perfect chirping a ¼ �g. These perturba-
tions can be derived from a gravitationally modified eikonal
equation.67

A. Rotating-wave approximation

To remove the time dependence from the phase of the light field,
we change into a co-rotating picture by applying the unitary
transformation

Û rot ¼ jaihaj þ jeihejð Þei½uL ẑ ;tð Þ=2��xt� þ jgihgje�i½uL ẑ ;tð Þ=2þ�xt�; (5)

with mean frequency �x ¼ ðxe þ xgÞ=2 between ground and excited
state, see Fig. 1, where xj ¼ mjð0Þc2=�h is connected to the massmjð0Þ
in-state jji evaluated at the Standard-Model value for . ¼ 0. The
transformation removes the laser phase and includes a momentum
displacement, since because of momentum conservation atoms that
have absorbed light from the electric field experience a momentum
kick. For complex dipole moments dag and lae the transformation can
be modified to remove respective phases. Since we consider a static
magnetic field, neither energy nor momentum are transferred by this
field, as apparent from Fig. 2, and no oscillating phase factors appear.
Moreover, the product l̂B0ð.Þ remains unchanged by the transforma-
tion such that no corresponding transformation for the magnetic field
is necessary. In contrast, we find four contributions from�d̂Eðẑ ; t; .Þ.
After the transformation described above, two counterrotating terms
arise that oscillate with twice the (optical) laser frequency xL. Hence,
we perform the rotating-wave approximation68 by neglecting these
quickly oscillating terms. The validity of this approximation is inde-
pendent of the internal energies, instead a large temporal derivative of
the laser phase jj�h _uL=½dagE0ð.Þ�jj � 1 is required.

After the rotating-wave approximation, we find the Hamiltonian
in the rotating picture and cast it into a matrix form. To this end, we
choose the basis ðjwai; jwei; jwgiÞT, where jwji describes the c.m.
motion in-state jji. We arrive at the Hamiltonian

Ĥ rot ¼ �h
2

2 �̂a þ D½ � XBð.Þ XEð.Þ
XBð.Þ 2�̂ e þ d 0

XEð.Þ 0 2�̂ g � d

0
BB@

1
CCA ¼ �h

�̂a þ D T̂
†

T̂ �̂ eg

0
@

1
A;

(6)

with auxiliary detuning D ¼ xa � �x � xL=2, two-level detuning
d ¼ xe � xg � xL, both depicted in Fig. 1, as well as the Rabi fre-
quencies XEð.Þ ¼ �2dagE0ð.Þ=�h and XBð.Þ ¼ 2laeB0ð.Þ=�h for the
electric and magnetic transition, respectively. Here, the c.m. dynamics
associated with different internal states via the mass defect is given by

�̂a=e ¼ Ĥ a=e p̂ þ �hĵ; ẑ ; .
� �

=�h� xa=e þ kaðẑ � ctÞ
2c

; (7a)

�̂ g ¼ Ĥ g p̂ � �hĵ; ẑ ; .
� �

=�h� xg � kaðẑ � ctÞ
2c

; (7b)

with the momentum displacement �hĵ ¼ �hk½1þ at=c� ðg þ aÞẑ=
c2�=2. Moreover, we defined in a second step in Eq. (6) the
abbreviations,

T̂ ¼ 1
2

XBð.Þ
XEð.Þ

� �
and �̂ eg ¼ �̂ e þ d=2 0

0 �̂ g � d=2

� �
; (8)

for a more compact notation. For strongly detuned ancilla states where
D is much larger than all other frequency scales, one expects that this
state is only virtually populated for short times. Similar to two-photon
transitions, we can adiabatically eliminate this state and describe the
effective dynamics only between ground and excited state induced by
single-photon transitions.

B. Adiabatic elimination

To reduce the Hilbert space from three to two states and to obtain
an effective two-level system, we define68 a projector P̂ with

FIG. 2. Term diagram for single-photon transitions between the effective two-level
system of ground state and excited state including the kinetic contributions, where
the ancilla state is not shown. This interaction transfers energy between the atom
and the electric field E, given by the field’s frequency xL and momentum through
its wave vector k. The static magnetic field B0 only mediates the transition without
any transfer of energy or momentum. For one set of parameters, only one momen-
tum can be resonant. We therefore marked the initial resonant momentum by pr.
During the interaction in gravity, the atom is accelerated to a momentum pr � �mgt,
which gives rise to a Doppler shift that has to be compensated to remain resonant.
This is done by introducing a frequency chirp a that modifies the resonance condi-
tion (left transition), and we find perfect compensation for a ¼ �g. However, due to
the dispersion relation, the transferred momentum is modified as well in a perturba-
tive manner. The energy difference between both internal states xeg is modified by
a differential Stark shift Dxac , already included in the term diagram.
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jwai ¼ P̂ðjwei; jwgiÞT . Since Ĥ rot depends on time, P̂ may also be
time dependent, in contrast to the conventional treatment.68–70 In
Appendix A, we derive the Schr€odinger equations for jwai and
ðjwei; jwgiÞ and find the Bloch equation,

DP̂ þ T̂
† ¼ ��̂aP̂ þ P̂ �̂ eg þ i

@

@t
P̂ þ P̂T̂ P̂; (9)

taking into account a possible time dependence of the projector.
Afterwards, we make a series ansatz P̂ ¼P1

n¼0 P̂n for the projector,
assuming a perturbative expansion obeying jjP̂nþ1jj � jjP̂njj. We also
require that D is much larger than all other frequency scales of the
Hamiltonian, leading to expansion parameters jj�̂a=Djj; jj�̂ eg=Djj,
and jjT̂=Djj. Furthermore, we assume that the frequency scales intro-
duced by chirping and the dilaton are also small compared to D, i.e.,

jj _̂� a=D
2jj; jj _̂� eg=D

2jj, and jj _̂T =D2jj are of even higher order. These

relations imply that jj _̂Pn=Djj is also of higher order.
Next, we search for a relation jjP̂nþ1jj � jjP̂n=Djj, which allows

us to truncate the series. If jjP̂0jj � jD�1j holds, the right-hand side of
the Bloch equation is smaller than the left-hand side by at least one
order in the expansion parameters. As a consequence, we neglect terms

on the right, resulting in the lowest order P̂0 ¼ �T̂
†
=D, fulfilling the

condition jjP̂0jj � jD�1j. Higher-order terms and a more detailed der-
ivation of the Bloch equation can be found in Appendix A. Here, we
use only the lowest-order contributions to determine the Hamiltonian
acting on the reduced space containing only excited and ground state,

i.e., Ĥrot=�h ffi �T̂ T̂
†
=Dþ �̂ eg . By assuming a weakly coupling, ultra-

light dilaton field with jj.ðẑ ; tÞjj � 1, such that @XE=B=@.j.¼0

� XE=Bð0Þ, we can neglect terms scaling with .ðẑ ; tÞ=D in the
Hamiltonian. This way, we obtain an effective two-level Hamiltonian
in the matrix form

Ĥrot ¼ �h
2

2�̂� þ �̂ X
X 2�̂� � �̂

� �
; (10)

with effective Rabi frequencyX ¼ �XBð0ÞXEð0Þ=ð2DÞ, where all dila-
ton perturbations of the electromagnetic fields can be neglected. The
remaining influence of the dilaton field is restricted to the diagonal ele-
ments of the Hamiltonian, which includes the mean energy �̂�
¼ ð�̂ e þ �̂ gÞ=2þ �xac and effective detuning �̂ ¼ �̂ e � �̂ g þ dþ Dxac

of the effective two-level system. This effective two-level description
introduces mean and differential Stark shifts, given by �xac ¼ �½X2

Eð0Þ
þX2

Bð0Þ�=ð8DÞ and Dxac ¼ ½X2
Eð0Þ � X2

Bð0Þ�=ð4DÞ, respectively.
Note that for direct single-photon transitions without a magnetic

field, one can directly use a two-level Hamiltonian in the form of Eq.
(10) by assuming vanishing Stark shifts and replacing the effective
Rabi frequency by the fundamental one. All other features, in particu-
lar the resonance condition discussed in Sec. III, remain of the
same form.

III. RESONANCE CONDITION FOR SINGLE-PHOTON
TRANSITIONS

For discussing single-photon transitions, both magnetically
induced and direct ones, one needs to analyze the resonance condition
based on the (effective) Hamiltonian Ĥrot, including chirping and per-
turbations. To this end, we split the dilaton field .ðẑ ; tÞ ¼ .DMðẑ ; tÞ
þ .EPðẑÞ into DM and EEP-violating contributions. We consider an

ultralight dilaton field expanded locally in the laboratory frame.
Cosmological and galactic contributions to this field act as back-
ground resulting in DM, and local gravitational contributions
sourced by Earth act as EEP violations.37 The DM part .DMðẑ ; tÞ
¼ �.0 cosðx.t � k.ẑ þ /.Þ includes the perturbative amplitude �.0,
the frequency x., the wave vector k., and the phase /. of the DM
field. The EEP-violating part .EPðẑÞ ¼ bSgẑc

�2 contains the coeffi-
cient bS that arises from the expansion of a source mass, e.g., Earth,
in orders of the dilaton field. Similarly, we expand the internal-
state-dependent mass of the atom mjð.Þ ¼ mjð0Þ½1þ bj.ðẑ ; tÞ�
around its Standard-Model value mjð0Þ, with linear expansion
coefficient bj. We define the mass defect66 as me=gð0Þ ¼ �m6�hxeg=
ð2c2Þ, with mean mass �m and energy difference between the inter-
nal states xeg ¼ xe � xg . Then, we insert the dilaton field and the
mass defect into Eq. (2) and approximate all terms to first order in
c�2; �.0; be=g , and xeg=�x. Consequently, DM introduces time-
dependent oscillations of the internal energies,71 while the trans-
ferred momentum is modified according to Eq. (4) by chirping50

and by the gravitational redshift37 of the wave vector k. The kinetic
and potential energies include state-dependent modifications due
to the mass defect and possible EEP violations.

Then, we remove the unperturbed free-fall part, the recoil fre-
quency xk ¼ �hk2=ð2�mÞ, and other constant energy shifts by using the
transformation into a mean Heisenberg picture,

Û
H ¼ exp �i

p̂2

2�m�h
þ �mgẑ

�h
þ xk

4
þ �xac

� �
t

� �
: (11)

For the Heisenberg trajectories, we find the replacements p̂ ! p̂H
¼ p̂ � �mgt and ẑ ! ẑH ¼ ẑ þ p̂t=�m � gt2=2, which correspond to
classical trajectories in an unperturbed gravitational potential. The
transformation leads to the (effective) detuning in the Heisenberg
picture,

�̂H ¼ xeg þ �̂k þ Dxac
� �� xL � k aþ gð Þt þ kaẑH

c

þ xeg

�x

�mgẑH
�h

� p̂2H
2�m�h

� xk

4

� �
þ �xDb. ẑH ; tð Þ

þ kp̂H
2�m

;
at
c
� g þ að ÞẑH

c2

� 	
; (12)

with Db ¼ be � bg and where we introduced the anti-commutator

fÂ; B̂g ¼ ÂB̂ þ B̂Â for two operators Â and B̂. The first parenthesis
in Eq. (12) describes the energy difference between both internal states,
including the Doppler frequency �̂k ¼ kp̂=�m associated with the recoil
during absorption, as well as the energy shift Dxac caused by Stark
shifts. This energy has to be transferred by the light field, i.e., by xL.
The c.m. motion of the atom during the interaction introduces a
Doppler shift �kgt that can be compensated by the term �kat if the
laser frequency is appropriately chirped.

However, the momentum transfer is modified by chirping so that
the current c.m. position of the atom enters. Additional position- and
time-dependent modifications of internal, potential, and kinetic ener-
gies, as well as the recoil frequency caused by the mass defect, the cou-
pling to DM, and EEP violations appear. Further modifications to the
Doppler frequency arise due to the modification of the momentum
transfer, as can be seen from the anti-commutator in the last line of
Eq. (12). All of these modifications cannot be included into the static
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frequencyxL in actual experimental setups. Hence, we choose the laser
frequency xL ¼ xeg þ kpr=�m þ Dxac in the Heisenberg picture, rep-
resenting the unperturbed resonance condition but not obeying the
modified resonance condition due to perturbations. The second contri-
bution in the unperturbed resonance condition describes the Doppler
shift at the beginning of the interaction and defines the resonant
momentum pr. In this case, we obtain

�̂H ¼ k p̂ � pr
� �

�m
� kðaþ gÞt þ kaẑH

c

þ xeg

�x
� p̂2H
2�m�h

þ �mgẑH
�h

� xk

4

� �
þ �xDb.ðẑH; tÞ

þ kp̂H
2�m

;
at
c
� ðg þ aÞẑH

c2

� 	
; (13)

which depends only on chirping, gravity, and velocity selectivity
ðp̂ � prÞ=�m, i.e., a deviation of the momentum distribution from the
resonant momentum, as well as perturbations induced by the dilaton
field, the mass defect, and the modified momentum transfer. We illus-
trate this modified resonance condition given by �̂H in Fig. 3. For the
reduced mean energy in the Heisenberg picture, we find

�̂�H ¼ �x�b.ðẑH; tÞ � kp̂H
4�m

xeg

�x
þ xk

2
at
c
þ a2t2=2� ðg þ aÞẑH

c2

� �
;

(14)

with �b ¼ ðbe þ bgÞ=2.
We observe that modifications to Doppler shifts arising from the

mass defect and the modified momentum transfer cannot be fully
compensated. In summary, we find from the effective resonance con-
dition that even in the case a ¼ �g and neglecting velocity selectivity,
perturbative effects persist. As such, it causes a different time evolution
during the pulse compared to the unperturbed case, and, thus, leads to
phase shifts on diffracted atomic wave packets that scale with the pulse
duration. We stress that these results are valid for both magnetically
induced single-photon transitions and, with the replacements dis-
cussed above, also for direct ones.

IV. PHASE SHIFTS BETWEEN DIFFRACTED WAVE
PACKETS

Since the modified resonance condition affects the time evolution
during the pulse, perturbations lead to additional phase shifts between
diffracted and undiffracted atoms. In our study, we included as pertur-
bations possible EEP violations, DM, chirping, the redshifted momen-
tum transfer, and the mass defect. In the following, we analyze effects
of these perturbations on the phase imprinted on atoms by the pulses.

We assume that the unperturbed resonance condition is suffi-
ciently fulfilled so that the residual detuning �̂H and mean energy �̂�H

can be used as perturbative quantities, leading to a Rabi frequency that
is dominant compared to these frequency scales, i.e., X � jj�̂Hjj;
jj�̂�Hjj. Similar to previous works,72,73 we change into an interaction
picture with respect to the unperturbed Rabi oscillation via the trans-
formation Ûu and then solve the time evolution of the remaining per-
turbations with a Dyson-series approach, see Appendix B for details.
Since we consider weakly coupled, ultralight DM, we expect it to have
a small Compton frequency and associated wave vector.19 Therefore,
we neglect its time dependence over the duration of a pulse and evalu-
ate the field at the initial time of the pulse. This assumption results in

the relation .DMðẑH; tÞ ffi .DMðẑ ; 0Þ, with perturbative parameters
x.=X; k.p̂=ð�mXÞ, and k.g=X

2 � 1. With this procedure, we arrive
at the solution Û for the time evolution in the Heisenberg picture, see
Appendix B. Transformed back into the Schr€odinger picture, we find
the time evolution

Û
SðtÞ ¼ Û rotðtÞÛHðtÞÛ ðtÞÛ †

rotð0Þ ¼
X
j;n¼e;g

Û
S
n;jjnihjj: (15)

All time-dependent operators Û
S
n;j, acting on the c.m. motion and

describing the transition between internal states, are listed in Appendix
B. For simplicity and clarity, we discuss effects of mirror pulses in the
following, being specified by Xt ¼ p. We consider a diffracted atomic
wave function in momentum representation,

FIG. 3. Perturbations to the resonant transition in an energy–momentum diagram
shifted in the co-rotating frame. The momentum of the excited state is displaced by
��hk=2 in the co-rotating frame, the one of the ground state by þ�hk=2. The unper-
turbed energies are given by the dashed parabolas, but are modified to �h�e=g (solid
lines) including all perturbations. Without any perturbations, the momentum pr is
resonant and the resonance condition includes the initial Doppler detuning kpr=�m
as well as the energy difference xeg and differential Stark shift Dxac . This reso-
nance is modified by perturbations, as shown in the magnified part below the figure.
Gravity causes an additional Doppler shift as shown in Fig. 2, as well as a gravita-
tional redshift, which shifts the momentum transferred by the electric field. Both
effects can be compensated by chirping the frequency of the electric field with chirp
rate a ¼ �g. The mass defect shifts the internal energies depending on the atom’s
momentum, modifying the dispersion relation. Finally, dark matter causes the ener-
gies of the internal states to oscillate in time, as highlighted by the blurred line of
the internal energies.
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wn;jðp; tÞ ¼ hpjÛ S
n;jjw0;ji; (16)

which depends on the initial internal state jji and the final state jni.
The momentum of atoms initially in the ground state is increased by
�hk after diffraction. Hence, we find the phase difference,

/p ¼ arg we;gðpþ �hk; tÞ
 �� arg wg;eðp; tÞ

 �

¼ /0 þ /DM þ /EP þ /MD þ /WV; (17)

between phases of atoms after their transition from ground to excited
state and the vice versa case, which is the relevant contribution for a
mirror pulse in an atom interferometer.

In the following, we list phase contributions to /p of the unper-
turbed part, DM, EEP violations, the mass defect, and the wave vector
modification caused by gravity and chirping. To this end, we assume a
Gaussian initial state for the c.m. wave packet before the pulse in
momentum representation,

hpjw0;e=gi / exp �ðp� pe=gÞ2
2�h2r2e=g

þ i
pze=g
�h

 !
; (18)

with internal-state-dependent widths �hre=g , momentum expectation
values pe=g , and mean positions ze=g .

This wave packet results to leading order in the unperturbed
phase

/0 ¼ �2u0 � kð�z þ Dz=2Þ � Dz
pþ �mgt

�h

þ 2k
g þ a

X2 � xL t þ at2

2c

� �
; (19a)

which contains the difference of initial position Dz ¼ ze � zg and the
mean initial position �z ¼ ðze þ zgÞ=2. This unperturbed part includes
twice the laser phase offset u0 and a contribution k�z that arises from
the unperturbed momentum transfer. Moreover, separation terms that
depend on Dz and the momentum appear. Another term results from
a chirping mismatch g þ a, but is suppressed by the square of the Rabi
frequency. The unperturbed part also includes the laser frequency dur-
ing the interaction because of the internal transitions, similar to atomic
clocks when including chirping. Moreover, for a ¼ �g, we would
obtain a kgt2=2 term from the laser frequency.

The phase difference induced by DM during the pulse

/DM ffi �xt�b
@

@z
.DMðz; 0Þjz¼�z k.Dz (19b)

results from assuming k. � �hre=g , i.e., taking into account only the
mean coupling of DM to the rest mass of the atom, depending on the
residual phase of the DM wave /. � k.�z .

Possible EEP violations lead to the phase difference

/EP ¼ ��bbS
�mgDz
�h

t � 2DbbS
g=vr
X2

kp
�m
þ xk þ kgt

2

� �
; (19c)

with recoil velocity vr ¼ �hk=�m, Doppler frequency kp=�m, and recoil
frequencyxk ¼ �hk2=ð2�mÞ. The first contribution stems from different
initial positions in the mean gravitational potential, while the second
contribution originates from different gravitational accelerations for
each internal state, resulting in different Doppler shifts.

The mass defect causes a phase difference between excited and
ground state

/MD ¼ �4
xeg

�x
g=vr
X2

kp
�m
þ xk þ kgt

2

� �
; (19d)

resulting from asymmetric diffraction between those two states under
gravity.

Finally, the wave-vector modification leads for perfect chirping,
i.e., a ¼ �g, to the phase difference

/WV ¼ kgt
X

X
c

�z � pt
�m
� vrt

2
� gt2

2

� �
þ 2p
p�mc

þ vr
pc

þ gt
pc

� �
; (19e)

where chirping has modified the wave vector and, by that, the momen-
tum transfer during the pulse. Additional contributions for imperfect
chirping a 6¼ �g are listed in Appendix C, and only in this generalized
case, the finite widths �hre=g appear in the phase difference. In this case,
additional contributions due to the gravitational modification of the
wave vector of light arise. Note that in counterpropagating two-photon
transitions, such effects cannot be compensated by chirping, in con-
trast to single-photon transitions.

Among the phases listed above, the dominant phase contribution
stems from the unperturbed single-photon phase /0, even though
some of its terms vanish for perfect chirping. Since we observe

/WV ¼ /MD
kc

2xeg
1þ p2

2
� �zp2

2pt=�m þ vrt þ gt2

" #
; (20)

we conclude that the relativistic contributions induced by a wave-
vector modification and by the mass defect are of similar order, but
their relative size depends on the duration of the pulse. In fact, for
short pulses one expects /WV to dominate.

In an atom interferometer that tests for dark matter or EEP viola-
tions, one seeks to bound the coupling parameters �b; Db, or bS. While
a measurement of the phases /EP and /DM may serve such a purpose,
stricter bounds are given by the interferometer signal induced during
propagation in between the diffracting pulses. Since the phases pre-
sented above are on the timescale of the pulse duration t � 1=X that is
much smaller than the interrogation time of the interferometer, we
refrain from discussing the bounds implied by Eqs. (19b) and (19c) or
their relative size.

Similar results for beam splitters with Xt ¼ p=2 can be obtained
from the time evolution in Appendix B. Since the effects of the pertur-
bations presented here take place during the pulse, they will be sup-
pressed for short durations.73 Such short pulse durations are limited by
the effective Rabi frequency, but in contrast to Bragg diffraction45 no
higher diffraction orders arise. Hence, in principle, a short pulse dura-
tion and a large effective Rabi frequency are possible, but they are lim-
ited by the coupling strength and the available laser power and
magnetic field intensity.

For direct single-photon transitions without magnetic field,42 the
Rabi frequency would be time- and position-dependent due to dilaton
modifications, which are suppressed by .=D in the magnetically
induced case. However, to first order in �.0 and c

�2, the Rabi frequency
commutes with �̂H and �̂�H even without magnetic field, so that our
results immediately transfer to direct single-photon transitions.

V. CONCLUSIONS

In this article, we described the light–matter interaction for
single-photon transitions, including gravity and perturbations like
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DM, EEP violations, as well as a modified wave vector of light caused
by gravity and chirping. As such, we derived an effective two-level sys-
tem for single-photon transitions with a magnetic field. Considering
the dynamics during the pulse shows that the resonance condition
contains modifications from these perturbations, causing imperfect
diffraction of atoms. Moreover, we showed that these perturbations
result in additional phase contributions for atoms after diffraction. For
example, in contrast to two-photon diffraction, chirping leads to a
modified momentum transfer due to a fixed dispersion relation, which
would even be present in the instantaneous-pulse approximation. In
contrast, the gravitational redshift of light implies a modified momen-
tum transfer for two-photon transitions.37 As we demonstrated, how-
ever, this effect is suppressed in single-photon transitions for perfect
chirping.

We emphasize that our results can be immediately transferred to
direct single-photon transitions without a magnetic field, starting
directly from a two-level system and not an effective one. Then, effec-
tive quantities like the Rabi frequency are replaced by their counter-
parts, while no adiabatic elimination is necessary.

Vertical terrestrial proposals12,14–16,43,44,49 take place in gravity.
Hence, chirping is crucial to stay on resonance, which becomes partic-
ularly relevant for very-long-baseline setups.31,47,48 As discussed here,
chirping leads to a modified momentum transfer, which has not been
considered in earlier works so far. Hence, by including all relevant per-
turbations consistently, we have performed the first step by focusing
on the dynamics during the pulse. The next step, before turning to dif-
ferential atom-interferometric schemes, would be to transfer our
results to single atom interferometers with many pulses and to include
also the dynamics between the pulses and the corresponding perturba-
tions without electromagnetic interaction. Although the effects during
the pulse are small in the context of atom interferometers for suffi-
ciently short pulse durations, they might accumulate for multiple
sequential pulses and large-momentum-transfer schemes42 planned
for gravitational-wave and DM detectors.7,14 Our results will help to
analyze also much more dominant effects between the pulses and will
lead to a comprehensive description of differential atom-
interferometric experiments.
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APPENDIX A: ADIABATIC ELIMINATION

The three-level Hamiltonian for magnetically induced single-
photon transitions from Eq. (6) is of the form

Ĥ ¼ �h �̂a þ D T̂
†

T̂ �̂ eg

 !
; (A1)

where the free evolution of the two-level state jwegi ¼ ðjwei; jwgiÞT
and the ancilla state jwai are determined by �̂ eg and �̂a þ D.

Transitions between the two systems are described by T̂ , and all
quantities except D may depend on time. We now define the projec-
tor68 P̂ such that jwai ¼ P̂jwegi. Note that Ĥ depends on time, so P̂
may also be time dependent. Without this projector, we find the
Schr€odinger equations,

i
@

@t
jwai ¼ �̂a þ Dð Þjwai þ T̂

†jwegi; (A2a)

i
@

@t
jwegi ¼ T̂ jwai þ �̂ eg jwegi; (A2b)

for the ancilla state and the two lower levels. Then, we use jwai
¼ P̂jwegi to eliminate the ancilla state, resulting in

i
@

@t
jwegi ¼ P̂

�1
�̂a þ Dð ÞP̂ þ T̂

† � i
@

@t
P̂

� �
jwegi; (A3a)
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i
@

@t
jwegi ¼ T̂ P̂ þ �̂ eg

h i
jwegi: (A3b)

Both equations describe the time evolution of the two lower internal
states so that the Hamiltonians as defined by the right-hand sides
must be the same. Thus, we obtain the Bloch equation for the pro-
jector P̂ ,

DP̂ þ T̂
† ¼ ��̂aP̂ þ P̂ �̂ eg þ i

@

@t
P̂ þ P̂T̂ P̂; (A4)

from equating the right-hand sides, including a time derivative of
the projector due to the time dependence of the Hamiltonian. The
solution of the equation can be found by employing the ansatz
P̂ ¼P1

n¼0 P̂n. We search for a perturbative expansion where
jjP̂nþ1jj � jjP̂njj, in order to truncate the series. For that, we
assume that D is much larger than all other frequency scales of the
Hamiltonian, leading to the expansion parameters jj�̂a=Djj;
jj�̂ eg=Djj, and jjT̂=Djj. Furthermore, we assume that the frequency
scales introduced by chirping and the dilaton are also small com-

pared to D, i.e., jj _̂� a=D
2jj; jj _̂� eg=D

2jj, and jj _̂T =D2jj can even be
treated as of higher order than the parameters above. Consequently,

jj _̂Pn=Djj is also of higher order.
As outlined already in the main part, we search for the relation

jjP̂nþ1jj � jjP̂n=Djj, allowing us to truncate the series. If additionally
jjP̂0jj � jD�1j holds, the right-hand side of the Bloch equation
becomes smaller than the left-hand side by at least one order in the
expansion parameters. As a consequence, we neglect terms on the
right-hand side and find the lowest order of the projector series

P̂0 ¼ � 1
D
T̂

†
; (A5)

which fulfills the condition jjP̂0jj � jD�1j. The next order can be
obtained by inserting the series representation of the projector into
the Bloch equation and by canceling the lowest order from both
sides to obtain

P̂1 ¼ 1

D2 �̂aT̂
† � T̂

†
�̂ eg � i

@

@t
T̂

†
� �

; (A6)

fulfilling the relation jjP̂1jj � jjP̂0=Djj as desired. By inserting this
result into the Bloch equation and by applying the Cauchy prod-
uct to the double sum, we find the recursion formula for higher
orders

P̂nþ1 ¼ 1
D

��̂aP̂n þ P̂n�̂ eg þ i
@

@t
P̂n þ

Xn�1

k¼0

P̂kT̂ P̂n�k

 !
; (A7)

for n 	 1. Hence, the desired behavior of jjP̂nþ1jj � jjP̂n=Djj is
achieved by the above choice of P̂0. From the Schr€odinger equation
for the two lower states in the form of Eq. (A3b) follows the effective
two-level Hamiltonian

Ĥrot ¼ �h T̂ P̂ þ �̂ eg

� 

ffi � �h

D
T̂ T̂

† þ �h�̂ eg (A8)

to lowest order in D�1. Including further corrections of
higher orders than D�1 would require a symmetrization of the
Hamiltonian.68

APPENDIX B: TIME EVOLUTION IN HEISENBERG
PICTURE

The resulting Hamiltonian in the Heisenberg picture

ĤH ¼ �h
2

2�̂�H þ �̂H X
X 2�̂�H � �̂H

� �
(B1)

after adiabatic elimination includes the detuning �̂H and the mean
energy �̂�H as given in Eqs. (12) and (14). We assume that the
unperturbed resonance condition is sufficiently fulfilled such that
�̂H and �̂�H can be treated as perturbative quantities, i.e.,
X � jj�̂Hjj; jj�̂�Hjj. Hence, the dominant frequency contribution to
the Hamiltonian is given by the Rabi frequency X. We remove this
contribution73 by changing into a picture co-rotating with X via the
transformation

Ûu ¼ cosut �i sinut

�i sinut cosut

� �
(B2)

with (half) pulse area ut ¼ Xt=2. This way, we find the transformed
Hamiltonian

Ĥu ¼ �h
2

2�̂�H þ �̂H cos 2ut �i�̂H sin 2ut

i�̂H sin 2ut 2�̂�H � �̂H cos 2ut

 !
: (B3)

For the generation of p and p=2 pulses as mirrors and beam split-
ters, the typical interaction duration is proportional to X�1. We
observe that the transformed Hamiltonian is perturbative on these
timescales, i.e., jjĤujj=ð�hXÞ � 1. Thus, we can use a first-order
Dyson expansion to determine the time evolution in the co-rotating
picture. Reverting the transformation Ûu after performing the
expansion yields the time evolution in the Heisenberg picture

Û ¼ Ĉ1 cosut � Ŝ sinut �iĈ0 sinut þ iŜ cosut

�iĈ1 sinut � iŜ cosut Ĉ0 cosut þ Ŝ sinut

 !
(B4)

with operators

Ĉ1=0 ¼ 1� i
2

ðt
0

ds 2�̂�HðsÞ6�̂HðsÞ cos 2us


 �
(B5a)

Ŝ ¼ i
2

ðt
0

ds�̂HðsÞ sin 2us; (B5b)

which include integrals over the time-dependent detunings and trig-
onometric functions. For t � 1=X, a (partial) integration of the
time-dependent DM field .DM leads to contributions of the order
Oð�.0t2Þ. We neglect these contributions and evaluate the DM part
at the initial time, i.e., .DMðẑH; sÞ ffi .DMðẑ ; 0Þ, treating the DM
field as constant during the interaction. The detuning and mean
energy in the Heisenberg picture can then be cast into the form

�̂H ¼P3
j¼0 �̂

ðjÞtj and �̂�H ¼P3
j¼0 �̂�

ðjÞ
tj, respectively, with coeffi-

cients �̂ ðjÞ and �̂�
ðjÞ

as given in Table I. Carrying out the integrations
in Eq. (B5) leads to the time evolution in the Heisenberg picture
with matrix elements Û n;m ¼ hnjÛ jmi, with m; n 2 fe; gg. The
diagonal elements are given by

AVS Quantum Science ARTICLE pubs.aip.org/aip/aqs

AVS Quantum Sci. 5, 044402 (2023); doi: 10.1116/5.0174258 5, 044402-8

VC Author(s) 2023

 20 June 2024 09:42:29

pubs.aip.org/aip/aqs


Û n;n ¼ cosut 1� i
X3
j¼0

�̂�
ðjÞ
tjþ1

jþ 1

2
4

3
5þ ikn

2X

X3
j¼0

�̂ ðjÞgjðtÞ
Xj ; (B6a)

and the off-diagonal elements by

Û n;m ¼ �i sinut 1� i
X3
j¼0

�̂�
ðjÞ
tjþ1

jþ 1

2
4

3
5� kn

2X

X3
j¼0

�̂ ðjÞnjðtÞ
Xj ; (B6b)

with ke=g ¼ 71. In these matrix elements, the coefficients gjðtÞ and
njðtÞ result from the integration of trigonometric terms combined with
the time dependence of the detuning and the mean energy and are
given in Table II. Notably, the zeroth-order coefficient for the off-
diagonal elements vanishes. A constant detuning, therefore, does not
influence the off-diagonal elements of the time-evolution, which
describe the transition between internal atomic states. At ut ¼ 0, we
furthermore find Û ¼ 1 as expected. The pulse areas of interest are
those of mirror pulses, where ut ¼ p=2, and beam-splitter pulses,
where ut ¼ p=4, in which the form of Û n;m given in Eq. (B6) is valid.

APPENDIX C: PHASE FROM MODIFIED WAVE VECTOR

In this Appendix, we present the phase difference of a
Gaussian wave packet for a mirror pulse after diffraction that

originates from the wave-vector modification together with imper-
fect chirping (a 6¼ �g), generalizing Eq. (19e) from the main part.
With momenta for ground and excited state separated by �hk after
diffraction, we find

/WV ¼ � kat
c

�z � pt
�m
� vrt

2
� gt2

2

� �
� ka

X2

2p
�mc

þ vr
c
þ gt

c

� �

þ k g þ að Þ
2c2

"
� �z � pt

�m
� vrt

2
� gt2

2

� �2

� �z2 � Dz2

2
� 1
r2g

þ pg � p� �mgt

�hr2g

 !2

þ pe � p� �hk� �mgt
�hr2e

� �2

� 1
r2e

#

þ Dz g þ að Þ
2c2

xkt þ kðg þ aÞ
X2


 2
p
�mc

þ vr
2c

� �2

þ pgt
�mc2

þ vrgt
2c2

þ 2
g�z
c2

þ p2 � 12
2p2

gt
c

� �2
" #

:

(C1)

All but the first line cancel in the case of perfect chirping. Moreover,
we find that only if there is a chirping mismatch, the finite width of
the wave packets is relevant.

TABLE I. Coefficients �̂ ðjÞ and �̂� ðjÞ
of the detuning �̂H ¼P3

j¼0 �̂
ðjÞt j and mean energy shift �̂� H ¼P3

j¼0 �̂�
ðjÞ
t j in the Heisenberg picture expanded in powers of time. Here, we

have assumed that the dark matter field is constant on the timescale of the pulse, i.e., .DMðẑH; tÞ ffi .DMðẑ ; 0Þ, with perturbative parameters x.=X; k.p̂=ð�mXÞ, and
k.g=X

2 � 1. If the unperturbed resonance condition is not met perfectly or velocity selectivity arises, its residual contributes to the effective detuning and is time independent,
as expected. Similarly, the Doppler effect as well as chirping lead to a detuning that depends linearly on time. In addition to these known contributions, other perturbations are
included that in addition arise from gravity (� g), chirping (� a), the mass defect (� xeg), EEP violation (� bS), and dark matter (� .DM). The mean energy is solely deter-
mined by these perturbations.

tj Coefficients �̂ ðjÞ of the detuning �̂H Coefficients �̂�
ðjÞ

of the mean energy �̂�H

t0 ðxeg þ �̂ k þ DxacÞ � xL þ kaẑ
c

þ xeg

�x

�mgẑ
�h

� p̂2

2�m�h
� xk

4

� �
�x�b.DMðẑ ; 0Þ þ �x�bbS

gẑ
c2

� kp̂
4�m

xeg

�x
� xk

2
ðg þ aÞẑ

c2

þ�xDb.DMðẑ ; 0Þ þ �xDbbS
gẑ
c2

� kp̂
2�m

;
ðg þ aÞẑ

c2

� 	

t1 �kðg þ aÞ 1þ p̂2

�m2c2
� gẑ

c2

� �
þ 2�̂ k

a
c
þ 2

xeg

�x
þ DbbS

� �
gp̂
�h

�bbS
gp̂
�h
þ kg

4

xeg

�x
þ xk

2
a
c
� g þ a

c2
p̂
�m

� �

t2 � 3kga
2c

� xeg

�x

�mg2

�h
� �xDbbS

g2

2c2
þ �̂ k

gðg þ aÞ
c2

��x�bbS
g2

2c2
þ xk

2
a2

c2
þ g þ a

c2
g
2

� �

t3 �kðg þ aÞ g
2

c2
0

TABLE II. Coefficients that contribute to the matrix elements of the time evolution in the Heisenberg picture with (half) pulse area ut ¼ Xt=2, calculated through the Dyson series.
The coefficients determine the influence of the detuning �̂H on the time-evolution, where the jth coefficients are prefactors of the operators �̂

ðjÞ defined in Table I. Here, gjðtÞ con-
tributes to the diagonal elements of the time-evolution operator, njðtÞ to the off-diagonal elements. Notably, to zeroth order there is no contribution to the off-diagonal elements
so that a constant detuning has no effect on the transition between internal states.

j Coefficients gjðtÞ for diagonal elements hnjÛ jni Coefficients njðtÞ for off-diagonal elements hnjÛ jm 6¼ ni
0 2 sinut 0
1 2us sinut �2 sinut þ 2ut cosut

2 �4 sinut þ 4ut cosut þ 4u2
t sinut 4utð�sinut þ ut cosutÞ

3 �12ut sinut þ 12u2
t cosut þ 8u3

t sinut 2ð4u2
t � 6Þð�sinut þ ut cosutÞ � 4u2

t sinut
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