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EXTRINSIC ISOPERIMETRY AND COMPACTIFICATION OF MINIMAL
SURFACES IN EUCLIDEAN AND HYPERBOLIC SPACES

VICENT GIMENO# AND VICENTE PALMER*

ABSTRACT. We study the topology of (properly) immersed complete minimal surfaces
P 2 in Hyperbolic and Euclidean spaces which have finite total extrinsic curvature∫
P
‖BP ‖2dσ < ∞, using some isoperimetric inequalities satisfied by the extrinsic balls

in these surfaces, (see [22]). Based on estimates on the curvature decay of complete mini-
mal surfaces with finite total extrinsic curvature in Euclidean and Hyperbolic spaces proved
by Anderson and De Oliveira in [1] and [21] respectively, we give an alternative proof to
the fact that these surfaces are diffeomorphic to a compact surface punctured at a finite
number of points. Using this last result and the isoperimetric analysis above alluded, we
present a unified proof of the Chern-Osserman inequality satisfied by these minimal sur-
faces. Finally, we show a Chern-Osserman type equality attained by complete minimal
surfaces in the Hyperbolic space with finite total extrinsiccurvature.

1. INTRODUCTION

In the paper [11], A. Huber proved that, whenP is a complete, connected and oriented
surface with finite total curvature thenP is homeomorphic, (in fact, conformally equiva-
lent), to a compact surface punctured at a finite number of pointsP̄ \ {p1, ..., pn}.

On the other hand, S.S. Chern and R. Osserman proved in [4] (using basically tech-
niques from complex analysis) the following estimate for the Euler characterisiticχ(P ) of
complete and minimal immersed surfacesP 2 ⊆ R

n, (cmi for short), with finite total cur-
vature, in terms of its total curvature and its number of ends, k. This formula is nowadays
known as theChern-Osserman Inequality, and can be stated as

(1.1) − χ(P ) ≤ − 1

2π

∫

P

Kdσ − k

beingK the Gauss curvature ofP .
This inequality is in fact an equality for cmi surfacesP 2 ⊆ R

n of finite total scalar
curvature when we replacek by the (finite) supremum of the volume growth function, (see
[1]), so we have

(1.2)
−χ(P ) =

1

4π

∫

P

‖BP ‖2dσ − Supr

Vol(P 2 ∩B0,n
r )

Vol(B0,2
r )

≤ 1

4π

∫

P

‖BP ‖2dσ − k(P )

and therefore, in this case we get a better estimate of the Euler characteristic of the surface
using the volume growth of the extrinsic domainsDr = P 2∩B0,n

r whereBb,n
r denotes the

geodesicr-ball in the simply connected real space formKn(b), (see [7]). These domains
Dr are known as theextrinsic balls.

When we deal with the same question but considering complete(non-compact) mini-
mal surfacesP 2 immersed in the hyperbolic spaceHn(b), the first consideration is that,
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by the Gauss equation, the total Gaussian curvature of such surfaces is infinite. How-
ever, it is possible to consider surfacesP 2 ⊆ H

n(b) with finite total extrinsic curvature
∫

P
‖BP ‖2dσ < ∞. Note that to have finite total scalar (extrinsic) curvatureis equivalent

to the finiteness of the total Gaussian curvature, when the surface is minimal and immersed
in R

n.
In view of these considerations, it is natural to wonder if itis possible to stablish a

Chern-Osserman inequality for complete minimal surfaces with finite total extrinsic curva-
ture (properly) immersed in the hyperbolic space. This question has been addressed by Q.
Chen and Y. Cheng in the papers [5] and [6]. They proved, for a complete minimal surface
P 2 (properly) immersed inHn(b) and such that

∫

P
‖BP ‖dσ < ∞, the following version

of the Chern-Osserman Inequality, in terms of the volume growth of the extrinsic balls:

(1.3)

Supr

Vol(P 2 ∩B−1,n
r )

Vol(B−1,2
r )

< ∞ and

−χ(P ) ≤ 1

4π

∫

P

‖BP ‖2dσ − Supr
Vol(P 2 ∩B−1,n

r )

Vol(B−1,2
r )

The proofs of these authors encompasses elaborated computations which depends heav-
ily on the properties of the hyperbolic functions, far from the complex analysis techniques
above alluded, used in the Euclidean case.

On the other hand and following in the footsteps of Anderson’s unpublished paper [1],
G. De Oliveira adressed in the paper [21] the objective to getan estimate for the curvature
decay whenP is a complete minimal surface inHn(b) with finite total extrinsic curvature.
Although this estimate was not given explicitly, (a fact achieved in the Euclidean context
in [1]), it was proved that‖BP ‖(p) goes to0 as the extrinsic distancer(p) to a fixed
point goes to infinity, and then, as in Anderson’s paper, it isconcluded the properness of
the immersion and that the extrinsic distance to a fixed pointdefined in the submanifold
P , r, has no critical points outside a compact inP . Hence it is possible to construct a
diffeomorphism amongP and a compact surface punctured at a finite number of points.

We present in this paper a unified approach which encompassesthe compactification
problem and the proof of one version of the Chern-Osserman inequality (in terms of the
volume growth) for complete minimal surfaces with finite total extrinsic curvature im-
mersed in Euclidean or Hyperbolic spaces. We have proved in Theorem 3.1 the following
Chern-Osserman inequality, which encompasses inequalities (1.1) and (1.3):

Theorem A. (Theorem 3.1) LetP 2 be an complete minimal surface immersed in a simply
connected real space form with constant sectional curvatureb ≤ 0, Kn(b). Let us suppose
that

∫

P
‖BP ‖2dσ < ∞. Then

(1) P has finite topological type.
(2) Supt>0(

Vol(Dt)

Vol(Bb,2
t )

) < ∞

(3) −χ(P ) ≤
∫
P

‖BP ‖2

4π − Supt>0
Vol(Dt)

Vol(Bb,2
t )

whereχ(P ) is the Euler characteristic ofP .

Although with this approach we are not able to state equality(1.2) in the Euclidean
setting, we shall prove in Theorem 4.1 the following Chern-Osserman type equality for
cmi surfaces in the Hyperbolic space:

Theorem B. (Theorem 4.1) LetP 2 be a complete immersed minimal surface inH
n(b).

Let us suppose that
∫

P
‖BP ‖2dσ < ∞. Then

(1.4) − χ(P ) =
1

4π

∫

P

‖BP ‖2dσ − Supt>0

Vol(Dt)

Vol(Bb,2
t )

− 1

2π
Gb(P )



EXTRINSIC ISOPERIMETRY AND COMPACTIFICATION 3

whereGb(P ) is a nonnegative and finite quantity which do not depends on the exhaustion
by extrinsic balls{Dt}t>0 of P and is given by

(1.5)

Gb(P ) := lim
t→∞

(

hb(t)Vol(B
b,2
t )(

(Vol(Dt))

Vol(Bb,2
t )

)′

+

∫

∂Dt

< BP (e, e),
∇⊥ r

‖∇P r‖
> dσt

)

Our unified approach is based on the divergence Theorem and the Hessian and Laplacian
comparison theory of restricted distance function, (see [10], [19] and [12]) which involves
bounds on the mean curvature of the submanifold. We use in this paper a version of this
result for complete minimal submanifolds of real space forms, (see Theorem 2.2), but
it can be found more general statements of this theorem, which encompasses complete
submanifolds not necessarily minimal in ambient spaces with sectional curvatures bounded
from above or from below (see [19] and [12]).

Using these more general results and an extrinsic version ofthe classical Huber’s result,
it should be possible to obtain Chern-Osserman inequalities for complete and non-minimal
surfaces with finite total extrinsic curvature and properlyimmersed in Cartan-Hadamard
manifolds which displays an appropriate behavior of their sectional curvatures, as it is
being studied in [8] and [9], in the line of the results of B. White in [27], where it was
presented a version of Chern-Osserman inequality for complete and non-minimal surfaces
immersed inRn with finite total curvature. Other purely intrinsic approach to this question
was given by K. Shiohama in [26].

1.1. Outline. The oultline of the paper is following. In Section§.2 we present the basic
facts about the Hessian comparison theory of restricted distance function we are going to
use (see Theorem 2.2 and Proposition 2.3) obtaining as a corollary the compactification of
cmi surfaces inKn(b) with finite total extrinsic curvature, (Corollary 2.4) and an inequality
satisfied by the Euler characteristic of the extrinsic ballsin a cmi surface inKn(b), (Corol-
lary 2.5). Section§.3 is devoted to the unified proof of the Chern-Osserman inequality for
complete minimal surfaces with finite total extrinsic curvature immersed in Euclidean and
Hyperbolic spaces (Theorem 3.1), and in Section§.4 it is proved a Chern-Osserman type
equality satisfied by the cmi surfaces inHn(b) (Theorem 4.1).

2. PRELIMINAIRES

2.1. The extrinsic distance. We assume throughout the paper thatP 2 is a complete, non-
compact, immersed,2-dimensional submanifold in a simply connected real space form of
non-positive constant sectional curvatureK

n(b), (Kn(b) = R
n whenb = 0 andKn(b) =

H
n(b) whenb < 0) . All the points in these manifolds are poles. Recall that a pole is a

pointo such that the exponential map

expo : ToN
n → Nn

is a diffeomorphism. For everyx ∈ Nn \ {o} we definer(x) = distN (o, x), and this
distance is realized by the length of a unique geodesic fromo to x, which is theradial
geodesic fromo. We also denote byr the restrictionr|P : P → R+ ∪ {0}. This restriction
is called theextrinsic distance functionfrom o in Pm. The gradients ofr in N andP are
denoted by∇N r and∇P r, respectively. Let us remark that∇P r(x) is just the tangential
component inP of ∇N r(x), for all x ∈ S. Then we have the following basic relation:

(2.1) ∇N r = ∇P r + (∇N r)⊥,

where(∇N r)⊥(x) = ∇⊥r(x) is perpendicular toTxP for all x ∈ P .
On the other hand, we should recall that all immersed surfacesP in the real space forms

of non-positive constant sectional curvatureNn = K
n(b) which satisfies

∫

P
‖BP ‖2dσ <
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∞ are properly immersed (see [1], [20] and [21]). Therefore, we can omit the hypothesis
about the properness of the immersion when we assume that

∫

P
‖BP ‖2dσ < ∞.

Definition 2.1. Given a connected and complete surfaceP 2 properly immersed in a mani-
fold Nn with a poleo ∈ N , we denote theextrinsic metric ballsof radiust > 0 and center
o ∈ N byDt(o). They are defined as any connected component of the intersection

Bt(o) ∩ P = {x ∈ S : r(x) < t},
whereBt(o) denotes the open geodesic ball of radiusR centered at the poleo in Nn.

Remark a. We want to point out that the extrinsic domainsDt(o) are precompact sets,
(because we assume in the definition above that the submanifold P is properly immersed),
with smooth boundary∂Dt(o) being a closed immersed curve inP . The assumption on
the smoothness of∂Dt(o) makes no restriction. Indeed, the distance functionr is smooth
in K

n(b) \ {o} sinceKn(b) is assumed to possess a poleo ∈ K
n(b). Hence the restriction

r|P is smooth inP and consequently the radiit that produce smooth boundaries∂Dt(o)
are dense inR by Sard’s theorem and the Regular Level Set Theorem.

Remark b. When the submanifold considered is totally geodesic, namely, whenP is a
Hyperbolic or an Euclidean subespace of the ambient real space form, the extrinsic balls
become geodesic balls, and its boundary is the distance sphere. We recall here that the
mean curvature of the geodesic sphere in the real space formK

n(b), ’pointed inward’ is
(see [22]):

hb(t) =







√
b cot

√
bt if b > 0

1/t if b = 0√
−b coth

√
−bt if b < 0

2.2. Hessian comparison analysis of the extrinsic distance.The 2.nd order analysis of
the restricted distance functionr|P defined on manifolds with a pole is firstly and foremost
governed by the Hessian comparison Theorem A in [10]. We are going to give here an
statement of this theorem.

Theorem 2.2(See [10], Theorem A). LetPmbe a complete, non-compact, properly im-
mersed,m-dimensional submanifold in a real space form of non-positive constant sec-
tional curvatureKn(b). Then

(i) GivenX ∈ TqP unitary:

(2.2) HessP (r)(X,X) = hb(r)
(

1− < X,∇Nr >2
)

+ 〈∇Nr, BP (X,X) 〉
whereBP is the second fundamental form ofP in N .

(ii) Tracing equality (2.2) we obtain

(2.3) ∆P (r) = (m− ‖∇P r‖2)hb(r) +m〈∇N r, HP 〉 ,

whereHP denotes the mean curvature vector ofP in N andhb(r) is the mean curvature
of the geodesicr-spheres inKn(b).

Let us consider nowDt an extrinsic ball in a complete and properly immersed minimal
surfaceP in the real space formKn(b) with b ≤ 0. We are going to apply Gauss-Bonnet
formula to the curves∂Dt. To do that, we need to compute its geodesic curvature in the
following

Proposition 2.3. Given∂Dt the smooth closed curves inP ,

(2.4) k∂Dt

g =
hb(t)

‖∇P r‖
+ < BP (e, e),

∇⊥ r

‖∇P r‖
>
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Proof. Let {e, ν} ⊂ TP be an orthonormal frame along the curve∂Dt, wheree is the unit
tangent vector to∂Dt andν = ∇P r

‖∇P ‖ is the unit normal to∂Dt in P , pointed outward.
From the definition of geodesic curvature of the extrinsic boundaries∂Dt, we have

(2.5) ktg = − < ∇P
e e,

∇P r

‖∇P r‖ >

Then, having on account the definition of Hessian

HessP r(e, e) =< ∇P∇P r, e >

and the fact that∇P r ande are orthogonal,

(2.6) ktg =
1

‖∇P r‖HessP r(e, e)

Applying at this point equation (2.2) in Theorem 2.2

(2.7) ktg =
1

‖∇P r‖{hb(r)+ < ∇⊥r, BP (e, e) >}

�

Now, we consider{Dt}t>0 an exhaustion ofP by extrinsic balls. Recall than an ex-
haustion of the submanifoldP is a sequence of subsets{Dt ⊆ P}t>0 such that:

• Dt ⊆ Ds whens ≥ t
• ∪t>0Dt = P

We have the following Corollary

Corollary 2.4. Let P 2 be an complete minimal surface immersed in a simply connected
real space form with constant sectional curvatureb ≤ 0, Kn(b). Let us suppose that
∫

P
‖BP ‖2dσ < ∞. Then
(i) P is diffeomorphic to a compact surfaceP ∗ punctured at a finite number of points.

(ii) For all sufficiently larget > R0 > 0, χ(P ) = χ(Dt) and hence, given{Dt}t>0 an
exhaustion ofP by extrinsic balls,

χ(P ) = lim
t→∞

χ(Dt)

Proof. Let us consider{Dt}t>0 an exhaustion ofP by extrinsic balls, centered at the pole
p ∈ P . We apply Lemma 2.4 to the smooth curves∂Dt: As

−‖BP‖ ≤< BP (e, e),∇⊥ r >≤ ‖BP ‖
we have, on the points of the curveq ∈ ∂Dt,

(2.8)
‖∇P r‖(q) · k∂Dt

g (q) = hb(rp(q))+ < BP (e, e),∇⊥ r > (q)

≥ hb(rp(q))− ‖BP ‖(q)
Using now Proposition 2.2 in [1], whenP 2 is a cmi inRn or Lemma 3.1 in [21], whenP 2

is a cmi inHn(b), we know that‖BP ‖(q) goes uniformly to0 ast = rp(q) → ∞. Hence,
for all the pointsq ∈ ∂Dt and for sufficiently larget,

(2.9) ‖∇P r‖(q) · k∂Dt

g (q) > 0

Hence,‖∇P r‖ > 0 in ∂Dt, for all sufficiently larget. Fixing a sufficienty large radius
R0, we can conclude that the extrinsic distancerp has no critical points inP \DR0

.
The above inequality implies that for this sufficienty largefixed radiusR0, there is a

diffeomorphism

Φ : P \DR0
→ ∂DR0

× [0,∞[
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In particular,P has only finitely many ends, each of finite topological type.
To proof this we apply Theorem 3.1 in [16], concluding that, as the extrinsic annuli

AR0,R(p) = DR(p) \DR0
(p) contains no critical points of the extrinsic distance function

rp : P −→ R because inequality (2.9), thenDR(p) is diffeomorphic toDR0
(p) for all

R ≥ R0.
The above diffeomorfism implies that we can constructP from DR0

(R0 big enough)
attaching annulis and thatχ(P \Dt) = 0 whent ≥ R0. Then, for allt > R0,

χ(P ) = χ(Dt ∪ (P \Dt)) = χ(Dt)

�

Corollary 2.5. Let P 2 ⊂ K
n(b) be a complete minimal surface properly immersed in a

real space form with curvatureb ≤ 0, letDt be an extrinsic disc inP of radiust > 0 and
let ∂Dt be its boundary. Then:

(2.10)
−2πχ(Dt) + (b +

f2
b,α(t)hb(t)

2
)Vol(Dt)

+ (hb(t)−
f2
b,α(t)

2
)

∫

∂Dt

1

‖∇P r‖dσt ≤
1

2
R(t) +

1

2f2
b,α(t)

R′(t)

whereR(t) =
∫

Dt
‖BP ‖2dσ, ‖BP ‖ is the norm of the second fundamental form ofP in

K
n(b), χ(Dt) is the Euler’s characterisc ofDt and, givenα ∈]0, 2[ ,

f2
b,α(t) = αhb(t)

Proof. Integrating along∂Dt equation (2.4) and using Gauss-Bonnet theorem and co-area
formula, (see [23]), we obtain

(2.11)

2πχ(Dt)−
∫

Dt

KPdσ =

hb(t)

∫

∂Dt

1

‖∇P r‖
dσt +

∫

∂Dt

< BP (e, e),
∇⊥ r

‖∇P r‖
> dσt

where we denote asKP the Gauss curvature ofP .
But , on∂Dt,

−‖BP ‖‖∇
⊥ r‖

‖∇P r‖
≤< BP (e, e),

∇⊥ r

‖∇P r‖
>≤ ‖BP ‖‖∇

⊥ r‖
‖∇P r‖

so, asfb,α(t) ≥ 0 ∀t > 0, having into account the inequality among the arithmetic and
geometric mean and applying co-area formula:
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(2.12)

2πχ(Dt)−
∫

Dt

KPdσ = hb(t)

∫

∂Dt

1

‖∇P r‖
dσt

+

∫

∂Dt

< BP (e, e),
∇⊥ r

‖∇P r‖
> dσt ≥ hb(t)

∫

∂Dt

1

‖∇P r‖
dσt

−
∫

∂Dt

‖BP ‖‖∇
⊥ r‖

‖∇P r‖
dσt = hb(t)

∫

∂Dt

1

‖∇P r‖
dσt

−
∫

∂Dt

‖BP ‖

fb,α(t)
√

‖∇P r‖

fb,α(t)‖∇⊥ r‖
√

‖∇P r‖
dσt ≥ hb(t)

∫

∂Dt

1

‖∇P r‖
dσt

− 1

2

∫

∂Dt

‖BP ‖2
f2
b,α(r)‖∇P r‖

dσt −
1

2

∫

∂Dt

f2
b,α(r)‖∇⊥ r‖2

‖∇P r‖
dσt

≥ hb(t)

∫

∂Dt

1

‖∇P r‖
dσt −

1

2f2
b,α(t)

R′(t)−
f2
b,α(t)

2

∫

∂Dt

‖∇⊥ r‖2
‖∇P r‖

dσt

Now, we apply the following lemma:

Lemma 2.6. LetP 2 ⊂ K
n(b) be a surface properly immersed in a real space form with

curvatureb ≤ 0, letDt be an extrinsic disc inP of radiust > 0 and let∂Dt the extrinsic
circle. Then:

(2.13)
∫

∂Dt

||∇⊥r||2
||∇P r|| dσt ≤

∫

∂Dt

1

||∇P r|| − hb(t)Vol(Dt)dσt

Proof. Applying divergence theorem and computing the Laplacian ofthe extrinsic distance
in a minimal submanifold of a real space form (see equation (2.3) in Theorem 2.2) we have

(2.14)

∫

∂Dt

||∇⊥r||2
||∇P r|| dσt =

∫

∂Dt

1

||∇P r||dσt −
∫

∂Dt

||∇P r||dσt =

∫

∂Dt

1

||∇P r||dσt

−
∫

Dt

∆P rdσ =

∫

∂Dt

1

||∇P r||dσt −
∫

Dt

(2 − ||∇P r||2)hb(r)dσ

≤
∫

∂Dt

1

||∇P r||dσt −
∫

Dt

hb(r)dσ ≤
∫

∂Dt

1

||∇P r||dσt − hb(t)Vol(Dt)

�

Then, using inequality (2.13) in the last member of the inequalities (2.12)

(2.15)

2πχ(Dt)−
∫

Dt

KPdσ ≥ (hb(t)−
f2
b,α(t)

2
)

∫

∂Dt

1

‖∇P r‖
dσt

− 1

2f2
b,α(t)

R′(t) +
f2
b,α(t)hb(t)

2
Vol(Dt)

Now, applying Gauss equation for minimal surfaces in the real space formsKn(b), we
have

(2.16)

2πχ(Dt)− bVol(Dt) +
1

2
R(t) ≥ (hb(t)−

f2
b,α(t)

2
)

∫

∂Dt

1

‖∇P r‖
dσt

− 1

2f2
b,α(t)

R′(t) +
f2
b,α(t)hb(t)

2
Vol(Dt)

and hence
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(2.17)
−2πχ(Dt) + (b +

f2
b,α(t)hb(t)

2
)Vol(Dt)

+ (hb(t)−
f2
b,α(t)

2
)

∫

∂Dt

1

‖∇P r‖ ≤ 1

2
R(t) +

1

2f2
b,α(t)

R′(t)

�

3. A UNIFIED PROOF OFCHERN-OSSERMAN INEQUALITY IN HYPERBOLIC AND

EUCLIDEAN SPACES

We are going to give a unified proof of the classical Chern-Osserman inequality for
minimal surfaces of Euclidean and Hyperbolic spaces. A key outcome for this unified
approach is the isoperimetric inequality stablished in [22] for the extrinsic balls of minimal
submanifolds in Cartan-Hadamard manifolds, as well as a monotonicity result which is
derived from it and from co-area formula, (see [18] and [2]).

Theorem C. ([22], [18], [2]) LetPm a complete minimal submanifold properly immersed
in a Cartan-Hadamard manifoldNn with sectional curvatureKN ≤ b ≤ 0. LetDt be an
extrinsict-ball in Pm, with center at a pointp which is also a pole in the ambient space
N . Then

(3.1)
Vol(∂Dt)

Vol(Dt)
≥ Vol(Sb,m−1

t )

Vol(Bb,m
t )

for all t > 0 .

Furthermore, the functionf(t) = Vol(Dt)

Vol(Bb,m
t )

is monotone non-decreasing int.

Moreover, if equality in inequality (3.1) holds for some fixed radius t0 thenDt0 is a
minimal cone in the ambient spaceNn, so ifNn is the hyperbolic spaceKn(b) , b < 0 ,
thenPm is totally geodesic inKn(b).

As a consequence of Corollary 2.4, Corollary 2.5 and TheoremC, we obtain the Chern-
Osserman inequality for minimal submanifolds in Euclideanand Hyperbolic spaces:

Theorem 3.1. Let P 2 be an complete minimal surface immersed in a simply connected
real space form with constant sectional curvatureb ≤ 0, Kn(b). Let us suppose that
∫

P
‖BP ‖2dσ < ∞. Then

(1) P has finite topological type.
(2) Supt>0(

Vol(Dt)

Vol(Bb,2
t )

) < ∞

(3) −χ(P ) ≤
∫
P

‖BP ‖2

4π − Supt>0
Vol(Dt)

Vol(Bb,2
t )

whereχ(P ) is the Euler characteristic ofP .

Remark c. We should note the following technical observation: to prove the result when
the ambient space is the Hyperbolic spaceH

n(b) it is necessary to consider a suitable
exhaustion ofP 2 ⊆ H

n(b) by extrinsic balls{Dti}∞i=1 such that their radius{ti}∞i=1

determines a subsequence{R′(ti)
hb(ti)

}∞i=1 which converges to zero by virtue of the fact that,

in this case,
∫

P

||BP ||2
hb(t)

dσ < ∞ .
However, when we consider the surfaceP immersed in the Euclidean space, we shall

use the estimate of the curvature decay obtained by Andersonin [1], which holds for any
monotone increasing sequence of radius{ti}∞i=1.

Proof. We are going to divide the proof in two cases: theCase I, where the ambient space
is the Hyperbolic spaceHn(b), and theCase IIwhere the ambient space is the Euclidean
spaceRn.
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Case I. Let us considerP (properly) immersed inHn(b). Let {Dt}t>0 be an exhaustion
of P by extrinsic balls. Using co-area formula, we know that

(3.2)
d

dt
Vol(Dt) =

∫

∂Dt

1

‖∇P r‖dσt

Hence, applying Corollary 2.5 we have

(3.3)
−2πχ(Dt) + (b +

f2
b,α(t)hb(t)

2
)Vol(Dt)

+ (hb(t)−
f2
b,α(t)

2
)
d

dt
Vol(Dt) ≤

1

2
R(t) +

1

2f2
b,α(t)

R′(t)

On the other hand, from 3.2,d
dt

Vol(Dt) ≥ Vol(∂Dt). Therefore, using inequality (3.3)
we obtain

(3.4)

− 2πχ(Dt)

+ Vol(Dt)

[

(b+
f2
b,α(t)hb(t)

2
) + (hb(t)−

f2
b,α(t)

2
)
Vol(∂Dt)

Vol(Dt)

]

≤ 1

2
R(t) +

1

2f2
b,α(t)

R′(t)

Applying isoperimetric inequality (3.1) in Theorem C, we have

(3.5)

− 2πχ(Dt)

+ Vol(Dt)

[

(b+
f2
b,α(t)hb(t)

2
) + (hb(t)−

f2
b,α(t)

2
)
Vol(Sb,1

t )

Vol(Bb,2
t )

]

≤ 1

2
R(t) +

1

2f2
b,α(t)

R′(t)

Hence, using the fact that

bVol(Bb,2
t ) + hb(t)Vol(S

b,1
t = 2π ∀t > 0

we have

(3.6)

− 2πχ(Dt)

+
Vol(Dt)

Vol(Bb,2
t )

[

2π +
f2
b,α(t)hb(t)

2
Vol(Bb,2

t )−
f2
b,α(t)

2
Vol(Sb,1

t )

]

≤ 1

2
R(t) +

1

2f2
b,α(t)

R′(t)

and therefore

−2πχ(Dt) +
Vol(Dt)

Vol(Bb,2
t )

[

2π − 2π
f2
b,α(t)

2

Vol(Bb,2
t )

Vol(Sb,1
t )

]

≤ 1

2
R(t) +

1

2f2
b,α(t)

R′(t)

(3.7)

Therefore, for allt > 0,

Vol(Dt)

Vol(Bb,2
t )

(

1− αhb(t)

2

Vol(Bb,2
t )

Vol(Sb,1
t )

)

− χ(Dt)

≤ R(t)

4π
+

R′(t)

4παhb(t)

(3.8)
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As ||BP ||2
hb(t)

≤ 1√
−b

||BP ||2, then
∫

P
||BP ||2dσ < ∞ implies

∫

P

||BP ||2
hb(t)

dσ < ∞. Hence,
by co-area formula:

(3.9)
∫ ∞

0

(∫

Dt

||BP ||2
|| ∇P r||hb(r)

)

dt =

∫ ∞

0

(

R′(t)

hb(t)

)

dt < ∞

Therefore, there is a monotone increasing (sub)sequence{ti}∞i=1 tending to infinity,

(namely,ti → ∞ wheni → ∞), such thatR
′(ti)

hb(ti)
→ 0 wheni → ∞.

Let us consider the exhaustion ofP by these extrinsic balls, namely,{Dti}∞i=1. Then
we have, replacingt for ti and taking limits wheni → ∞ in inequality (3.8) and applying
Corollary 2.4 (ii),

Supi

Vol(Dti)

Vol(Bb,2
ti

)

(

1− α

2

)

− χ(P )

≤ lim
i→∞

R(ti)

4π
=

1

4π

∫

P

‖BP ‖2dσ < ∞
(3.10)

for all α such that0 < α < 2.
Hence, asVol(Dt)

Vol(Bb,2
t )

is a continuous non decreasing function oft, we can conclude that

Supt>0
Vol(Dt)

Vol(Bb,2
t )

< ∞ and−χ(P ) < ∞.

Then, lettingα tend to0 in (3.10), we get, for allt > 0:

(3.11) Supt>0

Vol(Dt)

Vol(Bb,2
t )

− χ(P ) ≤
∫

P
‖BP ‖2
4π

Case II. Let us considerP immersed inRn. We consider, as in the proof above, an
exhaustion ofP by extrinsic balls,{Dt}t>0, but now, and following [1], these extrinsic
balls will be centered at the origin0 ∈ R

n, which we assume, without loss of generality,
that belongs to the surfaceP . Applying Corollary 2.5 we have

(3.12)

−2πχ(Dt) + (
α

2t2
)Vol(Dt)

+ (
1

t
− α

2t
)

∫

∂Dt

1

‖∇P r‖ ≤ 1

2
R(t) +

t

2α
R′(t)

Now, as
∫

P
||BP ||2dσ < ∞, we can apply Proposition 2.2 in [1], so we have, for

α ∈]0, 2[,

(3.13)
t

2α
R′(t) =

t

2α

∫

∂Dt

‖BP ‖2
‖∇P r‖dσ ≤ µ(t)

2αt

∫

∂Dt

1

‖∇P r‖dσ

beingµ(t) such thatlimt→∞ µ(t) = 0 and therefore, from (3.12),

(3.14)

− 2πχ(Dt) + Vol(Dt)(
α

2t2
)

+ (
1

t
− α

2t
− µ(t)

2αt
)

∫

∂Dt

1

‖∇P r‖dσt ≤ 1

2
R(t)

On the other hand,1
t
− α

2t −
µ(t)
2αt ≥ 0 if and only if µ(t) ≤ α(2 − α), which it is true

for t big enough, namely, fort > tα becauselimt→∞ µ(t) = 0. Hence, asVol(∂Dt) ≤
∫

∂Dt

1
‖∇P r‖dσt, inequality (3.14) becomes, for allt > tα
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(3.15)

− 2πχ(Dt)

+ Vol(Dt)

[

1

t
(1− α

2
− µ(t)

2α
)
Vol(∂Dt)

Vol(Dt)
+

α

2t2

]

≤ 1

2
R(t)

and, applying inequality (3.1) in Theorem C, we have, for allt > tα

(3.16)

− 2πχ(Dt)

+
Vol(Dt)

Vol(B0,2
t )

[

2π(1− α

2
− µ(t)

2α
) +

πα

2

]

≤ 1

2
R(t)

Then, taking limits whent → ∞ in inequality (3.16) and applying Corollary 2.4, we
have thatlimt→∞ µ(t) = 0 andχ(P ) = limt→∞ χ(Dt), so we obtain, for allα such that
0 < α < 2:

(3.17)

2π Supt

Vol(Dt)

Vol(B0,2
t )

(

1− α

2
+

πα

2

)

− 2πχ(P ) ≤
∫

P
‖BP ‖2
2

< ∞

Therefore we obtainSupt>0
Vol(Dt)

Vol(B0,2
t )

< ∞ and−χ(P ) < ∞.

Then, lettingα tend to0 we obtain, for allt > 0:

(3.18) Supt>0

Vol(Dt)

Vol(B0,2
t )

− χ(P ) ≤
∫

P
‖BP ‖2
4π

�

As a corollary of the Chern-Osserman inequality inR
n, we have the following results

about the asymptotic behavior of the∞-isoperimetric quotient of extrinsic balls. We note
that in the paper [25] it was proved the following asymptoticbehavior (described in equa-
tion (3.19) of Corollary 3.2 and in equation (1) of Corollary3.3) for a family of domains
in H

2(b), {Ct}t>0, depending upon a parametert ∈ R
+, which are convex with respect to

horocycles and expands over the whole Hyperbolic plane. We have, in this context,

lim
t→∞

Perimeter(Ct)

Area(Ct)
=

√
−b

Our first result, in the Euclidean setting is

Corollary 3.2. LetP 2 be an complete minimal surface immersed inR
n. Let us suppose

that
∫

P
‖BP ‖2dσ < ∞. Then for every exhaustion ofP with extrinsic balls:

(3.19) lim
t→∞

Vol(∂Dt)

Vol(Dt)
= 0

Proof. Now, we consider a minimal surfaceP properly immersed in the Euclidean space
R

n. By inequality (3.14) we can write, asVol(S0,1
t ) = 2πt:

(Vol(Dt))
′

Vol(S0,1
t )

≤
R(t)
4π + χ(Dt)− α

4
Vol(Dt)

Vol(B0,2
t )

1− α
2 − µ(t)

2α

Hence, as we know, on the other hand, that

(3.20)

(

Vol(Dt)

Vol(B0,2
t )

)′
=

Vol(S0,1
t )

Vol(B0,2
t )

(

(Vol(Dt))
′

Vol(S0,1
t )

− Vol(Dt)

Vol(B0,2
t )

)

then
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(3.21)

(

Vol(Dt)

Vol(B0,2
t )

)′
≤ Vol(S0,1

t )

Vol(B0,2
t )





R(t)
4π + χ(Dt)− α

4
Vol(Dt)
Vol(Bt)

1− α
2 − µ(t)

2α

− Vol(Dt)

Vol(B0,2
t )





As, on the other hand,

(3.22)

(

Vol(Dt)

Vol(B0,2
t )

)′
≥ Vol(Dt)

Vol(B0,2
t )

(

Vol(∂Dt)

Vol(Dt)
− Vol(S0,1

t )

Vol(B0,2
t )

)

≥ 0

putting all together:

(3.23)

0 ≤ Vol(Dt)

Vol(B0,2
t )

(

Vol(∂Dt)

Vol(Dt)
− Vol(S0,1

t )

Vol(B0,2
t )

)

≤
(

Vol(Dt)

Vol(B0,2
t )

)′
≤

Vol(S0,1
t )

Vol(B0,2
t )





R(t)
4π + χ(Dt)− α

4
Vol(Dt)
Vol(Bt)

1− α
2 − µ(t)

2α

− Vol(Dt)

Vol(B0,2
t )





Then taking limitst → ∞, and considering that, thanks to Theorem 3.1,

lim
t→∞

Vol(S0,1
t )

Vol(B0,2
t )





R(t)
4π + χ(Dt)− α

4
Vol(Dt)

Vol(B0,2
t )

1− α
2 − µ(t)

2α

− Vol(Dt)

Vol(B0,2
t )



 = 0

we conclude:

lim
t→∞

Vol(∂Dt)

Vol(Dt)
= 0

and

lim
t→∞

(

Vol(Dt)

Vol(B0,2
t )

)′
= 0

�

As a consequence of Remark c, in the Hyperbolic setting Corollary 3.2 holds only for a
suitable exhaustion ofP by extrinsic balls:

Corollary 3.3. LetP 2 be an complete minimal surface (properly) immersed in the Hyper-
bolic space,Hn(b). Let us suppose that

∫

P
‖BP ‖2dσ < ∞. Then, there exist at least one

exhaustion ofP by extrinsic balls{Dti}∞i=0 (whereti → ∞ wheni → ∞) such that:

(1) limi→∞
Vol(∂Dti

)

Vol(Dti
) =

√
−b

(2) limi→∞
(Vol(Dti

))′

Vol(Sb,1
ti

)
= limi→∞

Vol(Dti
)

Vol(Bb,2
ti

)

(3) limi→∞
Vol(∂Dti

)

Vol(Sb,1
ti

)
= limi→∞

Vol(Dti
)

Vol(Bb,2
ti

)

Proof. Let us define

(3.24) D(t) :=
Vol(Dt)

′

Vol(Dt)
− Vol(Sb,1

t )

Vol(Bb,2
t )

=

[

ln

(

Vol(Dt)

Vol(Bt)

)]′

It is easy to see by the co-area formula and Theorem C thatD(t) is a nonnegative function.
Integrating betweent0 > 0 andt:

Vol(Dt)

Vol(Bt)
=

Vol(Dt0)

Vol(Bt0)
e
∫

t

t0
D(s) ds
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But on the other hand by Theorem 3.1 we know thatlimt→∞
Vol(Dt)
Vol(Bt)

= supt
Vol(Dt)
Vol(Bt)

< ∞.
Then:

∫ ∞

t0

D(s)ds < ∞

and hence there is a monotone increasing sequence{ti}∞i=0 tending to infinity, such that:

(3.25) lim
i→∞

D(ti) = 0

Observe that the above limit implies thatlimi→∞
(Vol(Dti

))′

Vol(Dti
) =

√
−b.

Moreover, by Theorem C:

(3.26)

D(t) =
Vol(Bb,2

ti
)

Vol(Dti)

Vol(Sb,1
ti

)

V ol(Bb,2
ti

)

(

(V ol(Dti))
′

V ol(Sb,1
ti

)
− V ol(Dti)

V ol(Bb,2
ti

)

)

≥ V ol(Bb,2
ti

)

V ol(Dti)

V ol(Sb,1
ti

)

V ol(Bb,2
ti

)

(

V ol(∂Dti)

V ol(Sb,1
ti

)
− V ol(Dti)

V ol(Bb,2
ti

)

)

≥ 0

then using (3.25) and thatlimt→∞
Vol(Bb,2

t )
Vol(Dt)

< ∞ and limi→∞
(Vol(Dti

))′

Vol(Dti
) =

√
−b we

have:

(3.27)

lim
i→∞

(Vol(Dti))
′

Vol(Sb,1
ti

)
= lim

i→∞
Vol(Dti)

Vol(Bb,2
ti

)

lim
i→∞

Vol(∂Dti)

Vol(Sb,1
ti

)
= lim

i→∞

Vol(Dti)

Vol(Bb,2
ti

)

And finally since:

D(ti) ≥
Vol(∂Dti)

Vol(Dti)
− Vol(Sb,1

ti
)

Vol(Bb,2
ti

)
≥ 0

we obtain, having into acount again (3.25):

lim
i→∞

Vol(∂Dti)

Vol(Dti)
=

√
−b

�

4. A CHERN-OSERMAN TYPE EQUALITY FOR MINIMAL SURFACES INHYPERBOLIC

SPACES

In this section we are going to see that complete minimal surfaces properly immersed
in Hyperbolic spaces of finite total extrinsic curvature satisfies a Chern-Osserman’s type
equality.

Theorem 4.1. LetP 2 be a complete immersed minimal surface inH
n(b). Let us suppose

that
∫

P
‖BP ‖2dσ < ∞. then

(4.1) − χ(P ) =
1

4π

∫

P

‖BP ‖2 − Supt>0

Vol(Dt)

Vol(Bb,2
t )

− 1

2π
Gb(P )

whereGb(P ) is a nonnegative quantity which do not depends on the exahustion {Dt}t>0

ofP and is given by

(4.2)

Gb(P ) := lim
t→∞

(

hb(t)Vol(B
b,2
t )(

(Vol(Dt))

Vol(Bb,2
t )

)′

+

∫

∂Dt

< BP (e, e),
∇⊥ r

‖∇P r‖
> dσt

)
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Proof. In Corollary 2.4, it was obtained a sufficienty large radiusR0, such that the extrinsic
distancerp has no critical points inP \DR0

.
Hence for this sufficienty large fixed radiusR0, there is a diffeomorphism

Φ : P \DR0
→ ∂DR0

× [0,∞[

so, in particular,P has only finitely many ends, each of finite topological type.
The above diffeomorfism implied that we could constructP fromDR0

(R0 big enough)
attaching annulis and thatχ(P \ Dt) = 0 when t ≥ R0, and hence for allt > R0,
χ(P ) = χ(Dt).

Let us consider now an exhaustion by extrinsic balls{Dt}t>0 of P such that the extrin-
sic distancerp has no critical points inP \DR0

.
Applying now Gauss-Bonnet Theorem to the extrinsic ballsDt

(4.3) 2πχ(P ) =

∫

Dt

KPdσ +

∫

∂Dt

kgdσt

Having in to account equation (2.4) and the Gauss formula, wehave, for all sufficiently
large radiust > R0

(4.4)

2πχ(P ) = −1

2

∫

Dt

‖BP ‖2 + bVol(Dt) + hb(t) (Vol(Dt))
′

+

∫

∂Dt

< BP (e, e),
∇⊥ r

‖∇P r‖
> dσt = −1

2

∫

Dt

‖BP ‖2dσ

+
Vol(Dt)

Vol(Bb,2
t )

(

b ·Vol(Bb,2
t ) + hb(t)(Vol(Dt))

′Vol(B
b,2
t )

Vol(Dt)

+
Vol(Bb,2

t )

Vol(Dt)

∫

∂Dt

< BP (e, e),
∇⊥ r

‖∇P r‖
> dσt

)

But 2π = b · Vol(Bb,2
t ) + hb(t)Vol(S

b,1
t ) ∀t > 0, so, for all sufficiently large radius

t > R0:

(4.5)

2πχ(P ) = −1

2

∫

Dt

‖BP ‖2dσ +
Vol(Dt)

Vol(Bb,2
t )

(

2π − hb(t)Vol(S
b,1
t ) + hb(t)(Vol(Dt))

′Vol(B
b,2
t )

Vol(Dt)

+
Vol(Bb,2

t )

Vol(Dt)

∫

∂Dt

< BP (e, e),
∇⊥ r

‖∇P r‖
> dσt

)

= −1

2

∫

Dt

‖BP ‖2dσ

+
Vol(Dt)

Vol(Bb,2
t )

(

2π + hb(t)Vol(S
b,1
t ){Vol(B

b,2
t )

Vol(Dt)

(Vol(Dt))
′

Vol(Sb,1
t )

− 1}

+
Vol(Bb,2

t )

Vol(Dt)

∫

∂Dt

< BP (e, e),
∇⊥ r

‖∇P r‖
> dσt

)

= −1

2

∫

Dt

‖BP ‖2dσ

+ 2π
Vol(Dt)

Vol(Bb,2
t )

+ hb(t)Vol(S
b,1
t ){ (Vol(Dt))

′

Vol(Sb,1
t )

− Vol(Dt)

Vol(Bb,2
t )

}+
∫

∂Dt

< BP (e, e),
∇⊥ r

‖∇P r‖
> dσt

= −1

2

∫

Dt

‖BP ‖2dσ + 2π
Vol(Dt)

Vol(Bb,2
t )

+ hb(t)Vol(B
b,2
t )(

(Vol(Dt))

Vol(Bb,2
t )

)′

+

∫

∂Dt

< BP (e, e),
∇⊥ r

‖∇P r‖
> dσt
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The above equation is valid for allt > R0, so, taking limits whent → ∞, we can define

(4.6)

Gb(P ) := lim
t→∞

(

hb(t)Vol(B
b,2
t )(

(Vol(Dt))

Vol(Bb,2
t )

)′

+

∫

∂Dt

< BP (e, e),
∇⊥ r

‖∇P r‖
> dσt)

)

Using equalities (4.5), we have that

(4.7) Gb(P ) = 2πχ(P ) +
1

2

∫

Dt

‖BP ‖2dσ − 2π Supt
Vol(Dt)

Vol(Bb,2
t )

< ∞

and hence,Gb(P ) do not depends on the exhaustion{Dt}t>0

�

Remark d. In view of equality (4.1) in Theorem 4.1 and equality (1.2) inthe Euclidean
setting, a question that naturally arises is if the quantityGb(P ) is zero or at least set geo-
metric conditions under whichGb(P ) is zero. One consideration in this direction is based
on the assumption of a specific estimate on the curvature decay for cmi surfaces in the
Hyperbolic space. With this specific curvature decay, we obtain a simplified expresion for
Gb(P ).

Namely, givenP 2 be a cmi surface in the real space formKn(b), (b ≤ 0), we say that
the surface hasspherical curvature decayin K

n(b) if and only if

(4.8) sup
x∈∂Dr

‖BP ‖(x) < ǫ(r)

Vol(Sb,1
r )

whenr is big enough, wherelimr→∞ ǫ(r) = 0, Dr is an extrinsicr- ball inP , andSb,1
r is

the geodesicr-sphere inKn(b).
With this definition in hand, it is easy to check that, if we consider an exhaustion of a

cmi surfaceP ⊆ H
n(b) by extrinsic balls{Dti}∞i=0 as in Corollary 3.3 we have:

(4.9) lim
i→∞

Vol(Bb,2
ti

)

Vol(Dti)

∫

∂Dti

< BP (e, e),
∇⊥ r

‖∇P r‖
>= 0

and hence we obtain (remind thatGb(P ) does not depend on the exhaustion):

−χ(P ) =
1

4π

∫

P

‖BP ‖2 − Supt>0

Vol(Dt)

Vol(Bb,2
t )

− lim
i→∞

(

hb(ti)Vol(B
b,2
ti

)(
(Vol(Dti))

Vol(Bb,2
ti

)
)′
)

To proof the assertion (4.9), we use the fact thatP has spherical curvature decay. Hence,
as

sup
x∈∂Dr

‖BP ‖ ≤ ǫ(r)

Vol(Sb,1
r )

for r big enough, we have, integrating around∂Dt for sufficiently larget and using co-area
formula:

−ǫ(t) (Vol(Dt))
′

Vol(Sb,1
t )

≤
∫

∂Dt

< BP (e, e),
∇⊥ r

‖∇P r‖
>≤ ǫ(t) (Vol(Dt))

′

Vol(Sb,1
t )

Now, we consider the extrinsic exhaustion given by Corollary 3.3 and leti → ∞ to have
the proof, having into account thatlimr→∞ ǫ(r) = 0.

We note that Anderson obtained the estimate of the curvaturedecay of complete min-
imal surfaces inRn with finite total curvature given by Proposition 2.2 in [1], so it is



16 V. GIMENO AND V. PALMER

easy to see thatall minimal surfaces inRn with finite total scalar curvature have spherical
curvature decay. In this case we have, on the other hand, the equality

−χ(P ) =
1

4π

∫

P

‖BP ‖2 − Supt>0

Vol(Dt)

Vol(Bb,2
t )

However, whenP is a complete miminal surface immersed inHn(b) with finite total
extrinsic curvature, then‖BP ‖(p) goes to zero when the extrinsic distance ofp to a fixed
pole inHn(b) goes to infinity (see [21]), but it was not given any explicit estimate of the
curvature decay in this case.

To finish, we should remark that the complete and embeddedspherical catenoidsin
H

3(−1), (see [17]), have finite total extrinsic curvature and spherical curvature decay, (see
[24] and [14]).
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