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Abstract
Through chaos decomposition we improve the Varadhan estimate

for the rate of convergence of the centered approximate self-intersection
local time of planar Brownian motion.
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1 Introduction

The Edwards model [2] for self-repelling or ”weakly self-avoiding” d-dimensional
Brownian motion, with applications in polymer physics and quantum field
theory, is informally given by a Gibbs factor

G=exp (—g / s / a5 (B(s) — B >)

with g > 0 and

Z-F (exp <—g/0Tds /Ot it (B(s) — B(t) ))) |

1 _laf?
(55(3:') = W@ 2 g > 0,

Using

one defines an approximate self-intersection local time by

L.:= /OT dt /Ot ds 5.(B(t) — B(s)).

For d > 2

limE(L.) = oc.
e\0

For the planar case d = 2, Varadhan [3] has shown that centering

L., :=L. —E(L.) and L, :==lim L.,
’ 8\(0 ’

is sufficient to make the Gibbs factor G = Z'exp (—gL.) well defined. An
estimate for the rate of convergence

|Le — Leo|l5 < const.e®

for all & < 1/2, is in Varadhan’s words, ”the most difficult step of all and

requires considerable estimation”. In this note we shall use a multiple Wiener
integral or chaos expansion for an alternate and comparatively straightfor-
ward argument, extending the estimate to all a < 1.



2 Fock space representation of the local time

The Ito-Segal-Wiener isomorphism relates the L? space of planar Brownian
motion with the Fock space

We shall use the multi-index notation
n=(ny,ny) n=n;+ny, nl=ngny!

The Fock space norm is then

2
IF)I3 =) nl|Fal;.

n; >0

For L. . the kernel functions F, were computed explicitly in [I]. For the
planar case the result is

Proposition 1 [1/: For d =2 the kernel functions Fy, of L. .(T') and L.(T)
have their support on [0,T]" and are, with ¢ > 0, and € = 0 respectively, for
n>1

1 1\" 1
F2n7a(U1, e ,U2n) = % <—§) m

» ( 1 B 1 B 1 n 1 )
(T+e)t (vte)t (T—ute)! (v—u+e)t)’

where v := maxj<p<on, Up < T and u := minj<p<o, up > 0. Forn =1

Py (1, u2) — —% (In(v+2) + (T — u+2) — In(v — u+2) — In(T +2)).

All kernel functions F,, with odd n; are zero.

2.1 The rate of convergence

Theorem 2 Given T > 0. Then for any o < 1 there is a constant Cr o > 0
such that for all € > 0

1Leo(T) = Le(T)|3 < Oriac®.



Proof: From Proposition 1

T
/ d* up K2 (u, v, T)

| Fon,o — F2n,e||§ = (n(n — 1)27r2”n!)
0

where for n > 1
) — (1~ (o) (s~ o)
(= = (= ur o)+ (=) = o —ut ),

Since K.(u,v,T) does not depend on 2n — 2 of the wug-variables, we may
integrate them out:

—9 T v
[Fang — Fanel2 = (n(n—1)272"n1) " 2n(2n-1) / dv / du(v—u)" 2 K2(u, v, T).
0 0

Of the four terms in K., the last one is dominant so that

2
2n(2n — 1) —u )\
|Fono = Poncll; < 16 - / d”/ " <1_(u) )
(n(n 27?2”n' voutE
2
o 2 _1 T—1 n—1
~ 16 " /‘”/ du 1_< )
( 27r2"n' T+¢€

n(n —

. (n(i (27;)27?12)”]1:1!)2 /OT o <1 ) <T i g)n_1>
= 16 (n(in(f?;);ﬁz)nzly /OT dr (T"_l(n -1) /06 %)2(1)

By Holder’s inequality

€ oo 1/p 1/p
/ e L / _de N (L
o (x+71) — o (z+T)mP np — 1

if % + ]lj = 1. Insertion of this estimate into ([II) produces

IA

4p 2 2 2n(2n — 1) 1
(20)! || Fang = Fonclly € =——~—Tres »_ (2n)!
Z 2T (2-p)n? (n2rnl)? (pn — 1)%

nn>1




which is convergent if % > 1,ie., ¢ > 2. For the n =1 term an ci estimate
is likewise obtained via Holder’s inequality.
Hence, for any a < 1,

| Le(T) — Le o(T)|l5 = Z (2n)! || Fano — F2n,€]|§ < C(T,a)e”, Ve>D0.

n:n>1
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