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Abstract

In R?, for any dimension d > 1, expansions of self-intersection local
times of fractional Brownian motions with arbitrary Hurst coefficients
in (0,1) are presented. The expansions are in terms of Wick powers
of white noises (corresponding to multiple Wiener integrals), being
well-defined in the sense of generalized white noise functionals.
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1 Introduction

Intersection local times of fractional Brownian motion (fBm) has been studied
by many authors, see e.g. the works done by Gradinaru et al. [GRV03],
Nualart et al. [HNOT7], [HNO5], Rosen [Ros87], and the references therein.

We may consider intersections of simple paths of a fBm with themselves
or with other independent fractional Brownian motion as in [NOL07]. Within
the white noise analysis framework, we concentrate here in the simple self-
intersection problem using a similar approach to Faria et al. [dEHSWO9T],
[dFDS00] to study the case H = 1/2 (the classical Brownian motion). This
approach has the advantage that the underlying probability space does not
depend on the Hurst coefficient under consideration. As a consequence, we
analyze the self-intersections of a fBm, with Hurst coefficient being any possi-
ble value in (0,1). As one may expect, independently of the Hurst coefficient
under consideration, self-intersections become scarce as the dimension d in-
creases.

An informal but suggestive definition of self-intersection local time of a
generic d-dimensional fBm B is in terms of an integral over Donsker’s 4-
function

I /d%é(B(tz) ~ B(t)),

intended to measure the amount of “time” the process spends intersecting
itself.

A rigorous definition, such as, e.g., through a sequence of Gaussians ap-
proximating the d-function,

—d/2 _ |2/?
(2me) ™= exp o ) £ 0,
£

will make L increasingly singular, and various “renormalizations” have to be
done as the dimension d increases. For d > 1 and 1/d < H < 3/(2 + d), the
expectation diverges in the limit and must be subtracted. The L?-properties
related to this situation have been analyzed in [HNO5]. For other H values
further kernel terms must be subtracted (Theorem [ below).

In this work we are particularly interested in the chaos decomposition
of L. We expand L in terms of Wick powers [HKPS93] of white noise, an
expansion which corresponds to that in terms of multiple Wiener integrals
when one considers the Wiener process as the fundamental random variable.
This allows us to derive the kernels for L. Due to the local structure of the



Wick powers, the kernel functions are relatively simple and exhibit clearly the
dimension dependence singularities of L (Proposition [§)). For comparison, we
also calculate the regularized kernel functions corresponding to the Gaussian
0-sequence mentioned above.

The paper is organized as follows. In Section 2 we review the necessary
background of white noise analysis and in Section 3 we present the main re-
sults of this work and their proofs. We shall mention that after the conclusion
of our work we found the recent paper [Rez07] with related results.

2 (Gaussian white noise calculus

In this section we briefly recall the concepts and results of white noise analysis
used throughout this work (for a detailed explanation see e.g. [BK88], [Hid75],
[HKPS93|, [HOUZ96|, [Kon75], [KT80a], [KT80D], [Kuo96], [Oba94]).

2.1 Fractional Brownian motion

The starting point of white noise analysis is the real Gelfand triple
Sa(R) € Lg(R) C Sy(R),

where L2(R) := L?(R,R%), d > 1, is the real Hilbert space of all vector valued
square integrable functions with respect to the Lebesgue measure on R, S;(R)
and S%(R) are the Schwartz spaces of the vector valued test functions and
tempered distributions, respectively. We shall denote the L3(R)-norm by |- |
and the dual pairing between S,(R) and Sg(R) by (-, -), which is defined as
the bilinear extension of the inner product on L3(R), i.e.,

&0 =3 [ dra@fi)

for all g = (g1,...,94) € LA(R) and all £ = (fi,..., fa) € Su(R). By the
Minlos theorem, there is a unique probability measure p on the o-algebra B
generated by the cylinder sets on S,(R) with characteristic function given by

C(f) ::/ dp(w) e = e3P e Sa(R).
Sa(R)



In this way we have defined the white noise measure space (S}(R), B, ).
Within this formalism, a version of the d-dimensional Wiener Brownian mo-
tion is given by

B(t) = ((wl, ]1[0715}), e <wd, ]1[0,1‘,]>) , (wl, ...,wd) c S&(R)

where 14 denotes the indicator function of a set A. For an arbitrary Hurst
parameter 0 < H < 1, H # %, a version of a d-dimensional fractional
Brownian motion is given by

BH(T,) = (<u)1, MH]l[()ﬂ), ceuy <wd, MH]l[07t]>) y (wl, ...,wd) € S&(R),

where, for a generic real valued function f, and for % < H <1,

(Muf)(z) = — 1 ) /Oodyﬂy)(y—z)ff-%, (1)

r(H-1

2

provided the integral exists for all x € R, while for 0 < H < %,

o) = st i [Ty S

provided the limit exists for almost all z € R (for more details see e.g. [Ben03]
and |[PT00] and the references therein). Independently of the case under
consideration, the normalizing constant Ky is given by

_ N(L o[ iy i)
KH—F(H+2)(2H+/O d8<(1—|—$) s )) :

Apart from the operators (), (), we shall also consider the operator
defined for % < H < 1by

KH v H-3

MENE) = s [ dvswe )", )
F(H = 3) Joe

provided the integral exists for all x € R, and the operator defined for 0 <

H<%by

(M f)(x) =



provided the limit exists for almost all z € R.

There are several examples of functions f for which My f and M}, f exist
for any H € (0,1). For instance, f = Ly, t > 0, or f € Si(R). For functions
f1, fo being either one of these two types it is easy to prove the following
equality

[ s @) = [ do (M) ot

showing that My and M}, are dual operators. For more details and proofs
see e.g. [Ben03|] and the references therein.

2.2 Hida distributions and characterization results

Let us now consider the complex Hilbert space L*(S)(R), B, ). This space
is canonically isomorphic to the symmetric Fock space of symmetric square
integrable functions,

L2(S(R), B, 11) (@SymL2 RE, kld* e )) o
k=0

leading to the chaos expansion of the elements in L?(S5(R), B, i),

F(wl, ...,wd) = Z <I R -® W®nd 5 f(m ..... nd)>> (5)

with kernel functions f(,, .
we shall use the notation

n=(ng, - ,ng) € N n—ZnZ, H'_an,

which reduces expansion (@) to

Fw)=> (w™f), weSiR).

neNd

To proceed further we have to consider a Gelfand triple around the
space L*(S}(R),B, ). We will use the space (S)* of Hida distributions
(or generalized Brownian functionals) and the corresponding Gelfand triple
(S) c L*(S4(R),B,u) C (S)*. Here (S) is the space of white noise test

bt



functions such that its dual space (with respect to L?(S}(R), B, u)) is the
space (S)*. Instead of reproducing the explicit construction of (S)* (see
e.g. [HKPS93]), in Theorem 2l below we define this space by its S-transform.
We recall that given a f € S4(R), and the Wick exponential

exp(f ) 1= 3 (W B = O,

neNd

we define the S-transform of a ® € (S)" by
SB(E) = (®,: exp((-,£) ), VF e SuR). (6)

Here (-, -)) denotes the dual pairing between (S)* and (S) which is defined as
the bilinear extension of the sesquilinear inner product on L*(S}(R), B, i).
We observe that the multilinear expansion of (@),

SO(f) = (Fy, £57),

extends the chaos expansion to ® € (S)" with distribution valued kernels F},

such that
<<(I>> Q0>> = Z Il!(Fn, 90n>a

n

for every generalized test function ¢ € (S) with kernel functions ¢y,.
In order to characterize the space ()" through its S-transform we need
the following definition.

Definition 1 A function F : S4(R) — C is called a U-functional whenever
1. for every fy,fy € Sy(R) the mapping R 5 A — F (M} + £5) has an entire
extension to \ € C,

2. there are constants K1, Ky > 0 such that

|F(2f)| < Kyexp (K> |2)? ||f||2) , VzeC,fe SR)
for some continuous norm ||-|| on Sg(R).
We are now ready to state the aforementioned characterization result.

Theorem 2 ([KLP796], [PS91]) The S-transform defines a bijection between
the space (S)* and the space of U-functionals.

6



As a consequence of Theorem [2] one may derive the next two statements.
The first one concerns the convergence of sequences of Hida distributions
and the second one the Bochner integration of families of the same type
of distributions (for more details and proofs see e.g. [HKPS93|, [KLP™96],
[PSO1]).

Corollary 3 Let (®,), .y be a sequence in (S)" such that
(i) For all f € Sq(R), ((S®,)(f)), ey is a Cauchy sequence in C,

(i) There are K1, K5 > 0 such that for some continuous norm ||| on Sz(R)
one has

(SD,) ()| < K12 FIEE w2 e € f € Sy(R),n € N.

Then (®y,),cn converges strongly in (S)" to an unique Hida distribution.

Corollary 4 Let (Q2,8,m) be a measure space and A — @, be a mapping
from Q to (S)*. We assume that the S-transform of ®y fulfills the following
two properties:

(i) The mapping A — (S®,)(f) is measurable for every f € Sy(R),

(ii) The S®y obeys a U-estimate
|(SPy)(2F)] < Cr(A)ePPIFIEE 2 € € f € Su(R),

for some continuous norm || - || on Sy(R) and for C; € L*(Q,m), Cy €
L>(Q,m).

Then
/Qdm()\) o, € (9)"

S ( /Q dm()\) ®A> (f) = /Q dm(\) S®(f).

and



3 Intersection local times

Proposition 5 Fort # s the Bochner integral

2

3(Bult) - Ba(e)) = (5 ) [ anenmuo-Bac 7)

1s a Hida distribution with S-transform given by

1 d -1 T I(T €T 2
S(S(BH(t) - BH(S))(f) = <m) e 2‘t75‘2H‘fRd f( )(MHl[s/\t,svt])( )| ’

(8)
for all £ € Sy(R).

Proof. The proof of this result follows from the application of Corollary [l to
the S-transform of the integrand function in (7]) with respect to the Lebesgue
measure on R?.

Since

Sei)\(BH(t)—BH(s))(f) _ e-@(t—s)zHeiAfRd:vf(w)(MHl[s,t])(r)’ (9)
for t > s, and
SeABaW)-Bu () (f) — o= B (6= o =iA fy do E@) (Ml o)) (10)

for t < s cf. e.g. [HKPS93|, clearly in both situations the measurability
condition is fulfilled.

Independently of the particular case under consideration, we observe that
for all z € C and all f € S4(R) we find

|SeABrO-Bu6) (of)| = o= A o2 | I o2 iz f do () (M g, o) (2)

2 A 2
o= BF1t=s P =B |t—s 27 121N | f, da £ (@) (M Lo pi,sva) (@)]

— Y

where the latter exponential is bounded by

2|2 2
T e e £ (M e, sv) @)
Y



because

X2
gt = s 2

(A
[t —s|H

|22
|t — s[2H

/]R dx () (MpLigasvg) ()

2
- %\t— s\H)

/R da £(x) (MpLisasvg) ()

2
-+

/R da £(2) (Mg Lpg.sv) (2)

As a result,

2

Y

2
[SeABrO-Bu() ()| < o= B je—sp2# o | i o @) (Ma Lo ove) ()]

where, as a function of \, the first factor is integrable on R? and the second
factor is constant.

An application of the result mentioned above completes the proof. In
particular, it yields (&) by integrating (9)), (IQ) over . |

In order to proceed further the next result shows to be very useful. It
improves the estimate obtained in [Ben03, Theorem 2.3] towards the charac-
terization results stated in Corollaries [3] and [l

Lemma 6 Let H € (0,1) and f € S1(R) be given. There is a non-negative
constant C'y independent of f such that

/R de f(x)(Mglg)(x)

< Cult - 3| (sup (@) + sup | /(@) + |f\)
zeR zER
for all s < t.

Proof. Since My and M;; are dual operators,

/R d f(2)(Mi Ly ) () = / dr (M ) (2),
and thus

< |t — s|sup [(M; f)(x)].

z€eR

/R de f(x)(Mglg)(x)




It has been shown in [Ben03, Proof of Theorem 2.3] that for 0 < H < 1,

sup (.00 = Gy (T2 )] + s sup 7)1 )

zeR 5 =€R

for some constant (%, > 0 independent of f, while for 1 s < H <1,
(M f)(=)]
< ¢ [ anlrlly - ol
R

- 0}9/ 1dy|f<y>||y—x|ﬂ-3+c;!f/ dy | f()lly — |3
y—x|<

ly—z|>1

2 /! _9
< Ch——suwp|f(x >|+0H/ @l =
y—x|>1

o H 5 z€R

for some constant C%; > 0 also independent of f. Concerning the latter
integral, observe that

, 1/2
[ awly-a"t < 1 ( [ vy —x|2H-3)
ly—z|>1 ly—z|>1

1
v1—-H

leading to

sup (450 = (572 sup 0] + =111

z€R — 3 z€R
[

We are now ready to state the main result on intersection local times Ly
as well as on their subtracted counterparts L . For simplicity we shall use

the notation
A= {(tl,tg) €R2 0<t; <ty < 1}

Theorem 7 For any H € (0,1) and for any pair of integer numbers d > 1
and N > 0 such that 2N(H — 1) + dH < 1, the Bochner integral

L .- / 02 6™ (B (1) — By (th))
A
1s a Hida distribution.

10



Proof. To prove this result we shall again use Corollary 4l with respect to
the Lebesgue measure on A. For this purpose let us denote the truncated

exponential series by
o

expy(a) =Y =

n!’
n=N

n

It follows from (8)) that the S-transform of §V) is given by

S8 (B (t2) — B (tr))(f) (11)

1 ; 1 ?
(75 =) e (‘m J 0@ ) |

which is a measurable function.
In order to check the boundedness condition, on S4(R) let us consider the
norm || - || defined by

d 2 %
I£] = <Z (sup Aol + sup o) + 1] ) LB (fifa) € SilR)
i=1 Te Te
(12)
We observe that for d = 1 this norm reduces to a continuous norm on S;(R),

1fIl = iﬁﬁ‘f@‘ +i1€1£|f’(x)\ +1fl,  feSi(R),

which implies the continuity of the norm (I2) for higher dimensions. By
Lemma [6] we obtain

2
< Chlt2 =t P[I£[1%,

/R dr f(x)(Myly, 4,))(x)

and thus

[S(6™ (B (tz) — Br(t)))(f)|

1 ! 012{ 2 2—2H 2
(Fomire) o (e =210
2 U

for all z € C and all f € S3(R). Estimating the function exp, by
02 o2
expy <7H|Z‘2‘t2 . t1|2_2HHfH2) < |t2 . t1|2N(1—H)eTH|z|2||f||27

11



we then obtain

1 d CH L2q6112
S(6M (By(ty) — Bul(t f <<—) ty — tp|PNOTH)dH o SRR
SN (B (ts) — Bu(th)))(=f)] < NoT: [tz — 1 e

where |, —t; |2V 1=H)=4H 5 integrable on A if, and only if, 2N (1 — H) —dH >
—1. The proof is completed by an application of Corollary [l |

As a consequence, one may derive the chaos expansion for the (truncated)
local times Lgv).

Proposition 8 Given a H € (0,1) and a pair of integer numbers d > 1 and
N >0 such that 2N(H — 1) + dH < 1, the kernel functions Fy, are given

by

1/ 1\ 1\" [, 1 <L
FH,2n(U1, ---,U2n) = ol <E) <—§> /Ad t |t2 — t1|2Hn+dH il:[l(MH]l[tl,tz})(ui)

for each n € N¢ such that n > N. All other kernel functions Fy, are
identically equal to zero.

Proof. By Corollary [ the S-transform of the (truncated) local time Lgv) is
obtained by integrating (II]) over A. Hence, given a f = (f1, ..., f4) € Sa(R),

SL(N)(f) _ L d/d2t 1 i (_1)n %
H /277' A |t2_t1|dHn 2n|t _t1|2Hn

=N
<2 el ( / da fj<x><MHn[t1,t2}><x>)
”1+1'j'+,ndd:n Jj=1
<V27T) /A g( 2) |ty — t|2Hn+dH
x Z ol H (/ dx fj(x)(MH]l[tl,tz})(iC)) :
’:le‘:rvnd T =1 R
ny e tnge=n

Comparing with the general form of the chaos expansion

Lg\/) = Z( w® :, Fyn),

n

12



one concludes that

1/ 1\ 1\" [, 1 <
FH,2n(u17 ---7u2n> = E (E) <_§) Ad t |t2 _ t1‘2Hn+dH E(MHILULQ])(UZ')

for each n € N such that n > N, while all other kernels F . Vanish. [ |

Theorem [7] shows that for d = 1 all intersection local times Ly are well-
defined for all possible Hurst parameters H in (0, 1). For d > 2, intersection
local times are well-defined only for H < 1/d. Informally speaking, for H >
1/d with d > 2, the local times only become well-defined once subtracted the
divergent terms. This “renormalization” procedure motivates the study of a
regularization. As a computationally simple regularization we discuss

L. = / 2t5.(By(ts) — Bu(t)), >0,
A

where

d
1 ) (B (ty)—Bp (t1)>
e 2 )

d:(By(ts) — By(ty)) == (\/%

Theorem 9 Lete > 0 be given. For all H € (0,1) and all dimensions d > 1
the functional Ly . is a Hida distribution with kernel functions given by

FH,e,2n(u17 ) u2n)

1 1 d 1\" 1 2n
= ol5m) 73 d't Muly, o) (i
n! ( 277') ( 2) /A (e 4+ |ta — t1|2H)"+% H( a [tl’t2]>( )

for eachn = (ny,...,ng) € N, and Fren =0 if at least one of the n; is an
odd number. Moreover, if 2N(H — 1) + dH < 1, then when € goes to zero

the (truncated) functional Lgve) converges strongly in (S)* to the (truncated)

local time L%V) .

Proof. As before, the first part of the proof follows from the Corollary 4l with
respect to the Lebesgue measure on A. By the definition of the S-transform,
for all f € S4(R) one finds

S6.(Bu(tz) — Bu(t))(f)

d
_ ! ¢~ Ty | 4 H@ (Ml 1))
V27 (e + [ta — t1]2H)

2

Y

13



which is measurable. Hence, by Lemma [@] for all z € C and all f € S;(R)
one has

d
1 Oy laf2 sl g2
50-(Bu(t2) — Bu(t1))(2f)] < N EER Ay e Pt T T

with #ﬁﬁw) bounded on A and (e + |ty — 1]27)~% integrable on A.

By Corollary @ one may then conclude that Ly, € (S)* and, moreover, for
every f = (f1,..., fn) € Sa(R),

SLy.(f) /A &t S6.(By(t2) — By(t)(£)

d 00
1 / )
= | —= d*t X
<v27r) A (6+|t2—t1\2H %ZQ"5+|t2—t1|2H)

n=0

DY ﬁﬂ(/ o (5 M 1))

ny,,ng
7L1+»--+nd:n

() Lo ()
V2 ) Ja 2\ 2) (e |ty — ty]2H)mTE

d o
1 j
« > I [as@onmwe)
ny,ng j=1
nyt-tng=n

As in the proof of Proposition 8 it follows from the latter expression that the
kernels Fy ., appearing in the chaos expansion Ly, = > (- w®" i, Fy o n)
vanish if at least one of the n; in n = (nq, ..., ng) is an odd number, otherwise
they are given by

FH,e,2n(u17 LS u2n)

- w\ o 9 d't Mgl u;).
n! ( 27T) ( 2) /A (e + |t — t1|2H)”+% E( e 12)) ()

To complete the proof amounts to check the convergence. For this purpose
we shall use Corollary Bl Since

SLY(F) = / 2t 56 (B (ta) — Bu (1)) (£).
A

14



for all z € C and all f € S3(R) we have
S| < [ 155, Bults) - Bule) D)
A

d , i
<\/1—) /d2tecz_f'z'2't2‘“2”f”2< <L> o121
2me A - \V27e ’

showing the boundedness condition. In addition, similar computations used
to prove Theorem [M yield for all (t1,%) € A

|56 (B (ta) — Bu (1)) (f)]

1 a 012{ 2—2H 2
(7H77?JemNQTM—m—|mQ
V 2 — U]

d 2
( 1 ) ‘tz_t1|2N(1—H)—dH€CTH||f||2

V2r

which allows the use of the Lebesgue dominated convergence theorem to infer
the other condition needed for the application of Corollary [3l [ |
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