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Abstract

For an arbitrary set X (finite or infinite), denote by T'(X) the semigroup of full transforma-
tions on X. For a € T(X), let C(a) = {f € T(X) : o = Ba} be the centralizer of « in
T(X). The aim of this paper is to characterize the elements of C'(«). The characterization is
obtained by decomposing « as a join of connected partial transformations on X and analyzing
the homomorphisms of the directed graphs representing the connected transformations. The
paper closes with a number of open problems and suggestions of future investigations.
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1 Introduction

For a semigroup S and an element a € S, the centralizer C(a) of a in S is defined by C'(a) = {z €
S :ax = za}. Itis clear that C'(a) is a subsemigroup of S. Let X be a set. We denote by P(X)
the semigroup of partial transformations on X, that is, the set of all functions o : A — X, where
A C X, with function composition as multiplication. The semigroup T'(X) of full transformations
on X is the subsemigroup of P(X) consisting of all elements of P(X) whose domain is X. Both
P(X) and T'(X) have the symmetric group Sym(X) of permutations of X as their group of units.

A significant amount of research has been devoted to studying centralizers in subsemigroups S
of P(X) in the case when X is finite. For example, for various S: the elements of centralizers have
been described in [14], [28], [31], [34], [35], and [39]; Green’s relations and regularity have been
determined in [23], [24], and [25]; and some representation theorems have been obtained in [29],
[30], and [37]. See also [1] for the semigroup generated by the idempotents of regular centralizers;
and [2] for some centralizers related to maps preserving digraphs.

For an infinite X, the centralizers of idempotent transformations in 7'(X') have been studied in
[4], [5], and [38]. The cardinalities of C'(«), for certain types of « € T'(X), have been established
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for a countable X in [20], [21], and [22]. The second author has investigated the centralizers of
transformations in the semigroup I'(X) of injective elements of 7'(X) [26], [27].

These investigations have been motivated by the fact that if S is a subsemigroup of P(X) that
contains the identity id x, then for any o € S, the centralizer C'(«) is a generalization of S in the
sense that S = C'(idx ). Itis therefore of interest to find out which ideas, approaches, and techniques
used to study S can be extended to the centralizers of its elements, and how these centralizers differ
as semigroups from S.

Another reason to study centralizers is that semigroups are nothing but families of commuting
maps. We say that two families of maps in 7'(X), (T : X — X)zex and (z : X — X),ex, are
linked if for all x,y € X we have

(y)z = (2)7.

Linked families of maps induce naturally a groupoid (or magma) S = (X, -) with multiplication
defined by

zy = (y)z = (2)7.

Now we have the following folklore result.

Theorem 1.1. For a non-empty set X, let (T : X — X)zex and (z : X — X),ex be two
linked families of maps. Then (X,-), the natural groupoid induced by these families of maps, is a
semigroup if and only if

(Vz,y € X) z € C(7).

Conversely, every semigroup S induces a pair of linked maps (5 : S* — S')scs and (s : S* —
SY)ses (the images of S under the left and right regular representations [16, page 7]) such that
every s commutes with every t (s,t € S).

Centralizers of transformations also attract some attention in various areas of mathematical re-
search, for example, in the study of endomorphisms of unary algebras [19], [36]; in the study of
commuting graphs [3], [10], [18]; and in the study of automorphism groups of semigroups [2], [6],
and [7].

The first step in studying the centralizers in any transformation semigroup is to characterize
their elements. A characterization theorem provides a foundation for all subsequent investigations.
Such theorems have been provided for some special transformations, for example, for idempotent
transformations ¢ € T'(X) [5], [24], and for injective transformations [26]. The purpose of this
paper is to provide a description of C'(«) for a general o € T'(X), where X is an arbitrary set (finite
or infinite). The paper will serve as a reference for future research on centralizers of transforma-
tions. The reason is that characterization theorems for transformations of special types can easily
be obtained as consequences of either our general theorem or various lemmas (see Section 3) that
lead to the theorem.

To obtain a characterization of the elements of C'(a) for « € T'(X), we first, in Section 2,
express any o € P(X) as a join of connected elements of P(X), which we will call the connected
components of o. Then we assume that v € T'(X) and further decompose each connected compo-
nent of a by expressing it as a join of certain basic injective elements of P(X), which we will call
cycles, rays, and chains. It turns out that, for & € T'(X), there are three types of connected compo-
nents, depending on the types of basic partial transformations that occur in their decomposition. In
Section 3, we represent a transformation o € T'(X) as a directed graph D(«). For given connected
components 7 and J of «, we characterize digraph homomorphisms ¢ from D(~) to D(J), where
D(v) and D(9) are the subgraphs of D(«) that represent v and J, respectively. In Section 4, we



use the results of Sections 2 and 3 to characterize the elements of C'(«) for an arbitrary o € T'(X).
Finally, in Section 6, we outline a research program aimed at generalizing, for the centralizers of
some particular transformations, many of the structure results proved for 7'(X).

2  Decomposition of Full Transformations

In this section, we introduce the notion of the connected partial transformation on X and prove that
every a € P(X) can be decomposed uniquely as a join of connected v € P(X) (called connected
components of o). We then introduce the concept of the basic partial transformation and prove that
each connected component of o € T'(X) can be further decomposed (although not uniquely) as a
join of basic partial transformations. Depending on this decomposition, each connected component
of o will be of one of three distinguished types.

Lety € P(X). We denote the domain of v by dom(+y) and the image of - by im(y). The union
dom(y) U im(y) will be called the span of v and denoted span(~y).

We will write mappings on the right and compose from left to right; that is, for f : A — B and
g : B — C, we will write z f, rather than f(x), and x(fg), rather than g(f(x)).

Notation 2.1. From now on, we will fix a nonempty set X and an element ¢ and assume that o ¢ X.
For v € P(X) and x € X, we will write zy = ¢ if and only if x ¢ dom(7). We will also assume
that oy = ©. With this notation, it will make sense to write 2y = yd or 7y # yd (y,0 € P(X),
z,y € X)even when x ¢ dom(vy) ory ¢ dom(d). We will denote by 0 the partial transformation
on X that has empty set as its domain.

Definition 2.2. An element v € P(X) is called connected if v # 0 and for all z,y € span(vy),
¥ = yy™ # o for some integers k, m > 0 (where v° = idy).

Definition 2.3. Let v,d € P(X). We say that v and § are compatible if xy = x6 for all x €
dom(y) N dom(0); they are disjoint if dom(y) N dom(d) = 0; and they are completely disjoint if
span(vy) Nspan(d) = .

Definition 2.4. Let C be a set of pairwise compatible elements of P(X). The join of the elements
of C, denoted | | 7. is an element of P(X) defined by

zv if x € dom(~) for some v € C,
$(|—| ’Y) _{ Y (7) v

"1 o otherwise.
veC

IfC = {v,72,..., 7} is finite, we may write | |, ccvasyi Uz U+ U

Let v € P(X). We will write 2 = y to mean that 2 € dom(v) and 2y = y. For § € P(X),
we say that 0 is contained in vy (or y contains or has 0), and write § C -, if dom(9) C dom(~y) and
xd = xy for every x € dom(0).

For a mapping f : A — B and A; C A, we denote by f| 4, the restriction of f to A;, and by
Ay f the image of A under f.

Proposition 2.5. Let o« € P(X) with a # 0. Then there exists a unique set C of pairwise completely
disjoint, connected elements of P(X) such that o = | | .



Proof. Define a relation p on dom(a) by: (z,y) € p if za* = ya™ # o for some integers
k,m > 0. It is clear that p is an equivalence relation on dom(«). Let J be a complete set of
representatives of the equivalence classes of p. For every x € J, let v, = a/|;,, Where xp is the
p-equivalence class of z. By the definition of p, each such ~, is connected, and v, and -y, are
completely disjoint for all z,y € J with x # y. Then the set C' = {~, : = € J} consists of pairwise
completely disjoint, connected transformations contained in «v, and o = | | yec V-

Suppose D is any set of pairwise completely disjoint, connected transformations contained in
a such that o = | |scpd. Let 6 € D and let y € dom(d). Then y € zp for some z € J. We
want to prove that § = 7,. Let z € dom(§). Since J is connected, yd* = 20™ # o for some
k,m > 0. But then, since ¢ is contained in a, we have ya* = za™ # o. Hence (y, z) € p, and so
z € yp = xp = dom(y,). We proved that dom(d) C dom(~z).

Suppose to the contrary that dom(v,) is not included in dom(¢), that is, that there is w €
dom(+,) such that w ¢ dom(d). Since 7, is connected, wyy = zy4 # o for some p,q > 0. Let
Y; = yfy; = ya' and w; :uw% = wad fori=0,1,...,pand j =0,1,...,q. Then y, = wy and
let u = y, = w,. With this notation, we have

yzyogm3>---£>yp:uandw:woﬁ>w1&...&wq:u.

Since w € dom(y;) € dom(a), there is 6; € D such that w € dom(d;). We claim that
{vo,y1,-.-,yp—1} € dom(d). If not, then, since yp = y € dom(d), there would be some
i € {0,1,...,p — 2} such that y; € dom(9) and y;+1 ¢ dom(d). But y;11 € dom(«), and so
Yi+1 € dom(dz) for some do € D. We would then have § # d2 and y;41 € span(d) N span(da),
which is impossible since ¢ and o are completely disjoint. The claim has been proved. By the same
argument applied to 6 and {wo, w1, ..., wy—1}, we obtain {wg, w1, ..., wg—1} € dom(dy). Thus

yp_15 = yp_la =Yp=u= wq = wq_la = wq_1<51.

Thus we have § # §; with v € im(6) N im(d;), which is a contradiction since ¢ and §; are
completely disjoint. We proved that dom(~y,) C dom(d), and so dom(é) = dom(+y,). Now for all
v € dom(d) = dom(y,), we have vd = va = vy, and so § =, € C. We proved that D C C.
For the reverse inclusion, let 7, be an arbitrary element of C'. Select y € dom(+y,). Then, there
is 6 € D such that y € dom(d). By the foregoing argument, we have § = ~,, and so v, € D.
Hence C' C D, and so D = C. We proved that the set C'is unique, which completes the proof. [

Let a € T(X). The elements of the set C' from Proposition 2.5 will be called the connected
components of a. This use of graph theory terminology is intentional since « can be represented
by the directed graph D(a) = (X, «), where (x,y) is an arc in D(«) if and only if za = y. (See
Section 3 for details.) Then the connected components of « correspond to the connected components
of the underlying undirected graph of D(«).

Regarding directed graphs, we will adopt the convention that the arrows will be deleted with the
understanding that the arrow goes up along the edge, to the right if the edge is horizontal, and the
arrows go counter-clockwise along a cycle. For example, the digraph in Figure 2.1 represents the

transformation
345678 9 ..
O‘_(Q 3111580910 ...>€T(X)’

where X = {1,2,3,...}.
The connected components of o € T'(X) further decompose into basic elements in P(X).
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Figure 2.1: The digraph of a transformation.

Definition 2.6. Let ..., x_o,x_1, 20,21, X2, ... be pairwise distinct elements of X. The following
elements of P(X) will be called basic partial transformations on X (see Figure 2.2).

* A cycle of length k (k > 1), written (zgzy... xx_1), iS an element 0 € P(X) with
dom(o) = {zo,x1,..., 21}, v;0 = xjp1 forall 0 <i < k — 1, and zy_10 = xo.

* A right ray, written [xo 1 2. ..), is an element € P(X) with dom(n) = {zo, z1,x2,...}
and x;n = x;41 forall ¢ > 0.

* A double ray, written (... z_9x_1 291 Z2...), is an element w € P(X) with dom(w) =
{-..,x_9,2_1,20,21,%2,...} and x;w = x;4; for all i.

* A left ray, written (... 2 x1 0], is an element A € P(X) with dom(\) = {z1, x2,23,...}
and x;\A = x;_1 forall 7 > 0.

* A chain of length k (k > 1), written [zg 21 ... xg], is an element 7 € P(X) with dom(7) =
{xo, Tlyeo- ,.Z‘k;_l} and TiT = Xj4+1 for all 0 < 1 < k—1.

By a ray we will mean a double, right, or left ray.
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Figure 2.2: Basic partial transformations.

We note the following:
(1) All basic partial transformations are connected and injective.

(i) The span of a basic partial transformation is exhibited by the notation. For example, the span
of therightray [123...)is {1,2,3,...}.



(iii) The left bracket in “c = [z...” indicates that = ¢ im(c); while the right bracket in “c =

... z|” indicates that z ¢ dom(e). For example, for the chain 7 = [1234], dom(7) =
{1,2,3} and im(7) = {2, 3, 4}.

(iv) A cycle (zgxy ... xx—1) differs from the corresponding cycle in the symmetric group of
permutations on X in that the former is undefined for every x € X — {xo,z1,...,Tk_1}
while the latter is fixed for every such z.

We will now analyze which combinations of basic transformations can occur in a connected
component of o € T'(X).

Definition 2.7. A rightray n = [xgx1 22 ...) contained in € T'(X) is called a maximal right ray
in aif xg € im(a).

For example, consider v = [4567...)U[1 23 6] € T(N), where N is the set of positive integers.
Then « contains infinitely many right rays, for example [3678...) and [78910...), but only two
of them, namely [4567...) and [123678...) are maximal. Note also that « is connected.

Lemma 2.8. Let vy be a connected component of o € T'(X). Then:
(1) If vy has a cycle (xgx1 ... xx—1), then for every x € dom(y), zy™ = xq for some m > 0.

(2) If v has a right ray [zox122...) or a double ray (... x_1xox1...), then for every x €
dom(vy), zy™ = x; for some m,i > 0.

Proof. Suppose 7 has a cycle (xgx ... xx—1) and let z € dom(7y). Since ~y is connected, xP =
xoy? for some p,q > 0. Since x( lies on the cycle (zgx1 ... xx_1), we may assume that 0 < ¢ <
k — 1. Thus for m = p 4+ k — ¢, we have

Y™ = x,prrqu — (i,yp),yqu — (fvo’yq)’yqu — xq,yqu = z0.

Suppose v has a right ray [zgz122...) and let z € dom(y). Since  is connected, 7™ =
20y = x; for some m,i > 0. A proof in the case of a double ray is the same. O

Lemma 2.9. Let 7y be a connected component of o € T'(X) and let x € im(y) such that x does not
lie on a cycle in . Then ~y contains a left ray (... ysy2 y1 x| or a chain [yg yx—1 ... y1x] (k > 1)
with yy, ¢ im(7y).

Proof. Since z € im(vy), there is y; € X such that y17 = xo. If y1 € im(7), then yoy = y1
for some yo € X. Continuing this way, we either arrive at y, € X such that yxy = yr_1 and
yr ¢ im(v) or the process of constructing y1, y2, y3, . . . will go on forever. Note that there will be
no repetition in the sequence (y;) (finite or infinite) since x does not lie on a cycle in 7. Hence,
either ~ contains a left ray (... y3 y2 y1 =] or a desired chain. O

Proposition 2.10. Let v be a connected component of o € T(X). Then:
(1) If~ has a cycle, then the cycle is unique and ~y does not have any double or right rays.

(2) Ifdoes not have a cycle, then v is a join of the double rays and maximal right rays contained
in .



Proof. Suppose that v has a cycle, say 0 = (zgz1... xx—1). Let @ = (yoy1-.. Ym—1) be any
cycle in . We want to prove that ¢ = 6. We may assume that £ < m. By Lemma 2.8, yo7? = x¢
for some p > 0. On the other hand, yp7” = y; for some j € {0,...,m — 1}, and so zg = y;.
Since we can rewrite 6 as (y; Yj+1 ... yj—1), we may assume that y; = yo, S0 £g = yo. But then
x; = woy' = yoy' = y; foreveryi € {0,...,k — 1} and yx_17 = ox_17 = o = yo. It follows
that £ = m and o = 6. We proved that a cycle in - is unique.

Suppose that v with a cycle (zg 2 ... xx_1) also has a double ray, say (... y—1 4o 1 ...). By
Lemma 2.8, yoy™ = xg for some m > 0. But then yoy™ ™ = (yoy™)V* = zov* = z0 = w0,
which is a contradiction since 1oy = y,1x # yo (since m > 0 and k& > 1). Thus v does not
have a double ray. Similarly, v cannot have a right ray. We have proved (1).

To prove (2), suppose y does not have a cycle. Let R be the set of all double and maximal right
rays contained in +y. Then clearly | | € C . (Note that if 01, 2 are contained in -, then d; and &2
are compatible since for every € dom(d;)Ndom(d2), xd1 = z7y = xd2.) Select any x € dom(7y).
Then x¢ = x, 1 = =7, T2 = =72, .. are pairwise distinct since otherwise v would have a cycle.
Consider the right ray n = [zg 21 22...) in 7. If  is not maximal (that is, =9 € im(7)), then
~ contains a left ray (...ysy2 y1 x| or a chain [yx yx—1 ...y1 2] (K > 1) with y ¢ im(y) (by
Lemma 2.9). In the former case, v has a double ray (...y2y1 zo x1 2. ..); and in the latter case
~ has a maximal right ray [y ... y1 xox1 2. ..). Thus x = xy € dom(e) for some ¢ € R, and it
follows that v = | |.c p €. O

Definition 2.11. Let vy be a connected component of o € T'(X). By Proposition 2.10, exactly one
of the following three conditions holds (see Figures 2.3, 2.4, and 2.5):

(i) ~ contains a unique cycle;
(ii) ~y contains a double ray;
(iii) -y does not contain a double ray and -y is the join of its maximal right rays.

If v satisfies (iii), we will say that -y is of type rro (“right rays only”).
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Figure 2.3: A connected component with a cycle.

Let ¢ € P(X) be a basic partial transformation. If z € span(e), we will say that = lies on .

Definition 2.12. Let +y be a connected component of o € T'(X).
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Figure 2.4: A connected component with a double ray.
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Figure 2.5: A connected component of type rro.

* Achain [ygy1 ...ym] in~y is called a finite branch of a cycle o [double ray w, right ray 7] in
v if yo ¢ im(7y), Y, lies on o [w, 1], and y,,—1 does not lie on o [w, 7).

* Aleftray (... y2y1 yo] in -y is called an infinite branch of a cycle o [double ray w] in 7y if yo
lies on o [w] and y; does not lie on o [w].

By a branch we will mean a finite or infinite branch. We will use the notation (... y2 y1 yo] for
a branch that is finite or infinite (but we do not know which).

If o = (xox1... xx—1) is a cycle in 7y and ¢ is a branch of o with the terminal point xz;, we
will say that € is a branch of o at ;. (If € is a left ray or a chain, then the terminal point of ¢ is the
element z € X such that € im(e) — dom(e).) We will use a similar language for branches of a
double ray w and a right ray 7. Note that all branches of a right ray 7 in -y are finite by definition.

For example, the cycle in Figure 2.3 has two infinite branches (at the same point) and four finite
branches (at three different points). The transformation whose digraph is presented in Figure 2.4
has two double rays. The vertical double ray has one infinite branch and three finite branches (at two
different points). The transformation from Figure 2.5 is connected of type rro with seven maximal
right rays. The vertical maximal right ray has six (finite) branches (at three different points).



Proposition 2.13. Let v be a connected component of o« € T'(X). Then:
(1) If v has a (unique) cycle o, then -y is the join of o and its branches.
(2) If v has a double ray w, then ~y is the join of w and its branches.
(3) If v is of type rro with a maximal right ray n, then y is the join of n and its (finite) branches.

Proof. Suppose 7 has a cycle 0. Let z € dom(7y) be such that = does not lie on o. Let ¢ be the
smallest positive integer such that 2+ lies on o (such a t exists by Lemma 2.8). If z ¢ im(v), then
[zx7y... 27! is a finite branch of 0. If z € im(v), then 7 contains a left ray (...ysy2 41 7]
or a chain [ypyx—1 ...y1x] (k > 1) with y; ¢ im(y) (by Lemma 2.9). In the former case,
(...y29y1xxy... 27| is an infinite branch of o; and in the latter case [yy ... y1 zzy... 7]
is a finite branch of o. Thus every element of dom(+y) either lies on o or on one of the branches
of o, which proves (1). The proofs of (2) and (3) are similar. We note that the foregoing argument
applied to n in (3) will not produce and infinite branch since v of type rro does not contain a double
ray. O

3 Digraph Homomorphisms

In this section, we represent o € T'(X') and its connected components as directed graphs. For given
connected components y and d of «, we investigate digraph homomorphisms from D() to D(9).
This approach is justified by Proposition 3.1 below.

A directed graph (or a digraph) is a pair D = (X, p) where X is a non-empty set (not nec-
essarily finite) and p is a binary relation on X. Any element x € X is called a vertex of D, and
any pair (z,y) € pis called an arc of D. Let D1 = (X1, p1) and Dy = (Xa, p2) be digraphs. A
mapping ¢ : X1 — Xs is called a homomorphism from D, to D5 if it preserves edges, that is, for
all z,y € Xy, if (x,y) € p1, then (xp,yo) € pa [13]. We say that Dy is homomorphic to Do if
there is a homomorphism from D; to Ds.

Let o € T(X). Then « can be represented by the directed graph D(a) = (X, a), where «
is viewed as a binary relation on X. In other words, for all z,y € X, (z,y) is an arc in D(«) if
and only if xao = y. Let v be a connected component of c. By D(y) we will mean the directed
subgraph of D(«) induced by dom(~). That is, dom(+y) is the set of vertices of D(+) and for all
x,y € dom(7y), (z,y) is an arc in D(7) if and only if (z,y) is an arc in D(«). (The latter is
equivalent to 2y = y.) If (z, ) is an arc in D(v), we will write 2 — y (or  — ¥ if no ambiguity
arises). The same convention will apply to the digraph D(«).

The following proposition provides a link between centralizers of elements of 7'( X ) and digraph
homomorphisms.

Proposition 3.1. Let o, 3 € T'(X). Then 8 € C(«) if and only if 5 is a homomorphism from D(cx)
to D(«).

Proof. Suppose 5 € C(a). Let z — y be an arc in D(«), that is, y = za. Then, since af = S,
we have (zf8)a = z(fa) = x(af) = (za)B = yB, and so 8 — yS. Hence (3 is a homomorphism
from D(a) to D(«).

Conversely, suppose that (3 is a homomorphism from D(«) to D(«). Let x € X. Then x5 —
(xar) 3 since © — xa and [ preserves edges. But 28 — (xa))5 means that (x3)a = (za) 5, which
implies z(a3) = (). Hence a8 = fa, and so 8 € C(«). O



For the remainder of this section, we will work on characterizing digraph homomorphisms ¢
from D(7) to D(0), where 7y and ¢ are connected components of o € T'(X). It will be convenient
to introduce the following definitions. We agree that if § = (yp ... ym—1) is a cycle and i is an
integer, then y; means y, where r =4 (mod m) and 0 < r < m.

Definition 3.2. Let ¢ € P(X).

e Leto = (zg... vx—1) and € = (yo ... ym—1) be cycles such dom(c) C dom(¢). We say
that ¢ wraps o around 0 at y; if ;¢ = y,; forall 0 < i < k — 1. (See Figure 3.1.)

* LetT = [29... zp) beachainand # = (yo ... ym—1) be acycle such that span(7) C dom(¢).
We say that ¢ wraps T around 0 at y; if z;¢ = y;4; for all 0 < ¢ < p. (See Figure 3.2.)

e Let A\ = (... 2921 20] be aleftray and 0 = (yp ... ym—1) be a cycle such that span(\) C
dom(¢). We say that ¢ counter-wraps A around 6 at y; if z;¢ = y,—; for all i > 0. (See
Figure 3.3.)

e Letw = (... z_1xgx1...) be a double ray and & = (Yo ... ym—1) be a cycle such that
dom(w) C dom(¢). We say that ¢ double-wraps w around 0 at y; if x;¢ = y,4; for all i.
(See Figure 3.4.)

e Letn = [zgx123...) be aright ray and 0 = (yo ... ym—1) be a cycle such that dom(n) C
dom(¢). We say that ¢ wraps n around 6 at y, if z;¢p = y;4,; for all i > 0. (See Figure 3.5.)

Figure 3.1: A cycle wrapped around a cycle.

Definition 3.3. Let ¢ € P(X).

e Let7 = [29... zp] and K = [wp ... wy| be chains of the same length such that span(r) C
dom(¢). We say that ¢ maps 7 onto k if z;¢p = w; forall 0 < i < p.

e Let A\ = (... 2221 z0] and pu = (... w2 w1 wp] be left rays such that span(A) C dom(¢). We
say that ¢ maps X onto p if z;¢» = w; for all i+ > 0.

10



Figure 3.2: A chain wrapped around a cycle.

s Letw=(..z_1x9xy...)and 7™ = (... y_1 Yo y1 . - .) be double rays such that dom(w) C
dom(¢). We say that ¢ maps w onto m at y, if x;¢p = y,4; for all 4.

e Letn = [zoz123...)and p = [yoy1 ys .. .) be right rays such that dom(n) C dom(¢p). We
say that ¢ maps 1 onto p if x;¢ = y; for all ¢ > 0.

We begin with the case when ~ has a cycle. If D(+y) is homomorphic to D(4), then § must also
have a cycle.

Lemma 3.4. Let v and ¢ be connected components of « € T(X) such that v has a cycle o =
(... xp_1). Let ¢ : dom(vy) — dom(d). Then ¢ is a homomorphism from D(v) to D(0) if and
only if § has a cycle 0 = (yo . .. ym—1) and the following conditions are satisfied.:

(1) m divides k;
(2) ¢ wraps o around 0 at some y;;
(3) If T = [20... zp = ;] is a finite branch of o, then exactly one of the following holds:

(@) ¢ wraps T around 0 at yi1;—p; or

(b) Thereisabranch p = (... wq... wo =y, of O withl <q<pandj+p—q=t+i
(mod m) such that ¢ maps [z . .. zq| onto [wy ... wo = y;| and if ¢ < p then ¢ wraps
[2g ... 2p = x;| around 0 at y;;

4) If X = (... z2 21 20 = ;] is an infinite branch of o, then exactly one of the following holds:

11



Figure 3.3: A left ray counter-wrapped around a cycle.

(a) ¢ counter-wraps A around 0 at y;4;; or

(b) There is an infinite branch p = (... wowywo = Yy;| of 6 and there is s > 0 with
j+s=t+1i (mod m) such that ¢ maps (... zsy2 2541 2s) onto p and if s > 0 then ¢
wraps (s . .. z1 2o = x;| around 0 at y;.

Proof. Suppose ¢ is a homomorphism from D() to D(4). Since o is a cycle, we have
Ty —> X1 = 0 — Tp_1 — To,
in D(), and so, since ¢ preserves edges,
ToPp = T1) — -+ = Tp_1P — TP 3.1

in D(6). If xo, 210, . .., xk—1¢ are pairwise distinct, then 0 = (xop x1¢ ... xx_1¢) isacyclein §
of length k& and ¢ wraps o around 6 at zo¢. Otherwise, let s be the smallest element of {0, ..., k—1}
such that z,¢ = ;¢ for some j € {s+1,...,k — 1}, and let m be the smallest positive integer
such that 3¢ = x5y, ¢. Then § = (250 X511 ... Tsym—1¢) is acycle in §. Moreover, since (3.1)
can be rewritten as

TsP = Ts41P — =+ = Ty k19 — Ts,

it follows that m divides k and ¢ wraps ¢ around 6 at some z¢ ¢, where 0 < ¢ < m. We have
proved that 0 has a cycle = (yo . .. Ym—1) and that (1) and (2) are satisfied.

To prove (3), let 7 = [2p... 2, = x;] be a finite branch of . Since zo¢ = y; and ¢ wraps o
around 0, we have x;¢ = y;4,. Suppose zo¢ = y; lies on 6. Then

200 =Yj = 210 = Yjr1 = 0 = 20 = Yjpp-

12



Figure 3.4: A double ray double-wrapped around a cycle.

Figure 3.5: A right ray wrapped around a cycle.

Since yj1p = 2p¢ = T = Yyi, we have j +p = ¢t + 4 (mod m). Thus y; = y44i—p, and s0 ¢
wraps 7 around ¢ at y; ;.

Suppose zg¢ does not lie on #. Then, by Proposition 2.13, zy¢ lies on some branch (finite or
infinite) © = (... wp wy wo = y;] of 6. Let z0¢ = w,. Then g > 1 (since zp¢ ¢ dom(#)) and

200 = Wg = 210 = Wg—1 = +++ = ZgP = Wo = Yj = Zq410 = Yj+1 = -+ = 2p® = Yj4p—q-

Thus ¢ < p, ¢ maps [2g ... z4] onto [wy ... wo = y;|, and if ¢ < p then ¢ wraps [z, ... 2z, = ;]
around 6 at y;. Further, y;4p—q = 2p¢ = ;¢ = Ysyi, andso j + p — ¢ =t + i (mod m).

Hence (3a) or (3b) holds. Thus exactly one of them holds since (3a) and (3b) are mutually
exclusive. We have proved (3). The proof of (4) is similar.

Conversely, suppose (1)—(4) are satisfied. Let  — z be an edge in D(v). If x € dom(o), then
r; = x — z = x4 for some i, and 50 P = Tip = Y1y — Yrpit1 = Tip19 = z¢ by (2). If
x ¢ dom(c), then x — z is an edge of some branch of o (by Proposition 2.13), and so x¢ — z¢ in
D(9) by (3) and (4). O

Figure 3.6 illustrates 3(b) of Lemma 3.4. Extending the finite branches in Figure 3.6 to infinite
branches of the cycles, we obtain an illustration of 4(b) of Lemma 3.4.

Suppose ~ has a double ray and D(+y) is homomorphic to D(6). Then the situation is more
complicated since J may have either a cycle or a double ray.

13
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Figure 3.6: A homomorphism acting on a finite branch of a cycle in Lemma 3.4.

Lemma 3.5. Let vy and 0 be connected components of « € T(X) such that v has a double ray
w={(..c_120x1...). Suppose ¢ is a homomorphism from D(~) to D(0). Then exactly one of
the following holds:

(@) d hasacycle = (yo ... Ym—1) and either ¢ double wraps w around 0 at some y; or there is
w such that ¢ wraps [Ty, Tyt1 Tyt . . .) around 0 at some y; and x,,—1 ¢ dom(6); or

(b) 6 has a double ray 7 such that ¢ maps w onto .

Proof. Since ¢ preserves edges, we have
=T = T = TP — 3.2)

Suppose § contains a cycle § = (yo ... Ym—1). Since xop,yo € dom(d) and ¢ is a connected
component of «, there are integers p, ¢ > 0 such that (zo¢)a? = yoal. By (3.2), (xo¢)a? = z,9,
and so x,,¢ lies on 6. Suppose every x;¢ lies on 6 and let zo¢ = y;. Then ¢ double-wraps w around
6 at y; by (3.2). Suppose not every x;¢ lies on 6. Since x,¢ lies on 0, there is u such that z, ¢ lies
on 6 but z,,_1¢ does not. Let x,,¢ = y;. Then, by (3.2), ¢ wraps [xy, Ty4+1 Tut2 - - ) around 6 at y;
and x,,_1 ¢ dom(6).

Suppose § does not contain a cycle. Then the vertices in (3.2) must be pairwise distinct. Thus
m={(..z_190x0px1¢...)is a double ray in § and ¢ maps w onto .

We have proved that (a) or (b) holds. By Proposition 2.10, (a) and (b) are mutually exclusive,
so exactly one of them holds. O

We now analyze what happens in each of the cases exhibited by Lemma 3.5.
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Lemma 3.6. Let v and 0 be connected components of o € T(X) such that v has a double ray
w={(...x_1xox1...)and § has a cycle ® = (yo ... Ym—1)- Let ¢ : dom(vy) — dom(d) be such
that ¢ double wraps w around 6 at some y;. Then ¢ is a homomorphism from D(v) to D(9) if and
only if the following conditions are satisfied:

(1) If T = [20. .. zp = ;] is a finite branch of w, then exactly one of the following holds:

(a) ¢ wraps T around 0 at yi1;—p; or

(b) Thereisabranchp = (... wq... wo =y, of O withl <g<pandj+p—q=t+i
(mod m) such that ¢ maps [z . .. zq| onto [wy ... wo = y;| and if ¢ < p then ¢ wraps
(2 ... 2p = x;) around 0 at y;;

(2) If A = (... z2 21 20 = ;] is an infinite branch of w, then exactly one of the following holds:

(a) ¢ counter-wraps A around 0 at y;4;; or

(b) There is an infinite branch = (... wpwiwo = Yy;] of 0 and there is s > 0 with
j+s=t+1i (mod m) such that g maps (... zs12 zs+1 25| onto p and if s > 0 then ¢
wraps (s . .. zg = x;) around 0 at y;.

Proof. Suppose ¢ is a homomorphism from D(v) to D(4). To prove (1), follow the proof of
Lemma 3.4(3) (almost verbatim). The proof of (2) is similar.

Conversely, suppose (1) and (2) are satisfied. Let x — z be an edge in D(7). If x € dom(w),
then z; = ¢ — z = x;41 for some i, and 80 ¢ = ;¢ = Yi+i — Yrtit1 = Tit1¢0 = 2¢ in D(J)
since ¢ double-wraps w around 6 at y;. If © ¢ dom(w), then x — z is an edge of some branch of w
(by Proposition 2.13), and so ¢ — z¢ in D(6) by (1) and (2). O

Lemma 3.7. Let vy and 0 be connected components of « € T(X) such that v has a double ray
w={(..z_1x0%1...)and 0 has a cycle 0 = (yo ... Yym-1). Let ¢ : dom(y) — dom(9) be such
that for some u, ¢ wraps [Ty, Ty+1 Tyt2 - . .) around 6 at some y, and x,,—1 ¢ dom(0). Then ¢ is a
homomorphism from D(~y) to D(0) if and only if the following conditions are satisfied.:

(1) There is an infinite branch p = (... vav1 vo = Y| of O such that ¢ maps (. .. Ty_o Ty—1 Ty
onto [i.

(2) If T = [20... 2p = x;] is a finite branch of w with i > wu, then exactly one of the following
holds:
(a) ¢ wraps T around 8 at Yi4i—y—p; OF

(b) There is a branch (... wq... wo =y;]of Owithl <qg<pandj+p—q=t+i—u
(mod m) such that ¢ maps [z . .. z4) onto [wq ... wo = y;| and if ¢ < p then ¢ wraps
(2 ... 2p = x;) around 0 at y;;

(3) If T = [20... 2p = x;] is a finite branch of w with i < wu, then exactly one of the following
holds:
(@) ¢ maps T onto [Vy—i—p ... Vy—;s); Or

(b) Thereisabranch (... wy... wiwy="vj...v0 =Yy of Owithl < q<p, j+p—q=
u—1i, and wy ¢ dom(u) such that ¢ maps [z . .. z4) onto [wy . .. wo = v;] andif g < p
then ¢ maps [zq . .. zp = ;] onto [vj ... Vy_;
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@) If X = (... 2921 20 = x;] is an infinite branch of w with i > u, then exactly one of the
following holds:

(a) @ counter-wraps A around 6 at yiy;_y,; or

(b) There is an infinite branch 11 = (... y;] of 0 and there is s > 0 with j + s = t +
i —u (mod m) such that ¢ maps (... zs+2 zs+1 2] onto 1 and if s > 0 then ¢ wraps
(25 ... 20 = x;] around 0 at y;;

(5) If A = (... 2921 20 = x4 is an infinite branch of w with i < u, then exactly one of the
following holds:

(@) ¢ maps \onto (... Vy_i—2Vy_i—1 Vy_i]; OF

(b) There is an infinite branch (... wy w1 wo = vj ... vo = Y] of O such that wy does not
lie on p, and there is s > 0 with j + s = u — i such that ¢ maps . .. zs+2 Zs4+1 2s) onto
(... wywiwo = vj;] and if s > 0 then ¢ maps [z . .. zo = x;] onto [vj ... Vy_j].

Proof. Suppose ¢ is a homomorphism from D(y) to D(§). Then, since ¢ wraps [Ty Ty+1 Tyt2 - - -)
around ¢ at y;, we have

S Ty 20 = Ty 1P = Ty = Yt = Ty 1P = Y1 —

Thus, since x,_1¢ ¢ dom(0), u = (... Ty—2¢ Ty—1¢ TP = Yy is an infinite branch of 6 and ¢
maps (... Ty_2 Ty—1 T,) onto p. We have proved (1).

To prove (2), we follow the proof of Lemma 3.4(3). Let 7 = [2 ... 2, = z;] be a finite branch
of w with ¢ > u. Since x,¢ = y; and ¢ wraps [Ty, Ty+1 Tyt - . .) around 0, we have z;¢ = Y¢ri_y.
Suppose zg¢ = y; lies on 6. Then

200 =Yj = 210 = Yjr1 = - = 2@ = Yjgp-

Since yjp = Ti = Yi1i—u, we have j +p =t +i—u (mod m). Thus y; = y¢+i—u—p, and so ¢
wraps 7 around 0 at Y4y —p.

Suppose zp¢ does not lie on 6. Then, by Proposition 2.13, zp¢ lies on some branch p =
(... wawy wy = y;] of 6. Let z9¢p = wy. Then ¢ > 1 (since 2p¢ ¢ dom(#)) and

200 = Wqg — 210 = Wg—1 — =+ —> ZgP = W0 = Yj — 2qg+1P = Yj+1 — =+ = 2p® = Yjsp—q-

Thus ¢ < p, ¢ maps [2g ... z4] onto [wy ... wo = y;|, and if ¢ < p then ¢ wraps [z, ... 2z, = ;]
around 6 at y;. Further, y;p—q = 2p¢ = i¢ = Ysyi—u,andso j +p —qg =t +i—u (mod m).
Hence (2a) or (2b) holds. Thus exactly one of them holds since (2a) and (2b) are mutually
exclusive. We have proved (2). The proofs of (3)—(5) are similar.
Conversely, suppose (1)—(5) are satisfied. Then ¢ is a homomorphism from D(~) to D(d) by
an argument similar to the one used in the proof of Lemma 3.6. 0

Lemma 3.8. Let v and 6 be connected components of o € T(X) such that v has a double ray
w={(..x_1x0x1...)andd hasadoubleraym = (... y_1yoyi ...). Let ¢ : dom(y) — dom(d)
be such that ¢ maps w onto w at some y,. Then ¢ is a homomorphism from D(v) to D(0) if and
only if the following conditions are satisfied:

(1) If T = [20... 2p = ;] is a finite branch of w, then exactly one of the following holds:

16



(@) ¢ maps T onto [yiti—p - .. Yitil; or

(b) There is a branch p = (... Wq... Wo = Yrri—ptq| of T with 1 < q < p such that ¢
maps [2g . .. Zq] onto [Wq . .. Wo = Yiti—ptq| and if ¢ < p then ¢ maps [zq . .. zp = x;]
ONIO [Ytti—ptq - - - Ytrils

(2) If A = (... 22 21 20 = ;] is an infinite branch of w, then exactly one of the following holds:

(@) ¢ maps \onto (... Yiri—2 Yt+i—1 Yt+i)s OF

(b) There is an infinite branch p = (... wawy Wy = Yryi—s) of ™ with s > 0 such that
¢ maps ... zsy2 2s41 2s| onto p and if s > 0 then ¢ maps [zs... zo = x;] onto
[Yitios - Yeril-

Proof. Suppose ¢ is a homomorphism from D(7) to D(J). Let 7 = [29... 2, = ;] be a finite
branch of w. Since ¢ preserves edges, we have

200 = 210 = = 2p0 = T = Ypyq, (3.3)

where the last equality is true since xo¢ = y; and ¢ maps w onto . Suppose zg¢ lies on 7. Then,
by (3.3), 200 = Yt1i—p and ¢ maps 7 oNto [Ys1i—p - - - Y-

Suppose zp¢ does not lie on w. Then, by Proposition 2.13, zp¢ lies on some branch p =
(... wpwi wo = y;] of 6. Let zo¢p = wg. Then ¢ > 1 (since zp¢ does not lie on 7) and

00 =wg = 2P = W0 = Yj = 2019 = Yjrr = = Bph = Yip—g (34

Since Yj4p—qg = 2p® = Ti¢ = Ys+i, We have j =t + ¢ — p + ¢. Thus, by (3.4), ¢ maps [z . .. 2]
Onto [Wy ... Wo = Yyi—ptq)> and if ¢ < p then ¢ maps [z ... 2p = ;] ONO [Yitimptq - - - Yeti)-
Hence (1a) or (1b) holds. Thus exactly one of them holds since (1a) and (1b) are mutually exclusive.
We have proved (1). The proof of (2) is similar.

Conversely, suppose (1) and (2) are satisfied. Then ¢ is a homomorphism from D(~) to D(J)
by an argument similar to the one used in the proof of Lemma 3.6. O

Figure 3.7 illustrates 2(b) of Lemma 3.8, where the assumption is that w = (... x_yzg 21 ...)
and 7 = (... y_1Yoy1 ...) are vertical double rays in the figure.

Finally, if 7 is of type 770 (see Definition 2.11) and D(~y) is homomorphic to D(d), then § may
have a cycle, or a double ray, or be of type rro.

Lemma 3.9. Let vy and § be connected components of o € T(X) such that y is of type rro, and let
n = [zox1 2. ..) be a maximal right ray in ~y. Suppose ¢ is a homomorphism from D(~) to D(9).
Then exactly one of the following holds:

(@) 6 has acycle 0 = (yo ... ym—1) and either ¢ wraps n around 6 at some y, or there is u > 1
such that ¢ wraps [T, Tyy1 Tyta . . .) around 0 at some y; and x,,—1 ¢ dom(6);

(b) 0 has a double ray m = (... y_1Yoy1 .. .) such that either ¢ maps n onto [y Y41 - - .) for
some t, or there are t and v > 1 such that ¢ maps [xy, Tyi1 ...) ONLO (Yt Y1 - - .), Tu—1 &
dom(m), and x does not lie on an infinite branch of ; or

(c) 6 is of type rro and has a maximal right ray ;v = [yoy1yz2...) such that ¢ maps n onto
[Vt Yyl - . .) for some t > 0.
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Figure 3.7: A homomorphism acting on an infinite branch of a double ray in Lemma 3.8.

Proof. Since ¢ preserves edges, we have

If 0 contains a cycle @ = (yg ... Ym—1), then (a) holds by an argument similar to the proof of
Lemma 3.5(a).

Suppose ¢ contains a double ray. Then the vertices in (3.5) must be pairwise distinct since
otherwise § would also contain a cycle, which is impossible by Proposition 2.10. Suppose there are
vertices wo, wy, wa, . .. of D(d) such that

See = Wo = W] — Wo — TP —> T1) —> Tadp —> - - . (3.6)

Then 6 has a double ray m = (... y_1yo Y1 ...), namely 7 = (... wy woxoPpT1¢...) such that ¢
maps 7 onto [y y¢+1 - . .) for some ¢. Suppose there are no vertices wo, wy, wa, . . . of D(4) such that
(3.6) holds. Let m = (... y_1 Yo y1 - . .) be any double ray in §. Let u be the smallest non-negative
integer such that z,¢ = y; for some ¢. (Such u must exist since ¢ is a connected component of
a.) Then v > 1 since if v = 0 then (3.6) would hold for wg = y;—1, w1 = y;—9,.... Moreover,
¢ mMaps [Ty Tyy1-..) ONO [y Yeiq - . .) (since ¢ = yp), Ty—1 ¢ dom(w) (by the choice of u),
and xg¢ does not lie on an infinite branch of 7 (since if it did then (3.6) would hold for the vertices
wp, Wi, . . . preceding xg¢ on that branch).

Suppose § does not contain a cycle or a double ray. Then ¢ is of type rro by Proposition 2.10.
Let wo, . ..,wq, ¢ > 0, be vertices in D(J) such that

wo =+ Wg = ToP — T1Q —> Tod — -

and wy ¢ im(«). (Such vertices must exist since otherwise v would have a double ray.) Then
pw=[wp... wg=zxoPpx10pT2¢...)is a desired maximal right ray in J from (c).

We have proved that at least one of (a)—(c) holds. By Proposition 2.10, (a), (b), (c) are pairwise
mutually exclusive, so exactly one of them holds. O
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We now analyze what happens in each of the cases exhibited by Lemma 3.9. Recall that, by
Proposition 2.13, if v is of type rro and 7 is a maximal right ray in ~, then all branches of 7 are
finite.

Lemma 3.10. Let vy and 6 be connected components of o« € T'(X) such that -y is of type rro and has
a maximal right ray n = [zox122...), and § has a cycle 0 = (yo ... Ym—1). Let ¢ : dom(y) —
dom(6) be such that ¢ wraps 1 around 0 at some y;. Then ¢ is a homomorphism from D(~y) to D(6)
if and only if for every (finite) branch T = [z . . . zp, = ;] of 1), exactly one of the following holds:

(a) ¢ wraps T around 0 at yi1;—p; or

(b) There is a branch p = (... wy... wo = y;]of Owithl < g <pandj+p—q=t+i
mod m) such that ¢ maps |zg ... z4] onto |wy ... wy = y;| and if ¢ < p then ¢ wraps
q q j
(2 ... 2p = x;] around 0 at y;.

Proof. Similar to the proof of Lemma 3.7(2). O

Lemma 3.11. Ler v and 6 be connected components of o € T(X) such that 7 is of type rro and
has a right rayn = [xox122...), and d hasa cycle 0 = (yo ... Ym—1). Let ¢ : dom(y) — dom(9)
be such that for some w > 1, ¢ wraps [Ty Tyt+1 Tyt2 . . .) around 0 at some y; and x,,—1 ¢ dom(0).
Then ¢ is a homomorphism from D() to D(6) if and only if the following conditions are satisfied:

(1) There is a branch (finite or infinite) p = (... vov1 vy = Y] of O such that the length of p is
at least u + 1 and ¢ maps [xq . .. ] onto [vy, . .. Vo).

(2) If T = [20... 2p = ;] is a branch of n with i > wu, then exactly one of the following holds:

(@) ¢ wraps T around 8 at Y ;—y—p; OF

(b) There is a branch (... wy... wo =y;]of Owithl <g<pandj+p—q=t+i—u
(mod m) such that ¢ maps [z . .. zq] onto [wy ... wq = y;] and if ¢ < p then ¢ wraps
(2 ... 2p = x;] around 0 at y;;

(3) If T =[20... 2, = x;] is a branch of ) with i < u, then exactly one of the following holds:

(@) @ maps T onto [Vy—itp - .. Vy—il; or

(b) Thereisabranch (... wy... wiwy="vj...v0 =Yy of Owithl < q<p, j—p+q=
u—iandwy ¢ dom(u) such that ¢ maps [z . .. zq] onto [wy . .. wo = vj] and if ¢ < p
then ¢ maps [z . .. zp = ;] onto [vj . .. Vy_;).

Proof. Suppose ¢ is a homomorphism from D(+y) to D(6). Then (1) and (2) follow by an argument
similar to the proof of Lemma 3.7(1)(2).

To prove (3), let 7 = [z ... 2, = z;] be a branch of n with i < u. Since ¢ maps [zg... x,]
onto [vy ... vg] (by (1)) and z, = x; with i < u, we have 2,¢ = ;¢ = Vy—;.

Suppose zp¢ € dom(p), that is, zo¢ = v, for some s > 1. Then

200 = Vs = 210 = Vg—1 — =+ — Zp@ = Vs_p. 3.7

We have vs_p, = 2,¢) = vy—;, and so s — p = u — 7. Thus s = u — i + p, and so ¢ maps 7 onto
[Vu—itp - - - Vu—i] bY (3B.7).
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Suppose zp¢ ¢ dom(u). Let ¢ be the smallest integer in {1,...,p} such that z,¢ = v; for
some j. (Such a g exists since z,¢ = v,_;.) Then

200 — - —> Zqu =v; — Zq+1¢ =Vj_1 > — Zp(;5 = Vj_(p—q) = Vu—i-

Then, for the branch (... wy = 20¢... wo = 2g¢ = vj... vg = y¢| of 6, ¢ maps [z ... z,] onto
[Wg ... wo =vj], pmaps [z ... zp = ;] onto [vj ... vy (if ¢ < p),and j —p+q = u —i (since
Vj—(p—q) = Vu—i)-

Thus (3a) or (3b) holds, and so exactly one of them holds since (3a) and (3b) are mutually
exclusive.

Conversely, suppose (1)—(3) are satisfied. Then ¢ is a homomorphism from D(~) to D(J) by
an argument similar to the one used in the proof of Lemma 3.6. U

Figure 3.8 illustrates how the maximal right ray n = [xo z1 z2 . ..) from Lemma 3.11 is mapped
by a homomorphism.

r*\*\**4 .---
*—————o———

|

Figure 3.8: A homomorphism acting on a maximal right ray in Lemma 3.11.

Lemma 3.12. Let v and 6 be connected components of o« € T(X) such that v is of type rro
with a maximal right ray n = [zgx1x2...), and 6 has a double ray T = (... y_1yoy1...). Let
¢ : dom(y) — dom(d) such that ¢ maps 1 onto [y Y1 - . .) for some t. Then ¢ is a homomorphism
from D(v) to D(9) if and only if for every branch T = [2g... z, = x;] of n, exactly one of the
following holds:

(@) ¢ maps T onto [Yiiri—p . .. Yeyil; OF

(b) There is a branch 1 = (... Wy ... Wy = Ytyi—ptq| of ™ with 1 < q < p such that ¢ maps
(20 ... zg] onto [wq ... Wy = Ytyi—ptqe) and if ¢ < p then ¢ maps |zq... zp, = x;] onto

[yt+i—p+q cee yt+i]-
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Proof. To prove (=), follow the proof of Lemma 3.8(1). The converse follows easily from the fact
that -y is the join of 7 and its (necessarily finite) branches (see Proposition 2.13). O

Lemma 3.13. Let v and 6 be connected components of o € T(X) such that y is of type rro and has
a right ray n = [xox1x2...), and § has a double ray m = (... y_1 Yoy . ..) such that for some
tand w > 1, ¢ maps [Ty Tys1...) onto [Yi Yis1 - . .), Tu—1 ¢ dom(w), and xo¢ does not lie on
an infinite branch of 7. Then ¢ is a homomorphism from D(~y) to D(6) if and only if the following
conditions are satisfied:

(1) There is a finite branch k = [... vy ... vy, = Y| of ™ such that ¢ maps [z ... x,] onto
[V0 ... vy];

(2) If T = [20... zp = x;] is a branch of n) with i > w, then exactly one of the following holds:

(a) ¢ maps T onto [Yiti—u—p - - Yttri—ul; OF

(b) There is a branch (... wy ... Wo = Ytyi—u—p+q) of ™ with 1 < q < p such that ¢ maps
(20 ... zq] onto [wq ... Wo = Ytyi—u—ptq) and if ¢ < p then ¢ maps [zq ... z, = ;]
onio [Yiti—u—ptq-- - Yrvi-uli

(3) If T = [20... 2p = ;] is a branch of n with i < u, then exactly one of the following holds:

(a) ¢ maps T onto [vj—y, ... v;]; or

(b) There is a branch (... wq ... W1 Wy = Vi—piq... Vy = Y] of mwith1 < q < p and
wy ¢ dom(k) such that ¢ maps [2g . . . zq| onto [wy . .. wo = Vi—p1q| and if ¢ < p then
G maps (zq ... zp, = ;) ONLO [Vi—piq - .. Vil

Proof. Suppose ¢ is a homomorphism from D(~) to D(¢). Then (1) is satisfied since z¢ lies on
some finite branch of 7 (by Proposition 2.13 and the assumption about xg).
Let 7 = [20... 2, = x;] be a branch of ) with ¢ > u. Since ¢ preserves edges, we have

200 — 210 = 1 = 2p0 = Ti® = Ypyiu, (3.8)

where the last equality is true since z,¢ = vy and ¢ maps [, Zy41 - . .) Onto [yt Yit1 - - .). Suppose
zp¢ lies on 7. Then, by (3.8), 20¢» = Y¢i—u—p and ¢ maps 7 ONto [Yyi—y—p - - - Yeti—ul-

Suppose zg¢ does not lie on w. Then, by Proposition 2.13, zp¢ lies on some branch p =
(... wpwy wo = y;| of m. Let z0¢p = wgy. Then ¢ > 1 (since zp¢ does not lie on 7) and

200 =Wqg —> - = 2qP = W0 = Yj —> Zg410 = Yj41 — > Zp® = Yjip—q- (3.9

Since Yj1p—q = 2p® = Ti® = Ytyi—u, We have j = t + i —u — p + g. Thus, by (3.9), ¢
maps [20 ... zg) ONtO [Wy ... Wo = Yiti—u—ptql, and if ¢ < p then ¢ maps [z, ... z, = x;] onto
[Yt+i—u—p+q - - - Yt+i—u|. Hence (2a) or (2b) holds. Thus exactly one of them holds since (2a) and
(2b) are mutually exclusive. We have proved (2). The proof of (3) is similar.

Conversely, suppose (1)—(3) are satisfied. Then ¢ is a homomorphism from D(~) to D(4) by
an argument similar to the one used in the proof of Lemma 3.6. O

Figure 3.9 illustrates how the maximal right ray n = [xox; z2...) from Lemma 3.13 and its
branch are mapped by a homomorphism, where we assume that 7 is the vertical maximal right ray
in the figure and 7 > u (see (2) of Lemma 3.13).
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Figure 3.9: A homomorphism acting on a maximal right ray and its branch in Lemma 3.13.

Lemma 3.14. Let vy and § be connected components of a € T(X) of type rro such that ~y has
a maximal right ray n = [vox1x2...) and 6 has a maximal right ray £ = [yoyi1y2...). Let
¢ : dom(y) — dom(d) such that ¢ maps n onto [y; Yi+1 . ..) for some t > 0. Then ¢ is a
homomorphism from D(v) to D(0) if and only if for every branch T = [z . .. zp = x;] of n, exactly
one of the following holds:

(@) ¢ maps T onto [Yiti—p . .. Yitil; OF
(b) There is a branch k = [... wy ... Wq = Yiti—ptq) Of E with 1 < q < p such that ¢ maps
(20 ... z¢] onto [wy ... Wy = Yiti—p+q) and if ¢ < p then ¢ maps [zq ... z, = x;] onto
[Ytti—ptq - - Yetil-
Proof. Suppose ¢ is a homomorphism from D(v) to D(J). Let 7 = [z ... 2, = ;] be a branch of
7. Since ¢ preserves edges, we have
200 = 210 = 2 2pd = Tid = Y, (3.10)

where the last equality is true since xo¢ = y; and ¢ maps 7 onto [y; y¢+1 . . .). Suppose zp¢ lies on

€. Then, by (3.10), 20¢» = y¢+i—p and ¢ maps 7 onto [Yyti—p - - - Yetil-
Suppose zg¢ does not lie on . Then there exists a branch k = [... wp ... wy = y;] of £ (see
by Proposition 2.13) such that ¢ > 1 and zp¢ = wp. Hence

200 =Wy —> - = ZgP = Wq = Yj — 2419 = Yj+1 — =+ — Zp® = Yjtp—q- 3.11)

Since Yj4p—g = 2p® = Ti) = Y44, We have j =t + i — p+ ¢. Thus, by (3.11), ¢ maps [zp . .. z4]
onto [wo ... Wg = Yyi—ptq), and if ¢ < p then ¢ maps [z, ... 2p = ;] ONO [Yttimptq - - - Yetil-
Hence (a) or (b) holds. Thus exactly one of them holds since (a) and (b) are mutually exclusive.
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The converse follows easily from the fact that v is the join of 7 and its (necessarily finite)
branches (see Proposition 2.13). ]

Figure 3.10 illustrates how the maximal right ray n = [z¢x1 x2...) from Lemma 3.14 and its
branch are mapped by a homomorphism, where we assume that 7 and ¢ are the vertical maximal

right rays in the figure.

Figure 3.10: A homomorphism acting on a maximal right ray and its branch in Lemma 3.14.

N,

&+/s++4 e

4 The Characterization Theorem

The description of the elements § € C(«), where o € T'(X), reduces to the description of the
graph homomorphisms from D(~) to D(d), where « and ¢ are connected components of «. This
follows from Proposition 4.1 below.

Proposition 4.1. Let o, 3 € T(X). Then 5 € C(«) if and only if for every connected component -y
of «, there exists a connected component 0 of « such that 3 ]dom(v) is a graph homomorphism from
D(v) to D(6).

Proof. Suppose 5 € C(«). Then, by Proposition 3.1, 3 is a homomorphism from D(«) to D(«).
Let 7y be a connected component of v and let z € dom(+y). Then, by Proposition 2.5, z3 € dom(0)
for some connected component ¢ of . We claim that (dom(y))5 C dom(d). Let z € dom(~y).
Since « is connected, za* = zy* = 2™ = za™ for some integers k,m > 0. Since B € C(a),
we have a8 = fa, and so (z8)a™ = (za™)B = (za*)B = (xB)a*, which implies that z3 and
xf3 are in the domain of the same connected component of «, that is, z3 € dom(é). The claim has
been proved. Then 3|qom(+) is @ homomorphism from D(vy) to D(4) by the claim and the fact that
(3 is @ homomorphism from D(«) to D(«).
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Conversely, suppose that the given condition is satisfied. Suppose iy — 2. Then y, z € dom(~)
is a homomorphism from D(~)

for some connected component vy of «. It is given that ¢ = 3 \dom(v)
to D(9) for some connected component § of . Thus y5 = y¢ LN 2¢ = zf3, implying y8 = zp3.
Hence f is a homomorphism from D(«) to D(«), and so 8 € C(«) by Proposition 3.1. O

In view of Proposition 4.1, we can now characterize the elements of C'(«) using the results of
Section 3.

Theorem 4.2. Let o, € T(X), where X is an arbitrary set. Then 3 € C(«) if and only if
for every connected component v of «, there exists a connected component § of o such that the
following conditions are satisfied for ¢ = ﬂ|d0m(7) :

(1) im(¢) € dom(d);

(2) If v has a cycle 0 = (xg... xp_1), then § has a cycle 0 = (yo ... Yym—1) and (1)—(4) of
Lemma 3.4 are satisfied;

(3) Ify has a double ray w = (... x_1 xox1 . ..), then exactly one of the following holds:

(@) 6 has a cycle 0 = (yo ... Ym—1), ¢ double-wraps w around 0 at some y;, and (1) and
(2) of Lemma 3.6 are satisfied;

(b) & has a cycle 0 = (yo ... Ym—1), there exists u such that ¢ wraps [Ty Ty+1 - ..) around
0 at some y; and x,,—1 ¢ dom(0), and (1)—(5) of Lemma 3.7 are satisfied; or

(¢) 6 has a double ray m = (... y_1Yo Y1 -..) such that ¢ maps w onto ™ at some y; and
(1) and (2) of Lemma 3.8 are satisfied;

(4) If v is of type rro and has a maximal right ray n = [xox1 x2...), then exactly one of the
following holds:

(@) 0 has a cycle @ = (Yo ... Ym—1), ¢ wraps n around 0 at some y;, and for every branch
T =[20... 2p = x;] of m, (a) or (b) of Lemma 3.10 holds;

(b) 0 has a cycle 0 = (yo... Ym—1), there exists uw > 1 such that ¢ wraps [T, Ty+1 - .)
around 0 at some y; and x,,—1 ¢ dom(0), and (1)~(3) of Lemma 3.11 are satisfied;

(c) 0 has a double ray m = (... y_1Yo Y1 ...) such that ¢ maps n onto [y Yi+1 . ..) for
some t and for every branch T = [y ... z, = x;] of ), (a) or (b) of Lemma 3.12 holds;

(d) 0 has a double ray m = (... y_1Yo Y1 -..) such that for some t and u > 1, ¢ maps
[Ty Tyt .- .) ONLO (Yt Ypt1 - . .), Ty—1 ¢ dom(7), xo does not lie on an infinite branch
of m, and (1)—(3) of Lemma 3.13 are satisfied; or

(e) ¢ is of type rro and has a maximal right ray £ = [yo y1 Y2 . . .) such that ¢ maps 7 onto
[Yt Yt+1 - . .) for some t > 0 and for every branch T = [2g ... zp = ;] of n, (a) or (b) of
Lemma 3.14 holds.

Proof. Suppose 3 € C(a). Let y be a connected component of a and let ¢ = (|qom(+)- Then, by
Proposition 4.1, there is a connected component ¢ of « such that ¢ is a homomorphism from D(+y)
to D(0), and so (1) is satisfied. Further, (2) is satisfied by Lemma 3.4; (3) by Lemmas 3.6-3.8; and
(4) by Lemma 3.10-3.14.

Conversely, suppose that for every connected component ~y of «, there exists a connected com-
ponent § of « such that (1)—(4) are satisfied for ¢ = B\dom(w). Let v be a connected component of
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«. Then there is a connected component § of « such that (1)—(4) are satisfied for ¢ = 3 |d0m(7).
Then ¢ : dom(y) — dom(d) by (1). We want to prove that ¢ is a homomorphism from D(7) to
D(9). If v has a cycle, then ¢ is a homomorphism by (2) and Lemma 3.4. If -y has a double ray, then
¢ is a homomorphism by (3) and Lemmas 3.5-3.8. Suppose v does not have a cycle or a double
ray. Then + is of type rro by Proposition 2.10 and Definition 2.11. Thus ¢ is a homomorphism by
(3) and Lemmas 3.9-3.14. Hence 3 € C(«) by Proposition 4.1. O

5 Special Cases

Theorem 4.2 can be applied to the case when X is finite and to particular types of transformations
in 7'(X). In this section, we provide some examples of these applications.

The finite case.

Suppose X is finite and let &« € T'(X). Then « cannot have any rays, and so every connected
component of « € T(X) is the join of its unique cycle and the finite branches of the cycle. This
gives the following corollary to Theorem 4.2 (see [31, Theorem 2]).

Corollary 5.1. Let o, 5 € T(X), where X is a finite set. Then 3 € C(«) if and only if for every
connected component «y of a with cycle 0 = (xq ... x_1), there exists a connected component 6 of
awith cycle § = (yo . . . Yym—1) such that the following conditions are satisfied for ¢ = B|qom(~)-

(1) im(¢) € dom(d);

(2) m divides k;

(3) ¢ wraps o around 0 at some y;;

4) If T = [20... zp, = x;] is a finite branch of o, then exactly one of the following holds:

(a) ¢ wraps T around 8 at y;;_p; or

(b) There is a finite branch p = [... wq ... wo = y;] of O withl1 < g <pandj+p—q=
t +4 (mod m) such that ¢ maps [z . .. zg) onto [wy ... wo = y;| and if ¢ < p then ¢
wraps [zq . .. 2, = x;) around 0 at y;.

Idempotents.

Let ¢ € T(X) (where X is arbitrary) be an idempotent. Then for every z € X and y = ze,
ye = (we)e) = xz(ee) = xe = y. It easily follows that if -y is a connected component of ¢, then
im(y) = {y}, for some y € X, and +y is the joint of the 1-cycle (y) and some (possibly none) finite
branches [z y| of length 2 (see Figure 5.1).

Let v and 6 be connected components of an idempotent €, with cycles (y) and (z), respectively.
If [z y] is a finite branch of (y), then 5 € T'(X) satisfies (3b) of Lemma 3.4 if and only if y3 = 2
and z3 € dom(d). Therefore, Theorem 4.2 applied to an idempotent ¢ gives the following corollary
(see [5, Lemma 2.2] and [24, Theorem 2.1]).

Corollary 5.2. Let e, 3 € T(X), where ¢ is an idempotent. Then 3 € C(¢) if and only if for every
connected component 7y of € with cycle (y), there exists a connected component 0 of € with cycle (z)
such that y8 = z and (dom())S C dom(9).
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Figure 5.1: A connected component of an idempotent.

Injective transformations.

Any connected component of an injective transformations o € T'(X) is a cycle, a double ray,
or aright ray (see Figure 5.2).

*———o——@---
*——o—o

Figure 5.2: Connected components of an injective transformation.

Applying Theorem 4.2 to an injective transformation, we obtain the following corollary. (See

[26, Theorem 3.9] where the centralizer of an injective « is described relative to the semigroup of
injective transformations on X.)

Corollary 5.3. Let o, € T(X) such that « is injective. Then 3 € C(«) if and only if conditions
are satisfied:

(1) Forevery cycle o = (xg... xp_1) in o, there is a cycle 0 = (yo . .. Ym—1) in o such that m
divides k and B wraps o around 0 at some y;;

(2) For every a double rayw = (... x_1x0x1 ...) in o, exactly one of the following holds:

(@) Thereisacycle® = (yo ... Ym—1) in a such that 3 double-wraps w around 6 at some y;

(b) Thereis adouble raym™ = (... y_1 Yoy - - .) in « such that 3 maps w onto T at some yy;
(3) For every maximal right ray n = [zo x1 %2 . ..) in «, exactly one of the following holds:

(@) Thereisacycle = (yo ... Yym—1) in « such that 8 wraps n around 6 at some y;;

(b) There is a double ray ™ = (... Yy_1Yo Y1 . . .) in o such that [ maps 1 onto [ys Yi+1 - - .)
for some t;

(c) There is a maximal right ray & = [yoy1 Y2 - . .) in « such that 8 maps 1 onto [ys Yi41 - - -)
for some t > 0.
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Permutations.

Since any connected component of a permutation « on X is a cycle, Corollary 5.3 implies the
following result.

Corollary 54. Let o, 5 € T(X) such that o is a permutation. Then € C(«) if and only if for
every cycle o = (xg... Tx_1) in o, there is a cycle 0 = (yo . .. Ym—1) in « such that m divides k
and 8 wraps o around 0 at some 1.

6 Problems

In the previous sections, we described the centralizer of an arbitrary @ € T'(X). Of course, this
is just the first step towards a description of the structure (from a semigroup theoretical point of
view) of C'(«). Given the complexity of Theorem 4.2, however, such a description in all generality
does not appear to be feasible. What can be done, though, is to provide such descriptions for
particular types of transformations. For various particular types, it should be possible to obtain
results similar to those contained in [4] and [5], and hence provide generalizations to C(«) of
many results originally proved for the special case of T'(X) = C(idx ). More specifically, given a
transformation o € T'(X) of a certain pre-defined type, we would like to see the following program
fulfilled:

1. Describe the automorphisms of C'(«). (This has been done for the idempotents [4]; the most
natural candidates to consider next are the injective transformations [26].)

2. Describe Green’s relations in C'(«).

3. Let T be one of Green’s relations. Characterize the transformations o € T'(X) (of the given
type) such that if 5,7 € C(«) and j3, 7y are T-related in T'(X), then 3, -y are T-related in
C(a).

4. Characterize the transformations o € T'(X) (of the given type) such that D = 7 in C'(«).

5. Characterize the transformations o € T'(X) (of the given type) such that the partial order of
J-classes in C'(«) is a chain.

6. For a € T'(X) (of the given type), describe the regular elements in C'(«), and characterize
those a for which C'(«) is regular.

7. For a € T(X) (of the given type), describe the semigroup generated by the idempotents
of C(a).

8. Repeat problems 1-7 for C's(«), where o € T'(X) is a transformation of a given type, S is
a subsemigroup of 7'(X), and Cs(a) = {8 € S : a8 = Sa} is the centralizer of « relative
to S.

The program outlined above has been carried out for the idempotents and, in part, for the in-
jective transformations [26]. We introduce some other types of transformations that appear to be
especially interesting and promising.

Howie’s transformations.
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Let X be an infinite set. For o € T'(X) define the following sets:
Sla)={ze X:za#z}, Z(a)=X\im(a), Clla)= U {tofl : )tofl‘ > 2}.

By Howie’s celebrated result [15], we know that the semigroup generated by the idempotents of
T'(X) consists of the identity of T'(X') together with the elements of the following sets:

F(X)={aeT(X):|S(a)] <Npand |Z(a)| > 0},
QX) ={a e T(X) :|S(a)] = |Z()] = [Cl(a)| = Ro}.

Problem. Carry out (part of) the program outlined at the beginning of this section for the transfor-
mations in F'(X) [Q(X)], where X is infinite [X = N].

Transformations with stabilizers.

Following [40], we define the stabilizer of o € T'(X) as the smallest integer s > 0 such that
im(a®) = im(a**1). If such an s does not exist, we say that o has no stabilizer. The transformations
that have the stabilizer have been described in terms of their digraphs in [8].

Problem. Carry out (part of) the program outlined at the beginning of this section for the transfor-
mations with stabilizer, for an infinite X [X = N].

Cayley functions.

A transformation o € T'(X) is called a Cayley function if there is a binary operation * on X
such that (X, %) is a semigroup and « is an inner translation of the semigroup; that is, there exists
a € X such that for every z € X, xa = z * a. The algebraic description of the Cayley functions
has been given in [40]. The digraphs of the Cayley functions have been characterized in [8].

Problem. Carry out (part of) the program outlined at the beginning of this section for the Cayley
functions [Cayley functions with stabilizer], for an infinite X [X = N].

Transformations with large contraction index and collapse.

Let X be an infinite set and let a € T'(X). The kernel of « is the relation {(x,y) € X x X :
za = ya}. By X/ker(a) we denote the partition of X induced by ker(«), that is, X /ker(a) =
{ra~! : x € X}. The defect d(c) of « is the cardinal | X \ im(«)|; the contraction index k(c)
of « is the number of classes in X /ker(a) of size | X|; and the collapse c(«) of « is the cardinal
| X \ Tw|, where Ty, is a cross-section of the partition X /ker(«).

The importance of these parameters comes from the following two results proved in [17] (see
also [9]), where it has been established when the symmetric group Sym(X) [the set of idempotents
E(X) in T'(X)], with two extra elements, generates 7'(X).

Theorem 6.1. ([17, Theorem 4.1]) Let X be an infinite set such that | X| is a regular cardinal.
Then, for all p,v € T(X), (Sym(X), p,v) = T(X) if and only if {1, v} consists of an injection of
defect | X | and a surjection of contraction index | X |.

Theorem 6.2. ([17, Theorem 6.1]) Let X be an infinite set and let E(X) denote the set of idempo-
tents of T(X). Then, for all p,v € T(X), (E(X), p,v) = T(X) if and only if {u, v} consists of
an injection of defect | X | and a surjection of collapse | X|.

Problem. Carry out (part of) the program outlined at the beginning of this section for the surjective
transformations o € T'(X') such that every class in X /ker(«) has size | X| [« has collapse | X|].
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Transformations associated with maximal subsemigroups of 7'(X)

We say that S < T'(X) is a maximal subsemigroup of T'(X) if S # T(X) and for all
a € T(X)\ S, S together with « generate T'(X). For o € T(X), let d(«), c¢(a), and k(«)
be, respectively, the defect, collapse, and contraction index of « (as defined above). For an infinite

set X of regular cardinality, all maximal subsemigroups of 7'(X) containing Sym(X ) have been
described in [12]:

Theorem 6.3. Let X be any infinite set such that | X | is a regular cardinal, and let M be a subsemi-
group of T(X) containing the symmetric group Sym(X). Then M is maximal if and only if M is
one of the following semigroups:

() {a e T(X

cla) < pord(a) > u}, for some infinite cardinal p < | X

>

(2) {a €T(X): c(a) =0o0rd(a) >0},

<
> pord(a) < p}, for some infinite cardinal p < | X|;

(X):

(X):

3) {a e T(X) : k(a)

@) {aeT(X):
(X):

S) {aeT(X > 0 ord(a) =0}

Problem. Carry out (part of) the program outlined at the beginning of this section for the transfor-
mations in each one of the sets defined in Theorem 6.3.

Endomorphisms.

For a mathematical structure .4 with universe X, let End(A) denote the monoid of endo-

morphisms of A (see [6] and [7]). Then End(.A) is a subsemigroup of 7'(X). For example, if
A = (X, p, R), where X is a set, p is an equivalence relation on X, and R is a cross-section of X/p,
then the elements of End(.A) are the maps in 7°(X) that commute with the unique idempotent in
T'(X) that has image R and kernel p (see [4] and [5]).
Problem. (Suggested by J.D. Mitchell.) Carry out (part of) the program outlined at the beginning
of this section for the endomorphisms of various mathematical structures .4 with universe X, for
example for the endomorphisms of a given partial order on X or the endomorphisms of a given
graph with X as the set of vertices. (See [32].)

Surjective transformations.

It is easy to see that a transformation « € T'(X) is surjective if and only if it does not have any
maximal right rays or finite branches.

Problem. Carry out (part of) the program outlined at the beginning of this section for the surjective
transformations, for an infinite X [X = N]. (See also [33].
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