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Abstract A celebrated result of J. Thompson says that if a finite group G has
a fixed-point-free automorphism of prime order, then G is nilpotent. The main
purpose of this note is to extend this result to finite inverse semigroups. An earlier
related result of B. H. Neumann says that a uniquely 2-divisible group with a fixed-
point-free automorphism of order 2 is abelian. We similarly extend this result to
uniquely 2-divisible inverse semigroups.
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1 Introduction and main results

An important result in finite group theory is the following due to J. Thompson
[9].

Theorem 1 Let G be a finite group with a fixed-point-free automorphism of prime
order. Then G is nilpotent.

The main purpose of this note is to extend this result to finite inverse semi-
groups. Standard references for inverse semigroups are ([1], Chap. 5), [3] [7]. We
denote, as usual, the set of idempotents of a semigroup S by E(S), the automor-
phism group by Aut(S), and the fixed point set of @ € Aut(S) by Fix(a) := {z €
S | za = z}. Our first main result is the following.

Theorem 2 Let S be a finite inverse semigroup and let o« € Aut(S) have prime order
and satisfy Fix(a) = E(S). Then S is a nilpotent Clifford semigroup.

Here, nilpotence of a finite Clifford semigroup is in the sense defined by Kowol
and Mitsch [2].
An earlier result than Thompson’s is the following of B. H. Neumann [5].
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Theorem 3 Let G be a uniquely 2-divisible group with a fixed-point-free automorphism
« of order 2. Then xa =z~ 1 for all x € G and hence G is abelian.

Here uniquely 2-divisible means that the squaring map z — 22 is a bijection.
Neumann used this result to prove that a finite group with a fixed-point-free
automorphism of order 2 must be abelian, for such a group must have odd order
and then Theorem 3 applies. Neumann later outlined a different proof in the finite
case in [6] by observing that an automorphism « being fixed-point-free is equivalent
to the injectivity of the function z — =~ !-za. By finiteness, the same function must
also be surjective. This together with a? = 1 easily implies the desired result. In
the same paper, he showed that if one instead assumes o> = 1, then @ is nilpotent
of class 2.

Theorem 3 is of interest on its own because the hypothesis is independent of
cardinality. Our second main result is to generalize it to inverse semigroups.

Theorem 4 Let S be a uniquely 2-divisible inverse semigroup and let a € Aut(S)
satisfy o = 1 and Fix(a) = E(S). Then za = x~* for all x € S and hence S is
commutative.

2 A Key Lemma
We will freely use standard identities in inverse semigroups, such as (al:_l)_1
and the antiautomorphic inverse property (zy) ' =y~ '2~! ([1], Proposition 5.12).
In the lemma below, we also use the natural partial order ([1], §5.2).

The critical tool in the proofs of Theorems 2 and 4 is the following lemma
analogous to a key result in [6].

=x

Lemma 1 Let S be an inverse semigroup, let a € Aut(S), and define 1 : S — S by
xp =x ' za for allz € S. If Fix(a) = E(S), then v is injective.

Proof Assume Fix(a) = E(S) and suppose ayp = by for some a,b € S. Then
ba™!aa =bb~! - ba. Applying a1 to both sides, we get

(ba Ha"ta= b Ha tb=bb"to=0b. (1)

Thus (ba™a"taa™ = bat. Applying o to both sides of this, we get (starting
with the right side) (ba™)a = ba"'(aa™')a = ba taa™! = ba"'. Thus ba~! €
Fix(a). By hypothesis, ba™' € E(S), and so using (1), we get ba 'a = b, that is,
b < a (see [1, Proposition 5.2.1]). By the obvious symmetry, we also have a < b,
and thus a = b, which is what we desired to prove. O

The hypothesis of Lemma 1 cannot be weakened to Fix(a) C E(S).

Ezample 1 Consider the three element chain 0 < a < 1, and let « be the automor-
phism defined by 0a =0, aa =1 and la =0. Then 1-la=1-a=1=a-1=a-aaq,
so that v is not injective.

A weak converse of Lemma 1 holds, although we will not use it in our proofs
of Theorems 2 and 4. We are grateful to the anonymous referee for suggesting the
proof of the second part of the following lemma.
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Lemma 2 Let S be an inverse semigroup, let a € Aut(S), and define ¢ : S — S by
wp=a ' za for all x € S. If ¢ is injective, then Fix(a) C E(S). If, in addition, we
assume that for each e € E(S), the (a)-orbit of e is finite, then Fix(a) = E(S).

In particular, the last part of the lemma applies if « has finite order.
Proof First, suppose @ is injective and aae = a. Then

ap=a'aa=a"ta=ataa ta=(a"ta)" (e T a)a = (aTTa).

1 1

By injectivity of ¢, a = a™ ~a, and thus aa = aa™ "a = a, as claimed.
For the remaining claim, let e be an idempotent and suppose ea” = e for some

n € N. An easy induction argument shows that for all k € N,
ey € E(9), ep? = epF 1. ea® and e epf = eyl .

Thus
61/)”:61[)n_1~€an:€"(/)n_1~6:€-61[)n_1 :ewn—l.

Since 1) is injective, we eventually get el) = e. This can be written as e - ea = e,
that is, e < ea. Now since automorphisms preserve the natural partial order in an
inverse semigroup, we have that ead < eadt! for all j € N. Thus e < ea < ea? <
.. < ea" ! < ea™ = e. Therefore e = ea as desired. This completes the proof. O

We conclude this section by noting that the full converse of Lemma 1 is false.

Ezample 2 Let (Z,A) be the integers with the usual meet operation. Define za =
z+1. Then a is an automorphism: (zAy)a = (zAy)+1 = (z+1)A(y+1) = zaAya.
We have z¢p = z Aza =z A (z + 1) = z for all z, so that ¢ is trivially injective.
However, a evidently has no fixed points.

3 Proofs of the main results

We now prove Theorem 2. Recall that if S is an inverse semigroup and « is an
automorphism of S, then we have (a”!)a = (ae)”!. By Lemma 1, the map v is
injective. Since S is finite, v is also surjective. For x € S, let y € S satisfy x = y.
Then

zr =y () =y e () iy =y Dy =y gy oy =y,

and

1 -1

e e = (yp) g = (ya) Tty ey gy ya=(y i ya=y ly.

We conclude that 7'z = zz~!. Therefore S is a completely regular and inverse
semigroup, hence it is a Clifford semigroup (see [1, Theorem 4.2.1]). Now S = |JGg
is a (strong) semilattice of groups Gg (see [1, Theorem 4.2.1]). These groups,
which are the H-classes of S (see [8, Theorem I1.1.4]), are permuted by « since
automorphisms preserve Green’s relations. But by assumption, « fixes the identity
element of each group, and hence « restricts to an automorphism of each Gg. Now
we apply Theorem 1 to conclude that each group Gg is nilpotent. Finally, we
appeal to a key feature of the Kowol-Mitsch notion of nilpotence for finite Clifford

ya=(y
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semigroups: if S = |JGg is a strong semilattice of groups Gg, then S is nilpotent
if and only if each Gg is nilpotent ([2], Theorem 4.1, p. 442). This completes the
proof of Theorem 2.

For Theorem 4, the squaring map = — z2 is assumed to be bijective, and
so we denote the unique square root of an element x € S by z/2. We have
(za)'/? = (z'/?)a, as can be seen immediately from squaring both sides. Simi-
larly, (z'/2)~ = (2~ ')*/2, and we write 2~ /2 for this common expression.

For the function zi = z~! - za, we note that

(@p)a = (za) "' -za® = (za) ' @ = (zy) ! (2)
since a2 = 1. Thus we compute

() 2]p = (29)/2 - ((29) 7 *)ar = (a) V2 (299) /% = a9,

using (2) in the last step. By Lemma 1, 1 is injective, and so we conclude

(ev) VP =2 (3)
for all z € S. Therefore

za = [(zp) 2o = (ep)/? = (@) )T =27

using (3) in the first and last equalities, and (2) in the second. Finally, the commu-
tativity of S follows because the inversion mapping = — =z~ is both an automor-
phism (thus (zy) ™! = 2z~ *y~!) and an antiautomorphism (thus (zy) ™! =y tz~1);
now the identities 7 1y~! = y 'z~ and (z71)"! = z imply that zy = yz. This
completes the proof of Theorem 4.

4 Remarks and Problems

A property which was useful in our proofs is that an automorphism « of an in-
verse semigroup preserves the inversion map, that is, (z7!)a = (za)~!. This same
property also holds for completely regular semigroups, and so it is natural to ask
if analogs of our results hold in that setting as well. For instance, we offer the
following:

Congecture 1 Let S be a uniquely 2-divisible completely regular semigroup and let
a € Aut(S) satisfy o = 1 and Fix(a) = E(S). Then za =2~ ! for all z € S.

Consideration of the identity mapping on a finite left zero band with at least
two elements shows that one cannot strengthen the conclusion of the conjecture
to commutativity.

One might also try regular involuted semigroups, that is, semigroups with a
unary operation ’ such that the identities

r " o
(zy) =y'= ¥ =z r=zxr'T.

hold. However, we do not get an immediate generalization of, say, Theorem 4. For
instance, let S be the band with the following multiplication table:
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=W N =
I N
N W N W
N W N W W
[ SN SN

Let a be the identity mapping on S and let ' be the unary operation defined by
1"=2,2"=1,3 =3,4 = 4. Then (S,-,’) is a regular involuted semigroup, but
we have neither za = 2’ for all x € S nor that S is commutative.

Despite this, it is certainly reasonable to guess that other classes of regular
semigroups might yield interesting results.

Problem 1 Extend Theorem 3 to other classes of regular semigroups.

Cancellative semigroups form another natural class of semigroups closely re-
lated to groups. Therefore the next problem is very natural.

Problem 2 Does an analog of Theorem 3 hold for cancellative semigroups?

Regarding nilpotence, we followed the definition of [2] for finite Clifford semi-
groups. This definition was motivated by the fact that nilpotence of (finite) groups
can be characterized in various different ways, and the authors of [2] wished to
keep these characterizations in (finite) inverse semigroups ([2], Main Theorem, p.
448). This is, of course, a rather strong requirement and suggests why this notion
of nilpotence does not extend much beyond Clifford semigroups.

Problem 3 Find appropriate notions of nilpotence for other classes of semigroups,
containing the class of all groups, such that the restriction of the notion to groups
is equivalent to the usual one, and, in addition, a generalization of Theorem 1
holds for that class of semigroups.
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