THE WALDSCHMIDT CONSTANT OF A STANDARD k-CONFIGURATION IN P?
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ABSTRACT. A k-configuration of type (d1, . ..,ds), where 1 < d1 < ... < ds are integers, is a set of points in
PP? that has a number of algebraic and geometric properties. For example, the graded Betti numbers and Hilbert
functions of all k-configurations in IP? are determined by the type (d1, . . . , ds). However the Waldschmidt con-

stant of a k-configuration in P? of the same type may vary. In this paper, we find that the Waldschmidt constant
of a k-configuration in P? of type (d1,...,ds) with di > s > 1is s. Then we deal with the Waldschmidt
constants of standard k-configurations in P? of type (a), (a, b), and (a, b, ¢) with a > 1. In particular, we prove
that the Waldschmidt constant of a standard k-configuration in P? of type (1, b, ¢) with ¢ > 2b + 2 does not

depend on c.
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1. INTRODUCTION

A set of points X in P? is called a k-configuration of type (dy,...,ds), where 1 < d; < ... < dg are
integers, when there exists a partition of X = X; U --- U X and s distinct lines Ly, ..., Ls; C P2 such that,
foreach i = 1,...,s we have |X;| = d;, X; C L; and, fori > 1, L; N (X; U--- UX;_1) = (). The last
condition forces a point in X to belong to the set X; corresponding to the largest index of a line containing it.

The k-configurations were introduced in the 1980s by Roberts and Roitman in [26] and extensively stud-
ied in the literature for their several interesting properties, see for instance [5, 12, 14, 15, 17, 18].

In 1995, Harima [23] extended this definition to P3, and then in 2001 Geramita, Harima, and Shin [14, 16]
generalized the definition to P". Moreover, Roberts and Roitman showed that all k-configurations in P2 of
type (di,...,ds) have the same Hilbert function, which can be encoded from the type. This result was
generalized again by Geramita, Harima, and Shin [16, Corollary 3.7] to show that all graded Betti numbers
of the associated ideal of a k-configuration in P" depend on the type only. However, it should be noted that
k-configurations in P"* of the same type can have very different algebraic and geometric properties [6, 7].

In this paper we are interested in the study of the Waldschmidt constant.
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The Waldschmidt constant of a homogeneous ideal I in R = k[zg, 1, . .., x,] was introduced in [28] as

a(l) = lim M

t—o0 t ’

where I*) is the ¢-th symbolic power of the ideal I, defined by I) = (N5 ass(n(['Rp N R), and oI ®))is

the least degree among all minimal homogeneous generators of I(®). In [3, Lemma 2.3.1] it was proved that
this limit exists.

A prolific line of research involves the study of the Waldschmidt constant of zero dimensional schemes
in P, see [2, 4, 8, 9, 10, 11, 20, 21, 24, 27] just to cite some papers. In particular, in [5] and in [25], the
authors give some results about the Waldschmidt constant of star conﬁgurations.

Note that if Ix is the ideal defining a set of distinct points X = { P, ..., Ps} in P" and Ip, is the ideal of

the point P;, then the ¢-th symbolic power of Ix is I ) _ pt p N It p, » thatis, Iy ") defines a homogeneous
set of fat points supported at X, denoted by tX. If Ix is the 1deal of a set of points X instead of “Waldschmidt
constant of Ix”, we simply write “Waldschmidt constant of X”.

In [5, Section 3.3] the authors showed that two different k-configurations of the same type may have
different Waldschmidt constants. For an easy example, consider the following two k-configurations X and
Y in P? of type (1,2,3).
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FIGURE 1. k-configurations X and Y in P2 of type (1,2, 3)
Then the Waldschmidt constants of X and Y are different, i.e.,
a(lx) = g and a(ly) =2,
respectively (see [5, 13]).

As we have seen above, k-configurations in P? of the same type may have different Waldschmidt con-
stants. Here we extend some results in [5]. In particular we focus on the so called standard k-configurations
in P2, see Definition 2.4, and we find the Waldschmidt constants of all standard k-configurations of type
(a), (a,b) and (a, b, c), except for type (2,3, 5), as summarized in Table 1.

The paper is structured as follows.

In Section 2 we recall some definitions and useful tools; in particular we prove, in a more general context,
the existence of irreducible curves in a certain linear system (see Lemma 2.7). In Section 3 we describe a
method to find the Waldschmidt constant of a set X of points, that works in particular when X is supported on
some lines in a specific way, e.g., when X is a k-configuration. In Section 4 we consider particular schemes
with support on lines, when the number of points on each line is bigger than the number of lines. As an
application, we find the Waldschmidt constants of standard k-configurations of type (a) and, for a > 1, of
type (a,b). To complete the case (a, b), we recall the result in [11, Proposition 3.3]. In Section 5, we find the
Waldschmidt constants of standard k-configurations of type (1, b, ¢). In Section 6, we find the Waldschmidt
constants of standard k-configurations of type (a, b, ¢), with a > 1, except the type (2, 3, 5).

To lighten the reading load, the proofs of some theorems of Section 5, that are very similar to the proofs
of other theorems in the same section, can be found in the Appendix, where an interested reader will find all
the details.
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The type of X Note a(Ix) From
(a) 1 Corollary 4.2
(1,b) %T_l Remark 4.4
(a,b) a>2 2 Corollary 4.2
1,b,b+1 beven, b >4 %—_4 Theorem 5.4
(1.5 -
1,b,c ceven,c < 2b—14 W Theorem 5.1
(1,0,
2b+c
1,b,c codd, b+1<e<2b—-3 w Theorem 5.2
(1,0,
20+c—1
6b% — 14b + 6
(1, b, 2b — 2) m Theorem 5.5
6b% —8b+1
(1, b, 2b — 1) m Theorem 5.6
6b—5
(1,b,2b) W1 Theorem 5.7
2 —2h—
(1,b,2b+ 1) 61)21)27_13 Theorem 5.8
-1
(1,b,¢) c>2b+2 %T Theorem 5.10
(2,3,4) %7 Theorem 6.1
17 71
< - )
(2,3,5) 5 = a(lx) < 54 Remark 6.6
(2,3,¢) c>6 3 Theorem 6.5
(2,b,¢) b>4 3 Theorem 6.5
(a,b,c) a>3 3 Theorem 6.7
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TABLE 1. The Waldschmidt constant of standard k-configurations of type (a), (a,b), (a, b, c)
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2. PRELIMINARIES

We will work with an algebraic closed field k of characteristic zero. We recall the definition of the Wald-
schmidt constant for an ideal (see [3, Lemma 2.3.1] for the existence of the limit, and [10] where the authors
refer to that limit as "Waldschmidt constant").

Definition 2.1. For a homogeneous ideal J C k[P"] we denote by «(.J) the initial degree of J, i.e., the least
degree of nonzero elements in J. The Waldschmidt constant of .J is the following limit

()
a(J) = tim ),
t—o00 t
where J(®) is the ¢-th symbolic power of J.
Note that (see the proof of [3, Lemma 2.3.1])
R J®

for every t > 0.

If Ix is the ideal defining a set of distinct points X = {P;, ..., Ps} in P" and Ip, is the ideal of the point
P;, then the ¢-th symbolic power of Ix is Ig ) =1 }1 n---NI fgs , that is, Ig ) defines a homogeneous set of
fat points supported at X, which we will denote by ¢X.

In this paper we will work with special sets of simple distinct points in P2. By abuse of notation, we
will refer to [Ix]q as the linear system of all the plane curves of degree d containing X, since this is, from a
geometrical point of view, what the forms in [Ix]4 correspond to, and we simply write dim|[Ix]y instead of
dimk [[X]d-

We have the following useful lemma.

Lemma 2.2. Let X be a set of simple distinct points in P2, and let Ix be its ideal. Let ji and d be positive
integers such that the initial degree of the scheme of fat points muX is md for each integer m > 0. Then the
Waldschmidt constant of Ix is

- d

(t)
Proof Since, by definition, &(Ix) = lim,_, o, 222

£—, if welett = my, we have a(Ig)) = a(Ipux) = md,
and so

We now recall the definitions of k-configurations and standard k-configurations.

Definition 2.3 ([14, 15, 26]). Let 1 < d; < ... < ds be integers and let Lq,..., L C P2 be distinct lines.
A k-configuration of points in P2 of type (dy, . .., ds) is a finite set X of points in P? such that:

() X= Ule X;, where the X; are subsets of X ;
(2) IX;|=d;and X; C L; foreachi =1,...,s;
(3) L; (1 < i < s) does not contain any points of X, for all j < 1.

In analogy with [14, Section 4] in P3 and [15, Section 4] in P”, here we give an explicit definition of
standard k-configurations in P2, which are special k-configurations of points in P> whose coordinates are

integer values.
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Definition 2.4. Let k[zg, z1, 2] be the homogeneous ring for P2, and let (dy, ..., ds) be the type of a k-
configuration in P2. We construct a set of points which realizes this type, and whose points are located in
the following lines L;, where

Ll = {xg = (S — 1)%0},L2 = {xg = (S — 2)%0}, e ,Ls = {xg = 0}
On each of these lines L; we place d; points as follows

d; points on L; with coordinates [1:j:s 1] 0<j<d;"1,
ds points on Lo with coordinates [1:j:s—2] 0<j <dy—1,

ds points on L with coordinates [1 : j : 0] 0<j<ds—1.

If1 < d; < --- < dg, we call the k-configuration of points in P? constructed as above a standard k-
configuration of type (di,...,ds).

We conclude this section with two lemmas, that are key tools for the proofs in this paper.

The first one is a technical lemma from our previous paper [5], and it is an application of Bezout’s
Theorem.

The second lemma is useful to compute the Waldschmidt constants of all the standard k-configurations
from type (1,b,2b — 2) to (1,b,2b + 1), since for those cases we need the existence of irreducible curves.

Lemma 2.5. Let mq,...,mgs and d be positive integers and let Py, ..., P be s points lying on a line &
with s > 1. Let X be the scheme m1 P, + - -+ + mgPs. Set

{m1+---+ms—d—‘
B= )

2.1) —

and assume [Ix)q # {0}. Then
(1) p<d
(ii) the line £ is a fixed component of multiplicity at least i for the plane curves of degree d defined by
the forms of the ideal [Ix]4.
Proof. (i) Since [Ix]q # {0}, then d > m, for any i, hence
o mit+-+ms—d < sd—d
N s—1 ]l s—-1
(i1) follows from [5, Lemma 2.5]. O

Remark 2.6. Note that, as we proved in (i), the condition p < d follows from the hypothesis [Ix]q # {0}.
(Hence the condition ¢ < d among the hypotheses of [5, Lemma 2.5] was redundant).

Lemma 2.7. Let L, M be two distinct lines, and let b be a positive integer. Let Py, ..., Py, Q1,...,Qp,
R be distinct points such that R ¢ L U M, and, forany 1 < i < b P; € L, Q; € M, and the point
LNM&{Pi,...,Py,Q1,...,Qp}. Moreover R, P;, Q; do not lie on a line, for any i and j. Then

(i) the scheme X = P+ -+- 4+ P, + Q1+ -+ + Qp + (b — 1) R gives independent conditions to the
curves of degree b (see Figure 2);
(i) the only curve of degree b in [Ix]y is irreducible.

L —o—e oo —
R‘/./
M

FIGURE 2. The scheme X
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Proof. (i) It is well known that the fat point (b — 1) R gives independent conditions to the curve of degree b.
Consider the following curve ¥; of degree b

G =L+Ni+-+ N1+ Nig1 -+ Ny,

where IV; is the line RQ);, j # 1, so that ¢ contains the scheme X — ();, but it does not contain Q);.
Analogously we can construct a curve of degree b passing through X — F;, that does not contain F;. Hence
{P1,..., P, Q1,...,Qp} gives independent conditions to the curves defined by the linear system [I(,_1)z]s,

and thus (i) follows.
b+ 2 b
SYNCEIH)ED

(i1) Note that since
then from (i) there exists only one curve of degree b through X, say . Now we prove by induction on b that
the curve € is irreducible. Obvious for b = 1, assume b > 1. Assume that

C=C+ - +G,

where > 1 and the %; are the irreducible components of . Let b; = deg %;, and let m; be the multiplicity
of G; at R.

Note that if b; = 1, i.e., €; is a line, then m; < 1;if b; > 1, since ; is irreducible, then m; < b; — 1.

If for each ¢ we have b; > 1, then

b—1<mi+--+m <1 —1)+-+(b—-1)=b-r,

hence r < 1, and we get a contradiction.

Otherwise, without loss of generality, we can assume that by = 1, that is, %] is a line.

If R ¢ %, then 67 contains at most b simple points of X. So since the curve € = %5 + --- + 6,
has degree b — 1, and contains the fat point (b — 1) R, then it is union of b — 1 lines through R. Moreover,
recalling that R, P;, Q; are not collinear for any 7 and j, and so each line through R contains at most one
point of X — (b — 1) R, then .7 cannot contains X — (b — 1)R — %,. Hence R € %} and so %) contains at
most one other point of X. Hence ¢ = %5 + - - - + %6, is a curve of degree b — 1 through X — %7, that is,
through (b — 2)R and at least 2b — 1 points in the set { P, ..., Py, Q1,...,Qp}. We may assume that 7
contains P + -+ + P, + Q1 + - - - + Qp_1. By the inductive hypothesis, the only curve of degree b — 1
through (b —2)R+ P +---+ P,—1 + Q1 + - - - + Qp_1 is irreducible. Hence .77 has to be that curve. But
P, € J7, so, by Bezout’s Theorem, L is a component of 57, hence, since ¢ is irreducible, we get L = 57.
It follows that ()1 € L, a contradiction. O

3. METHOD

In this section we describe the main method that we will use to find the Waldschmidt constant of a
k-configuration X in P2. Our computation is structured as follows.
Step 1. We look for a curve .% of degree d, which contains each point of X with multiplicity exactly u, so
that, for each m > 0, m.% is a curve in the linear system [Ime] md and so [Im,uX] md # {0}.
Step 2. We show that [Im,uX]
purpose we define

md—1 = {0}, for each m > 1 and we prove it by contradiction. For this

m = min{m|[Lnux|mi—1 # {0}}.
We prove, mostly directly, that m # 1. For m > 1, applying Lemma 2.5 several times, we show
that .# is a fixed component for the linear system [Impx] Thus, by removing .%, we get

dlm [Imux]

md—1"

md—1 = dim [Iﬁwx—f']md—l—d

and, since .# contains each point of X with multiplicity exactly u, we have

[ImuX—ﬁ] md—1—d [[(M—l)uX] (m—1)d—1
6



and the contradiction comes from the minimality of m.
Step 3. Since the initial degree of [ImuX] is md, then, by Lemma 2.2 we have

~ d

Note that if X is a standard k-configuration, then the curve .# strictly depends on the type of X. In certain
cases .7 is a union of lines, and in other cases it has irreducible components of higher degrees.

4. WALDSCHMIDT CONSTANTS OF k-CONFIGURATIONS OF TYPE (dy,...,ds) WITH d1 > s

In the next lemma we compute the Waldschmidt constant of a set of points X contained in s lines, where
each line contains at least s points of X and no two lines meet in a point of X.

The following lemma will be useful for computing the Waldschmidt constants of both a k-configuration
of type (di,...,ds) and a standard k-configuration of the same type (d1,...,ds), when d; > s.

Lemma 4.1. Let s be a positive integer, and let L1, . . . , L be distinct lines. Let X; be a finite set of d; points
on the line L; (1 <1i < s), and let X = |J;_, X;. If d; > s, for each 1 < i < s, and any intersection point
of two lines L; and Lj, for i # j, is not contained in X, then the Waldschmidt constant of X is

a(Ix) = s.

Proof. For s = 1, it is immediate. So we assume s > 1.
Let m be a positive integer. The curve .# = L; + - - - + L has degree s and passes through the points of
X with multiplicity 1, hence
mF € [Lnx)ms-
Now we prove that for each m > 0,
[Lnx|ms—1 = {0},
so the initial degree of I,,x will be ms and the conclusion will follow from Lemma 2.2.

Assume that for some m, [L,x]ms—1 7 {0}. Note that if [I,;,;x]ms—1 7# {0}, then since each L; contains

d; points, and each point has multiplicity m, and the degree we are considering is ms — 1, then by Lemma
2.5, each L; is a fixed component of multiplicity at least {%
system [£,,,x ) ms—1-

Now, since d; > s > 2, then

w for the plane curves of the linear

md; — (ms — 1)
4.1 >1
" (R
hence .% is a fixed component for the curves defined by this linear system.
Set
4.2) m = min{m|[Lnx|ms—1 # {0} }.

First observe that m # 1. In fact, for m = 1, since deg.# = s, then [Ix]s—1 = {0}. By removing .%#
from the curves of the linear system [7,x]ms—1, since any intersection point of two lines L; and L; is not
contained in X, we get

dim[Inx]ms—1 = dim[[mX—ﬁ](ms—l)—s = dim[I(m—l)X](m—l)s—h
and by (4.2) this is zero, a contradiction. O
Corollary 4.2. Let X be a standard k-configuration of type (dy, . .. ,ds) with dy > s. Then the Waldschmidt

constant of X is
a(lx) = s.

Proof. 1t follows from the previous lemma. O



Corollary 4.3. With notation as in Definition 2.3, if X is a k-configuration of type (d1, . .., ds) with dy > s,
then the Waldschmidt constant of X is

a(Ix) = s.
Proof. Let # = L1 + -+ + L, thus m.Z € [I,,;x]ms. Hence
a(lx) < s.

Now let X’ be the subset of X that we get after we remove the possible points of X in the intersections
LiNLj,fori# j.Let X = X' N L;. Recalling Definition 2.3 it is easy to show that by Lemma 4.1 we have

a(Ix) = s.
Since X’ C X, we have a(Ix/) < @(Ix). Thus, the conclusion follows from
s=a(lx) <a(lx) <s.
O

Remark 4.4. From Corollary 4.2, we immediately get that the Waldschmidt constant of a standard k-
configuration of type (d;) is 1, and of type (d, d2) with d; > 2 is 2. For the case (1, dz) see [11, Proposition

3.3], where it is proved that if X is a standard k-configuration of type (1, ds), then a(Ix) = %2_1.

5. WALDSCHMIDT CONSTANTS OF STANDARD k-CONFIGURATIONS OF TYPE (1, b, c)

In this section we compute the Waldschmidt constant of a standard k-configuration X of type (1,0, ¢) as
in Definition 2.4, for any values of b and c.
It is interesting to note that the Waldschmidt constant stabilizes at ¢ = 2b + 2, that is,

b—1
&(IX):gT for ¢ > 2b+ 2

(see Theorem 5.10). One could expect that, for each fixed b, the Waldschmidt constant strictly increases with
cuntil ¢ = 2b + 2. But this is not always the case, as shown in Corollary 5.3, since for ¢ < 2b — 3 it behaves
in a similar way as a step function.

We fix the notation of this section, summarized in Figure 3, that will be used in the proofs.

R
@ Q Py Qb
T
2 Py Py P3 ) P
M M Mo N2 M3

FIGURE 3. A standard k-configuration of type (1,0, c)

LetP,=[1:i—1:0,forl1 <i<eQ;=[1:1—1:1],forl1 <i<b,and R=11:0: 2] be the
points of X (see Definition 2.4).



Let
£ be the line through Py, P, ..., P,;
% be the line through Q1, Qo, . .., Q;
M, be the line through P, Q1, R;
M5 be the line through P3, Q2, R;

M;  be the line through Py; 1,Q;, R, fori < band 2i < ¢+ 1;
A1 be the line through P, R;
A5 be the line through Py, R;

A be the line through Py;, R, for 2i < c;
J;  be the line through @Q;, R, for i < b and 2i > ¢ + 2.

Note that each line .#; contains three points of X, whereas the lines .4; and .7; contain two points of X.

Theorem 5.1. Let X be a standard k-configuration of type (1, b, ¢). If ¢ is even and ¢ < 2b — 4, then

N 6b+3c—4
Ix) = ———
a(lx) 2b+c
Proof. Define
2b+c—2 2b+c—2
F = i+ gLttt M A Mg N T2 o+ T

Z is the union of Mf“l lines, and .% contains each point of X with multiplicity exactly 2b2+ €. Hence, for

m > 0,

-
m € [[2b2+cmx] 6b+gc74m-
Now we prove by contradiction that for each m > 0,
dim [I%;CmX] 6b+gc74m_l = 0,

and the conclusion will follow from Lemma 2.2.
To this aim, we will use Lemma 2.5 many times in order to get a fixed component for the curves defined
by the forms of [I 2btc
2

—mX] 6b+gc—4m«
So, assume that for some m, [Izbic, ] ovtsc—a 7 10}, thus by Lemma 2.5, by recalling that ¢ > b,
p g

we get that .7 is a fixed component of multiplicity at least

e om — B3ty 4 (2b+c—6)(c—1)+4c—4b—2)m+2] _ 2b+c—6

(.1 = > m
c—1 2(c—1) 2

for the plane curves of the linear system [I 2b+c mX] 6b+3c—4 -
2 2
By removing %Biﬁmfl from those curves, we get

dlm[[2b2+cmx] 6b+gc74m_1 = dlm[Izb;c mX— 2b+2c76m$1] 6b+gc74m_1_ 2b+2c76 m

If the dimension above is zero, we get a contradiction and we are done. If it is different from zero, by Lemma
2.5, by observing that Wm —-1- %Bﬂm = (2b+c+1)m — 1, we get that % is a fixed component
of multiplicity at least

(5.2)

%bm—(%—i—c—kl)m—i—l_‘ _ {((2b+c—6)(b—1)+4b—c—8)m+2w _2b+c—6

b—1 2(b — 1) 2 "



for the plane curves of the linear system [/ 2bte x 2te=6y, gl](2b+c+1)m—1- By removing 2b+2c—6 m.%, from

those curves, we get
(5.3)

dim[[2b2+c mX— 2e=6., ] (2btetym—1 = dim[Izb;rcmX_ Dobeby, g Bte=b6py g ] (2b+e+1)m—1—2Ee=6 1

where
2b+c _2b—|—c—6

26+c—6 2b+ ¢
5 mX 5 m — Tmfg =

mR+ Y 3mP+ Y 3mQ;.
Pe Q€L

If the dimension in (5.3) is zero, we get a contradiction and we are done. If it is different from zero, by

Lemma 2.5, by observing that (2b + ¢ + 1)m — 1 — 2£c=6p = 20488y 1 and

—2b+5c—8=—-2b+6c—c—8> —2b+6c— (20 —4) —8=4(c—b) +2c—4 > 2c,
we have that .7 is a fixed component of multiplicity at least

Bem — 2EEm 41| [(=2b+5¢ — 8)m + 2 _—
c—1 N 2(c—1) -

(5.4)

for the curves of the linear system [I 2btc
2

DR o BMPA Y e 3in] JETSE N We now remove m.%;

and we get
dlm [I2b+c
2

= dim]

MRS e 1, BMP+ S ¢ 7, BmQi | 2228

[%m]ﬂzpﬁgﬁ 2mPi+3 g co 3in] 2tetSm—1—m

So, if the dimension above is zero, we get a contradiction and we are done. If it is different from zero, then,
by Lemma 2.5, by recalling that we have the hypothesis 2b > ¢+ 4, and so 4b > 2b+ ¢ + 4, we get that %5

is a fixed component of multiplicity at least
(5.5)

{3mb— Z)E—Czﬁerﬂ _ {(4{; —2fb—_6iq)n+ﬂ . P%H%—_Cf) 6)m+2} _ [er 1

for the curves of the linear system [I%mR+Zpiegl 2P 2, 3in] 2bietby, -
Hence )
dim [I%mzﬂzpﬁgﬁ 2P+ ¢ 2, 3mQ.] 2otetby, |
= dim [I%mzﬂzpﬁiﬁ 2MPAY . g, 2mQi) 2 1
If this dimension is different from zero, then we go on and we apply Lemma 2.5 to the lines .#;, .#;, and
;. Since
5.6)

%m+2m+2m—2b+2—c+4m+1—‘ {2m+1-‘>1 d{%m+2m—2b+2—c+4m+l
= , an

=1,
2 2 1

the lines .#;, .#;, and .7; are fixed components for the curves of the linear system

[I%m}z"'zﬁ-e,ﬁ 2mPi+ZQie$2 2in] 2b+2c+4m_1.
Hence, from the computations in (5.1), (5.2), (5.4), (5.5), and (5.6), we get that the following curve
2b+c—4 2b+c—4
(5.7 Tmfl—i-fma%—k//h-i-'”—k///% tMA Mot T+ + G
is a fixed component for the curves defined by the linear system [I 2btc mX] 6b+3c—4 .
5 == m—1
Now set
(5.8) m = min{m | [I%mx] Gbt3e=d 1 # {0}}.
10




First observe that /m # 1. In fact for m = 1, the curve .%’ of degree

2b+c—4 2b+c—14
T == A+ Lttt + M+ Mt A Nt Tea o+ G

should be a fixed component for the linear system [/ 2b+cx] 6b+3c—4 _ 1, SO
2 2

6b+3c—8
2

dim[[zb;cx] Sbde=d g = dim[Izb;cX_y,] Sbtde=d_;_Gb+3e—8 = dim{Ip, 4.4 P4 Qr4-+Qy)1 = 0,

a contradiction.
Som > 1. By (5.7), since 2b+c Aim > 26+C 2 we get that .Z is a fixed component for the linear system
[Iavre 2 7X] 6b3et hence, by recalling that deg F = Gb+3+_4

2b+c

and .# contains each point of X with

multlphclty

, we get

dlm[[2b2+c mX] Gbided g = dim[[zb;cmx_y] Sbtle=d ;g Gbide=d = dim[[2b2+c (m—l)X] Sbt3e=4 (7, 1)1
which is zero by (5.8), a contradiction. ]

Theorem 5.2. Let X be a standard k-configuration of type (1,b,¢). If cis odd, and b+ 1 < ¢ < 2b — 3,
then

~ 6b+3c—7
Ix) = ———MM.
T
Proof. Let
2b+c—3 2b+c—3
F == bt Lttt Meg+ Nt N+ T+ + T

Z is the union of W lines, and .# contains each point of X with multiplicity exactly %Jrzil. Hence,
form > 0,
mZ € [[2b+2c71 mX] 6b+gc77m

By Lemma 2.2 it follows that a(Ix) < 621’;:_3;_1

Now, by recalling that ¢ — 1 > b, we can consider the standard k-configuration X’ of type (1,b,¢ — 1),

which is contained in the standard k-configuration X. Hence a/(Ix) > a(Ix/). Since c—1 < 2b—4 and c—1

is even, by Theorem 5.1 we have that a(Ix/) = 6b;;)?j£€c__1%)_4 = 621’;500_1 , and the conclusion follows. O

Corollary 5.3. Let X and Y be standard k-configurations of type (1,b,c) and (1,b, ¢ + 1), respectively. If c
is even, and ¢ < 2b — 4, then a(Ix) = a(ly).

Proof. By Theorem 5.1 we have that a/(Ix) = Gb%?f : 4 Now by applying Theorem 5.2 to Y we get a(Iy) =

6b+3(c+1)—7 _ 6b+3c—4 __
W+(ct)—1 —  2btc = a(Ix). .

From Theorems 5.1 and 5.2, we can compute the Waldschmidt constants of any standard k-configurations
of type (1,b,c), when ¢ < 2b — 3, except for the configuration X of type (1,b,b + 1) with b even. In the
following theorem we will compute the Waldschmidt constant of this type of configuration, and we will find
that a(Ix) = 22

Alternatively we could have considered the subscheme Y = X — P, and computed the Waldschmidt
constant of Y, and found that a(Iy) = 9%—;4. With this method the conclusion would be followed from a
theorem analogous to Theorem 5.2.

In the next theorem we study the case (1,b,b+ 1), when b > 4 is even. Note that when b = 2, the formula

in Theorem 5.4 gives 7/3, but the correct answer is @(Ix) = 9/4 (see Theorem 5.6).
Theorem 5.4. Let X be a standard k-configuration of type (1,b,b + 1). If b > 4 is an even integer, then
9 — 4

ally) = ——.
11



Proof. The proof proceeds as in Theorem 5.1. See [Appendix 7, Proof of Theorem 5.4] for more details. [

Now we study the standard k-configurations from type (1,b,2b — 2) to (1,b,2b + 1). From our compu-
tations it will emerge that in this range the Waldschmidt constant is strictly increasing. A useful tool for the
proofs is Lemma 2.7. Also even if the method is always the same, we prefer to give some details since the
proof is more tricky than the previous cases.

Theorem 5.5. Let X be a standard k-configuration of type (1,b,2b — 2). Then

6b%2 — 14b+ 6
202 —4b+1°

Proof. Note that from the definition of a standard k-configuration, we have b > 2. Let

%; be the irreducible curve of degree (b — 1) through Py, Py, ..., Poyp_o,Q1, ..., @i, o Qp, (b—2)R
for1 <i<b—1(see Lemma 2.7),

a(lx) =

and let
F = (20 —5b+2).L4 + (20 —6b+4) Lo+ (b— 1)ty +- -+ (b= 1) My 1+ (b—2) Fp+C1+ -+ Cp_1.
So .Z is a curve of degree 6b® — 14b 4 6 with multiplicity 2b® — 4b + 1 at each point of X. Hence for m > 0
mF € [L(oy2_4b41)mx] (662 — 146+6)m -
We now prove that for m > 0,
[ (262 b4 1)mx] (602~ 14b+6)m—1 = {0}
Then the result follows from Lemma 2.2.

Assume that for some m, [I(9p2 _4p41)mx](662—146+6)m—1 7 10}. Thus by Lemma 2.5, £ is a fixed
component of multiplicity at least

[(21;2 —4b+1)(2b — 2)m — (6b% — 14b + 6)m + 1

5.9 5 —3

w > (26 — 6b + 3)m

for the plane curves of the linear system [I(o;2 _4p41)mx] (662~ 14b+6)m—1- We remove (2% — 6b + 3)m.ZA,
and we get that % is a fixed component of multiplicity at least

(20% — 4b + 1)bm — (6b% — 14b + 6 — 2b% + 6b — 3)m + 1
b—1
Remove (2b? —6b+3)m.%». Recalling that now we are in degree (6b? —14b+6)m —2(2b? —6b+3)m—1 =

(2% — 2b)m — 1, and the points on .} have multiplicity (2b — 2)m, we get that .#] is a fixed component
of multiplicity at least

(2b — 2)(2b — 2)m — (2b% — 2b)m + 1 (b—2)m+1
[ 2% — 3 w:(b”)mj% 2% — 3 w

Hence . is a fixed component of multiplicity at least (2b% — 6b + 3)m + (b — 2)m = (2b* — 5b + 1)m.
By removing (b — 2)m.%; we get

(5.10)

1 > (2b% — 6b + 3)m.

5.11)

dim[7 (942 _ 4p41ymx] (652 — 1464+6)m—1 = dim[] (202 —4b+1)mR+Y p ¢ 4 bMPiAY g ¢ 4, (26—2)mQ;:) (262 —3b+2)m—1-
If the above dimension is different from zero, then each .#; is a fixed component of multiplicity at least

2 _ _ 2 _
[(21; 4b+1+b+2b 22)m (2b 3b+2)m+ﬂ:(b_2)m+[m;1]

12
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By removing the b — 1 multiple lines (b — 2)m.#;, the residual scheme is

b—1
Y =®*—-b—1)mR+ > 2mP; + > bmPi+ Y bmQ; + (20 — 2)mQy,
P2, with i odd P2, with i even =1
and we are left in degree (206> —3b+2)m —1— (b—1)(b—2)m = b?*m — 1.
Hence
dim[7 942 g4 1ymx] (652 — 146+-6)m—1 = dim[Iy]p2p, 1.
If this dimension is still different from zero, then .7, is a fixed component of multiplicity at least
(5.13) (b —b—1+20—-2)m—b*m+1=(b—3)m+ 1.
By removing (b — 3)m.%, we get

dim[Z (252 _ap4-1)mx) (602 —1404+6)m—1 = LMLy (b_3)m 7 l2m—1—(6—3)m = AM[Ly/] (42 _p+-3)m—1,

where

b—1
Y = (b — 2b+ 2)mR + > 2mP; + > bmP; + > bmQ; + (b+ 1)mQy.
P2, with i odd P;e.2), with i even i=1
If J7 is a curve of the linear system [IY'](b2—b +3)m—1, the multiplicity of intersection between each ¢; and
7 is at least

6 - ) > (b—2)(b* —2b+2)m + (b— 1)bm + (b —2)bm + (b + 1)m = (b* — 26 + 4b — 3)m,
and this number is bigger than the product of the degree of ¢; and .7, which is (b—1)((b> —b+3)m —1) =
(b3 — 2b? + 4b — 3)m — b + 1. Hence, by Bézout’s Theorem, each curve %; is a fixed component for the
curves of [Iy_ (b 3)m.7; J2m—1-(b—3)m-

Now let
(5.14) m = min{m| [L (g2 _4p41)mx] (652 —140+6)m—1 7 {0} }-

We have m > 1. In fact for m = 1, from (5.10), (5.11), (5.12), (5.13), using also the ceiling parts, by
an easy computation we get that .% is a curve of the linear system [/ (2b2—4b+1)X]6b2—14b+5- But deg .7 =
6b% — 14b + 6, a contradiction.

Hence m > 1.

By the computation above .# is a fixed component for the linear system [I (202 —4b+1)mX](6b2—14b +6)m—1
hence we have

dim (o2 _gps1ymxl 662 —14b4+6)m—1 = AL (902 _4p41)mX— 7] (662 — 14b+6)m—1— (662 — 14b+6)
dim[7 (942 441y (m—1)X] (62— 14b+6)(m—1)—1>

which is zero by (5.14 ), a contradiction. ]

Theorem 5.6. Let X be a standard k-configuration of type (1,b,2b — 1). Then
66> —8b+ 1
202 —2b
Proof. See [Appendix 7, Proof of Theorem 5.6]. U

a(lx) =

Theorem 5.7. Let X be a standard k-configuration in of type (1,b,2b). Then
6b —5
aly) = —~—2.
) = 55—

Proof. See [Appendix 7, Proof of Theorem 5.7]. O
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Theorem 5.8. Let X be a standard k-configuration in of type (1,b,2b + 1). Then
6b> —2b— 3
202 -1
Proof. See [Appendix 7, Proof of Theorem 5.8]. U

a(lx) =

Now we will prove that the Waldschmidt constant of a standard k-configuration of type (1,b,c) only
depends on b when ¢ > 2b + 2. In order to do that, we need the following lemma.

Lemma 5.9. Let Ly, Ly be two distinct lines, and let b, ¢ be positive integers, with ¢ > b + 2. Let
P,....P. € Ly, Q1,...,Qp € Lo, and R, be distinct points such that R ¢ L1 U Lo, and the point
LinLy &{P,...,P.,Q1,...,Qp}. Moreover, assume that R, P;, Q; do not lie on a line, for any i and j.
Let Y. be the scheme (see Figure 4)

Ye=Pi+-+ Pt Qi+ +Q+R.

Then
~ 3b—1
Pl P2 PC
Ly *—@ *—o—0—
R@ Qp
O Q2

Lo

FIGURE 4. The scheme Y,

Proof. If b = 1, Y, is a k-configuration of type (2, ¢), hence a(Y.) = 2 follows from Corollary 4.3. The
proof for b = 2 is analogous to the proof for b > 2, and it is left to the reader, so assume b > 2.
First we prove the lemma for ¢ = b + 2. For this case, we denote Yo simply by Y. Let M; be the line
through ; and R, (1 < ¢ < b), and let
f%\:bLl—F(b—l)Lg—i—Ml—i-‘”—l-Mb.
Note that deg % = 3b — 1, and .% has multiplicity exactly b at all points of Y. Hence for m > 0

m.F € [Tymy)(3p-1)m-
Now we will show that for m > 0,

Lomy](30—1)ym—1 = {0},
and the conclusion will follow from Lemma 2.2.

Assume that for some m > 0, [lpmy]3p—1)m—1 7 {0}
By Lemma 2.5, L is a fixed component of multiplicity at least

b(b+ 2)m — (3b — 1)m + 1
e

So we can remove (b — 2)mL, and we get that

1 > (b—2)m.

dim[Zpmy](36—1)ym—1 = M [Jpmy— p—2)mLy ) @b+ 1)m—1-
If this dimension is different from zero, we get that Lo is a fixed component of multiplicity at least

[bzm _ (zb_+11)m+ 1} (- 2Dm+ [(b _b3ini+ 1} 7
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and then that L is a fixed component of multiplicity at least

F(b+2)mb_+(bl+3)m+ﬂ - L)%J

Hence
dim[Tyny]3p-1ym—1 =  AM[py—(b—1)m.s4 —(—2)m % ) (b+2)m—1
= dim[[zfif mPAY | 2in+me] (b+2)m—1-
Now, by Bezout’s Theorem, each M; is a fixed component (1 <4 < b) for [lpmy](35—1)m—1-
Now let

(5.15) m = min{m|[lnpy]m@s-1)-1 7 {0} }-
We have m > 1, in fact for m = 1 from the computation above, we have that .% is a curve of degree 3b — 1
of the linear system [Ipy]3,_2, a contradiction.

Hence m > 1. Now from the equalities above, .% is a fixed component for the linear system [/ mby]m(gb_l)_l,
hence

dim[Lmpy]m@p-1)—1 = Am[ Ly - #m@Es-1)—1-@30—-1) = A m_1py](m-1)@36-1)-15
which is zero by (5.15), a contradiction.
3b—1

Now consider the case ¢ > b + 2. Since also in this case m.# € [Ipmy]3p—1)m- then a(Y.) < =
Moreover, since Yj 1o C Y, then @(Yy42) < @(Y.), and the conclusion follows. O

Theorem 5.10. Let X be a standard k-configuration of type (1,b, ¢) with ¢ > 2b + 2. Then

~ 3b—-1
Proof. Let us consider the following curve .# of degree (3b — 1) with multiplicities at least b at the points
in X
f:b$1+(b—1)$2+%1—|—---+%b.
S

Then, for m > 0, we have m.% € [I,px)(3p—1)m - By Lemma 2.2 it follows that

a(lx) < 3bb— 1‘
To conclude the proof set Y = X — { P}, Ps, ..., Py,_1}. Then, by Lemma 5.9 and since Y C X, we get
?’b—b_l — aIy) < alx) < 3bb_ L
This completes the proof. O

6. WALDSCHMIDT CONSTANTS OF STANDARD k-CONFIGURATIONS OF TYPE (a, b, c), WITH a > 2.

In this section we study the Waldschmidt constant of a standard k-configuration of type (a, b, ¢), with a >
2. We prove that, except for the type (2, 3,4), and for the type (2, 3,5) (see Theorem 6.1 and Remark 6.6),
then the Waldschmidt constant is 3. For this section we fix the following notation (see Figure 6).

Qb

P

FIGURE 5. A standard k-configuration of type (2,0, ¢)
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Let P, =[1:i—1:0,forl <i<eclet@;=[1:i—1:1],forl1 <i<blet Ry =[1:0:2]and
Ry =[1:1: 2] be the points of X, and let
£ be the line through Py, P, ..., P,;
% be the line through Q1, Qo, . .., Q;
%5 be the line through Ry, Ro;
M, be the line through P;, Qq, R1;
M5 be the line through P, Q2, Ro;
A1 be the line through P3, Q2, R1;
A5 be the line through Py, @3, Ro.

First we compute the Waldschmidt constant of a k-configuration of type (2, b, c) # (2,3,5).

Theorem 6.1. Letr X be a standard k-configuration of type (2,3, 4). Then the Waldschmidt constant of X is

- 17
Proof. Let

% be the conic through P, P53, Q1,Q3, R1, R,

and let .7 be the following curve of degree 17, which contains each point of X with multiplicity 6
F =30 +2L + 340 + 240 +2.1 + 3N+ F.

Hence, for m > 0,
mZF € [Ismx)17m-

The conclusion will follows from Lemma 2.2, if we prove that for each m > 0,
dim[Zgmx]17m—1 = 0.

As usual, assume that for some m, [Ignx|17m—1 # {0}. By Lemma 2.5, .4 is a fixed component of
multiplicity at least {247”_;)7’”“1 = W"g“} > 2m for the plane curves of the linear system [Ig,,x]17m—1-
By removing 2m.%} and assuming that the residual linear system is not empty, by Lemma 2.5, we get that
% is a fixed component of multiplicity at least {%L and .#, Mo, N, N5 are fixed component of
multiplicity at least [mTHW . Let

(6.1) m = min{m\[lﬁmx]nm_l =+ {O}}

Now we claim that for m = 1,2, 3, [lg;mx)17m—1 = {0}. This claim can be proved directly, with the usual
method. It follows that m > 4.

From the computation above, and recalling that .#,, .#5, .41, -4, are fixed components of multiplicity
at least [mTHW > 3, then .7 is a fixed component for the linear system [/g7x]177—1, hence

dim[lgmx]17m—1 = dim[Iemx—#)17m—1-17 = dim[lg(m—1)x)170m-1)-1

which is zero by (6.1), a contradiction. ]

We need the following lemma to find out the Waldschmidt constant of a standard k-configuration of
type (2,3,6).

Lemma 6.2. Let L1, Lo be two distinct lines, and let Py, ..., Py € L1, and Q1,Q2, Q3 € Loy be distinct
points such that Ly N Lo & Y, where
Y=P+ - +FPs+Q1+ +Qs.

Let m be a positive integer. Then the curve 2mlLy + mLs is a fixed component for the linear system

[I3mY]9m—1 .
16



Proof. Set
M = {m' | 2m'Ly + m/Ly is a fixed component for the linear system [I3,,y]9m_1}-

Since by Lemma 2.5, L; and Ly are fixed components of multiplicity at least [Mw > 2, and
(%—;ﬂ} = 1, respectively, then 211 + Lo is a fixed component for [I3,,y]9m—1, and so 1 € M. Let

m = max M.
If m > m we are done, so assume that m < m. By the definition of m, we have that 2mL; +mLs is a fixed

component for the linear system [I3,,y]9—1. Hence

Usmylom—1 = H - [I3my—2m.s —m%)om—1-3m = H - [[Z?:1 Pi(gm_gm)+zi_”:1(3m_m)Qi]9m—1—3m7
where H is a form representing the curve 2m L, + m Lo . Now, by Lemma 2.5, we get that, for the curve of
the linear system [3,, 2L, —mLs|9m—1—3m, L1 is a fixed component of multiplicity at least

{6(3m—2m)— (9m — 1—3m)w _ [9m_9m+ﬂ >2,

5 5
and Lo is a fixed component of multiplicity at least
{3(3m—m) —(9m —1 —3m)w _

2
Recalling that [I3,,y]9m—1 = H - I3my—2m. % —in.% |9m—1—3m. it follows that 2(m + 1)Ly + (m + 1) Lo is
a fixed component for the curves of the linear system [/3,,,v]9m—1. A contradiction, since m = max M. [
Theorem 6.3. Let X be a standard k-configuration of type (2,3, 6). Then
a(Ix) = 3.
Proof. Let .# be the following curve of degree 9, which contains each point of X with multiplicity 3,
F =34 +3% + 3.%.
Hence, for m > 0,
mF € [Igmx]gm.
The conclusion will follow from Lemma 2.2, if we prove that for each m > 0,
dim[lgmx]gm_l =0.

Assume that for some m, [I3,x]om—1 # {0}. By Lemma 6.2, 2m.%, + m.%, is a fixed component for
[I3mx]om—1, hence

dim[I3x]om—1 = dim[I3mx—2m 2 —m.2%)9m—1-3m = dim[[Z?:1 mPAYS L 2mQiY 3mR, 6m—1-
Now if we prove that this last dimension is zero, we get a contradiction.

Claim.

dim[12?:1 mPA+Y 3 2mQi Y2, 3mRi]6m—1 =0, foreach m > 1.

We prove the claim by induction on m. It is easy to verify that it is true for m = 1, so assume m > 1. If this
dimension is not zero, by Bezout’s Theorem, .2}, %, %5 are fixed components, hence

HmIo | 5l Qs smiJom—1 = dll5e no1)p52, @m-1)@it T2, Bm-1RJom—1:
If this dimension is still not zero, by Lemma 2.5, % and %3 are fixed components of multiplicity at least

6m—3—(6m—4) | _ 1 6m—2—(6m—4) | _ .

—— | =1,and | —————| = 2, respectively. Hence

dim{ls o | n-1)p4 3, @m-1)Qur S, (3m-1)R.Jom—1
= Az et 26m-1Qir i 3m-y 611,

and this is zero by the inductive hypothesis. U
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Theorem 6.4. Let X be a standard k-configuration of type (2,4, 5). Then the Waldschmidt constant of X is
a(lx) = 3.
Proof. Let .Z be the following curve of degree 6, which contains each point of X with multiplicity 2,
F =24 +2% +2.9;.

Hence, for m > 0,
mF € [I2mX]6m-

Now, as usual, we have to prove that for each m > 0, dim[/2,,x]6m—1 = 0. It is true for m = 1, so assume
m > 1. Assume that for some m, [I2,x|6m—1 # {0}, and let

m = min{m|dim[Iomx]em—-1} # 0.
By Lemma 2.5, .7 is a fixed component of multiplicity at least [Mw > m+ 1. Hence

dim[lomx]em—1 = dim[lomx—(m11).2 [sm—2-

[8m—gm+21 >

If this dimension is not zero, we get that %5 is a fixed component of multiplicity at least
m + 1. Hence

dim[Iomx|em—1 = dAim[lomx— (m+1).2 - (m+1).2)J4m—3-
If this dimension is not zero, we get that .3 is a fixed component of multiplicity at least {ML;WW = 3.
It follows that .# is a fixed component. Hence, we get a contradiction since

dim[l2mx]em—1 = dim[lomx— #lem—1-6 = Aim[ly(m—1)xl6m—1)—1;
which is zero by the definition of m. ([l

Theorem 6.5. Let X be a standard k-configuration of type (2,0, c).

(i) Ifb=3and c > 6, then a(Ix) = 3;
(i) if b > 4, then &(Ix) = 3.

Proof. Let F = L + L + L5. Since mF € [Lx]3m, then in both cases, a(Ix) < 3.

Now let X be a standard k-configuration of type (2,3, c), with ¢ > 6. Then there exists a standard k-
configuration X’ of type (2, 3,6), with X’ C X . Since, by Theorem 6.3, the Waldschmidt constant of X’ is
3, then a(Ix) > 3, and (i) is proved.

For (ii), since b > 4, then there exists a standard k-configuration X’ of type (2,4,5), with X’ C X. Since,
by Theorem 6.4, the Waldschmidt constant of X' is 3, hence a/(Ix) > 3, and (ii) is proved. O

Remark 6.6. From the previous results we know the Waldschmidt constant of any standard k-configuration
of type (2, b, ¢), except for X of type (2, 3, 5). For the case (2, 3, 5), we found by Macaulay 2 [19] a curve .#
of degree 71 with multiplicity exactly 24 at each point of X. The components of .% are lines, one irreducible
conic and an irreducible rational septic. This implies a(/x) < % < 3. Moreover, since a k-configuration of
type (2,3,4) is a subset of X, this give 1767 as a lower bound (see Theorem 6.1). Hence % <a(lx)< .

Finally, we deal with the k-configurations of type (a, b, c¢) when a > 3.

Theorem 6.7. Let X be a standard k-configuration of type (a,b, c), whith a > 3. Then the Waldschmidt
constant of X is

a(Ix) = 3.

Proof. 1t follows immediately from Corollary 4.2. O
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Remark 6.8. We recall Chudnovsky’s conjecture:
Let X be a finite set of distinct points in P". Then, for all m > 0,

a(19™) _ ollx) £n—1
m n '

This conjecture was proved in P? by Chudnovsky (see, for instance [22, Proposition 3.1]). As an application,
we wish to show that Chudnovsky’s conjecture is verified by standard k-configurations in P2 of type (a, b, c).
Let X and Y be standard k-configurations in P2 of type (a, b, c), and (b, c), respectively. We know that

a(Ix) = 3, and from the proof of Lemma 4.1, recalling that b > 1, we get that a([ém)) = 2m. Moreover,
since the scheme mX D mY, then a(Is(gm)) > a([é(m)). It follows that, for all m > 0,

a(I8™) . a(19™) . B342-1 allytn-1

m m 2 n

7. APPENDIX.

We recall the notation for the proofs of theorems about standard k-configurations of type (1, b, ¢), sum-
marized in Figure 6.

R
@ Q Py Qb
T
2 Py Py P3 ) P
M M Mo N2 M3

FIGURE 6. A standard k-configuration of type (1,0, c)

We denote by

2 be the line through Py, Ps, ..., P.;
% be the line through Q1, Qo, . .., Q;
M1 be the line through P, Q1, R;

M5 be the line through P3, Q2, R;

M;  be the line through Po; 1,Q;, R, fori < band 2i < c+ 1;
A1 be the line through P, R;
A5 be the line through Py, R;

A be the line through Py;, R, for 2i < c;
;  be the line through @Q;, R, fori < band 2i > ¢ + 2.

Proof of Theorem 5.4. Let X be a standard k-configuration of type (1,b,b 4 1). If b > 4 is an even integer,
we show that
9 — 4
a(lx) = ——.
Al = =35

Let

3b— 2 3b — 2
F =0 ht =Dttt My Nkt N+ Ty T
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so m.Z is a curve in the linear system [Is, ]ov—a, . Now we need to prove that, for each m > 0,
2 2
dim[[%mx] %m—l =0.
By Lemma 2.5, if dim[/ss, ] I # {0}, then .% is a fixed component of multiplicity at least
2

(7.1) m,

{%bm(b—i—l) %24me {(362—6b+4)m+2">3b—6
b 20 =72

for the plane curves of the linear system [I3» 3 ) 9= 94
3b

=—=m-1"

If we remove 3287, we get that .,2”2 isa ﬁxed component of multiplicity at least

(1.2) m.

Fmb—(3b+1)m+ 1| (36" —6b—2m+2] _ 306
b—1 N 2(b—1) -2

By removing 2 2 3b=6 %, we have that %] is a fixed component of multiplicity at least

[3m(b+1)—3l’T+8m—|—1—‘ I [(b—2)m+2w

73 b 2

After removing m.7], then % is a fixed component of multiplicity at least

{3bm—%m+lw . {(b—4)m+2w

74 b—1 2b—-2

Remove m.%. The residual scheme is
3b—6 3b—6 3b
Y=X-— (Tm n m)zl (Tm n m).,% = SmR+ Z 29mP; + Zi:?inv
and

dlm[[%mx] %;4m_1 = dlm[fy] %m—l'

Now, by Bezout’s Theorem, the lines .#;, .#;, and .7; are fixed components.

Set
(7.5) m = min{m | [I%bmx]gb%m_l # {0}}.
First observe that m = 1, in fact for m = 1, by (7.1), (7.2), (7.3), (7.4), and using also the ceiling parts, we

get that . is a curve of the linear system [/, 3t ) ob—1 %-1_1, but .# has degree 9b2 4 a contradiction.

Som > 1. By by (7.1), (7.2), (7.3), (7. 4) we get that .% is a fixed component for the linear system

[I 3b mX] ov—a -, hence, by recalling that deg . gb 4 and .Z contains each point of X with multiplicity
2 2
%b, we get
dim [[%mx} ot g = dim [I%mx_g:] PN dim [[%(m—l)x] b4 (1 —1)—17
which is zero by (7.5), a contradiction. ]

Proof of Theorem 5.6. Let X be a standard k-configuration of type (1, b,2b — 1). We show that

N 602 — 8b+ 1

Ig) = — "7
oIx) = =5
Let

¢; be the irreducible curve of degree (b — 1) through Py, Py, ..., Poyp_2,Q1,. .., @i, e Qp (b—2)R
for 1 < i < b(see Lemma 2.7),
20



and let .Z be the following curve of degree 66> — 8b + 1 with multiplicity 2b® — 2b at each point of X.
F = (20 —3b).LA + (20* —4b+ 1)L + by + -+ bMly + G+ - - - + G
Hence for m > 0

mZ € [L(ay2 _ob)ymx) (642 —8b+1)m-
We should now prove that for m > 0,

[ (262 —2bymx) (602 —8b+1)m—1 = 10}
Since the proof is analogous to the one of Theorem 5.5, assuming that the ideals which we will consider
are different from zero, we just show the computation that, from Lemma 2.5, gives how many times each
component of .% is a fixed component for the curves of the linear system [, (2b2—2b)mX](6b2—8b F1)m—1-
We get that .%] is fixed component of multiplicity at least

[(213 —1)(2b% — 2b)m — (66> — 8b+ 1)m + 1

(7.6) 55— 9

w > (2% — 4b + 1)m.

By removing (2b% — 4b + 1)m.Z;, we get that % is fixed component of multiplicity at least

b(2b% — 2b)m — (4b®> — 4b)m + 1 ) 1

= (20" — 4b — .
{ b1 ( m =g
By removing (2b% — 4b)m.%,, we find that %] is fixed component of multiplicity at least
(26— 1)%2m — 2b%m + 1 (20 —3)m +1
=(0b-2 —_
2b — 2 (b=2m+ | =53

Now we remove (b — 2)m.%; and we find that each .#; is fixed component of multiplicity at least

[(2b2—2b)m+2bm+(b+l)m— (2b2—b+2)m+1w b Dm [m——i—l—‘ .

7.7

(7.8) {

(7.9) 5

So, after we remove ((2b% — 4b+ 1) + (b — 2))m.Z + (2b® — 4b)ym. L + Zi’:l(b — 1)m.#;, the residual
scheme is

b
Y=0-bR+Y (0+1)Qi+ Y 2mPi+ Y (b+1)mP,

1=1 for ¢ odd for ¢ even
and the degree we have to consider is ((6b> —8b+1) — (20 —4b+1) — (b—2) — (20> —4b) —b(b—1))m—1 =
(b% + 2)m — 1, thus
dim[Z 942 _op)mx] (642 —sb4+1ym—1 = AM[Iy] 52 1 2ym—1-
Now if J# is a curve of the linear system [Iy] (b2+2)m—1, the multiplicity of intersection between each ¢;
and /7 is at least
€G- ) > (b—2)(b? —b)ym+ (b+1)(b—1)m + (b+ 1)(b—1)m = (b> — b? + 2b — 2)m,
and this number is bigger than the product of the degree of %; and .7#, which is
deg ;- deg # = (b—1)((B* +2)m —1) = (b3 —b> + 20— 2)m — (b —1).

Hence, by Bézout’s Theorem, each curve %; is a fixed component for the curves of [Iy] (b2+2)m—1-
Now let

(7.10) m = min{m| [I(oy2 _op)mx] 652 —80+1)m—1 7# {0}}-
We have m > 1, in fact for m = 1, by (7.6), (7.7), (7.8), (7.9), and using also the ceiling parts, we get that
Z should be a curve in the linear system [] (262—2b)X]6b2—8b7 but .# has degree 6b> — 8b + 1, a contradiction.

Hence m > 1.
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By the above computation, then .% is a fixed component for the linear system [, (262 _Qb)mx] (652 —8b+1)m—1-
We have

dim([Z o2 _opymx] b2 —sb+1ym—1 = AIM[L (242 _op)mx— 7] (662 —8b+1)m—1— (652 —8b+1)
= dim[Z(p2—op) (m—1)x] (662 —8b+1) (m—1)—1
which is zero by (7.10), a contradiction. ]
Proof of Theorem 5.7. Let X be a standard k-configuration of type (1, b, 2b). We show that
6b —5
a(lx) = ——.
) = 55—

Let
% Dbe the irreducible curve of degree b through Py, Py, ..., Poy, Q1,...,Qp, (b —1)R

(see Lemma 2.7),
and let .# be the following curve of degree (6b — 5) with multiplicity exactly (2b — 1) at the points of X,

F=020—2)A+2b-3) L+ M+ -+ M+ C.
Hence, form > 0, m.% € [Im(%_l)x]m(%_ 5)- Now we will show that for each m > 0 we have

[m(2o—1)x)m(6b—5)—1 = {0},
and the conclusion will follow from Lemma 2.2.

Assume that [, 2y 1)x|m(6p—5)—1 7 {0} for some m > 0.

Let 7 be a curve of the linear system [[m(Qb_l)X]m(ﬁb_S)_l. Then the multiplicity of the intersection
between % and .77 is at least (2b — 1)m in each of the points P, and (); and at least (b — 1)(2b — 1)m in R.
Since we have 2b points P; and @);,

€ - | > 2b(2b — 1)ym + (b — 1)(2b — 1)m,
and this number is bigger than the product of the degree of ¢ and .7, which is b(m(6b — 5) — 1). In fact
2b(2b — 1)m + (b—1)(2b — 1)m — b(m(6b — 5) — 1) =m + b > 0.

Hence, by Bézout’s Theorem, the curve % is a fixed component for the curves of [Im(Qb_l)X]m(ﬁb_ 5)—1-
Moreover, for the curves of this linear system, by Lemma 2.5, .#;, (1 < ¢ < b), is a fixed component of
multiplicity at least

3(2b—1)m — (6b—5)m + 1 2m +1
e e o
and . is a fixed component of multiplicity at least
2b(2b — 1)m — (6b — 5)m + 1
{ 2b—1

If we remove the curve (2b — 3)m.%; we get

-‘:m+1,

-‘:(Qb—3)m+ Ferl]

2b—-1

dim[/25—1)xm(6b—5)—1 = AM[ Ly (26— 1)x—(26—3)m.21 )] (4b—2)m—1-
If this dimension is different from zero, by Lemma 2.5, we get that .% is a fixed component of multiplicity

atleast (26— 1)m-b— (4b—2m +1 (b—2m+1
—1)m-b— —2)m+ —2)m+
( =1 W—@b‘@m*[?w
for the curves of [1,,(2p—1)x|m(6b—5)—1-
Now let
(7.11) m = min{m|[L2p—1)x]m@es—5-1 7 10} }-

We have m > 1, in fact for m = 1, by the computation above, the curve .%of degree 6b — 5 should be a
fixed component for the linear system, [, (Qb_l)X]Gb_4, a contradiction.
22



Hence m > 1. Since .% is a fixed component for the linear system [_[m(2b_1)X]m(6b_5)_1 we have

dim[Z 26— 1)x|m(6b—5)—1 = dim[ L 20— 1)x— 7 |m(6b—5)—1—(66—5) = LML (1) 26— 1)) (m—1)(60—5)-1

which is zero by (7.11 ), a contradiction. O

Proof of Theorem 5.8. Let X be a standard k-configuration of type (1,b,2b + 1). We show that

~ 60> —2b— 3
) = =g

Let

C; be the irreducible curve of degree b through Ps, Py, . . ., ﬁgi, coys Popy Popy1
Q1. ,Qp,(b—1)Rforl <i<b,
%y+1 be the irreducible curve of degree b through Py, Py, ..., Py, Q1,...,Qp, (b — 1)R;

(see Lemma 2.7 for the b+ 1 curves %;). Note that the curve €7 +- - - + %31 has degree b(b+ 1), multiplicity
b 4+ 1 at each of the points (Jq,...,Qs, multiplicity b at each of the points P, Py, ..., Poy, Popy1, and
multiplicity b2 — 1 at R. Let

F =20 —b—1).A + (26> =20 —2) L + bty + - + oMy + G+ - + Ciy1.
Then .7 is a curve of degree (6b* — 2b — 3) with multiplicity (2b> — 1) at each point of X. Hence for m > 0

mF € [Lgp2_1ymx] (662 —26—3)m -
We now have to prove that

[ (2p2 —1ymx) (662 —2b—3)ym—1 = 0.
Assume that for some m > 0, [ (252 1)mx] (662 —26—3ym—1 7 {0}

Analogously to the proof of Theorem 5.7, let % be a curve of the linear system [/ (202 _1)mX] (6b2—2b—3)m—1-
Then the multiplicity of intersection between each %; and .7 is at least (2b> — 1)m in each of the 2b points
P; and Q; and at least (b — 1)(2b> — 1)m in R, so,

€, - | > 2b(20% — 1)m + (b —1)(2b* — 1)m,

and this number is bigger than the product of the degree of %; and .7, which is b((6b> —2b—3)m—1). Hence,
by Bézout’s Theorem, each curve %; is a fixed component for the curves of [ (2b2_1)mx](6b2_2b_3)m_1.

Moreover, for the curves of this linear system, by Lemma 2.5, each .#; is a fixed component of multi-
plicity at least

3(20% — 1)m — (6b*> —2b— 3)m + 1
2
2, is a fixed component of multiplicity at least
[(2132 —1)(2b+ 1)m — (66> — 2b — 3)m + 1} B [(4133 —4b* +2)m +1
2b B 2b

l:bm—kl,

w = (20> —2b)m+ Fm ki 1} ,

2b

and, by removing (2b® — 2b)m.Z}, we get that .% is a fixed component of multiplicity at least

(20> —=)m-b— (40> =3)m+17 ., 1

{ - — (@2 =2 Bm+ | |.
Now let
(7.12) m = min{m|[L, 25 —1)x)m(er2—20-3)—1 7 {0}}.

We have m > 1, in fact for m = 1, by the computation above, the curve .%’of degree 662 —3b— 1,

F' = (202 — 20+ 1)L + (20> — 20— 2).Lo + bty + -+ by +C + - - - + Crrn,
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should be a fixed component for the linear system, so

dim{l(gp2 1yx](epz-2p-3)-1 = dim{Ziz_1yx— 562 ~2b-1)- (662 -35-1)
= dim[l(p-2)p, 1+ (0-2) Py s | (-3)
— 0,

a contradiction.
Hence m > 1. By the computation above .% is a fixed component for [/, (2b2—1)mX] (6b2 —2b—3)m—1. hence
we have

dim{{(gp2 1ymxl(epz—2p-gym-—1 =AM 1)mx—#](662—2b-3)m—1- (662 ~26-3)
dim([Z (2 _1)(m—1)x] (652 —26—3)(m—1)—15

which is zero by (7.12), a contradiction. ]
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