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2 Università degli Studi di Palermo, Dipartimento di Fisica e Chimica—Emilio Segrè, Palermo I-90123,
Italy
3 Center for Computational Quantum Physics (CCQ), The Flatiron Institute, New York, NY 10010,
United States of America

E-mail: oneufeld@schmidtsciencefellows.org and angel.rubio@mpsd.mpg.de

Received 12 December 2023, revised 6 February 2024
Accepted for publication 16 February 2024
Published 7 March 2024

Abstract
Floquet engineering has recently emerged as a technique for controlling material properties with
light. Floquet phases can be probed with time- and angle-resolved photoelectron spectroscopy
(Tr-ARPES), providing direct access to the laser-dressed electronic bands. Applications of
Tr-ARPES to date focused on observing the Floquet-Bloch bands themselves, and their build-up
and dephasing on sub-laser-cycle timescales. However, momentum and energy resolved
sub-laser-cycle dynamics between Floquet bands have not been analyzed. Given that Floquet
theory strictly applies in time-periodic conditions, the notion of resolving sub-laser-cycle
dynamics between Floquet states seems contradictory—it requires probe pulse durations below
a laser cycle that inherently cannot discern the time-periodic nature of the light-matter system.
Here we propose to employ attosecond pulse train probes with the same temporal periodicity as
the Floquet-dressing pump pulse, allowing both attosecond sub-laser-cycle resolution and a
proper projection of Tr-ARPES spectra on the Floquet–Bloch bands. We formulate and employ
this approach in ab-initio calculations in light-driven graphene. Our calculations predict
significant sub-laser-cycle dynamics occurring within the Floquet phase with the majority of
electrons moving within and in-between Floquet bands, and a small portion residing and
moving outside of them in what we denote as ‘non-Floquet’ bands. We establish that
non-Floquet bands arise from the pump laser envelope that induces non-adiabatic electronic
excitations during the pulse turn-on and turn-off. By performing calculations in systems with
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poly-chromatic pumps we also show that Floquet states are not formed on a sub-laser-cycle
level. This work indicates that the Floquet-Bloch states are generally not a complete basis set for
sub-laser-cycle dynamics in steady-state phases of matter.

Supplementary material for this article is available online

Keywords: ARPES, floquet, TDDFT, nonlinear optics, ultrafast spectroscopy, attosecond science

1. Introduction

Tailoring material electronic structure and optoelectronic
properties with laser irradiation has gained considerable atten-
tion in the condensed matter and materials community over
the last decade [1–21]. Within this approach, a solid system is
driven by light into an out-of-equilibrium steady-state phase
(Floquet phase) that exhibits time-periodic behavior [22], and
potentially displays different properties from the non-driven
ground state [18]. Such methodology has for instance enabled
turning insulators into conductors and vice versa [11], tun-
ing material topology [23–30], and arbitrarily controlling the
shape of the electronic band structure [5]. This represents an
exciting alternative avenue to the standard approach of either
searching for new material systems with desired properties
[31, 32], or synthetically tailoring properties by introducing
doping, defects, pressure, temperature, etc.

In order to fully capitalize on these capabilities, it is essen-
tial to understand the fundamental electron dynamics that
supports the steady-state out-of-equilibrium phase. Inevitably,
such dynamics are responsible for emerging observables such
as transport phenomena [33–35] or high harmonic gener-
ation (HHG) [36, 37]. The most direct methodology that
allows exploring Floquet phases of matter is time- and angle-
resolved photoelectron spectroscopy (Tr-ARPES), whereby a
short probe pulse ionizes the sample while it is irradiated by
a dressing pump laser pulse (which can also be applied in
a spin-resolved manner). The resulting momentum-resolved
photoelectron spectra image the population of electronic
bands within the material, resolved on the time-scale of the
probe pulse duration. This technique was successfully used to
observe Floquet-Bloch bands and sidebands [2, 38], Floquet-
related gap opening and band hybridization [39], charge
dynamics in topological surface states and their coupling to the
continuum [40–42], photoionization time delays [43–45], and
more [46]. Very recently, it was also employed for uncovering
the coherent build-up and subsequent dephasing of the Floquet
phase itself with sub-laser-cycle resolution [47, 48]. However,
no work to date has analyzed the energy and momentum
resolved sub-laser-cycle motion of charges between the
Floquet–Bloch states in ARPES. To clarify, an observation
of this type of charge motion is of inherently contradictory
nature: the Floquet states are only properly defined in time-
periodic conditions (as eigenstates of a time-averaged effect-
ive Hamiltonian), resulting in time-fixed occupation indices
[22]. Indeed, this is the property that makes the Floquet–
Bloch states so appealing for analyzing physical effects and
for tuning material properties. To measure time-changing

occupations of Bloch states would imply that the dynam-
ics are not time-periodic, and cannot be described within
Floquet theory. Put differently, a probe pulse would need to
have a sub-laser-cycle duration to observe such dynamics,
meaning that it cannot ‘sense’ the time-periodic nature of the
system. In such conditions instantaneous Houston states are
often considered the more appropriate basis for describing
electron dynamics [49–51], and within the Floquet basis the
dynamics are described as micromotion or non-stroboscopic
dynamics [52–56]. While it is possible to transform between
the two basis sets, it would be much more appealing to have
a technique that directly allows to project the ARPES spectra
onto the Floquet–Bloch states instead, while keeping the atto-
second temporal resolution. This would allow to distinguish
and immediately observe any emerging out-of-equilibrium
phenomena in real-time, a property which the instantaneous
Huston states do not permit given their adiabatically evolving
nature.

Here we propose a methodology for overcoming these lim-
itations and implement it numerically. We use attosecond
pulse train probes that exhibit the same temporal period-
icity as the pump Floquet-dressing pulses [57, 58]. Thus,
the probe pulse samples the light-driven material once-per-
cycle, over multiple laser cycles, meaning that the Floquet-
Bloch states should be a good basis set for the dynamics.
At the same time, attosecond resolution is maintained and
charge dynamics can be directly resolved by tuning the pump-
probe delay. This allows deciphering sub-laser-cycle charge
dynamics without performing additional projections or trans-
formations. We employ this technique within ab-initio time-
dependent density functional theory (TDDFT) [59], and use
it to analyze dynamics in laser-driven graphene. Our results
predict the existence of significant attosecond charge motion
between Floquet–Bloch bands during the course of a laser
cycle. Moreover, charge dynamics also occurs outside of the
Floquet–Bloch bands in what we denote as ‘non-Floquet’
bands, suggesting that they do not form a complete basis set
for sub-laser-cycle dynamics. We analyze the physical origin
of non-Floquet bands and show that their formation is asso-
ciated with breaking of time-periodicity in the pump laser
pulse temporal envelope. We further employ the technique in
poly-chromatically-driven graphene in conditions where each
laser half-cycle is approximately circularly-polarized with an
alternating handedness. Our analysis resolves the ARPES con-
tributions from separate half-cycles, showing that a Floquet
gap does not open in each half cycle even though time-reversal
symmetry (TRS) is broken locally in time, contrary to intu-
itive expectations. This result implies that a longer duration
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build-up of Floquet dynamics is perquisite for controlling
material band structure with light.

The paper is organized as follows: section 2 formu-
lates the methodology of the technique and its implement-
ation within TDDFT. Section 3 presents results from quasi-
monochromatically- and poly-chromatically-driven graphene,
analyzing attosecond charge dynamics within and outside of
the Floquet-Bloch bands. Finally, section 4 summarizes our
results and presents a future outlook.

2. Methodology

2.1. Laser-driven dynamics

We begin by outlining our methodological first-principles
approach. All calculations were performed using the open-
access real-space grid-based code, Octopus [60–63]. Within
this approach, the electron dynamics in the light-driven mater-
ial are described fully quantum mechanically and ab-initio in
the framework of real-time TDDFT [59]. We employed the
adiabatic and local density approximation for the exchange
correlation (XC) functional, and assumed clamped nuclei.
We also ignored the spin degree of freedom and spin-orbit
interactions as those are negligible in graphene. The laser-
matter interaction was described in the velocity gauge and
dipole approximation. The resulting equations of motion for
the Kohn-Sham-Bloch (KSB) states are given in atomic units
by:

i∂t
∣∣φKS

n,k (t)⟩ =

(
1
2

(
−i∇+

A(t)
c

)2

+ vKS (r, t)

)∣∣φKS
n,k (t)⟩

(1)

where
∣∣∣φKS

n,k (t)⟩ is the KSB state at k-point k and band index n,

A(t) is the total vector potential of all laser pulses interacting
with the material such that−∂tA(t) = cE(t), with c the speed
of light. vKS (r, t) is the time-dependent KS potential given by:

vKS (r, t) = Vion+
ˆ
d3r ′

n(r ′, t)
|r− r ′|

+ vXC [n(r, t)] (2)

where Vion describes the sum of all electrostatic interactions
between electrons and nuclei, including interactions with core
electrons that are handled by a frozen-core approximation
with appropriate pseudopotentials [64]. vXC is the XC poten-

tial that is a functional of n(r, t) =
∑
n,k

∣∣∣〈r|φKS
n,k (t)

〉∣∣∣2, the time-

dependent electron density. Equations (1) and (2) are propag-
ated in real-time (with a temporal spacing of ∆t= 3.6 atto-
seconds) on a real-space grid (with spacing∆x= 0.38 Bohr).
The initial states at t= 0 are taken as the KS ground state that
is found within DFT on a similar level of theory using the
experimental lattice configuration (perfect honeycomb struc-
ture with a lattice parameter of a0 = 2.456 Å), and with an
employed Γ-centered k-space grid of 12 × 12 × 1 k-points,
where the xy plane hosts the graphene sheet (employing peri-
odic boundaries for one primitive unit cell), and the z-axis is

taken as a non-periodic axis with additional vacuum spacing
of 55 Bohr in each direction. During propagation we added
a complex absorbing potential with a sin2 (z) shape [65] of
width 30 Bohr and amplitude 1 Hartree on both sides of the
graphene monolayer to avoid spurious reflection of electrons
at the boundaries.

We further included an artificial doping of the graphene
conduction band (CB) to make ARPES contributions from
higher lying bands visible in the spectra. This was achieved
following [66], by adding additional 0.35 ē charge per unit cell,
which was compensated by an attractive potential arising from
the classical charge density:

ρdope (r) = Nexp
{
−5z2

}
(3)

where N= 0.02359 is a normalization constant that assures
charge from ρdope integrates to −0.35 ē per unit cell and the
system is neutral. Practically, ρdope electrostatically binds the
additional doping charges on the graphene monolayer, which
is roughly analogous to the experimental techniques of a gate
potential-induced doping, and only slightly perturbs the elec-
tronic bands. Notably, the results presented below do not
depend on the doping procedure itself, which is only used for
visualizing high-lying bands more easily.

The KSB equations of motion were also solved on an aux-
iliary k-grid that did not contribute to the total charge dens-
ity (n(r, t)), but upon which the ARPES calculations detailed
below took place. We used two grids passing directly through
the K point, parallel to kx or ky (with 144 k-points and a length
of a third of a reciprocal lattice vector).

All calculations presented in the main text employed
the independent particle approximation (IPA), in which
the dynamical evolution of the KS potential was frozen:
vKS (r, t)∼= vKS (r, t= 0). We have found this to be a very good
approximation for the driven electron dynamics in our condi-
tions. All numerical parameters were tested for convergence.

2.2. Tr-ARPES calculations

ARPES spectra were obtained by a ‘numerical experiment’
methodology, whereby we aimed to simulate the measurement
process as it occurs in the lab. The laser vector potential in
equation (1) included two terms:

A(t) = Apump (t)+Aprobe (t) . (4)

Here Apump (t) refers to the pump field that dresses the sys-
tem and causes it to enter a so-called Floquet steady-state
phase. For the quasi-monochromatic laser pumped cases, this
field was taken to have the form:

Apump (t) = f(t)
cE0

ω
sin(ωt) ê (5)

where f(t) is the following temporal envelope function that
was taken to have a ‘super-sine’ form [67]:

f(t) =

(
sin

(
π
t
Tp

)) ∣∣∣∣π(
t
Tp

− 1
2

)∣∣∣∣
σ


(6)
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with σ = 0.75 (f(t) resembles a super-Gaussian but is more
numerically convenient) and a total pulse duration of 16 laser
cycles Tp = 16T (with a full-width-half-max of 8 laser cycles),
where ω is the carrier wave associated with the fundamental
period, T= ω

2π . For some calculations in section 3.2 we vary
the envelope shape by choosing different values for σ. Note
that results obtained in this paper do not depend on the par-
ticular shape of the temporal envelope function and we used
this form for convenience. E0 in equation (5) is the field
amplitude, ω is the carrier frequency, and ê is a unit vector
taken either linearly-polarized transverse to the carbon-carbon
bonds (along the x-axis), or circularly polarized.

For the poly-chromatic laser-driven cases we employed a
tri-chromatic pump laser field of the form:

Apump (t) = f(t)
cE0

ω
(sin(ωt) x̂+ sin(2ωt) ŷ− sin(3ωt) x̂) .

(7)

The Lissajous curve traced-out by this time-dependent elec-
tric field is visualized in figure 7—it roughly resembles a
circularly-polarized laser field of frequency 2ω, but where the
field helicity flips its handedness every half-cycle. Thus, the
overall pump field in equation (7) respects TRS [68], but still
breaks it locally-in-time when considering its individual half-
cycles as separate pumping entities. Notably, since the field
in equation (7) involves carrier frequencies that are integer
multiples of the fundamental frequency, ω, it still respects T-
periodicity, permitting the application of Floquet theory.

The probe pulse, Aprobe (t), is taken as linearly-polarized
along the z-axis (transverse to the graphene monolayer),
with an extreme ultraviolet (XUV) carrier frequency of
ωxuv = 80 eV:

Aprobe (t) = fxuv (t)
cExuv

ωxuv
sin(ωxuvt) ftrain (t− t0) ẑ (8)

where fxuv (t) is an envelope function taken similar to that in
equation (6), but such that its FWHM is roughly similar to that
of the corresponding pump pulse (and where in section 3.2 we
vary the envelope parameter σ for studying effects of the probe
pulse duration). ftrain denotes a time-periodic gating function
that has the same periodicity as the pump field, and t0 is
an intra-cycle pump-probe delay (an inter-cycle pump-probe
delay is not considered here as it is irrelevant for tracking sub-
cycle dynamics). For the standard ARPES conditions with a
long-duration XUV probe, we simply choose ftrain = 1. As we
will show, this corresponds to the case of obtaining ARPES
spectra that follows the expected Floquet quasi-energy band
structure, since the probe continuously samples the steady-
state phase of the driven system (see illustration in figure 1(a)).
For choosing an attosecond pulse train probe, we set the train
function to one of two forms: (i) a highly temporally-resolved
form:

ftrain (t) = cos40
(ω
2
t
)
, (9)

which provides an intra-cycle FWHM of 0.084 T (see illustra-
tion in figure 1(b)). (ii) A half-cycle temporally-resolved form

where the probe train covers half of the temporal range of one
pump laser cycle:

ftrain (t) = 0.5(1+ tanh(5cos(ωt))) , (10)

providing an intra-cycle FWHM of 0.52 T (see illustration in
figure 1(c)). Exuv is the probe’s peak amplitude, taken in the
linear-response regime to correspond to an intensity of 2× 108

W cm−2.
Overall, the pump laser field dresses the solid, causing it to

enter into a Floquet steady-state phase of matter. The probe
pulses (either temporally resolved or not) photo-ionize elec-
trons that are recorded in a momentum-resolved manner as
the emerging ARPES spectra. The pump-probe delay can be
scanned to provide Tr-ARPES spectra with a temporal resolu-
tion of the probe pulse duration (or intra-cycle duration in the
case of attosecond pulse trains).

TheARPES spectra are calculated from the time-dependent
KSB states on the auxiliary k-grid using the surface-
flux method T-SURFF [69, 70]. Within this approach the
momentum-resolved flux of photoelectrons is recorded across
a surface (S) normal to the graphene monolayer, which lies
sufficiently far away in the continuum to avoid interactions
of outgoing waves with the monolayer (25 Bohr away from
the monolayer plane, in region z > S Bohr). This surface is
also sufficiently far from the monolayer in order to approxim-
ate outgoing waves as a superposition of Bloch-Volkov states,
|χp (t)⟩ , where further interaction with other electrons is neg-
lected. p denotes the state momenta that is represented on a
finite Fourier grid. The states in this region interact purely

with the Volkov Hamiltonian, HV (t) = 1
2

(
−i∇+ A(t)

c

)2
, and

their dynamics can be solved analytically. Since Bloch-Volkov
states form a complete basis set in the region beyond S, we
can formally decompose the KSB states into a sum of Volkov

states,
∣∣∣φKS

n,k (t)⟩= ∫dpbn,k (p, t)
∣∣∣χp (t)⟩, with the coefficients

bn,k (p, t) calculated according to a flux integral (with the k
index referring to a point along the auxiliary k-grid uponwhich
ARPES is calculated):

bn,k (p, t) =−
tˆ

0

dτ
˛

S

ds⟨χp (τ)
∣∣∣̂j(τ)∣∣∣φKS

n,k (τ)⟩ (11)

with ĵ(t) the single-particle current density operator, ĵ(t) =
1
2

(
−i∇+ A(t)

c + c.c.
)
. Equation (11) can be further sim-

plified by substituting the KSB state with its spatially-
periodic part and k-dependent phase. From equation (11)
the momentum (and energy) resolved photoelectron spec-
tra is obtained by summing over all occupied bands
and evaluating the flux and the end of the simulation:
Ik (p) =

∑
n
|bn,k (p, t→∞)|2.

2.3. Removing continuum effects

As discussed above, the T-SURFF methodology divides the
simulation box into: (i) an inner region up to the electron
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Figure 1. (a) Illustration of Tr-ARPES pump-probe set-up used here. A monolayer of graphene is irradiated by an intense pump pulse that is
polarized in the monolayer plane (blue, xy plane), which dresses the electronic system and causes it to enter a steady-state Floquet phase. A
weak XUV probe pulse polarized transverse to the monolayer (along the z-axis) photoionizes electrons which propagate up to the detector
surface, at which point their momenta and energy is recorded. (b) Illustration of standard Tr-ARPES conditions for observing Floquet
phases of matter—the ARPES probe pulse (red) has a temporal duration comparable to multiple pump laser cycles, thus sensing the
time-periodic nature of the electronic dynamics (with f train(t) = 1). (c) Illustration of Tr-ARPES with an attosecond train probe pulse that
has the same periodicity as the pump pulse in highly temporally-resolved conditions (with f train(t) as in equation (9)). (d) Same as (c) but for
conditions where the intra-cycle temporal resolution of the attosecond train is half of a pump cycle (f train(t) as in equation (10)).

flux recording surface, in which electrons are treated with
TDDFT; and (ii), an outer region where electrons are treated
as Volkov states. Consequently, during their propagation in
the outer region the electron momenta continue to be mod-
ulated by interactions with the laser (this effect it commonly
known as ‘streaking’). However, in order to temporally resolve
ARPES spectra with sub-cycle resolution, this effect must be
suppressed—if it is not, then electronic wavepackets propagat-
ing in the continuumwill interact with multiple laser cycles up
to the detector, spoiling the temporal resolution (as we wish
to resolve contributions to ARPES spectra coming from only
specific moments in time within the laser cycle). Moreover,
spectra containing contribution of continuum states to the
dynamics inherently also includes physical effects that occur
outside of the material system, and have nothing to do with
laser-dressed phases of matter. To numerically avoid such
effects here, we artificially employed a spatial envelope on the
pumping laser field in equation (4): Apump (t)→ Apump (t,z) =
Θ(z)Apump (t), where Θ(z) is the following spatial envelope:

Θ(z) =M

{
erf

(
z+ z0
w

)
− erf

(
z− z0
w

)}
(12)

where M = 0.5/erf(z0/w) is a normalization constant, z0 =
7 Bohr is the spatial extent of the envelope above and
below the graphene monolayer (chosen as the position where
the electronic wave functions have spatially decayed), and
w = 0.5 Bohr is the width of the vector potential decay
region. The envelope in equation (12) guarantees that elec-
trons only ‘feel’ an electric field in the spatial region of
the graphene monolayer. Thus, this approach overall assures
that emerging ARPES spectra only contain information about

the Floquet phase of matter within the material, with the
spectra temporally resolved on the timescale of the probe.
Practically, this means the vector potential is assumed zero
outside S and the Volkov states reduce to free electron states.
We further note that from a physical perspective applying
Θ(z) means relinquishing the dipole approximation, which
should also generate a magnetic field. However, here we com-
pletely ignore such phenomena and use Θ(z) as a numer-
ical ‘shortcut’ for fully removing continuum contributions in
ARPES.

3. Attosecond electron dynamics

3.1. Quasi-monochromatic pump fields

We now explore Tr-ARPES in graphene using the setup
and methodology described above. We begin with a quasi-
monochromatic circularly-polarized pump pulse (CPL). In
these conditions it is well established that the linearly-
dispersing Dirac bands in graphene split, lifting the degen-
eracy at K, causing a quasi-energy gap opening throughout
the Brillouin zone (BZ). Moreover, due to the breaking of
TRS by the CPL the resulting Floquet bands are of topolo-
gical nature and support topologically protected Floquet sur-
face states [18].

The ab-initio calculations presented in figure 2(a) show the
expected physical behavior, validating our methodology—a
large energy gap of∼0.5 eV opens up at K in our chosen driv-
ing regime. TheARPES spectra in figure 1(a) is overlayedwith
the calculated quasi-energy Floquet bands for the CPL pump
case (dashed white), which were calculated with a 5th-order
tight-bindingmodel in an approach fully described in [66]. The
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Figure 2. Tr-ARPES spectra with a quasi-monochromatic circularly-polarized pump field (1600 nm, I0 = 1011 W cm−2) probed parallel to
ky. (a) ARPES spectra in the standard conditions where sub-cycle contributions to spectra are not resolved. The spectra are shifted such that
the zero points indicates K. (b)–(d) Tr-ARPES spectra probed by attosecond train (with f train(t) as in equation (9)) for different pump-probe
delays. Dashed white lines in all plots overlay the Floquet quasi-energy bands that correspond exactly to conditions in (a). Insets above the
plots show the ARPES probing conditions within one pump laser cycle (with blue lines representing the x-component of Apump(t)).

ARPES spectra perfectly match the theoretical model predic-
tion, apart from a very small energy shift (<0.05 eV) between
the two which arises from the employed doping procedure that
shifts the chemical potential in the system. This calculation
thus sets a base-line for our analysis of charge dynamics within
these very same Floquet-Bloch bands that can be resolved by
other types of ARPES probes.

From the Floquet theoretical point of view, the occupa-
tions of Floquet-Bloch bands are time-constant due to the
underlying temporal periodicity of the pumped system. In that
respect, changing the pump-probe delay in the standard condi-
tions shown in figure 1(a) (with f train(t) = 1) does not change
the ARPES spectra as long as the two pulses temporally-
overlap—the ARPES spectra in these conditions reflect the
occupations of the Floquet-Bloch bands that are eigenstates
of the time-averaged effective Hamiltonian. However, by util-
izing an attosecond train probe pulse instead (with f train(t) as
in equation (9)), we can track charge dynamics in those bands
on a sub-laser-cycle level directly with attosecond resolution.
When the temporal duration of the probe is less than one pump
laser cycle, the occupation numbers of Floquet–Bloch states is
no longer necessarily constant in time, because the electronic
wave function in a particular moment in time is not an eigen-
state of the time-averaged effective Hamiltonian. Still, since
the probe samples the electron dynamics with the same tem-
poral periodicity, we can formally use the Floquet-Bloch states
as a basis set to analyze the dynamics.

Figures 2(b)–(d) shows exemplary Tr-ARPES spectra in
these conditions for varying pump-probe delays. Several res-
ults are clearly apparent: (i) the Floquet–Bloch states indeed
form a ‘proper’ basis set for the light-driven dynamics. This
is clear from the ARPES spectra that follow the calculated
Floquet quasi-energy bands to a very high extent for all pump-
probe delays. (ii) The occupations of those Floquet-Bloch
bands is different than the occupations seen in the ARPES
spectra in figure 2(a), and it changes with the pump-probe
delay on sub-laser-cycle timescales, which can be experi-
mentally measured with this approach. (iii) Even though the
Floquet-Bloch states are a proper basis set for the dynamics
and resulting ARPES spectra, they seem to be incomplete.

This becomes evident from the weaker contributions in the
spectra that arise in-between the Floquet-Bloch quasi-energy
bands, e.g. in the region of zero energy around K where there
should not be any electronic occupations in the Floquet pic-
ture (because the system becomes gapped in the steady-state
phase). These ‘non-Floquet bands’ appear in replica bunches
that are separated by a constant energy much smaller that
the pump photon energy (∼0.08 eV). In that respect, they
likely hybridize the original field-free graphene bands with the
Floquet bands that form in the pumped system. Thus, from
this ab-initio calculation we can conclude that some mixed
basis set is required for their analysis (which is in-line with
our recent work showing that the Houston basis set is also
incomplete in such conditions [51, 71]). It is also possible that
intracycle interferences contribute to the non-Floquet states
and enhance them. We further emphasize that these in-gap
non-Floquet states do not appear in the standard conditions
of Tr-ARPES (figure 2(a)), even though formally such spectra
can be thought of as arising from the coherent sum of spectra
at different pump-probe delays using the time-resolved atto-
second train probe. This means that in standard conditions,
there is a destructive interference for these electronic states
over a full laser cycle that removes their contributions. From a
physical perspective, the appearance of the non-Floquet bands
inherently reflects a broken time-translation symmetry in the
light-matter system, which might result from several different
factors. The specific physical origin of ‘non-Floquet-bands’
will be explored in more detail in the next section 3.2.

At this stage we further analyze the temporal charge
dynamics within and outside of the Floquet bands by tracking
the yield of several hot-spots in theARPES spectra while chan-
ging the pump-probe delay. Figure 3(b) presents the charge
dynamics within the Floquet Bloch bands at the edges of
the conduction and valence bands. The typical timescale for
the dynamics is ∼1 femtosecond (whereas a single pump
laser cycle in these conditions is 5.33 femtoseconds). Another
observable feature is that within these dynamics the conduc-
tion and valence bands display complimentary and phase shif-
ted dynamics, i.e. when the CB occupation increases, the
valence band occupation correspondingly decreases, and vice
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Figure 3. Sub-laser-cycle charge dynamics in Tr-ARPES spectra with a quasi-monochromatic circularly-polarized pump field (1600 nm,
I0 = 1011 W cm−2) probed parallel to ky. (a) Tr-ARPES spectra probed by attosecond train (with f train(t) as in equation (9)) for a given
pump-probe delay (as in figure 2(b)). Dashed white lines overlay the Floquet quasi-energy bands that correspond exactly to conditions in
figure 2(a). Inset below the spectra shows the ARPES probing conditions within one pump laser cycle (with blue lines representing the
x-component of Apump(t)). The highlighted colored circles in (a) represent various hot-spots in the spectra whose ARPES yield is tracked
with pump-probe delay in (b) and (c) (with arrows indicating which spot is which curve), with (b) corresponding the hot-spots within
Floquet-Bloch bands, and (c) to hot-spots outside of Floquet-Bloch bands.

Figure 4. Tr-ARPES spectra with a quasi-monochromatic linearly-polarized pump field polarized along kx (1600 nm, I0 = 1011 W cm−2)
probed parallel to ky. (a)–(d) Same as in figure 2, but with a linearly-polarized pump.

versa. This arises because for CPL the steady-state Floquet
bands are particle-hole symmetric with opposite effective
masses for electrons and holes. It can also be viewed as an
analogue to rabi-oscillations, but with Floquet bands play-
ing the major role. Figure 3(c) presents the temporal dynam-
ics within non-Floquet bands. These also show femtosecond
scale dynamics (typically ∼1 femtosecond), but with a much
smaller modulation in occupation. In general, the occupations
of non-Floquet bands is ∼10 times smaller than the Floquet
bands throughout the dynamics.

To validate the generality of this result, we repeat our ana-
lysis in conditions where the pump laser pulse is linearly-
polarized with a polarization axis parallel to kx. In this case the
Floquet quasi-energy bands take on a slightly different form
with a very small gap forming at K due to a shift of the band
touching points in the BZ (see [66, 72–74]). From the ARPES
perspective, this gap is almost indiscernible due to resolution
limitations, and there exists a finite nonzero ARPES yield at
zero energy at K (see figure 4(a)). The arising light-driven
charge dynamics follow similar characteristics to those in the
CPL pump case, but with non-Floquet band bunches form-
ing above and below the Floquet bands rather than in-between
them. The population of the band-crossing at zero energy at
K is in this case roughly independent of time (see green curve
in figure 5(b)), which is a result of a mirror symmetry arising

in these pump and probing conditions. Overall, similar conclu-
sions are obtained for the linearly-polarized pumping scenario,
indicating the transferability of the analysis.

3.2. Non-Floquet-bands

Next, we analyze the physical origin of non-Floquet bands.
Let us clarify that the formation of non-Floquet states can
only arise from interactions of electrons with the pump pulse.
This is because the probe pulse is too weak and has too high
photon energies to create such low energy scale structures in
spectra. In that respect, our calculations predict that the non-
Floquet bands should form in such electron dynamics regard-
less of the probe pulse. However, it is possible (as wewill show
below), that they can only be experimentally resolved by cer-
tain regimes of probe pulses, and might not be apparent if the
probe pulses are too short duration, or are not pulse trains as
explored here.

From a formal perspective, non-Floquet bands can only
arise from time-translation symmetry breaking sources. In
other words, if the dynamics were exactly time-periodic elec-
trons would only be allowed to occupy standard Floquet-Bloch
bands (which would form a complete basis-set); thus, the fact
that some electrons occupy non-Floquet bands is evidence
for the dynamics being not perfectly time-periodic. Within
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Figure 5. Sub-laser-cycle charge dynamics in Tr-ARPES spectra with a quasi-monochromatic linearly-polarized pump field polarized along
kx (1600 nm, I0 = 1011 W cm−2) probed parallel to ky. (a)–(c) Same as in figure 3, but with a linearly-polarized pump.

the scope of our simulation there are three possible sources
for broken time-periodicity: (i) electron-electron interactions
in the framework of TDDFT—due the temporal renormal-
ization of the KS potential, time-periodicity could in prin-
ciple be broken, affecting the formation of Floquet states (e.g.
in a manner analogous to time-translation breaking in cor-
related dynamics [75–77], or in phonon-driven systems [78,
79]). Typically, such effects are weak since the KS poten-
tial renormalization is small. We have indeed found that
these effects are negligible in all examined conditions for
Tr-ARPES. Consequently, we rule out dynamical electron-
electron interactions as a source of non-Floquet bands. (ii)
Electronic excitations to the CBs—every pump laser cycle
excites more electrons to higher CBs. This excited band popu-
lation linearly increases with the pulse duration and builds-up
over time. Thus, the population of electrons in higher bands
is itself non-time-periodic, which can be prominent in the
pre-thermalization Floquet phase explored here. Intuitively, it
should be negligible in these conditions since the total CB
occupations are minute (less than one percent of an electron
per unit cell). However, it is possible that such small effects
still break time-periodicity sufficiently to induce the non-
Floquet bands (which are indeed an order ofmagnitudeweaker
than the main Floquet band occupations in our ARPES cal-
culations). (iii) Pump pulse temporal laser envelope effects—
even though we employ a relatively long pulse duration in the
Floquet regime, the laser field is still only approximately time-
periodic due to its temporal envelope. In this respect, it is pos-
sible that non-Floquet bands arise from envelope effects dur-
ing the turn-on and turn-off of the Floquet phase, and repres-
ent electrons that have not managed to adiabatically enter the
steady-state regime.

We now attempt to determine which of options (ii) and (iii)
above dominate the formation of non-Floquet bands (or if per-
haps both options contribute). For this purpose we perform a
set of Tr-ARPES calculations in line with the conditions in
figure 2 where the non-Floquet bands are very prominent, but
where the pump laser intensity, pump temporal envelope, and
the probe temporal envelope, are varied. Figure 6(a) tracks
the non-Floquet band occupation as the pump laser power
increases for a fixed pump-probe delay. This numerically tests
sensitivity to the number of electrons excited to higher bands,
because that number increases with the laser drive intensity.

As shown, the non-Floquet band occupations do not consist-
ently increase with the pump intensity. Instead, they oscil-
late correspondingly to the properties of the generated Floquet
phase (which change with the pump power). This proves that
the non-Floquet bands do not arise from symmetry breaking
associated with the electronic excited population increasing
over time.

Figure 6(b) shows a similar analysis of non-Floquet band
occupations for a fixed delay when the pump laser envelope
is tuned to induce a non-adiabatic fast turn-on of the laser
pulse. The adiabaticity is controlled by changing the initial
slope of the pump laser envelope (see illustration in the inset of
figure 6(b)). As shown, when the envelope has a larger slope,
the non-Floquet band occupation increases. This suggests it
indeed arises from envelope effects of the finite pulse. We fur-
ther validate this by repeating calculations and tuning the dura-
tion of the probe pulse, causing it to sample less and less pump-
pulse turn-on and turn-off regions (see illustration in inset of
figure 6(c)). Figure 6(c) presents the non-Floquet band occupa-
tion that is normalized to the probe pulse fluence. It shows that
as the probe duration is reduced, the non-Floquet band occupa-
tion is substantially reduced, until it vanishes when the probe
no longer temporally overlaps with regions around the pump
pulse edges. This unequivocally shows that the non-Floquet
Tr-ARPES signals arise from the envelope edges, pinpoint-
ing their physical origin to non-adiabaticity in the laser driv-
ing. We emphasize the universal importance of this result—
temporal envelopes are inherent to any pulsed laser system
and are often employed in experiments that generate Floquet
phases.

We further note that for extremely short probe pulses we
enter a regime where the Floquet phase becomes inaccessible
as the probe does not sample multiple pump pulse periods. In
this case the resulting ARPES spectra evolve from the Floquet
picture into the Houston picture [49–51], and both Floquet
and non-Floquet bands become indiscernible (see detailed data
in SM).

3.3. Polychromatic pump fields

At this point, we extend our analysis to more complicated
spatiotemporal pump waveforms that are polychromatic. Bi-
chromatic fields were recently employed for tuning valley
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Figure 6. Non-Floquet band occupations for a fixed pump-probe delay in the same conditions as in figure 2, but for different pump and
probe properties. (a) Non-Floquet band occupations for varying pump laser power. (b) Non-Floquet band occupations for varying pump
pulse envelope slope. Larger slopes induce a faster pulse turn-on and turn-off, increasing non-adiabatic effects. Inset illustrates the pump
pulse envelope shape changes that are simulated. (c) Non-Floquet band occupations for changing probe pulse duration (normalized to probe
fluence), but while maintaining the attosecond train character of the set-up. Inset illustrates the probe pulse envelope changes that are
simulated.

occupations in various systems [20, 76, 80–82], and also for
dressing topological systems [7, 20, 83]. They offer a greater
control of the light-matter system’s symmetries, for instance
breaking inversion symmetry and TRSwhile maintaining rota-
tional symmetry for the CPL counter-rotating biochromatic
case [68, 76]. We here use a different form of tailored pump
field comprised of three carrier waves (given in equation (7)).
The resulting pump field is illustrated in figure 7—due to the
specific choice of relative phases between the carrier waves the
electric field respects TRS over one full laser cycle. However,
each individual half cycle roughly resembles CPL with oppos-
ite helicity. Our specific choice of this pump field presents
an interesting test for Floquet theory in terms of sub-laser-
cycle dynamics: On the one hand, the field respects TRS such
that the arising Floquet quasi-energy bands should be non-
gapped. On the other hand, each half-laser cycle is approx-
imately circularly-polarized in its own right, and could form
a temporally-local Floquet state with a gapped spectra (as
in the quasi-monochromatic CPL case discussed above). We
conceived these conditions as a numerical test for the the-
ory, which could allow to distinguish potential sub-laser-cycle
formation of Floquet physics, for which the numerical meth-
odology derived here is ideal.

Figure 8 presents ARPES spectra dressed by the tri-
chromatic pump, and probed either with a standard probe
(figure 8(a)) or with an attosecond train that resolves
half-pump-laser-cycles (with f train(t) as in equation (10),
figures 8(b) and (c)). For the standard case, ARPES spectra
match the Floquet quasi-energy bands extremely well (dashed
white), presenting the expected behavior with no gapping of
the spectrum due to TRS (see complimentary spectra probed
along kx in the supplementary material (SM)). Remarkably,
the spectra probed with half-pump-laser-cycle resolution com-
pletely resembles the full-cycle case, but with a change in the
Floquet occupation numbers. Certainly, spectra do not look
anything like those in figure 2 which is pumped by CPL of
a similar frequency to that of the CPL in each half cycle.
We therefore conclude from this numerical experiment that

Figure 7. Illustration of tri-chromatic tailored pump laser pulse
engineered by the combination of ω-2ω-3ω carrier waves with
controlled polarization and relative phases (equation (7)). (a) The
Lissajous curve of the pump field over one cycle, plotting the x–vs.
y-components of the electric field and how they evolve in time. The
insets on the bottom and to the left show the evolution in time of the
separate field polarization components (where the y-component
simply evolves as a 2ω sinusoidal field, and the x-components has
more elaborate temporal evolution due to the mixture of ω and 3ω
carrier waves). The Lissajous curve in (a) has a roughly circular
shape, mimicking a CPL (with small deviations), but notably, flips
its handedness every half cycle. (b) Electric field polarization
evolving in time over two laser cycles. The field shape is seen to flip
its handedness every half-cycle such that over one laser cycle TRS
is upheld, but it is broken locally in time in each separate half cycle.
The different regions with approximate left- or right-circular
polarization (LCP, RCP) are indicated.

sub-laser-cycle Floquet states seem not to form, at least in
graphene driven in these conditions (though they have been
suggested in other more strongly driven materials [9]). From
a physical perspective, a steady-state is simply not achieved
in each separate half cycle due to the too short timescales
involved, though perhaps with longer wavelength THz driving
it could be reached even on separate half cycles.

We next move on to analyzing the sub-laser-cycle dynam-
ics within the Floquet bands in the poly-chromatic pump
conditions. Figures 9 and 10 present an analysis similar to
that performed in the quasi-monochromatic pumping cases.
In this case we see very fast charge dynamics within the
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Figure 8. Tr-ARPES spectra with poly-chromatic pump field (3200 nm, I0 = 5×1010 W cm−2) probed parallel to ky. (a) ARPES spectra in
the standard conditions where sub-cycle contributions to spectra are not resolved (respecting TRS). The spectra are shifted such that the zero
point indicates K. (b), (c) Tr-ARPES spectra probed by attosecond train (with f train(t) as in equation (10), resolving half a pump laser cycle)
for two pump-probe delays that overlap with the opposite field handedness of the half-cycles. Dashed white lines in all plots overlay the
Floquet quasi-energy bands that correspond exactly to conditions in (a). Insets above the plots show the ARPES probing conditions within
one pump laser cycle (with blue lines representing the x-component of Apump(t)).

Figure 9. Tr-ARPES spectra with a polychromatic ω-2ω-3ω pump field (as in figure 7, equation (7), 3200 nm, I0 = 5×1010 W cm−2)
probed parallel to ky. (a)–(d) Same as in figure 2, but with the poly-chromatic pump.

Figure 10. Sub-laser-cycle charge dynamics in Tr-ARPES spectra a
polychromaticω-2ω-3ω pump field (as in figure 6, equation (7),
3200 nm, I0 = 5×1010 W cm−2) probed parallel to ky. (a), (b) Same
as in figure 3, but with the polychromatic pump.

Floquet-Bloch states, even on timescales of∼500 attoseconds
(see figure 10(b)). This result is slightly surprising, because the
fundamental carrier wave was chosen in these pumping con-
ditions to have a similar duration of each half-pump-cycle to
that of the full pump-cycle in the CPL case; hence, the electric
field polarization is not evolving more rapidly in time than in
standard CPL. Nonetheless, the broken symmetry field causes
much faster charge motion. We further note that the charge
dynamics in the valence and CBs are no longer complementary

as in the CPL case (see red and blue curves in figure 10(b)),
since particle-hole symmetry as broken by the broken inver-
sion symmetry pump field.

4. Summary and outlook

To summarize, we presented an ab-initio study of Tr-ARPES
in graphene, employing pump-probe conditions where the
pump temporally overlaps with the probe. The pump pulse
dresses thematerial electronic structure, causing it to enter into
a steady-state Floquet phase of matter, while the probe pulse
measures this phase and any charge dynamics driven within
it. We have shown that in conditions where the probe pulse is
an attosecond train with the same temporal periodicity as the
pump, the delay-dependent Tr-ARPES spectra directly image
the attosecond driven charge dynamics within the Floquet-
Bloch states, and occupations of Floquet bands become time-
dependent and immediately resolved in the ARPES data. This
effect is always physically present in Floquet driven systems,
but can only be imaged by using probes with a duration shorter
than a pump laser cycle. We have also determined that the
Floquet-Bloch states do not form a complete basis set in such
a set-up, and non-Floquet bands appear in the spectra. These
support similar timescale charge dynamics, and form due to
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effects beyond Floquet band dressing where time-translation
symmetry is broken by the finite pulse temporal envelope that
induces non-adiabatic excitations. We have validated the gen-
erality and transferability of these results.

We also tested the notion of sub-laser-cycle Floquet dynam-
ics in graphene driven by polychromatic pump pulses that
overall respect TRS, but break it locally in time on half-pump-
cycle timescales. We have shown that in this case, even though
each half-pump-cycle behaves like circularly-polarized light,
the ARPES spectra still follow the Floquet steady-state phase,
and a sub-laser-cycle Floquet phase does not form. This result
could help formulate a more complete approach for analyzing
sub-laser-cycle attosecond dynamics in light driven systems
[9, 84–87].

As a potential outlook, we believe that our numerical
technique and suggested experimental set-up should motiv-
ate efforts to track charge dynamics within Floquet-Bloch
bands on attosecond timescales. It should also form a basis
for future work to further analyze and measure non-Floquet
bands. Beyond Tr-ARPES, this work should impact neigh-
boring fields that rely on light-driven electron dynamics such
as HHG [36, 37], photogalvanic currents [35, 82, 88], and
ultrafast magnetism [89, 90], where either Houston or Floquet
states are used as basis sets for analyzing the dynamics. The
results presented here should pave the way to a hybrid basis set
for attosecond charge dynamics that combines both Houston
and Floquet states, thus incorporating all physical effects on
equal footing.
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[74] Delplace P, Gómez-León Á and Platero G 2013 Merging of
Dirac points and Floquet topological transitions in ac-driven
graphene Phys. Rev. B 88 245422

[75] Tancogne-Dejean N, Sentef M A and Rubio A 2018 Ultrafast
modification of Hubbard U in a strongly correlated
material: ab initio high-harmonic generation in NiO Phys.
Rev. Lett. 121 097402

[76] Neufeld O, Tancogne-Dejean N, De Giovannini U, Hübener H
and Rubio A 2021 Light-driven extremely nonlinear bulk
photogalvanic currents Phys. Rev. Lett. 127 126601

[77] Baykusheva D R et al 2022 Ultrafast renormalization of the
on-site coulomb repulsion in a cuprate superconductor
Phys. Rev. X 12 11013

[78] Rana N and Dixit G 2022 Probing phonon-driven symmetry
alterations in graphene via high-order-harmonic
spectroscopy Phys. Rev. A 106 53116

[79] Neufeld O, Zhang J, De Giovannini U, Hübener H and
Rubio A 2022 Probing phonon dynamics with
multidimensional high harmonic carrier-envelope-phase
spectroscopy Proc. Natl Acad. Sci. 119 e2204219119

[80] Mrudul M S, Jiménez-Galán Á, Ivanov M and Dixit G 2021
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