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FUNCTION ON SPACELIKE HYPERSURFACES
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ABSTRACT. Some analysis on the Lorentzian distance in a spacetime with con-
trolled sectional (or Ricci) curvatures is done. In particular, we focus on the
study of the restriction of such distance to a spacelike hypersurface satisfying
the Omori-Yau maximum principle. As a consequence, and under appropriate
hypotheses on the (sectional or Ricci) curvatures of the ambient spacetime, we
obtain sharp estimates for the mean curvature of those hypersurfaces. More-
over, we also give a sufficient condition for its hyperbolicity.

1. INTRODUCTION

Let M"*! be a (n + 1)-dimensional spacetime, and consider either dp, the
Lorentzian distance from a fixed point p € M, or dy, the Lorentzian distance
from a fixed achronal spacelike hypersurface N. Under suitable conditions those
Lorentzian distances are differentiable at least in a “sufficiently near chronological
future” of the point p or of the hypersurface IV, so that some classical analysis can
be done on those functions.

In this setting, over the past 25 years comparison theory and geometric analysis
of the distance function has been effectively extended and applied to Lorentzian
manifolds. In particular, it played an important role in the proof of the Lorentzian
splitting theorem, the spacetime analogue of the Cheeger-Gromoll splitting the-
orem, first established by Galloway [10] and by Beem, Ehrlich, Markvorsen and
Galloway [], and subsequently improved by Eschenburg [9], Galloway [11], and
Newman [16]. In those works, one needs to understand the geometry, i.e., mean
curvature, of the spacelike level sets of the Lorentzian distance function from a
fixed point. As in the Riemannian case, this is analytically expressed in terms of
the (Lorentzian) Laplacian (also called d’Alembertian, in the Lorentzian case) of
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the distance function. More recently, in the paper [§], Erkekoglu, Garcia-Rio and
Kupeli obtained Hessian and Laplacian comparison theorems for those Lorentzian
distance functions from comparisons of the sectional curvatures of the Lorentzian
manifold, following the lines of Greene and Wu in their classical book [12], where
the same comparison for the Hessian and the Laplacian of the Riemannian distance
function from estimates of sectional curvatures were obtained.

In this paper we shall study the Lorentzian distance function restricted to a
spacelike hypersurface " immersed into M"*!. In particular, we shall consider
spacelike hypersufaces whose image under the immersion is bounded in the ambient
spacetime, in the sense that the Lorentzian distance either from a fixed point or
from N to the hypersurface is bounded from above.

Inspired by the works [I], [2] and [20], we derive sharp estimates for the mean
curvature of such hypersurfaces, provided that either (i) the Ricci curvature of the
ambient spacetime M™*! is bounded from below on timelike directions (Theorem
[41] and Theorem BE.I0]), which obviously includes the case where the sectional cur-
vatures of all timelike planes of M™*! are bounded from above, or (ii) the sectional
curvatures of all timelike planes of M"*! are bounded from below (Theorem
and Theorem [5.1T)), or (iii) the sectional curvature of M™*! is constant (Theorem
[£3), widely extending results in the previous papers. In particular, we establish
a Bernstein-type result for the Lorentzian distance (see Corollary [£.6]), which im-
proves Theorem 1 in [I] (see Remark[land Corollary 7)) and extends it to arbitrary
Lorentzian space forms.

On the other hand, we also study some function theoretic properties on mean-
curvature-controlled spacelike hypersurfaces, via the control of the Hessian of the
Lorentzian distance, following the lines in [14] and [15]. In particular, we show that
spacelike hypersurfaces with mean curvature bounded from above are hyperbolic,
in the sense that they admit a non-constant positive superharmonic function, when
the ambient spacetime has timelike sectional curvatures bounded from below (see
Theorem and Theorem [63).

1.1. Outline of the paper. We devote Section 2 and Section 3 to presenting the
basic concepts involved and establishing our comparison analysis of the Hessian
of the Lorentzian distance function from a point, respectively, together with the
basic comparison inequalities for the Laplacian. In Section 4 we state and prove
the sharp estimates for the mean curvature of spacelike hypersurfaces bounded by a
level set of the Lorentzian distance function from a point. In Section 5 we extend our
geometric analysis to the Lorentzian distance function from an achronal spacelike
hypersurface, establishing the corresponding results for that function. Finally, the
proofs of hyperbolicity are presented in Section 6.

2. PRELIMINARIES

Consider M™! an (n + 1)-dimensional spacetime, that is, a time-oriented Lo-
rentzian manifold of dimension n + 1 > 2. Let p,q be points in M. Using the
standard terminology and notation from Lorentzian geometry, one says that ¢ is in
the chronological future of p, written p < ¢, if there exists a future-directed timelike
curve from p to g. Similarly, ¢ is in the causal future of p, written p < g, if there
exists a future-directed causal (i.e., non-spacelike) curve from p to g. Obviously,
p < q implies p < g. As usual, p < ¢ means that either p < g or p = q.
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For a subset S C M, one defines the chronological future of S as
It(S)={q€ M :p < q for some p € S}
and the causal future of S as
JT(S)={q€ M :p<q for some p € S}.

Thus SUIT(S) C JH(S).
In particular, the chronological future I*(p) and the causal future J*(p) of a
point p € M are

If(p)={¢eM:p<q} and J*(p)={¢eM:p<gq}.

As is well known, I (p) is always open, but JT(p) is neither open nor closed in
general.

If ¢ € J™(p), then the Lorentzian distance d(p,q) is the supremum of the
Lorentzian lengths of all the future-directed causal curves from p to ¢ (possibly
d(p,q) = +00). If ¢ ¢ J™(p), then the Lorentzian distance d(p, q) = 0 by definition.
Specially, d(p, q) > 0 if and only if ¢ € I (p).

The Lorentzian distance function d : M x M — [0, +00] for an arbitrary space-
time may fail to be continuous in general and may also fail to be finite valued.
As a matter of fact, globally hyperbolic spacetimes turn out to be the natural
class of spacetimes for which the Lorentzian distance function is finite-valued and
continuous.

Given a point p € M, one can define the Lorentzian distance function d, : M —
[0, +00] with respect to p by

dp(q) = d(p, q)-
In order to guarantee the smoothness of d,, we need to restrict this function on
certain special subsets of M. Let T_1M|, be the fiber of the unit future observer
bundle of M at p; that is,

T_1M|, ={v € T,M : v is a future-directed timelike unit vector}.
Define the function s, : T_1 M|, — [0, +0o0] by

sp(v) = sup{t > 0 : dp(n(t)) = t},
where v, : [0,a) — M is the future inextendible geodesic starting at p with initial
velocity v. Then, one can define

It (p)={tv: forallv € T_1 M|, and 0 < t < s,(v)}
and consider the subset Z%(p) C M given by

T+ (p) = exp, (int(Z* (p))) C I*(p).
Observe that
exp, : int(Z*(p)) = Z* (p)
is a diffeomorphism and Z*(p) is an open subset (possible empty).

For instance, when ¢ > 0, the Lorentzian space form M1 is globally hyperbolic
and geodesically complete, and every future-directed timelike unit geodesic 7. in
M1 realizes the Lorentzian distance between its points. In particular, if ¢ > 0,
then Z*(p) = I (p) for every point p € M?*! (see [§, Remark 3.2]). However,
when ¢ < 0 it can be easily seen that Z*(p) = () for every point p € H*
where H?‘H is the anti-de-Sitter space, that is, the standard model of a simply
connected Lorentzian space form with negative curvature. In fact, at each point

Licensed to AMS.
License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



5086 L. J. ALIAS, A. HURTADO, AND V. PALMER

pE H?‘H, it holds that every future directed timelike geodesic in H;H'l starting
at p is closed, which implies that d(p,v(t)) = +oc for every t € R. The following
result summarizes the main properties about the Lorentzian distance function (see
[8, Section 3.1]).

Lemma 2.1. Let M be a spacetime and p € M.
(1) If M is strongly causal at p, then s,(v) > 0 for allv € T_1 M|, and I (p) #
0

(2) If Tt (p) # 0, then the Lorentzian distance function dy is smooth on Z%(p)

and its gradient Vd,, is a past-directed timelike (geodesic) unit vector field
on Z%(p).

3. ANALYSIS OF THE LORENTZIAN DISTANCE FUNCTION FROM A POINT

This section has two parts: in the first one, we are going to present estimates
for the Hessian of the Lorentzian distance from a point in a Lorentzian manifold in
terms of bounds for its timelike sectional curvatures. In the second part, we obtain
estimates for the Hessian and the Laplacian of the Lorentzian distance from a point
restricted to a spacelike hypersurface, based in the previous comparisons.

For every c € R, let us define

Vecoth(y/cs) if ¢>0and s > 0,
fe(s) = 1/s if c=0and s > 0,
v—ccot(v/—cs) ife<0and0<s<m/y/—c

The function f. arises naturally when computing the index form of a timelike
geodesic in a Lorentzian space form of constant curvature ¢, M2, Indeed, let
Ye i [0,8] = M be a future directed timelike unit geodesic (with s < 7/y/—c¢
when ¢ < 0), and let J. be a Jacobi field along . such that J.(0) =0 and J.(s) =
x L 7.(s). Using the Jacobi equation along 7., it is straightforward to see that
J.(t) is given by J.(t) = s.(t)Y.(t), where

SA(VED it e 0and 0 <t <s,

sinh(y/c s)

(3.1) sc(t) = t/s ife=0and 0<t<s,
sin(v/—ct) . —
an(v=cs) ifc<Oand 0<t<s<7/vV—c,

and Y.(t) is the parallel vector field along 7. such that Y.(s) = = (and hence,
(Ye(t),Ye(t)), = (x,x) for every t). Thus,

(Je(t), Je(t)), = se(t)*(w,x) and  (JU(t), Ji(1)), = s(t)*(x, z),

and we can compute explicitly the index form of 7. on J. by

(32 L) = - /OS<<Jg<t>,Jg<t>>c+c<JC<t>,JC<t>>c>dt

_ /O (51(0)? + cso(t)?) dt (w,7) = — fu(s){z, 7).

On the other hand, it is worth pointing out that f.(s) is the future mean curva-
ture of the Lorentzian sphere of radius s in the Lorentzian space form M+ (when
It (p) #0), that is, the level set

Se(s) = {a € TH(p) : dylq) = s} € MIH.
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To see this note that the future-directed timelike unit normal field globally defined
on ¥(s) is the gradient —Vd,,.

Our first result assumes that the sectional curvatures of the timelike planes of
M are bounded from above by a constant c.

Lemma 3.1. Let M™*! be an (n+1)-dimensional spacetime such that Ky (IT) < c,
c € R, for all timelike planes in M. Assume that there exists a point p € M such

that It (p) # 0, and let ¢ € I (p) (with dp(q) < 7/\/—c when ¢ < 0). Then for
every spacelike vector x € T,M orthogonal to Vd,(q) it holds that

(3.3) Vody(z,2) > —fo(dy(q)) (. 7),

where V- stands for the Hessian operator on M. When ¢ < 0 but d,(q) > 7/v/—c,
then it still holds that

(3.4) V2, (2, 0) > —— w.2) > Y=l ).

~ dp(q) T
Proof. The pr00~f follows the ideas of the proof of [8 Theorem 3.1]. Let v =
exp, () € int(Z1(p)) and let y(t) = exp,(tv), 0 < t < sp(v), the radial future
directed unit timelike geodesic with v(0) = p and v(s) = ¢, where s = d,(q). Recall
that 7/(s) = —Vd,(q) (see [8, Proposition 3.2]). From [8, Proposition 3.3], we know
that

Vody(w,2) = - /:((J’(t), J(8)) = (R(J (1), 7' ()Y (1), J($)))dt = I,(J, J),

where J is the (unique) Jacobi field along « such that J(0) = 0 and J(s) = . Since
v :10,8] = Z*(p) and exp, : int(Zt(p)) — Z*(p) is a diffeomorphism, then there is
no conjugate point of v(0) along the geodesic . Therefore, by the maximality of
the index of Jacobi fields [3, Theorem 10.23] we get that

(3.5) Vidy(z,2) = I,(J,J) > I(X, X)
for every vector field X along « such that X(0) = J(0) =0, X(s) = J(s) = z and
X(t) L +/(t) for every t. Observe that, for all these vector fields X,

L(X,X) = —/0 ((X7(8), X' () = (R(X(8), 7' ()7 (1), X (¢)))dt

= - /:((X’(t),X’(t» + K(6)(X (1), X(1)))dt,

where K (t) stands for the sectional curvature of the timelike plane spanned by X (¥)
and +/(t). Thus, K(t) < ¢, and from (B3] we obtain that

(3.6) V2, (z,0) > — /0 LX), X7 (1) + e(X (1), X ().

Assume now that s = dp(q) < 7/v/—cif ¢ < 0, and let Y (¢) be the (unique)
parallel vector field along ~ such that Y (s) = . Then, we may define X(t) =
sc(t)Y (t), where s.(t) is the function given by (BI]). Observe that X is orthogonal
to v and X (0) = 0 and X (s) = x. Moreover,

(X (1), X(t) =sc(t)*(z,2) and (X'(t), X"(1)) = s,(t)*(z,2).

c
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Therefore, using X in ([B.6) we get that
v2dp(a:,:v) > — /OS (SL(t)? + cse(t)?) dt (z,z) = —fo(s)(z, 2).
This finishes the proof of B3). Finally, when ¢ < 0 but d,(q) > 7/y/—c, then

Kp(IT) < ¢ < 0 and we may apply our estimate (B3] for the constant ¢ = 0, so
that

Vody(,2) > — foldy(9)) ()

On the other hand, under the assumption that the sectional curvatures of the
timelike planes of M are bounded from below by a constant ¢, we get the following
result.

Lemma 3.2. Let M™ ! be an (n+1)-dimensional spacetime such that K (1) > c,
c € R, for all timelike planes in M. Assume that there exists a point p € M such
that Tt (p) # 0, and let ¢ € T%(p) (with dp(q) < 7/\/—c when ¢ < 0). Then, for

every spacelike vector x € Ty M orthogonal to vdp(q), it holds that

=2
Vidy(w,2) < = fe(dp(q)) (2, @),
where 72 stands for the Hessian operator on M.

Proof. Similarly, the proof follows the ideas of the proof of [8 Theorem 3.1] (see
also |20, Lemma 8]). As in the previous proof, let v : [0,s] — ZT(p) be the radial
future directed unit timelike geodesic with v(0) = p and ~y(s) = ¢, where s = d, ().
From [8, Proposition 3.3], we know that

Vo) = - | ), T 0) — (RO O (1), Tt
- -/ (0, 7 0) + K0 (T(0), (1)),

where J is the (unique) Jacobi field along + such that J(0) = 0 and J(s) = x, and
where K (t) stands for the sectional curvature of the timelike plane spanned by J(t)
and +/(t). Thus, K(t) > ¢ and hence

(3.7 Vde(x,x) < - /:((J’(t), J'(t)) + c{J(t), J(t)))dt.

Let {E1(¢), ..., Ent1(t)} be an orthonormal frame of parallel vector fields along
such that E,, 1 = +'. Write J(t) =1, Ni(t)E;(t), so that J'(t) = Y1, Ni(t)E;(¢).
Consider 7. : [0, s] — M2 a future directed timelike unit geodesic in the Lorentzian
space form of constant curvature ¢, and let {E{(t),..., ES(t)} be an orthonormal
frame of parallel vector fields along . such that Ef ; = +.. Define X.(t) =
St Ai(t)EE(t), and observe that

(O, T () + (I, (1) = Y (N1 +eXi(D)?)
i=1
<Xéﬂ Xé>c + C<XCﬂ XC>C
(X0 X e = (Re(Xe, v)7e Xedos
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where (,)_ and R, stand for the metric and Riemannian tensors of M?*!. Then,

B20) becomes
(3.8) Vid,(z,2) < I, (Xe, X.),

where I, is the index form of v, in the Lorentzian space form M.

Since there are no conjugate points of .(0) along v. (recall that s < 7/\/—c
when ¢ < 0), by the maximality of the index of Jacobi fields and equation (B2), we
know that

(3'9) I’YC(XC’XC) < I"/c(‘]cv JC) = —fc(5)<.13,$>,

where J,. stands for the Jacobi field along «. such that J.(0) = X.(0) = 0 and
Jo(s) = Xc(s) L 4%(s). The result directly follows from this and (B.3). O

Observe that if Ky (II) < ¢ for all timelike planes in M (curvature hypothesis
in Lemma [B]), then for every unit timelike vector Z € TM

Ricy(Z,2) = = Ku(Ei NZ) > —ne,
i=1
where {F1,...,E,, E,+1 = Z} is a local orthonormal frame. Our next result holds

under this weaker hypothesis on the Ricci curvature of M. When ¢ = 0, this is
nothing but the so-called timelike convergence condition.

Lemma 3.3. Let M™*! be an (n + 1)-dimensional spacetime such that
Ricy(Z,7Z) > —ne, c€R,

for every unit timelike vector Z. Assume that there exists a point p € M such that
It(p)#0, and let g € I (p) (with d,(q) < m/+/—c when ¢ <0). Then

(3.10) Ady(q) > —nfe(dy(q)),
where A stands for the (Lorentzian) Laplacian operator on M. When ¢ < 0 but
dy(q) > m/\/—c, then it still holds that

(3.11) Ady(q) > —— S _m/e

T dyle) — ™
Proof. The proof follows the ideas of the proof of [8, Lemma 3.1]. Observe that
our criterion here for the definition of the Laplacian operator is the one in [I7] and
in [3], that is, A = tr(v2). Let v = exp, '(q) € int(Z*(p)) and let y(t) = exp,,(tv),
0 <t < sp(v), the radial future directed unit timelike geodesic with v(0) = p
and y(s) = ¢, where s = dp(q). Let {e1,...,e,} be orthonormal vectors in T, M
orthogonal to 7/(s) = —Vd,(q), so that

(3.12) Ady(q) = iv2dp(ejaej)-
j=1

As in the proof of Lemma [3.I] we have that, for every 7 =0,...,n,

=2
Vidy(ej,e5) > 1,(X;, X;)
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for every vector field X; along 7 such that X;(0) =0, X;(s) = e¢; and X,(t) L ~/(¢)
for every t, which by (BI2) implies that

(3.13) Ady(q) > f:IW(Xjan)-
j=1

Assume now that s = d,(q) < 7/v/—c when ¢ < 0, and let {E1(t),..., Ent1(t)}
be an orthonormal frame of parallel vector fields along vy such that F;(s) = e; for
every 7 =0,...,n and such that E, 1 =/.

Define

X5(6) = seOE; (1), G =1,
where s.(t) is the function given by [B.1)). Since X is orthogonal to vy and X;(0) =0

and X;(s) = e;, we may use X in (BI3). Observe that {X1,..., X, } are orthogonal
along v and that

(X;(8), X;() =sc(t)* and (X}(t), Xj(t)) = s.(t)*,

C

for every j =0,...,n. Therefore, for every j we get

L(X5, X5) = = /Os(Sé(f)2 = sc(t)*(R(E; (), 7' (1) (1), B;(1)))dt,

and then

n s S 2
Son06) = -0 [ (07 - SoRicw(/0,0))

> -n /08 (5.(8)% + ese(t)?) dt = —nf.(s).

Thus, by BI3) we get (BI0). Finally, when ¢ < 0 but d,(q) > w/v/—¢, then
Ricp(Z,Z) > —ne > 0, and we may apply BI0) for the constant ¢ = 0, which

yields

Adp(‘]) > —nfo(dp(q)) = — > -
O

Now we are ready to start our analysis of the Lorentzian distance function from
a point on a spacelike hypersurface in M. Let 9 : ¥" — M"™*! be a spacelike
hypersurface immersed into the spacetime M. Since M is time-oriented, there
exists a unique future-directed timelike unit normal field v globally defined on X.
We will refer to v as the future-directed Gauss map of X.. Let A stand for the shape
operator of ¥ with respect to v, and H = —(1/n)tr(A) defines the future mean
curvature of . The choice of the sign — in our definition of H is motivated by the
fact that in that case the mean curvature vector is given by ﬁ = Hv. Therefore,
H(p) > 0 at a point p € ¥ if and only if ﬁ(p) is future-directed.

Let us assume that there exists a point p € M such that Z%(p) # 0 and that
¥(X) C It (p). Let r = d,, denote the Lorentzian distance function from p, and let
u=rot:X — (0,00) be the function r along the hypersurface, which is a smooth
function on X.

Our first objective is to compute the Hessian of u on X. To do that, observe that

Vr =Vu— (Vr,v)v
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along X, where Vu stands for the gradient of w on . Using the fact that (Vr,Vr) =
—1 and (Vr,v) > 0, we have that

(Vr,v) = /1+|Vu2 > 1,
Vr = Vu—+/1+ |Vu|?v.

Moreover, from Gauss and Weingarten formulae, we get

VxVr =VxVu+ 1+ |Vu2AX + (AX, Vu)r — X (/1 + |Vul?)v
for every tangent vector field X € T'3. Thus,
(3.14) V2u(X, X) = Vor(X, X) — /1 + [Vu2(AX, X)

for every X € TY, where V’r and V2u stand for the Hessian of 7 and u in M and

¥, respectively. Tracing this expression, one gets that the Laplacian of u is given
by

(3.15) Au:Ar—l—er(y,y)—i—nH\/l—l— |Vul?,
where Ar is the (Lorentzian) Laplacian of r and H = —(1/n)tr(A) is the mean
curvature of X.

On the other hand, we have the following decomposition for X:

X =X*—(X,Vr)Vr
with X* orthogonal to V7. In particular,
(3.16) (X*, X*) = (X, X) + (X, V).

Taking into account that

so that

V@Vr =0
one easily gets that
Vor(X, X) = Vor(X*, X
for every X € TY..

Assume now that K (II) < ¢ for all timelike planes in M and that u < 7/y/—c
on ¥ when ¢ < 0. Then by Lemma Bl and [B.I6]) we get that

Vor(X, X) = Vor(X*, X*) > — fu(u)(X*, X*) = = fu(u)(1+ (X, V7))
for every unit tangent vector field X € TY. Therefore, by (B.14) we have that
V2u(X, X) > —fo(u)(1+ (X, Vu)?) — /1 + |[Vu2(AX, X)

for every unit X € TY. Tracing this inequality, one gets the following inequality
for the Laplacian of u:

Au > —fo(u)(n + |Vul?) + nH\/1+ |Vul2.

We summarize this in the following result.

Proposition 3.4. Let M"*! be a spacetime such that Ky (I1) < ¢ for all timelike
planes in M. Assume that there exists a point p € M such that ZT(p) # 0, and let
Y X" — M™ 1 be a spacelike hypersurface such that ¥(X) C Z(p). Let u denote
the Lorentzian distance function from p along the hypersurface X (with u < w/v/—c
on 3 when ¢ < 0). Then

(3.17) V2u(X, X) > —fo(u)(1+ (X, Vu)?) — /1 + |[Vu2(AX, X)
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for every unit tangent vector X € T, and

(3.18) Au > —fo(u)(n+ |Vul?) + nHA\/1 + |Vul?,

where H is the future mean curvature of X.

On the other hand, if we assume that K/ (II) > ¢ for all timelike planes in M,
the same analysis, now using Lemma 3.2l instead of Lemma[3.1] yields the following.

Proposition 3.5. Let M"*! be a spacetime such that Ky (I1) > ¢ for all timelike
planes in M. Assume that there exists a point p € M such that ZT(p) # 0, and let
Y X" — M™ 1 be a spacelike hypersurface such that ¥(X) C Z(p). Let u denote
the Lorentzian distance function from p along the hypersurface ¥ (with u < w/v/—c
on ¥ when ¢ <0). Then

(3.19)  VZu(X,X) < —f(w(1 + (X, Vu)?) — 1+ [Vu2(AX, X)

for every unit tangent vector X € T%, and

(3.20) Au < —fo(u)(n+ |Vul?) + nH+/1 + |Vul?,

where H is the future mean curvature of X.

Finally, under the assumption Ricy/(Z, Z) > —nc, ¢ € R, for every unit timelike
vector Z, Lemma B3] and (BIH) lead us to the following result.

Proposition 3.6. Let M"! be an (n + 1)-dimensional spacetime such that
Ricy(Z,Z) > —ne, c€R,

for every unit timelike vector Z. Assume that there exists a point p € M such
that T+ (p) # 0, and let ¢p : X" — M"™ ! be a spacelike hypersurface such that
(X)) C IT(p). Let u denote the Lorentzian distance function from p along the
hypersurface > (with u < 7w/\/—c on X when ¢ < 0). Then

Au > —nf.(u) + v2dp(u, v) +nHy/1+ |Vul?,
where v and H are the future-directed Gauss map and the future mean curvature of
Y, respectively.

4. HYPERSURFACES BOUNDED BY A LEVEL SET
OF THE LORENTZIAN DISTANCE FROM A POINT

Under suitable bounds for the sectional curvatures of the ambient spacetime,
we compare in this section the mean curvature of this hypersurface with the mean
curvature of the level sets of the Lorentzian distance in the Lorentzian space forms.
First of all, and following the terminology introduced by Pigola, Rigoli and Setti
in [19, Definition 1.10], the Omori-Yau mazimum principle is said to hold on an
n-dimensional Riemannian manifold X" if, for any smooth function v € C*(X)
with u* = supy, u < +00, there exists a sequence of points {px}ren in ¥ with the
properties

gl

() ulps) > u* — 1, (i) [Vu(pe)| < 7, and (i) Au(py) <

Equivalently, for any v € C*°(X) with u, = infy u > —oo there exists a sequence of
points {pg }ren in X satisfying

(1) ulpr) < us + %, (il) |Vu(pr)| < %, and (iii) Au(pg) > —%.
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In this sense, the classical maximum principle given by Omori [I8] and Yau [21]
states that the Omori-Yau maximum principle holds on every complete Riemannian
manifold with Ricci curvature bounded from below.

More generally, as shown by Pigola, Rigoli and Setti [19, Example 1.13], a suffi-
ciently controlled decay of the radial Ricci curvature of the form

Rics(Vo, Vo) > —C2G(o),

where o is the distance function on ¥ to a fixed point, C' is a positive constant, and
G : [0,400) = R is a smooth function satisfying

+oo
() G(0) >0, (i) G'(t) >0, (i) /0 1/7/GD) = +o0 and
(iv) limsuptG(Vt)/G(t) < +oo,

t——+oo
suffices to imply the validity of the Omori-Yau maximum principle. In particular,
and following the terminology introduced by Bessa and Costa in [5], the Omori-
Yau maximum principle holds on a complete Riemannian manifold whose Ricci
curvature has strong quadratic decay [7], that is, with

Ricy; > —C?(1 + ¢%log?(0 + 2)).

On the other hand, as observed again by Pigola, Rigoli and Setti in [19], the va-
lidity of the Omori-Yau maximum principle on %™ does not depend on curvature
bounds as much as one would expect. For instance, the Omori-Yau maximum prin-
ciple holds on every Riemannian manifold admitting a non-negative C? function ¢
satisfying the following requirements: (i) ¢(p) — 400 as p — oo; (ii) there exists
A > 0 such that [Vy| < A,/p off a compact set; and (iii) there exists B > 0 such
that Ap < B/¢/G(y/¥) off a compact set, where G is as above (see [19, Theorem
1.9]).
Now we are ready to give our first result.

Theorem 4.1. Let M"! be an (n + 1)-dimensional spacetime such that
Ricy(Z,Z) > —ne, c€R,
for every unit timelike vector Z. Let p € M be such that Zt(p) # 0, and let
X — M" be a spacelike hypersurface such that (%) C I+ (p) N BT (p,d) for
some § > 0 (with 6 < 7/+/—c when ¢ < 0), where B*(p,d) denotes the future inner
ball of radius ¢,
B (p,d6) ={g €I (p):dplq) <3}

If the Omori-Yau mazimum principle holds on X, then its future mean curvature
H satisfies

inf H < f.(supu),

x )

where u denotes the Lorentzian distance d,, along the hypersurface.
Proof. As Ricy(Z,7) > —ne, by Proposition we have that
Au > —nfe(u) + v2r(1/, V) +nH\/1+ |[Vul2.
Now, by applying the Omori-Yau maximum principle, there exists a sequence of

points {pg }ren in ¥ such that

1 1 1
|Vu(pr)| < e Au(py) < 3 Swpu— o < u(py) < supu < 6.
S S

k
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Therefore,

% > Aupr) > —nfo(ulpr) + V(@ (pr), v(pr) + nH (o) I+ [Vul(pr)]

and

_ Yk +nfolulpr) = Vr(v(pe) v(pw)
- ny/1+ [Vu(pg)|?

On the other hand, we have the following decomposition for v(py):

v(pr) = v*(pr) = (v(pw), Vr(pe) Vr(pk),
with v*(py) orthogonal to Vr(py). Since

(Vr(pe), Vr(pr)) = (v(pr), v(pr)) = —1

(4.1) inf 1 < H(py)

and

Vr(pr) = Vulpr) — (Vr(pr), v(pr))v (pr),
we have |v*(pg)|? = |Vu(pe)|? and lim._q [v*(p)|? = 0. That is, lim. o v*(px) =
0.
Now, taking into account that V2r(y(pk), v(pr)) = VQT(V*(pk), v*(p)) and mak-
ing k — oo in ([@1]), we conclude that

inf H < lim H(pg) < fe(supu).
b k—o0 »
]

On the other hand, under the assumption that the sectional curvatures of timelike
planes in M are bounded from below, we derive the following.

Theorem 4.2. Let M™ ! be an (n+1)-dimensional spacetime such that Ky (11) >
¢, ¢c € R, for all timelike planes in M. Let p € M be such that T+ (p) # 0, and let
Y X — M"! be a spacelike hypersurface such that 1¥(X) C I (p). If the Omori-
Yau mazimum principle holds on ¥ (and infxu < w/v/—c when ¢ < 0), then its
future mean curvature H satisfies

sup H > f.(inf u),
> 2
where u denotes the Lorentzian distance d, along the hypersurface. In particular,
if infs u =0, then supy H = +o0.

Proof. We start by applying the Omori-Yau maximum principle to the positive
function u, with infs,u > 0. Therefore, there exists a sequence of points {py }ren
in 3 such that

1 1 1
- _ <1 < 1 —.
[Vu(pr)| < =z Au(py) > s 0_1121fu_u(pk)<1%fu—|—k

Recall that, when ¢ < 0, we are assuming that infyu < 7/y/—c. Thus, if k is
large enough we have that u(py) < w/v/—c. Therefore, the inequality (B20) in
Proposition holds at py, and we obtain that

1
—1 < Aulpr) < —fe(ulpr))(n + [Vulpe)P) + nH (pr) V1 + [Vu(ps)
for k big enough. It follows from here that
—1/k + fe(u(pr))(n + [Vu(pr)[*)

ny/1+ |Vu(pg)|? ’

(4.2) sup H > H(py) >
3
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and making k — oo we conclude the result. The last assertion follows from the fact
that limg_.g fe(s) = +oo. O

As a direct application of Theorem we get the following.

Corollary 4.3. Under the assumptions of Theorem [£2], if the Omori- Yau maxi-
mum principle holds on X and its future mean curvature H is bounded from above
on X, then there exists some § > 0 such that ¥(X) C O (p,d), where OT(p,d)
denotes the future outer ball of radius §,

0" (p,0) ={q e I'*(p) : dp(q) > 6}.

For a proof, simply observe that supy, H < +oo implies that infs, w > 0. This
result, as well as the next ones, has a specially illustrative consequence when the
ambient is the Lorentz-Minkowski spacetime (see Remark [ at the end of this
section).

Corollary 4.4. Under the assumptions of Theorem 2], when ¢ > 0 there exists
no spacelike hypersurface 33 contained in 7 (p) on which the Omori- Yau mazimum
principle holds and having H < \/c on . When ¢ < 0, there exists no spacelike
hypersurface Y. contained in Z%(p) on which the Omori-Yau maximum principle
holds and having infs, u < m/(2y/—c) and H <0 on .

In fact, when ¢ > 0 our Theorem [.2]implies that for every spacelike hypersurface
¥ contained in Z% (p) on which the Omori-Yau maximum principle holds,

= . _
sup H > felinfu) > Tim  fo(s) = e

holds. Therefore, it cannot happen that supy; H < y/c. On the other hand, when
¢ < 0 our Theorem also implies that every spacelike hypersurface ¥ contained
in Z%(p), with infsu < 7/(2y/—c), on which the Omori-Yau maximum principle
holds, satisfies

sup H > fe(ipf u) > fe(m/(2v/=¢)) = 0.

Therefore, it cannot happen that supy, H < 0.
In particular, when the ambient spacetime is a Lorentzian space form, by putting
together Theorems 1] and 2] we derive the following consequence.

Theorem 4.5. Let M be a Lorentzian space form of constant sectional curva-
ture ¢ and let p € M. Let us consider 1 : X — M™ 1 a spacelike hypersurface
such that (%) C ZT(p) N BY(p,d) for some § > 0 (with § < w/v/—c if ¢ < 0). If
the Omori- Yau mazimum principle holds on %, then its future mean curvature H
satisfies

inf H < f.(supu) < fe(infu) < sup H,

) ) = =

where u denotes the Lorentzian distance d, along the hypersurface.

As is well known, the curvature tensor R of ¥ can be described in terms of Ry,
the curvature tensor of the ambient spacetime, and the shape operator of ¥ by the
so-called Gauss equation, which can be written as
(4.3) R(X,Y)Z = (Ru(X,Y)Z)" + (AX, Z)AY — (AY, Z)AX

for all tangent vector fields X,Y,Z € T, where (Rp(X,Y)Z)T denotes the tan-
gential component of Ry (X,Y)Z. Observe that our choice here for the curvature
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tensor is the one in [3] (and the opposite to that in [I7]). Therefore, the Ricci
curvature of ¥ is given by
Ric(X,X) = Ricy(X,X)—Ky(X Av)|XP>4+nH(AX, X) +|AX|?
2772

(4.4) Ricyy (X, X) — (KM(X Avy+ 8

) IX[2+ |AX + 2 X2

Y

n?H?
RicM(X,X)—(KM(X/\V)—i— 1 )X|2,

for X € TY, where Ricy; stands for the Ricci curvature of the ambient spacetime
and K (X Av) denotes the sectional curvature of the timelike plane spanned by X
and v. In particular, when M"*! is a Lorentzian space form of constant sectional
curvature ¢, then Ricy (X, X) = nc|X|? for all spacelike vectors X € TS, and (&4
reduces to

Ric(X, X) > ((n —1)e— "QfQ) X 2.

Therefore, if infy, H > —oo and supy, H < +oo (that is, supy, H? < +0o0), then
the Ricci curvature of ¥ is bounded from below. In particular, every spacelike
hypersurface with constant mean curvature in M *! has Ricci curvature bounded
from below. As a consequence,

Corollary 4.6. Let M be a Lorentzian space form of constant sectional curva-
ture ¢ and let p € M™Y. If ¥ is a complete spacelike hypersurface in M™1 with
constant mean curvature H which is contained in 7 (p) and bounded from above
by a level set of the Lorentzian distance function d,, (with d, < w/\/—c if ¢ < 0),
then ¥ is necessarily a level set of dp.

Proof. Our hypotheses imply that ¥ is contained in Z% (p)NB™ (p, §) for some § > 0
(with 6 < m/y/—=c if ¢ < 0) and that ¥ has Ricci curvature bounded from below by
the constant (n — 1)c — n?H? /4. In particular, the Omori-Yau maximum principle
holds on X. Therefore, by Theorem we get that

H < fe(supu) < fC(i%fu) < H,
b

which implies that supy, u = infs,u = f,}(H), and then ¥ is necessarily the level
set d, = f1(H). O

C

Remark 1. As observed after the proof of Corollary 3] our last results have
specially simple and illustrative consequences when the ambient is the Lorentz-
Minkowski spacetime. Consider L™t the standard model of the Lorentz-Minkowski
space, that is, the real vector space R"™! with canonical coordinates (1, ..., Tn11),
endowed with the Lorentzian metric

(,) =dal+-- +dx) —dal

and with the time orientation determined by e,+1 = (0,...,0,1). For a given
p € L"*! it can easily be seen that

It(p)={qgeLl™" :(g—p,q—p) <0 and (q—p,ent1) <0}

The Lorentzian distance is given by d,(q) = \/—{q — p,q — p) for every q € I (p),
and the level sets of d, are precisely the future components of the hyperbolic spaces

centered at p. Also, observe that the boundary of Z7(p) is nothing but the future
component of the lightcone with vertex at p.
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Then, Corollary E3limplies that every complete spacelike hypersurface contained
in ZT(p) and having bounded mean curvature is bounded away from the lightcone,
in the sense that there exists some ¢ > 0 such that

(g—p,q—p) < —6><0

for every g € X. Also, Corollary 4] implies that there exists no complete spacelike
hypersurface contained in Z*(p) and having non-positive bounded future mean
curvature. In particular, there exists no complete hypersurface with constant mean
curvature H < 0 contained in Z7(p). Finally, Corollary allows us to improve
Theorem 2 in [I] as follows.

Corollary 4.7. The only complete spacelike hypersurfaces with constant mean cur-
vature in the Lorentz-Minkowski space L™t which are contained in I (p) (for some
fized p € L™ 1) and bounded from above by a hyperbolic space centered at p are pre-
cisely the hyperbolic spaces centered at p.

5. ANALYSIS OF THE LORENTZIAN DISTANCE FUNCTION
FROM AN ACHRONAL SPACELIKE HYPERSURFACE

Given N™ C M"™*! an achronal spacelike hypersurface, we can define the Lorent-
zian distance function from N, dy : M — [0, +0o0], by

dn(g) == sup{d(p,q) : p € N},

for all ¢ € M. As in the previous case, to guarantee the smoothness of dy, we need
to restrict this function on certain special subsets of M. Let 7 be the future-directed
Gauss map of N. Then, we can define the function sy : N — [0, +00] by

sn(p) =sup{t > 0 : dn(,(t)) = t},

where v, : [0,a) — M is the future inextendible geodesic starting at p with initial
velocity 77,. Then, we can define

IZH(N)={tn,: forallpe N and 0 <t < sn(p)}
and consider the subset Zt(N) C M given by
IH(N) = expy(int(Z*(N))) € IT(N),
where exp, denotes the exponential map with respect to the hypersurface V.
Observe that
expy : int(iJr(N)) — ZI%(N)
is a diffeomorphism and Z*(N) is an open subset (possible empty). In the next

auxiliary result we collect some interesting properties about dy (see [8, Section
3.2]).

Lemma 5.1. Let N be an achronal spacelike hyersurface in a spacetime M.
(1) If N is compact and (M, g) is globally hyperbolic, then sy(p) > 0 for all
pe N and TT(N) # 0.
(2) If I+(N) # 0, then dy is smooth on Zt(N) and its gradient Vdy is a
past-directed timelike (geodesic) unit vector field on ZT(N).

To state our results concerning the Lorentzian distance function from an achronal
spacelike hypersurface, we need to introduce the following concepts.
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Definition 5.2. Let N™ be a spacelike hypersurface in M™*+! with future-directed
Gauss map 7. For all p € N, let 7, be the normal future-directed unit timelike
geodesic with v,(0) = p and 7,,(0) = 7,. A normal Jacobi vector field along 7, is
said to be N-Jacobian if J/'(0) = —An(J(0)), where Ay denotes the shape operator
of N with respect to 7.

Definition 5.3. Let N™ be a spacelike hypersurface of M™*! with future-directed
Gauss map n and let v : [0,s] = M be a future-directed unit timelike geodesic
orthogonal to N. If X and Y are vector fields along ~y, the index form of the
geodesic v with respect to N is given by

I Y) = = [ (XY = (ROEAY Y+ (AN XY,

where Ay denotes the shape operator of N with respect to 7. Iy defines a bilinear
form on the space of vector fields X, Y orthogonal to ~.

Remark 2. Consider the standard model of a simply connected complete Lorentzian
space form

ST (1/ve) = {z e RYT? : (z,2) = 1/c} if ¢ >0,
M(’:Vl"rl — ]Ln+1 —_ R’il-i—l if ¢ = 0,
H M (1/v=c) = {z e Ry : (z,2) = —1/c} ifc<O.

In these space forms, we have the following preferred spacelike hypersurfaces, which
are totally geodesic in M7H1:

§"(1/y/) = {x € S (1L/VD) - 2nya = 0} if o> 0
Ne=qR"={z el 2, =0} if c =0,

H"(1/v/—¢) = {x € HI" (1/v/=¢) : Tpi1 > 0,012 =0} ifc<O.

Observe that when ¢ > 0, M*! is globally hyperbolic and the hypersurfaces N,
are Cauchy hypersurfaces with Z+(N,) = IT(N,).

When we consider the totally geodesic hypersurfaces V. immersed in the Lorent-
zian space forms M1 it is easy to compute, using the Jacobi equations, the N,-
Jacobi fields. To see it, consider 7, : [0,s] — M, a future-directed, unit timelike
geodesic emanating orthogonally from N, (with s < 7/(2y/—c) when ¢ < 0). Then
the N.-Jacobi field J.(t) is given by J.(t) = c.(t)E.(t), where E.(t) is a normal
parallel vector field along 7., and

cosh(Vel)  if e > 0 and 0 <t < s,

cosh(1/c s)
ce(t)={ 1 ife=0and 0<t<s,
coslvelh if e < 0and 0 <t <5 < 7/(2V/=0).

In this case, the index form I, acting on the N.-Jacobi fields is given by
I (o) = = [ (L) + el d)e
0

(5.1) - /05(02(15)2 + cee(t)?)(Be(t), Be(t))dt = —Fu(s)(Je(s), Je(s)),
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since (E.(t), E.(t)) = (Ec(s), Ec(s)) = (J(s), Je(8)) is constant, where

Vctanh(y/cs) if ¢>0and s >0,
F.(s) = 0 if c=0and s> 0,
—v/—ctan(v/—cs) ifc<0and 0<s<w/(2y/—c).

Theorem 5.4 (Lorentzian version of [6, Theorem 32.1.1]). Let N™ be a spacelike
hypersurface of M™ 1 with future-directed Gauss map 1. Given p € N, let v :
[0,8] = M be the normal future-directed unit timelike geodesic with v(0) = p and
~'(0) = n,, and suppose there are no points on v which are focal along v to N. Let
J be an N-Jacobian vector filed along v. Then, for every vector field X along ~
which is not identically zero and orthogonal to «y such that X (s) = J(s), it holds
that

IN('L ']) Z IN(X7X)5
with equality if and only if J = X.

Proof. The proof follows the ideas of the proof of Theorem 32.1.1 of [6]. Taking
into account that v is timelike, equation (2) in [6) page 237] becomes

(%) = () - [ (4, Ay

where in our case A is a spacelike vector field along ~. In particular, (A, A) > 0
and then In(J,J) > In(X, X). O

Using this, we can state the following comparison results for the Hessian of the
function dy.

Lemma 5.5. Let M"! be an (n + 1)-dimensional spacetime such that Ky (1) <
¢, ¢ € R, for all timelike planes in M. Let N™ C M be an achronal spacelike
hypersurface with positive semi-definite second fundamental form (with respect to
the unique future-directed timelike unit normal field) and such that Tt (N) # 0. Let
q € IT(N) (with dn(q) < 7/(2v/—c) when ¢ < 0). Then, for every spacelike vector
x € T,M orthogonal to Vdy(q), it holds that

Yy (2, x) > —F.(dy(q))(z, 2),

where VQ stands for the Hessian operator on M. When ¢ < 0 but dn(q) >
7w/ (2y/—c), then it still holds that

vsz(:zr,x) >0

Proof. The proof follows the ideas of the proof of Lemma 31l Given q € ZT(N),
there exists p € N such that ¢ = expy(sm,) with s = dn(g). Let v : [0,s] = M
be the normal future-directed unit timelike geodesic with v(0) = p and 7/(0) = n,.
From [8, Proposition 3.7], we know that

iy (x,2) = In(J, J),
where J is the N-Jacobi field along v with J(s) = . By Theorem [54] we get that

(5.2) Vidn(z,z) = In(J,J) > In(X, X)

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



Licensed to AMS.

5100 L. J. ALIAS, A. HURTADO, AND V. PALMER

for every normal vector field X along 7 such that X(s) = J(s) = z. Assume now
that s < 7/(2v/—c) when ¢ < 0, and define X (¢) = c.(t)Y(t), where Y (¢) is the
(unique) parallel vector field along v with Y (s) = z. From (5:2) we obtain that

—2 S
Vidy(X, X) > —/ ((X7(2), X' (1)) — (R(X(2),~(£))'(£), X (2)))dt
0
+{An(X(0)), X(0))
> —/ (X'(1), X'(1)) + (X (1), X (1)))dt = —Fe(s)(x, x).
0
Finally, when ¢ < 0 but d,(¢q) > 7/(2y/—c), then K (II) < ¢ < 0, and we obtain
=2
Vody(z,x) = —Fo(dy(q))(z, ) = 0.
O
Lemma 5.6. Let M™! be an (n + 1)-dimensional spacetime such that Ky (11) >
¢, ¢ € R, for all timelike planes in M. Let N™ C M be an achronal spacelike
hypersurface with negative semi-definite second fundamental form (with respect to
the unique future-directed timelike unit normal field) and such that T+ (N) # 0. Let

q € I*(N) (with dy(q) < 7/(2y/—c) when ¢ <0). Then, for every spacelike vector
x € T,M orthogonal to Vdy(q), it holds that

=2
Vidyn(z,z) < —F.(dn(q)){z, ),
where vz stands for the Hessian operator on M.

Proof. Similarly, the proof follows the ideas of the proof of Lemma As in the
previous proof, given g € Zt (), there exists p € N such that ¢ = expy (sn,) with
s =dn(q). Let v:[0,s] = M be the normal future-directed unit timelike geodesic
with v(0) = p and +/(0) = n,. From [8 Proposition 3.7], we know that

Vin(w,2) = —/OS(<J’(t),J’(t)>—(R(J(t),v’(t))v’(t%J(t)>)dt
+(An(J(0)), 7(0))
(5-3) < —/O ((J7(8), (1) + e(J(B), (1)),

where J is the N-Jacobi field along v such that J(s) = z.

Let {E1(t),..., Ent+1(t)} be an orthonormal frame of parallel vector fields along
7 such that E,; =~'. Write J(t) = >, A\i(t)E;(t). Consider ~, : [0,s] — M+
a future directed timelike unit geodesic in the Lorentzian space form of constant cur-
vature ¢ orthogonal to N, and let {E{(t),..., Ef; (t)} be an orthonormal frame of
parallel vector fields along 7. such that ES, ; = ~.. Define X.(t) = Y7 ;| A (¢)EE(¢),
and observe that

(J'(), J' (1)) + (I (1), J (1)) = (X0, Xi) o — (Re(Xe, 70070 Xe) s
where (,), and R. stand for the metric and Riemannian tensors of M?*!. Then,
(E3) becomes
v2dN(xa 'T) < INC (Xc; Xc)

Since there are no focal points of 7.(0) along . (recall that s < 7/(2y/—c) when
¢ < 0), by Theorem (.4

(54) INC(XC)XC) < INC(J07JC)7
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where J. stands for the N.-Jacobi field along ~. such that J.(s) = X.(s), and by
(BID) we conclude that

Vdn (@, 2) < In,(Je Je) = —Fu()(Xe(5), Xe(5)) = = Fe(dn (0)) (2, 7).

Lemma 5.7. Let M™*! be an (n + 1)-dimensional spacetime such that
Ricpy(Z,Z2) > —ne, c € R,

for every unit timelike vector Z. Let N™ C M be an achronal spacelike hypersurface
such that Zt(N) # 0 and let ¢ € ZH(N) (with dn(q) < 7/(2y/—¢) when ¢ < 0).
Then

Adn(q) > —nF(dn(q)) — nc.(0)*Hy (p),

where A stands for the (Lorentzian) Laplacian operator on M, Hy is the mean
curvature of the hypersurface N with respect to the future-directed Gauss map 1,
and p is the orthogonal projection of ¢ on N. When ¢ < 0 but dy(q) > 7/(2+/—c),
then it still holds that

Ady(q) > —nHy (p).

Here, by p being the orthogonal projection of ¢ on N, we mean that p is the
(unique) point of N such that ¢ = expy (dn(q)np)-

Proof. The proof follows the ideas of the proof of Lemma B3l Let v : [0,s] = M
be the normal future-directed unit timelike geodesic with v(0) = p and 7/(0) = n,.

Let {e1,...,e,} be orthonormal vectors in T,M orthogonal to 7'(s) = —Vdn(q),
so that

n
- =2
(55) AdN(q) = Z A\ dN(ej, ej).
j=1
As in the proof of Lemma [5.5] we have that, for every 7 =0,...,n,

—2
Vidn(ej,e5) > In(X;, X;)

for every normal vector field X; along « such that X,(s) = e;, which implies that
(5.6) Adn(q) > ZIN(Xjan)'
j=1

Assume now that s=dy(¢) <7/(2y/—c) when ¢ < 0, and let {E1(t),..., Epy1(t)}
be an orthonormal frame of parallel vector fields along «y such that E;(s) = e; for
every 7=0,...,n,and E, 1 =7

Define
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Then

Sn06) = =0 [ (co? - “oicw (0.0 a

j=1

+Z (An(X;(0)), X;(0))

> -n /0 (ce(t)® + cce(t)?) dt +ce(0)° Y (An(E;(0)), E;(0))

j=1
= —nF.(s) —nc.(0)*Hy(p).
Finally, when ¢ < 0 but d,(¢) > 7/(2v/—c), then Ricy(Z, Z) > —nc > 0 and

Ady(q) > —nFy(dp(q)) — nco(0)’Hy (p) = —nHn (p).
O

Now, let ¢ : & — M"™t! be a spacelike hypersurface immersed into the space-
time M such that ¢(X) C ZT(N) # 0 and let v = dy o) : ¥ — (0,00) be the
function dy along the hypersurface. Using the same arguments as in Section [3
for the Lorentzian distance from a point, we can state the following bounds for
the Hessian and the Laplacian of the function dy along the hypersurface 3, under
appropriate assumptions on the curvature of the spacetime M.

Proposition 5.8. Let M™*! be a spacetime such that Ky (I1) < ¢ (resp. Ky (11) >
¢) for all timelike planes in M. Assume that there exists an achronal spacelike hy-
persurface N™ C M with positive (resp. negative) semi-definite future second fun-
damental form and Z+(N) # 0, and let 1 : £ — M" Tt be a spacelike hypersurface
such that ¥(X) C Zt(N). Let v denote the Lorentzian distance function from N
along the hypersurface ¥ (with v < 7/(2y/—c) on ¥ when ¢ < 0). Then

(5.7) Vu(X,X) > (resp. <) — Fo(v)(1 + (X, Vv)?) — /1 + [Vu]2(AX, X)
for every unit tangent vector X € T, and

(5.8) Av > (resp. <) — F.(v)(n + |Vv]?) + nH\/1 + |Vv|2,

where A and H are the future shape operator and the future mean curvature of X,
respectively.

Proposition 5.9. Let M"! be an (n + 1)-dimensional spacetime such that
Ricy(Z,Z) > —nc, c€R,

for every unit timelike vector Z. Assume that there exists an achronal spacelike
hypersurface N C M with T (N) # 0, and let 1 : ¥ — M™ L be a spacelike hy-
persurface such that 1(X) C ZT(N). Let v denote the Lorentzian distance function
from N along the hypersurface ¥ (with v < 7/(2y/—c) on ¥ when ¢ < 0). Then

Av > —nF.(v) + deN(u, v) +nH\/1+ |Vv|2 — nc.(0)*Hy,

where v and H are the future-directed Gauss map and the future mean curvature
of X%, respectively, and Hy stands for the future mean curvature of N along the
orthogonal projection of ¥ on N.
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The proof of Propositions [B£.8] and parallels that of Propositions [3.4], and
B0 simply by taking r = d and using the Lemmata 55| and 5.7

Using these inequalities, we can obtain the following bounds for the future mean
curvature of spacelike hypersurfaces. The proofs are similar to that of Theorems

4.1l and
Theorem 5.10. Let M™*! be an (n + 1)-dimensional spacetime such that
Ricy(Z,Z) > —ne, c€R,

for every unit timelike vector Z. Let N be an achronal spacelike hypersurface in
M with Tt(N) # 0 whose future mean curvature satisfies sup Hy < +oco. Let
Y X" — M"! be a spacelike hypersurface such that ¥(X) C ZH(N) N BT (N,9)
for some 6 > 0 (with § < 7/(2v/—c) when ¢ < 0), where

BT (N,§)={qe I"(N):dn(q) <6}
If the Omori-Yau mazximum principle holds on X, then

i%fH < F.(supv) + c.(0)% sup Hy,
=

where H is the future mean curvature of 3.

Theorem 5.11. Let M™ ! be an (n+1)-dimensional spacetime such that K s (I1) >
¢, ¢ € R, for all timelike planes in M. Let N be an achronal spacelike hypersurface
in M with Zt(N) # (§ whose future second fundamental form is negative semi-
definite. Let 1) : X" — M"1 be a spacelike hypersurface such that (%) C Z+(N).
If the Omori-Yau mazimum principle holds on ¥ (and infgv < 7/(2v/—c) when
¢<0), then
sup H > F,(inf v),
» b

where H is the future mean curvature of 3.

6. HYPERBOLICITY OF SPACELIKE HYPERSURFACES

In this section we consider some function theoretic properties satisfied by space-
like hypersurfaces with controlled mean curvature in spacetimes with timelike sec-
tional curvatures bounded from below.

First of all, we are going to recall a standard characterization of hyperbolicity of
a Riemannian manifold.

Lemma 6.1 ([13]). A Riemannian manifold X" is hyperbolic if and only if it holds
one of the two following equivalent conditions:

(a) There exists a non-constant bounded (from above and from below) subhar-
monic function globally defined on 3.

(b) There exists a non-constant positive superharmonic function globally defined
on X.

For the equivalence between (a) and (b), observe that if f is a non-constant
bounded (from above and from below) subharmonic function on ¥, then choosing
C > maxy f we obtain C'— f a non-constant positive superharmonic function. Con-
versely, if f is a non-constant positive superharmonic function on ¥, then f/y/1+ f
determines a non-constant bounded (from above and from below) subharmonic
function.
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As a consequence of our previous results we have the following.

Theorem 6.2. Let M be an (n + 1)-dimensional spacetime, n > 2, such that
Ky (IT) > ¢ for all timelike planes in M. Assume that there exists a point p € M™ 1
such that It (p) # 0, and let v : ¥ — M™ be a spacelike hypersurface with
P(X) C It (p). Let us denote by u the function d, along the hypersurface, and
assume that u < 7/(2y/—c) if ¢ < 0. Then

(i) If the future mean curvature of ¥ satisfies

2v/n —1
(6.1) H< anc(u) (with H < f.(u) at some point of ¥ if n = 2),
then X is hyperbolic.
(ii) Ifc=0 and H <0, then ¥ is hyperbolic.
(iii) If¢>0 and H < Q—VZ—H/E, then X is hyperbolic.
In particular, every maximal hypersurface contained in I+ (p) (and satisfying u <
(7/2v/—c¢) if ¢ < 0) is hyperbolic.

Proof. In order to prove (i), first of all observe that u is a non-constant positive
function defined on ¥. Otherwise, ¥ would be an open piece of the level set given by
dp = u, with Au = 0 and Vu = 0, and by Proposition B.5lits mean curvature would
be H > f.(u), which cannot happen because of ([GI). Now we apply Proposition
to get

Au < —f.(u)(n + |Vul?) + nH\/1 + |Vul?.

Observe that x = v/n — 2 is a minimum of the function
n -+ 22

¢(z) = nIta?
with ¢(v/n — 2) = 2y/n — 1/n. Therefore,
2v/n —1 o Nt |Vul?
n S /TE v

Since f.(u) > 0 (recall that we assume u < 7/(2y/—c) if ¢ < 0), our hypothesis on

H implies that
H< 2v/n —1
n

with x>0,

fe(w)(n+ |Vu|2).

ny/1 4+ |Vul?
nHA\/1+ |Vul2 < fo(u)(n+ |Vul?),

which yields Au < 0. As a consequence, u is a non-constant positive superharmonic
function on ¥ and hence it is hyperbolic.
To prove (ii) and (iii), simply observe that fo(u) = 1/u > 0 and f.(u) =

Vecoth(y/cu) > /c on X. O

Finally, using Proposition (.8 and following the proof of Theorem [G.2] we are
able to conclude the following result.

fe(u) <

That is,

Theorem 6.3. Let M"! be an (n + 1)-dimensional spacetime, n > 2, such that
Ky (IT) > ¢ > 0 for all timelike planes in M. Assume that there exists an achronal
spacelike hypersurface N™ C M with negative semi-definite second fundamental
form and TT(N) # 0. Let ¢ : ¥™ — M"™*! be a spacelike hypersurface such that
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»(X) € ZT(N), and let v denote the Lorentzian distance function from N along
the hypersurface 3. Then

(i) If ¢ > 0 and the future mean curvature of ¥ satisfies

< 2L fetanh (Vo)

(with H < y/ctanh (y/cv) at some point of 3 if n = 2), then X is hyperbolic.
(ii) If c =0 and H < 0 (with H < 0 at some point of ¥ if n = 2), then ¥ is
hyperbolic.
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