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Abstract

General birth-and-death as well as hopping stochastic dynamics of
infinite particle systems in the continuum are considered. We derive
corresponding evolution equations for correlation functions and gener-
ating functionals. General considerations are illustrated in a number
of concrete examples of Markov evolutions appearing in applications.
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1 Introduction

The theory of stochastic lattice gases on the cubic lattice Z?, d € N, is one of
the most well developed areas in the interacting particle systems theory. In
the lattice gas models with spin space S = {0, 1}, the configuration space is
defined as X = {0,1}2". Given a configuration o = {o(z) : z € Z4} € X, we
say that a lattice site x € Z¢ is free or occupied by a particle depending on
o(z) = 0 or o(x) = 1, respectively. The spin-flip dynamics of such a system
means that, at each site x of the lattice, a particle randomly appears (if the
site x is free) or disappears from that site. The generator of this dynamics
is given by
(Lf)(o) = alz,0)(f(0") = f(0)),
z€Z

where ¢% denotes the configuration ¢ in which a particle located at x has
disappeared or a new particle has appeared at x. Hence, this dynamics may
be interpreted as a birth-and-death process on Z¢. An example of such a
type of process is given by the classical contact model, which describes the
spread of an infectious disease. In this model an individual at z € Z< is
infected if o(z) = 1 and healthy if o(z) = 0. Healthy individuals become
infected at a rate which is proportional to the number of infected neighbors
(AX2 ) y—aj=1 0(y), for some A > 0), while infected individuals recover at a
rate identically equal to 1. An additional example is the linear voter model,
in which an individual located at a x € Z¢ has one of two possible positions
on an issue. He reassesses his view by the influence of surrounding people.
Further examples of such a type may be found e.g. in [Lig85], [Lig99).

In all these examples clearly there is no conservation on the number of
particles involved. In contrast to them, in the spin-exchange dynamics there
is conservation on the number of particles. In this case, particles randomly
hop from one site in Z¢ to another one. The generator of such a dynamics is
given by

(L) =D Y dry.0)(f(e™) — fo),

x€Z4 yeZt:|ly—z|=1

where o™ denotes the configuration ¢ in which a particle located at x hops
to a site y.

In this work we consider continuous particle systems, i.e., systems of
particles which can be located at any site in the Euclidean space R, d € N.



In this case, the configuration space of such systems is the space I' of all
locally finite subsets of R?. Thus, an analog of the above mentioned spin-
flip dynamics should be a process in which particles randomly appear or
disappear from the space R? i.e., a spatial birth-and-death process. The
generator of such a process is informally given by

(LE)(y) = Y dlx,y\{z}) (F(y\{z}) = F())

n /R db(z,7) (F(yU{a}) = F(7)),

where the coefficient d(z, ) indicates the rate at which a particle located at
x in a configuration 7 dies or disappears, while b(x, ) indicates the rate at
which, given a configuration 7, a new particle is born or appears at a site x.

By analogy, one may also consider a continuous version of the contact
and voter models above presented. Both continuous versions yield a similar
informal expression for the corresponding generators.

Moreover, one may also consider the analog of the spin-exchange dynam-
ics. We consider a general case of hopping particle systems, in which particles
randomly hop over the space R%. In terms of generators, this means that the
dynamics is informally given by

LP)0) =3 [ dyele.n) (PO U () = FO).

Trey

where the coefficient ¢(z,y, ) indicates the rate at which a particle located
at x in a configuration v hops to a site y.

Spatial birth-and-death processes were first discussed by C. Preston in
[Pre75]. Under some conditions on the birth and death rates, b and d, the
author has proved the existence of such processes in a bounded volume on
R?. In this case, although the number of particles can be arbitrarily large,
at each moment of time the total number of particles is always finite. Later
on, the problem of convergence of these processes to an equilibrium one was
analyzed in |[LS81], [Mgl89].

Problems of existence, construction, and uniqueness of spatial birth-and-
death processes in an infinite volume were initiated by R. A. Holley and
D. W. Stroock in [HS78] for a special case of neighbor birth-and-death pro-
cesses on the real line. An extension of the uniqueness result stated therein
may be found in [CR79].



E. Glotzl analyzed in [GI681], [GI682] the birth-and-death and the hop-
ping dynamics of continuous particle systems for which a Gibbs measure p is
reversible. Although he could not prove the existence of such processes, he
has identified the conditions on the coefficients, b, d and ¢ under which the
corresponding generators are symmetric operators on the space L?(u). For
the particular case of the Glauber stochastic dynamics, such a process was
effectively constructed in [KLO5]. The procedure used therein was extended
in [KLROT7] to a general case of birth-and-death dynamics and to the hop-
ping dynamics. Recently, in [KS06] the authors have proved the existence
of a contact process. Further details concerning all these constructions are
properly archived throughout this present work.

In this work we propose an alternative approach for the study of a dy-
namics based on combinatorial harmonic analysis techniques on configuration
spaces. This particular standpoint of configuration space analysis was intro-
duced and developed in [KK02], [Kun99] (Subsection [2]). For this purpose,
we assume that the coefficients b, d and ¢ are of the type

a(w,y) = Y Au(n), a=b,d, c(x,y,7) = Y Cayln), (1)

i<z <50
respectively. This special form of the coefficients allows the used of harmonic
analysis techniques, namely, the specific ones yielding from the natural re-
lations between states, observables, correlation measures, and correlation
functions (Subsection 2.2). Usually, the starting point for the construction
of a dynamics is the Markov generator L related to the Kolmogorov equation

%F} = LF,.
Given an initial distribution p of the system (from a set of admissible ini-
tial distributions on I'), the generator L determines a Markov process on I'
which initial distribution is p. In alternative to this approach, the natural
relations between observables (i.e., functions defined on I'), states, correla-
tion measures, and correlation functions yield a description of the underlying
dynamics in terms of those elements (Subsection 2.2)), through correspond-
ing Kolmogorov equations. Such equations are presented under quite general
assumptions, sufficient to define these equations. However, let us observe
that on each concrete application the explicit form of the rates determines
specific assumptions, which only hold for that concrete application. Such an



analysis is discussed separately. In Subsection 2.3] we widen the dynamical
description towards the Bogoliubov functionals [Bog46], cf. [KKOO06].

Let us underlying that assumptions () are natural and quite general. As
a matter of fact, the birth and death rates on the Glauber, the contact model
and the linear and polynomial voter models dynamics, are both of this type
(Subsections B.2.1H3.2.4]), as well the coefficient ¢ for the Kawasaki dynamics
(Subsection A.2.1]).

From the technical point of view, the procedure that is presented here
turns out to be an effective method for the study of equilibrium and non-
equilibrium problems for infinite particle systems in the continuum. This has
been recently emphasized in the construction of a non-equilibrium Glauber
dynamics done in [KKZ06], cf. considerations at the end of Subsection B.2.11

In our forthcoming publication [FKOQ07] we present an extension of this
technique towards multicomponent systems. In particular, it yields a new
approach to the study of, e.g., conflict, predator-prey, and Potts-Kawasaki
models.

2 Markov evolutions in configuration spaces

2.1 Harmonic analysis on configuration spaces

The configuration space I' := I'ga over R?, d € N, is defined as the set of all
locally finite subsets of RY,

= {7 c R%: |7a| < oo for every compact A C ]Rd} ,

where || denotes the cardinality of a set and v, := yNA. As usual we identify
each v € I with the non-negative Radon measure Zx@ 5, € M(R?), where
0, is the Dirac measure with unit mass at x, ) 0, is, by definition, the zero
measure, and M (R?) denotes the space of all non-negative Radon measures
on the Borel o-algebra B(R?Y). This identification allows to endow I' with the
topology induced by the vague topology on M(R9), i.e., the weakest topology
on I' with respect to which all mappings

U3y (fa) = [ 010 fle) = T 1) f e CRd),

are continuous. Here C.(R?) denotes the set of all continuous functions on R?
with compact support. We denote by B(I") the corresponding Borel o-algebra
on I



Let us now consider the space of finite configurations

[y = |j| e,
n=0

where ') .= FEQ ={yel:|y|=n}forn € Nand'® := {()}. Forn € N,
there is a natural bijection between the space I'™ and the symmetrization

(R4)" /S, of the set (R4)" := {(x1,...,x,) € (RN)" : z; # x; if i # j} under
the permutation group S, over {1,...,n} acting on (R?)" by permuting the
coordinate indexes. This bijection induces a metrizable topology on I'™)
and we endow I'y with the topology of disjoint union of topological spaces.
By B(I'™) and B(T) we denote the corresponding Borel o-algebras on I'™
and [y, respectively.

We proceed to consider the K-transform [Len73|, [Len75a], [Len75b],
[KK02], that is, a mapping which maps functions defined on I'y into func-
tions defined on the space I'. Let B.(R?) denote the set of all bounded Borel
sets in RY, and for any A € B.(R?) let Ty := {n € T' :  C A}. Evidently
La=11%, FE\"), where Fg") := I'\NT™ for each n € Ny, leading to a situation
similar to the one for I'y, described above. We endow I'y with the topology
of the disjoint union of topological spaces and with the corresponding Borel
o-algebra B(I'y).

Given a B(I'y)-measurable function G with local support, that is, G\, =
0 for some A € B.(RY), the K-transform of G is a mapping KG : ' — R
defined at each v € I' by

(KG)(v) = ) G (2)

ri<es

Note that for every such function G the sum in (2) has only a finite number
of summands different from zero, and thus KG is a well-defined function
on I'. Moreover, if G has support described as before, then the restriction
(KG)|r, is a B(I'y)-measurable function and (KG)(y) = (KG)[r, (7a) for
all v € I', i.e., KG is a cylinder function.

Let now G be a bounded B(I'y)-measurable function with bounded sup-
port, that is, Gfro\( N F(A”))E 0 for some N € Ny, A € B.(R%). In this situa-

tion, for each C' > |G| one finds |(KG)(7)| < C(1 + |ya])Y for all vy € T. As
a result, besides the cylindricity property, K G is also polynomially bounded.

7



In the sequel we denote the space of all bounded B(I'g)-measurable functions
with bounded support by Bps(Ig). It has been shown in [KKO02] that the
K-transform is a linear isomorphism which inverse mapping is defined on
cylinder functions by

(K7'F) () =) _(~)"™¥IFE), el

§Cn

As a side remark, we observe that this property of the K-transform yields a
full complete description of the elements in FP(I") := K (Bys(I'y)) which may
be found in [KKO02], [KKO04]. However, throughout this work we shall only
make use of the above described cylindricity and polynomial boundedness
properties of the functions in FP(I).

Among the elements in the domain of the K-transform are also the so-
called coherent states ey (f) corresponding to B(R?)-measurable functions f
with compact support. By definition, for any B(R¢)-measurable function f,

ex(f.n) =[] f(@), n € T\ {0}, ex(f.0):=1.

If f has compact support, then the image of e,(f) under the K-transform is
a function on I' given by

(Kex(f) () = [[(1+ f(2)), veT.

rey

As well as the K-transform, its dual operator K* will also play an essential
role in our setting. Let M} (T') denote the set of all probability measures p
on (I', B(I")) with finite local moments of all orders, i.e.,

/du(v) |7a|® < 0o for all n € N and all A € B,(R?). (3)
r

By the definition of a dual operator, given a u € M;} (T'), the so-called
correlation measure p, := K*pu corresponding to p is a measure on (I'g, B(I'y))
defined for each G € Bys(I'g) by

/F dp, (1) G ) = / dp(y) (KG) (). (4)

Observe that under the above conditions K |G| is u-integrable. In terms of
correlation measures this means that Bys(I'g) C L'(To, p,.).

8



Actually, By,s(Ig) is dense in L' (T, p,,). Moreover, still by (@), on Bys(To)
the inequality ||KG||z1(u) < [|G||11(p,) holds, allowing then an extension of
the K-transform to a bounded operator K : L*(Tg, p,) — L'(T, ) in such
a way that equality (@) still holds for any G € L'(T'g, p,). For the extended
operator the explicit form (2)) still holds, now p-a.e. This means, in particular,

(Kex(£) (1) = [[00+ f@), p-aanryeTl, ()

xey

for all B(R?)-measurable functions f such that ey(f) € L'(Io, p,), cf. e.g.
[KK02].

We also note that in terms of correlation measures p, property (B) means
that p, is locally finite, that is, pu(FEC)) < oo for all n € Ny and all A €
B.(RY). By My (Ty) we denote the class of all locally finite measures on Tg.

Example 1 Given a constant z > 0, let 7w, be the Poisson measure with in-
tensity zdx, that is, the probability measure on (I', B(I')) with Laplace trans-
form given by

/Fdwz exp <Z<p ) = exp (z /Rd du (e9) — 1))

ey

for all ¢ € D. Here D denotes the Schwartz space of all infinitely differ-
entiable real-valued functions on R with compact support. The correlation
measure corresponding to m, is the so-called Lebesgue-Poisson measure

o)

=3 Sl
n!

n=0

where each m™ , n € N, is the image measure on T'™ of the product measure

dry...dx, under the mapping (RH™ > (z1,...,x,) = {21, ..., x,} € T™. For
n =0 we set m ({@}) := 1. This special case emphasizes the technical role
of the coherent states in our setting. First, ex(f) € LP(To, \,) whenever f €
LP(R® dx) for some p > 1, and, moreover, ||ex(f )||Lp()\z exp(z||f||’£p(dx)).
Second, given a dense subspace L C L*(RY,dx), the set {ex(f) : f € L} is
total in L*(Top, \.).

Given a probability measure p on T', let p o py' be the image measure
on the space 'y, A € B.(RY), under the mapping py : I' — I'y defined by

9



pa(7) ==, v €T, i.e., the projection of y onto I'y. A measure pu € M} (T)
is called locally absolutely continuous with respect to 7 := m; whenever for
each A € B.(RY) the measure p o py' is absolutely continuous with respect
to mop,'. In this case, the correlation measure pu is absolutely continuous
with respect to the Lebesgue-Poisson measure A := A;. The Radon-Nikodym
derivative k, := %ﬁ‘ is the so-called correlation function corresponding to .

For more details see e.g. [KK02].

2.2 Markov generators and related evolutional equa-
tions

Before proceeding further, let us first summarize graphically all the above

described notions as well as their relations (see the diagram below). Having

in mind concrete applications, let us also mention the natural meaning of
this diagram in the context of a given infinite particle system.

(P, = / dp()F(7)

F 2
K K*
G Pu

(G,pu) = /F dp,(n)G(n)

The state of such a system is described by a probability measure 4 on I'
and the functions F' on I' are considered as observables of the system. They
represent physical quantities which can be measured. The expected values
of the measured observables correspond to the expectation values (F, u) :=
Jrdu(y) F (7).

In this interpretation we call the functions G on I'j quasi-observables, be-
cause they are not observables themselves, but they can be used to construct
observables via the K-transform. In this way we obtain all observables which
are additive in the particles, namely, energy, number of particles.

10



The description of the underlying dynamics of such a system is an es-
sentially interesting and often a difficult question. The number of particles
involved, which imposes a natural complexity to the study, on the one hand,
and the infinite dimensional analysis methods and tools available, once in a
while either limited or insufficient, on the other hand, are physical and math-
ematical reasons for the difficulties, and failures, pointed out. However, it
arises from the previous diagram an alternative approach to the construction
of the dynamics, overcoming some of those difficulties.

As usual the starting point for this approach is the Markov generator
of the dynamics, in the sequel denoted by L, related to the Kolmogorov
equation for observables

0

ot
Given an initial distribution u of the system (from a set of admissible initial
distributions on I'), the generator L determines a Markov process on I" which
initial distribution is p. Within the diagram context, the distribution u; of
the Markov process at each time ¢ is then a solution of the dual Kolmogorov
equation

F, = LF, (KE)

d
ar

L* being the dual operator of L.
The use of the K-transform allows us to proceed further. As a matter of
fact, if L is well-defined for instance on FP(I'), then its image under the K-
transform L := K'LK yields a Kolmogorov equation for quasi-observables
0

oG = LG,. (QKE)

=L" Ht, (KE>*

Through the dual relation between quasi-observables and correlation mea-
sures this leads naturally to a time evolution description of the correlation
function £, corresponding to the initial distribution p given above. Of course,
in order to obtain such a description we must assume that at each time ¢ the
correlation measure corresponding to the distribution p, is absolutely con-
tinuous with respect to the Lebesgue-Poisson measure A. Then, denoting by
L* the dual operator of L in the sense

/F dA(n) (LG) ()k(n) = / aN(n) G(n) (E*R)(n),

11



one derives from (QKE) its dual equation,

%kt = L*k,. (QKE)*
Clearly, the correlation function k; corresponding to u;, t > 0, is a solution
of (QKE)*. At this point it is opportune to underline that a solution of
(QKE)* does not have to be a correlation function (corresponding to some
measure on '), a fact which is frequently not taken into account in theoretical
physics discussions. An additional analysis is needed in order to distinguish
the correlation functions from the set of solutions of the (QKE)* equation.
Within our setting, some criteria were developed in [BKKIL99], [Len75b],
[KK02], [Kun99].

In this way we have derived four equations related to the dynamics of
an infinite particle system in the continuum. Starting with (KE), one had
derived (QKE)*, both equations being well-known in physics. Concerning the
latter equation, let us mention its Bogoliubov hierarchical structure, which in
the Hamiltonian dynamics case yields the well-known BBGKY-hierarchy (see
e.g. [Bog46]). In our case, the hierarchical structure is given by a countable
infinite system of equations

%kﬁ’” = (L), k™ = kypen, (D)™ = (L*k)ron, n € No.  (6)
In contrast to (KE), note that each equation in () only depends on a fi-
nite number of coordinates. This explains the technical efficacy of equation
(QKE)* in concrete applications.

Although equations (QKE) and (KE)* being also known in physics, their
studied is not so developed and usually they are not exploit in concrete
applications. However, in such applications those equations often turn out
to be an effective method.

Before proceeding to concrete applications, let us observe that for some
concrete models it is possible to widen the dynamical description towards
Bogoliubov functionals [Bog46].

2.3 Generating functionals

Given a probability measure p on (I', B(I")) the so-called Bogoliubov or gen-
erating functional B, corresponding to p is the functional defined at each

12



B(R%)-measurable function 6 by

B,(0) = / au(y) [ +0()), (7)

Trey

provided the right-hand side exists for |f|. In the same way one cannot
define the Laplace transform for all measures on I', it is clear from () that
one cannot define the Bogoliubov functional for all probability measures on
I as well. Actually, for each § > —1 so that the right-hand side of ([7]) exists,
one may equivalently rewrite (1) as

B, (0) = /F dp(ry) O,

showing that B, is a modified Laplace transform.

If the Bogoliubov functional B, corresponding to a probability measure
i exists, then clearly the domain of B, depends on the underlying mea-
sure. Conversely, the domain of a Bogoliubov functional B,, reflects special
properties over the measure p [KKOOQO6]. For instance, if o has finite local
exponential moments, i.e.,

/du(v) el < 00 foralla >0 and all A € Bc(Rd)a
r

then B, is well-defined for instance on all bounded functions 6 with compact
support. The converse is also true. In fact, for each > 0 and each A &€
B.(R?%) the latter integral is equal to B,((e® — 1)14). In this situation, to a
such measure ;1 one may associate the correlation measure p,, and equalities
@) and () then yield a description of the functional B, in terms of either
the measure p,:

B, (6) = / du(y) (Kex(6)) (7) = / dpy (1) ex(8, ),

or the correlation function k,, if p, is absolutely continuous with respect to
the Lebesgue-Poisson measure A:

B,(0) = / A(n) ex(0, )k, ().

13



Within Subsection framework, this gives us a way to express the
dynamics of an infinite particle system in terms of the Bogoliubov functionals

&@zﬁdwwwmmm

corresponding to the states of the system at each time t > 0, provided the
functionals exist. Informally,

0 0

5i500) = [ e Tk = [ a da@)mnm.  ®

In other words, given the operator L defined at

B@:Awwmmwm%frmm

by

wm@:[ﬁwm&wmwmx

heuristically (8) means that the Bogoliubov functionals By, t > 0, are a
solution of the equation

o N

Besides the problem of the existence of the Bogoliubov functionals By, t > 0,
let us also observe that if a solution of equation () exists, a priori it does
not have to be a Bogoliubov functional corresponding to some measure. The
verification requests an additional analysis, see e.g. [KKO06], [Kun99).

In applications below, in order to derive explicit formulas for L, the next
results show to be useful. Here and below, all L{-spaces, p > 1, consist of
p-integrable complex-valued functions.

Proposition 2 Given a measure p € M (T') assume that the correspond-
ing Bogoliubov functional B, is entire on Li:(R%, dx). Then each differential
of n-th order of B,, n € N, at each 6y € LL(R?, dx) is defined by a sym-
metric kernel in LE ((RY)", dxy...dz,,) denoted by M;?.—% and called the
variational derivative of n-th order of B, at 8. In other words,
z21=...=2n=0

a" -
021...0%, By (90 * ; Ziei)
5nBu(90)

— /R dr, 91(:01)'-'/Rd dx”en(x")éeo(xl)..ﬁeo(l’n)7

14




for all 6y, ...,0, € LL(R? dz). Furthermore, using the notation

_ 5nBu(90)

(D‘”'BM) (Oo;m) - forn=A{z1,...,x,} € '™ neN,

the Taylor expansion of B, at each 0y € LE(R?, dx) may be written in the
form

Bu(to+0) = [ ) ex(®.n) (DVB,) (Guin). 0 € LR o)

o

In terms of the measure p, the holomorphy asssumption in Proposition
implies that p is locally absolutely continuous with respect to the measure
7 and the correlation function k, is given for A-a.a n € I'y by k,(n) =
(D" B,) (0;n). Moreover, for all § € LL(R?, dz) the following relation holds

(D" B,) (6;n) = / INE kU er(0,6), A—ac,  (10)

To

showing that the Bogoliubov functional B, is the generating functional for
the correlation functions k, [rm), n € Ny. For more details and proofs see
e.g. [KKOO6].

2.4 Algebraic properties

As discussed before, the description of the dynamics of a particle system is
closely related to the operators L, f), and L*. To explicitly describe these
operators in the examples below, the following algebraic properties turn out
to be powerful tools for a simplification of calculations.

Given Gy and Gy two B(I'g)-measurable functions, let us consider the
*-convolution between G; and G,

(G1xGa)(n) = Z G1(m Un2)Ga(nz Ung)

(n1,m2,m3)€P3(n)

= > Gi(&)D G\ UQ), nely,

£Cn qa

where P3(n) denotes the set of all partitions of 1 in three parts which may
be empty, [KK02]. It is straightforward to verify that the space of all

15



B(I'y)-measurable functions endowed with this product has the structure
of a commutative algebra with unit element e, (0). Furthermore, for every
Gl, G2 € Bbs(ro) we have G1 *GQ S Bbs(ro), and

cf. [KK02]. Concerning the action of the *-convolution on coherent states
one finds

ex(f) xexlg) =ex(f + g+ fg) (12)

for all B(RY)-measurable functions f and g. More generally, for all B(I'y)-
measurable functions G and all B(R¢)-measurable functions f we have

(Grex(£) ) =D GO ex(f+1.Eex(fn\E). (13)
£Cn

Technically the next result shows to be very useful. We refer e.g. to [Oli02]

for its proof. In particular, for n = 3, it yields an integration result for the
*-convolution.

Lemma 3 Letn € N, n > 2, be given. Then

/Fd)\(m).../F AN Gl U oo U HE (s s 1)
/Fd)\(n)G(n) Z H (1, e 1)

(11511 ) EPn (1)

for all positive measurable functions G : Ty — R and H : Ty x ... x 'y — R.

Here P,(n) denotes the set of all partitions of n in n parts, which may be
empty.

Lemma 4 For all positive measurable functions H,G1,Gs : 'y — R one has

/F dA\() H(n)(Gy % Ga)(n)

/F dA(m) / IA(n2) / AN(ms) H (1 U o U )Gy (11 U ) G U ).
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3 Markovian birth-and-death dynamics in con-
figuration spaces

In a birth-and-death dynamics, at each random moment of time and at each
site in RY, a particle randomly appears or disappears according to birth and
death rates which depend on the configuration of the whole system at that
time. Informally, in terms of Markov generators, this behaviour is described
through the operators D and D defined at each F': T' — R b

(D, F)(7) = F(y\z) = F(7), (D{F)(y):=F(yUz)—F(y),

corresponding, respectively, to the annihilation and creation of a particle at
a site x. More precisely,

(LF)(7) =Y d(z, 7\ @)(D; F)(7) + / deb(z,7)(DyF)(y),  (14)

d
ey R

where the coefficient d(z,7) > 0 indicates the rate at which a particle located
at z in a configuration ~ dies or disappears, while b(z,~y) > 0 indicates the
rate at which, given a configuration 7, a new particle is born or appears at
a site x.

3.1 Markovian birth-and-death generators

In order to give a meaning to (I4]) let us consider the class of measures
pu € ML () such that d(z,-),b(z,-) € LYT, pn), x € R and for all n € Ny
and all A € B.(R%) the following integrability condition is fulfilled:

[ an) bl Y dten\a) + [ du) il [ dedien) <o 13

TEYA

For ' € FP(I') = K(Bps(I'g)), this condition is sufficient to insure that
LF is p-a.e. well-defined on I'. This follows from the fact that for each
G € Bys(Ty) there are A € B.(R?), N € Ny and a C > 0 such that G has
support in Uévzol“g") and |G| < C, which leads to a cylinder function F' = KG
such that |F'(7)| = |F ()] < C(1+ |ya])Y for all v € T (cf. Subsection 21)).
Hence (I4)) and (I5) imply that LF € LY(T, p).

'Here and below, for simplicity of notation, we have just written = instead of {z}.
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Given a family of functions B, D, : I'y — R, € R%, such that KB, > 0,
KD, > 0, in the following we wish to consider K B, and KD, as birth and
death rates, i.e.,

b(,7) = (KB.) (v), d(z,7) = (KD:)(7). (16)

We shall then restrict the previous class of measures in Mj_(T) to the set of
all measures 1 € M} (') such that B,, D, € L'(I'y, p,), v € R? and

[ nts) w{z (KID.D) 6\ )+

TEYA A

dr (K|B.|) (v)} <oo  (17)

for alln € Ny and all A € B.(R%). Under these assumptions, the K-transform
of each B, and each D,, = € R%, is well-defined. Moreover, KB,, KD, €
LY(T, i), cf. Subsection 2l Of course, all previous considerations hold. In
addition, we have the following result for the operator L on quasi-observables.

Proposition 5 The action of L on functions G € Bys(I'o) is given for p,-
almost all n € Ty by

LG)n) ==X (DewGl-va) 0\ o)+ [ di (BoxGEuw) (). (19

Moreover, L (Bys(To)) C L*(To, pp)-

Proof. By the definition of the K-transform, for all G € Bys(I'g) we find
(KG)(v\z) = (KG)(v) = —(K(G(Ux))(v\z), z€n,
(KG)(yUz) = (KG)(y) = (K(G(-Uz))(7), z¢n.

Given a F' € FP(T') of the form F' = KG, G € Bys(['y), these equalities
combined with the algebraic action (1) of the K-transform yield

(LE)(7) = =) dz,y\z) (K (G(-Ux)))(y\xz)

rey

4 / da bz, 7) (K (G(-U ) ()
{

e ¢y}
= =) (K(D:+G(-Uw)) (v\ )+ Rgév (K (B:xG(-Ux))) (7).

ey
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Hence, for LG = K~'(LF), we have

(LG m) = =Y (MY (K (DoxG(-ua))(E\a)  (19)

&Cn T€E

+/Rd de K~ (K (B, * G(- Ux))) (¢). (20)

A direct application of the definitions of the K-transform and K~ yields for
the sum in (T9)

ST ST ()N (K (D, % G(-Uw))) (€)

zeN ECn\z

= Y K ' (K(D,*G(-Ux)))(n\ )

ren

= D (DexG(-Ux))(n\ ),

ren

and for the integral (20)
/Rd dr K™ (K (B, *G(-Ux))) (n) = /Rd dz (B, * G(-Ux)) (n).

In order to prove the integrability of |LG| for G € By, (Ty), first we
note that each G € Bys(I'g) can be majorized by |G| < CluN o for some
n=0" A

C > 0 and for the indicator function 1N pm € Byps(T'g) of some disjoint
n=0" A

union |_|nN:0 FX”, N € Ny, A € B.(R%). Hence the proof amounts to show the
integrability of |L1 for all N € N and all A € B.(R%). This follows

N (n)
I-ln:O 1—‘AL
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from

[ o) S (102151 o 0)) )

of dmeZd do (|Bal %10 i (-U)) (1)
< [ dnyln) o A@) (D] %1 vy ) (0 2) (21)
+ fan [ o (180150 000) 0 (22)
- [autnw <Z (@) (1D %1110 <-\x>> o @)
w [ [ (1B spr0) 0) (24)

where a direct calculation using the definition of the K-transform gives for
the integral (23)

[ n) @)k (1011 500) 0\ 2)

rey

= [dn) X KIDD 0\ o) (o) (7 2),

TEYA

cf. ().

Taking into account that 1 N-1p(m) € Bys(Ty), and thus

I_]n:() A
(Kigrea ) (0 < (4 )™

one may then bound the sum of the integrals (23)) and (24]) by

/qu(v) [l (KIDx\)(v\x)Jr/qu(v) (1+|7A|)N‘1/Adfﬁ (K|Bal) (7),

TEYA

which, by (IT), shows the required integrability. [
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Remark 6 Integrability condition (17) is presented for general measures p €
M. () and generic birth and death rates of the type (18). From the previous
proof it is clear that (17) is the weakest possible integrability condition to
state Proposition 3. In addition, its proof also shows that for each measure
p € My(To) such that B,, D, € L'(Ty, p) and such that for all n € Ny and
all A € B.(R%)

| ot {Z (P10 ) 0\ o)+ [ e (18030 <n>} <0,

one has L (By(Ty)) € LY(To,p). Moreover, this integrability condition on
p € My(Ly) is the weakest possible one to yield such an inclusion. This

follows from (21)), (22) and the fact that Ly e = Zg:o I -

Remark 7 Taking into account (13), we note that:
(1) if each D, is of the type D, = ex(d,), then the sum in (I8) is given by

> ) G Up)en(ds +1,8)ex(ds, (n\ 2) \ £);

zEN ECn\x

(2) Analogously, if B, = ex(bs), then the integral in ({18) is equal to
S [ s Gleume + 1. 8eslben\ €)
ecn VR

Remark 8 For birth and death rates such that |B,| < ex(bz), |Dz| < ex(d:),

for some 0 < b,,d, € L*(R? dx), and for measures p € M} _(T') that are

locally absolutely continuous with respect to ™ and the correlation function

k, fulfills the so-called Ruelle bound, i.e., k, < ex(C) for some constant

C > 0, one may replace (I7) by the stronger integrability condition

/Adx (exp (2C||bIEHL1(Rd,dm)) + exp (QCHdJUHLl(Rd,dm))) < 00, VA e BC(Rd)
(25)

Corollary 9 Let k: Ty — Re, Rf := [0, +00[, be such that

/ o, M) k() < 00 for alln € No and all A € B.(R%). (26)
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If B,, D, € L(Ty, k)\) and for all n € Ny and all A € B.(RY) we have

| axw k) {Z (D15 ) 0\ o)+ [ e (180100 <n>} <0,

TENA
then

(L k) ) = / Kcun S S Dacug) 1)

z€eN ECn\x

+/F Q) STRCUm\ D) Y BacUE),  (28)

zen §Cn\z

for A-almost all n € T'y.

Proof. According to the definition of the dual operator L*, for all G €
Bys(Tg) we have

/F aA(n) (LK) ()G () = / dA(n) (LG) (m)k(n). (20)

Due to (26), we observe that the measure k(n)A(dn) on Iy is in Mye(T).
Therefore, according to Remark [6, under the fixed assumptions the integral
on the right-hand side of (29) is always finite. The proof then follows by
successive applications of Lemmata Bl and ] to this integral. This procedure
applied to the sum in (I8) gives rise to

/d)\( Jk(m) D~ (Dax G(-Uw)) (n\ )

xren

:/Rdda:/FOd)\ (D, + G(-Uz)) (n)k(n Uz)
= /Rddilf/md)\ T /Fod)\ 1n2) D (1U772)/d>\(773)G(2U773U93)k(771U772U773U93)

- /Fod“"l)/d“) K Un) Y- D DalmU).

€N ECn\x
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Similarly, for the integral expression which appears in (I8) we find

/Fd)\(n)k(n)/ dr (B, xG(-Ux)) (n)

Rd

= /Rddx/r dA(m)A dA(ﬁz)/Ij dA(n3) By (m Una)G(ne Uns Ux)k(n Unz Uns)
= /F d)\(ﬂl)/Rd dI/F d)\(%)/F dA(n3) G(n2 Uns U x) By (m U ng)k(m Un, Uns)

— /Fdx(m)/r dA\) G Y D Ba(m UOk(m U (n\ ).

zen ECn\z

Taking into account the density of the space By, (I'g) in L*(T'g, A), the required
explicit formula follows. [ |

Remark 10 Concerning Corollary[d, observe that:
(1) if each D, is of the type D, = ex(d.), then the integral in (27) is given
by

/F dAQk(MU Q) ex(ds + 1,0\ z)ex(ds, C);

reEN

(2) Analogously, if B, = ex(bs), then (28) is equal to

N RCU '\ aeabs + 1.\ a)es(bs )

ren

Under quite general assumptions we have derived an explicit form for
the operators L, L* related to the generator of a birth-and-death dynam-
ics. Within Subsection framework, this means that we may describe the
underlying dynamics through the time evolution equations (KE), (QKE),
and (QKE)", respectively, for observables, quasi-observables, and correlation
functions. The next result concerns a dynamical description through Bogoli-
ubov functionals.

Proposition 11 Let k : Ty — R be such that for all 0 € LE(RY, dx) one
has ex(0) € L&(To, kX), and the functional

B(6) = / A(n) ex(6, k()
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is entire on the space LL(R® dx). If B,,D, € LY(To,k)\) and Ley(0) €
LE(To, kX) for all 6 € LE(RY, dx), then

@LB)(O) = - / () ex(6+ 1,1) / 4 0(x)(D" 1 B)(6,7 U ) Dy (1)

+ [ (D" BYOmer® + 1) [ deota) Bl
for all 0 € LL(R?, dx).

Proof. In order to calculate
LB)O) = [ N (Ler @) k(o)

first we observe that the stated assumptions allow an extension of the oper-
ator L to coherent states ey () with 8 € LL(RY, dx):

(Lex(6) ZQ ) (D xex(0)) (n\ z)+ /Rd dx 0(x) (B, *ex(0)) ().

TEN

Using the special simple form (I3]) for the x-convolution, a direct application
of Lemma [3] for n = 2 yields

/F ()3 0) (D % ex(9)) (7 2)

xen

= [ deot) / ) Daln)er(® +1,1) | ANk UEUD)A(0,6)

Due to the holomorphicity of B on L&(RY, dz), the latter integral is equal to
(DI BY(0,n U z) cf. equality (I0). Similarly,

/F aA(n) k() / () (B x ex(0)) ()
= /FdA(n) (DUIB)(Q,U)@\(Q‘FL”)/ dx () By (1)

Rd
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Remark 12 For functions k : Ty — R such that k < ex(C) for some con-
stant C' > 0, the functionals B defined as in Proposition [11] are well-defined
on the whole space L&(RY, dx), cf. Example[d. Moreover, they are entire on
LE(RY, dx), see e.g. [KKOT], [KKOOG]. For such functions k, one may then
state Proposition [I1] just under the assumptions B,, D, € L'(Ty, k)\) and
Lex(0) € LTy, k) for all § € LL(R?, dx).

Remark 13 Proposition[11 is stated for generic birth and death rates of the
type (I8). In applications, the concrete explicit form of such rates allows
a reformulation of Proposition [L1], generally under much weaker analytical
assumptions. For instance, if B, and D, are of the type B, = ex(b,), D, =
ex(d), where d is independent of x, then the expression for LB given in
Proposition [11] reduces to

dz 6(z) <B(6’(bx F1) 4, - 2BOMAED +d) ) .

(LB)(0) = / 6(0(d+ 1)+ d)(x)

R4
In contrast to the general formula, which depends of all variational derivatives
of B at 0, this closed formula only depends on B and its first variational
derivative on a shifted point. Further examples are presented in Subsection
(2.2 below. Although in all these examples Proposition[11 may clearly be stated
under much weaker analytical assumptions, the assumptions in Proposition
(11 are sufficient to state a general result.

3.2 Particular models

Special birth-and-death type models will be presented and discussed within
Subsection B.1] framework. By analogy, all examples presented are a contin-

uous version of models already known for lattices systems, see e.g. [Lig85],
[Lig99].

3.2.1 Glauber dynamics

In this birth-and-death type model, particles appear and disappear according
to a death rate identically equal to 1 and to a birth rate depending on the
interaction between particles. More precisely, let ¢ : R — R U {400} be
a pair potential, that is, a Borel measurable function such that ¢(—z) =
é(x) € R for all z € R\ {0}, which we assume to be bounded from below,
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namely, ¢ > —2B4 on R? for some B, > 0, and which fulfills the standard
integrability condition

/Rd dx ‘e_‘z’(x) - 1} < 00. (30)

Given a configuration ~, the birth rate of a new particle at a site z € R%\ v
is then given by b(x,v) = exp(—FE(z,7)), where E(z,) is a relative energy
of interaction between a particle located at x and the configuration ~ defined
by

Y bz —y), it Y |o(z—y)| < oo
E(z,y) =14 ¥ e : (31)

~+00, otherwise

In this special example the required conditions (@) for the birth and
death rates are clearly verified:

d=1=Key(0), b(z,7)=e "0 = (Key(e @) = 1)) (7).

Comparing with the general case (Subsection B.]), the conditions imposed
to the potential ¢ lead to a simpler situation. In fact, the integrability
condition (B0) implies that for any C' > 0 and any A € B.(R?) the integral
appearing in (25]) is always finite. According to Remark [§ this implies that
for each measure € M. (T'), locally absolutely continuous with respect
to m, for which the correlation function fulfills the Ruelle bound we have
L(FP(T)) c LNT, u).

The especially simple form of the functions B, = (e #®~)—1) and D, =
ex(0) also allows a simplification of the expressions obtained in Subsection
Bl First, as D, is the unit element of the x-convolution, using (I3]) we
obtain for (18]

L&Y = ~hl6t + [ do (e ) «GEU) ) 62
= —|n|G(77)+Z/ dr e PCOG(E U z)ex(e™ ) — 1)\ €).
ecn TR

Due to the semi-boundedness of ¢, we note that this expression is well-defined
on the whole space I'g. This follows from the fact that any G € By,(I'g) may
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be bounded by |G| < Cey(15), for some C' > 0 and some A € B.(R?), and
thus, by (I2),

/Rd dx ‘(ex(e_‘z’(x_') —H)xG(-U :E)) (77)}

< C [ drn(n) (ea(Jle™) = 1)) xex(a)) () < CIA[ (3 + 2e*P2) 0.
Rd
Here |A| denotes the volume of the set A. Second, by Remark [0} for A\-almost
all n € I'y we find

ERm = - / IO KU Q) S ex(ln\ 2)ex(0,¢) (33)

xen

/ (O k(CU M\ 2))ea(e™ )\ 2)ex(e ") —1,¢)

xreEN

= ik + 3 e B / INQ) exle™) — 1, )k((n\ 2) U Q).

ren

According to Remark [I3, we also have a simpler form for L,

(LB)(6) = — /R dz 6(z) (i?—((f)) —B(1+6)(e®=) — 1) + 9)) . (34)

The Glauber dynamics is the first example which emphasizes the tech-
nical efficacy of our approach to dynamical problems. As a matter of fact,
for a quite general class of pair potentials one may apply standard Dirich-
let forms techniques to L to construct an equilibrium Glauber dynamics,
that is, a Markov process on I' with initial distribution an equilibrium state.
This scheme was used in [KLO5| for pair potentials either positive or su-
perstable. Recently, in [KLRO7], this construction was extended to a general
case of equilibrium birth-and-death dynamics. However, starting with a non-
equilibrium state, the Dirichlet forms techniques do not work. Such states
can be so far from the equilibrium ones that one cannot even use the equi-
librium Glauber dynamics (obtained through Dirichlet forms techniques) to
construct the non-equilibrium ones. Within this context, in a recent work
[KKZ06] the authors have used the (QKE)* equation to construct a non-
equilibrium Glauber dynamics. That is, a Markov process on I' starting
with a distribution from a wide class of non-equilibrium initial states, also
identified in [KKZ06]. The scheme used is the one described in Subsection
2.2
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3.2.2 Linear voter model

Within this model, the individual’s motivation to vote is determined by the
attitude of surrounding people towards political participation: willingness or
lack of motivation to vote (perception of voting as a civic duty or political
indifference). Mathematically, this means that, given a population 7 of pos-
sible voters, an individual z € = loses his willingness to vote according to a

rate
=Y a(z,y) = (Ka_(z,-) (7),

yey

for some symmetric function a_ : R x R? — R} such that

sup/ dya_(x,y) < oo
zeRe JR4

while an individual z wins a perception of the importance of joining the
population v according to a rate

V) = ZaJr(fan) = (Kay(z,-) (7),
yeY
for some symmetric function a, : R? x R — R such that
sup/ dy ay(r,y) < oo
zeRe JRE

Within Subsection B3] framework, one straightforwardly derives from the
general case corresponding expressions for this special case:

L)) = => ) a- G(n\y) +Gn)) (35)

zen yen\x
+Z/ dx . (z,y) (G U ) + G((n\ y) Uz)),
and
E ) = /dyk nun)Sa () — kY S a @y (36)
TEN zen yen\x
/ dy Y k((n\2) Uylap(z,y)+ > kn\z) Y ai(z,y).
z€N z€N yEN\z
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In addition,

e [ dvaten+ 0w 5
52B(6)

/Rddx/Rddya z,y)(1+0(y))0(x )50( 150(3)"

3.2.3 Polynomial voter model

More generally, one may consider rates of polynomial type, that is, the birth
and the death rates are of the type

dey) =3 adP,.a,). by = > a@(er,..),

{z1,...,xq} Cy {z1,...,zp}Cv
= (Ka\?)(v) = (Ka)(7)

for some symmetric functions 0 < af € LY((RY)?, dz,...dz,), 0 < o) €
LY(RYP, dxy...dz,), © € RY, p,q € N, where

ag)(:cl, ceey ZL'Z'), if n= {Zlfl, ceey ZE'Z} S F(Z)
, 1=D,q
0, otherwise
A straightforward application of the general results obtained in Subsec-
tion [3.1] yields for this case the expressions

LOYn = ~ X (@ «Gua) \o)+ [ do (@ «GeUa) ()
= Y Y a6 S U\ )\ &)
TEN £Cn\r q«3
+ZZ/ dz P (€)G(CU (n\ €) Uz) (38)
o, e
and
o = => 5 [ QKUY 3 vy (e
i=0 /T TEN ECn\z
[€l=q—1
+Zz, [ m©) SHCu ) 3 aicue),
ven s
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where m is the measure on '@ defined in Example [ (Subsection 2.1]).
Moreover,

(LB)(6)
— [ an e+ L) [ a0 O™ B)0nU A )
q- Jr@ R
s [ ) (D B0 0+ 1) [ dwo@a ). (@0
p: Jr@ R

3.2.4 Contact model

The dynamics of a contact model describes the spread of an infectious disease
in a population. Given the set 7 of infected individuals, an individual = € ~
recovers at a constant rate d(x,vy) = 1 = e,(0), while an healthy individual
r € R?\ 7 becomes infected according to an infection spreading rate which
depends on the presence of infected neighbors,

b(z,7) =AY _alz —y) = (K(Aa(x - ) (7)

for some function 0 < a € Ll(Rd, dx) and some coupling constant A > 0. For
this particular model, the application of the general results then yields the
following expressions

(L&) = i +A Y [ drale—3) (Gn )+ Gl(n\ 9) Ua).

yen

(41)
and
(Lk)(m) = —Inlk(n) + A /Rd dy 26: k((n\z) Uy)a(z —y)
+)\;€:k(n\x) > a& —y). (42)
In addition, ’7 -
(LB)(®) = — /R dzb(x) ‘gg ((j)) (43)
A /R dy /R dz a(z — y)(1 + 0(y))0(x) fsg((j)).



Concerning the corresponding time evolution equation ({3)), the contact model
gives a meaning to the considerations done in Subsection 2.3l As a matter of
fact, one can show that there is a solution of equation (@) only for each finite
interval of time. Such a solution has a radius of analyticity which depends
on t. For A > 1 the radius of analyticity decreases when ¢ increases [KKP07].
Therefore, for A > 1 equation (@) cannot have a global solution on time.
For finite range functions 0 < a € L*(R?, dx), ||lal|f1rea) = 1, being
either a € L®(R?, dx) or a € L'*™°(R? dx) for some § > 0, the authors in
[KS06] have proved the existence of a contact process, i.e., a Markov process
on I, starting with an initial configuration of infected individuals from a wide
set of possible initial configurations. Having in mind that the contact model
under consideration is a continuous version of the well-known contact model
for lattice systems [Lig85], [Lig99], the assumptions in [KS06] are natural. In
particular the finite range assumption, meaning that the infection spreading
process only depends on the influence of infected neighbors on healthy ones.
Concerning the infection spreading rate itself, its additive character implies
that each individual recovers, independently of the others, after a random
exponentially distributed time [KS06]. Within Subsection 2.2 framework,
in a recent work [KKP07|] the authors have used the (QKE)* equation to
extend the previous existence result to Markov processes on I' starting with
an initial distribution. Besides the construction of the processes, the scheme
used allows to identify all invariant measures for such contact processes.

4 Conservative dynamics

In contrast to the birth-and-death dynamics, in the following dynamics there
is conservation on the number of particles involved.

4.1 Hopping particles: the general case

Dynamically, in a hopping particles system, at each random moment of time
particles randomly hop from one site to another according to a rate depending
on the configuration of the whole system at that time. In terms of generators
this behaviour is informally described by

PO = 3 [ dyelenn) PO\ =), 4

ey
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where the coefficient c(z,y,v) > 0 indicates the rate at which a particle
located at x in a configuration v hops to a site y.

To give a rigorous meaning to the right-hand side of (4], we shall consider
measures p € M} (T) such that c(x,y, ) € L*(T, pu), r,y € R? and, for all
n € Ny and all A € B.(R?) which fulfills the integrability condition

[ a3 [ dyetann) iale) + 1) <o (45)

In this way, given a cylinder function F* € FP(I), |F(y)| = |F(m)| <
C(1 + |ya])N for some A € B.(R%), N € Ny, C > 0, for all v € T" one finds

IF(y\zUy) — F(y)| <2C2+ 1))V (ia(2) +14(y))-

By (43)), this implies that p-a.e. the right-hand side of (44]) is well-defined
and finite and, moreover, it defines an element in L!(T, p).

Given a family of functions C,, ,, : Ty — R, z,y € R?, such that KC,, > 0,
in the following we wish to consider the case

c(@,y,7) = (KCay)(y\ ). (46)

Therefore, we shall restrict the previous class of measures in M} _(T') to all
measures y € M} (T) such that C,, € L'(Tq, p,), z,y € R and

[ a3 [ dy (KIC,) 0\) iala) + 1) <00 (47)

ey

for all n € Ny and all A € B.(R?). In this way, the K-transform of each C, ,
z,y € R? is well-defined, KC,,, € L' (T, ), and L(FP(T')) C LY(T, ).

Proposition 14 The action of the operator L on functions G € Bys(To) is
given by

L&) = X [ dy (o (G- L) = G U) (1),

xren

for pu-almost all n € Ty. We have L (Bys(To)) € L' (Do, py.)-
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Proof. By the definition of the space FP(I'), any element F' € FP(I") is of
the form F' = KG for some G € By,(I'g). The properties of the K-transform,
namely, its algebraic action (III), then allow to rewrite LF" as

LR = Y /{ ¢\}dyc(sc,y,w<K<G<-Uy>—G(-Ux>>><v\x>

= 3 [y (K (Coy (G U9 = GEUD)) (\a),
Hence
(LG)(n) = (Z / dy (K xy*<G<-Uy>—G(-u:c»))(-\x)) (n)
= SIS [ dy (K (Coy x (G L) = G UD)) (€\a)
5C77 T€EE
_ / dy Y (~1)MS (K (Cuy# (G- Uy) — G(-Ux)))) (€\)
R? £Cn (4S9
_ / dy 3" 3 (1) (K (G, % (G- Uy) — G(-U ) (€)
T€1n ECn\z
- Z/dy oy (G(-Uy) = G(-Ua)) (n\2).

As in the proof of Proposition 5, to check the required inclusion amounts
to prove that for all N € N and all A € B.(RY) one has LluN €
n=0" A
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LY(Ty, p,). Similar arguments then yield

/FO dpu(n) ’(ZAULO FX”) (77)‘
/1“0 dp,.(n) Z/Rd dy <\Cx,y\ Ay o Uy)) (n\2)

+/1“ dpy(n) Z/Rd ay ('vaﬂ*lufﬁ:or&")(' Ux)) (n\z)

< [ [ an) @ 1S (1) ()

IA

ey
+ [y [ dn) Y (1G] 0\
R4 r s
which, by (4T), complete the proof. |

Remark 15 Similarly to the proof of Proposition [4, the proof of Proposi-
tion [14] shows that ([47) is the weakest possible integrability condition to state
Proposition [T]] for generic measures p € M}, _(T') and generic rates ¢ of the
type ([40). Its proof also shows that for each measure p € My (I'g) such that
C,y € LY(To, p) and such that for alln € Ny and all A € B.(R?)

ot 3 [y (1Casl g0 0\2) () +10(0) < .

xren

we have L (Bys(Ty)) € LY Ty, p). This integrability condition for measures
p € My(I'y) is the weakest possible one to yield this inclusion.

Remark 16 Concerning Proposition we note that if each Cy, is of the
type Cyy = ex(Czy), then

LY =Y 3 [ dn(Gleun)~Gleva)esles, +1.9er(can (Ma)\O)

zE€N ECn\z

cf. equality (13).
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Remark 17 For rates Cy, such that |Cy,| < ex(cyy) for some 0 < ¢, , €
LY (R4, dz), and for measures p € ML () that are locally absolutely continu-
ous with respect to m and the correlation function k, fulfills the Ruelle bound
for some constant C' > 0, one may replace (47) by the stronger integrability
condition

/ dx/ Ay exp(2C [eny |l i) (1 (@) + 14 (1)) < 00, VA € Bo(RY).
R4 R4

Similarly to the proof of Corollary [9 successive applications of Lemmata
and Ml lead to the next result.

Proposition 18 Let k: Ty — R be such that

/( )dk(n) k(n) < oo for alln € Ny and all A € B.(RY).
F n

If C,,y € L' (Tg, kX) and for alln € Ny and all A € B.(RY) we have

/F Z/ dy |ny|*lp<n>> (m\z) (a(z) +1a(y)) <

xren

then the action of the operator L* on k is given by

Z/ dx/ AN R(EUMm\y)Uz) D Cry(§UQ)

YyEN ¢Cn\y

/ £Un22/dy0xyﬁuc

zeEn (Cn\z

for A-almost all n € Ty.

Remark 19 Under the conditions of Proposition [18, if each C,, is of the
type Cyy = ex(Czy), then

= 3 [ drenteny 1) [ ANOKED (9) Unes(ers©

yen

_/FO AE) k(€ Un) Z/ dy ex(Cay + 1,m\T)er(Cay, €).

TEeN
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Proposition 20 Let k : Ty — RJ be such that ex(0) € L&(To, kN) for all
0 € LL(RY, dz), and the functional

B(6) = / dA(n) ex(6. k()

is entire on the space LL(R?, dx). If Cyp, € L'(To, kA) and Ley(8) € LE(To, k)
for all 0 € LL(R?, dx), then for all § € LL(R?, dx) we have

dx (D" B)(6, uz) / dy (0(5)—0(2))Cry ().

Rd

dN(m)er(6-+1, 1) /

R4

@e)e) - [

To

Proof. This proof follows similarly to the proof of Proposition [[1Il In this
case we obtain

(Lex(@)(m) = > /R Ly (0(y) = 0(2))(Coy x ex(0)) (n\2)

xen

- Z/Rd dy (0(y) = 0()) 3" Coy(©)er 0+ 1,€) ex(6, (n\ 2) \ £),

zen £Cn\z

where we have used the expression (I3]) concerning the x-convolution. Argu-
ments similar to those used in the proof of Proposition [I1] lead then to

/F aA(n) K(n) (Lex(8)) (1)
= /Rddgc/F dX(n) (D'”U“"B)(H,nUx)e,\(H—l—1,77)/ dy (0(y) — 0(x))Coy(n).

Rd
|

Remark 21 According to Remark[13, for functions k : Tg — RJ such that
k < ex(C) for some constant C > 0, one may state Proposition Just
under the assumptions Cy, € L'(To,k\) and Lex(0) € LL(To, k)\) for all
0 € LL(RY, dz).

Remark 22 As before, in applications, the concrete explicit form of the rate
Cyy allows a reformulation of Proposition(20, in general under much weaker
analytical assumptions. For instance, if Cy, = ex(c,) for some function ¢,
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which is independent of x, then the expression for LB given in Proposition
reduces to

£)0) = [ s | tots) - oo g S e

In contrast to the general formula, which depends of all variational derivatives
of B at @, this closed formula only depends on the first variational derivative
of B on a shifted point. Further examples are presented in Subsection [{.2
Although in all such examples Proposition may clearly be stated under
much weaker analytical assumptions, the assumptions in Proposition are
sufficient to state a general result.

4.2 Particular models

Special hopping particles models will be presented and discussed within Sub-
section 4.1 framework. By analogy, such examples are a continuous version
of models already known for lattice systems.

4.2.1 Kawasaki dynamics

In such a dynamics particles hop over the space R? according to a rate which
depends on the interaction between particles. This means that given a pair
potential ¢ : R? — R U {400}, the rate c is of the form

c(z,y,7) = cs(x,y,7) = a(z — y)e P19
_ K(a(a: . y)e(s—1)¢(x—y)e}\(ew(ﬂc—')—(l—sw(y—') _ 1)) (v\x)(48)

for some s € [0,1]. Here a : R? — Rf and E is a relative energy defined as
in (31).

For a € L*(R?, dx) and for ¢ bounded from below and fulfilling the inte-
grability condition (B0), the condition (47) is always fulfilled, for instance, by
any Gibbs measure p € M}_(T') corresponding to ¢ for which the correlation
function fulfills the Ruelle bound. We recall that a probability measure p on
(', B(I")) is called a Gibbs or an equilibrium measure if it fulfills the integral
equation

[ ) St e = [ anty) [ dwti@ et )

rey
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for all positive measurable functions H : R x ' — R ([NZ79, Theorem 2|, see
also [KKO03, Theorem 3.12], [Kun99, Appendix A.1]). Correlation measures
corresponding to such a class of measures are always absolutely continuous
with respect to the Lebesgue-Poisson measure A. For Gibbs measures de-
scribed as before, the integrability condition (1) follows as a consequence
of (@9), applying the assumptions on ¢ and the Ruelle boundedness. For
such Gibbs measures p and for a being, in addition, an even function, it is
shown in [KLRO7] the existence of an equilibrium Kawasaki dynamics, i.e.,
a Markov process on I' which generator is given by (@4]) for ¢ defined as in
(8). Such a process has ;1 as an invariant measure.

The general results obtained in Subsection 4.]] yield for the Kawasaki
dynamics the expressions

(LG)(n) = (50)

S B0 / dy a(z — y)et~DEwE)

€N £Cn\x
ex(e??@=)=0=90=) _ 1 (n\ 2)\ £)(G(EUy) — G(E U z)),
and

(L b)) .
Z/ dx a(x SE(xv"\y)—(1—S)E(y,n\yuﬂc)

yen

/F dAA(E) K(EU (n\y) Uz)ey(e?—)70m0007) 1 ¢)
- [ axekieun)
3 / dy (s — y)e E@ND~1=5) B, (os0a=)-(1=5)6—) _ 1 ¢)

xen

where we have taken into account Remark [[9 In terms of Bogoliubov func-
tionals, Proposition leads to

(52)
n)ex(6 +1,7m) /Rd dz (D" B)(0,n U z)

(LB)
/ dy a(z — 1)eC V@V (9(y) — 0(z))ey(e3?@)=1=90=) _ 1 p).
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In particular, for s = 0, one obtains

(53)

(LB)(6)
oy SB((1+0)(e™W=) — 1) +0)
- / dr / (e = y)e e Bly) - b)) S e

cf. Remark 22]

Remark 23 In the case s = 0, in a recent work [FKLOT] the authors have
shown that in the high-temperature-low activity regime the scaling limit (of a
Kac type) of an equilibrium Kawasaki dynamics yields in the limit an equi-
librium Glauber dynamics. More precisely, given an even function 0 < a €
LY(RY, dx) and a stable pair potential ¢, i.e.,

3B, >0: Y d(x—y) > —Bylnl, VneTy,

{zy}Cn

such that
/ dx }e“b(x) - 1‘ < (261+2B¢)_1
Rd

(high temperature-high temperature regime), the authors have considered an
equilibrium Kawasaki dynamics which generator L. is given by ({4) for c
defined as in [{8§) for s = 0 and a replaced by the function e%a(s-). We
observe that such a dynamics exists due to [KLROT]. Then it has been shown
that the generators L. converge to

—a Y (F(y\2) = F(3) — a / dz e P (F(y U ) — F(y).

d
ey R

which s the generator of an equilibrium Glauber dynamics. Here o :=
k:f}) fRd dz a(x) for kf}) = kyIpa being the first correlation function of the
wnitial distribution p.

4.2.2 Free hopping particles

In the free Kawasaki dynamics case one has ¢ = 0, meaning that particles
hop freely over the space R?. Therefore, all previous considerations hold for
this special case. In particular, for every even function 0 < a € L'(R?, dz)
the construction done in [KLRO7] yields the existence of an equilibrium free
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Kawasaki dynamics. Actually, in this case the generator L is a second quan-
tization operator which leads to a simpler situation. The existence result
extends to the non-equilibrium case [KLR07] for a wide class of initial config-
urations also identified in [KLRO7]. This allows the study done in [KKOT07|
of the large time asymptotic behaviours and hydrodynamical limits.

4.2.3 Polynomial rates

In applications one may also consider rates of polynomial type, i.e.,

ey = Y () = (KED)(y\ )

for some symmetric function 0 < ¢, € L (R4, day...dx,), © € R%, p € N,
where

c%(ajl, woy), ifp={x,...,1,} € TP
(@) (n) ==
0, otherwise

A straightforward application of the general results obtained in Subsection
(4.1l yields for this case the expressions

Z/ dy (@) % (G(-Uy) — G(-Ux)) (1\2),  (54)

and
(L*k)(n)

= 235 [ a0 [Larmeumpun 3 @eu)

(©)

¢Cn\y
[¢|=p—i
~ 1 ) (¢
N RGN DY dyc EU¢),  (55)
i=0 1 Jr@ TEN ‘CC_n\w

where m( is the measure on I'” defined in Example [ (Subsection 2.1)). In
terms of Bogoliubov functionals, the statement of Proposition 20] leads now
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to

(LB)(®) = (56)
P L [ @ B)OqUD) [y m o) - o)
P Jrw Rd Rd

As a particular realization, one may consider
c(z,y,7) = blz,y) + Y ) (e1) = K (b(w,y)ea(0) + &) (v\ @),
z1€E7\z

where b is a function independent of 4. From the previous considerations we
obtain

= 3 [ drble )G\ ) U) = G (57)
£ [ e @ o (e ) - 6o\ )
z€N z1EN\T

3 RIS ENCT I DRCEN!

Ten ziEN\T

and

Z/ dxy /]Rd dr k(x;U(n\y)U x)c%(ml) (58)

/d:vl (nUz) Z/ dyc
+Z/ drk((n\ ) U) (b + 3 )
yen T1EN\Y
dy ( b(x, ;,12/( 1))
xzen / Y y) MZW )
In addition,
LB)e) = [ ds (<)> [ dvble.(6) - 6 (59)

# [ o0+ 1) [ do gt SOyl 0) - oo,
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4.3 Other conservative jumps processes

Before we have analyzed individual hops of particles. We may also analyze
hops of groups of n > 2 particles. Dynamically this means that at each
random moment of time a group of n particles randomly hops over the space
R? according to a rate which depends on the configuration of the whole
system at that time. In terms of generators this behaviour is described by

e = X [ dne [ dnelon ) (e mh)

{z1,...,.en}Cv

C(FO Az, ae} Uy, nd) — F() (60)
where c({x1, ..., 20}, {y1,---,Yn},7y) > 0 indicates the rate at which a group
of n particles located at x1,...,z, (z; # x;, ¢ # j) in a configuration v hops

to the sites y1,...,yn (¥i # yj, @ # j). As before, we consider the case

C({xh "'>In}> {yla ~~>yn}>7) = (Kc{mi},{yi})(7 \ {1’1, >In}) > 0,

where Clzyqyr = Clar,oon) {yr,yn}- Similar calculations lead then to the
expressions

(LG)(n) = (61)
I e T®) (n) Z /d dyi.. / dyn, (C{mi},{yi} *G(-U f)) M\ A{z1, ., 20 })
{Z1,..;@n}Cn R £C{y1 ----- Yn}
_1|_],;";nr(k> (77) Z /d dyl /d dyn Z (C{mz},{yz} * G( U 5)) (77 \ {xlu ceey xn})v
(@1, en}cn R R EC{@1,n}
and

o = [ o [ O Hcummue 62

mcn

/ AN (T)1pm) (m U T) Z Cemur(CU M)

r
0 n2Cn\m

_/F 0[)\(0/F dA(&) k(CUnU&) len)(m ug)

maen

‘ /1'“(71) dm(n) (T) Z Cmuﬁ,r(g U 772).

n2Cn\m
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Moreover

LB)0) = = [ Bweo+Ln [ e B6.e

T(n)

[ A Ces (04 1.0~ exl6+1.8). (63
Remark 24 If the rate ¢ does not depend on the configuration,

c{z, e Ay, -yt ) = ez, - Y, - U )),

one can show that each Poisson measure m,, z > 0, is invariant. If, in addi-

tion, the rate c({x1, ..., Tn},{y1,- .-, Yn}) is sSymmetric in xy, ..., Ton, Y1, - -, Yn,
then these Poisson measures are symmetrizing.

In particular, the conditions of the previous Remark hold for n = 2 and

Clar,ast ey = P(@1 — y1)p(21 — y2)p(22 — y1)p(22 — y2)ex(0),

where p : R — R is either an even or an odd function. In this case,

denoting by c(x1,z2, y1,y2) = p(x1 — y1)p(z1 — Y2)p(T2 — y1)p(T2 — Y2), One
obtains the following explicit formulas

(m)( ) (64)
— e Y /da: /Rddyc 2y,7',9) G (U ',y \ {2 w}) — G ()

{z,y}Cn
+21)>2 dr' G (nua'\{z,y}) | dy'c(z,y,2",y)
{wyZ}Cn/ /Rd
—1py[>2 m\2)+Gm\y) | d' | dyc(z,y2y),
{wyZ}Cn / /Rd
and
(L*k)(n) (65)
= z2 Y, [ da' [ dye(zy. 2 y) k(Ui y I\ {z ) — k(n)]
{xy}Cn/ /Rd
e 3 [ [ [ dvetya ) KU e - k).

ren
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Additionally,

. ! 5?B(0) , , '’
(LB)(©O) = 5 dd:);/Rddym Rddas Rddy c(z,y,",y") (66)
l+1)

0D +1)0) +1) = (0(x) + 1)(0(y) + 1]
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