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Abstract. This work presents a simple and effective phenomenological model for the 

prediction of the early growth of the flame kernel in SI engines, including its initiation as a 

result of the electrical breakdown of the fuel/air mixture between the spark plug electrodes. 

The present model aims to provide an improved description of the ignition-affected early 

phases of flame kernel development compared to the majority of models currently available in 

literature. In particular, these models focus on electrical energy supply and turbulence, whereas 

the stretch-induced kernel growth slowdown is quantified with linear models that are 

inconsistent with the small kernel radius. For the flame kernel initiation, this model replaces 

the current methods that rely on 1D heat diffusion within a plasma column with a more 

consistent analysis of post-breakdown conditions. Concerning the kernel growth, the present 

model couples the mass and energy conservation equations of a spherical kernel with the 

species and temperature profiles outside of it. This combination leads to a non-linear 

description of the flame stretch, according to which the kernel development is controlled by the 

Lewis-number-dependent balance between the heat gained via combustion and the heat lost via 

thermal diffusion. As a result, the kernel temperature differs from the adiabatic flame 

temperature, causing the laminar flame speed to change from its adiabatic value and ultimately 

affecting the overall kernel development. Kernel growth predictions are conducted for laminar 

flames and compared to literature data, showing a satisfactory agreement and highlighting the 

ability to describe the stretch-induced kernel slowdown, up to its possible extinction. A good 

agreement with literature data is also obtained for kernel expansions under moderately 

turbulent conditions, typical of internal combustion engines. The simple formulation of the 

present model enables swift integration into phenomenological combustion models for spark-

ignition engines, while simultaneously offering useful insight into the early kernel 

development even for CFD-based approaches. 

1.  Introduction 

Understanding and modelling the ignition and early growth of the flame kernel in SI engines has been 

a topic of interest for many years. Early simulations of spark discharges in air date back to the 1970s 

[1], followed by seminal contributions from Maly and co-workers on the effect of spark ignition on 

reactive mixtures [2] [3]. The latter identified the presence of a sub-100 ns breakdown phase followed 

by an arc and/or glow discharge, as well as the super-adiabaticity of the resulting flame kernel and the 

consequently increased growth rate. Modelling of these effects was carried out a few years later, when 

several kernel development models based on mass and energy conservations were proposed. Notable 

among these is Herweg and Maly’s model [4], which describes the kernel mass increase as 
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                                         𝑑𝑚𝑘

𝑑𝑡
= 𝜌𝑢𝐴𝑘(𝑆𝑇 + 𝑆𝑝𝑙𝑎𝑠𝑚𝑎). (1) 

Turbulent flame speed 𝑆𝑇 is computed from 𝑆𝐿,𝑎𝑑𝑓 using the BML turbulence model, whereas 

𝑆𝑝𝑙𝑎𝑠𝑚𝑎 derives from a 1D heat conduction equation and accounts for the super-adiabatic kernel. The 

core of this method is the superposition of flame speeds, and it lends itself well to an implementation 

into full SI combustion models, possibly adopting the simplification for which 𝑆𝑝𝑙𝑎𝑠𝑚𝑎 is only due to 

the electrical energy supply [5]. A similar model was proposed by Shen et al. [6], who estimated the 

end-of-breakdown conditions according to Refael and Sher [7] and described the early kernel 

development as the sequence of a heat diffusion phase (associated with 𝑆𝑝𝑙𝑎𝑠𝑚𝑎) and a flame 

propagation phase (associated with 𝑆𝑇). The former is arbitrarily ended at 𝑇𝑘 < 3𝑇𝑎𝑑𝑓, and the 

remaining contribution, 𝑆𝑇, is computed assuming 𝑆𝐿 > 𝑆𝐿,𝑎𝑑𝑓 due to 𝑇𝑘 > 𝑇𝑎𝑑𝑓. This model has been 

applied with minimal variations [8] [9] and further developed as a Lagrangian kernel initiation sub-

model for implementation into CFD-based combustion models for SI engines [10] [11] [12]. 

Despite their widespread adoption, these models present two key limitations. The first one lies in 

the breakdown phase, where the very fast energy deposition between the electrodes causes a massive 

increase in pressure and temperature and the formation of a plasma column. Then, a shockwave is 

released and the plasma cools down interacting with the environment. The post-shockwave conditions 

are computed assuming a near-instantaneous expansion to 𝑝𝑢 of a constant plasma mass, yielding [7]: 

                                         

{
 
 

 
 𝑇𝑖𝑔 = 𝑇0 [

1

𝛾
(
𝑇𝑏𝑑
𝑇0

− 1) + 1],                          

𝑑𝑖𝑔 = 2 [
𝛾 − 1

𝛾
∙

𝐸𝑏𝑑

𝜋𝑝𝑢𝑑𝑔𝑎𝑝(1 − 𝑇0 𝑇𝑖𝑔⁄ )
]

1
2

.

 

(2a) 

 

(2b) 

Assuming 𝑇𝑏𝑑 ≅ 45,000 K and 𝛾 = 5/3, equation (2a) yields 𝑇𝑖𝑔 ≅ 27,000 K, which is too high a 

value for combustion to play a meaningful role. For this reason, a pure heat diffusion model is adopted 

to relax the kernel temperature down to 𝑇𝑘 = 3𝑇𝑎𝑑𝑓 in a process that takes about 10 μs after the 

breakdown, before starting the actual flame kernel modelling. However, simulations of plasma 

expansion [13] show that it takes up to 5 μs to reach near-uniform pressure, and that in the same 

timeframe combustion heat release is not negligible. 

The second limitation is the flame stretch modelling, which is performed assuming that the flame 

temperature never goes below 𝑇𝑎𝑑𝑓, and that the flame speed decreases linearly according to stretch 

factor 𝐼0. For example, in [4] 𝐼0 is 

                                         

𝐼0 =
𝑆𝐿,𝑠𝑡𝑟𝑒𝑡𝑐ℎ𝑒𝑑

𝑆𝐿
 = 1 − [(

𝛿𝐿
15𝐿

)

1
2
(
𝑢′

𝑆𝐿
)

3
2

+
2𝛿𝐿
𝑆𝐿𝑟𝑘

𝑑𝑟𝑘
𝑑𝑡
] ∙ [

1

𝐿𝑒
+ (

𝐿𝑒 − 1

𝐿𝑒
)

𝑇𝑎
2𝑇𝑎𝑑𝑓

]. (3) 

Expression (3) and similar ones, albeit convenient, are inconsistent with many observations on the 

sub-adiabaticity [14] and non-linear behavior of stretched premixed flames [15] [16], which indicate 

that the minimum radius for proper linear modelling of stretch is 𝑟𝑘 ≅ 8 mm. Additionally, the key 

mechanism leading to flame extinction is large heat loss towards the unburned mixture [17], ignored 

by such models. Aware of this, researchers have tackled flame initiation on more solid theoretical 

foundations [18], proposing thermo-diffusive 1D kernel expansion models that include profiles of 

temperature and reactants inside and outside the kernel, as well as electrical energy deposition [19]. 

However, the thermo-diffusive assumption of constant density prevents the attainment of quantitative 

results, and such models cannot capture the complex effects of turbulence, which require at least 

dedicated sub-models [20] if not, especially for turbulence-flame interaction, CFD approaches [21]. 

The stochastic nature of turbulence is also a key reason behind cycle-to-cycle variation [22], and CFD 

has proved helpful also in this regard [23], albeit at the cost of heavy computational burden. 
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Finally, although flame initiation plays a key role in ICEs, successful phenomenological modelling 

of SI engines is possible even in the absence of dedicated ignition sub-models [24] [25] [26]. 

However, this lack leads to mispredictions around the ignition phase [27], and it is in this framework 

that the present paper intends to contribute by proposing a phenomenological model of the early flame 

kernel development in SI engines. This model combines mass and energy conservations with thermo-

diffusive relations to provide accurate kernel growth predictions. Inspiration comes from the work of 

Ko et al. [28] [29], but independent development conducted by the authors has led to a much simpler 

and easily replicable model. The target is to include this model and its future developments into 

phenomenological SI combustion models, although some of its elements may find application even in 

the flame initiation in CFD environments. 

The paper is structured as follows. Section 2 presents the kernel growth model, focusing first on the 

initial conditions and then on the kernel expansion. The results are reported and compared with 

available data in Section 3 for a variety of laminar and turbulent cases. Conclusions and future 

developments are presented in Section 4. 

2.  Methodology 

2.1.  Initial conditions: the breakdown model 

As stated in Section 1, the typical modelling of post-breakdown conditions appears inconsistent with 

dedicated plasma simulations, and two major points of concern should be raised. Firstly, the widely 

used equations (2a) and (2b) are inadequate: this was already shown by Sher and co-workers [30], who 

obtained for air in atmospheric conditions a final plasma column diameter of 𝑑𝑖𝑔 = 1.56 mm starting 

from a breakdown plasma column having 𝑇𝑏𝑑 = 45,000 K and 𝑑𝑏𝑑 = 80 μm generated using 𝐸𝑏𝑑 =
1.5 mJ and 𝑑𝑔𝑎𝑝 = 1 mm. Instead, for the same parameters equation (2b) yields 𝑑𝑖𝑔 = 2.77 mm, a 

much larger value. This error stems from disregarding the fundamental contribution of the dissociation  

energy of highly ionized gases, the thermodynamic properties of which at chemical equilibrium can be 

computed using the CEA code as a function of temperature and pressure [31], as exemplified in Figure 

1 for air at 1 bar. With these properties extracted for a range of pressures, it is then possible to solve 

the following equations:  

 

 

Figure 1. Absolute enthalpy and molecular weight of air at 1 bar as a function of temperature. 
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Equations (4a) and (4b) are respectively the proper mass and energy conservations for the expanding 

plasma column, which can be solved for a given 𝑇𝑏𝑑 yielding 𝑇𝑖𝑔 and 𝑉𝑖𝑔 = 𝜋𝑑𝑔𝑎𝑝 𝑑𝑖𝑔
2 4⁄ . The results 

reported in Figure 2 show that, for 𝑇𝑏𝑑 = 45,000 K, 𝑑𝑏𝑑 = 81 μm and 𝑑𝑖𝑔 = 1.59 𝑚𝑚, both within 

2% of Sher’s values [30], and that 𝑑𝑖𝑔 is only minimally affected by a variation of 𝑇𝑏𝑑. Instead, 𝑇𝑖𝑔 

remains much closer to the value yielded by equation (2a). The use of equations (4a) and (4b) in place 

of (2a) and (2b) is therefore highly recommended for plasma column expansions. 

The second concern regards the key assumption of Sher’s model, namely the expansion to 𝑝𝑢 of a 

constant mass of plasma. The inconsistency of this assumption forces a ‘1D heat diffusion’ phase that, 

disregarding both the heat of combustion and the mass flows near the electrodes, is abruptly 

terminated at the arbitrary value of 𝑇𝑖 = 3𝑇𝑎𝑑𝑓. This was already noted by Ko et al. [29], who 

proposed a much more reasoned set of initial conditions based on previous solutions of cylindrical 

shockwave equations that allow for a mass increase in the activated plasma volume. This solution has 

been expanded on by Meyer and Wimmer [32] to include the use of air plasma properties for better 

estimating the post-cooldown temperature 𝑇𝑖, and it requires solving three relatively simple equations: 

                                         

{
 
 

 
 𝑟𝑖,𝑐𝑦𝑙 = 0.5𝑟𝑐 = 0.5(

𝐸𝑏𝑑
3.94𝜋𝑑𝑔𝑎𝑝𝑝𝑢

)

1/2

,

𝑡𝑖 = 1.5𝑡𝑐 = 1.5(
𝑟𝑐

√𝛾𝑢𝑝𝑢 𝜌𝑢⁄
),                

(ℎ𝑖 − ℎ𝑢)𝜌𝑖𝑉𝑖 = 𝜂𝑏𝑑𝐸𝑏𝑑 .                           

 

(5a) 

 

(5b) 

 

(5c) 

Equation (5a) gives the radius (i.e., volume) of the hot plasma cylinder, while equation (5b) provides 

the time it takes for the pressure to stabilize within 10% of 𝑝𝑢. Finally, equation (5c) is an open-

boundary energy conservation that yields 𝑇𝑖, since ℎ𝑖 = ℎ𝑖(𝑇𝑖) and 𝜌𝑖 = 𝜌𝑖(𝑇𝑖) at 𝑝𝑖 ≅ 𝑝𝑢. 

                                         

{
𝑚 =

𝑝𝑢𝑉𝑏𝑑𝑀𝑊𝑢
ℛ𝑇𝑢

=
𝑝𝑏𝑑𝑉𝑏𝑑𝑀𝑊𝑏𝑑

ℛ𝑇𝑏𝑑
=
𝑝𝑢𝑉𝑖𝑔𝑀𝑊𝑖𝑔

ℛ𝑇𝑖𝑔
,

𝐸𝑏𝑑 = 𝑚(𝑢𝑏𝑑 − 𝑢𝑢) = 𝑚(ℎ𝑖𝑔 − ℎ𝑢).                      

 
(4a) 

(4b) 

 

Figure 2. Breakdown (left) and post-expansion (right) plasma column diameters as a function of 𝑇𝑏𝑑. 
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Using the present method and 𝜂𝑏𝑑 ≅ 1 (see Section 3), for air at the same conditions as above the 

results are 𝑟𝑖,𝑐𝑦𝑙 = 0.825 mm, 𝑡𝑖 = 7.12 μs, and 𝑇𝑖 = 6,139 K, all of which fully consistent with heat 

diffusion models but stemming from a much sounder procedure. Moreover, this formulation can be 

extended to combustible mixtures through ℎ𝑢, which is much higher than air’s value at the same 

temperature and leads to 𝑇𝑖 ≅ 6,800 K for stoichiometric mixtures having 𝑇𝑎𝑑𝑓 ∈ [2,200;  2,300] K. 

This value is very close to the 3𝑇𝑎𝑑𝑓 cut-off reported in literature but reached via an arbitrary 𝑆𝑝𝑙𝑎𝑠𝑚𝑎. 

Finally, since the kernel is assumed to be spherical, 𝑟𝑖 = (3𝑉𝑖 4𝜋⁄ )1/3 is calculated and the (𝑟𝑖, 𝑡𝑖, 𝑇𝑖) 
set constitutes the initial condition for the present kernel growth model. 

2.2.  The kernel growth model 

As previously mentioned, the proposed kernel growth model is partially based on the expansion model 

for laminar flame kernels proposed by Ko et al. [29], which relies on the following assumptions: 

• the flame kernel always retains a spherical shape; 

• pressure is uniform and constant, equal to 𝑝𝑢; 

• the ideal gas law holds true; 

• the kernel contains burned mixture in chemical equilibrium at 𝑇𝑘; 

• the combustion is represented by a one-step reaction controlled by deficient reactant 𝐴; 

• the reaction zone has negligible thickness (due to large activation temperature 𝑇𝑎 ≫ 𝑇𝑘); 

• unburned properties change with temperature, but 𝑀𝑊 = 𝑐𝑜𝑛𝑠𝑡. = 𝑀𝑊𝑢. 

Under these assumptions and after an extensive analysis of previous literature on thermo-diffusive 

flames, Ko and co-workers highlighted the existence of a ‘stationary flame ball’, which is a theoretical 

flame kernel that can exist indefinitely in a quiescent mixture due to a perfect balance between heat 

gained via combustion and heat lost via thermal diffusion towards the unburned mixture. This flame 

ball is named ‘critical flame’ and has critical temperature, 𝑇𝑐𝑟𝑡, and radius, 𝑟𝑐𝑟𝑡, expressed as follows: 

                                         

{
 
 

 
 𝑇𝑐𝑟𝑡 = 𝑇𝑢 +

1

𝐿𝑒
(𝑇𝑎𝑑𝑓 − 𝑇𝑢),                                         

𝑟𝑐𝑟𝑡 =
1

𝐿𝑒

𝑘𝑐𝑟𝑡
𝜌𝑐𝑟𝑡𝑐𝑝,𝑐𝑟𝑡

𝑇𝑎𝑑𝑓

𝑇𝑐𝑟𝑡
∙ 𝑒𝑥𝑝 [

𝑇𝑎
2
(
1

𝑇𝑐𝑟𝑡
−

1

𝑇𝑎𝑑𝑓
)] .

 

(6a) 

 

(6b) 

According to Ko et al., the critical flame represents the threshold that a developing flame kernel 

must overcome to achieve successful ignition, which occurs only when the kernel grows beyond 𝑟𝑐𝑟𝑡 
at temperature 𝑇𝑘 > 𝑇𝑐𝑟𝑡. However, the values of 𝑇𝑐𝑟𝑡 and 𝑟𝑐𝑟𝑡 depend primarily on Lewis number 𝐿𝑒, 

which, although formally defined as the ratio between mixture heat diffusivity and mass diffusivity of 

the deficient reactant for a given fuel/air mixture, is actually a non-linear function of the equivalence 

ratio [14]. With growing 𝐿𝑒, which leads to lower 𝑇𝑐𝑟𝑡 and higher 𝑟𝑐𝑟𝑡, overcoming the critical 

condition becomes increasingly difficult, as the kernel tends to quench and extinguish before reaching 

𝑟𝑐𝑟𝑡. The main way to prevent this occurrence is providing additional energy, usually via an electric 

spark. This is the actual, heavily non-linear effect of flame stretch [15], the quantification of which 

requires dedicated kernel growth models. 

A visualization of the proposed kernel growth model is provided in Figure 3. As the figure shows, 

the kernel is assumed to have uniform temperature 𝑇𝑘 and mass fraction of deficient species (fuel or 

oxygen depending on 𝜙) 𝑌𝐴,𝑘 = 0. Moreover, the kernel does not border the unburned mixture, but 

rather the pre-heat zone of width 𝛿𝑇 and the reactant consumption zone of width 𝛿𝐴 (in general, 𝛿𝐴 ≠
𝛿𝑇), beyond which the unburned values 𝑇𝑢 and 𝑌𝐴,𝑢 are recovered. The kernel mass and energy 

conservation equations, with [∙]𝑢(𝑇𝑘) = [∙]𝑢,𝑘 for the sake of brevity, are: 
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{
 

 
𝑑𝑚𝑘

𝑑𝑡
= �̇�𝑘 = 𝜌𝑢𝐴𝑘𝑆𝐿,𝑘 ,                                                                           

𝑑𝐻𝑘
𝑑𝑡

= �̇�𝑘ℎ𝑢,𝑘 + 𝜂𝑒𝑃𝑒 − 𝑞𝑘𝐴𝑘 ,         𝑞𝑘 = 𝑞𝑘(𝛿𝑇) = −𝑘𝑢,𝑘
𝜕𝑇

𝜕𝑟
|
𝑟𝑘

 

(7a) 

 

(7b) 

Rearrangement of equation (7a) and, noting that 𝐻𝑘 = 𝑚𝑘ℎ𝑘 and 𝑑ℎ𝑘 𝑑𝑡⁄ = 𝑐𝑝,𝑘 𝑑𝑇𝑘 𝑑𝑡⁄ , combination 

of equations (7a) and (7b) lead to the following pair of conservation equations: 

                                         

{
 

 𝜌𝑘𝐴𝑘
𝑑𝑟𝑘
𝑑𝑡

= �̇�𝑘 +
𝑚𝑘

𝑇𝑘

𝑑𝑇𝑘
𝑑𝑡
,                                   

𝑚𝑘𝑐𝑝,𝑘
𝑑𝑇𝑘
𝑑𝑡

= �̇�𝑘(ℎ𝑢,𝑘 − ℎ𝑘) + 𝜂𝑒𝑃𝑒 − 𝑞𝑘𝐴𝑘.

 

(8a) 

 

(8b) 

In particular, equation (8b) indicates that the kernel temperature rises due to 𝑃𝑒, if supplied, and to the 

heat of reaction calculated at 𝑇𝑘, while it falls due to the conductive losses 𝑞𝑘𝐴𝑘. However, 𝑞𝑘 is 

unknown, as it depends on 𝛿𝑇. To find it, the assumption made by Ko et al. [29] of parabolic profiles 

for 𝑇(𝑟) and 𝑌𝐴(𝑟) within 𝛿𝑇 and 𝛿𝐴, respectively, is retained, resulting in: 

                                         

{
 
 

 
 𝑇(𝑟) = 𝑇𝑢 + (𝑇𝑘 − 𝑇𝑢) [

(𝑟𝑘 + 𝛿𝑇) − 𝑟

𝛿𝑇
]

2

,   𝑟 ∈ [𝑟𝑘; 𝑟𝑘 + 𝛿𝑇],

𝑌𝐴(𝑟) = 𝑌𝐴,𝑢 {1 − [
(𝑟𝑘 + 𝛿𝐴) − 𝑟

𝛿𝐴
]

2

  } ,   𝑟 ∈ [𝑟𝑘;  𝑟𝑘 + 𝛿𝐴].       

 

(9a) 

 

(9b) 

Equation (9b) is used to find 𝛿𝐴 by equating the �̇�𝑘
𝐴 entering the kernel via mass diffusion to the �̇�𝑘

𝐴 

transported via convection: 

                                         �̇�𝑘
𝐴 = 𝜌𝑢,𝑘𝐴𝑘𝒟𝐴,𝑘

𝜕𝑌𝐴
𝜕𝑟
|
𝑟𝑘

= 𝜌𝑢,𝑘𝐴𝑘𝒟𝐴,𝑘
2𝑌𝐴,𝑢
𝛿𝐴

= 𝑌𝐴,𝑢�̇�𝑘 = 𝑌𝐴,𝑢𝜌𝑢𝐴𝑘𝑆𝐿,𝑘 , (10) 

which, assuming that 𝐿𝑒 is defined at 𝑇𝑘, i.e., 𝐿𝑒 = 𝑘𝑢,𝑘/(𝜌𝑢,𝑘𝑐𝑝,𝑢,𝑘𝒟𝐴,𝑘), yields an expression for 𝛿𝐴:  

                                         𝛿𝐴 =
2

𝐿𝑒

𝑘𝑢,𝑘
𝑐𝑝,𝑢,𝑘

1

𝜌𝑢𝑆𝐿,𝑘
.  (11) 

To find �̇�𝑘 and 𝛿𝐴, defining the behavior of 𝑆𝐿,𝑘 = 𝑆𝐿(𝑇𝑘 ≠ 𝑇𝑎𝑑𝑓) becomes necessary. This is 

done by using an expression similar to the one used by Ko et al. [29], which is 

 

Figure 3. Kernel model (left) and temperature and deficient reactant profiles outside it (right). 
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𝑆𝐿,𝑘 = 𝑆𝐿,𝑎𝑑𝑓 (

𝛼𝑘
𝛼𝑎𝑑𝑓

)

𝑛

𝑒𝑥𝑝 [−
𝑇𝑎
2
(
1

𝑇𝑘
−

1

𝑇𝑎𝑑𝑓
)], (12) 

where the power-law term accounts for the altered heat diffusion, as well as mass diffusion at fixed 𝐿𝑒, 

while the exponential term represents the altered speed of a one-step combustion reaction with 

activation temperature 𝑇𝑎. Exponent 𝑛 is set as follows: 

                                          

{

𝑛 = 1               𝑖𝑓,          

𝑛 = 2 − 𝑟𝑘 𝑟𝑐𝑟𝑡⁄       𝑖𝑓,
𝑛 = 0.5              𝑖𝑓         

 

𝑖𝑓 𝑟𝑘 𝑟𝑐𝑟𝑡⁄ < 1, 

𝑖𝑓 𝑟𝑘 𝑟𝑐𝑟𝑡⁄ ∈ [1;  1.5], 
𝑖𝑓 𝑟𝑘 𝑟𝑐𝑟𝑡⁄ > 1.5. 

(13a) 

(13b) 

(13c) 

Expressions (13a) and (13c) are consistent with the critical and planar flame, respectively, while (13b) 

is a linear averaging that prevents the sharp cut-off at 𝑟𝑘 𝑟𝑐𝑟𝑡⁄ = 1.5 imposed by Ko and co-workers.  

Determination of 𝛿𝐴 is a requirement for calculating 𝛿𝑇, which is achieved by writing the deficient 

reactant and energy conservations outside the kernel, where no reaction occurs, in the thermo-diffusive 

framework of no convection and constant density [18] [29]. These conservation laws are: 

                                         

{
𝜌
𝜕𝑌𝐴
𝜕𝑡

=
1

𝑟2
𝜕

𝜕𝑟
(𝑟2𝜌𝒟𝐴

𝜕𝑌𝐴
𝜕𝑟
) ,                         

𝜌
𝜕ℎ

𝜕𝑡
=
1

𝑟2
𝜕

𝜕𝑟
(𝑟2𝑘

𝜕𝑇

𝜕𝑟
).                                   

 
(14a) 

(14b) 

Specialization of equations (14a) and (14b) at 𝑟𝑘 using the parabolic profiles of (9a) and (9b) gives: 

                                         

{
 
 

 
 𝑣𝑘,𝑡𝑑𝑖𝑓𝑓 = 𝒟𝐴,𝑘 (

1

𝛿𝐴
−
2

𝑟𝑘
),                                                                  

𝑑𝑇𝑘
𝑑𝑡

+ 𝑣𝑘,𝑡𝑑𝑖𝑓𝑓
2(𝑇𝑘 − 𝑇𝑢)

𝛿𝑇
=
2(𝑇𝑘 − 𝑇𝑢)

𝛿𝑇

𝑘𝑢,𝑘
𝜌𝑢,𝑘𝑐𝑝,𝑢,𝑘

(
1

𝛿𝑇
−
2

𝑟𝑘
) ,

 

(15a) 

(15b) 

where 𝑣𝑘,𝑡𝑑𝑖𝑓𝑓 is a ‘thermo-diffusive 𝑑𝑟𝑘 𝑑𝑡⁄ ’ that does not coincide with the actual kernel expansion 

speed 𝑣𝑘 = 𝑑𝑟𝑘 𝑑𝑡⁄ . In fact, 𝑣𝑘,𝑡𝑑𝑖𝑓𝑓 is shared among the two equations, and can be made to disappear 

via substitution leading to a single expression linking 𝑑𝑇𝑘/𝑑𝑡 with 𝛿𝑇. Combining this expression with 

equation (8b) enables retrieving a simple algebraic equation for 𝛿𝑇: 

                                         𝐶2𝛿𝑇
2 + 𝐶1𝛿𝑇 + 𝐶0 = 0, (16) 

the coefficients of which are as follows: 

                                         

{
  
 

  
 𝐶0 = −2(𝑇𝑘 − 𝑇𝑢)

𝑘𝑢,𝑘
𝜌𝑢,𝑘𝐶𝑝,𝑢,𝑘

,                                              

𝐶1 = −𝐶0 [
1

𝐿𝑒𝛿𝐴
+ (1 −

1

𝐿𝑒
)
2

𝑟𝑘
] − 2(𝑇𝑘 − 𝑇𝑢)

𝐴𝑘
𝑚𝑘𝑐𝑝,𝑘

,

𝐶2 =
�̇�𝑘(ℎ𝑢,𝑘 − ℎ𝑘) + 𝜂𝑒𝑃𝑒

𝑚𝑘𝐶𝑝,𝑘
.                                               

 

 

(17a) 

 

(17b) 

 

(17c) 

Equations (8a), (8b), (11), and (16) constitute a linear system of four equations, whose unknowns 

are 𝑇𝑘, 𝑟𝑘, 𝛿𝐴, and 𝛿𝑇. The solution can be advanced in time using a simple explicit numerical method. 

As mentioned, many elements of the present model were taken from Ko and co-workers [29], but a 

key difference between the two models is that the latter does not assume that �̇�𝑘 = 𝜌𝑢𝐴𝑘𝑆𝐿,𝑘. Instead, 

it treats �̇�𝑘 as a parameter to be eliminated by integrating the mass and energy conservation equations 

in the pre-heat zone [𝑟𝑘;  𝑟𝑘 + 𝛿𝑇] to retrieve 𝑑𝑟𝑘 𝑑𝑡⁄ . However, this operation is very complex, and 

the mathematical steps that lead to the final equation are quite cryptic, ultimately preventing the model 

reproducibility. On the contrary, here we immediately assign to 𝑆𝐿,𝑘 both a diffusive meaning (𝑆𝐿,𝑘 ∝
1 𝛿𝐴⁄ ) and a convective one (𝑆𝐿,𝑘 ∝ �̇�𝑘), giving 𝑇𝑘 a much more important role in driving the kernel 
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evolution. This approximation leads to a much simpler growth model, the prediction capabilities of 

which will be assessed in Section 3. Finally, notable additional differences from Ko et al.’s model are: 

• use of absolute enthalpy; 

• different properties between burned (kernel) and unburned gases (e.g., 𝑀𝑊𝑘 ≠ 𝑀𝑊𝑢); 
• no use of an arbitrary ‘entrainment mass flow’ ∝ 𝑃𝑒 around the electrodes. 

2.3.  Quantification of turbulence effects on kernel development 

The application of any kernel growth model in SI engines cannot disregard the effects of turbulence on   

the flame kernel development. However, the present model is formulated for laminar conditions, and 

therefore a strategy is required to include turbulence into the present framework. Remembering that 

turbulence tends to wrinkle or corrugate the developing flame front with increasing intensity as the 

kernel grows experiencing all length scales [33], two mutually exclusive solutions appear promising. 

The first one assumes that turbulence increases the flame front area while maintaining an overall 

spherical kernel (𝑉𝑘 = 4/3𝜋𝑟𝑘
3) and a laminar flame speed, i.e.,  

                                         𝐴𝑘,𝑇 = ℱ𝐴(𝑢
′) ∙ 𝐴𝑘 = ℱ𝐴(𝑢

′) ∙  4𝜋𝑟𝑘
2, (18) 

whereas the second one assumes that turbulence affects the flame speed with ‘laminar’ area, i.e., 

                                         𝑆𝑇,𝑘 = ℱ𝑆(𝑢
′) ∙ 𝑆𝐿,𝑘 . (19) 

Equation (18) is typical of fractal turbulence models [33], with ℱ𝐴(𝑢
′) ≥ 1 being the ‘wrinkling 

factor’, whereas equation (19) is employed by the BML model [4] and ℱ𝑆(𝑢
′) ≥ 1 takes the meaning 

of an ‘acceleration factor’. Both options are viable for the proposed kernel growth model. 

3.  Results and discussion 

In this section both qualitative and quantitative analysis are conducted to examine the response of the 

present model to a variety of conditions. All unburned properties were computed using Cantera [34] 

and GRI-Mech 3.0 [35], while burned properties were extracted in-house using the CEA tool [31]. The 

breakdown efficiency is set at 𝜂𝑏𝑑 = 0.94 following Maly’s indication [2]. 

3.1.  Qualitative behavior of the proposed model 

The first analysis regards the expected behavior of the proposed kernel growth model, and focus is put 

on the effect of a variable Lewis number, which is the parameter that most affects the kernel 

development. To do so, a reference fuel/air mixture is ignited in atmospheric conditions using 𝐸𝑏𝑑 =
1 mJ and 𝑑𝑔𝑎𝑝 = 1 mm, being 𝑆𝐿,𝑎𝑑𝑓 = 0.3 m/s, 𝑇𝑎𝑑𝑓 = 2,000 K, 𝑇𝑎 = 20,000 K, 𝑣𝑘,𝑎𝑑𝑓 = 2 m/s. 

No 𝑃𝑒 is supplied, while 𝐿𝑒 is varied arbitrarily between five values. 

The result of this simulation is shown in Figure 4. As expected, immediately after the breakdown 

the kernel cools down regardless of 𝐿𝑒 as the heat of reaction supersedes electricity as the primary 

energy source. However, while for 𝐿𝑒 = 1 the kernel immediately reaches adiabatic flame conditions, 

this is not true for the other cases. In particular, the 𝐿𝑒 = 0.6 kernel remains super-adiabatic for a 

much longer time, positively affecting the expansion and resulting in a notably larger final 𝑟𝑘. On the 

contrary, all 𝐿𝑒 > 1 kernels experience a measurable cooldown and consequent slowdown caused by 

the high flame curvature, which enhances the heat loss towards the unburned gas. This is most evident 

around the critical radius, but if the kernel grows beyond 𝑟𝑐𝑟𝑡 it reaccelerates, ultimately reaching the 

adiabatic condition, albeit with a much smaller final radius. Instead, in the 𝐿𝑒 = 2.2 case 𝑟𝑐𝑟𝑡 is too 

large (about 17 mm) and the kernel quenches, with 𝑣𝑘 dropping to zero. Similar values of 𝐿𝑒 are 

typical for many hydrocarbon/air mixtures [16], which is why in real-world applications such as SI 

engines successful ignition is achieved by supporting the growing kernel with electric energy (i.e. 𝑃𝑒 >
0) supplied via the spark plugs. Finally, note that, regardless of any flame initiation, for adiabatic 

planar flames 𝐿𝑒 is expected to equal the ratio between thermal thickness and mass diffusion thickness 

[19]. This result is recovered in this model, as the 𝛿𝑇 𝛿𝐴⁄  ratio of Figure 4(d) effectively tends to 𝐿𝑒 if 

the kernel does not extinguish. 
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3.2.  Laminar kernel expansion 

Concerning the flame kernel development in laminar conditions, the predictions obtained with the 

proposed model are compared with the experiments [28] and model results [29] presented by Ko and 

co-workers for atmospheric lean propane/air flames. Three equivalence ratios, each with two different 

electric energy supplies, are examined. The power supply 𝑃𝑒𝑓𝑓(𝑡) = 𝜂𝑒(𝑡)𝑃𝑒(𝑡) is set according to the 

provided sub-model, while 𝐸𝑏𝑑 is set within the range mentioned [28] and all other modelling 

parameters are taken from literature. The full list of parameters is reported in Table 1, where for each 

𝜙 the smaller value (𝐸𝑒,1) always leads to kernel extinction, while the larger one (𝐸𝑒,2), slightly above 

the minimum ignition energy, is the value used in the experiments. 𝐸𝑒,2 often led to a successful 

ignition, but failures were also observed due to stochastic variations in the test chamber. 

 

The comparison between present predictions, experimental data, and literature model results is 

shown in Figure 5. The present model appears clearly capable of reconstructing the different kernel 

expansion trends, but careful observation of the results highlights some discrepancies that warrant a 

deeper analysis. For the richest mixture (𝜙 = 0.8) in Figure 5(a), this model captures very well the 

successful ignition, but the simulation with lower energy still conducts to an ignition, albeit with an 

extremely slow expansion speed. Instead, the slightly leaner mixture (𝜙 = 0.7) in Figure 5(b) appears 

aa 

Figure 4. Kernel radius (a), temperature (b), expansion speed (c) and thickness ratio (d) at varying 𝐿𝑒. 

Table 1. Parameters used for the modelling of the laminar propane/air kernels of Subsection 3.2 

𝝓 
[−] 

𝑆𝐿,𝑎𝑑𝑓 [m/s] 

[36] 

𝐿𝑒 [−]  
[14] 

𝑇𝑎  [K] 
[14] 

𝐸𝑏𝑑  
[mJ] 

𝑑𝑔𝑎𝑝 

[mm] 

𝐸𝑒,1 

[mJ] 

𝐸𝑒,2 

[mJ] 
𝑡𝑒 
[ms] 

𝟎. 𝟖 0.277 1.57 22,000 0.5 1.0 1.7 3.6 0.56 

𝟎. 𝟕 0.201 1.62 20,000 1.0 2.0 2.0 3.0 0.56 

𝟎. 𝟔 0.130 1.68 18,000 1.0 2.0 44.0 61.0 3.55 
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as the most challenging prediction, reporting a moderate underestimation of the expansion speed for 

the ignition case, especially when 𝑟𝑘 𝑟𝑐𝑟𝑡⁄ ≅ 2, coupled with a limited overestimation for the non-

ignition one. On the other hand, the best prediction is obtained for the leanest mixture (𝜙 = 0.6) in 

Figure 5(c), where the successful ignition is captured with just a minor underestimation, while the 

unsuccessful ignition is clearly below any high-energy experimental data point and on par with Ko et 

al.’s model. However, due to the different thermophysical mixture properties 𝑟𝑐𝑟𝑡 is smaller than Ko’s 

estimate, thus facilitating the expansion acceleration. 

Following this analysis, it appears that the present kernel expansion model is slightly less 

responsive than Ko and co-workers’ one, tending to overestimate the probability of a kernel survival 

while often underestimating the kernel growth after a successful ignition. This outcome is likely 

caused by the assumption of 𝑆𝐿,𝑘 ∝ �̇�𝑘, which may not be true when the flame front curvature is very 

high and will be subject to future investigation. However, this choice makes the model much simpler, 

and has also the advantage of removing any need for an 𝑆𝑝𝑙𝑎𝑠𝑚𝑎 related to arbitrary heat diffusion 

processes. Some mispredictions are observed, but they are expected to be of limited importance for the 

turbulent flames typical of SI engines.  

 

Figure 5. Comparison between present model predictions (mod), Ko and co-workers’ predictions 

(Ko), and their experiments (scatter plots). Subscripts (1,2) refer to the 𝐸𝑒 values of Table 1. 
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3.3.  Turbulent kernel expansion 

As anticipated, the present kernel expansion model is now tested in the turbulent conditions of the 

propane-powered SI engine examined and discussed by Herweg and Maly [4]. In this case we limit the  

comparison to the central spark case, since the peripheral case affects only the turbulence intensity 

defined via the BML model, which is not subject to discussion. Coherently, turbulence is interpreted 

according to equation (19) and ℱ𝑆(𝑢
′) is computed using 𝑆𝐿 = 𝑆𝐿,𝑎𝑑𝑓 as done by Herweg and Maly: 

with 𝑡0 = 𝐿 (𝑢′ + 𝑆𝐿)⁄ . Note that the 𝐼0 defined by equation (3) that normally appears in this equation 

is set to 1, as the present model assumes that flame stretch is accounted for within 𝑆𝐿,𝑘. Moreover, for 

brevity the comparison is limited to the TCI (transistorized coil ignition) case. The relevant modelling 

parameters are listed in Table 2, where 𝐸𝑏𝑑, not specified in the paper, is chosen so that 𝑟𝑘 ≅ 0.5 mm 

after 10 ms as shown by the experiments. The 𝑢′ = 𝑢′(rpm) values are the same as reported [4]. 

 

The comparison with the experimental data is shown in Figure 6, and it appears quite satisfying. 

Firstly, in all these cases 𝑟𝑐𝑟𝑡 calculated with equation (6b) is less than 0.5 mm due to the high 𝑇𝑎𝑑𝑓 

values resulting from the mixture compression in the cylinder, causing the initial expansion to be 

controlled by 𝑆𝐿(𝑇𝑘 ≥ 𝑇𝑎𝑑𝑓). The proposed model is able to capture very well this initial fast 

expansion at 𝑟𝑘 < 1 mm, as well as the drop in 𝑣𝑘 around 𝑟𝑘 ≅ 1 mm and 𝑡 ≅ 150 ms. Then, around 

the same instant the plots for different rotational speeds start diverging due to the different turbulence 

intensities, and the resulting kernel expansion accelerations are recovered with good accuracy for all  

equivalence ratios and turbulence intensities. The few notable differences mainly regard the slowdown 

overestimation at 𝑡 ∈ [100;  300] ms and 𝑟𝑘 ∈ [1;  1.5] mm, which may be related to the simplified 

model used for the energy transfer efficiency [4], and limited misestimations in a few of the 

turbulence-controlled expansion speeds, such as for the 𝜆 = 1 and 300 rpm case in Figure 6(a) and 

(b), which are likely to derive from approximations in the BML model. 

A similar comparison is then conducted in Figure 7 against Herweg and Maly’s model results. 

While the overall kernel expansion trends are very similar, two main differences are worth noting. 

Firstly, their model appears to misestimate the kernel growth when 𝑟𝑘 < 1 mm especially for the 

richer mixtures, as shown by Figure 7(b), (d), and (f). Since their maximum 𝑣𝑘 is around 10 m/s, this 

misprediction is most likely due to the use of 𝑆𝑝𝑙𝑎𝑠𝑚𝑎, which seems unable to fully capture the 

breakdown effect. Secondly, their model consistently overestimates the kernel growth at larger values 

of 𝑟𝑘 and 𝑡 compared to both the present model and the experimental data. In this case, the reason lies 

in the 𝐼0 calculated via equation (3), which roughly scales with (1 − 𝐿𝑒)𝑣𝑘 𝑟𝑘⁄  and yields very small 

or negative values for 𝑟𝑘 < 2 mm and 𝐿𝑒 > 1. The only way to avoid this is setting 𝐿𝑒 = 1 as done by 

Herweg and Maly [4], but this causes 𝐼0 to be overestimated for larger 𝑟𝑘, ultimately resulting in the 

observed overestimation of 𝑣𝑘. 

To summarize, from the comparisons discussed in this section it appears that the kernel expansion 

model proposed in this paper not only is reasonably accurate for laminar flames, but it is also capable 

of satisfying kernel growth predictions in the moderately turbulent conditions typical of SI engines. 

ℱ𝑆(𝑢
′) = 1 + (

𝑢′

𝑢′ + 𝑆𝐿
)

1
2

[1 − 𝑒𝑥𝑝 (−
𝑟𝑘
𝐿
)]

1
2
[1 − 𝑒𝑥𝑝 (−

𝑡

𝑡0
)]

1
2
 
𝑢′

𝑆𝐿
 [1 +

4.4

1 + 3.919(𝑢′ 𝑆𝐿⁄ )
]
1/2

, (20) 

Table 2. Relevant parameters used for the modelling of turbulent propane/air kernels of 

Subsection 3.3. 𝑝𝑢 = 5 𝑏𝑎𝑟, all other unlisted parameters are the same as reported [4]. 

𝝀 = 𝝓−𝟏 
[−] 

𝑆𝐿,𝑎𝑑𝑓 

[m/s] 
𝐿𝑒 [−]   

[14] 

𝑇𝑎  [K] 
[14] 

𝐸𝑏𝑑  
[mJ] 

𝑑𝑔𝑎𝑝 

[mm] 
𝐸𝑒 
[mJ] 

𝑡𝑒(𝑢
′) 

[ms] 

𝟏 0.95 1.30 28,000 0.5 1.0 60 1.1 to 1.7 

𝟏. 𝟑 0.59 1.59 22,000 0.5 1.0 60 1.1 to 1.7 

𝟏. 𝟓 0.41 1.64 21,000 0.5 1.0 60 1.1 to 1.7 
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aa 

Figure 6. Comparison between present predictions and experimental data from Herweg and Maly 

(HM exp). Kernel expansion speed plotted against time in (a), (c), (e), and radius in (b), (d), (f). 

Increasing rpm values [rev/min] are associated with increasing turbulence intensities [4]. 

 

A final note is made regarding the possibility of a non-zero mean flow velocity, which can occur 

especially for off-center spark plugs [4]. In such a case the kernel would be transported by the 

convective flow and the discharge itself would experience a U-shaped distortion that may lead to a 

restrike event, albeit at a voltage typically lower than that of the initial breakdown [11] [12]. Although 

the present model currently cannot account for this effect, an amendment could be made to include a 

restrike, which could be made to happen as soon as the distance between kernel and spark plug centers 

is larger than 𝑟𝑘, and the higher temperature would indeed result in a lower voltage. However, multiple 

flame kernels would require tracking, which implies a need for deep model modifications. 

4.  Conclusions and future developments 

Flame kernel initiation is SI engines has been a topic of interest for a long time, but the majority of 

available phenomenological kernel growth models are based on simplifying assumptions that limit 

their accuracy, whereas numerical simulations have a high computational cost. With the aim of 

achieving higher accuracy in a phenomenological framework, this paper has presented a flame kernel 

development model that, starting from the near-breakdown plasma column, describes the early kernel 

growth considering temperature and deficient reactant profiles outside the flame kernel. The initial 

conditions derive from quantification of the post-breakdown shockwave effects, while the model 

formulation enables inherent consideration of flame stretch effects without using linear relations 

unsuited to the high flame front curvature. While the proposed model uses some elements from Ko et 

al. [29], work has been conducted to obtained a clearer, easier, replicable kernel growth model that can 

also include turbulence effects, which are key for proper modelling of SI engines. 
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Results have been presented for three cases. In the first one, an analysis of the model response as a 

function of the Lewis number has been conducted to highlight its effect on the kernel growth, which is 

increasingly hindered as 𝐿𝑒 rises, possibly leading even to flame extinction. Then, the present growth 

predictions have been compared with Ko and co-workers’ experimental and modelling data on laminar 

flame kernels [31], showing acceptable results but also some mispredictions for all cases. Finally, a 

second comparison has been conducted against Herweg and Maly’s experiments and predictions on 

turbulent flame kernels in an SI engine [4], where the present model has shown a good match with the 

experimental data across all sub-cases without any need for linear flame stretch models. This outcome 

is key, because it indicates that this model is suitable for use in the simulation of SI engines. 

Future developments will proceed in two directions. Firstly, work will be conducted on 

implementing this model into full SI engine combustion models, and an effect is expected for the low-

load and low-turbulence conditions in which failure of linear stretch models is observed [27]. This will 

require the non-trivial extraction of properties (e.g., 𝐿𝑒, 𝑇𝑎) of complex fuel blends at variable 

temperatures and pressures, but this can be done according to literature techniques [14]. Secondly, 

simplifying assumptions such as 𝑆𝐿,𝑘 ∝ �̇�𝑘 or the use of parabolic profiles are likely to be the source 

of the misestimations reported in Subsection 3.2, suggesting that the kernel model itself should 

undergo further development. In this regard, the rigorous analysis of thermo-diffusive flames [19] 

appears promising, but it needs adapting to the convective framework of variable-density combustion. 
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a 

Figure 7. Comparison between present predictions and model results from Herweg and Maly (HM 

model). Kernel expansion speed plotted against time in (a), (c), (e), and radius in (b), (d), (f). 

Increasing rpm values [rev/min] are associated with increasing turbulence intensities [4]. 
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Nomenclature 

Acronyms  𝑇 Temperature 

BML Bray-Moss-Libby 𝑢 Absolute specific internal energy 

CEA Chemical Equilibrium Applications 𝑢′ Turbulence intensity 

CFD Computational Fluid Dynamics 𝑣 Expansion velocity 

ICE Internal Combustion Engine 𝑉 Volume 

SI Spark Ignition 𝑌 Mass fraction 

Symbols  𝛼 Thermal diffusivity 

𝐴 Area or deficient reactant 𝛾 Specific heat ratio 

𝑐𝑝 Isobaric mass heat capacity 𝛿 Diffusion or flame thickness 

𝑑, 𝑑𝑔𝑎𝑝 Diameter, electrode gap distance 𝜂 Energy deposition efficiency 

𝒟 Mass diffusivity 𝜙, 𝜆 Equivalence and dilution ratio 

𝐸 Electric energy 𝜌 Density 

ℎ,𝐻 Absolute (specific) enthalpy Subscripts  

𝐼0 Linear stretch factor [∙]𝑎 Activation 

𝑘 Thermal conductivity [∙]𝐴 Deficient reactant 

𝐿 Turbulence integral length scale [∙]𝑎𝑑𝑓 Adiabatic flame 

𝐿𝑒 Lewis number [∙]𝑏𝑑 Breakdown 

𝑚, �̇� Mass, mass flow [∙]𝑐𝑟𝑡 Critical 

𝑀𝑊 Molecular weight [∙]𝑐𝑦𝑙 Cylindrical 

𝑝 Pressure [∙]𝑒 Electric 

𝑃 Electric power [∙]𝑖 Initial condition 

𝑞 Heating power per unit area [∙]𝑖𝑔 Ignition 

𝑟 Radius, radial distance [∙]𝑘 Kernel 

𝑆 Relative flame speed [∙]𝐿 Laminar 

𝑡, 𝑡0 Time, turbulence integral time scale [∙]𝑢 Unburned 
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