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This paper contains a detailed study of the properties of a simple model attempting to explain dark
energy as originated from quantum fluctuations of a light spectator scalar field in inflation. In Belgacem
and Prokopec [Phys. Lett. B 831, 137174 (2022)] we recently outlined how Starobinsky’s stochastic
formalism can be used to study the spatial correlations imprinted on dark energy by its quantum origin in
this model and we studied their possible role in relieving the Hubble tension. Here we provide a more
comprehensive derivation of the results in Belgacem and Prokopec and we refine some of our estimates,
comparing to the approximate results obtained previously. Among the main results, we analyze the
noncoincident correlators predicted by a full field theoretical treatment and their relation with those
computed within the stochastic formalism. We find that in the region where stochastic theory predicts
significant sub-Hubble correlators it is in disagreement with field theoretical predictions. However,
agreement can be restored by introducing a reduced speed of sound for the scalar field. We also discuss an
alternative approach to the problem of studying correlators within the stochastic formalism based directly
on the evolution of probability distributions. We find that the two approaches give the same answer for
2-point functions of the field, but not for 4-point functions relevant to density correlators and we discuss the

behavior of the two methods with respect to Wick’s theorem.
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I. INTRODUCTION

The discovery of the accelerated expansion of the
Universe in 1998 by the Supernova Cosmology Project
[1] and the High-Z Supernova Search Team [2] has triggered
the quest for the origin of cosmic acceleration. The simplest
explanation, namely a cosmological constant, equivalent to a
perfect fluid with equation of state parameter —1, has proven
to be able to explain a diversified number of observations.
Therefore it has been fully enrolled in the standard cosmo-
logical model, which also requires cold dark matter, to give
the current ACDM model. However, both the theoretical
shortcomings (the cosmological constant problem [3—6]) and
the tensions between the values of cosmological parameters
predicted by probing different ages and scales of the
Universe, most notably in H, (Hubble tension, e.g., between
CMB data [7] and supernovae luminosity distance measure-
ments [8]) and in the parameters (€2, og) affecting galaxy
number counts (see [9]), have stimulated the search for
alternatives to ACDM. In such models, the accelerated
expansion at late times is not merely due to a cosmological
constant, but to a dynamical dark energy. A typical inves-
tigation line is given by quintessence models (see [10] for a
review), where a field (typically scalar) evolves in such a way
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that its energy density becomes relevant, and eventually leads
the expansion, at late times. This desired behavior can be
achieved by the existence of a tracker solution [11-13], in
which the energy density of the scalar field decreases slightly
less rapidly than radiation during the radiation-dominated
epoch and, after matter-radiation equality, starts decreasing
less rapidly than matter density and eventually behaves like
dark energy. In quintessence models, the potential energy of
the scalar field is the essential ingredient for the late-time
acceleration, but it is also possible to obtain dark energy
from a scalar field with nonquadratic kinetic terms, in
the so-called k-essence models [14,15]. Quintessence and
k-essence models are examples of scalar-tensor theories of
gravity with self-accelerated solutions. A larger set of scalar-
tensor theories used in dark energy studies is the Horndeski
class [16-18], which is made by the most general covariant
scalar-tensor theories with second-order equations of
motion. Examples of theories in the Horndeski class are
Brans-Dicke theory [19], galileons [20], and f(R) gravity
[21]. It has also been shown that a wider class of theories
(beyond Horndeski [22,23], in turn included in the class of
degenerate higher-order scalar-tensor (DHOST) theories
[24], see also [25] for a review) can evade Ostrogradsky
instabilities [26], despite leading to equations of motion of
higher order. Quintessence models (and the more general
class of theories mentioned before) attempting to explain dark
energy without a cosmological constant do not properly
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address the initial conditions issue about the value the
quintessence field needs to start from. Furthermore, they
usually assume perfect correlations of dark energy on large
scales, typically without any justification.

An alternative line of research is based on the possibility
that dark energy could emerge at late times from the
amplification of inflationary quantum fluctuations inherited
in the subsequent phases of the Universe evolution [27-29].
This was shown to be possible with a nonminimally coupled
light scalar field. In such a model, inflation itself, by
amplifying infrared quantum fluctuations, provides the
natural initial conditions for the evolution of the field which
will later backreact on the cosmological expansion, mani-
festing as dark energy. In [30], based on the result of
[28,29,31] that the quantum backreaction can be largely
ascribed to infrared (IR) modes, a suitable application of
Starobinsky’s stochastic formalism was used to study the
time evolution of the energy density and pressure of a light
nonminimally coupled spectator scalar field. The conclu-
sions agree with the field theoretic treatment in [31], where
the renormalized stress-energy tensor was evaluated. The
approach in [30] required evaluation of coincident 2-point IR
correlators. Later, it was also shown in [32] that the same
quantum fluctuations also imply unperfect spatial correla-
tions of dark energy over a length scale determined by the
comoving Hubble horizon at the beginning of inflation and
that they are significant today for a duration of inflation of the
order of 60 e-foldings. In [32], energy density correlations
were expressed in terms of noncoincident 4-point functions,
whose evolution was again studied with stochastic formal-
ism. An interesting application of dark energy spatial
correlations is the study of the Hubble tension and the same
work [32] showed a remarkable reduction of the tension from
4.46in ACDM down to possibly 1o in the simple dark energy
model considered. Working out the observational predictions
of the model is clearly of fundamental importance to test in
and compare it to ACDM. It was found in [33] that the model
is slightly favored with respect to ACDM, although not at a
statistically significant level. More recently, the work in [34]
has studied a class of phenomenological models of dark
energy which exhibit spatial correlations and their implica-
tions on the observed luminosity distances of supernovae,
presenting a discussion on the detectability of such effects.
The result is that the ongoing Dark Energy Survey (DES)
[35] is not able to detect the expected signal, but the
upcoming LSST survey [36] can succeed, thanks to its large
sky coverage which reduces the effect of cosmic variance.

In Sec. Il we summarize the techniques and slightly extend
the results of [30,32] to compute noncoincident 2-point and 4-
point functions within the stochastic approach. Starobinsky’s
stochastic formalism [37,38] manages to describe the dynam-
ics of the infrared (long) modes in terms of classical stochastic
equations, where the coupling between long and short modes
appears as a noise source. The stochastic formalism has been
used in the long-wavelength approach of [39]. Its assumptions
have been better understood and the theory was used in the

separate universe picture [40,41] and developed into the
stochastic AN formalism, see e.g., [42-44]. One of its
prominent applications is in understanding formation of
primordial black holes [45—47].

It is remarkable that stochastic theory maps the quantum
problem into a classical stochastic description. However,
this is only possible in certain regimes. In particular, as we
will see in Sec. III, when considering noncoincident field
correlators, only the behavior for super-Hubble separations
is captured by the stochastic formalism, while shorter scales
require a full field theoretic treatment. Stochastic theory has
been tested against quantum field theory for a scalar field in
an exact de Sitter background, without taking into account
the backreaction of the scalar field on the metric, which
breaks the exact de Sitter assumption [48,49].

One of the main goals of the present paper is to test the
stochastic formalism predictions for noncoincident correla-
tors of a spectator field, not only in inflation, but also at later
times (radiation and matter epochs). In Sec. III, we prove that,
even though there is agreement at the end of inflation,
stochastic formalism and quantum field theory disagree at
near-Hubble and sub-Hubble scales in matter-dominated
epoch, with stochastic theory predicting a steeper decrease of
correlators with distance compared to the full field theoretic
answer. This disagreement can be attributed to the neglect of
spatial gradients by the stochastic formalism, which play an
important role in the postinflationary evolution of near-
Hubble modes. We propose and show that agreement can be
restored by introducing a reduced speed of sound ¢, < 1.
Such a feature is quite common in Horndeski scalar-tensor
theories and it generally appears in the effective field theory
of dark energy (cf. Eq. (39) of [50] or, similarly in the context
of inflation, Eq. (38) of [51]). Likewise, we can assume the
speed of sound c; as an extra free parameter in the quantum
dark energy model considered here.

Section III also shows that 4-point functions predicted by
the full field theory treatment are related to 2-point
functions by Wick’s theorem.' On the contrary, the 4-point
functions evaluated according to the formulation of

'Wick’s theorem applies to perturbative quantum field theory
and is a consequence of the Gaussian nature of the free field
appearing in the unperturbed Hamiltonian. This is the case for
Egs. (2.1) and (2.2) as long as the quantum backreaction effects,
which make the metric a quantum field, are negligible and ® is a
free scalar field with a time-dependent mass determined by the
classical background metric. At late times, due to the backreaction
of the field on cosmological expansion, non-Gaussianities are
unavoidably generated because the problem cannot be seen any-
more as the evolution of a free field in a given Friedmann-Lemaitre-
Robertson-Walker (FLRW) background. Indeed, the quantum
nature of the field necessarily produces local fluctuations of the
Hubble rate, thus the field and Hubble rate dynamics have to be
solved consistently. Dark energy is contained in the expectation
value of these quantum effects. This idea will be made more precise
in Sec. V, where a first approximation is applied to refine
the matching between the model and the current cosmological
parameters.
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stochastic formalism in Sec. II violate Wick’s theorem
(more precisely the formulation there only agrees with
Wick’s theorem in the coincident regime and for large
spatial separations, but it fails to reproduce the correct
behavior at intermediate scales). Starting from this dis-
agreement, in Sec. IV we develop an alternative way to
apply the stochastic formalism to extract noncoincident
correlations functions, applying the techniques in [52] to
the nonequilibrium regime. This approach is based on the
time evolution of classical probability distributions via
Fokker-Planck equations, rather than the coupled equations
for IR correlators in Sec. II. We find that the formulation of
stochastic theory in Sec. IV agrees with Wick’s theorem
and, since this was also the outcome of the quantum field
theory treatment, we expect that the stochastic theory
answer for the 4-point functions in Sec. IV is more
trustworthy than the corresponding results in Sec. II.

In Sec. V, we extend the matching of the model
parameters to the usual cosmological parameters H, Q,
and Q, presented in [30,32], by taking into account the
quantum backreaction effect of the scalar field on the
Hubble rate, which is relevant in the most recent stages of
the Universe evolution.

Then, in Sec. VI, we discuss how to apply the results
from previous sections to the Hubble tension problem. This
part of the paper is meant to extend the discussion presented
in Sec. III of [32] and to go beyond the approximations
used there. It also provides a possible path for a more
consistent numerical calculation of the Hubble tension
probability and the key ideas can be applied to any model
predicting spatial fluctuations of dark energy with known
probability distribution.

In Sec. VII we conclude by discussing the main results of
the manuscript.

II. QUANTUM DARK ENERGY MODEL

The simple dark energy model that we want to consider
is based on the following action for a light nonminimally
coupled scalar field @ in D = 4 spacetime dimensions.

1 1 1
S[®] = / d*x, /_—g{—ig’“’aﬂdwyd)—imzd)z—chR(I)Q} :

(2.1)

For a given background metric g,,, the nonminimal
coupling term between the field ® and the metric with
Ricci scalar R contributes to the effective mass of the
field M?> = m? + £R.

Following [30,32], we specialize the action (2.1) to a
FLRW background with metric element ds> = —dt* +
a*(t)dx*, where t is cosmological time, X are the comoving
coordinates and a(r) is the scale factor. Then the field
depends on cosmological time and comoving coordinates,
which we denote altogether as x, so that ®(x) = ®(z,X).

If & is the time derivative of ® and V@ its spatial gradient,
then the action (2.1) specializes to

1., (Vo)
S[®] E/dtd3x£¢ = /dtd3xa3{§ 2 (VO)

242

1
) [m? + 6£(2 — e)H2]<I>2}, (2.2)
where H(r) = a(t)/a(t) is the (global) Hubble expansion
rate and e(f) = —H(t)/H%(t) is the principal slow-roll
parameter. The (squared) effective mass is
M?(t) = m* + 6£(2 — (1)) H(1). (2.3)
The assumption of light field means that m/H(r) < 1
throughout the history of the Universe. In inflation and
radiation epochs we can actually assume m/H () < 1, but
in the matter-dominated epoch the mass m plays an
important role because, as we will see, it iS necessary
for generating a contribution to the energy-momentum
tensor scaling as dark energy and eventually leading the

expansion, which is the ultimate effect we are looking for.
Canonical momentum TI(x) is defined as

I(x) = (3.5(1)

() = a’®d(x).

(2.4)

We can then quantize the scalar field in the classical FLRW
background metric by canonical quantization, promoting

®(x) and T(x) to quantum operators ®(x) and TI(x),
satisfying equal-time canonical commutation rules
&(1,%), (1, ¥)] = i8* (X =),

[@(7, %), &(,X)] = 0 = [[1(r. %), T1(z. ¥')].

(2.5)

The classical Hamilton equations are mapped into the
Heisenberg equations

d. 5o
Ed)(t, X) — a3 (0)(t,X) =0, (2.6)
2
a‘%t)%ﬁ(t,f) —a2v—(t)(i>(t,)?) +M*(1)®(1,X) =0, (2.7)

which can be combined to get the second order equation of
motion’ for the quantum field (i)(t, X),

Here we assume that the backreaction of & on the expansion
of the Universe is negligible, and therefore H(z) is the global
(classical) expansion rate, defined as H2(r) = (Q|H?(1,%)|Q),
where the vacuum state |Q) obeys Eq. (2.16). The global Hubble
rate H(f) does not depend on X because of the spatial homo-
geneity of the background metric and vacuum state. The local
(squared) Hubble rate operator A2(z,¥) is discussed in Sec. V.
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d2
ar
+ M*(1)®(1,%) = 0.

b(1.5) + 3H(t)%<i>(t, -
(2.8)

In Sec. IIT we will be interested in a slight generalization
of the equation of motion, with the introduction of a speed
of sound ¢, < 1, assumed constant for simplicity, namely

+ M?(1)®(1,%) = 0. (2.9)
The original model (2.1) has ¢, =1 but, as already
discussed in the Introduction I, several scalar-tensor
theories of gravity predict a reduced speed of sound,
notably Galileons and more generally theories in the
Horndeski class.

Unless explicitly specified, we always assume ¢, = 1 in
this section. The introduction of creation/annihilation
operators and the construction of the Fock space is well
known and the relevant parts have also been reviewed in
[30,32]. Therefore we just limit ourselves to summarize
some of the steps, starting by moving to momentum space
and expanding the field and canonical momentum oper-

ators in creation/annihilation operators ZA)(I;) and B%(l_c)) for
the Fourier mode :

-

3 7= A
b(1.3) = / K (s, )b(R) +

e~ kT (1, k)b (k)

)
(2.10a)
3 - n -
f(1,%) = a(1) / (jﬂl;%{eik'x())(t, )
+ e 5 (1, k)BT (R)). (2.10b)

The mode function ¢(7, k) depends only on 7 and on the

norm of the comoving momentum k = ||l;|| due to spatial
homogeneity and isotropy of the FLRW background.
The canonical commutation rules (2.5) are imposed by
requiring that

(2.11)

with the Wronskian normalization condition for the mode
function
p(t, k)" (1, k) = (1, k)p*(1,k) = ia(1).  (2.12)

The equation of motion (2.8) implies for the mode function
(1.k),

2

o(t, k) +3H(t)p(t, k) + [ k

M 0]eten =0,

(2.13)

or, for a generic speed of sound ¢, in Eq. (2.9),

2

(1, k) +3H()p(t, k) + [c2 k

20 + Mz(t)] o(t,k) = 0.

(2.14)

The energy-momentum tensor is evaluated from the
variation of the action (2.1) with respect to the metric.
The corresponding quantum operator TW is

A a1 s a o m? A
T/u/ = ayq)auq) - Eg/wgaﬁaaq)aﬁq) - 79#1/(1)2

+ g[G/u/ - vyvu + g;wD]qA)z, (215)

where G, is the Einstein tensor, Vﬂ denotes covariant
derivative and O = ¢V, V} is the covariant d’Alembert
operator. On the FLRW background metric, one can
determine the quantum energy density py = (pg) =
—(T°) and pressure pQS;'. =(T" ;) by taking expectation
values on the homogeneous and isotropic vacuum state |€2)
annihilated by all operators 5(k), which means

b(k)|Q) = 0. (2.16)

When taking into account the aforementioned homogeneity
and isotropy, the final results are

{5

+6£<{§2Hﬁ}> +6<l£[;>2 <<Z§22>}, (2.17)
Po = H; { [—25(3 —2¢) - (I";)z(l — 4¢)

2200 @) + 2 U 1)

+(1-4¢) é?; - _312‘5 <(Z§lz>}. (2.18)

The correlators in Eqgs. (2.17) and (2.18) are the coincident
(®?(1, %)), (I2(1,%)), ({&(r,X).11(z,%)}) (with the usual
definition of anticommutator {A,B}=AB+BA) and
<(§ o1, 55))2> They only depend on time 7 and not on
the comoving position X, again because of the assumed
spatial homogeneity and isotropy of the background metric
9, (1) and vacuum state |Q). When one replaces the fields/
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canonical momenta in Egs. (2.17) and (2.18) by their
free field expansions in Egs. (2.10a) and (2.10b) (or
Egs. (2.20a) and (2.20b) in the stochastic approximation
that we will discuss), one obtains one-loop results for the
energy density and pressure. In preparation for Sec. 11 C,
we also write explicitly the energy density operator (which
can be obtained from Eq. (2.17) by removing the expect-
ation values):

(2.19)

In the next Sec. I A, when studying the dynamics of the
infrared (IR) modes which are super-Hubble, following
[30,32] we will neglect the contribution of spatial gradients

(6 (1, 55))2 This is justified because, for a given mode
with comoving wave number k, the expectation values of
spatial gradient terms entering in Egs. (2.17) and (2.18) are
suppressed by a factor k*/(aH)*> < 1. We will comment
again on the role of spatial gradients in Sec. III B 3 when
discussing the comparison between stochastic formalism
(briefly revised in Sec. I A) and the full quantum field
theory (QFT) results. We will see that they are actually
relevant after matter-radiation equality, but their contribu-
tion can be made small by a reduced speed of sound ¢, < 1.

A. Stochastic formalism

As anticipated in the Introduction I, Starobinsky’s
stochastic formalism has been applied in [30] to determine
the time evolution of the coincident correlators (which are
2-pt functions of field/canonical momentum) appearing in
Egs. (2.17) and (2.18). The reason lies upon the findings in
[28,29,31] that the energy-momentum tensor of a very light
nonminimally coupled scalar field, backreacting on the
cosmological expansion, is dominated by the infrared (IR)
modes. The same idea has been applied in [32] to study
noncoincident 4-pt functions entering the density-density
correlator. Here we review those results and include in our
treatment the noncoincident 2-pt functions. This will also
allow us to comment on the validity or violation of Wick’s
theorem expected for Gaussian fields and it will partly
serve as a basis for the investigations in the next sections.

At cosmological time ¢, we set the separation of modes at
a scale pa(r)H(t) where 0 <pu <1 is a dimensionless
constant. Then modes with comoving wave number k <
ua(t)H (t) are said to be long-wavelength modes (they are
super-Hubble) while those with k > ua(t)H(t) are short
(sub-Hubble).

The long-wavelength parts of the field and canonical
momentum operators, denoted by (7, %) and #(,%) in
contrast to the full field ®(z,X) and canonical momen-

tum TI(z,¥) operators in Egs. (2.10a) and (2.10b), are
defined as

0.5) = [ S5 oluatoyt) - )
x {e* (. k)b(k) + e~ * " (1, k)b' ()}
(2.20a)
#.9=a0) [ %ewomm — 1)
< {41 KIB(E) + 5 (1, )b ().
(2.20b)

In Egs. (2.20a) and (2.20b), the separation between short
and long modes has been set by a top-hat function
(Heaviside step function) with transition at k = ua(t)H ()
where 0 < u < 1 is a dimensionless factor that selects the
super-Hubble UV cutoff of the stochastic theory. The
introduction of u # 1 allows for control of the dependence
of physical quantities on the UV cutoff uH(r) of the
stochastic theory, which limits physical wave numbers
to () < uH(1).

The dynamics of the long modes is described by a
modified version of the Heisenberg equations of motion,

%&u,z) OFLT) = T,0F).  (2.21)
@) 4 7(1.5) azv(t)&w,x)wz( Nd(1.3)
()74 (1.5) (2.22)

where the “stochastic forces” on the right-hand sides are
due to modes crossing the separation scale uaH and they
are given by (see [30]):
AL &’k
fo(t.X) = paH*(1 =€) /—e
(2x):
x {1, )b (K) + e~ k5

5( k|
9" (1. k)b (k).

— paH)

(2.23)
N o [Pk .
70.9) = patt1 ) [ (1R pat
x {e®%gp(1, k)b(K) + e~ (1, k)b (k)}.
(2.24)
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B. Noncoincident 2-point IR correlators

When trading the expectation values in Eqgs. (2.17) and
(2.18) for their respective long-wavelength parts and
neglecting spatial gradients, the problem of determining
the time evolution of energy density and pressure reduces to
the study of IR coincident correlators (rescaled to have the
same dimensions) A, ,(1), A, ,(t) and A, (1) defined in
Eqgs. (30) and (32) of [30].

Similarly to [32], we can generalize them to the follow-
ing noncoincident equal-time 2-point correlators, which
only depends on time ¢ and relative comoving separation
r=||%, — X|| between the points considered”:

Bygltr) = GUINET). (229)
Balt.r) = oy (0 5).REDD). (226
Apaltir) = —— ). (227)

W@(ﬁfl)

The coincident correlators in Eqgs. (30)—(32) of [30] are
obtained by setting » = 0 in Egs. (2.25)—(2.27) and then
energy density and pressure are approximated starting from
(2.17) and (2.18) as

pol(1) %H;{ [(g)Q + 65} Ay4(1.0)

+6EA ) A(1.0) + A, (1, 0)}, (2.28)
Ppolt) ~ % { {—25(3 ~2¢) - (%)2(1 — 4¢)
+ 24822 — e)] A, 4(1.0)
2801 (1,0) + (1 — 4E)A,(1, 0)}. (2.29)

The time evolution of the general noncoincident 2-pt
correlators in Egs. (2.25)—(2.27) is conveniently described
by switching from cosmological time ¢ to the number of

e-foldings
vo=n(s)

The correlator A, .(t,7) in Eq. (2.26) can be equivalently
defined replacing ({¢(2.%,),2(t.%,)}) by (p(t.%)2(t.%,) +
#(1,%,)¢(2.%,)), because it only depends on X; and X, through
their relative distance r. These properties follow from the
homogeneity and isotropy of the metric g, (¢) = diag(—1, a*(z).
a*(),a(t)) and the state |Q).

(2.30)

measured from the beginning of inflation, where a;, is the
scale factor at the beginning of inflation (corresponding
to N = 0).

Formally the time evolution equations are the same as in
Egs. (33)—(35) given in [30] for coincident correlators,

0
By —Bypr =

N (2.31)

Ny

M)\ 2
—A¢’ﬂ + (3 - €)A¢’” + 2<E> A(/),¢ - 2A7w[ = n{/,’,,,
(2.32)

0

M\ 2
N A, +2B3-¢)A,, + (—) Apr="ng, (2.33)

H

but now the noise sources n’s on the right-hand sides are
functions of ¢ and r, so Egs. (36)—(38) of [30], connecting
the noise sources to the stochastic forces (2.23) and (2.24),
are generalized by

) = g (U152, 0052,
1) = o (T (0.5, 200.52))
+{f2(.5). (1. 52)}),
1 - DN as o
Npa(t,r) = W<{fﬂ(t7xl)’ﬂ(h %)}, (2.34)

Their expressions in terms of the mode function ¢(z, k),
which generalize Eqgs. (39)-(42) of [30], are

g =502 (aHP (1 =€) (0. ool aHr),

Jo(uaHr),
k=uaH

1 . .
- :2_”2ﬂ3a3H (1=e)[lgp(2.k)[*]i—parsjo(uaHr), (2.35)

1 3. 3172 J 2
=—waH(1—¢)|—|p(tk
Ny x 2]7'_2/4 a ( 6) |:a[|§0(’ )|

where jy(z) = is the O-th order spherical Bessel
function. Comparing with Eqgs. (39)-(42) of [30], one
immediately realizes that the only modification with
respect to the coincident case is the factor jo(uaHr) in
the stochastic sources (2.35), which correctly reduces to 1
when r — 0.

Similarly to [30], we solve the system of equa-
tions (2.31)—~(2.33) in the three epochs of de Sitter
inflation (e = 0), radiation-domination (¢ = 2) and mat-
ter-domination (¢ = 3/2). The most important modification
is that here we are considering noncoincident 2-pt corre-
lators instead of the coincident ones of [30], but this is just a
simple version of the technically more complicated prob-
lem of noncoincident 4-pt functions already solved in [32].

__sin(z)
Tz
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Therefore the strategy is already set up and we can rely on it
to construct the solution to Egs. (2.31)-(2.33). In
Appendix B, we also discuss a refinement for the last
stages of evolution by studying correlators in a Universe
containing both matter and a cosmological constant. This is
still an approximation, but it is supposed to (partially) take
into account in analytical form the backreaction of the
scalar field on the FLRW background in the most recent
e-foldings of evolution before the current time. As dis-
cussed in Sec. IV of [30], evolving the correlators in a given
classical FLRW background metric is legitimate as long as
the quantum backreaction on cosmological expansion is
small with respect to the classical sources of energy density
guiding the expansion. This is the case throughout all
epochs except for recent times when quantum backreaction
manifests as dark energy and later takes the lead of
cosmological expansion. We begin with the evolution in
a de Sitter inflationary epoch.

1. de Sitter inflation

Following [30,32], in de Sitter inflation we use the
Chernikov-Tagirov-Bunch-Davies (CTBD) mode function.
We also include the possibility of a reduced speed of sound
¢,: looking at the difference between Egs. (2.13) and (2.14),
it just amounts to replacing k — ¢,k in Eq. (45) of [30].
Therefore the de Sitter mode function is

T (1) Csk
l,k — Hy )
o0 =\t ()

o /M2
=N \m, )

where we denoted by H; is the constant Hubble rate in
inflation and by M? = m? 4+ 12EH7 the constant effective

squared mass, while H 8) the Hankel function of the first kind.

Equation (2.36) satisfies the Wronskian condition (2.12).
As in [30], since we are dealing with long modes

k < paH; < aH;, we can simplify the mode function to

(2.36)

(p(z,k)z—\/Lﬁzw—lr@,)a(z)v1—3/2H;1‘1/2c;”'k—w. (2.37)

For (m/H;)* < 1 and |£| < 1, working at leading order in

X =M?*/H? = (m/H)* + 12¢, (2.38)
one gets similarly to [30] (but with the extra factor
Jo(uaH;r)) the expression for the noise sources in de
Sitter inflation, which we write in (row) vector form, to
leading order in X, as”

‘We used v, = ,/%—X:%—% and just kept y,:% in the
power of c;.

2

H 2 1
~ =31 _= —y2
(n¢,¢’n¢.mnﬂ.n) ~ Cy 4”2]0(/1[11‘117')(1, 3X,9X )

(2.39)

We discuss in detail the solution of Egs. (2.31)—(2.33) for
the noncoincident 2-pt correlators. First, Egs. (2.31)-(2.33)
can be written in matrix form by introducing:

(1) the column vector Ay of correlators whose corre-

sponding row form (transpose vector A(T2)) is

AT) = (A(]ﬁ,(ﬁ’ A(l),m Aﬂ:,ﬂ:)’ (240)

2

(2) the column vector n(,, of noise sources whose corre-
sponding row form (transpose vector n(Tz)) is

nP(FZ) = (n(ﬁ,(f?’ n¢.ﬂ? n}z.;z>7 (241)

(3) the inflationary (de Sitter) constant matrix evolution for
2-pt functions (using € = 0)

0 -1 0
Aou= 12X 3 =2, (2.42)
0 X 6

where the subscript “(2),1” is meant to remind that this
matrix refers to the evolution of 2-pt correlators in inflation.
These definitions lead to the following equivalent form of
Egs. (2.31)—(2.33) in de Sitter,

d
—A(z) (N, r) + A(Z)JA@) (N, r) =n(y) (N, r).

N (2.43)

The general solution is simple because of the constancy
of the matrix A, in de Sitter. It is

Ap) (N,r) =exp [_A(Z),IN]A(Q) (0,7)

N
+/ dN’exp [A<2>’I(N’—N)]n<2>(N’,r).
0

(2.44)

As in [30,32], we assume zero initial conditions for the
correlators because we are interested in their growth purely
generated by the inflationary expansion, thus A,)(0, r) = 0.
We briefly discuss the effect of nonzero initial conditions
inherited from a pre-inflationary epoch in Appendix C.

The computation of (2.44) is conveniently done by
diagonalizing the matrix A);. Let us call B the change-
of-basis matrix (i.e., the matrix whose columns are the
eigenvectors of A,) ) and by B! its inverse. If4;,j=12,3
are the eigenvalues of A(y), then the ith 2-pt correlator
A()i(N,r) is given by
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3 N
r)= ZB,»je_’lfN/O dN'e*N
J

-

X (B‘l)jkn(z),k(N’, r). (2.45)
k=1
Starting from Eq. (2.39), we write
e I e 2.46
n(2),k(N ’ r) ~ Cy 4”2]0(ﬂa1n 1€ r)aka ( . )

where a is the constant vector with components
(1,—%X.§X?) and then Eq. (2.45) gives

where

N
Fj(N,r):e_’lfNA dN'eMN jo(pay HyreN').  (2.48)

Using the approximation® jo(z) ~ 6(1 —z) (see also [32])
and introducing the definition

ro = (nawnH;)™", (2.49)
it is straightforward to show that
—1_3_‘1’%] if r < rge™™
Fj(N.r)~ #[(r—ro)"{/ —1] ifree™<r<r
0 if r> ry.
(2.50)

The eigenvalues A; of the matrix Ay are {4,4,,43} =

{3-v9-4X,3,3+ V9 —-4X} Whlle the change-of-basis
matrix can be chosen (up to any constant factor, which
cancels in Eq. (2.47) as

111
B=|-4 -3 -k (2.51)
XA

At leading order in X, the approximated set of eigen-
values is {3X,3,6 —2X}. Due to the result for F;(N, r) in
(2.50), one can realize that, after a few e-foldings, the sum
in Eq. (2.47) is dominated by the smallest eigenvalue and,

>We have checked numerically that it is a good approximation.

with some algebra, the result for the correlators in
Eq. (2.47), at leading order in X, is

Af/),(/)(N’ r)

L, H} 2
A()JZ(N’ I") ~ 65347”12 _§X
A, .(N,r) %Xz
S (1— e~¥N) if r < rge™

B %e_%XN[(r’O)_%X -1 ifrge™ <r<r

0 if r> ry.
(2.52)

It is clear from Eq. (2.52) that the amplification of infla-
tionary quantum fluctuations works at its best for X < 0 so
that the factor eV grows exponentially with N. This was
already pointed out in [30,32]; the best conditions for a
negative X are a negative nonminimal coupling £ < 0 and a
very light field so that (m/H;)* < |£| < 1, where the last
condition ensures consistency of the approximation |X| < 1
used so far (because X ~ —12|¢|). The requirement X < 0
for the best enhancement of fluctuations (and therefore a
smaller number of inflationary e-foldings required to match
the dark energy content of the Universe today) can be
understood from the effective potential of the scalar field.
We comment again on this in Sec. IVA after Eq. (4.6).
With X ~ —12|¢| the amplitude of correlators in (2.52)
grows exponentially. At the end of inflation, lasting N;
e-foldings, and assuming e8¢V >> 1, the 2-pt correlators are

A¢y¢(N1, I") H2 1
BoaNior) | e g™ | B fswl))
Drn(Npo7) 1682
(2.53)
where
1 if r<rge™Nr
so)(r)=q 1- (é)&f| if rpe™ <r<ryl (2.54)
0 if r>r,

The spatial profile at the end of inflation is described by the
function s(5)(r) (the subscript “(2)” stands for the 2-pt IR
correlators). It depends on the scale ry= (uay,H;)™!
defined in Eq. (2.49), which is (up to x~!) the comoving
Hubble length at the beginning of inflation.

The results (2.53) and (2.54) generalize to the non-
coincident case those in Eq. (58) of [30]. The one-loop
energy density po(N;) and pressure py(N;) at the end
of inflation can be found from the coincident correlators
Ay y(N.0), Ay 2(N;,0) and A, (N, 0) using Egs. (2.28)
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and (2.29) with € =0 and & = —|¢| < 0. The correlators
Ay 2(Ny,0) and A, ,(Ny,0) can been neglected in
Egs. (2.69) and (2.70) because their contribution to energy
density and pressure is suppressed by another factor of |£|
with respect to Ay ;(Ny,0). At leading order in |£] and

(m/H)?,

2
polMi) = (7 = 3KIH? ) 24N 0). (255

2
Po(Ny) ~ (-’% n 3|§|H%> Apg(N1LO).  (2.56)

Equations (2.69) and (2.70) show a cosmological constant
type contribution p, & —p, and they agree with Eq. (59) of
[30]. Of course, the noncoincident correlators in Eq. (2.53)
contain more information than simply p, and p,, because
they describe spatial dependence.

2. Radiation epoch

The 2-pt IR correlators at the end of inflation are then
inherited in radiation epoch. In the subsequent evolution, like
in [30,32], the contribution of noise sources appearing in the
right-hand side of Egs. (2.31)—(2.33) is negligible with
respect to the initial conditions which have been amplified
by inflation with a factor ~e8¥V1/|&|. In postinflationary
epochs the stochastic problem reduces to the classical
evolution of the stochastic initial conditions for the field
inherited from inflation. When neglecting noise sources, the
set of Egs. (2.31)—~(2.33) becomes a linear homogeneous
system of equations. This implies that the problem can be
reduced to the evolution of coincident correlators, because
the spatial dependence s(,)(r) in Eq. (2.54) inherited from
inflation cannot be further modified by the noise sources.
The evolution of coincident correlators in radiation and
matter epochs was solved in [30]. An alternative way to find
them can be obtained by adapting the matrix notation used in
Eq. (2.43) to radiation and matter epochs.

In radiation epoch, let us start measuring the number
of e-foldings from its beginning (i.e., from the end of
inflation, assuming an instantaneous reheating). In the
limit® of very light field (m/H)? < |&| < 1, we can study
the evolution of correlators neglecting the mass m. Then, in
radiation epoch, the 2-pt correlators A, (N, r) evolve from
their initial value A()(N, r) as

A(z) (N, r) = exp [—A(z)’RN]A(Z)(O, r), (257)
where A y) g is the constant (in the massless limit) evolution
matrix in radiation epoch (e = 2)

®Corrections due to the mass m are evaluated in Eqgs. (76)—(78)
of [30]. They are not necessary to obtain the results in Egs. (2.62)
and (2.63), which agree with [30].

0 -1 0
Aor = 1 -2 (2.58)
0 2

From the upper triangular form of A(;) g one can immedi-
ately read the eigenvalues {0, 1,2}, then diagonalize the
matrix and compute

I 1—e™ (1-e™)?
0 e  2eN(1-eN)

0 0 e

exp [~Ap)rN] =

(2.59)

At the end of radiation epoch (matter-radiation equality),
lasting N ~ 50 e-foldings, this gives

1 1 1
exp [AprNg]~ | 0 e™Vr 2e7Nr (2.60)
0 0 e 2

Taking into account the initial conditions inherited from
inflation in Eq. (2.53) and their hierarchy A, ,(N;, r) >
Ay (Npr)> A, (Npr) for [E] <1, the result of
Eq. (2.57) at the end of radiation epoch (matter-radiation
equality) is

Ay y(Ng.r) Apy(Npr) Ay y(Npr)
A(/)’H(NR,r) >~ A¢,”<N1,r)e_NR o 0
A, (Ng,r) A, (N r)e Nk 0

(2.61)

In the last equality we highlighted that A, ,(Ng, r) and
A, (Ng,r) are completely irrelevant at matter-radiation
equality (and even much earlier). We call H.q, = H(Ng) the
Hubble rate at matter-radiation equality.

The corresponding energy density and pressure are
obtained from the coincident correlators by Eqgs. (2.28)
and (2.29) with € = 2 and they can be approximated as

2

pol) = (" = I ) gV 0). (262)

m2

Po(Ng) & (—7 - |§|H§q) A, 4(Ng.,0). (2.63)

We identify a term behaving like a cosmological constant
(CC) and another like a negative radiation contribution in
agreement with Eqgs. (79), (80) of [30]. Note that the mass
m is fundamental to obtain the CC-like contribution with
opposite energy density and pressure. This is not in contra-
diction with the fact that we neglected it to compute the
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result (2.57), because this assumption was only used to
further simplify the time evolution of correlators, which
then enter the energy-momentum tensor via Eqgs. (2.28)
and (2.29).

3. Matter epoch

The evolution in matter epoch can be determined with
the same strategy as for radiation epoch, namely by
neglecting the stochastic sources in the right-hand sides
of Egs. (2.31)—-(2.33) and using the left-hand sides of
the same equations to evolve the 2-pt IR correlators from
their initial conditions at matter-radiation equality given in
Eq. (2.61). Again, we neglect the mass m contribution (see
Sec. IV.C of [30] for the corrections due to it) when
evolving the correlators. However the mass m will still play
a fundamental role for the energy density and pressure, just
like we already discussed after Eqs. (2.62) and (2.63).

Let us start measuring the number of e-foldings in matter
era from its beginning, namely from matter-radiation
equality. When neglecting the mass m in the time evolution
of correlators, the structure of the solution is analogous to
Eq. (2.57) obtained in radiation epoch. It takes the form

A(z) (N, I") = exp [—A(z)’MN]A(z) (0, r), (264)
where A(y) v is now the constant matrix (using € = 3/2 in
matter era)

0 -1 0
Agm = | —6[¢] 3/2 =2 (2.65)

0 -3¢ 3
The eigenvalues of the matrix A\ are {w,%,
IV HASKE 92+48‘§‘ or, at leading order in |£] <1, the set

3.3 +4|¢}. Introducing the diagonal matrix
AM = dlag(/ll,/lz,/13) = diag(—4|£[.3.3 + 4[¢]), we write
Aoym = ByAyB;), where B), is the change-of-basis
matrix given, at leading order in

0 -1 0
By=| -6/ 32 -2 (2.66)
0 -3¢ 3

Then the entries (ij) of the matrix exponential appearing in
Eq. (2.64) are

(exp[-Ap),

3
Z By)ye N (Byf )y (2.67)
k=1

The sum above is soon dominated by the smallest eigen-
value 1; ~ —4|¢| < 0, which gives an exponential growth,

while the other eigenvalues give an exponential decay.

Using this observation and the initial condition (2.61) with
negligible A, ; and A, ; components, one easily finds that
after Ny, e-foldings in matter era the 2-pt correlators given
by Eq. (2.64) are

Apo(Nyr) | 2| 4l¢] | e*NuA, 4(Ng,7) | (2.68)
A”J[(NM, r) 452

The exponential growth as ¢*¢Vv of correlators in matter
era is confirmed by the quantum field theory calculation in
Eq. (3.37) of this paper, as well as by [31], but it was missed
in Egs. (87)-(89) of [30]. The result (2.68) serves to
reaffirm this growth in matter era also in the context of
stochastic formalism. As we will see in Sec. III within the
field theoretic treatment, the fact that both inflation and
matter era give rise to an exponential growth of correlators
for ¢ < 0and (m/H)? < || < 1 is due to the similarity of
their mode functions in the massless limit: in inflation and
in matter era the CTBD mode functions are Hankel
functions of the same order.

The coincident correlators in matter era A 4(Ny.0),
A, 2(Ny,0) and A, ,(Ny,0) determine the energy den-
sity and pressure via Eqs. (2.28)—(2.29), using € = 3/2.
At leadmg order in |£| and (m/H(N,;))?, they are approxi-
mated’ by

o) % (75 = (V) ) g Wur0). - (2:69)

2

m
—— 844Ny, 0).

PQ(NM)z 3

(2.70)
By inspection of Egs. (2.69) and (2.70), we can see a CC-
like (cosmological constant) term and a negative matter-
like contribution, in agreement with Eq. (90) of [30]. This
result can be used to match the model to the current
cosmological parameters and reproduce the right amount of
dark energy. The consequences of this step are revised in
Sec. II D. Before doing that, we discuss the other important
feature of the dark energy model of quantum origin treated
in this paper, namely spatial correlations. For this purpose,
a study of noncoincident 4-pt functions is needed.

C. Noncoincident 4-point IR correlators

Since in the model described in this paper dark energy is
a consequence of quantum fluctuations amplified by
inflation, one can expect that important physical informa-
tion can be extracted not only from the expectation value of

"Similarly to inflation, the correlators Ay 2(Ny.,0) and
A, (N, 0) have been neglected in Egs. (2.69) and (2.70)
because their contribution to energy density and pressure is
suppressed by another factor of |&| with respect to Ay 4 (N, 0).
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the energy-momentum tensor at a single point [as in
Egs. (2.28) and (2.29)], but also from correlations between
the energy-momentum tensor at two different space points.
Thus, a source of information on the features of dark energy
predicted by the simple action (2.1) is in the correlator
(po(t,%1)po(t,%,)) between energy densities® at the
two comoving positions X; and X,, evaluated at the same
time ¢. This was one of the main subjects of study in [32].

Here we want to complete the presentation given in that
paper and show all the definitions/equations needed, which
were omitted in [32] for brevity. In stochastic formalism
one approximates the occurrences of field/canonical
momentum in correlators with their long-wavelength parts.
Starting from Eq. (2.19) and neglecting spatial gradients,
the density-density correlator (at equal times) is expressed
in terms of six 4-point IR correlators as follows:

(Polt.51)po(t. %)) Pf { [(Z) g 65] 2A¢2.¢2(t, r) + 6¢ [(Z) g 65] A galts)

m) 2

—+ 36§2A¢ﬂ7¢ﬂ(1, r) + |:<E> + 6§:| A(ﬁz,ﬂz(t, r) + 6§A¢”Yﬂ2 (l‘, r) + Aﬂzyﬂz (l‘, r)} (2.71)

The complete definitions of the 4-point functions needed’ are
Ap p(tr) = <g?)2(t,x1)g?52(t, X)), (2.72)
Ap ya(tr) = a3(t)1H(t) (@ 2){P(1.%). (1. %)} +{B(1. %)), 2(2. %)} (1. %)), (2.73)
pege(t:7) = s (0. 50) A F)HD o) 2. T, 274
Ap o(t,r) = a6(t)11{2(t) (7 (1.30)72 (1. %) + 22(£.31) 7 (1. 5)). (2.75)
Ayp(tr) = a9(t)1H3(t) (@ (6, X){p(t, %), (1, %) } + {p(1, X)), (1, %)) } 22 (1. X)), (2.76)
! (7%, %)) 7% (1, %,)). (2.77)

where, as always, r = ||X, — X;|| is the relative comoving distance between the two points. Similarly to the 2-pt IR
correlator, also these noncoincident 4-pt IR correlators evolve in time under the effect of noise sources. In terms of the
number of e-foldings (2.30), the full system of equations describing the process (including Eqgs. (10), (11) in [32]) is

3}
E\,Auz’{/; — A()z.’“ﬂ == n[/)z,(/lz, (278)
3} M\ 2
WA¢2’¢E + (3 - €)A¢2‘¢ﬂ - 2A¢ﬂ7¢ﬂ - 2A¢2‘ﬂ2 + 4 ﬁ A¢2.¢2 = I’l¢2‘¢ﬂ., (279)
3} M\ 2
WAlﬁﬂ'Jﬁ” + 2(3 - €)A¢ﬂ’¢” - ZA(/)”J[Z + 2 ﬁ A[/JIZ’(/”[ = I’l¢”’¢ﬂ, (280)
0 M\ 2
WA(‘bZ.EZ + 2(3 — G)A{pz’ﬂz — A(/M’ﬂz + (ﬁ) A(/,z’(p” =ng 2, (281)

¥The correlator (Po(x)po(x')) is an essential ingredient in building the (f,w (x)f"p(,(x/ )) correlator which, together with the local
contribution from the graviton 4-pt vertex, builds the one-loop graviton self-energy. Therefore, studying the (P (x)po(x’)) correlator
teaches us something on the off-coincident one-loop graviton self-energy.

°The definition of the first correlator Ay 42 (t,r) was already given in Eq. (9) of [32].
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0 M\? M\?
ﬁAlﬁﬂ'ﬂz - 3(3 - G)A[M‘ﬂ.z - 4A”2ﬂ2 +2 ﬁ A¢2!ﬂ2 +2 ﬁ A¢”’¢ﬂ = Nyp 2, (2.82)
d M\ 2
WAHZ’HZ + 4(3 - G)Aﬂz’ﬂz + q A(ﬁﬂy,ﬁ =ng 2. (2.83)
[
The sources appearing at the right-hand sides of the equations A(T4) = (Mg g2 N2 g M N 22> N2 M2 2) - (2.85)

above can be expressed in terms of the field operator (?),
canonical momentum operator 7 and stochastic forces JA‘(]«,, ]A‘,r.
They are given by Eq. (A1) in Appendix A. Starting from
those definitions, they can be written in momentum space in
terms of integrals involving the mode function ¢(z, k). The
resulting expressions are listed in Eq. (A2).

One can then study how the 4-pt correlators evolve
during different cosmological epochs (de Sitter, radiation
domination and matter domination) via their coupled
equations (2.78)—(2.83), following essentially the same
steps that we already explained for the evolution of 2-pt
correlators in Egs. (2.31)—(2.33). Since this was already
done in [32]) (see in particular its Appendix A), we recall
the results from there and make additional comments.

1. de Sitter inflation
Similarly to the definition (2.40), let us collect the 4-pt
functions (2.72)—(2.77) in a column vector A, whose
corresponding row form (transpose vector A<T4)) is

A;r4) = (A¢2,¢2, A¢2.¢ﬂ, A{/,,”/m, quz‘ﬂ.z, A(/’ﬂ-ﬂz’ Aﬂzﬂz),

(2.84)
and we can do the same thing for the noise sources defining

a column vector n), such that
|

H\4
A<T4) (N,r) =c;® <—1> (14 2jo(paneVH;r)) (—,4, 16/¢

2w

The system (2.78)—(2.83) in de Sitter inflation takes the
compact form

d
—A<4) (N, r) —+ A(4)’1A(4) (N, r) = l’l(4)<N, r),

= (2.86)

where the constant matrix A4 ; and the noise functions
ng)(N,r) were evaluated in Egs. (A4) and (AS)
of [32]). The matrix Ay, in terms of X = (M/H;)* =
(m/H;)? + 12¢, is

0O -1 0 O O
4 3 -2 =2 0
0 2x 6 0 =2
0O X 0 6 -1
0 0 2x 2Xx 9 -4
0O o o0 0 X 12

(2.87)

oS O O O

We also rewrite here the expression for the noise sources
(as a row vector) including the effect of a general speed of
sound, which was not studied in [32]:

,8|§|,64§2,64|§3). (2.88)

1
4l¢

Using a method perfectly analogous to that in Sec. II B 1, one can prove (see Eq. (A7) of [32]) that, assuming zero initial
conditions at the beginning of inflation and working with & < 0 and (m/H;)?> < |£| < 1, then at the end of inflation the

noncoincident 4-pt correlators evolve into

H4
Ar(r4) (N[, I’) =~ CS_6 melﬂéll\hs(@(r)(l’ 16|§|7 6452? 32§2a 256|§|3’ 25654) > (289)
where the function s(4)(r) containing the spatial dependence is
3 if r<rge™™Nr
s@y(r)=q 3- 2(72)16‘5‘ if rpe™ <r<ry| (2.90)

1

if r>r,
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The scale ry = (uaj,H;)~' was already introduced in
Eq. (2.49). It is interesting to compare the spatial depend-
ence of the 4-pt functions with the one of 2-pt func-
tions. For definiteness, let us focus on Ay > (N, r) and
A, 4(Ny. r) given by the first component of Egs. (2.89) and
(2.53), respectively.

One would expect from Wick’s theorem (which holds at
one-loop level) that

Ay gt (N1 P)=[B g (N1 O)2 4 2[A 4 (N P2 (291)
Comparing the results
H
Ap (N 1) = et mem‘gw's@)(r) (2.92)
and
H?
Ay p(Npr) =~ ;3 lem eg‘g‘N’S(z)(r), (2.93)
Eq. (2.91) is equivalent to check whether
sw(N=lseOF +2spy (N (294)

But using Eq. (2.54), the right-hand side of Eq. (2.94) is

[s2)(0)]> + 2[s2)(r)]?
if r<rge™™r
~ ¢ 3-4(L )8\6\ +2(£ )16\5\

1 if 7> r.

if rgpe™ <r<r,

(2.95)

This is clearly different from the function sy4)(r) in
Eq. (2.90). More precisely they are equal only for r <
roe~N1 (basically the coincident regime) and r > r, (large
distance regime), but they disagree at intermediate scales
roe~N < r < ry when interpolating between the extreme

|

values of 3 and 1. We infer that Wick’s theorem is not
satisfied by the result for 4-pt correlators (2.89) and (2.90).
This is a problem because the spectator scalar field @,
described by the action (2.1), is free'® when considering a
given classical background metric, which is legitimate
throughout all the evolution of the Universe, except for
the very few most recent e-foldings of evolution in matter
era [see also the discussion after Eq. (3.46)]. We do not
fully understand the origin of this problem, but we think it
lies in the form of the 4-pt stochastic sources n(4y (N, r). Itis
possible that they do not fully catch the interaction between
short and long modes. Section III C shows that, as expected
for free fields, quantum field theory (QFT) predicts that
Wick’s theorem is obeyed. QFT says that the spatial
dependence s, (r) of 2-pt functions in Eq. (2.54) is correct,
while 54 (r) for 4-pt functions in Eq. (2.90) is not. An
alternative way to apply (and rescue) stochastic formalism
is proposed in Sec. IV and it works with classical
probability distributions instead of systems of equations
for IR correlators. One of the results therein is that the joint
probability distribution of fields at two points is Gaussian
and therefore correlators evaluated from it obey Wick’s
theorem.

2. Radiation epoch

Once inflation ends, the Unverse enters an epoch where
expansion is dominated by radiation. In this case ¢ = 2 and
the quantity (M / H )? appearing in Egs. (2.78)—~(2.83) is small
since it reduces to the mass contribution (m/H)?. For our
purposes it can be safely neglected, like we did in Sec. I B 2.
Furthermore, similarly to the case of 2-pt functions, the
stochastic sources n4) are much less relevant than the initial
conditions inherited from inflation, because only initial
conditions contain an enhancement factor that is exponential
in N;. Then, with the same technique used for 2-pt functions
in Sec. II B 2, the initial conditions (2.89) are easily evolved
through radiation domination and, at the end of it (lasting
Ny~ 50 e-foldings until matter-radiation equality) the
4-point functions are (see also Appendix A. 2 of [32])

A¢2’¢z (NR, r) A¢2’¢2 (N,, r) A“z’{/)z (Nl’ r)

Ay 4r(Ng, 1) Ap, ¢n(N17r)e_NR 0

BpegeWer) | | BpmseVie | | 0 o0
Ay 2 (Ng, 1) - A(pz Z(Nl,r)e_ZNR B 0 .
Agrr(Ng. 1) Ay (Ny, r)e™3Ne 0

A2 (Ng. 1) Ap 2 (Ny r)e Ve 0

""This is true when quantum gravitational effects are neglected and when the quantum backreaction of the scalar is negligibly small.
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Note that, within the approximations mentioned, A 4
is constant during the radiation period, while the other
correlators are suppressed by a factor of e~V for each
occurrence of a canonical momentum in their definition.
This is perfectly analogous to the result for 2-point
functions in Eq. (2.61). At the end of radiation domi-
nation (Ny = 50), all the correlators involving canonical
momentum are negligible, which is the content of the last
equality in Eq. (2.96). Only Aj , survives (roughly
unchanged) until matter-radiation equality. In matter-
dominated epoch it will “leak” again into the other
correlators.

3. Matter epoch

At matter-radiation equality, nonrelativistic matter takes
the lead of cosmological expansion. Equations (2.69),
|

(2.70) show that the scalar field contributes to the
energy-momentum tensor with a cosmological constant
(CC) type portion and a negative matter-like portion. The
CC-like part is what manifests as dark energy at recent
cosmological times. In Sec. II. C and Appendix A.3 of
[32], the evolution of the scalar field was studied in a
Universe containing both matter and a cosmological con-
stant, as a way to take into account the backreaction of the
scalar field on the expansion. Appendix B can be used to
review (and even refine) those results. Here, for a simple
and more fair comparison with the discussion on 2-pt
functions in Sec. IIB3, we give the results for 4-pt
functions in pure matter epoch. Using the same approx-
imations of Sec. II B 3, one arrives with similar calculations
to the following 4-pt IR correlators in matter era, after Ny,
e-foldings from matter-radiation equality:

T
)

(Ny. 1) = A o (Ng, r)eSNu (1, 8|¢

1682, 822, 32/¢°. 16¢%) |.

(2.97)

At leading order in |£| and (m/H(N,,))?, the corresponding density-density correlator computed from Eq. (2.71) is

dominated by A 42(Ny,r) and gives

(Po(Np. X1)po(Ny. X2)) = [po(Nyg)Psay(r) - with  r=[|X, = X]| |

(2.98)

where we also made use of Egs. (2.68), (2.69) and the
function s(4)(r) was defined in (2.90). Once again, the scale
of spatial correlations is determined by r, appearing in
5(4)(r) and therefore by the comoving Hubble length at the
beginning of inflation [from Eq. (2.49)].

D. Matching at current time

The model parameters have to be matched to the current
cosmological parameters in order to study its actual
predictions. In the last few e-foldings the backreaction
of the scalar field on the background metric due to its
energy-momentum tensor becomes very important, to the
point that eventually it becomes a fundamental contribution
to the total energy density of the Universe and in the future
it will lead the expansion. A full solution of the problem
would unavoidably be numerical. However some simpli-
fied understanding is possible in analytical form. For the
moment we approximate the FLRW background simply as
a matter-dominated Universe, but in Sec. V we will refine
the matching by a more consistent account for the quantum
backreaction at late times. As usual in the literature, let us
call Q, the energy density fraction today due to non-
relativistic matter (baryons and dark matter), Q the little
fraction due to energy density in radiation and, assuming

I

zero spatial curvature,’’ Q, ~ 1 —Q,, is the dark energy
contribution (in the form of a cosmological constant). The
Hubble parameter today is H,.

In the dark energy model studied in this paper, the
cosmological constant type contribution to the energy
density (due to the scalar field) can be read from the first
term of Eq. (2.69) and it is

m? m? H?
PANM) =58y g (Ny, 0) =7 o

SSIEN 1INy
2 7 3277 '

(2.99)

Today, after N); = In (g—”}f) e-foldings from matter-radiation
equality, this quantity has to match the amount of dark
energy density  pp(Ny) = 3MRHZQ\ = = mpH{Q,,
where mp = G™Y/2 ~ 1.2 x 10" GeV is the Planck mass
in natural units and Mp = (82G)~"/? ~2.4 x 10'® GeV is
the reduced Planck mass.

""CMB data from Planck combined with baryon acoustic
oscillations (BAO) give the constraint Qg = 0.0007 £ 0.0019 on
the spatial curvature parameter, see [7].
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This gives the required length of inflation in terms of the
other parameters:

1 mp\? (Hpg\? 3 Ny
=g () (o) <] -5
where Hpg = Hj\/Q, is the Hubble parameter when dark
energy will completely dominate the cosmological expan-
sion. This situation will be realized provided that the CC-
like term dominates over the matter-like term in p, at late
times. From Eq. (2.69), this requirement imposes

1/ m \2
'f'<6(H—DE>

with the assumption £ < 0. The hypothesis that the scalar
field is light, which was used in all derivations and allows
the best enhancement of quantum fluctuations, is true at all
stages of cosmological evolution (until late times) if

(2.100)

(2.101)

m
— < 1.
Hpg

(2.102)

Equation (2.100) refines the estimates in [30,32], which
did not take into account the growth of correlators in matter
era and includes the effect of the speed of sound c;.

For Q); = 0.3 and Q; = 9.1 x 107>, then the number of
e-foldings of matter era (from matter-radiation equality
until today) is N, ~ 8.1. Therefore, looking at Eq. (2.100)
the growth in matter era only decreases the required number
of e-foldings by about 4.

It is convenient to introduce the dimensionless param-
eter'? o defined as

(2.103)

where the inequality follows from Eq. (2.101) and we
rewrite the result (2.100) as

2
Ny = |2 () | oL (S |
8¢ | a \H; 2\ Qg

Then, using (2.99), the energy density today (cosmo-
logical time #;) due to quantum fluctuations of the scalar
field is found from (2.69) to be

(2.104)

1

The rest of the energy density in the current Universe must
be due to the classical energy density of matter pc(7y) that
was used as a background for the evolution of the scalar
field, such that 3M3H} = pc(ty) + po(to), giving

1

In Sec. V, we study how a simple, but physically more
consistent, modelization of quantum backreaction, modi-
fies Egs. (2.105) and (2.106), see in particular Eq. (5.24).

We conclude this section by discussing how the scale of
spatial correlations ry = (ua;,H;)~™!, governing e.g., den-
sity correlations in Eq. (2.98), is related to the other
cosmological/model parameters. Assuming for simplicity
an instantaneous reheating after inflation and matching the
inflationary Hubble parameter H; with that at the beginning
of the radiation era, we find the length scale of spatial
variations in units of the current Hubble horizon H I (see
also Eq. (20) of [32]):

=

<MQ_R) (2.107)

HQy

As an example, let us consider Q; =03, Qp =
9.1x107°, Q,~0.7, Hy~10"3 eV, H,~10" GeV,
& =—-0.06 (which is in the ballpark of the values used
for relieving the Hubble tension in [32]), a~1 (its
minimum allowed value) and a speed of sound equal to
speed of light ¢, = 1. Then (using mp ~ 1.22 x 10! GeV)
the number of inflationary e-foldings required from

The condition (2.102) also imposes a < & Together with
the inequality in Eq. (2.103), it means that, for a given value of
& < 0, the parameter « can take values 1 < a < ﬁ.

1
€] <%

This requires

— = c .
a \H, :
|

Eq. (2.104) is N;~60, while (taking for definiteness
u = 1) the scale ry from Eq. (2.107) is ro ~ 0.25H;".

It is also interesting to comment on the effect of a
reduced speed of sound ¢, < 1, with respect to the base
model with ¢, = 1. According to Eq. (2.104), this produces
a reduction in the required number of e-foldings to match
the desired amount of dark energy today:

Ny(e) ~ N, (1) = %m( ! ) (2.108)

o
The origin of such a reduction is in the increased amp-
litude of quantum fluctuations in inflation when c, < 1,
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ultimately determined by the mode function (2.37), propor-
tional to ¢;”' ~ ¢y -3/2 , which enters the noise sources ne)
for 2-pt correlators. A larger amplitude when c, < 1
implies that a smaller number of inflationary e-foldings
is sufficient to reach the desired amount of dark energy, as
Eq. (2.100) correctly predicts.

As a consequence, from Eq. (2.107), the scale r, ruling
the shape of spatial correlations is affected by c, as

3

ro(es) = ciro(1).

(2.109)
This effect could be used to increase the detectability of
the model by studying fluctuations of luminosity distances
from supernovae with surveys like LSST. In [34] it has been
shown that the amplitude of the angular power spectrum
for luminosity distances fluctuations is proportional to
(roHy)~'°Fl. Using Eq. (2.109), the effect of the speed of
sound on this amplitude is therefore

(ro(cs)Ho) 0Kl ~ ¢70(ry(1)H,

amounting to an amplification by ¢;%, which would augment
the chances of detection.

)16kl (2.110)

III. COMPARING STOCHASTIC FORMALISM
AND QUANTUM FIELD THEORY

Stochastic formalism has been mainly studied in inflation,
and its predictions have been tested against a full quantum
field theory (QFT) treatment only in the coincident limit.
Here we want to check the stochastic results against QFT
more generally, namely for noncoincident correlators and up
to recent epochs. Stochastic theory describes the evolution of
super-Hubble modes and, as expected, it agrees with QFT for
super-Hubble separations. However, for intermediate non-
coincident separations there is no reason a priori to trust the
stochastic predictions and we find (in general) disagreement
with QFT. As we are dealing with a free spectator field (in
inflation and in subsequent epochs, except for very recent
cosmological times, quantum gravitational effects can be
neglected and a classical treatment of gravity applies),
the stochastic formulation can be tested by comparing with
one-loop QFT results.

As the starting point of the field theoretic analysis, let us
consider the noncoincident 2-point functions at equal times
Ago(t, 1), Apr(t,7), and App(t, r) defined from the full
free fields/canonical momenta (not their long-wavelength
part) as

Apo(t, 1) = <(i)(l,551

Bon(t.1) = oy (000 5). A 2)).
1 A
Am(t.r) = o (O RACR). ()

where r = ||X, — X;|| as usual. The correlators in (3.1) can
be obtained from Wightman functions defined as

IAD) (x; 1) = (D)D) = (A (X)), (3.2)
by the following relations':

Do (1. 1) = [IA® (x;x)],,.

Aon(t.1) = 77755 A ()]

Ann(r r) = ﬁﬁ%%lﬁﬁ)(}c; | 63

where x = (¢,X;) and x’ = (#,X,) are spacetime points.

The goal of this section is to compare off-coincident
correlators (r # 0) computed with the stochastic formalism
to those evaluated in QFT. Coincident correlators (r = 0) in
stochastic formalism have already been compared with the
QFT prediction in [30,31]. For the off-coincident correla-
tors, it is sufficient to work in D = 4 spacetime dimensions,
while the coincident ones require to work in general
spacetime dimensions D to allow for dimensional regu-
larization of divergences. Therefore, as long as we focus on
off-coincident correlators, we work in D = 4 spacetime
dimensions as in previous sections of this paper. Only in
Sec. III B 1, when discussing the results in the coincident
limit based on [30,31], we will use general D spacetime
dimensions.

It is straightforward to express the correlators in (3.1) in
terms of the mode function ¢(z, k) using the decomposition
in creation/annihilation operators given in Egs. (2.10a) and
(2.10b), to get

Ago(t, 1)

1 )
_ L / kK2 jo (k) (1, K) P,
2 ko

Bon(t.r) = 5.5 [ 7 Ak g5 o0 P,
Amn(t,r) = 212 /k Akkjo (kr) 1<t) sk, G4

where j, is the spherical Bessel functions of order O,
Jjo(z) = sin(z)/z. The infrared (IR) sector of the integral
has been regularized with a time-independent comoving
cutoff ky. We can anticipate k; to be of the order of the
inverse comoving Hubble horizon at the beginning of
inflation ky = O(1)a;,H;. Smaller values of the comoving
wave number k < ky (i.e., modes with longer comoving

BBoth the positive- and negative-frequency Wightman func-
tions can be used for the equal-time correlators in (3.3) because
they are equal, at equal times, due to spatial homogeneity and
isotropy of the FLRW metric and the vacuum state |Q). From
Eq. (3.2) it follows that [iA™) (x;x)],_, = [iAD) (x;x)],_, is
real, which is consistent with Eqs. (3.4)
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wavelength 1 = 2z/k) correspond to scales which are
already super-Hubble when inflation starts (during inflation
the comoving Hubble sphere shrinks, so longer modes are
the first to exit the Hubble sphere).

For a comparison between between stochastic theory
and quantum field theory predictions, we will focus on the
correlator Ag (2, 7). Following Ref. [31], where the
authors studied the renormalized energy-momentum tensor
for the same model (2.1), we work in conformal time 7,
defined from cosmological time ¢ by the relation dy =
dt/a(t) and rescale the mode function defining

Un, k) = a(n)e(t(n), k). (3.5)

The noncoincident correlator Ag g Wwritten in the first of
Egs. (3.4) is then

(3.6)

Boo(n.r) = / ™ ARk, (k)| U (7. B2

2”2a2(’1) ko

Let us focus for the moment on a trivial speed of
sound ¢, = 1. We will discuss the effect of a reduced c;
in Sec. III B 4.

Starting from Eq. (2.13) and denoting by “prime” (') a
derivative with respect to conformal time, then U(n, k)
obeys the equation,

U' + [k +m?a*> — (1 -68)(2—e)H*|U =0, (3.7)
and the Wronskian normalization (2.12) implies
vuux*-uUU =i (3.8)

In Egs. (3.7) and (3.8), the scale factor a, the reduced
Hubble parameter H = a'/a = aH and the parameter ¢ =

—H/H? = 1 — H'/H? are functions of the conformal time
n, while U is function of # and k, as already said.

A. Mode functions

In the three epochs of de Sitter inflation, radiation
domination and matter domination, € takes the constant
values 0, 2 and 3/2, respectively."* In a period of constant e
the solutions for the mode functions U(y, k) are known
exactly in the massless limit. The massless approximation
is definitely good for the very light nonminimally coupled
scalar we are dealing with, except for the very few most
recent e-foldings in matter era when the field backreacts on
the FLRW background (leading to a dark energy compo-
nent, as we have seen). Furthermore, working in the

“When ¢ is constant, a useful relation for the background
evolution is Ha“"! = constant, which follows from integrating
€ =1 —"H'/H?. In particular, in de Sitter inflation H/a = H, =
constant, in radiation epoch Ha = constant and in matter epoch
H?a = constant.

massless limit is sufficient for an interesting compari-
son between the stochastic formalism and field theory,
which is the goal of this section. In this case, the mode
function U,(n, k) which solves Egs. (3.7) and (3.8) can be
expressed as a linear combination of the Chernikov-
Tagirov-Bunch-Davies (CTBD) mode functions in the
form (see [31])

Ue(n, k) = ac(k)uc(n, k) + fe(k)ue(n, k), (3.9)
where the CTBD mode function u.(n, k) is
_ z <1>< k )
u(n. k)=, |——7H, | 77—,
148 =\ A= e ™ \[T = el
. 1 2—c¢
with 1/6:\/1—1—(1 —6¢) i=or (3.10)

Hﬁp is the Hankel function of the first kind with order v..
The coefficients a.(k) and pf.(k) are known as
Bogolyubov coefficients. Since the CTBD mode func-
tion u.(n, k) in (3.10) satisfies the Wronskian condition
u ¥ — ulul =i, then the same condition (3.8) for the
more general mode functions U, (y, k) requires
lac (k)] = B:(K)]> = 1. (3.11)
The form of the Bogolyubov coefficients in different
epochs depends on the initial conditions at the beginning
of inflation, as well as on the precise way one matches
periods with different e, i.e., reheating and matter-radiation
transition. Following [30-32], we assume that during
inflation the full mode function is simply the CTBD mode
function specialized to de Sitter"” (e =0),

47:(77)1{(”} | (’H](Cn)> ’

where H(n) = a(y)H;, with H; the constant Hubble
parameter in de Sitter. We remind that, in the case of de
Sitter inflation (¢ = 0), the order of the Hankel function

(3.10)is vy =

can be simply included by promoting this index to

U;(n, k) = (3.12)

A /% — 12& and it can be shown that a mass m

(3.13)

As for the subsequent phases of radiation and matter
domination, the Bogolyubov coefficients were determined
in [31] in the approximation of a sudden transition between

5See also Sec. IIL. C of [31] for interesting comments on the
initial state.
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different e epochs.16 Adopting a similar procedure as in
[31] (where the focus was on the computation of energy
density and pressure), in the massless limit'’ we arrive, by
imposing continuity of the mode function and its first
derivative with respect to conformal time, at the following
expressions for the full mode functions in radiation and
matter epochslS:

Ur(n. k) = U;(fenas k) [<”f -3 Hlind sin <Hl(€'7))

-(Dela)) e
oty a1 =3) 32 (i)

o)

o = _”M)]’ (3.15)

where vy, in Eq. (3.15) is the Hankel index of Eq. (3.10)
specialized to matter era,"” namely

9

vy =7 12¢ (3.16)

and J, is the Bessel function of order vy,. In the last line
we denoted by (vy — —vy) a contribution equal to
previous expression, but with v;, replaced by —vy,.

In Egs. (3.14) and (3.15), Hpq and H,, are the reduced
Hubble parameter at the end of inflation and at matter-
radiation equality, respectively. The matching with the
inflationary mode function at the end of inflation originates
the factor U;(5ena, k) in Egs. (3.14) and (3.15). For
k < Hepg, 1t can be approximated as

"Limitations of this approximation were discussed in
Refs. [28,29].

The authors of Ref. [31] also discussed the exact massive
CTBD mode function in radiation era (and an approximation for
it) as well as the approximation at (9(%)2 of the mode function in
matter era. Here we only work in the massless limit.

8The result in radiation era (3.14) looks simpler than in matter
era (3.15) because in radiation era the nonminimal coupling &
plays no role. Indeed, the order v, of the massless CTBD mode
function (3.10) reduces to 1/2 when e¢ =2 and the Hankel

function of order 1/2 is H(ll/)z(z) = —i,/Ze".

74
In the massless case, where Eq. (3.10) is valid, matter era and
de Sitter inflation give the same order v, of the Hankel function.
This is true because e affects v, only through the combination

“2_;52, which evaluates to 2 for both ¢ =0 and € = % More
3-2¢

generally € and 5=¢ give the same v,.. An important difference is,
however, that while in inflation comoving modes exit the Hubble
sphere, in matter era they enter it.

U[(i’]end, k) ~ _\/ngy’_lr(l/,)H”’_l/zk‘”’-

end

(3.17)

It is also useful to have at hand the mode functions
approximations for long modes (low k) because they will
be useful for the infrared (IR) part of the integrals in the
next subsection. At leading order in k/H(n), the three
mode functions (3.12), (3.14), (3.15) reduce to

i
U 1.0 = =20 D ) e,

U™ (1K) 2 Uy (ena- K) sz —%) ZZ’S - (w —%)] :

(IR) 1 7_(endl
U k)~ U k —— =
00 U (11-5) 525

[z ) )

(3.18)

From Eq. (3.18), it is straightforward to check the con-
tinuity of the mode function and of its first derivative with
respect to conformal time in the transition between two
epochs.

B. The field 2-point function

Once the mode functions have been determined, we can
move to the determination of Agq, using Eq. (3.6). Here we
outline a strategy to compute the required regularized
integral. First one can formally write it as

Acpcb(’?» ”) = AEDOSD) - Ag&), (3-19)
where we defined
(o) _ 1 o -
Ape :W/m dkk? jo(kr)| U (n, k)|,
Al o1 / O ko (kR UL P, (3.20)
2”292(’7) K

R

The quantity kg, used as the lower extreme of integration in
Eq. (3.20), is a deep IR cutoff, kg < k. It regulates the IR

divergences, which would otherwise affect Ag’fb) and Ag&)
if one had used k = 0 as a lower extreme. The divergence is
there® in the case of a massless (or very light) scalar field
with negative nonminimal coupling £ < 0, which we are
interested in, reducing Eq. (3.13) to

*This can be seen from Eq. (3.25). Since j,(0) = 1, the
integral (3.25) would diverge for v; > % if one had used k = O as a
lower extreme instead of k = kr. The condition v; > % applies to
our case (m/H;)? < |&| < 1 with & < 0, giving from Eq. (3.13),

3
vy = 5 —+ 4|§|.
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3

One can compute expressions for the integrals AEISZ,) and

Ag‘&f, and subtract them to obtain the result of (3.19), where
the contributions from kjr cancel exactly.

Let us see explicitly how this works during inflation. The
expression of Ag’;}, using the mode function U,(n, k) in
(3.12), is

N ’)‘W | a7

,/ dkkJ, (kr)

871'61 ZrAIR J5 r)

Hl/
’<H(n)>

where the subscript “I” in the first line stands for quantities
computed during inﬂation (thus ’H(n) = a(n)H;) and we

used the relation jj(z \f J1(z) between spherical and
ordinary Bessel functlons
By analytic continuation of Eq. (6.578.10) in [53] or

directly from Eq. (27) of [54], one finds for the integral in
(3.22)

o H? 3 3
At(b(l)).l(rl’ r)= 16;2F<§ + UI)F<§ - ’/1) oF

, (3.22)

- Ar(n, 1), (3.23)

where Ak (17, r) is the contribution due to the lower extreme

of integration kpg; it will be evaluated in Eq. (3.28).
0)

As for the infrared integral A,M, ; in inflation, one can
use the low-k approximation for the mode function (3.18)
instead of the full result (3.12) because k, < H (1), to get™'

2u-312 2u;—1
(ko) 22T (g ) H ()™ /"0 2200, ;
A r) = dkk>2v1j, (kr).
[oloNg (’7 ) ]7,'3 a2 (’7) " JO( )

(3.24)

Let us rewrite the integral appearing in (3.24) in terms of a
dimensionless integration variable z = kr as

*'More precisely, since ky = O(1)H,, is of the order of the
inverse comoving Hubble radius at the beginning of inflation, the
relation ky < H(n) is not valid in the very early stages of

inflation, but after a few e-foldings N(5) = ln(#), one can
say that )— O(1)e™™) « 1, thus decaying exponentially
with N (), where we used that H() = a(n)H; in inflation.

ki kor
A * dkk22 Jolkr) = r?i=3 l dzz>1jo(z).  (3.25)

R R”

Now we use the formula®

Z
/ ’ dzz> j(z)

2R

3-2u; 2

2, 3 35 2
= Fols—vngms—vn——
3-20," 2(2 Yroep Ty

3-2u,;
_°R F é_
3—2y, 102 (2

and substitute zjg = kgr and zy =

35 e
V1;E,§—V1;—%>7 (3-26)
kor, to obtain

ki
ASY (n.7)

_HIP () [(2H@N> (3 35 kK
33_21/1 k() 142 2 Iaz 2 I 4

DHM\23 (3 35 ks
< kIR > 1F2 2 l/[,2 ) —U,— 4 . (327)

The second line of Eq. (3.27) contains the deep IR cutoff
kg and it corresponds exactly to the quantity Awr(7,r)
appearing in Eq. (3.23), in the sense that

H; T2(v) (2H(n)>2”"31F2

7T3 3—21/] kIR
3 35 k. r
X <2 I/],2 2 — VU= HZ >

Subtracting Eq. (3.27) from Eq. (3.23), as specified in
(3.19), the deep IR term Ap(n, r) cancels out and one
finally finds

AIR(’Y, ”) =

(3.28)

Apg (1,7) == A'<:I><ID)I<’7’ )+A£1>°Z>)1(ﬂvr)

P e ()

(3., 35 kP
2Ty T Ty

1 3 3
+16F 2+l/1 F E—IJI 2F1

» §+U 3 H(n)
2

T’”z)] . (3.29)

22Equation (3.26) can be checked by the series expan-
. . - 2 . ) 22 B
sions JO(Z) - n= 0((2n+i)' and 1F2(3 VI’% %_1/1,—7) =
- c+n
0 @Sj(gb_lz)/:),, #( 4) , where (c), = %<+) Lis the Pochhammer
symbol.

v;2;1 —
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This is the result during inflation for the field 2-point
function (3.6).

1. Coincident correlator

Let us consider the coincident limit » = 0 in inflation.
The coincident correlator has been computed within the
stochastic approximation in [30] and compared to the
field theory result of [31]. Here we summarize the
QFT result, referring the reader to [31] for more details.
In the coincident limit, one cannot work in D = 4 space-
time dimensions from the beginning, but it is required to
work with general D spacetime dimensions in order to
regularize divergences (via dimensional regularization).
As a starting point for understanding this, let us con-
sider Eq. (3.29), which was obtained in D =4, and
specialize it to r = 0. Using H(y) = a(n)H;, Eq. (3.29)

reduces to
Hi [ T2(y)  (2ainH )\ (a(n)\ 2
A ,O _ in “Ni
q>q>,1(’7 ) s [(2V1—3)”< ko > <ain>
1 3 3
+ 16F<2+U1>F<§—U1>2F1
3 3
X <2+I/I,2—I/l;2;]>:|, (330)

where, in the first line of (3.30), we multiplied and divided
by the same power of the scale factor at the beginning of
inflation a;,. The second line of Eq. (3.30) originates from
Ao (1,0) and it is a divergent constant, as one can see

from Gauss’ identity ,F(a,b;c; 1) = W because
c—a—-b=2-(3+v)—-(3-vy) =1, which is a sim-

ple pole of the gamma function. This divergence can be
cured by dimensional regularization, working in D space-
time dimensions instead of D = 4 and promoting D to a
complex variable. In general D spacetime dimensions,
one can prove [55] (see also Eq. (30) of [54]) that the

result (3.23) for A((If;))_ ;(n, r) (omitting to write the deep IR
contribution A (n, r), which cancels out in the final
expression [(3.29) for Age (77, r)]) generalizes to

HP~2 F(DT_I + VI,D)F(DT_I —vip)

Ao (n.r) =

(47)2 r'(3)
D -1 D-1
X, F T+UI’D’T
D H?(n)r?
RS PR i 31
UI,D’Z’ 4 5 (33 )

V(552 = D(D

minimally coupled field. In the coincident limit r =0,
by applying Gauss’ identity, one gets

with v, p = —1)¢& for a massless non-

HP2U(P5 4+ v p)0 (P = v p)T(1 = 5)
(4r)2 LG+ vp)TG = vip)

AR (7,0) =

(3.32)
and the factor I'(1 — g) is responsible for the divergence at

D = 4, having a simple pole there. Expanding around D = 4
and introducing a renormalization energy scale ji, one gets

H; P H;
- 1
el 65)[ p—4 ™ a2

& 1 1
erv(zeu) velz-v)

+O(D - 4)} , (3.33)

AR (7,0) =

+VE—

where v; in Eq. (3.33) refers to the value in D = 4 spacetime
\/2—12¢. The function y(z) =

I"(z)/T(z) is the digamma function and yp = —y(1) ~
0.577 is the Euler-Mascheroni constant. The divergence at
D = 4 is removed by the addition of suitable counterterms so

dimensions, v; =v;4 =

that the coincident correlator Af;g’ ;(7,0) inEq. (3.33) reduces

to a finite constant, which is then added to the contribution in

the first line of (3.30), coming from — AEM, ;(11.0),to getafinal

result for the full renormalized® coincident correlator

Aggl?, (17, 0). For comparison with the prediction of stochastic

formalism, we choose the (nonminimal) subtraction scheme

in such a way that Agi’;),(nm, 0) is zero at the beginning of

inflation (7 = 7;,). Then the time evolution of the renormal-

ized correlator Agg)l (n.,0) is given by

» Pv)  (2a,H\3
= H3 -
Qu; = 3)x ko

G-

For v, >%, as in the case £ <0 where (3.21) holds,

the contribution (#)2”_3 ~ (A8 originated  from

Qin

A (1,0)

(3.34)

AEM,) ;(n7,0) is amplified by the growth of the scale factor.
Therefore, after a few e-foldings N, (i) = In(4% aln )) of inflation,
a good approximation for Eq. (3.34) is

ZIn fact one never renormalizes the propagator, but rather
physical quantities. In general, the renormalized propagator
cannot be used for full loop calculations, except for some specific
cases. One such example is the expectation value of the energy-
momentum_tensor, vghere the coincident Feynman propagator
appears: <T”,,) D> =% g, [iAr(x;x)]®). This quantity can be
renormalized by a cosmological constant counterterm. Here, the
renormalized coincident correlator is considered for the purpose
of making comparison with the stochastic 2-point functions of
Sec. II.
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Ase)(n,0) ~

H]  (2a,H\%4 ¢
Zrin 7l 1IN () 3.35
32n2|§|< ) ) (339

where we used v; ~ 3 + 4|¢| and worked at leading order in
|| < 1. Comparing the quantum field theory result (3.35)
with the stochastic prediction (2.53) at coincidence (and with
¢y = 1), we find the same growth with N;. We also find the
same amplitude for k, = 2a;,H;, which is compatible with
the expectation that the IR cutoff &, should be of the order of
the inverse comoving Hubble radius at the beginning of
inflation ky = O(1)a;,H; [as discussed below Eq. (3.4)].
By applying the same logic, the coincident correlators
in radiation epoch, Agger(#7,0), and in matter epoch,
Ao y(1,0), are also dominated by their infrared parts,

namely AEI)(D)R(r/’ 0) (and A((M))M(n, 0)). They can be
evaluated using the low-k mode functions in the second and
third line of Eq. (3.18). The result is that, in radiation
epoch, the coincident correlator stays roughly constant, as
we find for the ratio with respect to its initial value (i.e., at
the end of inflation, at conformal time #,q),

1 3 —Ng(n) 2
= DI_E_ I/I—E e Vel s (336)

where N () is the number of e-foldings in radiation epoch
measured with respect to the end of inflation, so that
Ng(ena) = 0. For v; =3 4 4|&| the ratio in Eq. (3.36) only
grows from 1 at the beginning of radiation era (N = 0) to
(v —%)* = 1 + 8¢ for large value of N (radiation epoch
lasts ~50 e-foldings), which means that Agg z(77,0) is
approximately constant, in agreement with the stochastic
result (2.61).

With the same strategy we find that in matter era, the
coincident correlator grows with respect to its initial value
at matter-radiation equality (which corresponds to con-
formal time 7,4) by a factor

2
A<I>(I>,M('7v 0) _ 1 {1 +i+ (1 _i)e_VMNM<'7):|
Apop g (Meq: 0) 4 2uy 2uy

(3.37)

A(D(D,R(Wv 0)
Ad)CD.I(nend’ 0)

X e(DM 3Nu(n )

where Ny, () is the number of e-foldings in matter epoch
measured starting from matter-radiation equality, meaning
that Ny (17eq) = 0. Using v; ~ 3 + 4|¢| (leading order in ||
of (3.16) for £ < 0), then Eq. (3.37) is well approximated
by simply e*IVu() in agreement with the stochastic
formalism prediction in Eq. (2.68).

Thus quantum field theory confirms the one-loop pre-
diction of the stochastic formalism in the coincident limit.

2. Super-Hubble regime

Stochastic theory, following the dynamics of super-Hubble
modes, is expected to be trustworthy for super-Hubble

separations r, i.e., when H(n)r > 1. Here we want to check
its validity in this regime against the quantum field theory
prediction Agg (17, 7) = —Ag&l,(n, r)+ Ag,oz,)’,(n, r) that we
worked out in Eq. (3.29).

For this purpose, in inflation it is useful to rewrite the
contribution from Ag,"f;’,(n, r) in Eq. (3.23), using the
hypergeometric transformation formula (9.132.1) in [53]
[and omitting to write the deep IR contribution A (7, r),
which cancels out in the final expression for Agg (17, ) in
Eq. (3.29)], to get

AEbo:b)J('% r) = Hi F(% —v)l(2v) (H(n)r) 2v1—32Fl

167> ¢+ 2

(31 - 4
5= Vs vl =255
2 Py "HE ()2

LG+ v)(-2v;) (H(n)r) ~2u,-3 -
241

F(%—I/I) 2

o TR
2 l/[’2 Ul’ UI,HZ(I’])}"Z .

(3.38)

For super-Hubble distances with H(n)r>1 and for

vy ~3 + 4], the leading contribution to Ag’f’d)) comes from

the power (@)2“_3 in the first line of (3.38) (the
hypergeometric functions are close to 1 for small argu-
ments 2) resulting in

o Hj  (Hp)r)8e
AEI)CI>),1(’77")§_327[21|5|( D) )

H? ainH ;1\ 81 $IEIN,
=— o 1), (3.39
32n2|5|( 2 ) ) (3:39)

Adding the contribution from Aﬁm ,(n,r) [see Eq. (3.27)]

and using ko = 2a;,H; which we required from matching
the coincident correlators from quantum field theory and
stochastic formalism [see the discussion below Eq. (3.35)],
one finds**

**The function F2( u,,g ,; vy —k—) in Eq. (3.27) can be
approximated as l even at super-Hubble scales (H(n)r > 1) and
not only in the coincident regime, because its argument —L is
still small. The IR cutoff &, sets an upper limit for comovmg
scales r < 1/ky. Another way to understand the smallness of

2,2
—k(}Tris touse kg = 2ai,H; = 2a(n)H, eV = 2H(n)e=N") and

therefore —ka—rz:—(H(n) )2e=2N), This is suppressed by

e_2N<’7)

, so that for N(n) large enough, ——2 is small even for

large values 1 < H(n)r < N0,
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k &)
Apos(n.7) = _Agbg,l(r/v r) + AEI)(I)),I(”v r)

HE 8w din ;) 81
~ o) | — (Gl T3 40
32220E] 2 (340)

Equation (3.40) agrees with the stochastic prediction in
Egs. (2.53) and (2.54), whose spatial profile is proportional
to 1 — (ua,H;r)%¢l where u sets the UV cutoff of the
stochastic formalism. The two results have the same
amplitude (for k, = 2a;,H;) and a profile described by a

power law, proportional to 1 — (r—o)g“f |. In both cases r is of

the order of (a;,H;)~', which is the comoving Hubble
horizon at the beginning of inflation.

3. Full comparison

We have seen that stochastic formalism is able to repro-
duce QFT results in the coincident limit (Sec. IIIB 1)
and for super-Hubble separations (Sec. III B 2). At inter-
mediate noncoincident separations (sub-Hubble and near-
Hubble scales) there is no reason to trust stochastic
formalism. Hence it is interesting to compare its predictions
and the field theory results. The stochastic formalism
predicts that the spatial dependence (normalized with
respect to the value at coincidence) of the field 2-point
function inherited from inflation is not substantially altered
in radiation and matter epochs and therefore it is the same
today as it was at the end of inflation. This was a
consequence of the negligibility of stochastic sources after
the end of inflation, so that the time evolution could only
modify the amplitude (in stochastic formalism, A, grows
in matter era, while it is roughly constant in radiation era),
but not the spatial dependence of correlators. In Fig. 1 we
compare this stochastic prediction to the full quantum
field theory result, highlighting how, according to field
theory, the spatial profile gets modified today (assuming
the matter domination approximation) with respect to the
end of inflation. The stochastic prediction for the spatial
profile works much better at the end of inflation and in
radiation epoch than in matter epoch. In other words the
stochastic formalism fails to predict the right spatial
dependence of field correlators in matter era and today.
This can be largely understood as an effect of the non-
negligibility of spatial gradients at late times in the life of
the Universe, which were dropped by the stochastic
formalism calculation in Sec. II. For a given Fourier
mode, with comoving momentum k, the effect of spatial
gradients on the equation of motion of the field is

determined at conformal time 5 by (%)2 Since the

comoving Hubble radius H~! (1) was much smaller at the
end of inflation than today, the gradients play a largely
more relevant role today than in the early Universe. This
helps us to understand the problem with stochastic
formalism today (or in general at late times), because
a steep decrease in the field correlator like the one

Ni=61, cs=1

:O\é 1.0 —— Field theory: today

ﬂ —— Field theory: matter-radiation equality
< o8

§ — Field theory: end of inflation

% 0.6 — Stochastic (with p=1)

°

8 04

€

©

[o%
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Spatial separation (in units of Hubble horizon today) Hor

FIG. 1. The field correlator Agq computed with quantum field

theory, as a function of distance. Distances are measured in units
of the current Hubble horizon H| 1 thus a value of 1 on the
horizontal axis stands for a separation whose physical size today
is the Hubble horizon Hj'. Correlators are normalized with
respect to their respective value at coincidence. For simplicity and
better readability of the plot, we considered three key moments in
the history of the Universe: end of inflation (red), matter-radiation
equality (blue) and today (orange). The stochastic formalism
prediction (green) does not change relevantly from the end of
inflation until today. We see that, at sub-Hubble scales, the
stochastic theory only agrees with quantum field theory at early
times (from the end of inflation until matter-radiation equality),
but it fails at later times in matter-dominated era, whose result has
been extrapolated until today. The plot assumes a sudden
transition between different epochs and the values chosen for
the cosmological parameters are Q, = 0.3, Qp = 9.1 x 107
(matter and radiation energy density fractions today), Hy =
10733 eV (Hubble parameter today) and H; = 10" GeV (Hub-
ble parameter in inflation). They imply a length of radiation
epoch of Ny =~ 57 e-foldings and the matter era started N, ~ 8.1
e-foldings ago from now. We worked in the massless limit for the
field, with a negative nonminimal coupling ¢ = —0.06. For
simplicity, the duration of inflation assumed is N; = 61 e-
foldings, such that, given the other parameters listed before,
the comoving Hubble length at the beginning of inflation is equal
to the Hubble horizon today. Note that this is not necessarily the
realistic number of e-foldings needed to reproduce the right
amount of dark energy today: the correct value also depends on
the mass m of the scalar field and the speed of sound cy, as in
Eq. (2.100). In this plot, we assumed a speed of sound ¢, = 1 for
the field. The effect of ¢, < 1 is depicted in Fig. 2.

predicted by stochastic theory (green curve in Fig. 1)
would imply a large energy of the field configuration
associated to the spatial gradients and it is therefore
energetically disfavored. On the contrary, quantum field
theory predicts today (orange curve in Fig. 1) a softer
decrease of correlations with distance, thus diminishing
the energy content of the field configuration. We also
note that the coherent oscillations on super-Hubble
scales predicted by QFT are absent in the stochastic
approximation.
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FIG. 2. Effect of a reduced speed of sound ¢, < 1 on the spatial dependence of the field correlator Ag ¢, computed with quantum field
theory: ¢, = 0.2 (top left), ¢, = 0.1 (top right), ¢, = 0.05 (bottom left), and ¢, = 0.01 (bottom right). The plots should be compared to
Fig. 1 (which uses ¢; = 1). For ¢, = 0.2 the spatial dependence at the end of inflation and at matter radiation-equality (already well-
fitted by the stochastic formalism for ¢, = 1) are indistinguishable and correlations at sub-Hubble scales today decrease more rapidly
than in the case with ¢, = 1. By diminishing c,, the spatial profiles at the three different times considered (end of inflation, matter-
radiation equality and today) are barely distinguishable, in incrementally better agreement with the prediction from stochastic theory
(constant spatial dependence after the end of inflation, up to the evolution in time of the overall amplitude). The cosmological parameters
and the number of inflationary e-foldings have been chosen as for Fig. 1.

4. Effect of a reduced speed of sound

Stochastic theory fails to reproduce the correct spatial
dependence of the field correlator at sub-Hubble scales in
matter epoch, as shown by Fig. 2. However, the discussion
in Sec. III B 3 contains a hint on how agreement could be
restored even at late times (today). Based on the role of
spatial gradients, a simple strategy consists in decreasing
their effect via the introduction of a reduced speed of
sound. Such a situation is common in many studied and
motivated modified gravity theories, e.g., scalar-tensor
theories in the Horndeski class.

Let us introduce a constant speed of sound ¢, < 1. The
equation of motion for the quantum field ®(z, ¥) is given in
(2.9) and the equation of motion (3.7) for the mode function
U(n, k) gets simply modified into

ie., k is replaced by c;k. One can then repeat the
calculations of this Sec. III to predict the spatial profile
of the field 2-point function in the presence of a constant
reduced speed of sound. The result is plotted in Fig. 2 and it
confirms the intuition that a ¢, < 1 enhances the stochastic
formalism performance, reconciling it with quantum field
theory.

C. Free fields and Wick’s theorem
We conclude this section by discussing the QFT pre-
diction for the higher-order correlators (computed on
the vacuum state |Q) defined by the property (2.16)).
We focus on

Agp g2 (1, 1) = (D% (1, %)) D*(1,7,)), (3.42)

which is the first of the 4-point functions considered

U" + [c3k* + m*a® = (1 = 6£)(2 — e)H*]U = 0, in Sec. IIC, but with the full field instead of just its

(3.41)
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long-wavelength part. Using the decomposition (2.10a) and
(2.10b) and the identities

(b(k\)b(k))b" (ky) b (kb)) = & (ky — ky)8° (k) — K3)
+ 83 (k) — k)P (K) — k),
(b(ky )BT (k)b (ky) b (Ky)) = & (ky — K1)8% (ky — k),
(3.43)

which follow from Egs. (2.11) and (2.16), one gets

1 [e 2
0
1 © 5. ) 2
+2|5 5 [ dkRZjo(kn)lg(tR)P| . (3.44)
T~ Jky

where, again, we regularized the infrared sector with the
IR cutoff k. Comparing to the first of Eqgs. (3.4), we
immediately recognize that

Apr g2 (1,7) = [Ape(1,0)]* + 2[Age (1, r)]>.  (3.45)
This result agrees with Wick’s theorem, i.e., the statement

that higher-order correlators of free fields can be expressed
as the sum of all possible pair contraction products:

This is a consequence of the one-loop approximation to
QFT and therefore the use of free quantum fields in the
correlators. Wick’s theorem also applies more generally in
QFT than just Eq. (3.46), where some n-point function is
given in terms of products of 2-point functions plus
irreducible n-pt functions. Canonical quantization via
Egs. (2.10a), (2.10b), (2.11) applies to free fields, which
is the case for the action (2.1) as long as one considers a
fixed classical background metric. In the most recent
cosmological times, the backreaction of the scalar field
becomes large (eventually dominating the expansion as
dark energy) and therefore one should treat the metric as a
quantum field to take into account the strong fluctuations
induced by the energy-momentum tensor of the scalar field.
A simple way to approximate these last stages of non-
Gaussian evolution is to assume that the Friedmann
equation is still valid, but the Hubble rate is a local
quantum operator H (2,X) (therefore fluctuating):

M2 (1, %) = pe(D)l + po(t, 7). (3.47)

where Mp is the reduced Planck mass Mp = (87:G)‘%,
pc(t) is the classical®” energy density contribution which
dominates the expansion until the backreaction of the scalar

field is large, 11 is the identity on the Hilbert space of
quantum states and p, (7, X) is the energy density operator
of the scalar field given by Eq. (2.19). The quantum version
(3.47) of the Friedmann equation will be the starting point
of Sec. V.

Contrarily to the quantum field theory answer (3.45),
even when fixing the classical background metric (as
FLRW) so that the spectator scalar field is Gaussian, the
result of stochastic formalism in Egs. (2.89) and (2.90)
does not respect Wick’s theorem. This is the main reason
for studying an alternative stochastic approach in the
next Sec. IV.

IV. STOCHASTIC SOLUTION FROM
FOKKER-PLANCK EQUATION

In this section, we discuss an alternative solution for
the time evolution of correlators during inflation within
stochastic theory. Instead of deriving and solving a set of
differential equations obeyed by the correlators as in
Egs. (2.31)-(2.33), we will work with probability dis-
tributions for the field, extending the formalism devel-
oped by Starobinsky and Yokoyama in [52]. The result

for the 2-point field correlator (¢ (¢, X)¢(z,¥)) will be the
same as the one derived from the system of equations in
Sec. IIB, but remarkably the two methods give a
different prediction for the dependence of the 4-pt
function (§?(r,¥)¢*(1.5)) on the relative distance
between the two points X and y. Indeed, the method
discussed in this section will provides a result obeying
Wick’s theorem while the outcome obtained from the
method described in Sec. IIC did not satisfy it.

For simplicity we focus on the evolution during de
Sitter inflation, but the treatment could be extended to
post-inflationary phases taking the inflationary results as
initial conditions. Similarly to what we discussed in the
previous approach of Secs. IIB and IIC, in post-infla-
tionary epochs the contribution of stochastic sources is
negligible with respect to the initial conditions inherited
from inflation.

If H, is the constant Hubble rate in de Sitter inflation, in
the slow-roll regime the long-wavelength part (coarse-
grained) of the scalar field obeys a Langevin equation
with stochastic white noise, see Egs. (9)—(11) of [52]. This
observation is the basis for simplifying the quantum
problem into a classical stochastic process.

»pc is dominated by dark matter, which may also be of
quantum origin and therefore with a fluctuating character
[56-59], which should be included in a complete treatment.
For simplicity, here we opt against the inclusion of such effects.
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A. One-point probability distribution

Following [52], let us start with the evolution of the one-
point probability distribution function (PDF) p;[¢(t, X)] =
p1(@, 1) expressing the probability density function for the
value of the coarse-grained field at comoving position X at
the time 7. Due to space homogeneity this cannot depend on
the position X, but only on time ¢ and the field value ¢.
Coincident correlators and, more generally, expectation
values of a function F; of the field at a single spacetime
point (z,X) can be computed as

(F1(p(t.5))) = / dop (0. 0F () (41)

where we normalize p; (¢, t) to unity:

/dfﬂpl(Cﬂv 1) =1,

the integral being evaluated on the support of p; (¢, t).

Following [52], just like for Brownian motion, the
Langevin equation for the coarse-grained field implies a
Fokker-Planck equation for the evolution of the probability
distribution (see Eq. (12) of [52]):

0 N 1 0
~p1(@.1) = Typpr (1) = = (V! ¥
57100 =Lopr(0.0) = 572 (V@i (0.1)

H} 0

+@a—(p2pl (4.2)

(p.1),

where the second equality defines the action of the
derivative operator [, on p; (¢. ) and V(g) is the potential
of the field ¢. The subscript “1” in p; (¢, t) just reminds that
this is a one-point PDF. Equation (4.2) has been used
in [52] to study dynamical mass generation in de Sitter
from a self-interacting potential V(¢), e.g., quartic self-
interaction. In the present work what is relevant for us is
just the case of (2.1), which corresponds to a free field and
therefore a noninteracting potential V(¢) = 3 M?¢?. Then
V'(p) = M*p where M? = m? + ER = m? + 12EH7 is the
effective squared mass, which is constant in de Sitter. Thus
we can reduce (4.2) to

10 0 H? &

o’ (p.1) = ﬂ% (o1 (0, 1) + Fppyeld (¢.1), (4.3)

where we introduced the dimensionless parameter f as

1M? 1 m?
p= —— +4¢.

=2-5= 4.4
3H? 3H? (4.4)

At the beginning of inflation ¢ = #;, we take the initial PDF
to be

pi(@; tin) = 8(9), (4.5)

so that the field has no condensate and all higher order self-
correlations are zero, in agreement with the initial con-
ditions that we used in Secs. II B and II C. The solution of
the Fokker-Planck equation in the noninteracting case with
Dirac delta initial condition is known to be a Gaussian
distribution. It is straightforward to check the validity of the
following solution (properly normalized to one):

(o) =~ —ep -4

Pl = ovar T 2020
v H% 1 — ¢~26H;(1—t)

(1) = = 3 (4.6)
The property 6*(t;,) = 0 ensures compliance with the
initial condition p (@, t;,) = 6(¢). We are ultimately inter-
ested in f#~ —4|&| < 0 corresponding to a negative non-
minimal coupling dominating over the very light mass, but
the solution (4.6) is valid for any sign of f. It is also
interesting to observe that the free massless minimally
coupled case =0 can be obtained by taking the limit
f — 0 of (4.6), which then gives the random walk behavior
with variance growing linearly in time 6% (t) = H; (t — t;y)/
(47%). The presence of a nonzero mass (i.e., f) is
responsible for deviations from this pure random walk
evolution. When f > 0 the variance ¢*(¢) asymptotically
approaches the finite value H?/(8z%f) and the existence
of a stationary solution is a consequence of the stability of
the potential V(¢) = (3/2)BH7¢*, which has V’(p) =
M? = 3pH? positive for > 0 (upward concavity of the
parabola). However, in the most relevant case for us
p < 0 and the variance grows exponentially, which is in
agreement with what one would expect from an unstable
potential (downward concave parabola).

We can immediately read the coincident 2-point function
Ayy(t) = (¢*(1, %)) from (4.6) because it is simply given
by the variance 6% (¢). In terms of the number of e-foldings
N = H,(t — t;,) measured from the beginning of inflation
one has

H2 1 — o=2PN
Ayy(N) = —-L— 4.7
u(/)( ) 8ﬂ'2 ﬁ ( )
which, when f~—4|&|, shows the same exponential
growth with N predicted before in [30] and written
in Eq. (2.52).

B. Two-point probability distribution

We now turn our attention to noncoincident correlators.
Their study requires knowledge of the joint probability
distribution at two different spacetime points. Of course, for
our purposes it is sufficient to consider fields at the same
time 7 but different positions x; and X,. Our starting point is
Eq. (73) in [52], which is the Fokker-Planck equation for
the joint two-point PDF p, (¢, t; @5, 1):
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0 . . .
Eﬂz(fﬂl, tgy, 1) =0, py+ 1,05 + jo(ua(t)H;r)
H} &
x —L P2 (4.8)
4% 010y

The subscript “2” in p, signals that this is a two-point joint
PDF while the arguments ¢, t and ¢,, t mean that we are
considering the probability density for the field at X; and
time 7 to have value ¢, and for the field at X, and same time
t to have value ¢,. The distance r appearing in the argument
of the j, spherical Bessel function is the comoving distance
between X, and X, given by r = ||X, — X, ||. The derivative
operators f¢ , and IA"qu have the same form as lA"w defined in
(4.2), but now with respect to ¢; and ¢, respectively. Just
like for (4.1), expectation values of a function F, of fields at
the two spacetime points (7, X;) and (, X,) can be computed

using py (@1, ;9. 1) as
(Fa(p(t.%1): (2, X))

:/d§01/d¢2p2(¢lvt;(ﬂz’t)FZ((/’1;(P2)v (4.9)

with the normalization condition

/dfﬂl/dfpzpz((ﬂl’t;(l’%t) =1

We now explain how to obtain p, (¢, t;¢,, t) solving
Eq. (4.8). The reader who is mainly interested in the results
for correlators might want to skip this part and jump
directly to the summary in Sec. IV B 2.

1. Solution for the joint two-point PDF

Following [52], since we are dealing with the coarse-
grained field (long-wavelength part), the spherical Bessel
function jy(ua(f)H;r) should be approximated by a
Heaviside step function:

jolua(t)Hyr) = 0(1 = pa())Hyr).  (4.10)
This corresponds exactly to the approximation that we use
for noise sources in Eq. (2.48). Given the two comoving
positions X; and X, separated by a comoving distance r,
we can distinguish two periods in the time evolution of
p2(@1, 1,9, t) depending on whether the Heaviside step
function (4.10) evaluates to unity or zero. The first phase
starts from the beginning of inflation #;, and lasts until the
time ¢, = t;, — In (ua;,H;r)/H;. In this time interval the
Heaviside function evaluates to unity. The second phase is
t > t,, and the Heaviside function becomes zero. In the first
phase f;, <t < t, one can check that the 2-point Fokker-
Planck equation (4.8) admits a solution of the form

P21 00, 1) = pi(@1, 1)5(0y — @2),  (4.11)

where p(¢;,t) is the one-point PDF studied in the
previous Sec. IV A evaluated at time ¢ for the field value
@;. The existence of such a solution was pointed out in
Eq. (75) of [52] in the stationary late-times regime, but it is
actually valid in full generality with time dependence,
so that is applicable to study the time evolution of
correlators. As a check of the initial conditions that we
are using, at the beginning of inflation #;, the solution (4.11)
gives o (@1, tin: @2, tin) = 8(¢1)5(¢2), because of the
initial condition used for the one-point PDF p; (¢, t;,) =
5(py). This initial value of p,(¢y, tin; @o,t;,) implies
(@(tin, X1)@(tin, X2)) = 0 which is equivalent to the zero
initial conditions for correlators used in Sec. II.

It is important to notice that the first phase #, <t < t,
really exists only as long as ¢, > t;,,i.e.,, when r < ry =1/
(pa,H;). Indeed when r > r, the Heaviside function eval-
uates to zero already at the beginning of inflation and it keeps
being null at later times. Therefore when r > r, we are
immediately in the “second” phase, already from the begin-
ning of inflation #,, and we will get back to this case later.

For now let us assume r < r, and discuss the solution for
the two-point joint PDF in the second phase ¢ > ¢,, when
the last term in (4.8) drops to zero. The initial conditions are
those inherited from the first phase at time ¢,, i.e.,

P @1t @i ty) = pr(@1, 1,)8(@1 — @2). (4.12)
The relevant information for the solution at # > ¢, can
be extracted from Eq. (79) of [52] paying attention to the
fact that we are interested in the full time evolution and not
in the stationary regime. The solution at 7 > ¢, can be
expressed as

Pz((/’17f§€02»t) _/d(prpl(gor’ tr)H((pl’tkgr’tr)

X H((/)Z’tk”r’tr)’ (413)

where I1(¢,, t|@,, t,) is the conditional probability density
that the field at position X; and time ¢ has value ¢,
given that at the same position X; the field at time 7,
had value ¢,. A completely analogous meaning is attributed
to I1(¢,, t|¢,, t,) but now the fields refer to position X,. The
integral in (4.13) goes over all possible values of ¢,. The
conditional probability II(¢,, t|p,, t,) satisfies a Fokker-
Planck equation (see Eq. (26) of [52]):

0 N
o tler 1) =1, Mgy tle,.1,).  (4.14)
with initial conditions
H(§01, tr|(prv tr) = 5((?1 - §0r>' (415)

A similar equation holds with respect to the second
argument ¢, t, (see Eq. (27) of [52]), but it will not be
needed. In the same way Il(¢,,?|p,,1.) follows the
equation
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0 .
o @2 tlor. 1) = Mo, tlgr. 1), (4.16)
with initial conditions
H((Pz, trl(pr’ tr) = 5((ﬂ2 - (pr)' (417)

It is straightforward to check that if the conditional
probabilities satisfy Eqs. (4.14) and (4.16) with their initial
conditions (4.15) and (4.17) respectively, then (4.13) is a
solution of (4.8) (with the spherical Bessel function j,
approximated by zero as it is appropriate for ¢ > t,) with
initial conditions (4.12). Thus the problem completely
reduces to solving Egs. (4.14) and (4.16).

The solution for conditional probabilities can be
expressed in terms of the Mehler kemel,26 which can be
obtained by making a Gaussian ansatz, checking its validity
and solving for the mean and variance as functions of time,
thus reducing the problem to ordinary differential equa-
tions. The result is that Eq. (4.14) with initial condition
(4.15) is solved by a Gaussian distribution with mean and
variance evolving with time as follows:

| (o —m(f))z]
(g, tp,.1,) = ————exp |-~V |
vt t) = v p[ 2220)
H?1-— e—2ﬂH,(t—t,)
0 = g et g2y = A= e
inlt) = gye A0 = g =
(4.18)

The time evolution of the variance o2(¢) is perfectly

analogous to the solution for the one-point PDF (4.6).
The novel element is the drift of the distribution, namely the
translation of its mean value u,(r). This effect was not
present in (4.6) because of the zero initial conditions (4.5),
which kept the mean to zero also at later times. On the
contrary, a generic ¢, appears in the initial conditions
(4.15). In the same way, the solution of (4.16) with initial
conditions (4.17) is

1 (92 = u,(1))?
Mg tl1) = ——=exp -t )
with the same p,(7) and o,(¢) as in (4.18).

The only other result needed for evaluating the joint two-
point PDF according to Eq. (4.13) is the one-point PDF
pi(@,, 1) which is readily obtained by substituting its
arguments in the general formula (4.6):

26 . . - B 297 .
Defining ¥ = ITexp [~5 (H;t — 4x° ;}%)] and changing var-

. 1

iables from 7 and ¢, to t=1|f|H;t and y= ZH\/W%‘I,
Eq. (4.14) is equivalent to 2 = (3),{_22 —7})¥. The Green’s
function of this equation is known as the Mehler kernel, see
also Sec. V. A of [44]. Its importance in physics stems from being
the propagator of the quantum harmonic oscillator (upon chang-
ing 7 into the imaginary iz), see Eq. (2.5.18) of Sakurai’s textbook
[60] for its expression in the quantum mechanics context.

1 2
pl((pr’ tr) = xp |:_ (Zpr :|,
o(t.)V2n 26°(t,)
H2 1 —_ _2ﬂHl<tr_’in)
) =—L-—¢ " (4.20)

872 p

One can then perform the integration (4.13) paying
attention to the dependence on ¢, in p.(¢f) given by
(4.18). This leads after a few steps to the following two-
point joint PDF for ¢ > ¢,:

1

Pz(fﬂlﬁ;fﬂzvf):m
X exp |:_%(‘p1’(ﬂ2>2_1(t’ r) (Z;)]

Z(t,r)=< (1) 620)_630)), (4.21)

o (t)=o7(t) (1)

which is a two-dimensional Gaussian distribution with zero
mean for both ¢, and ¢, and with covariance matrix X(, r)
specified above. Notice that the diagonal terms of X(¢, r) are
both equal to 6°(¢) consistently with the one-point PDF in
Eqg. (4.6) that we are supposed to obtain when marginalizing
over one of the two variables. It is worth reminding that, for a
given comoving spatial separation r between the two points,
the result (4.21) is valid when ¢ > ¢, > t;,, which using ¢, =
tin — Hilln(é) translates into N > In(*2) > 0. The last inequal-
ity makes sense only when r < r.

We also remind that when ¢, < t < ¢,, which translates
into 0 < N < In(™), then the solution for p,(¢;.1; ¢, 1)
has been written in Eq. (4.11). Again this requires r < r.

Now we study p, (¢, t; @, t) in the case r > ry. For such
distances the Bessel function in (4.8) (and approximated by
a Heaviside step function) is always zero from the very
beginning of inflation. Then the solution is given by

P21ty t) = / dginp1 (@in, 1)1 (@1, 1

Pin» tin)

x I(gy, t

@ins tin)» (4.22)

with the same meaning of terms as in (4.13), except for the
replacement of ¢,, t, by ¢;,, t;, because when r > r, there
are no longer two distinct phases in the evolution of
p2(@1,1;¢,, 1) and the 7, makes no sense. Therefore one
has to integrate over values ¢, of the field at time #;,, instead
of ¢, at t,. The conditional probabilities are now given by

1 (o1 —Mm(t))z]
I1 Qins tin) = ——F—=eXp |—————~—| »
(1.1l n) = 207 exp { 202(1)
H2 l _ e_zﬂHI(t_tin>
finl) = e PTG (0) =
(4.23)

and similarly
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(2. @i, tin) = exp [— ol i“(t))z] . (4.24)

1
o(1)V2z 20°(1)
Notice that (7) in Egs. (4.23) and (4.24) is exactly the same
defined for the one-point PDF (4.6). This is again a conse-
quence of considering r > r(, in which case one has initial
conditions set at f;,, instead of the other time ¢, introduced
when r < ry.Finally, due to the initial conditions (4.5), one has

P1(@ins tin) = 0(@in).- (4.25)

The integration in (4.22) immediately gives the solution for
r > ry:

——exp P . @)
2r6*(1) 207(1)

=pi(@1. Dp1 (@2, 1),

pa(@1, s, t) =
(4.26)

which is a Gaussian with diagonal covariance matrix, from
which we infer the absence of correlations between ¢, and ¢,
when 7 > .

|

2. Summary on joint PDF and noncoincident
correlators

Before moving to the calculation of noncoincident
2-point and 4-point functions, let us summarize the
results on the joint two-point probability distribution
P2 (@1, t; ¢y, 1) resulting from the solution of the Fokker-
Planck equation (4.8). We introduced the scale

1

_ 4.27
,MClmHI ( )

ro =
which sets the separation between long and short modes of
the stochastic theory at the beginning of inflation. In (4.4)
we also defined for convenience a dimensionless para-
meter related to the effective mass of the scalar field as
p= %%—; : H2 » + 4£. We computed p, (¢, ;¢ 1) depend-
ing on the number of e-foldings since the beginning of
inflation N = H,(t — t;,) and on the separation r = ||X, —
X1 || between the comoving positions X; and X,. The results
from (4.11), (4.21) and (4.26) can be effectively summa-
rized as follows:

g(N)l\/—exp[ (p(‘N) 01— @) if r <rge™
: — ! ——L—exp[-L( )ETUN, ) ()] if rge™ < r <,
p2((p1’N,§02’N) - ZHW p 2 P1, P2 4 »> 0 0 (428)
+ .
2;:0()6 xp [— p‘(wz)] if > rg,
where 6%(N) is the variance of the one-point PDF defined H_il—e*Z/‘N ifr<roe™
in (4.6), which we rewrite in terms of N as = F .
PP (@192)(N,r)= L —ZﬂN(Vo)ﬂ if ree=N <r<r (4.31)
—e
a*(N) :8—7112T (4.29) 0 if r>r.

and X(N) is the matrix defined in (4.21), which, upon using

t, = tin — Hilln(r—’o) can be equivalently expressed as
2 | — =2bN e N[(£ )- % _q)
2(N,r) = .
(N.1) 87°p <e‘2ﬂN[(L)‘2ﬁ —1] 1 —e 2N )
o
(4.30)

One can immediately recognize from Eq. (4.28) that
p2(@1, N; @, N) exhibits perfect correlation between ¢,
and ¢, for separations r < rye™ [due to the Dirac delta
function &(¢; — ¢,)] and it is completely uncorrelated for
separations r > r(. For intermediate separations between X,
and X,, correlations go from their maximum value to the
minimum one, interpolating between the two extremes accord-
ing to the off-diagonal element(s) of (N, r) in Eq. (4.30).

Quantitatively, the computation of the 2-point function
(p1¢,) follows from (4.9) giving, as a function of the
separation r and the number of e-foldings N,

The result can also be expressed in terms of the correlation
coefficient of the joint distribution (4.28), which we will
denote by C(N, r). For a distribution like p, (¢, N; @,, N)
having (@) = (¢,) =0, the correlation coefficient is
defined as customary as

({p1p2)(N.r) —_ {¢12)(N.1)
Vg2 Viw2(N) (V)

that is by rescaling the 2-point function (¢, ¢,) with respect
to its value at coincidence. From (4.31) it follows that

C(N,r)= , (4.32)

1 if r < rge™™
CIN.r)={ @71 ¢, N (4.33)
’ N if rpe <r< ro .
0 if r> ro,

which interpolates continuously from 1 to O with a power
law. For f# = —4|&| and N large enough so that e 8¢V < 1,
this simplifies into
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1.0
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0.2

(Rescaled) non-coincident 2—pt function A »4(r)

%90 02 0.4 0.6 0.8 1.0 1.2 14
(Rescaled) separation r/ry
FIG. 3. The function C(N,r) in (4.34), equal to the non-

coincident 2-point function A, (N, r) rescaled by its value at
coincidence, plotted as a function of the separation r between the
points [rescaled by rq = 1/(uai,H;)] at late times in inflation,
e8¢V > 1. We used a negative nonminimal coupling & = —0.06.
The function stays constant at zero for r/r, > 1. The other scale
r/ro = eV appearing in Eq. (4.34) and setting the upper limit
for the coincident regime is too small to be visible in the
plot, e™ <« 1.

1 if r <rge™

C(N,r)~¢ 1- (r—’o)8|‘f| if ree™ <r<r

0

(4.34)

if r> ry.

It agrees with the result found with another method in
Eq. (2.54), thus providing further confirmation for its
validity. The function C(N,r) is plotted against r/ry in
Fig. 3. The precise choice of N is irrelevant as long as it
satisfies e 8KV <« 1. We use & = —0.06 for the negative
nonminimal coupling.

The correlation coefficient C(N, r) determines the shape
of the contour levels of p,(¢;,N;@,,N). Indeed it is
straightforward to show from (4.28) that the 1o contour
of py(¢1, N; @, N) can be written as

@1

Gt =20 1)t + G

1-C*(N,r)

=1, (435)

3(1{_% l_e—Z/iN)Z

82 P
H? {_,-2pN\2
Ge=5)
H? 1_,-2pN.2
G2 =5)

(@iw3)(N.r) = +2]

2
Hl

822 ¢

1.5

0.5}

0.0

@lo

-1.0¢

-1.5
-1.5

0.0 05 10

»ilo

10 05 15

FIG. 4. The 1o contour plot of the joint distribution
02(@1.N;0,,N) in (4.28) at a given large N (with 8¢V > 1),
for different values of the comoving separation r = ||X, — X, ||
between the points X; and X,, which the field values ¢, and ¢,
refer to. The variables ¢; and ¢, have been rescaled by their
(equal) standard deviation ¢(N) written in (4.29). The 1o contour
is an ellipse and it goes from being degenerate as the red segment
for r < roe™ to becoming a circle (with the blue contour in the
figure) when r > r,. At intermediate distances, roe™ < r < r,
the shape of the ellipse is determined by the corresponding
correlation coefficient C(N, r) according to Eq. (4.35).

where 6(N) is the standard deviation of the one-point PDF
evolving with time as in Eq. (4.29). The lo regions
corresponding to (4.35) are plotted in Fig. 4 at late times
for different separations r.

Let us now study the correlator (@3¢3) (which is the
4-point function Ay 4> in the notation of Sec. II) predicted
by the Fokker-Planck solution (4.28). Again the evaluation
is done by using (4.9) with the PDF in (4.28) to get from
direct integration or by applying Isserlis’ theorem [61]
(valid for Gaussian distributions)

if r <rge™™

_opn G 12
=]

if rge™ <r<r (4.36)

if r> r,

123514-29



ENIS BELGACEM and TOMISLAV PROKOPEC

PHYS. REV. D 106, 123514 (2022)

or, dividing by ¢*(N) = (éfﬂz 1_6/;2/»/)2,
if r < rge™™
2 2
N, '
w: 142C3 (N, r) if ree™™ < r < rg
o*(N)
! if r> rg.

(4.37)

As one can check this result obeys Wick’s theorem. Indeed
this is just a consequence of the Gaussianity of
p2(@1, N; @, N) in (4.28). This is in agreement with the
QFT calculation in Sec. III for super-Hubble scales. For this
reason we think that it correctly captures the classical
stochastic limit. On the contrary the result (2.90) produced
by solving the coupled system of equations (2.78)—(2.83)
violates Wick’s theorem and is in disagreement with the
QFT treatment, see Fig. 5. We do not understand yet the
origin of the disagreement, considering that in the slow-
roll regime, where the contribution of correlators involving
the canonical momentum #(z, X) is subdominant, the two
approaches should produce the same results based on the
same approximation used for the source n 4> and for the last
term in the Fokker-Planck equation (4.8), where jo(z) —
0(1 — z). A possibility is that the approach of Sec. II does
not fully catch the interaction between long and short modes
for higher-order correlators, but only for 2-point correlators,
so that the sources appearing on the right-hand sides of
Egs. (2.78)—(2.83) would need to be modified with respect to
those used, given in Eq. (Al).

Due to the Gaussian nature of the probability distribution
(4.28), Wick’s theorem [or direct integration via (4.9)] can be
used to compute higher order correlators, like (¢{¢5) with n
anatural number, in terms of the correlation function C(N, r)
given in (4.33) and the one-point variance ¢*(N) in (4.29).
For simplicity we will omit the space (r) and time (N)
dependence of C(N,r) and o(N) in the following
expressions. By inspection of the combinatorics, it can be
shown that

(4.38)

& M+
-2 [F(”"ﬁ“)} 2k + 1)

n—k=even

where the sum goes only on k with the same parity as n, as
specified above by the condition that n — k must be an even
number. The last equality uses the double factorial identity

_ (@m)! _ T@m+1)
(2m = DN =57 = 2 (m+1)’

ber m = (n —k)/2.

Eq. (4.38) is a polynomial of degree n in the variable C
with parity determined by 7 (even function in C if 7 is even,
or odd if n is odd). The result can also be expressed in an

applied to the natural num-

equivalent (but less transparent) way in terms of Gauss’
hypergeometric function ,F; as

(¢193) 0 l-n n 1
62}1 :F(n+1)C 2F1 T,—E,l,g . (439)

The same calculation in the framework of Sec. II would
be much more difficult because it would require solving a
coupled system of equations involving both the field and
the canonical momentum. Furthermore, we have already
seen for n = 2 (corresponding to the 4-pt function A ;)
that the procedure in Sec. II fails to reproduce the correct
form of noncoincident correlators expected from Wick’s
theorem, but it only succeeds in giving the right values in
the coincident (and very short distance) regime (r < roe™)
and in the large distance regime (r > r) corresponding
respectively to C =1 (perfectly correlated) and C =0
(completely uncorrelated).

The result for C = 1 (coincidence) is readily obtained

from Wick’s theorem to be <‘(’;§,’:> = (2n—1)!!. In Sec. V we

will see an application of this coincident value when
evaluating the quantum backreaction of the field on the
expansion rate at late times, and how that affects the energy
balance between classical and quantum contributions to the
total energy density of the Universe.

At large distances r > ry (where C =0), Eq. (4.38)
saturates to 0 if n is odd and [(n — 1)!1]? if n is even,
because only the term k = O contributes to the sum.

The most general 2-point correlator (@' @5?), with n,
and n, arbitrary natural numbers obeys

n n min(ny,ny)
<(P1](/’22> _ ny ny
ot o z k! k k

k=0
ny—k=even
np—k=even

x (ny — k= 1)11(ny — k — 1)1ICK

) Py D) (n + 1) C*
S Tk ok (k4 1)

ny—k=even
np—k=even

(4.40)

Note that the sums in Eq. (4.40) are nonempty only if n,
and n, have the same parity, because k runs over numbers
with the same parity as both n; and n,. This is in agreement
with the fact that only when n; + n, is even it is possible to
fully decompose the correlator in a number of contracted
Wick pairs. When n; and n, do not have the same parity the
result (4.40) must be simply read as 0. Of course, due to the
symmetry under exchange of the positions where the fields
@, and @, are evaluated, one could take n; < n,, but that is
not necessary for the validity of (4.40).

Just like for Eq. (4.39), again an expression in terms of
Gauss’ hypergeometric function is possible:
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(oi'ey) _ 1+ (=1)""™ ) mion D(max(ny, ny) +1)
+ny - ny—n
o 2 l"(‘ 12 2‘_’_ 1)
, 1 —min(ny, n,)
cmin(nm) g (L7 ML )
x 2 1( )

min(ny,ny) |ny—ny| 1

) el 1),
where the coefficient W is basically a Kronecker
delta on the relative parity of n; and n,, giving 1 if n; and
n, have the same parity, and 0 otherwise. Equivalence
between the functions of C in Egs. (4.40) and (4.41) has
been checked with a symbolic mathematical software up to
large values of n; and n,, confirming its correctness. When
n; =n, =n, then Eqs. (4.40) and (4.41) reduce to
Eqgs. (4.38)—(4.39).

(4.41)

V. QUANTUM BACKREACTION

In the most recent stages of evolution, it is not possible to
describe the evolution of the scalar field ® as a free field in a
given classical background metric. The latter is the approxi-
mation used throughout the previous sections and, as we
already mentioned in the quantum field theory treatment
(Sec. III), it corresponds to the one-loop approximation for
the energy momentum tensor and the density-density corre-
lator. In recent cosmological epochs, one cannot neglect the
quantum backreaction of the scalar field on the expansion of
the Universe, because the energy-momentum tensor of the
scalar field becomes more and more important and eventually
takes the lead of the expansion. As a consequence, the
quantum nature of the gravitational field has to be taken into
account and the metric unavoidably exhibits quantum
fluctuations. In particular, the Hubble expansion rate is a
fluctuating quantity and it is properly represented as a
quantum operator at each spacetime point H(z, X), obeying
the energy conservation constraint. Assuming zero spatial
curvature, the energy constraint takes the form of a quantum
Friedmann equation:

M (1F) = ()11 + po(t ). (5.1)

where pc(t) is the contribution to energy density coming
from classical matter (baryons and cold dark matter”” and
Po(t, X) is the quantum energy density due to the scalar field
(part of which yields dark energy).

The quantum scalar field in turn obeys an equation
motion which can be read from Eq. (2.8), but the Hubble
rate is now a quantum operator H, as well as the Ricci
scalar R. Neglecting explicit spatial gradients, the equation
of motion for @ reads

“More precisely, pc only accounts for a fraction of matter
because, as we have seen, py also contains a small part which
scales like matter.

&+ 30D +m2d 4+ ERD = 0. (5.2)
Equations (5.1) and (5.2) constitute the leading order
approximation in spatial gradients to the dynamical field
equations and the relevant gravitational constraint equation.
This is a standard approximation scheme used for studying
inflationary dynamics, known as the separate Universe
approach [39,40].

Solving the full quantum equation of motion (5.2) goes
beyond the scope of this paper and we will limit ourselves
to take into account the quantum character of the metric in
Eq. (5.1) via H?, but we neglect it for the dynamics of the
field @ in Eq. (5.2), which we simply approximate as

&+ 3HD + m>d + ERD = 0. (5.3)
In other words, we only include the quantum backreaction
effect in the gravity (energy) constraint equation (5.1), but
not in the full dynamics of the field. Note that Eq. (5.3),
which is the leading order approximation of Eq. (5.2), is
linear in & and therefore it preserves Gaussianity of the
initial state, while Eq. (5.2) necessarily generates non-
Gaussianities.

Analogously to the expansion that we will develop in this
section, one could also write down an expansion for the
operators H and R appearing in Eq. (5.2). By defining

H = \/(H?), then, at linear order in the (squared) Hubble

rate fluctuation &, = f’zl-;ﬁz, one gets A ~ A(11+15,.).

Similarly the Ricci operator R = 12H> + 6151 can also be

expanded using the second Friedmann equation for A.
As we will see, the approximation made when limiting
ourselves to Egs. (5.1) and (5.3) will still allow us to find
some interesting results from the resummation of scalar
loops, arising from the energy conservation equation (5.1).
As a first step, let us recall that, in the model with action
(2.1), the quantum energy density operator receives contri-
butions quadratic in the field/canonical momentum.
Neglecting the subdominant {&,TT} and I, neglecting
spatial gradients and considering a negative nonminimal
coupling ¢ < 0, the quantum energy density, which has to be
used in Eq. (5.1), can be approximated from Eq. (2.19) as

- m* 72\ &2
where 11 is the identity operator acting on the Hilbert space

of quantum states. At leading order in ||, the pressure in
matter era” is

®We are using Eq. (2.18) without taking expectation values
and with ¢ = 3/2 (matter-dominated epoch). Spatial gradients
have been neglected.
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N m

As we see by comparing energy density and pressure, there
are two contributions to the energy density: one (m?/ 2§?)
behaves like a cosmological constant (CC) (i.e., equation of
state parameter —1) and the other (—3|§|I:I2Ci>2) mimics a
nonrelativistic matterlike contribution (pressureless).

An important detail that should not be underestimated is
that, in the right-hand side of (5.4), the (squared) Hubble
parameter itself appears as an operator (as denoted by its
hat). This is the proper way to take into account the fact
that, due to the intrinsic quantum nature of the field ®, the
local expansion rate necessarily inherits a quantum behav-
ior, making it a fluctuating quantity. Indeed, the squared
Hubble parameter is properly represented by an operator
ﬁlz(t, X), which obeys Eq. (5.1). But then, since H? is a
quantum operator in (5.1), it should also be treated in the
same way when it appears in (5.4).

The quantum nature of H” in (5.4) is the quantum
backreaction effect that we want to discuss in this section.
A consequence of it, which is readily obtained by combin-
ing (5.4) and (5.1), is the local relation between expansion
rate and field

N 1 ~ m? . ~ 2\ !
H2:—<pcll+—®2> <11—|—|§|—) , (5.6)
M3 2 M2

where the last (inverse) operator is exactly due to the
quantum backreaction, which therefore renormalizes the
Planck mass Mp. For simplicity of notation we omitted
space-time dependence.

We would like to match our quantum DE model to the
Universe as it appears today ¢ = £, which is (mostly) made
up by nonrelativistic matter (cold dark matter and baryons)
and dark energy well described by a cosmological constant.
First, the expectation value of A?(z,,X) should be a proxy
for the global cosmological squared Hubble parameter
today H3,

(A?) = H}. (5.7)
This condition basically defines what we mean by the
(squared) Hubble parameter today within the quantum model.
For simplicity we do not write explicitly that quantities and
expectation values are considered at the current time ¢ = f,.
Furthermore spatial homogeneity implies that conditions do
not depend on the comoving position X.

As a second step, we require that the CC part of py
should account for the cosmological constant observed,
therefore

mZ

5 (®%) = 3M3H2Q,, (5.8)

where Mp = (82G)~"/? is the reduced Planck mass and Q
is the fraction of energy density today due to a cos-
mological constant. Recalling the definition of the posi-
tive dimensionless quantity a (see Eq. (2.103) and use

Hpg = Hy/Q))
1 m 2

a= — ], 5.9
6/8€2, <Ho) 59)

then Eq. (5.8) gives

N M->

%) =L =42, 5.10
() =2 (5.10)

which is also the variance of the field 6% = (®?) — (d)2
because we always assume (®) = 0.
The classical energy density today p. is then determined

by Eq. (5.7) where H? obeys the Friedmann equation (5.6).
We then use the formal geometric series expansion

<1A1+ £ <i>2>_1 —i( B &)2)" (5.11)
M%’ n=0 M%’ .
and the results from Wick’s theorem at coincidence in
the previous section, (®*") = ¢*(2n — 1)!! and similarly
(®2+2) = ¢2+2(2n 4 1)!!. Introducing the classical

energy density fraction today

Pc
c = s (5 . 12)
3M3H}

one gets after a few steps

(/) = H(Z)i (‘ l)n[gc(zn— DN+ Qx(2n + 1),

n=0 a

(5.13)

and reindexing the second part of the series, the result can
be written as

(A = H} {agA + (Q¢ — aQy) f: <—i>"(2n - 1)!!] .

_ (5.14)

This contains a formal power series in 1/a, or equivalently
an asymptotic expansion at infinity in the variable a. The
convergence radius in the variable 1/a is actually zero,
meaning that, written like that, the series diverges for every
finite a. Nevertheless, if we can find a resummation for it,
we would then be able to fix Q. (and therefore p) in terms
of the other parameters of the problem by imposing the
condition (5.7). A clever way to do this resummation
consists in taking an alternative route which does not rely
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on any series expansion. Of course, at the end the two
methods should agree, in the sense that the asymptotic
expansion at @ — oo of the result that we are going to find,
despite not convergent, should match exactly (5.14).

Note that Wick’s theorem is nothing but a way to say that
® follows a Gaussian distribution. More precisely we can
consider a classical stochastic variable with the same
statistical properties as the quantum field ®. Indeed that
is the picture that one should have in mind for what we
called ¢ throughout the previous Sec. IV, where we used
Starobinsky’s stochastic formalism. We remind that we are
assuming zero VEV for & and therefore, like in Eq. (4.6),
we can say that the equivalent classical stochastic variable
@ follows a distribution P(¢) which is Gaussian (see the
discussion after Eq. (5.3) about preservation of Gaussianity
in the approximation adopted here), given by

1 (p2
P == - )
(v) . 2ﬂexp< 202>

where 67 is given in Eq. (5.10) and ¢ can assume any real
value. This could be applied at any time as long as disa
free field, so that ¢ is Gaussian. We proved explicitly the
validity of this requirement for inflation in the previous
section and it keeps being true also in radiation and matter
era if one treats ® as a free field, in the spirit of perturbation
theory.

We are interested in the current cosmological time ¢, as
we want to determine the value p¢ (or Q) today in terms of
the model parameters £ and m (or equivalently £ and @) and
the cosmological parameters Hy and Q) = 1 — Q.

Expectation values can then be evaluated using P(¢)
and mapping quantum operators to their corresponding
classical stochastic quantities, which means that 3M%(H?)
is given by

(5.15)

A +00 m> 2
S ey S CAT)

-
= L+ [el &

Using Eq. (5.15) and changing the integration variable to
the dimensionless z = ¢/ o the expectation value reduces to

2 Q Q 2
exp (—%)% (5.17)

. +oo 1
H? = H? / dz
(H?) 0/ o

whose result can be written in terms of the complementary
error function” as

*The complementary error function erfc(z) can be defined as
erfc(z) = \/%—rfj“ dre™".

(H?) = H} | aQ) + (Qc — aQ,)e??, lﬂzaerfc< g)}
(5.18)

This is the resummation that we are looking for. In order to
check agreement of Eq. (5.18) with the result from
application of Wick’s theorem in Eq. (5.14), the following
asymptotic expansion for the complementary error function
erfc(x) is needed:

erfc(x) —;_/;f; <—§>n(2n— DL (5.19)

Using x = /a/2, one immediately finds agreement with
Eq. (5.14), confirming the correctness of the derivation. We
are now ready to impose the condition (5.7), which enables
us to express Q. today as

Qc(tg) =aQp+(1-aQy) {e‘a/z\/%m} , (5.20)
2

where we explicitly wrote that it refers to a value today.
As a consequence, the quantum energy density fraction

today QQ(tO) = M 1- Qc(t0> is

= 3MH

Al (1) = (QA - é) [e—a/z \/%#\/5) - a] ,

where the superscript “(br),” standing for “backreaction,” is
there to stress that this is the correct expression taking into
account the backreaction due to the quantum nature of the
field ® which makes the Hubble parameter itself a
stochastic quantity. This result should be compared with
what one gets when neglecting the quantum backreaction
effect. Without quantum backreaction one would get the
simplified formula [see Eq. (2.105)]

(5.21)

- 1
ng br)(fo) = Q) - o

(5.22)
This is true because, when neglecting the quantum nature
of H? in (5.4), taking expectation values today gives

2
(™) = (’"7 - 3|§|H3> (@), (5.23)

which, upon substituting (5.10), leads to (5.22).
Comparing Egs. (5.21) and (5.22) we see that the effect

of quantum backreaction is encoded in a multiplicative

function of the dimensionless parameter « that we remind

" The ratio between Qgr) (to)

=_m
to be defined as a = RN

no-br .
and Q(Q )(to) is
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FIG. 5. Comparison between the spatial profile predicted by

Eq. (4.37) (blue solid curve) and by Eq. (2.90) (red dashed curve).
The blue solid curve, computed with the approach to stochastic
formalism based on Fokker-Planck equations discussed in this
Sec. IV, obeys Wick’s theorem. On the contrary, the red dashed
curve, computed with the other approach to stochastic formalism
adopted in Sec. II, based on linear systems of equations for the
time evolution of correlators, does not respect Wick’s theorem.

We used £ = —0.06 for the nonminimal coupling, as in Fig. 3.
1.0
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FIG. 6. The ratio between the average quantum energy densities
evaluated with (Q(Qbr>) or without (Q(Qno'br)) accounting for the
backreaction due to the quantum nature of the field & (which
makes the Hubble parameter itself a stochastic quantity), as a

function of the dimensionless combination of parameters

a= O;g;;zz. We denoted by H, and €, the Hubble parameter

and the cosmological constant energy density fraction today,
while m and & <0 are the mass and negative nonminimal
coupling of the quantum spectator field @, as they appear in
Eq. (2.1). Only values of a > 1, starting from the red vertical line,
are physically relevant so that dark energy eventually completely
dominates over matter in the expansion of the Universe. The
plotted ratio, given by the right-hand side of Eq. (5.24), saturates
to 1 for large a values and it is roughly 0.53 when a = 1, which is
its minimum value. This means that neglecting the quantum
backreaction leads to overestimating the fraction of energy
density due to the quantum field o by a factor of 1.9 for
a =1 (and less for larger a).

Q(Qbr)(to) e 22 ] s
(no-br) =¢ . £ @ ( ’ )
0 (1) 7 erfe(,/3)

Q

In the limit of large « the ratio goes to unity,”® which makes
sense if one thinks about the limit || — O with m/H,
finite. In this case the full quantum energy density behaves
like dark energy (in the form of a cosmological constant),
so both (5.21) and (5.22) reduce to Q,. For finite a, the
ratio between the quantum energy densities today with or
without accounting for the backreaction can be seen in
Fig. 6, where we plot and discuss as a function of a. There
is a physical lower limit for a, which is obtained by
requiring that the dark energy contribution to the quantum
energy density in Eq. (5.4) eventually dominates over its
matter-like part. If this is true then at late times in the future
t = +oo, one should get (P, (1)) > 0, or equivalently,

lim Q" (1) > 0. (5.25)

t——+00

It is quite straightforward®' to extend Eq. (5.21) to any time
t instead of today (7) just by replacing Q, measured today
with the same quantity at time ¢, which is the fraction of
energy density made up by the cosmological constant at
time . When t — +oo that fraction approaches 1, because
the entire energy budget of the Universe will be completely
made by the cosmological constant, therefore

Jlim Q37 (1) = (1 - i) {e—“/z\/%m - 0{] .
(5.26)

Since the factor in square brackets in (5.26) is always
positive (it is between 0 and 1, as plotted in Fig. 6), then the
condition (5.25) imposes

a> 1. (5.27)

The first few terms of the expansion of (5.24) in (]—Z are
1-24+ 194+ 00%).
31()!Le:t us imagine to live in another epoch, say at time ¢, and
repeat the matching procedure that we discussed starting from
Eq. (5.8) at that time ¢, instead of #,. What changes is just that we
should refer to the energy density fraction made by the cosmo-
logical constant at the new time Q,(¢z) and to the Hubble
parameter at that same time H (7). Note that, for a cosmological
constant, Q, (t)H?(t) = p,/(3M3) is constant because the en-
ergy density p, for a cosmological constant is indeed constant.
Thus there is no time dependence left in the dimensionless
a(t) = m?/(6|€|H?(t)Qx(t)), which is then the same as in
Eq. (5.9), a(t) = a = (mMp)?/(2||pp) = constant. This ex-
plains why the only modification needed in Eq. (5.21) to make
it valid at any time 7 is the replacement of Q, (which referred to
to) with Q, (7). Incidentally, the constancy of « also implies that
the result for the ratio in Eq. (5.24) is valid at any time ¢ and not
only today (time #).
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VI. THEORETICAL ASPECTS
OF THE HUBBLE TENSION

This section contains the main theoretical steps needed to
properly address the Hubble tension problem in the quantum
dark energy model studied throughout the paper or other
generalizations of it. In particular, we will refine some of the
assumptions about probability distributions used in the
previous work [32], where it was shown that the same model
considered here can relieve the Hubble tension. It is known
that the ACDM standard cosmological model the value of the
Hubble parameter inferred from early-Universe probes is in
tension (at the level of more than 4¢) with the expansion rate
measured in the local Universe. We refer to them as global
and local measurements of the Hubble parameter, respec-
tively. A brief overview on the Hubble tension problem and
on different measures of the Hubble rate is contained in [32]
and we refer the reader to that work (and references therein)
for a more complete picture. Here we limit ourselves to recall
only those concepts strictly necessary to put the Hubble
tension in the context of quantum dark energy models and
turn it into a probability statement. In that respect, the
fundamental idea is that in a Universe where the expansion
rate is a fluctuating quantity like in Eq. (5.6), due to the
quantum nature of the underlying fundamental field(s), it is
natural that different probes of the expansion produce a
different outcome depending on which length/timescales
they are sensible to. The real matter is understanding how
much their results can be apart and whether their difference is
sufficient to explain the Hubble tension. Following [32] and
due to its appearance in the Friedmann equation (5.6), we
focus on the square of the Hubble parameter. Let us suppose
that local measurements of the Hubble parameter (squared)
can be seen as a spatial average over some volume V at the
current cosmological time #,, and similarly we consider the
global measurements as a spatial average are over a larger
volume V, (including V) at the same time t0.3 *Asa proxy to
quantify the Hubble tension, we consider the following
conditional probability (see [32]), with “P” standing for
“probability”:

P([H?]y, > H{|[H?],, < H3). (6.1)

where [H?],, , (i = 1,2) denotes the spatial average of the

squared Hubble rate today over the local (i = 1) or global
(i = 2) volumes, i.e.,

#Real measurements are always done on the past light cone.
However here we do not aim at describing a precise global or
local measurement procedure, but we just want to encompass the
general idea that some kind of averaging is necessarily part of the
answer since a probe explores different regions of the sky. This
physical ingredient is already contained in the simple procedure
of spatial averaging adopted here. For a study of the effect of
quantum dark energy fluctuations (and therefore a fluctuating
Hubble rate) on specific cosmological observables, e.g., super-
novae luminosity distances, see [34].

Hy, = (/) [ At ),

(i=12). (6.2)

The quantity H?(ty,X) is meant as a classical stochastic
variable with the same statistical properties as the quantum
operator A2 (ty,¥) in Eq. (5.6), just like we already intro-
duced the classical stochastic variable ¢ following the same
statistics as the quantum field ®.

As for H| and H,, for definiteness we choose the local
value H, as the one measured by the SHOES collaboration
[8] from luminosity distances of supernovae la, and the
global value H, as the one inferred by the Planck mission
[7] from CMB temperature fluctuations assuming the
ACDM cosmology:

H, = 74.03 km/sMpc~!,

H, = 67.4 km/sMpc~!. (6.3)

Keeping in mind that the local value H, is larger than the
global value H, [see Eq. (6.3)], we can explain why the
probability in Eq. (6.1) is a measure of the Hubble tension:
it expresses how likely it is that local measurements give a
result at least as large as the one actually measured, given
that global measurements give a value at least as low as the
one they really provide. If the probability (6.1) is large
enough, then the Hubble tension is relieved by the quantum
nature of dark energy. Indeed, showing that this actually
happens was the main result of the letter [32]. The volumes
V, and V, are taken as spheres centered around the
observer with radii R; and R,. In [32], we considered a
global radius given by the Hubble horizon R, = H; Iy
4400 Mpc and a local radius R; = 100 Mpc (we also
studied another choice R; = 1 Gpc for the local radius
to mimic other kinds of measurements from the HOLiICOW
collaboration instead of SHOES). The precise numerical
values are not relevant for what we will discuss, which only
deals with the theoretical approach for evaluating the
probability (6.1).

By making use of Bayes’ theorem, we can rewrite the
conditional probability in Eq. (6.1) in terms of a joint
probability as

P([Hz}vl > H%|[H2]V2 < H3)
P([H?]y > HI N [Hz]vz < H3)

= e, <m) oY

Evaluating the denominator requires knowing the distri-
bution of the global variable [H?], , while the numerator
requires the joint probability distribution of the two
variables [H?],, (local) and [H?],,, (global). We shall study
aspects of both of them, starting with the denominator,
focusing on the methodology to approach the problem
and not on numerical predictions. The latter were already
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obtained in Ref. [32] thanks to considerable simplifications
stemming from the assumption that the squares of the fields
¢*(ty,X) can be approximately treated as Gaussian varia-
bles (with correlation between fields at different positions).
Such a simplified approach takes into account the main
physical ingredient for a possible relief of the Hubble
tension in the context of a quantum dark energy model,
namely the spatial correlations, and the main lesson from
[32] is that spatially correlated dark energy can actually
help with the Hubble tension issue. Nevertheless we know,
e.g., from the results of Sec. IV, that the field (7, X) it is
which follows a Gaussian distribution, not its square. The
distribution of ¢” at a given position is a chi-squared
distribution, and the spatially averaged variables have the
complication of spatial correlations, which create depend-
ence between fields at different positions. The major
purpose of the rest of this section is to explore the possible
path to a more rigorous statistical treatment of the problem.
As a general rule for notation, capital letter “P” will be
reserved for finite probabilities (i.e., integrated over a
region), while we will use the small “p” for probability
distribution functions (PDF).

A. Distribution of the global squared Hubble rate

As a first step toward calculating the denominator
P([H?]y, < H3) of Eq. (6.4), we discretize space in the
global volume V, by a large set of N, points {X;};,_;, .,
evenly distributed in the volume V,. This will make some
manipulations more easy to understand, in the same spirit
in which, for example, in the path integral approach to
quantum mechanics it is useful to deal with an integral
over a finite number of variables and only later take the
continuum limit to get a functional integration. We will
discuss some formal aspects of the continuum limit,
however in practice a discretized approach is more suitable
for numerical computations. Since we always refer to
quantities at the current cosmological time #, we will
sometimes omit it from notation, for simplicity.

Due to discretization, the definition of the global squared
Hubble parameter is now,

1 &
H?,=—) H?, 6.5
= 65)

where H? = H?(1y,%;) is the Hubble rate at the point
X;. H? can be considered as a local expansion parameter
(squared), defined by the geodesic deviation equation or the
Raychaudhuri equation. Using Eq. (5.6), one can relate the
squared Hubble rate H? and the classical field variable ¢, at
X;. It is convenient to work with dimensionless variables to
simplify as much as possible the notation and the following
calculations. Thus we introduce the dimensionless field
variable

z; = @;/o, (6.6)
where 6% = (¢?) is the variance of the field already
introduced in Eq. (5.10) (independent from the position
because of statistical spatial homogeneity). Note that a
similar variable z was already introduced for the integration
in Eq. (5.17). The Friedmann equation (5.6) at X; becomes

H} Q¢+, 6.7
A (67)
0 1+

where a was defined in Eq. (5.9) and H3 is the expectation
value of the squared Hubble rate today (again space-
independent). As we discussed in Sec. V, just before
Eq. (5.20), the classical energy density fraction Q. is
determined by requiring that (H?) = H3 (where the ensem-
ble average (...) coincides with the quantum state average),
resulting in the expression (5.20). As for the value of H,
(which is again marginal for our mostly theoretical dis-
cussion), we can suppose that H, in (6.3), being an average
result over the large volume V,, is a good approximation
for Hy, so that

HO ~ Hz. (68)
Introducing the dimensionless variable

H?
hi=—5, (6.9)

Hy

Eq. (6.7) is equivalent to
Qe + Qp7?
L bt (6.10)
1+%

It follows from (H?) = H3 that (h;) = 1, which is guar-
anteed for Q. given by Eq. (5.20). After introducing the
average variable

1 &
=— i a1
[h]z N2;hl’ (6 )

where the subscript “2” is meant to remind that it refers to
an average over N, points (i.e., the global average), the
probability P([H?],, < H3) is, in the discretized picture
and with Hy ~ H,, equal to P([A], < 1).

Evaluating such a probability is possible if one manages
to find how [h], is distributed. Note that (h;) = 1 implies

([h]2) = 1.

However higher momenta (determining variance, skew-
ness, kurtosis, etc...) are not so trivial to determine due to

(6.12)

123514-36



SPATIAL CORRELATIONS OF DARK ENERGY FROM QUANTUM ...

PHYS. REV. D 106, 123514 (2022)

the correlations between different /;, whose origin is in the
nonzero off-coincident quantum correlations. We know that
the variables {z;};_; , _y, are simply obtained by rescaling
the fields {¢;};_;, .y, by the constant ¢. Thus their
distribution is readily determined by the distribution of
fields. In Sec. IV we confirmed, by explicitly solving the
Fokker-Planck equation (4.8), that the fields at a given
couple of points separated by comoving distance r (and at
equal times) follow a Gaussian distribution with correlation
coefficient C(r) imprinted by inflation as in Eq. (4.34).
This is a consequence of the fields being free. Due to the
rescaling (6.6), it is clear from Eq. (4.32) that the correlator
(z;z;) is given by

Cij = (zizj) = C(|I%: = %)) (6.13)
In particular, when i = j it correctly gives a variance C;; =
(z2) =C(0) =1 in agreement with z; =¢;/c and
(¢p?) = 6%, Since we are now dealing with fields at N,
points it is straightforward to write down a joint multivariate
Gaussian distribution such that each pair of points {z;, z;}
has a correlator C;; given by Eq. (6.13). This is reached by

i ( oo )
——————exp|—=zz'-C'-z),
2o de(©) P\ 2

(6.14)

P(21:20, 0000 2N,) =

where z” collects all the variables z; in a row vector as z/ =
(21.22+---.2n,) and z is the corresponding column vector.
We also introduced the symmetric and positive definite N, x
N, matrix C with elements C;;, its inverse C~! and used its
determinant det(C) in the normalization coefficient to ensure
that

+oo +00 +00
/ le/ dZZ"'/ dZsz(Zl,Zz,...,ZNZ) =1.
(6.15)

We can now formulate in simple terms the temporary
goal problem as follows, making reference to Egs. (6.10),
(6.11), and (6.14): we are interested in the probability
distribution function of the average variable [h], defined in
Eq. (6.11), where each h; is given in terms of z; by
the Gaussian distribution in Eq. (6.14).

A useful tool to find the distribution of [A], is its moment
generating function (MGF), defined as

My, (s) = (e, (6.16)
where s is an auxiliary variable. As a reminder of the main
features of the MGF, all the moments of the distribution for
[h], are encoded in M, (s) because

[s+] sn
My, (s) = > _([n)3) . (6.17)
n=0 .
which means that
n dn
((113) = 3 M, (5)]o—0- (6.18)

A good strategy to determine the PDF of [h], is to first
compute its MGF as

+00 “+00
MV’]Z(S)_/_OO le/_oo de...

+o0
. / dZsz(ZhZZs cees ZNZ)eS[h]Z(ZI.ZZ,“.’ZNZ)

[Se]

dzdz,...dzy,
= —_—— exp
V2n)™ det(C)
si Ny QC + QAZ%:|
N, i=1 1 +%

1
|:—§ZT -Clz

+ (6.19)

where in the second line a shorthand notation for the
integration over all variables z; was used. However, the
integral above is too complicated to be computed exactly

due to the denominators of the form 1 +§ inside the
exponential, which are in turn originated by the quantum
backreaction discussed in the previous section. As we have
seen explicitly in the computation of Q, = 1 — Q. leading
to Fig. 6, the backreaction effect decreases with larger a and
gives a correction by a factor of roughly 0.5 when a is close
to its minimum allowed value of 1. Since we have seen a
case where the quantum backreaction effect does not
change the results by orders of magnitude, but only by a
factor between 0.5 and 1, it is worth to use also here some
approximations to reduce the complication of integration,
so that one can extract some analytical understanding.
Therefore let us approximate,”

Qc + Q27 Q
h; = C—zAZl =Qc+ (QA ——C>Z,2 +0(z}),
1+ a
(6.20)
which gives

Qc) 1 &
[h], ~ Q¢ + <QA —7> N—Z;Zi. (6.21)

3Note that z; follows a Gaussian distribution centered at zero
and with unitary variance while a is at least 1. Therefore it is not
so likely that % is large, which justifies using the truncated
expansion in Eq. (6.20). Clearly the approximation works at its
best for large a values.
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We remark that this simplification does not obey exactly the
result ([A],) in Eq. (6.12), indeed because of its approxi-
mate nature. From Eq. (6.21) and (z?) =1 one gets
([h]y) ~ Qp + Qc(1 — 1), which only goes to 1 in the limit

of large a, since then Q. approaches Q) = 1 — Q,.
Using the approximation (6.21), the MGF in Eq. (6.19)
simplifies to

dz;dz,...dz 1
0, (8) = e exp{—izT -Ccl.z

(27)™ det(C)

oo (005 5,204

ech

, (6.22)

- \/det[ldz —25(Q) — %) L]

a’ Ny

where the integral is solved in the last line and Id, is the
N, x N, identity matrix.

This approximate result, which basically depends on the
characteristic polynomial of the covariance matrix C, can
be used to extract some insight on the continuum limit. An
expansion of Eq. (6.22) is in order for this purpose®*:

1N1 Q n
My, (s) :exp{ch +§;Z [Z(QA - 7C> s}

X LTr(C”)} (6.23)

N}'l

where Tr(C") is the trace of the nth power of the matrix C.
The continuum limit is obtained from the following
observation on the coefficients f, = T LTr(C"):

7

1 4
Fo =5 T(€") = ,ZZZ ch,,zc,le

2 =1 i= i,=1

—>—/ d*x /d35c’2.../ X, C(||1%; = %] C(||X,
V2 V2 V2

C(l1% = %)) (6.24)

Note that f,, < 1 (with equality holding for n = 1) because
the function C lies between 0 and 1, see Eq. (4.34) and
Fig. 3. Despite the elegant obtention of the continuum limit
via the procedure outlined in Eq. (6.24), for numerical
calculations it is still preferable to use the discretized
version (6.22) and check convergence for large N,, instead
of trying to resum the series (6.23). Furthermore, the
analytical computation of the integrals in the last line of

—X3||

1t comes from the matrix identities det(A) = exp [Tr log(A)]
and —log(Id, — X) =% 1 x" applied to A=1d, — X and
X =2s(Q) - %95 C.

Eq. (6.24) is trivial when n = 1 and still doable for n = 2,
but it becomes already too complicated for n = 3, so that
Monte Carlo integration has to be used.

For n=1 one gets f; =1, while for n =2, the
coefficient f, = VL%sz d*%; [y, PX,C([|%) — X,]), where

V, is the spherical global volume V, =3%zR3, can be
reduced to a single integration on the relative distance
r=||X, — X;||. More precisely, the computation can be
done™ in terms of the probability distribution p(r) for the
relative distance between two points randomly chosen with
uniform probability inside the sphere of radius R,:

fzz/ZR2 drp(r)C(r), (6.25)
0
where
12 2.3/ r\3 1/ r\°
v = (o) -3 Gr) +alaR) |
defined for r € [0, 2R,). (6.26)

The moments of the distribution for [A], can be extracted
from the series (6.23) and computed in terms of f,’s. It is
actually more convenient to work with cumulants so that
the PDF of [A], can be approximated by series expansions
like the Gram-Charlier type A series [62,63], which
however is not always guaranteed to converge. The
cumulant generating function (CGF) K, (s) is defined
as the logarithm of the MGF and the cumulants «, are
defined from the coefficients of the expansion in s, as®®

PAsa summary of the main steps involved, one goes from the
coordinates X, and X,, measured with respect to the origin located
at the center of the sphere, to the relative and center-of-mass
coordinates, given by 7 =X, —X; and Ry = (¥, + %,)/2, re-
spectively. Then the integration over the center-of-mass coor-
dinate ﬁCM is done for a given relative distance 7. This must take
into account the geometrical limits ||Rey + 37 <R, and

|\§CM — 17| £ R,, which can be seen as the intersection of
two spheres, so the problem is essentially reduced to Euclidean
geometry. The relative distance r = ||7|| between two points
inside a sphere of radius R, can take values between 0 and 2R,
and its distribution function gives Eq. (6.26). This is properly
normalized as a one-dimensional PDF with f02 R drp(r) = 1 and
we also checked its expression numerically by randomly gen-
eratlng pairs of points inside the sphere.

In the language of quantum field theory (and up to factors of
i), the MGF corresponds to the partition function Z[J] (generating
functional of Green’s functions), while the CGF corresponds to
generating functional of connected Green’s functions W[J] which
obeys Z[J] = "], with the external current J(x) playing the
role of the source variable s. In this sense the cumulants are the
connected parts of correlators.
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Sl n

log My, (5)] = Ky, () = Y _ x, %

n=1

(6.27)

Therefore, the cumulants can be read immediately from
the argument of the exponential in (6.23). The first one «; is
the mean value,”” k; = ([h],) =~ Qx + Qc(1 — 1). The sec-
ond one k, is the variance, k, = ([h]3) — ([h],)? =
2(Qp — %)2f2. For n > 2 the cumulants are

n>2.  (6.28)

The Gram-Charlier series gives the distribution p([h],) as
an expansion in cumulants around a reference distribution,
usually taken to be Gaussian. Truncating for simplicity to
the 4th cumulant, the PDF of [A], is

1 ([h], = Kl)2:|

+ 22‘; S Ha (wbwz_z"‘) + ] (6.29)

where Hj(x) =x* —3x and Hy(x) = x* —6x> +3 are
Hermite polynomials and the dots denote terms dependent
on higher order cumulants with perfectly known structure
[62,63], but that we omit for brevity. The physical infor-
mation about dark energy spatial correlations is encoded
in the cumulants «, of Eq. (6.28) via the integrals f,
in Eq. (6.24).

Alternatively, a technique to recover the PDF, p([h],),
which does not rely on the cumulant expansion, is via
numerical evaluation of the inverse Laplace transform of
the MGF My, (s). The starting point is the relation
1mphed38 by Eq (6.16),

My (5) = / " e p (). (6.30)

After a shift of variable and recalling the definition of
Laplace transform

’See also the discussion on ([h],) right after Eq. (6.21).

“"The rigorous limits of integration, i.e., the possible values of
[h],, can be deduced from Egs. (6.10), (6.11) and are given by
[hl, € [min (Qc, aQ,), max (Q¢, a2, )] depending on the sign of
Q4 — =< When «a is not too close to 1, so that the approximations

(6.20) and (6.21) work well (better for large a), Q, — £e > 0and
the MGF in Eq. (6.22) can be fully trusted, the range of values for
[h], can be taken as [A], € [Q¢, +0).

£l = [ Taere. (630
Eq. (6.30) can be recast into
My, (s) = e L{p(x + Qc)}-s).  (6.32)
where x is a dummy variable, and then Eq. (6.32) is
inverted as
p([h)y) = L7H{e My, (=5) (A, = Qc).  (6.33)

where £7! is the inverse Laplace transform, which can be
evaluated numerically or expressed as a line integral (called
Bromwich or Fourier-Mellin integral), see, e.g., Sec. 15.12 of
[64]. Once the PDF p([h],) is known, either from Eq. (6.29)
or via Eq. (6.33), the goal probability P([H?], < H3) =
P([h], < 1) can be found by integration.

B. Joint distribution of the local
and global squared Hubble rates

Let us now discuss briefly the numerator P([H?],, >
Hin [H?],, < H3) of Eq. (6.4). As for the denominator,
we discretize space and consider the same N, points in the
global volume V, as before, with N; < N, of them
belonging to the local volume V, contained in V,.
Without loss of generality, we can suppose that points X;
with i =1,2,...,N; belong to V, and points X; with
i=N;+1,Ny+2,...,N, lie in V, but outside of V.
Following Eq. (6.11) we consider the variables

ENZ [EZh,,

and, using the identification in Eq. (6.8), the probability
P([H?]y, > Hi N [H?],, < H3) is equivalent in the dis-

cretized picture to P([h],

(6.34)

> Z—g N [h], < 1), where H; and
H, are the local and global measures of the Hubble
parameter in (6.3). Computing such a probability requires
the joint PDF, p([h],, [h],), of the local and global variables
[h], and [h],.

Following Eq. (6.16) we define the joint MGF for [A],
and [h], as

<e~?1 (], +s2[h] > ,

M), u, (51, 52) = (6.35)

where we introduced two auxiliary variables s; and s,.
Equation (6.17) generalizes to

nl ny

M, jn, (51 52) ZZ nlvnz

and Eq. (6.18) generalizes to

(6.36)
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dn, +ny

([A]}'[R)3?) = WM[M,,UZ}Z(%&) (6.37)
1 2

51=0
57=0

In the same approximations leading to Eq. (6.22), it can be
shown that the joint MGF is

els1152)Qc

M, n, (s1.52) =
\/det 1d, — 2(Q,

(6.38)

where Id; is the N, x N, matrix given by the identity on the
first N; rows and columns (the local subspace) and with
zero entries otherwise. Hence all the three matrices Id,, Id,
and C are N, X N, in size and their combination in
Eq. (6.38) is a legitimate operation.

A similar expansion to Eq. (6.23) applied to the result
(6.38) and the introduction of the cumulant generating
function Ky 1, (51, 52) = log [Myy, 1, (51, 52)], gives

131 Q n
Kip), i, (51582) = Qc(s1 + 52) +§Zn |:2<QA —7C>]

n=1

T C+-L1d,C
(e i)

The joint cumulants «,,, ,, are retrieved from the expansion

1s2"2
=33 rn ey

=0n,=0

(6.39)

Ky, g, (51.52) (6.40)

with kg o = 0. Since the matrices C and Id,C appearing in
Eg. (6.39) do not commute, the general expression for x,, ,,,
is not straightforward to obtain. A simple interesting case
|

ﬁ
R’
pia(r) =

—80) (2 C 4 31d,C)]

3[rP—6(R2+R3)r3+8(R3+R3)r*~3(R3—R3)?r]

with a nontrivial result, which will also enable us to take its
continuum limit, is n; =1, n, = 1. Using the cyclic
property of trace and the symmetry of C, one gets

Q 1
(o)

(QA__) NlszI:ZZ:C

- 2(Q _ g /d%’f
A [04 V1V2 Vi !

x / %, C([7, - %)),
V)

Tr(1d, C?)

(6.41)

where in the last line the continuum limit involves
integration of correlators between pairs of points, with
the first point in the local volume V| =37zR} and the
second one in the global volume V, = %ﬂR%. Similarly to
Eq. (6.25), also the integration in the last line of Eq. (6.41)
can be recast as a single integral over the relative distance
r= %

1
d*x /d3 C*(||x;, = X
o (1%, - %)

Ry R, )
- A drpia(r)C(r).

where now p,(r) is the probability distribution for the
relative distance between a point randomly chosen with
uniform probability from the sphere of radius R, and a
point randomly chosen with uniform probability from the
sphere of radius R, > R; with the same center. Its exact
expression is*

(6.42)

ifOSTSRz—Rl,
(6.43)

33
16R; R}

Other cumulants and their continuum limit can obtained
case by case from Eqgs. (6.39) and (6.40) and then one might
attempt to approximate the joint PDF, p([h],,[h],), by
existing generalizations to two variables of the Gram-

*The strategy is the same as for p(r) in Eq. (6.26), but with a
slightly more complicated geometric setup. Note that when
R| = R,, then pi,(r) reduces to the aforementioned p(r). Again
we checked the correctness of the formula (6.43) numerically
(for different values of the radii ratio R;/R, < 1) by randomly
generating pairs of points inside the spheres. It is also cor-
rectly normalized as a one-dimensional distribution, namely

ffﬁRl drpp(r) = 1.

s ifRz—RlerRz—f-Rl.

l

Charlier series (6.29), see, e.g., [65]. Another possibility is
to compute numerically the joint MGF in Eq. (6.38) and, also
numerically, take its inverse Laplace transform in two
variables, again a generalization of the approach used for
Eq. (6.33). We did not dig into the practical feasibility and
challenges of such a program, but we expect the numerical
problem to be computationally expensive, unless a fast
routine is used. Of course, if one succeeds in evaluating
p([h],.[h],), then the goal probability P([H?], > Hin

[H?]y, < H3) =P([A], > Z—E N [h], < 1) is given by inte-
2

gration of p([h],
region.

,[h],) over the proper two-dimensional
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VII. CONCLUSIONS AND OUTLOOK

In this paper we study the features of dark energy
predicted by a simple model, namely a light scalar field
nonminimally coupled to the metric, as in Eq. (2.1).
Building on previous work in [28-32], we see how this
model is able to produce dark energy from the amplification
of quantum fluctuations in inflation (and, less relevantly, in
matter-dominated epoch). Due to its quantum nature, dark
energy emerging at later times from the backreaction of the
scalar field on the Universe expansion, is predicted to
exhibit spatial correlations of a precise form.

A first technique used to get these results starts from the
observation in [28,29,31] that the field backreaction is
mostly made up of the energy-momentum tensor of infrared
modes. For this reason, in Sec. II, we apply Starobinsky’s
stochastic formalism to study how correlators of long-
wavelength field/canonical momentum evolve from infla-
tion until current times. The discussion in Sec. II completes
the treatment in [30,32] and it presents the noncoincident
2-point and 4-point correlators at equal times. Even starting
from zero initial conditions, the accelerated expansion in
inflation amplifies quantum fluctuations and creates the
spatial profile of correlators. We see how stochastic theory
predicts that, up to the overall amplitude, the spatial shape
of field correlators generated in inflation is transmitted,
roughly unaltered, throughout the subsequent epochs of
cosmic history. The scale entering the spatial profile of
correlators is of the order of the comoving Hubble horizon
at the beginning of inflation, see Egs. (2.54), (2.90). The
quantum fields at two points separated by a larger comov-
ing distance lose any information about each other and
fluctuate independently.

Interestingly, 2-point and 4-point correlators have pro-
files well described by simple power laws, but unexpect-
edly their relation fails to reproduce Wick’s theorem. Apart
from the few most recent e-foldings when the quantum
field backreacts on the metric generating unavoidably non-
Gaussianities, during all previous stages of evolution the
backreaction is negligible and the field is Gaussian because
it is well approximated by a free field in a given classical
background metric. Therefore Wick’s theorem should be
respected in these conditions. We checked numerically for
possible contributions lost in approximations when solving
the system of equations for the 4-point correlators, finding
no evidence for that. For this reason, we think that the only
explanation of the problem lies in the noise sources of
4-point functions, which would actually include some other
contribution from short and long wavelength modes inter-
action, which is not taken into account by Eq. (A1). Further
research is needed to understand what exactly goes wrong.

The issue with Wick’s theorem in the stochastic
approach of Sec. II is one of the main reasons for looking
into another approach by which the dynamics of infrared
modes could be studied. This is done in Sec. IV, following
the ideas introduced by Starobinsky and Yokoyama in [52].

The strategy consists in studying the evolution of the
probability distribution of a classical field configuration
subjected to stochastic noise reproducing the coupling to
short-wavelength modes. This allows us to show, in an
elegant way, that the joint distribution for the fields at two
points is Gaussian and correlators computed from it obey
Wick’s theorem, differently from the previous results of
Sec. II, thus rescuing stochastic formalism. We also provide
a concise form for the most general higher-order correlator
between fields at two points.

Independently of its implementation, the only way to
really assess whether (and in which conditions) stochastic
formalism provides a good approximation for the evolution
of the field and for dark energy generation, is to compare its
predictions to the results from quantum field theory. This is
the subject of Sec. III, which presents a study for the
noncoincident 2-point field correlator and compares its full
result to the stochastic theory approximation. Even in its
relative simplicity, this is to our knowledge the first test of
stochastic formalism in the noncoincident regime beyond
inflation, namely in radiation and matter epochs. It con-
firms that stochastic theory gives the right amplitude
of correlators and it also reproduces the right behavior
for super-Hubble separations between the two points, but
at intermediate scales the situation is more intriguing.
Stochastic formalism, focusing on long modes, is not
designed to catch the shape of correlations at sub-
Hubble scales and we showed that in matter-dominated
epoch, a full quantum field theory treatment predicts that
correlations persist at deeper distances than the stochastic
approximation suggests. The discrepancy is mostly attrib-
utable to the energy content of spatial gradients, which are
ignored in stochastic formalism. We support quantitatively
this argument by studying the effect of a reduced speed of
sound, which suppresses the contribution of spatial gra-
dients. The consequence is a better agreement between
QFT and stochastic formalism when the speed of sound is
smaller.

The exploration of the observational consequences of the
model is crucial to test it using cosmological data and
compare its performance to ACDM. At the background
level, it was found in [30] that Euclid and LSST could be
able to test the redshift-dependence of the dark energy
equation of state predicted. Encouraging results in model
comparison with ACDM also come from [33].

It is remarkable that the simple dark energy model
considered in this paper shows a rich phenomenology of
dark energy, which is not just a time-dependent and
spatially homogeneous dark energy, but rather a spa-
tially-correlated quantum field, whose fluctuations can
be used to compute interesting effects on physical observ-
ables and ultimately test the model. An example in this
direction is [34], where the consequences of spatial
correlations on the luminosity distance of supernovae is
quantified and compared to the signal expected from a
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perturbed ACDM Universe (null hypothesis). Furthermore,
areduced speed of sound would increase the signal of dark
energy fluctuations imprinted on luminosity distance cor-
relations, to the point that the LSST survey could detect it.
In [32] it was investigated the possibility that a dark
energy of quantum origin could relieve the Hubble tension.
The result is affirmative because, within the approxima-
tions used there, the tension goes from more than 4o in
ACDM down to lo in the quantum dark energy model.
Independently of the details related to the model specifics,
this shows that proposals of this kind have a great potential
for the Hubble tension issue. In Sec. VI of the present paper
we review and further expand the theoretical aspects of
the Hubble tension within our dark energy model, high-
lighting the role of spatial correlations in providing differ-
ent answers for the average Hubble rate, depending on the
scale probed. The path from spatial correlations of dark
energy to the Hubble tension drawn in Sec. VI can be used
to extract a few general techniques. It could serve as a basis
|

for numerical refinements and also be applied to other
fluctuating dark energy models.

Finally, the techniques developed here can be used for a
more accurate modeling of not just dark energy, but also of
dark matter, given that the ultimate origin of these mys-
terious components is quantum [56-59].
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APPENDIX A: SOURCES OF 4-POINT FUNCTION
STOCHASTIC EQUATIONS

The stochastic sources needed in Egs. (2.78)—(2.83) are

ng p(t,r) = ﬁ <{JAC(/)(L fl)»&(ﬁ fl)}f?)z(f, %) + &2(1, )71){}{/)07 X5). <?!>(t, X2)})s

n¢ﬂ.¢ﬂ([’ r) 6([)H3(t) <{§Ab(t’xl) (
+ {J?qs(f’xl)’;f(f,fl)}{i(ﬁfz)vﬁ(ﬁfz)}
+{p(t.%1), #(1. X)) HP(1. o), Fo (1. %
1
n¢2’ﬂ2(l‘, r) :W

D} (%), Fo(6.3) H (1. 5). 2(£.52) ).

<{JAC(/;(E X)), (1.3} (1.%,) + #2(1, 371){}(/)07 %), d(1.5%)}

{130, 2(0.30) 197 (1.%2) + (1 X)L (1. 52). 2 (1. 30) 1),

1
n ﬂ,ﬂ2(l‘, r)
2 9(1‘)

1)
+22(1. % ){a(t

A

(B E){ (1. 52). p(1. %)} + {F(t.31). p(1. %)) } 22 (1. 5,)
2)s JAC(/:(f X))} + {ﬁ(ﬁfl),f{/)(f’fl)}ﬁz(ﬁ X))

(%
AT e (030, (L) HB(05). (1 F2) ) +{d(1.31). 4(0. ) HT o (1. 52). 2(1. %)},

1 R
n.. ﬂz(l‘, r) = m <{f7r(t’

X)), (1,5 }2(1.5,) +

R (L) (1. 55). 2(1.55)}). (A1)

The stochastic sources can be computed in terms of the mode function ¢(z, k). The results depend on integrals over
Fourier modes, which we regulate at low momenta with an IR cutoff k, (while paH plays the role of an UV cutoff). Their

expression is
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Ny g = % (naH)* (1 = €)[lp(t. k)Pli—yan AWH dki?|g(t. K)[*[1 + 2jo(uaHr) jo(kr)].
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ko
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dki|¢(1. k)|?

att 59 H\® (uaHr
[ e St - () Guguarin MU,
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/ K22 )P+ 2jo(waH ) jokr)]

k=paH ko

it ) Pl / " ke g R + 2j0(MaHV)jo(kr)]}»
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1 [.l3a3 . 2 paH 20 . 2 . .
Ny 2 = 2—7147(1 —&)[|@(t, K) [ lipart : dkk|p(t, k)| [1 + 2jo(uaHr) jo(kr)]. (A2)
0
I
where jy(z) = “Zﬂ and j;(z) = - d% Jo(z) are the spherical ~ functions. Part of the work was already done in Appendix

Bessel functions of order 0 and 1, respectively, which are
evaluated at z = kr.

In de Sitter inflation with constant Hubble parameter H,
assuming ¢ <0 and (m/H;)* < |&| < 1, their leading
behavior is given by Eq. (2.88).

APPENDIX B: CORRELATORS IN
MATTER + COSMOLOGICAL
CONSTANT EPOCH

This Appendix contains the evolution of the scalar field
correlators after matter-radiation equality, including both
matter and a cosmological constant (CC) as the fluids
leading the expansion. This could serve as a possible
refinement of the evolution in a pure matter-dominated
Universe given in Secs. [IB3 and IIC 3, because the
energy-momentum tensor of the scalar field contains a part
behaving like a cosmological constant that contributes to
the expansion. For simplicity, we focus on 2-pt functions,
but it is straightforward to extend the treatment to 4-pt

A.3 of [32]. Our goal is to solve the system of equa-
tions (2.31)—(2.33) in a matter + CC Universe to predict the
2-pt correlators today.

We set the number of e-foldings N to N = 0 at matter-
radiation equality and denote by Ny = ln(g—’;’) ~ 8.1 the
current time (today). As usual, Qz ~9.1 x 1075, Q,, ~ 0.3
and Q) ~1-Q,,~0.7 are the radiation, matter and
cosmological constant fractions of energy density today.

The parameter € = —H/H? as a function of N is
3 1
e(N) = 214 & (B1)

Following Appendix A.3 of [32], let us change variable
from N to

n(N) = !

=TT (B2)
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Then e(n) = (3/2)n and the ratio between the effective
mass and the Hubble rate M (n)/H(n) is

<AI-/II((Z§)2 - <H’ZE>2(1 —n) - 12|§|(1 —%n), (B3)

where Hpg = Hy\/Q,. Matter-radiation equality N =0
corresponds to ney = (1 + &6—3%)—1

while the current

time N gives ny = Q,,. The derivatives with respect to N
are easily transformed to derivatives with respect to n by
using dn/dN = 3n(n —1). Neglecting stochastic noise
sources, as legitimate after inflation, Eqgs. (2.31)—(2.33)
are equivalent, in vector/matrix notation, to

dn (I’l r) —|—A( )( )A(2>(l’l,}’) =0, <B4)
where the matrix Ap)(n) can be decomposed as
A(z) (I’l) = bl(l’l>Bl + bz(ﬂ)Bz + b’; (l’l)B3, Wlth
14
(&) —— Dy full /
Q /
%12 —— Ay full ,
3 Dy full /
g 10 /
E ——-- Dgp APProx. , /
:§ 8 ~-=- Ay approx. P 7
:S) 6l Ay approx. P 2
§ P
o~
:,E, 4
3 4
g 2 /
8
0
0 2 4 6 8 10 12

N (number of e-folds)

FIG. 7. The coincident 2-point functions Ay, Ay, and A in
the cosmological era dominated by nonrelativistic matter and
cosmological constant as functions of the number of e-foldings
starting from matter-radiation equality. The full lines refer to the
results in terms of hypergeometric functions given in (B24), while
the dashed curves are computed by neglecting time-ordering of
matrix exponentials in (B7). The black vertical line marks the
current epoch (N ~ 8.1). The curves are normalized with respect
to the initial value of Ay, at matter-radiation equality. The
correlators Ay, and A, have utterly negligible initial values
because of their exponential suppression through radiation epoch.
The values used for the cosmological density fractions today are
Qr=9.1x107, Q) =03, Q, ~1—-Q,, ~0.7, while for the
model we adopt & = —0.06 and m/Hpg = 0.6. For the largest
correlator A, the relative difference between the full result and
the approximated is less than 2% today and 6% in the future when
N = 12. The difference is even smaller for the less relevant
correlators A, and A

2—n (Hm)Z
b b =-——10F
](n) 2n(n—1) 2(”) |§| ( )
1
b = B5
and
000 000 0-10
B=|lo1o]l|, B,=|200], B;=[0 0 -2
002 010 00 O
(B6)

The exact solution of (B4) is

Apy(n,r) = Texp [—/

dn/A(z)(n’)] A(z)(neq, r), (B7)
q

where T exp denotes the time-ordered exponential,
accounting for the noncommutativity of B(n) matrices
for different n.

As we will see at the end of this Appendix, in particular
in Fig. 7, neglecting the time ordering only induces errors
at a few percent level. Therefore, before embarking in a
refined estimate using another method, let us mention what
the result is when time-ordering is not considered. In this
case, as already done for 4-pt functions in Appendix A. 3 of
[32], one finds that at leading order in |£[ and (7"~ ) the

2-pt correlators foday have a relatively simple approx1mate
expression40

A¢¢<N0, r) 1
Ay (No.r) | = | 4 e4§N0A¢,¢(O, r), (B8)
Aﬂ'.ﬂ' (NO’ r) 44’2

where A, ,(0, r) is the only 2-pt correlators inherited from
radiation epoch [see Eq. (2.61)] and ¢ is a combination of
parameters (the same as in Eq. (15) of [32]) defined as

-

2in(e,,) ~ 818 \7,

¢ =g ) 0] (B)
2Mn(Qy) — -1

We now propose another strategy to study the evolution of
correlators, which circumvents the computation of time-
ordered exponentials. We checked numerically that it repro-
duces the full time-ordered solution (B7). Finally, Fig. 7 will
show that neglecting time-ordering in the exponential (B7)
actually gives a surprisingly accurate result.

“OThis result refers strictly to the current time Ny = =In(3 R) At
intermediate times 0 < N < N the correlators have more com-
plicated expressions.
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1. Alternative solution

The full quantum field o obeys the second order
equation of motion (2.8). Trading cosmological time ¢
for the number of e-folding N and omitting for simplicity of

notation the spacetime dependence of o,

0 & A & s MA(N) & =
aNq>+(3—€(N))0N(D_a2(N)H2(N)(D+HZ(N)(D_O
(B10)

As we already did before, for super-Hubble (infrared)
modes k << aH we can neglect spatial gradients, which

here means dropping the Laplacian term. In matter + CC

epoch we switch from N to the variable n = Ze(n) as in

Egs. (B1) and (B2), and then Eq. (B10) becomes
2 2p 3 5
n*(1 —n)*o; —5n (1 —n)o,

m_)’ —n—@ —3n)|d =
+<3HDE> (I-n) 3(4 3n)|® =0.

(B11)

Notice that, when N increases, n decreases, therefore the
goal is to solve the Eq. (B11) from the initial n., =
(1 _,_3_26—31\70)—1 close to 1 (but slightly smaller), down

to smaller n (our current time corresponding to ny =
and the infinitely far future being n — 0).
One can show that, with a suitable (time-dependent)

rescaling of the field ®, Eq. (B11) reduces to a hyper-
geometric equation. The procedure consists in introducing

a new variable ® related to the old ® by,
& = no(1 - n)Pd, (B12)

where « and f are constants which are chosen in such a way

that @ satisfies a hypergeometric equation. One can then
check that, taking o and f as solutions of the quadratic

equations,
2 4
a2—a+<L> ~Jig =0,
3Hpg 3| |
Fisp-sld=0.  (B13)
20 3¢

then (B11) simplifies to
)2 3 2
n(l1-n)o;®+ |a— a—i—ﬂ—i—i n|o,®

—(a+ﬁ)<a+ﬁ+%>cf>_o,

which is a hypergeometric equation. Note that, under the
assumption of light field m/Hpg < 1 that we are using in
this work, we are guaranteed that the solutions a and f of

(B13) are real numbers. However we still have to make a
choice for the solutions since each of those quadratic
equations has two solutions. This will be done in a moment
after requiring identification of (B14) with the standard
form of hypergeometric equation (with variable n)

n(1=n)Rd+[c— (a+b+1)n]d,d —abd =0, (Bl4)
sothatc =a,a+b+1=a+p+3and ab = (a+ f) x
(a+ B +1). The solution (up to the irrelevant symmetry

between a and b built in (B14) itself) is, without loss of
generality,

a:;[;+a+ﬁ+¢(;+a+ﬁ)(;_3a_3ﬂ)},
11 1 1
b:§[§+a+ﬂ—\/<§+a+ﬂ> <§—3a—3ﬂ>],

(B15)

C = aqa.

Note that a and b are real if the quantity under square
root appearing in (B15) is non-negative, i.e., when
—3<a+p < This gives a way to select the solutions
for @ and f in (B13). For our purposes, it is sufficient to
work at linear order in the small quantities (m/Hpg)? and
|£]. Tt is then straightforward to check that the only choice
which complies with the condition —1<a+p <{ for
small but otherwise arbitrary values of (m/Hpg)? and |£] is

1 2m \%2 16
a:§<l_\/l_(3HDE) +?|§|>,

1 [ 16
ﬁ=4—1<—1+ 1+?|§|>.

Due to the singular points atn = 0,n = 1 and n — oo of
the hypergeometric differential equation (B14), the choice
of two linearly independent solutions for it depends on the
interval where one has to solve it. For our problem, as
already anticipated, the interval of n values needed is

Q. (14 g—ﬁ’: e~3N0)7! (if we want to evolve from matter-

(B16)

radiation equality until today) or {0, (1 + s%e—wo)‘l} if

we also want to extrapolate our predictions to the future (of
course the singular point n = 0 is never reached, since it
corresponds to an infinite scale factor). In these intervals
(and for noninteger values of ¢ — a — b) two independent
solutions are known to be ,F(a,b;1+a+b—c;1—n)
and (1-n)*"F(c—a,c—b;1+c—a—-b;1-n),
where ,F| is the Gauss’ hypergeometric function. We
can simplify some of the coefficients by using (B15) and
then write the solution of (B14) as
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2 N 3
D(n,X) = A(X),Fy (a, b;E +p1 - n)

+ B(X)(1 = n)P,F,

1
X (a—a,a—b;z—ﬂ;l—n>.

In the equation above we wrote explicitly the dependence
of the field on the spatial (comoving) position X, which is
reflected on the right-hand side by the quantum operators

A(X) and B(X) (time-independent). Thus, taking also into
account the factors in (B12) and the relation (B15), we find
®(n.3) = FA(n)A(X) + Fp(n)B(3).  (B17)

where we introduced a compact notation for the time-
dependent functions

Falm) = (1 = oy (i3 4 i1 = ).

1
Fpg(n) :n“(l—n)_%zFl (a—a,a—b;i—ﬂ;l —n),

(B18)
|

Gmo:4wﬂu_mm{@_

n

(a+p)a+p+3)

with a and b determined by a and f according to Eq. (B15).
We can also write the corresponding solution for the
canonical momentum operator [I(n,X) by looking at
Eq. (2.6) and transforming from the cosmological time ¢
variable to the x variable to get for the rescaled momentum
11/(a*H) relevant for our correlators

M1(n, %)

SH0 = -3n(1 - n)a,®(n,X).

(B19)

Upon inserting (B17) into (B19) and after taking derivative
of the hypergeometric functions, we obtain

fi(n. %)

S = Ga(n)A(X) + G(n)B(),

(B20)

where the functions G, (n) and Gg(n) are defined as

3
l—n>2F1 (a,b;i—l—ﬁ;l—n)

5
_ 2F1<a+1,b+1;§+ﬁ;1—n>],

S
Gp(n) = =3n2"1(1 = n): Kn +

&+ pla+p+]
1
bt

a 1/2

1
—n>2Fl <a—a,a—b;2—ﬂ;1—n>

3
)zFl(a—a+1,a—b+1;2—ﬁ;1—n)].

1

(B21)

We want to use these results to evaluate the coincident 2-pt functions A, Ay, and A, defined in (2.25)—~(2.27). We begin

by observing that Eqs. (B17) and (B20) imply

Ayy(n) (A%)
Auﬂ(”) - M(I’l) <{A7 B}> ’ (BZZ)
Ar(n) (B
where the matrix M (n) is defined as
F3(n) Fu(n)Fp(n) Fj(n)
M(n) = | 2Fo(n)Ga(n) Fs(n)Gg(n) + Ga(n)Fp(n) 2Fg(n)Gg(n) (B23)
Gi(n) G4 (n)Gp(n) Gy(n)

The constant correlators (A%), ({A, B}) and (B?) (which are also space-independent due to the homogeneity of the FLRW
background) are determined by the values of A (7eq), Ay, (7eq) and A, (ney) at matter-radiation equality inherited from

radiation epoch, so that we conclude
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A¢¢(n) A(/)(/}(neq)
Ape(n) | = M()M ™ (neg) | Apr(neg) (B24)
Any (I’l) Amz(neq)

The same equation also holds for noncoincident correlators
as one can see by considering fields at two comoving
positions X and y. As we know, homogeneity and isotropy
of the FLRW background imply that the spatial dependence
of these correlators only appears through the relative
distance r = ||X — ¥||. Then from Egs. (B17) and (B20)
it follows that

Ayy(n.r) (ADA(®))
Ayy(n,r)
Aq(n, 1)

where M(n) is the same matrix defined in (B23). In terms
of initial conditions at matter-radiation equality

A(/”/)(Vl, r) A¢¢(neq,r)
A()ﬂ(n’ r) = ./\/l(n),/\/l_l(neq) A¢7f(neq’ I") 4
Aﬂl[(n’ I’) Arm(neq’ r)

(B26)

which shows the same time evolution as in (B24).
Figure 7 shows the comparison between the full result
for the coincident correlators (B24) computed using the
technique explained here against the approximation of
neglecting time-ordering in the matrix exponentials of
(B7). The values of the cosmological parameters chosen
are given in the caption of the figure. For the most
relevant correlator A, (N) the difference between the
two methods at the current epoch (N, ~ 8.1 e-folds since
matter-radiation equality) is less than 2% level. Thus the
approximation without time-ordering works quite well, at
the few percent level. The deviation grows to 6% in the
future at N = 12.

APPENDIX C: EFFECT OF NONZERO INITIAL
CONDITIONS IN INFLATION

Here we investigate the consequences of initial con-
ditions for the inflationary era inherited from a preinfla-
tionary epoch. If Py(t;,.k) is the power spectrum of
the field at the beginning of inflation inherited from the
preinflationary epoch (where #;, is cosmological time at
the beginning of inflation and k is a comoving wave
number), then its 2-point function is

(C1)

1 nainHy df
Ay (tins 1) / —Jo(kr)Py(t, k).

22 ),k

Let us suppose that the field power spectrum follows a
distribution of the form

Pyt k) = (fn)z[”o <%> +%] (2)

The equation above is obtained naturally by supposing that
the average occupation number for a mode with momentum
k follows a thermal-like distribution 7, = no(“‘"—kT““)", where
we allow for a generic power ¢ and T, is a generic mass
scale parameter that plays the role of a temperature (but it is
not necessarily the physical temperature).

The term 1/2 in Eq. (C2) is the zero point energy. Notice
that, apart from this 1/2 addend, the case ¢ =2 corre-
sponds to a scale-invariant spectrum.

Using (C2) into (C1) and approximating the Bessel
function as a Heaviside 0 function, we get for ¢ < 2 that

(uH,)? 2 1o Tin .1
A . = Il
poltn: 1) =) 55 ) Ta

(C3)

The spatial dependence has been encoded in the function
d(r) given by

1
Hain HI

1 if r <

d(r) ~ (C4)

1 : 1 1
1 — <<
uanHr painH; ~ ko’

where we have truncated distances up to 1/k, since k is
the IR cutoff. We want to follow the evolution of 2-pt
correlators during inflation.

As for the initial conditions of A, ; and A, , we suppose
Ay q(tin.r) =0and A, ,(tiy, ) = RA, 4 (tin. 7), Where we
introduced a parameter R as the ratio between the amplitude
of the initial power spectrum of the canonical momentum 7,
compared to that of the field g;ﬁ

Evolving these initial conditions, at the end of a phase of
de Sitter inflation, the (coincident for simplicity) 2-point
functions A(y) = (Ay 4. Ay r Az ) are in row vector form

>
R (ﬂH1)2
T _ - 8|¢|N;
A(z)(NI)—<1+9> 2 e8!
5 T \7( 1, 1 L
" ST S SV S
\uH,) \2-6 7+8¢]) "4 16/¢
x (1,8€], 16£2), (Cs5)

where the parameter 7 includes both the possibilities of the
“temperature-like” parameter 7 being constant during infla-
tion (due to some energy refilling akin to [66]) in which case
7 =20, or a more natural decreasing 7 « 1/a (when no
significant particle production occurs) in which case 7 = o.
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Comparing Eq. (C5) with the result (2.53) (to be taken
at coincidence r = (0 and with ¢, = 1) obtained in inflation
with zero initial conditions, we see that in the new case
(with nonzero initial conditions) correlators increase by a
factor of

(new)
A R
22 (1 +§);ﬂ [1 + 4/¢|

A gold)

T, \°/ 1 1
“6'5'”(’(#1{,) <2—6+T+8|~EI>} (c6)
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