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The construction of fractal generalized zone plates from a set of periodic diffractive optical elements with cir-
cular symmetry is proposed. This allows us, for instance, to increase the number of foci of a conventional frac-
tal zone plate while keeping the self-similarity property within the axial irradiance. The focusing properties of
these fractal diffractive optical elements for points not only along but also in the close vicinity of the optical
axis are investigated. In both cases analytical expressions for the irradiance are derived. Numerical simula-
tions of the energetic efficiency of fractal generalized zone plates under plane wave illumination are carried
out. In addition, some effects on the axial irradiance caused by variations in the area of their transparent rings
are shown. © 2009 Optical Society of America
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. INTRODUCTION
ractal structures play an important role in being able to
escribe and understand a large number of phenomena in
everal areas of science and technology [1]. Within the op-
ical community, there is a growing interest in imple-
enting optical structures that exhibit fractal properties.
mong these, it has been shown that optical fields derived

rom the diffraction of waves by fractal structures can
riginate self-similar on-axis irradiance profiles under
onochromatic illumination [2,3]. This means that,
ithin a focal energy distribution, some of its parts have

he same shape as the whole irradiance profile. This phe-
omenon appears when we deal with a fractal zone plate
FraZP) designed on the basis of the well-known Fresnel
one plates (FZPs) [4,5]. The focusing properties of the op-
ical elements of the former have been investigated theo-
etically, using the Fresnel approximation [2,3], as well as
y means of an experimental implementation with liquid-
rystal displays [6,7]. In practice, FraZPs have been used
o produce a sequence of focused optical vortices [8] or to
chieve optical images with an extended depth of field
nd reduced chromatic aberration under white-light illu-
ination [9].
In this paper, the construction of fractal generalized

one plates (FraGZPs) from a set of GZPs is proposed. By
ZP we mean a circularly symmetric binary pupil that is
eriodic in the squared radial coordinate and in which the
atio between the areas of the whole period and its trans-
arent part is a positive integer number �. In accordance
ith the above definition, a conventional FZP is a particu-

ar case of a GZP with �=2, because within a period the
reas of opaque and transparent regions are equal. It
hould be noted that the focusing properties of these
ZPs under monochromatic and femtosecond illumina-

ion were studied extensively in [10]. With the introduc-
1084-7529/09/051161-6/$15.00 © 2
ion of FraGZPs, the number of foci and the diffraction
fficiency within certain axial intervals are increased in
omparison with similar aspects of FraZPs. We find that
ncreasing the number of foci of a FraZP could be applied,
or instance, to trap and manipulate particles at different
ontrolled levels by means of a spiral FraZP [8]. From an
nalytical point of view, expressions are determined for
he irradiance along the optical axis or for the position
nd peak height of several intense foci. The self-
imilar property within the irradiance patterns of
raGZPs, which is derived from these results, is also
hown.

On the other hand, thanks to the diffractive nature of
raZPs, they can be used in optical regions where refrac-

ive optics is not available due to the strong absorption of
aterials, such as those related to soft x-ray microscopy

r terahertz imaging, where FZPs have been successfully
pplied [11,12]. To this end, it is essential to know the
iffraction-limited resolution and/or the energetic effi-
iency of the fractal structures. In this work, a novel
tudy of the three-dimensional light distribution of fractal
tructures in the vicinity of the optical axis is included. To
arry out this study, an approximate analytical expres-
ion for the irradiance of circularly symmetric binary
lates in the vicinity of the optical axis was achieved.
The structure of the manuscript is as follows. In Sec-

ion 2, the procedure for constructing the proposed fractal
tructures is described, and then their on-axis focusing
roperties are investigated. In Section 3, the off-axis be-
avior as well as the energy efficiency of our plates is
hown by means of some illustrated examples and par-
icular integrals. To emphasize the main features of the
ractal plates introduced here, we summarize their at-
ributes in Section 4, and our conclusions are given in
ection 5.
009 Optical Society of America
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. ON-AXIS FOCUSING PROPERTIES OF
RACTAL GENERALIZED ZONE PLATES
he construction of a FraGZP from a set of GZPs is shown

n Fig. 1 for �=4. In accordance with the notation for
raZPs [2], N=1,2, . . . is the number of segments within
he fractal structure, and S=0,1, . . . is the number of re-
ursion times or fractal levels. In addition, the outermost
ing radius of the resulting plate is denoted by a. To de-
ermine the spatial distribution of their zones, the radii in
he squared radial coordinate of transparent and opaque
ings of each GZP are represented by consecutive open
nd filled line segments, thus forming a geometric bar. All
ars are placed near each other and aligned to form a col-
mn of bar lines. The amplitude transmittance in the
quared radial coordinate of the binary pupil is then ob-
ained from the rotation of the whole structure around
ne extreme. In this process, the open segments that co-
ncide in position with filled ones are canceled out. After
he change of variable, the remaining open segments be-
ome the transparent rings of the resulting binary pupils.

It can be shown that the period of GZPs normalized to
2 is given by p=� / ��N− ��−1��S. After taking into ac-
ount the dependence of p on the parameter �, the on-axis
rradiance of a FraZP [2] can be generalized and rewritten
n the form

IFraGZP�u,N,S,��

= IGZP�u,N,S,���
i=1

S−1

sin2�N
��u

��N − �� − 1��i��
sin2� ��u

��N − �� − 1��i� , �1�

here IGZP�u ,N ,S ,�� denotes the on-axis irradiance origi-
ated by a GZP, with N transparent rings and period p,
hat is illuminated with a monochromatic plane wave:

IGZP�u,N,S,��

= 4 sin2� �u

��N − �� − 1��S�sin2�M
��u

��N − �� − 1��S��
sin2� ��u

��N − �� − 1��S� . �2�

n Eqs. (1) and (2) the term u=a2 / �2�z� is a normalized
xial coordinate. Here, it should be pointed out that the
umber of transparent rings is given by M in Eq. (2) in
rder to prevent it from being mixed with variable N,
ven when in this particular case M=N. The slowly oscil-

ig. 1. Steps for construction of a FraGZP with N=2 and S=2 fr
2, and (d) pupil in r.
ating right-hand term in Eq. (2) determines the energy
ontent of the different foci. The trigonometric quotient
llows us to derive their axial locations, given by zn
pa2 / �2�n�, with n=1,2, . . ., and so on. An exception oc-
urs when the equality n=m� is fulfilled, where m is also
positive integer. In this case, the focus transforms into a
hase singularity where the intensity vanishes [10]. The
unction given by Eq. (1) also achieves maximum values
t the positions z=zn. The foci associated with the posi-
ion are referred to as “principal foci,” and the remaining
nes are called “secondary foci.” The peak heights of the
rincipal foci are assessed after solving the limit of
FraGZP�u ,N ,S ,�� as z approaches zn, the value of which is
N2S sin2�n� /��.
To analyze the on-axis focusing characteristics under
onochromatic illumination of FraGZPs, six irradiance

urves are plotted in Fig. 2 (top and middle rows). To ob-
ain the curves, the parameters N=2, S=2,3, a=10−2 m,
=780 nm and �=2,3, and 4 were substituted into Eq.

1). The self-similarity property is observed from two
haracteristic irradiance profiles with different fractal
evels. That is, the patterns with S=3 (top row of Fig. 2)
re modulated versions of the corresponding ones in the
revious stage S=2 but now plotted just in the middle
ow.

The irradiance profiles caused by the associated GZPs
re shown in the bottom row of Fig. 2 (only for S=2), after
etting M= ��N− ��−1��S /�+ ��−1� /� in Eq. (2). In this
ase, the peak heights of their principal foci are also de-
ermined from Eq. (2) to yield 4M2 sin2�n� /��.

From the insets in the middle and bottom curves of Fig.
it can be noted that a FraGZP is no more than a GZP
ith some of its transparent rings missing. Furthermore,
FraGZP with S=2 may be considered to be a particular

ase of a lacunar FraZP [3]. However, this does not apply
o the case S=3 or higher fractal orders

After a visual inspection of Fig. 2 it is clear that the
umber of foci becomes higher as the parameter � in-
reases. Within a characteristic irradiance profile of a
raGZP, this number is given approximately by ��−1���
1�S−1 for an even value of the parameter �, whereas it
ields ��−1��S−1 for an odd value of it. The above expres-
ions do not take into account irradiance peaks with rela-
ively low heights. For instance, for FraGZPs with param-
ters [�=2, S=2] and [�=3, S=2], irradiance peaks with
ess than 6.3% and 4.2%, respectively, of the maximum
eak height are not considered in the above expressions.
ote that the peak heights of some secondary foci, nu-
erically determined from Eq. (1), cannot be disregarded

ecause they have an order of magnitude similar to that

Ps with �=4. (a) geometric bars, (b) rotation process, (c) pupil in
om GZ
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f the principal foci. The common foci are identified by
omparing the characteristic irradiance profiles of a
raGZP and its corresponding GZP.

. THREE-DIMENSIONAL LIGHT
ISTRIBUTION AROUND THE OPTICAL
XIS

he off-axis behavior of the diffracted field cannot be
tudied with the above formulation. To study such behav-
or, an approximate analytical expression for the irradi-
nce in terms of the first Rayleigh–Sommerfeld diffrac-
ion integral can be derived [13]. For points in the close
icinity of the optical axis it yields

I�u,R� =��
m=1

M 	J0�4�
urimR

a2 �cos�2�
urim

2

a2 �
− J0�4�

uromR

a2 �cos�2�
urom

2

a2 �
�2

+��
m=1

M 	J0�4�
urimR

a2 �sin�2�
urim

2

a2 �
− J0�4�

uromR

a2 �sin�2�
urom

2

a2 �
�2

. �3�

n Eq. (3), rim and rom denote the inner and outer radii of
he transparent rings, which are given by rim=a�p�m
1�1/2 and rom=a�p�m− �1−1/���1/2, respectively, for a
ZP. The radial coordinate in the output transversal
lane is given by the variable R. The function J0�x� is the
essel function of the first kind with order zero and argu-
ent x. In general, Eq. (3) can be applied to simulate the

ff-axis irradiance created by the diffraction of a plane
ave through any binary amplitude pupils with circular

Fig. 2. Characteristic irradiance profiles of Fra
ymmetry. In the case of a FraGZP, care must be taken to
onsider only the suffixes m corresponding to the remain-
ng clear zones that result from the construction process
see Fig. 1). When R=0, we can use Eq. (3) to plot the
urves of Fig. 2.

To be consistent with the previous analysis, we focus
ur attention on the off-axis behavior of the irradiance
aused by the pupils depicted in Fig. 2 and, more specifi-
ally, those characterized by S=2 together with GZPs.
igure 3 shows the complex structure of foci near the op-

ical axis. From the three-dimensional light distribution,
ne can compare the ability of FraGZPs and correspond-
ng GZPs to concentrate the energy around the optical
xis.
If we look carefully at the light distributions in Fig. 3,

e can observe that the transversal widths of the princi-
al foci are almost the same for a fractal structure and its
orresponding GZP but that the axial width is reduced
ith the first of the two pupils. The latter effect can per-
aps be seen more clearly in Fig. 2. This behavior sug-
ests that a FraGZP could be used as a lens to enhance
he resolving power of a GZP, bearing in mind that the
eak height is lower when using a fractal pupil. To give a
umerical example, we assessed the full width at half-
aximum in the axial direction of the foci at z=z7 for the

upils in Fig. 2 with �=3 and S=2. In this case, the ratio
etween the corresponding values yields a value of 0.87.
There is currently a growing interest in the use of zone

lates for microscopy, micromachining, and lithography
14,15]. Within this context, the energy efficiency of
he binary pupils on any transversal plane z is deter-
ined. We evaluate the expression Eeff�R0�
2��0

R0I�u ,R�RdR / ��a2�, which gives us the ratio be-
ween the energy transmitted by a pinhole of radius R0 on
he output plane z and the energy of the incident plane
ave within the pupil area A=�a2. The results for the bi-

(top and middle rows) and GZPs (bottom row).
GZPs
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ary pupils used in Fig. 3 on three principal planes
=zn are shown in Fig. 4, where the radius R0 varies from
to 150 �m. Because of the absence of some rings for the

oci that were compared, FraGZPs are seen to be less ef-
cient than the corresponding GZPs. This difference is re-
uced as � tends to 2 (see insets in Fig. 2).
Within characteristic irradiance profiles like those

hown in Fig. 2 and 3, the energy distributed among foci
long the optical axis is evaluated by calculating the in-
egrals EFraGZP=�uin

uoutIFraGZP�u ,N ,S ,��du and EGZP
�uin

uoutIGZP�u ,N ,S ,��du. The limits of the above integrals
xtends from uin= t� /p to uout= �t+1�� /p, where a value of
=1,2, . . . denotes a given axial interval. From the analy-
is of the results EFraGZP=2NS� /p and EGZP=2M� /p,
gain with M= ��N− ��−1��S /�+ ��−1� /� and p=� / ��N
��−1��S, it can be verified that (a) the diffraction effi-
iency of GZPs is better than that of FraGZPs within the
hole intervals in Fig. 2 and 3, and (b) the energy along

he optical axis contained within a characteristic profile
ncreases as the parameter � increases, due to diffraction
y FraGZPs. The calculus of the energetic efficiency of bi-
ary pupils is a necessary requirement for many experi-
ents, such as the generation of nonlinear effects, where
ZPs have been successfully applied [16,17]. In this con-

ext, kinoform and multiphase level FraZPs are currently
nder development to improve the diffraction efficiency of
inary pupils [18,19].
Finally, we can study how the on-axis irradiance profile

evelops when the area of the transparent rings is modi-

ig. 4. Energy efficiency of FraGZPs (thin curves) and GZPs (th
=4). In all cases S=2.

ig. 3. (Color online) Normalized off-axis irradiance profiles of F
f Fig. 2.
ed. This is useful for achieving a deep insight into the
ocusing features of FraGZPs. Here, the period of the bi-
ary pupil is fixed and, consequently, so are the inner ra-
ii rim=a�p�m−1�1/2. Then, the outer radii are displaced
ll together in accordance with the expression rom
a�p�m− �1−1/���1/2, where ��1 is a real number. Now,

he radius of the outermost transparent ring is no longer
constant but changes with � as roM

2 =a2�1−p�1−� /�� /�.
nder these conditions, we can use Eq. (3) for R=0 to
ake animations of the irradiance evolution as the pa-

ameter � increases (or decreases). By so doing, it is pos-
ible to see characteristic irradiance shapes when � takes
ositive integer values. In particular, those obtained for
=2 when �=2, �=3, and �=4 are shown in Figs.
(a)–5(c), respectively. The corresponding binary pupils
re also depicted at the top of Fig. 5. Note that the form of
characteristic profile depends on the particular value of

, whereas the relative peak heights of their foci will de-
end on the period p.

. HIGHLIGHTING PRINCIPAL ATTRIBUTES
F FRACTAL GENERALIZED ZONE
LATES

n comparison with conventional FraZPs, the particular
eatures of the FraGZPs introduced above can be summa-
ized as follows:

ves) on the planes z=z5 (for �=2), z=z8 (for �=3), and z=z10 (for

s (top) and GZPs (bottom) given in the middle and bottom rows
ick cur
raGZP
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1. In contrast to FraZPs, the ratio between areas of the
hole period and its transparent part for FraGZPs can be

hanged into positive integer numbers ��2. This fact pro-
ides a more general procedure for constructing self-
imilar structures (see Fig. 1). In the particular case of
=2, our fractal structures reduce to FraZPs, and, conse-
uently, the analytical expression for the on-axis irradi-
nce given by Eq. (1) becomes that of FraZPs.
2. The number of foci within a characteristic irradi-

nce profile is increased by ��−1���+1�S−1−3S−1 for an
ven value of the parameter � and by ��−1��S−1−2S−1 for
n odd value of �. The relative peak heights of the most
mportant foci within a characteristic irradiance profile
how less discrepancy than those of FraZPs. Therefore,
he energy of the diffracted field is redistributed among
oci in such a way as to generate a more uniform illumi-
ation than in the case of FraZPs. Notice that these fea-
ures are significant for obtaining high-quality images un-
er polychromatic illumination [9,19].
3. The off-axis irradiance behavior of FraGZPs and

raZPs suggests that they could be used as lenses to en-
ance the resolving power of a GZP (see Fig. 3). For
raGZPs, this effect can be expected within a multifocal
rrangement.
4. The diffraction efficiency along the optical axis of

raGZPs within a characteristic irradiance profile be-
omes higher as the parameter � increases. From previ-
us results,

EFraGZP − EFraZP = 2NS��N − �� − 1�S − 2NS�2N − 1�S � 0.

asically, the above-mentioned attributes support the in-
roduction of the fractal structures discussed in this paper
s novel diffraction elements. When ��2, the geometrical
hape of these elements and their diffraction behavior
learly differ from those of conventional fractal plates. We
elieve that, depending on the application in which they
re used, FraGZPs can enhance the performance of
raZPs.

. CONCLUSIONS
n this paper we have presented FraGZPs constructed
rom periodic diffractive optical elements. The analytical

ig. 5. Normalized on-axis irradiance of FraGZPs as a function
=2 and S=2.
xpressions for the on-axis irradiance as well as for the
osition and height of the principal foci were obtained.
he on-axis irradiance curves are related to those of the
orresponding GZPs by common foci (see Fig. 2). An ap-
roximate analytical expression for the irradiance in the
lose vicinity of the optical axis was also derived. This al-
owed the off-axis structure of foci to be analyzed so as to
etermine, for instance, their transversal width and the
nergy efficiency of FraGZPs. Finally, we also realize that
similar study for FraGZPs could be carried out with a

ifferent approach [20].
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