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1 Introduction

A boundary conformal field theory (BCFT) is a conformal field theory (CFT) defined on
a manifold with boundaries where half of the conformal symmetries are preserved by the
boundaries [1–4]. Gravity duals of boundary conformal field theories (BCFTs) have been
actively studied recently as a major generalization of AdS/CFT correspondence [5–7], so-
called the AdS/BCFT [8–11]. Its bottom-up construction is given by cutting out a part
of the bulk AdS surrounded by the end-of-the-world brane (EOW brane). One of the
major advantages of AdS/BCFT is that the computation of entanglement entropy in the
AdS/BCFT is straightforward, such that the minimal surface in the holographic entangle-
ment entropy [12–14] can end on the end-of-the-world brane as first noted in [9, 10] (see
also [15]). This was recently employed to analyze black hole evaporation processes to derive
the Page curve [16], where the Island prescription [17, 18] is expected from the brane-world
holography [19–31]. For further applications of AdS/BCFT to black hole information prob-
lem refer to e.g. [32–54]. There are many other applications of the idea of AdS/BCFT,
ranging from quantum many-body aspects of chaotic BCFTs [55–73] and boundary renor-
malization group flows [74–77], to calculating quantum information measures [78–86] and
building cosmological models [87–91]. The basic duality relations and their consistency
of AdS/BCFT have also been analyzed in [92–96] and string theory realizations have also
been studied in [97–106]. The AdS/BCFT correspondence was generalized in [107–112] to
construct gravity duals with higher codimensions, named wedge holography.

So far, most of the works on the AdS/BCFT have focused on the case where a single
conformally invariant boundary is present in a BCFT. The case where a non-conformal
boundary is present or the case where different types of boundaries coexist has not been
well studied. The main purpose of this paper is to investigate these problems by analyzing
a simple variant of the AdS/BCFT where there is a scalar field φ localized on the end-
of-the-world brane. For example, if we consider a string theory embedding of AdS/BCFT
with an orientifold as in [10], we can add D-branes on top of the orientifold, which lead
to fields localized on the end-of-the-world brane. This single scalar field on the brane is
expected to be dual to a boundary primary operator in the BCFT. We also expect that
some fields in the bulk AdS can be dynamically localized on the brane and these fields
can also be treated as brane-localized fields. Also, a brane-localized scalar field plays an
important role in the holographic Kondo effect [57, 58, 113–115].

Non-trivial profiles of brane-localized scalar fields allow us to construct explicit so-
lutions which describe the boundary RG flows and also those which correspond to the
presence of two boundaries with different boundary conditions. This problem was treated
in a probe limit in [86] recently. There is another interesting approach to AdS/BCFT
with different boundary conditions by introducing a defect on the EOW brane as discussed
in [116, 117].

Analytical results are often available in simple constructions of AdS3/BCFT2 with
a brane-localized scalar in three dimensions, because the bulk gravity dynamics is still
given by the vacuum Einstein equation in three dimensions, whose local solutions are all
equivalent to the pure AdS3. We can even design a large number of solutions by tuning
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the profile of the potential of the scalar field. As we will see in this paper, this allows us
to construct explicit boundary RG solutions when the CFT is defined on an upper half
plane, a strip, a round disk, and an annulus as we will explicitly see. Moreover, we will
be able to find a solution with the end-of-the-world brane which connects two boundaries
with different values of the scalar field, which is dual to a BCFT on a strip with two
different boundary conditions. In this strip example, we can construct a connected EOW
brane solution using the Poincaré AdS3 metric which is not possible without the brane-
localized scalar field. We will observe that this solution experiences a phase transition
which is analogous to the confinement/deconfinement transition in the presence of chemical
potential and temperature. Moreover, we will present a connected EOW brane solution
for a BCFT on an annulus for the first time, which is again impossible without the scalar
field. In this way, our simple models describe a new broader class of boundary conditions
in CFTs, which possess rich structures.

The Wick rotation of the strip example with the scalar field leads to a new time-
dependent solution. This can be regarded as a deformation of the solution in [118], which
describes a thermalization of a pure state described by a boundary state. In our case
with the scalar field, as we will see in this paper, the solution can be more appropriately
regarded as the transition matrix instead of a regular quantum state. Accordingly, the
holographic entanglement entropy in this class of backgrounds is correctly interpreted as
the holographic pseudo entropy. The pseudo entropy is a generalization of entanglement
entropy such that it depends on two different quantum states [119]. We will observe
that the confinement/deconfinement-like phase transition of the AdS/BCFT with a brane-
localized scalar leads to an interesting transition of the time evolution of the entropy
from O(t) to O(log t) and then O(t0), which looks analogous to the measurement-induced
phase transition [120–122]. Moreover, we will suggest a possibility that our time-dependent
gravity dual solution with the EOW brane may be interpreted as a non-unitary evolution
such as projection measurements of infrared degrees of freedom with the entanglement
entropy showing a measurement-induced phase transition.

This paper is organized as follows. In section two, we present our basic setup of
AdS/BCFT with a brane-localized scalar and derive the boundary condition on the end-
of-the-world brane. In section three we investigate planar branes in AdS3/BCFT2 with a
scalar field, each of which is dual to either the BCFT with a relevant perturbation on an
upper half plane or the BCFT on a strip with a marginal perturbation. In section four,
we examine round-shaped branes in AdS3/BCFT2, dual to BCFTs on annuli or disks with
perturbations. In section five, we study higher dimensional examples. In section six, we
consider a finite temperature setup in three dimension and analyze the phase transition
between the connected and disconnected solution in the presence of the brane-localized
scalar field. In section seven we study transition matrices by choosing the time-dependent
profile of the brane-localized scalar field which computes the pseudo entropy. We will show
that it exhibits an interesting phase transition. In section eight, we draw conclusions and
discuss future problems. In appendix A, a detailed analysis of round-shaped EOW brane
solutions is presented.
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Figure 1. A sketch of our setup of AdS/BCFT.

2 AdS/BCFT with brane-localized scalar field

In this section, we present a general formulation of Einstein gravity with a scalar field
localized on the end-of-the-world brane (EOW brane) Q in AdSd+1. This is dual to the
d-dimensional BCFT on Σ via the AdSd+1/BCFTd. The gravity dual is given by the d+ 1
dimensional region M whose boundary is given by Q ∪ Σ, as depicted in figure 1.

This model is described by the total action:

I = IEH + IGHY + Ibrane,

IEH = − 1
16πGN

∫
M
dd+1x

√
g(R− 2Λ),

IGHY = − 1
8πGN

∫
Σ
ddx
√
hK,

Ibrane = − 1
8πGN

∫
Q
ddx
√
h(K − hab∂aφ∂bφ− V (φ)), (2.1)

where gµν is the bulk metric and hab is the induced metric on the EOW brane Q, whose
extrinsic curvature is denoted by Kab. On the EOW brane we consider a scalar field φ as a
matter field. The first term is the Einstein-Hilbert action with the cosmological constant Λ
and the second one is the Gibbons-Hawking-York term on the asymptotic AdS boundary
Σ. By setting the AdS radius to be one, we have Λ = −d(d−1)

2 . The final term consists
of the kinetic term of the scalar field and the potential term in addition to the Gibbons-
Hawking term on Q. If we set V = T and φ = 0, where T is some constant (i.e. the tension
of the EOW brane), then this model is reduced to the standard pure gravity model of
AdS/BCFT, introduced in [9, 10]. A similar setup with a brane-localized scalar has been
analyzed in the context of holographic model Kondo effect [57, 58, 113–115].

Now, we derive the boundary condition on the EOW brane Q. This is obtained by
varying the action with the bulk equation of motion i.e. the Einstein equation Rµν+dgµν = 0
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imposed:

δIEH = − 1
16πG

∫
Q∪Σ

ddx
(√

h(Kab −Khab)δhab − 2δ(
√
hK)

)
,

δIGHY = − 1
8πG

∫
Q∪Σ

ddxδ(
√
hK),

δIbrane = 1
8πG

∫
Q
ddx
√
h

(
−1

2(hcd∂cφ∂dφ+ V )hab + ∂aφ∂bφ

)
δhab. (2.2)

We obtain the boundary condition by setting the total variation to be vanishing:

δI = − 1
16πG

∫
Q
ddx
√
h
(
Kab −Khab + (hcd∂cφ∂dφ+ V )hab − 2∂aφ∂bφ

)
δhab = 0. (2.3)

Particularly, we consider the dynamical gravity on the brane and we choose the following
Neumann-type boundary condition:

Kab −Khab = −
(
hcd∂cφ∂dφ+ V (φ)

)
hab + 2∂aφ∂bφ. (2.4)

The equation of motion for the scalar field reads

− 2∂a(
√
hhab∂bφ) +

√
hV ′(φ) = 0. (2.5)

It is possible to show that this scalar field equation follows from (2.4) as the right hand
side is the energy stress tensor of the scalar field, whose conservation law gives (2.5).

3 AdS3/BCFT2 with planar branes

In this section, we consider a class of AdS3/BCFT2 setup where the EOW brane takes a
planar shape.

We assume the bulk metric is the Poincaré AdS3:

ds2 = dz2 + dτ2 + dx2

z2 . (3.1)

We specify the shape of the EOW brane by

z = z(τ), (3.2)

assuming the translationally invariance in the x direction. This is depicted in figure 2. The
scalar field also depends on τ

φ = φ(τ). (3.3)

The induced metric reads
ds2 = (1 + ż(τ)2)dτ2 + dx2

z(τ)2 , (3.4)

where we set ż = ∂τz. The normal vector of the EOW brane reads

(N z, N τ , Nx) = z√
1 + ż2

(−1, ż, 0) . (3.5)
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Figure 2. The setup of AdS3/BCFT2 with a planar EOW brane. The red curve shows the end-of-
the-world-brane Q. The green curves describe the geodesics Γ(1,2) which compute the holographic
entanglement entropy.

This leads to the extrinsic curvatures

Kττ − hττK = −
√

1 + ż2

z2 ,

Kxx − hzzK = − 1 + ż2 + zz̈

z2(1 + ż2)3/2 . (3.6)

By plugging them into (2.4), the equations are summarized into the following two ones:

φ̇2 = z̈

2z
√

1 + ż2
, (3.7)

V (φ) = z2φ̇2

1 + ż2 + 1√
1 + ż2

. (3.8)

Note that for any profile of EOW brane z = z(τ), which satisfies z̈ ≥ 0, we can find
a solution φ = φ(τ). This also fixes the form of potential V (φ). Thus we can design the
potential V (φ) such that we can obtain a desired solution of the EOW brane.

3.1 Vacuum solution

If we set φ = 0, then we obtain the standard vacuum solution in AdS/BCFT (see [9, 10]):

z = λτ, V = 1√
1 + λ2

(= tension of the brane : T ). (3.9)

The entanglement entropy is a useful quantity which characterize the degrees of freedom
in BCFTs. The entanglement entropy is defined by the von Neumann entropy SA =
−Tr[ρA log ρA] for the reduced density matrix ρA, obtained by tracing out the region outside
of the subsystem A. In AdS/CFT, the entanglement entropy can be computed by the area
of minimal area surface ΓA which ends on the boundary of the subsystem A by

SA = Area(ΓA)
4GN

. (3.10)
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In AdS/BCFT, there is one more important aspect: the minimal surface ΓA can end on
the-end-of-the-world-brane [9, 10, 15].

In Poincaré AdS3, we can easily find that the minimal surface ΓA is given by an arc of
a circle as shown in figure 2. If we choose the subsystem A to be the interval −τ0 ≤ τ ≤ 0,
then the holographic entanglement entropy reads (we put the UV cut off z ≥ ε)

SA = 1
4GN

[
log 2τ0

ε
+ log arcsinh

( 1
λ

)]
= c

6 log 2τ0
ε

+ Sbdy, (3.11)

where we employed the well-known relation to the central charge c of the dual two dimen-
sional CFT: c = 3

2GN [124]. By comparing with the CFT result [125], the boundary entropy
(or the logarithm of the g-function) is found to be [9, 10]

Sbdy = c

6 log arcsinh
( 1
λ

)
= c

6 log
√

1 + T

1− T . (3.12)

This vanishes at λ = ∞ or equally at T = 0 and gets divergent at λ = 0 or equally at
T = 1.

The boundary entropy has the remarkable property that it is monotonically decreasing
under the boundary RG flow [126, 127], so called g-theorem. We will soon later see explicit
holographic examples of the boundary RG flow.

3.2 Boundary RG flow solutions

We expect that the boundary RG will be described as follows: at φ = 0 we have UV fixed
point with a tachyon mass V (φ) ' −Aφ2 (A > 0), which will flow into the IR fixed point
at φ = φ∗ by a relevant perturbation such that V (φ) ' B(φ− φ∗)2 (B > 0).

At the fixed points, V is equal to the tension T of the EOW brane and is related
to the boundary entropy as in (3.12). We can introduce the boundary entropy (or the
logarithm of the g-function) in the middle of RG flow by regarding ż as λ. This allows us
to show the boundary entropy monotonically decreasing as can be derived by noting that
z̈ is non-negative as required by the equation of motion (3.7). In more general setups, the
holographic g-theorem was shown in [9, 10] assuming the null energy condition.

To construct explicit examples of holographic boundary RG flow, we note that we can
design the potential V such that it solves the equations of motion for a desired profile of
z(τ) as we mentioned before. As the first example, we choose z(τ) to be

z(τ) = λτ + ατ2. (3.13)

This has the UV fixed point at φ = τ = 0, where V = TUV = 1√
1+λ2 , and the IR fixed point

is given by the limit τ →∞, where we have V = TIR = 0. Note that it satisfies TUV > TIR
and thus S(UV)

bdy > S
(IR)
bdy . The potential reads

V = 1√
1 + (λ+ 2ατ)2 + α(λτ + ατ2)

(1 + (λ+ 2ατ)2)3/2 . (3.14)

– 7 –
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Figure 3. The profile of V (φ) (left), z(τ) (middle) and φ(τ) (right) for α = λ = 1. We find
φ∗ ' 2.5.
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Figure 4. The profile of V (φ) (left), z(τ) (middle) and φ(τ) (right) for α = 1, µ = 2.

We can find the behavior at τ = 0:

φ ' 2
√

α

λ
√

1 + λ2

√
τ ,

V (φ) ' 1√
1 + λ2

− λ2

4(1 + λ2)φ
2. (3.15)

The full plot is shown in figure 3.
Another example is

z(τ) = ατ + µτ2

1 + τ
(α ≤ µ) (3.16)

This also has the UV fixed point at φ = τ = 0, where V = TUV = 1√
1+α2 , and IR fixed

point is also given by the limit τ →∞, where we have V = TIR = 1√
1+µ2

. Again it satisfies

TUV > TIR and thus S(UV)
bdy > S

(IR)
bdy . The potential reads

V = (1 + τ)2−
(
α2(τ − 1)

)
+ αµτ(τ + 5) + τ

(
τ
(
µ2(τ(τ + 4) + 5) + τ(τ + 4) + 6

)
+ 4

)
+ 1

(α2 + 2αµτ(τ + 2) + τ(τ + 2) ((µ2 + 1) τ(τ + 2) + 2) + 1)3/2

(3.17)
we can find the behavior at τ = 0:

φ ' 2
√

µ− α
α
√

1 + α2

√
τ , (3.18)

V (φ) ' 1√
1 + α2

− 4α2

1 + α2φ
2 (3.19)

The full plot is shown in figure 4
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It is also helpful to evaluate the holographic entanglement entropy. We choose subsys-
tem A as an interval −τ0 ≤ τ ≤ 0 and the coordinates of two endpoints of the interval as

P : (z, τ, x) = (ε,−τ0, x), Q : (z, τ, x) = (ε, 0, x). (3.20)

By increasing the value of τ0, we can probe from UV to IR degrees of freedom. Thus the
flow of τ0 is interpreted as the RG flow.

To calculate the entanglement entropy, we would like to identify the geodesic ΓA which
ends on the EOW brane. So we write the endpoint on the brane as (z, τ, x) = (z(τ), τ, x).
Because of the symmetry of the interval under x→ −x, it is sufficient to assume that the
surface begins from Q and ends on the EOW brane (refer to figure 2). It is helpful to
embed Euclidean AdS3 spacetime in 4-dimensional Minkowski space

ds2 = −dX2
0 + dX2

3 + dX2
1 + dX2

2 (3.21)

with the following embedding equation

X2
0 = X2

1 +X2
2 +X2

3 + 1 (3.22)

where Xµ satisfies

X0 = z

2

(
1 + 1 + x2 + τ2

z2

)
, X1 = τ

z
, X2 = z

2

(
1− 1− x2 − τ2

z2

)
, X3 = x

z
(3.23)

By using this embedding, we can evaluate geodesic length between (z, τ, x) and (z′, τ ′, x′) as

cosh−1(X0X
′
0 +X3X

′
3 −X1X

′
1 −X2X

′
2) (3.24)

where X and X ′ are embedding of (z, τ, x) and (z′, τ ′, x′) respectively. By using this for-
mula, we get the geodesic length between P and the EOW brane

cosh−1
(
τ2 + 2τ0τ + τ2

0 + z(τ)2

2z(τ)ε +O(ε)
)
. (3.25)

In order to find the minimum value of the quantity above, we need to minimize the first
term in the bracket. After choosing the profile z(τ), the τ -dependent term can be mini-
mized by a numerical calculation and we can evaluate the behavior of boundary entropy
by subtracting log(2τ0/ε) from the minimum geodesic length. We chose the two different
cases: (i) z(τ) = τ+τ2 and (ii) z(τ) = τ+10τ2

1+τ and study their behaviors (we set ε = 10−4).
In the case (i), since we have z(τ) ≈ τ , in the UV limit τ0 → 0, the boundary entropy
takes the value S(UV)

bdy = arcsinh(1) ≈ 0.88. On the other hand, in the IR limit τ0 → ∞
we find S

(IR)
bdy = 0. We can confirm this from the plot in right panel of figure 3.2. Sim-

ilarly, in the case (ii), boundary entropy should satisfy S
(UV)
bdy = arcsinh(1) ≈ 0.88 and

S
(IR)
bdy = arcsinh(1/10) ≈ 0.10 in the UV and IR limit, respectively. Again we can confirm

these from the right panel of figure 3.2. These behaviors are consistent with the g-theorem.
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Figure 5. Left figure shows geodesic length (solid line) of z(τ) = τ + τ2 case and plot of log(2τ0/ε)
(dashed line). Right figure shows the difference between solid line and dashed line.
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Figure 6. Left figure shows geodesic length (solid line) of z(τ) = τ+10τ2

1+τ case and plot of log(2τ0/ε)
(dashed line). Right figure shows the difference between solid line and dashed line.

3.3 BCFT on a strip

Now we turn to the AdS3/BCFT2 setup which is dual to a BCFT on a strip Σ. In this case,
assuming that the EOW brane Q is a connected surface, Q takes a half cylinder shape as
depicted in figure 7. We again assume the translational invariance along x and write the
profile of Q as z = z(τ). Choosing the sign convention of the normal vector as N z > 0, we
obtain the following equation of motion

φ̇2 = − z̈

2z
√

1 + ż2
,

V (φ) = z2φ̇2

1 + ż2 −
1√

1 + ż2
. (3.26)

By eliminating φ, we obtain

− V (φ) = zz̈ + 2 + 2ż2

2(1 + ż2)3/2 . (3.27)

For simplicity, we set V (φ) = 0, i.e. the massless scalar and zero tension. In this case
we have zz̈ + 2 + 2ż2 = 0, which is solved by setting y = z3, leading to ÿ = −6y1/3. In the
end we find that z = z(τ) is obatined by solving

1 + ż2 = z4
0
z4 , (3.28)
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Figure 7. The setup of AdS3/BCFT2 dual to a BCFT on a strip Σ.

where z0 is an integration constant which gives the turning point. We obtain

z̈ = −2z4
0

z5 ,

φ̇2 = z2
0
z4 . (3.29)

Near z = 0, they behave like

z ' (3z2
0τ)

1
3 ,

φ ' φ0 +
(3τ
z0

) 1
3
. (3.30)

We write the two end points as τ = 0 and τ = ∆τ . The full solution of z = z(τ) is plotted
in figure 9.

It is also easy to estimate the shift:

∆τ = 2
∫ z0

0

z2dz√
z4

0 − z4
= (2E[−1]− 2K[−1])z0 ' 1.2z0

∆φ = φ1 − φ0 = 2
∫ z0

0

z0dz√
z4

0 − z4
= 2K[−1] ' 2.6. (3.31)

It is also intriguing to note that z dependence of φ on Q, which is asymptotically
AdS2, agrees with the standard asymptotic behavior of scalar field dual to a marginal
deformation:

φ ∼ z1−∆J + z∆ 〈O〉 , ∆ = 1, (3.32)

in the boundary limit z → 0. Here, O is the marginal boundary primary operator in the
BCFT and J is its source. This agrees with the standard dictionary of AdS/CFT [6, 7, 128].
It is intriguing to remember that without any scalar field, a connected solution dual to the
BCFT on a strip is not available in the Poincaré AdS3 but is only possible in the thermal
AdS3 geometry. In the presence of brane-localized scalar, we are able to construct such
a solution in the Poincaré AdS3. Even though we only constructed the solution with a
special value of ∆φ, solutions for other values of ∆Φ will be constructed in section 6, using
either the thermal AdS3 or BTZ spacetime.
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0.5 1.0 1.5
τ

0.2

0.4

0.6

0.8

1.0

z(τ)

Figure 9. Blue, green, red one represents the profile of EOW brane for T = −1/3,−1/30,−1/300
respectively. In this plot we set z0 = 1.

Even if we set V = T 6= 0, we can get similar profile of z(τ). For example, in case
of T = −1/3,−1/30,−1/300, z(τ) behaves like the figure below and their end point and
beginning point on the boundary changes with respect to the value of T .

4 AdS3/BCFT2 with round-shaped branes

Here we consider the AdS3/BCFT2 setup with round shaped branes as depicted in figure 10.
For this, we introduce the polar coordinate of Poincaré AdS3:

ds2 = dz2 + dr2 + r2dθ2

z2 . (4.1)

We consider the EOW brane with the rotational invariant profile

z = z(r), φ = φ(r). (4.2)

The induced metric reads

ds2 = (1 + ż(r)2)dr2 + r2dθ2

z(r)2 , (4.3)
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where we set ż = ∂rz. The normal vector of the EOW brane reads

(N z, N r, N θ) = z√
1 + ż2

(1,−ż, 0) . (4.4)

This leads to

Krr − hrrK = (r + zż)
√

1 + ż2

rz2 ,

Kθθ − hθθK = r2(1 + ż2 + zz̈)
z2(1 + ż2)3/2 . (4.5)

The full equations of motion (2.4) are summarized into

φ̇2 = − z̈

2z
√

1 + ż2
+ ż
√

1 + ż2

2zr ,

V (φ) = z2φ̇2

1 + ż2 −
1√

1 + ż2
− zż

r
√

1 + ż2
. (4.6)

4.1 Type I, hemisphere-like shaped brane

The boundary conditions of Type I are

z0 := z(0) > 0, ż(0) = 0, z̈(0) < 0. (4.7)

The third condition demands the brane intersect with the asymptotic boundary. Solving
φ̇2 ≥ 0 will impose restrictions on z(r):

z(r) =
∫ r

0

A(r)r√
1−A2(r)r2dr + z0, (4.8)

where A(r) is an arbitrary function satisfying A(0) < 0 and Ȧ(r) ≤ 0 on I := [0, r1], and
r = r1 is an intersection point of the brane and the asymptotic boundary. In particular,
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Figure 11. Configurations with A(r) = −r. The upper right, upper left, lower right, and lower
left graphs are z(r), φ(r), V (r), and V (φ), respectively. In the fourth plot, because we can not
determine the sign of φ, we plot not only (φ, V ) but also (−φ, V ). The quadratic coefficient of V (φ)
is computed by limr→1 V (r)/φ(r)2 and is −0.25.

when A(r) = A < 0 is constant and z0 = −(T + 1)/A, this solution reproduces the
well-known hemispherical brane with constant tension T and without matter fields. The
solution (4.8) is an improvement of this hemispherical brane. A more detailed derivation
is summarized in the appendix A.

Try to stretch or compress the obtained solutions. In other words, when z = z(r) is a
solution of (4.7), we find conditions in α > 0 for which z = α · z(r) also becomes solution.
Then there exists a B(r) satisfying the following

B(r)r√
1−B2(r)r2 = αA(r)r√

1−A2(r)r2 , B(0) < 0, Ḃ(r) ≤ 0, ∀r ∈ I. (4.9)

Therefore, α has an upper bound

α2 ≤ min
r∈I

(
1 + Ȧ(r)

A3(r)

)
. (4.10)

For example, when A(r) is constant, we cannot stretch spheres and only oblate spheres
(α < 1) are allowed.

Calculate the mass of the scalar field φ on brane and the conformal dimension of
corresponding boundary operator when A(r) = −r and r1 = 1. z0 is determined so that
z(r1) = 0. As the result, z(r) is complicated function expressed using a hypergeometric
function. The numerical profile of this configuration is summarized in figure 11.

Obviously, the induced metric (4.3) is not exact Poincaré, but coordinate transfor-
mation η = g(r) := z(r)/r tells that this is asymptotic AdS2. Actually, since, near the
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Figure 12. Configurations when z(r) in figure 11 is multiplied by
√

2. At this time, the φ-
dependency near r = 1 is V (φ) ' 0.75φ2.

asymptotic boundary r = r1, r is expanded by η as

r = g−1(η) = 1− η2 + 7
6η

4 − 103
144η

6 +O
(
η8
)
, (4.11)

the induced metric can be read

hηη = 1
η2 +O(η), hθθ = 1

η2 . (4.12)

In this coordinate, the behavior of φ(η) is

φ(η) = −
√

2η1/2 +
√

2
5 η5/2 +O

(
η7/2

)
(4.13)

and conformal dimension of corresponding boundary operator reads as ∆ = 1/2 < 1. This
implies the mass m of φ is m2 = ∆(∆−1) = −1/4 < 0 and is consistent with the coefficient
of potential V (φ). Therefore, we can conclude this deformation is relevant.

Using (4.10), however, we can stretch this configuration up to α =
√

2 (figure 12).
As before, by introducing new coordinate η =

√
2g(r), we can get asymptotically AdS2

induced metric. At this time Near the asymptotic boundary, φ behaves as follows:

φ(η) = −
√

2
3 η3/2 + 11

√
2

84 η7/2 +O
(
η9/2

)
. (4.14)

Hence, we can read ∆ = 3/2 and m2 = 3/4, and they match the result from potential, but
this is irrelevant because ∆ > 1.

However, when α is slightly less than
√

2, e.g., α = 1.414, the result is

φ(η) ' −0.012η1/2 − 20η3/2, V (φ) ' −1/4φ2, (4.15)

and this is a relevant perturbation. Namely, α =
√

2 serves as the threshold between
relevant and irrelevant deformation.

– 15 –



J
H
E
P
0
3
(
2
0
2
3
)
1
0
5

r

z
Q

r

M

Figure 13. A sketch of a solution of AdS3/BCFT2 with a conical EOW brane. Note the gravity
dual is the region outside of the cone.

4.2 Type II, cone-like shaped brane

In this and next subsections, analyses similar to those in the previous subsection will be
performed for different configurations Type II and III.

The boundary conditions of Type II are

z(0) = 0, ż(0) > 0. (4.16)

This solution is
z(r) = −

∫ r

0

P (r)r − κ√
1− (P (r)r − κ)2dr (4.17)

where κ ∈ (0, 1] controls the gradient ż(0) = κ/
√

1− κ2 and P (x) is arbitrary function
satisfying

Ṗ (r) ≥ − κ
r2 , |P (0)| <∞. (4.18)

When P (r) = 0, we can find a conical solution (figure 13):

z(r) = κ√
1− κ2

r, φ(r) = 1
√

2 (1− κ2)1/4 log r, V (φ) = −2 + κ2

2
√

1− κ2
. (4.19)

In this case, the induced metric

ds2 = 1
κ2
dr2

r2 + 1− κ2

κ2 dθ2 (4.20)

is not asymptotically AdS2, but conformally flat because, by r = e
√

1−κ2ρ,

ds2 = 1− κ2

κ2 (dρ2 + dθ2). (4.21)

This means conical solution is not made by any boundary perturbations.
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We see another example with κ = 1 and P (r) = λ > 0. After some calculation, we get
a configuration:

z(r) =
√
λr(2− λr)

λ
,

φ(r) =
√

2
(2− λr

λr

)1/4
,

V (r) = −1
2

√
2− λr
λr

= −1
4φ

2. (4.22)

This brane is half of a torus whose minor radius is 0, and φ(r) and V (r) diverge at r = 0.
A geometry on this brane is exactly AdS2 because the induced metric

ds2 = λ2dr2 + (λr)3(2− λr)dθ2

(λr)2(2− λr)2 (4.23)

can be changed into

ds2 = dη2 + dθ2

η2 (4.24)

by coordinates changing
r = 2

λ(1 + η2) . (4.25)

This means r = 2/λ, corresponding to η = 0, is an asymptotic boundary of the brane but
r = 0 is deep interior.

Only for the boundary r = 2/λ, we can apply calculation of conformal dimension of φ.
Near the asymptotic boundary of the brane,

φ(r) =
√

2
(2− λr

λr

)1/4
' 2
λ1/2 η

1/2 − 1
λ1/2 η

5/2 (4.26)

This means that the conformal dimension of the dual scalar operator is ∆ = 1/2 and the
mass of the scalar field is m2 = −1/4 < 0.
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Figure 15. Configurations of half of a torus. The quadratic coefficient is -0.25 for both boundaries.

4.3 Type III, annulus-like shaped brane

The boundary conditions of the third case is

r0 > 0, z(r0) = 0, ż(r0) > 0 (4.27)

The Solution is
z(r) =

∫ r

r0

A(r)r√
1−A2(r)r2dr (4.28)

and A(r) satisfies
0 < r0A(r0) < 1, Ȧ(r) ≤ 0. (4.29)

For example, A(r) = (2 − r)/r and r0 = 1 passes this conditions, the corresponding
configuration is given by

z =
√

1− (r − 2)2, (4.30)

or a half of torus whose minor radius is r = 1 and major radius is r = 3.
This brane has two asymptotic boundaries. As in Type I, new coordinate η is intro-

duced as follows:
r = g−1(η) = 2±

√
1− 3η2

1 + η2 . (4.31)

Near r = 1, we choose negative sign, on the other hand, near r = 3, positive sign. Then
induced metric for both boundaries becomes

ds2 = dη2

η2 − 3η4 + dθ2

η2 . (4.32)

φ can also be expanded, for one boundary r ' 1,

φ(η) = 2η1/2 + 3
5η

5/2 +O
(
η9/2

)
, (4.33)
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3-stretched configuration of figure 15. The quadratic coefficients of V (φ) are
−0.25 at r = 1 and 0.75 at r = 3.

and, for the other boundary r ' 3,

φ(η) = −2η1/2 − 3
5η

5/2 +O
(
η9/2

)
, (4.34)

where we ignore constant shift of φ. Therefore dimension of dual operator is ∆ = 1/2 < 1
and mass of scalar field is m2 = −1/4 < 0. This type of configuration is dual of Janus
solution.

By similar analysis in Type I, we can find that this configuration can be stretched by
α ≤

√
3. When α =

√
3, at r = 1, conformal weight is ∆ = 1/2, but, at r = 3, ∆ = 3/2

(figure 16). Hence, only the boundary at r = 3 is irrelevant. Furthermore, for example,
when α = 1.732, corresponding boundary RG flows are relevant for both boundary.

Next, we consider the case where brane does not intersect with the asymptotic bound-
ary in r > r0. We find that any function z(r) satisfying z(r0) = 0, ż(r) ≥ 0 and z̈(r) ≤ 0
is a special solution of (4.27) because A(r) = ż(r)/r

√
1 + ż2(r) meets (4.29).

In the following we list the results for two example z = r − 1 and z = (r − 1)2/3.
the former is an example where AdS2 radius L of asymptotic boundary of brane is

L 6= 1. The potential V (φ) can be displayed analytically using φ as follows:

φ(r) = 23/4 arctanh
√
r − 1
r

,

V (r) = 1− 3r
2
√

2r
= −

2 + tanh2
(
2−3/4φ

)
2
√

2
= − 1√

2
− 1

8φ
2 +O(φ3). (4.35)

Then the induced metric is

ds2 = 2dr2 + r2dθ2

(r − 1)2 = 2dη2

η2(η − 1)2 + dθ2

η2 , (4.36)
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Figure 17. The profile of z(r) = (r − 1)2/3. In this way, when the series expansion of the inverse
function r(z) contains non-integer power term, the conformal dimension can be ∆ 6= 1/2.

where η = (r − 1)/r. Namely, the geometry of this brane is asymptotically AdS2 with
radius L2 = 2 and

φ(η) = 23/4η1/2 + 23/4

3 η3/2 +O
(
η5/2

)
. (4.37)

Therefore conformal weight is consistent since

∆ = 1
2 +

√
1
22 −

1
8 · 2 = 1

2 < 1. (4.38)

In this way, the gradient of z(r) at asymptotic boundary changes the boundary AdS ra-
dius L.

The latter is an example of ∆ 6= 1/2. Actually, the profile figure 17 are

hηη = 1
η2 +O

(
η−1

)
,

V (φ) = − 3
16φ

2 +O(φ4),

φ(η) =
√

6η1/4 + 2
3

√
2
3η

3/4 +O
(
η5/4

)
, (4.39)

and we can read m2 = −3/16, L2 = 1, and ∆ = 3/4. Of course, these satisfy the relation
m2L2 = ∆(∆− 1).

4.4 Holographic entanglement entropy

In this subsection, we calculate the entanglement entropy in this polar system in similar
way as the previous section.
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Figure 18. The branes Q0 and Q1 are the solution without perturbation and exact hemisphere.
the blue dashed lines represent geodesic connecting a point P and branes.

The geodesic length (3.24) of AdS in polar coordinates is

D(P, P ′) = cosh−1
(
r2 + r′2 + z(r′)2 − 2rr′ cos(θ − θ′)

2z(r′)ε +O(ε)
)
. (4.40)

where P = (ε, r, θ) is a point in dual BCFT region and P ′ = (z(r′), r′, θ′) is a point of the
brane. Obviously, to minimize this length implies θ = θ′. The derivative with respect to r′

yields
2(r′ − r)z(r′)−

(
(r′ − r)2 − z(r′)2

)
ż(r′) = 0. (4.41)

Specially, we calculate the entropy when the dual BCFT region is annulus [r0, r1] and
subregion A is a interval [r0, `+ r0], i.e., P = (ε, `+ r0, θ) like figure 18. Also, the geodesic
connecting P and brane Q is denoted as ΓQ. If BCFT has no boundary perturbation, the
shape of the brane is an exact hemisphere. Therefore, the entropy change ∆S of this RG
flow is computed by

∆S = c

6 Area(ΓQ)− c

6 min{Area(ΓQ0),Area(ΓQ1)}. (4.42)

For the branes Q0 and Q1, solving (4.41), we obtain

r′ = (r0 + `)r2
i

(r0 + `)2 + r2
i

, Area(ΓQi) = log
∣∣∣∣∣(r0 + `)2 − r2

i

riε

∣∣∣∣∣ , i = 0, 1. (4.43)

Hence, for example, when the brane Q is simply z =
√
R2 − (r − rc)2, R = (r1 − r0)/2,

and rc = (r1 + r0)/2, we find

r′ = rc(rc − (r0 + `))2 −R2(rc − 2(r0 + `))
(rc − (r0 + `))2 +R2 , Area(ΓQ) = log R

2 − (rc − (r0 + `))2

Rε
.

(4.44)
As we can see in figure 19, ∆S vanishes at ` = 0, 2R and decreases as the brane Q

flows to deep interior. These mean also that the corresponding RG flow is relevant.
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We can see a phase transition by comparison of ΓQ0 and ΓQ1 .

4.5 Boundary entropy in the presence of brane-localized scalar

In this section, we calculate boundary entropy for simple case. Consider a case where
BCFT region is 0 ≤ r ≤ 1 and brane Qα is z = α

√
1− r2, (0 ≤ α ≤ 1). If α = 1, brane

Q1 is a tension-less and has no matter part. Therefore, the boundary entropy Sbdy can be
calculated by Sbdy = I1 − Iα, where

Iα = − 1
16πGN

∫
Mα

√
g(R+ 2)− 1

8πGN

∫
Qα

√
h
(
K − hab∂aφ∂bφ− V (φ)

)
(4.45)

and Mα is gravitational dual region. After some calculation, we get

Iα = 1
4πGN

∫
Mα

r

z3dzdrdθ + 1
8πGN

1− α2

α2

∫
Qα

r

1− r2drdθ. (4.46)

Since this integral diverges, we introduce cutoff z > ε. Then the integral have finite value

Iα = 1
4πGN

π

ε2
− α2

8GN
+ 1

4GN
ln(εα). (4.47)

Finally the boundary entropy is

Sbdy = − 1
4GN

(
lnα+ 1

2
(
1− α2

))
= − c6

(
lnα+ 1

2
(
1− α2

))
≤ 0. (4.48)

5 Analysis of higher dimensional AdS/BCFT

Next we consider extensions of the results in previous sections to higher dimensional
AdS/BCFT setups.

5.1 Planar branes

We assume the bulk metric is Poincaré AdSd+1:

ds2 =
dz2 + dτ2 + dx2

1 + · · ·+ dx2
d−1

z2 . (5.1)
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We specify the shape of the EOW brane Q and the brane-localized scalar field on Q by

z = z(τ), φ = φ(τ). (5.2)

The induced metric on Q reads

ds2 =
(1 + ż2)dτ2 + dx2

1 + · · ·+ dx2
d−1

z2 . (5.3)

The normal vector of the EOW brane is

(N z, N τ , Nx1 , · · · , Nxd−1) = − z√
1 + ż2

(−1, ż, 0, · · · , 0). (5.4)

Then, the extrinsic curvature satisfies

Kττ − hττK = (d− 1)
√

1 + ż2

z2 ,Kxixi − hxixiK = (d− 1)(1 + ż2)zz̈
z2 (ż2 + 1)3/2 . (5.5)

By plugging them into (2.4), we get

φ̇2 = − z̈

2z
√

1 + ż2
, V (φ) = z2φ̇2

1 + ż2 −
d− 1√
1 + ż2

. (5.6)

By eliminating φ̇ from V (φ), we can express V (φ) as

− V (φ) = 2(d− 1)(1 + ż2) + zz̈

2(1 + ż2)3/2 (5.7)

We consider V (φ) = 0 case and then we get 2(d − 1)(1 + ż2) + zz̈ = 0.We can solve this
equation by setting z = y

1
2d−1 . Then V (φ) = 0 reads to

ÿ = −2(d− 1)(2d− 1)y1− 2
2d−1 . (5.8)

By solving this equation, we finally find

1 + ż2 = z
4(d−1)
0
z4(d−1) , (5.9)

where z0 is an integration constant i.e. the value of z of turning point. According to this,
we have

z̈ = −2(d− 1)z4(d−1)
0

z4d−3 , φ̇2 = (d− 1)z
2(d−1)
0
z2d (5.10)

Around z = 0, these behave as

z ≈
(
(2d− 1)z2(d−1)

0 τ
) 1

2d−1 , (5.11)

φ ≈ φ0 + 1√
d− 1

((2d− 1)τ
z0

) d−1
2d−1

= φ0 + 1√
2d− 1

(
z

z0

)d−1
. (5.12)

Near z = 0, the geometry is approximated by AdS d

ds2 =
dz2 + dx2

1 + · · ·+ dx2
d−1

z2 (5.13)
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and z dependence of φ agrees with the marginal deformation φ = zd−1−∆J + z∆ 〈O〉 , ∆ =
d− 1 in the standard dictionary of AdS/CFT [6, 7, 128].

It is also useful to evaluate the on-shell action namely the free energy as an exercise of
our later analysis of phase transition in section 6. The total action is given by I in (2.1),
namely,

I=− 1
16πGN

∫
M

√
g(R+d(d−1))− 1

8πGN

∫
Σ

√
hK− 1

8πGN

∫
Q

√
h
(
K−hab∂aφ∂bφ−V (φ)

)
+Ic.t.,

where we added the counter term Ic.t..
We would like to evaluate the on-shell action for the solution (5.9) and (5.10) with the

UV cut off z ≥ ε. We note that the extrinsic curvature takes the value K|Σ = d on Σ and
K|Q = d−2

d−1h
ab∂aφ∂bφ. Then the action is evaluated as follows:

I = d

8πGN
− d

8πGN

∫
Σ

√
h+ 1

8πGN (d− 1)

∫ √
hhab∂aφ∂bφ+ Ic.t.

= d

8πGN

∫
ddxdz

zd+1 −
d

8πGN εd
+ 1

8πGN

∫
ddx

zd
·
(
z0
z

)2(d−1)
· 1√

1 + ż2
+ Ic.t.

= 1
8πGN

∫
ddx

(
− 1
zd

+ 1
zd

)
= 0, (5.14)

where the counter term Ic.t. removes all divergent terms proportional to 1/εd. In this
way, we find that the total action or free energy vanishes. In section 6, we will extend
this analysis at zero temperature to that at finite temperature to study phase transitions,
focusing on the d = 2 case.

5.2 Round-shaped branes

The polar AdSd+1 metric is

ds2 =
dz2 + dr2 + r2dΩ2

Sd−1

z2 (5.15)

where dΩ2
Sd−1 = g̃ijdθ

idθj is a metric of Sd−1. We assume the shape of EOW brane and
the scalar field depends on r

z = z(r), φ = φ(r). (5.16)

The induced metric reads

ds2 =
(1 + ż2)dr2 + r2dΩ2

Sd−1

z2 . (5.17)

The normal vector of the EOW brane is

(N z, N r, N θ1
, . . . , N θd−1) = z√

1 + ż2
(1,−ż, 0, . . . , 0). (5.18)

Then, we get

Krr − hrrK = (d− 1)(r + zż)
√

1 + ż2

rz2 ,

Kij − hijK = r2g̃ij

z2
√

1 + ż2

(
d− 1 + zz̈

1 + ż2 + (d− 2)zż
r

)
. (5.19)

– 24 –



J
H
E
P
0
3
(
2
0
2
3
)
1
0
5

By combining (2.4) with them,we get

φ̇2 = ż

2rz
√

1 + ż2 − z̈

2z
√

1 + ż2
,

V (φ) = − d− 1√
1 + ż2

− (2d− 3)zż
2r
√

1 + ż2
− zz̈

2 (1 + ż2)3/2 , (5.20)

and the expression of φ̇2 does not depend on the dimension d. Because the shape of brane is
determined by the positivity condition of φ̇2 in polar case, we can apply the same discussion
as d = 3 and only the mass and the conformal dimension are modified by potential.

6 AdS3/BCFT2 with brane-localized scalar at finite temperature and
phase transition

In the standard AdS/CFT, we expect the Hawking-Page phase transition from the thermal
AdS phase to AdS black hole phase as we increase the temperature [7, 129, 130], which
is interpreted as the confinement/deconfinement phase transition. In the AdS/BCFT, an
analogous phase transition was found in [9, 10] for AdS3/BCFT2 without any matter fields.
The purpose of this section is to extend this analysis to AdS3/BCFT2 with a brane-localized
scalar field. We will set the potential to zero V (φ) = 0. Thus we have a massless scalar on
the EOW brane.

The BCFT2 is defined on a cylinder, which is described by the coordinate (τ, x) such
that

− x∗ ≤ x ≤ x∗, τ ∼ τ + β, (6.1)

where ∆x = 2x∗ is the width of the cylinder and β is the inverse temperature. See the left
panel of figure 20 for a sketch. This is dual to a region surrounded by the EOW brane whose
profile is specified by z = z(x), assuming the translational invariance in the Euclidean time
τ direction. There are two candidates of the bulk metric, namely the thermal AdS3 and the
BTZ metric.1 In addition we turn on the massless scalar field φ on the EOW brane, whose
configuration is expressed as φ = φ(x). Below we write the derivative of f w.r.t. x as ḟ .

In this model, the only input parameters are two dimensionless quantities: the tem-
perature times the width and the difference of the scalar field

∆x
β
, ∆φ ≡ φ(x∗)− φ(−x∗), (6.2)

owing to the conformal invariance. Once these two values are given, we can find a unique so-
lution which satisfies the equation of motion and the boundary condition in the AdS/BCFT.

1One may wonder if other bulks solutions give the brane solutions with the required boundary condition.
However, this is not possible and we do not need to worry this. This is shown as follows. The general bulk
solution to the vacuum Einstein equation with a negative cosmological constant is characterized by energy
flux T++(x+) and T−−(x−) as in the Banados’s solution [131, 132]. However, here we require the translation
invariance in the time direction as we are interested in a static AdS/BCFT setup. Then the energy flux
should take a constant value. Thus this leads to either thermal AdS or BTZ, depending on whether the
energy density is positive or negative.
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Figure 20. The cylinder geometry where the dual BCFT2 is defined (left) and the profile of
connected EOW brane in thermal AdS3/BTZ black hole (right).

In case we have multiple solutions we pick up the one with the smallest free energy. Below
we will study the thermal AdS3 solution and the BTZ one in detail. Then we will work
out the phase structure for non-zero β and ∆φ.

6.1 Thermal AdS3 solution

Consider the thermal AdS3 solution:

ds2 = dτ2

z2 + dz2

h(z)z2 + h(z)dx2

z2 ,

h(z) = 1− z2

a2 . (6.3)

In the absence of EOW brane, we need to compactify the x coordinate such that x ∼ x+2πa
to avoid the conical singularity. However, in AdS/BCFT, we do not need to worry about the
singularity if it is outside of the considered region surrounded by the EOW brane. Notice
also that in the absence of the brane-localized scalar, the Neumann boundary condition
fixes the width of the interval to be ∆x = 2x∗ = πa [9, 10]. However this is no longer true
in our model when the scalar field φ is turned on.

The induced metric reads

ds2 = dτ2

z2 + h2 + ż2

hz2 dx2, (6.4)

where we write dz
dx as ż. The profile of EOW brane is sketched in figure 20.

The normal vector of EOW brane reads

(N τ , N z, Nx) = z√
h+ ż2/h

(0, h,−ż/h). (6.5)

The Neumann boundary condition (2.4) leads to

Kττ −Khττ = −V (φ)
z2 − h

h2 + ż2 φ̇
2,

Kxx −Khxx = φ̇2 − h2 + ż2

hz2 V (φ). (6.6)
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In our brane profile we can calculation the extrinsic curvature as follows:

Kττ −Khττ = 2h3 − zh2h′ − 3zh′ż2 + 2hż2 + 2hzz̈

2z2h
(
h+ ż2

h

) 3
2

,

Kxx −Khxx =
h
√
h+ ż2

h

z2 , (6.7)

where h′ = dh(z)
dz .

6.1.1 Analysis of thermal AdS3 at V = 0

By setting V = 0, we find

2hzz̈ + (4h− 3zh′)ż2 + 4h3 − h2h′z = 0. (6.8)

We can rewrite this as follows
2
z
h

5
2∂x

(
z2h−

3
2 ż
)

= h2h′z − 4h3, (6.9)

where notice again that ḟ and f ′ mean df
dx and df

dz , respectively.
Now, we introduce y = y(x) which is related to z = z(x) via

ẏ = 3z2h−
3
2 ż. (6.10)

This is solved in terms of z as

y = 3a2z√
h(z)

− 3a3 arcsin z
a
. (6.11)

Note that y behaves as follows

y ' z3 (z → 0), y ' 3a
7
2√

2(a− z)
(z → a). (6.12)

The function y = y(x) satisfies the following equation of motion when we regard x as
the time:

ÿ = −3(2a2z − z3)
a2
√
h(z)

≡ −dU(y)
dy

, (6.13)

where we introduced the potential energy U . This potential U is given in terms of z as

U = 9a2
(
−z

2

2 + a4

2(a2 − z2)

)
, (6.14)

which is a function of y via (6.11). It behaves like

U(y) ' 9
2y

4
3 (y → 0), U(y) ' y2

2a2 (y →∞). (6.15)

The energy conservation leads to

1
2 ẏ

2 + U(y) = U(y∗), (6.16)
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Figure 21. The profile of the width ∆x = 2x∗ (left) and the shift of scalar field ∆φ = φ(x∗) −
φ(−x∗) (right) as function of z∗ on the EOW brane in thermal AdS3. We set a = 1. In the left
graph, the orange horizontal line represents the value π.
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Figure 22. The profile of the EOW brane in thermal AdS3. The blue, yellow, green and purple
curve corresponds to z∗ = 0.5, 0.9, 0.95, 0.99 and 0.999, respectively. We set a = 1.

where y∗ is the turning point of the trajectory. The EOW brane is described by y = y(x)
such that at x = 0 we have y = y∗ and at x = ±x∗ we have y = 0.

Thus z(x) and φ(x) are obtained by solving the first order differential equations

3z2h−3/2 dz

dx

(
= dy

dx

)
=
√

2U(z∗)− 2U(z),

dφ

dx
= h3/4

z

(
1 + 2h(z)

9z4 (U(z∗)− U(z))
) 1

4
. (6.17)

In figure 21, we plotted the value of the width ∆x = 2x∗ and the shift of scalar field
∆φ = φ(x∗)−φ(−x∗) as function of z∗ at a = 1. Note that z∗ takes the values in the range
0 < z∗ < a and that the limit z∗ → 0 (or equally x∗ → 0) reproduces the previous results
for the Poincaré AdS3 in section 3.3. Indeed, we can confirm (3.31) in the z∗ → 0 limit,
which is rewritten as x∗ ∼ 1.2z∗ and ∆φ ' 2.6 in the present notation. Also notice that
in the opposite limit z∗ → a, the solution is reduced to the known standard one [9, 10]
without any scalar field, which means ∆x = πa. Also refer to figure 22 for the plots of the
brane profile z = z(x).

Now, we consider how we can find solution when the width ∆x = 2x∗, the temperature
1/β and the strength of the external field ∆φ = φ(x∗)− φ(−x∗) are given.

In our thermal AdS brane solution, the temperature i.e. periodicity of τ is arbitrary.
The integral of (6.17) leads to the relation

∆x
a

= XT

(
z∗
a

)
, ∆φ = ΦT

(
z∗
a

)
, (6.18)

where the functions XT and ΦT are given by figure 21. Therefore, for a given ∆φ, we find
z∗/a and then for a given ∆x, a is determined. In this way, we can fully fix the solution.

– 28 –



J
H
E
P
0
3
(
2
0
2
3
)
1
0
5

This implies that there is an upper bound of ∆φ. This argument also shows that the
independent input parameters are the two dimensionless quantities (6.2), as expected from
the conformal symmetry of this system. Note that we have

XT (0) = 0, XT (1) = π, ΦT (0) ' 2.6, ΦT (1) = 0, (6.19)

where Φ(0) agrees with (3.31).2

6.1.2 Free energy in thermal AdS3

Now we would like to evaluate the free energy at a fixed temperature 1/β, which is given
by the on-shell action I (2.1) itself, using our solution in thermal AdS3. The total on-shell
action, written by IT , is given by

IT =− 1
16πGN

∫ √
g(R+2)− 1

8πGN

∫
Σ

√
hK−Ic.t.−

1
8πGN

∫
Q

√
h
(
K−hab∂aφ∂bφ−V (φ)

)
,

(6.20)
where Ic.t. is the local counter term which subtract O(ε−2) divergence for the standard
geometric cut off z ≥ ε. Note that since we set V = 0, the boundary condition (2.4) leads
to K = 0. We compactify the Euclidean time direction as τ ∼ τ + β. we write the bulk 3d
space by M i.e. the region z ≤ z(x), which is surrounded by the AdS boundary Σ and the
EOW brane Q. We also note

R = −6, K|Σ = 2 +O(ε4). (6.21)

We have to be careful when we subtract the counter term. The counter term corre-
sponds to the contribution of Poincaré AdS3 i.e. the metric with h(z) = 1. However, we
need to adjust the length of interval in x direction [129] such that

x̃∗ =
√
h(ε)x∗ '

(
1− ε2

2a2

)
x∗, (6.22)

where 2x̃∗ is the length of the interval in the Poincaré Ad33, while 2x∗ is the original one
in thermal AdS3.

Ic.t is explicitly given by the gravity action on the Poincaré AdS3 with the two parallel
EOW brane x = ±x̃∗:

Ic.t = − 1
16πGN

∫ √
g(0)(R(0) + 2)− 1

8πGN

∫
Σ

√
h(0)K(0)

= 2βx̃∗
4πGN

∫ ∞
ε

dz

z3 −
2βx̃∗
8πGN

· 2
ε2
. (6.23)

Thus, the boundary term on Σ cancels completely as usual in AdS:

− 1
8πGN

[∫
Σ

√
hK −

∫
Σ

√
h(0)K(0)

]
= − β

8πGN

[
(2x∗)

2
√
h(ε)
ε2

− (2x̃∗)
2
ε2

]
= 0. (6.24)

2It is intriguing to note that XT is always less than π i.e. ∆x < a. In the standard case without any
matter field on the EOW brane, we have ∆x = a, which means that the EOW brane covers the precisely
semi-circle of the AdS boundary. In the presence of brane-localized scalar, the above results shows that it
only covers less than a half of the boundary circle. This prohibits a construction of traversable wormhole
in the present AdS/BCFT setup, providing a consistency check of our model.
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Figure 23. Plots of free energy IT as a function of z∗/a (left) and as a function of ∆φ (right). We
set 16πGN = 1 and β

∆x = 1.

Now we can evaluate the on-shell action in the thermal AdS3 with the EOW brane as
follows

IT = β

4πGN

∫
M

dzdx

z3 − 2βx̃∗
4πGN

∫ ∞
ε

dz

z3 + β

8πGN

∫
Q
dx

√
h

h2 + ż2 (φ̇)2

= 2β
4πGN

∫ x∗

0
dx

[ 1
2ε2 −

1
2z2

]
− 2β

4πGN

∫ x̃∗

0

dx

2ε2 + β

4πGN

∫ z∗

0

3dz√
2h(z)(U(z∗)− U(z)

= β

4πGN

[
x∗
2a2 −

∫ z∗

0
dz

3
h(z)3/2

√
2(U(z∗)− U(z))

+
∫ z∗

0
dz

3
h(z)1/2

√
2(U(z∗)− U(z))

]

= − β∆x
16πGNa2 = − cβ∆x

24πa2 , (6.25)

where we employed the differential equation (6.17) many times. It is useful to note that
we can write the free energy (6.25) as follows

IT = − 1
16πGN

· β∆x ·
[
XT (Φ−1

T (∆φ))
]2
, (6.26)

such that it only depends on the two input parameters (6.2). This is plotted in the left
panel of figure 23.

We can show that IT ≤ 0. We have IT = 0 in the limit z∗ → 0 (or equally x∗ → 0) i.e.
when the solution approaches the one in the Poincaré AdS3. This agrees with our previous
result (5.14). In the opposite limit z∗ → a we obtain

IT |z∗=a = − β

4πGN
· π4a = − πcβ

24∆x, (6.27)

which agrees with the known result of the AdS/BCFT with no scalar field φ = 0 in [9, 10].

6.2 Connected EOW brane in BTZ

Now, we consider a connected EOW brane in the BTZ black hole solution:

ds2 = h(z)dτ2

z2 + dz2

h(z)z2 + dx2

z2 ,

h(z) = 1− z2

a2 . (6.28)
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The induced metric on a EOW brane reads

ds2 = h(z)dτ2

z2 + h(z) + ż2

h(z)z2 dx2. (6.29)

Using the normal vector of EOW brane

(N τ , N z, Nx) = z√
h+ ż2

(0, h,−ż), (6.30)

we find the Neumann boundary condition (2.4) explicitly

Kττ −Khττ = −hV (φ)
z2 − h2

h+ ż2 φ̇
2,

Kxx −Khxx = φ̇2 − h+ ż2

hz2 V (φ). (6.31)

In our setup, we have

Kττ −Khττ = h(2h2 − zh′ż2 + 2hż2 + 2hzz̈)
2z2 (h+ ż2)

3
2

,

Kxx −Khxx = (2h− zh′)
√
h+ ż2

2z2h
, (6.32)

where h′ = dh(z)
dz .

6.2.1 Analysis of BTZ at V = 0

By setting V = 0, we obtain

2hzz̈ + (4h− 2zh′)ż2 + 4h2 − zhh′ = 0. (6.33)

We can rewrite this as follows

2h2

z
∂x
(
z2h−1ż

)
= hh′z − 4h2, (6.34)

where notice again that ḟ and f ′ mean df
dx and df

dz , respectively.
Introduce a new function y = y(x), related to z = z(x) via

ẏ = 3 z2

h(z) ż, (6.35)

which is solved in terms of z as

y = −3a2z + 3a3 arctanh z
a
. (6.36)

It is helpful to notice that y behaves as

y ' z3 (z → 0), y ' −3a2 + 3
2 log 2a

a− z
(z → a). (6.37)
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Figure 24. The profile of the width ∆x = 2x∗ (left) and the shift of scalar field ∆φ = φ(x∗) −
φ(−x∗) (right) as function of z∗ on the EOW brane in BTZ. We set a = 1.

The function y = y(x) satisfies

ÿ = −6z + 3z2h′

2h ≡ −dU(y)
dy

, (6.38)

where we introduced the potential energy U . This potential U is given in terms of z as

U = 9a2
(
−z

2

2 + a4

2(a2 − z2)

)
, (6.39)

which is the same as that in thermal AdS3. As a function of y via (6.36), this behaves like

U(y) ' 9
2y

4
3 (y → 0), U(y) ' 9a4

8 ey
2
3 (y →∞). (6.40)

The energy conservation leads to

1
2 ẏ

2 + U(y) = U(y∗), (6.41)

where y∗ is the turning point of the trajectory. The EOW brane is described by y = y(x)
such that at x = 0 we have y = y∗ and at x = ±x∗ we have y = 0.

Thus z(x) and φ(x) are obtained by solving the first order differential equations

3z
2

h

dz

dx

(
= dy

dx

)
=
√

2U(z∗)− 2U(z),

dφ

dx
=
√

2h(z)− zh′(z)
2z2h(z)

(
h(z) + 2h(z)2

9z4 (U(z∗)− U(z))
) 1

4

. (6.42)

In figure 24, we showed the value of the width ∆x = 2x∗ and the shift of scalar field
∆φ = φ(x∗)−φ(−x∗) as function of z∗ at a = 1. Note that z∗ takes the values in the range
0 < z∗ < a and that the limit z∗ → 0 reproduces the previous results for the Poincaré
AdS3 in section 3.3. Also notice that in the limit z∗ → a, the solution is reduced to the
know standard one without any scalar field i.e. the disconnected vertical solution x = x∗
and x = −x∗. Refer to figure 25 for the plots of the brane profile.
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Figure 25. The profile of the EOW brane in BTZ. The blue, yellow, green, red and purple curve
corresponds to z∗ = 0.5, 0.9, 0.95, 0.99 and 0.999, respectively. We set a = 1.

In our BTZ solution, the temperature i.e. periodicity of τ is arbitrary, assuming z∗ < a.
If z∗ = a, then we consider the disconnected solution where the temperature is fixed as
1/β = 1/(2πa) as usual. The integral of (6.42) leads to the relation

∆x
a

= XB

(
z∗
a

)
, ∆φ = ΦB

(
z∗
a

)
, (6.43)

where the functions XB and ΦB are given by figure 24. Therefore, for a given ∆φ, we find
z∗/a and then the given ∆x fixes the value of a. In this way we can fully fixes the solution
once the two input parameters (6.2) are given. However, we will see shortly below, the
connected EOW brane solution in BTZ is never favored as it has a larger free energy.

6.2.2 Free energy for a connected EOW brane in BTZ

Now we would like to evaluate the gravity action to calculate the free energy (6.20) for our
on-shell solution in BTZ with the EOW brane, which is written as IB. When we subtract
the Poincaré AdS3 solution as the counter term, we need to rescale the inverse temperature
as follows

β̃ =
√
h(ε)β '

(
1− ε2

2a2

)
β, (6.44)

where β̃ is the periodicity of τ in the Poincaré AdS3, while β is the original one in BTZ.
The counter term Ic.t. is explicitly given by the gravity action on the Poincaré AdS3

with the two parallel EOW branes x = ±x∗:

Ic.t. = − 1
16πGN

∫ √
g(0)(R(0) + 2)− 1

8πGN

∫
Σ

√
h(0)K(0)

= 2β̃x∗
4πGN

∫ ∞
ε

dz

z3 −
2β̃x∗
8πGN

· 2
ε2
. (6.45)

Thus, the boundary term on Σ cancels completely as usual in AdS:

− 1
8πGN

[∫
Σ

√
hK −

∫
Σ

√
h(0)K(0)

]
= − 2x∗

8πGN

[
β

2
√
h(ε)
ε2

− β̃ 2
ε2

]
= 0. (6.46)
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Figure 26. A sketch of disconnected EOW branes in BTZ.

Now we can evaluate the on-shell action in the BTZ with the EOW brane as follows

IB = β

4πGN

∫
M

dzdx

z3 − 2β̃x∗
4πGN

∫ ∞
ε

dz

z3 + β

8πGN

∫
Q
dx

h√
h2 + ż2

φ̇2

= 2β
4πGN

∫ x∗

0
dx

[ 1
2ε2 −

1
2z2

]
− 2β̃

4πGN

∫ x̃∗

0

dx

2ε2 + 2β
8πGN

∫ x∗

0

dx

z2

= β∆x
16πGNa2 = cβ∆x

24πa2 . (6.47)

This shows that IB ≥ 0. We have IB = 0 in the limit z∗ → 0 i.e. when the solution
approaches the one in the Poincaré AdS3. This agrees with our previous result (5.14).
Also in the opposite limit z∗ → a we find IB = 0. However, since IB ≥ 0, this connected
solution in BTZ will not be favored thermodynamically.

6.3 Disconnected EOW solution in BTZ

It is important to note that there is another solution of EOW branes in BTZ even when
∆φ 6= 0. This is the solution with two disconnected EOW branes as sketched in figure 26.
This is given by setting the scalar field to be a constant value φ = φ1 and φ = φ2 in
each of the two disconnected EOW branes. Thus the solution is the same as the standard
AdS/BCFT without any scalar field with vanishing tension [9, 10]. Thus the free energy
reads

ID = − π∆x
4GNβ

= −πc∆x6β . (6.48)

Note that such a disconnected EOW brane solution is not possible in thermal AdS3 due to
an obvious topological reason.

6.4 Comparing free energy and phase transition

When we have multiple classical solutions in gravity for input values of ∆x
β and ∆φ from

the BCFT, we need to select the one with the minimal values of action (or the free energy).
Since the connected EOW brane in BTZ has the non-negative free energy, we only have
two candidates of dominant solutions: one is a connected brane in thermal AdS3 and the
other is two disconnected branes in BTZ, whose free energies IT and ID are given by (6.25)
and (6.48), respectively.
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Figure 27. We plotted the phase diagram, where the horizontal and vertical axis correspond to
∆φ and ∆x

β , respectively.

The connected EOW brane in thermal AdS3 is favored when IT ≤ ID, which leads to
the condition ∆x

β ≤
(

∆x
β

)
c
, where this the temperature at the phase transition point, as a

function of ∆φ, is given by (∆x
β

)
c

= 1
2πXT

(
Φ−1
T (∆φ)

)
. (6.49)

Thus we can conclude that in the low temperature phase ∆x
β ≤

(
∆x
β

)
c
and high temperature

phase ∆x
β ≥

(
∆x
β

)
c
, the connected EOW brane in thermal AdS3 and the disconnected EOW

branes in BTZ are realized, respectively. This phase structure is depicted in figure 27.

7 Transition matrix from AdS/BCFT and phase transition

In previous sections, we have introduced a brane-localized scalar field φ into the minimal
AdS/BCFT construction [9, 10] and realized various novel configurations by designing the
scalar. One of the most simple setup in this framework is realized by setting the potential
V (φ) to zero, i.e. considering a massless free scalar. In this case, the nontriviality can be
introduced by considering a brane which has two asymptotic infinities and impose different
boundary values of φ on each. Such setups are discussed in section 3.3 and section 6.

In this section, we construct a setup in this framework and argue that there exists a
novel phase transition in its time evolution behavior induced by the parameter ∆φ. More
precisely, we consider a 1D quantum many-body system and a class of time-dependent
transition matrices which is characterized by a single parameter. After seeing how this sin-
gle parameter can be related to ∆φ in an AdS3 gravity via the AdS/BCFT correspondence,
we will argue that the time growth of the pseudo entropy [119, 133, 134] in this setup is
O(t) when ∆φ is sufficiently small, O(t0) when ∆φ is sufficiently large, and O(log(t)) at
the phase transition point. This behavior is similar to the measurement-induced phase
transition of the entanglement entropy in 1D quantum many-body systems [120–122] when
changing the measurement rate.

In the following, we will first explain the basic concepts of transition matrices and
pseudo entropy. Then we will introduce our setup in the BCFT language and explain
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how it can be related to setups studied in section 3.3 and section 6 via the AdS/BCFT
correspondence. After that, we will explain the details of the phase transition mentioned
above and why we expect it exists.

7.1 Pseudo entropy and the setup

Pseudo entropy is a generalization of entanglement entropy, and it was firstly introduced
in [119]. Let us consider a bipartite system composited by A and B. The total Hilbert
space is given by

Htot = HA ⊗HB. (7.1)

For two pure states |ψ〉 , |ϕ〉 ∈ Htot which are not orthogonal to each other, the transition
matrix is defined as

T ψ|ϕ ≡ |ψ〉〈ϕ|
〈ϕ|ψ〉

. (7.2)

Such a transition matrix describes a post-selection or weak measurement [135, 136] pro-
cedure where one prepares an initial state |ψ〉, performs operations on it, and then post-
selects it to |ϕ〉. For example, the weak value [135, 136] of an operator O can be obtained
by computing Tr

(
T ψ|ϕO

)
.

The reduced transition matrix on A is defined as

T ψ|ϕA = TrBT ψ|ϕ. (7.3)

Note that the (reduced) transition matrix reduces to a standard (reduced) density matrix
when |ϕ〉 = |ψ〉. The pseudo entropy is defined by formally computing the von Neumann
entropy

S(T ψ|ϕA ) = −Tr
[
T ψ|ϕA log T ψ|ϕA

]
. (7.4)

Note that the pseudo entropy is not an entropy in the sense that it does not satisfy all the
axioms of entropy such as reality or convexity. However, it reduces to entanglement entropy
when |ϕ〉 = |ψ〉 and hence is a generalization of it. Moreover, in holographic setups, the
leading order of the pseudo entropy can be computed using the same recipe for holographic
entanglement entropy [119].

While the entanglement entropy of a pure state counts the number of EPR pairs one can
distill by performing local operations and classical communications (LOCC) on the state,
the operational meaning of pseudo entropy for general transition matrices is unclear. For a
special class of transition matrices, the pseudo entropy can be interpreted as the number of
EPR pairs one can distill in the post-selection procedure described by T ψ|ϕ [119]. However,
despite the fact that its physical meaning is not completely clear, it has been found that
pseudo entropy is useful for studying various physical systems such as phase transitions in
quantum many-body systems [133, 134].

In the following, let us consider a 1D system defined on an infinite line. Starting from
an area law state |ψ0〉 and time evolving it with a gapless Hamiltonian H, the entanglement
will grow linearly and the state will become a volume law state. More precisely, the entan-
glement entropy of a single interval with length l in the time-evolved state e−iHt |ψ0〉 will
grow as O(t) and saturate to O(l). This is well-known as the global quench setup [137, 138].
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Figure 28. The Euclidean path integral setup corresponding to a density matrix after a global
quench (left) and that corresponding to the transition matrix (7.6) (right), respectively.

In CFT, such an initial state |ψ0〉 can be realized by a regularized boundary state [137,
138]

|ψ0〉 ∝ e−αH |B〉 . (7.5)

In the path integral language, one can consider a Euclidean strip parameterized by (τ, x),
where τ ∈ [−α, α] is the Euclidean time and x ∈ (−∞,∞) is the spatial coordinate. Here,
the boundary conditions imposed on τ = −α and τ = α are the same. In this case, when
focusing on the time slice τ = τ ′, the state realized by the path integral over −α ≤ τ ≤ τ ′

and that over τ ′ ≤ τ ≤ α are e−τ ′−αH |B〉 and 〈B| eτ ′−αH respectively. By performing the
analytic continuation τ ′ → it, one can realize the time evolved state e−it−αH |B〉. It is
well-known that the effective temperature of such a state is given by Teff = 1/4α.

Let us consider a generalization of the setup described above. Instead of imposing the
same boundary condition on the two boundaries, let us impose different ones. Denoting
the boundary conditions imposed on τ = −α and τ = α as |B1〉 and 〈B2|, respectively, the
current path integral describes the following transition matrix

T = e−iHte−αH |B1〉〈B2|e−αHeiHt

〈B2|e−αHeiHte−iHte−αH |B1〉
(7.6)

after performing the analytical continuation τ → it. In the following, let us divide the
subsystem A given by x ≥ 0 and consider the pseudo entropy associated with it.

7.2 Holographic duals and phase transition

The setups with brane-localized free massless scalar naturally realize a class of the transition
matrices (7.6) in the AdS/BCFT correspondence. The boundary values of the brane-
localized scalar field φ on the two asymptotic infinities correspond to the boundary states
imposed on the two boundaries τ = ±α on the BCFT side. In this sense, the boundary
value of φ parameterizes the boundary states. Accordingly, we can write

|B1〉 = |B(φ1)〉 , |B2〉 = |B(φ2)〉 , (7.7)

where
φ1 = φ|z=0,τ=−α, φ2 = φ|z=0,τ=α. (7.8)
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The gravity dual of the Euclidean setup can been straightforward obtained from the re-
sults in section 6. In section 6, we have discussed the gravity dual of a BCFT defined on a
manifold with topology S1× I, where we regard S1 as the Euclidean time direction param-
eterized by τ and I as the spatial direction parameterized by x. Now we are considering
a BCFT defined on I × R, where we regard I = [−α, α] as the Euclidean time direction
parameterized by τ and R as the spatial direction parameterized by x. While not precise,
it is useful to consider the infinite system R as the infinite radius limit of an S1. In this
sense, the definitions of x and τ used here are opposite to that used in section 6.

The ∆x, β and ∆φ in section 6 correspond to 2α, ∞ and ∆φ in the current section,
respectively. Looking at the ∆x/β = 0 part of figure 27, one can see that there is a phase
transition when changing ∆φ and the phase transition point is given by ∆φ = ∆φc ≡
2K[−1] ' 2.6. Since the coordinates of space and time are different between section 6
and this section, let us call the BTZ phase (thermal AdS phase) in section 6 the large ∆φ
phase (small ∆φ phase) in this section to avoid confusion. Let us consider the Lorentzian
counterparts for all these cases.

7.2.1 Small ∆φ phase

The small ∆φ phase corresponds to the thermal AdS phase in section 6. The Euclidean
gravity dual is given by a BTZ metric3

ds2 = h(z)dτ2

z2 + dx2

z2 + dz2

h(z)z2 ,

h(z) = 1− z2

a2 . (7.9)

with an end-of-the-world brane connecting the boundaries at the Euclidean past and future.
Here, a is determined by solving

2α
a

= XT

(
z∗
a

)
, ∆φ = ΦT

(
z∗
a

)
, (7.10)

where the functions XT and ΦT are given by figure 21. The effective temperature of the
BTZ metric is given by

Teff = 1
2πa. (7.11)

Accordingly, the corresponding Lorentzian setup is a one-sided BTZ black hole with tem-
perature 1/(2πa) and an end-of-the-world brane falling behind the horizon. See figure 29
for a sketch. A crucial feature of the current setup is that, while the Euclidean path inte-
gral is not time reflection symmetric on the BCFT side, the geometry of the gravity dual
is. All the non-reflection symmetric elements in the gravity dual is the scalar field φ. This
feature allows us to get a real geometry corresponding to the Lorentzian setup by simply
perform the analytical continuation. This is also true in other phases.

The pseudo entropy can be computed from the HRT surface extending from (z, x, t) =
(0, 0, t) and ends on the brane. To grasp an intuition, let us firstly consider the ∆φ = 0

3Again, note that the time and space are opposite in section 6 and this setion.
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Figure 29. The x = const. slice of the Euclidean setup and the Lorentzian counterpart of the small
∆ phase. The Lorentzian turns out to be a one-sided BTZ black hole with temperature 1/(2πa),
and an end-of-the-world brane falling behind the horizon.

case. This is nothing but the standard global quench setup [137, 138] or the Hartman-
Maldacena setup [118]. In this case, the computation can be analytically performed [118]
and the pseudo entropy reduces to the standard entanglement entropy after a global quench
and turns out to be [118]

S(ρA) = c

6
π

2αt+ · · · = c

6
1
a
t+ · · · . (7.12)

at late time. The linear behavior reflects the fact that the end-of-the-world brane goes
deeper behind the horizon as the time evolves, and the coefficient reflects the temperature
of the background geometry.

Although we are not going to explicitly compute the time evolution of the pseudo
entropy for more general ∆φ 6= 0, it is natural to expect the late time behaviors of the
brane dynamics are similar for different ∆φ. Therefore, we conjecture that the leading
order at late time is also

S(TA) = c

6
1
a
t+ · · · . (7.13)

even in this case. We leave testing this conjecture as a future problem. See figure 30 for a
sketch of what we have found in the small ∆φ phase.

7.2.2 Large ∆φ phase

The large ∆φ phase corresponds to the BTZ phase in section 6. The Euclidean gravity
dual is given by a thermal AdS

ds2 = h(z)dτ2

z2 + dz2

h(z)z2 + dx2

z2 ,

h(z) = 1− z2

a2 . (7.14)

– 39 –



J
H
E
P
0
3
(
2
0
2
3
)
1
0
5

��
<latexit sha1_base64="DlS8UNhIFGDDMqLQ9fIGksIP66k="></latexit><latexit sha1_base64="DlS8UNhIFGDDMqLQ9fIGksIP66k="></latexit><latexit sha1_base64="DlS8UNhIFGDDMqLQ9fIGksIP66k="></latexit><latexit sha1_base64="DlS8UNhIFGDDMqLQ9fIGksIP66k="></latexit>

��c
<latexit sha1_base64="7tVwwqd3Kt33IHMbN0XtKSna1Hw="></latexit><latexit sha1_base64="7tVwwqd3Kt33IHMbN0XtKSna1Hw="></latexit><latexit sha1_base64="7tVwwqd3Kt33IHMbN0XtKSna1Hw="></latexit><latexit sha1_base64="7tVwwqd3Kt33IHMbN0XtKSna1Hw="></latexit>

0
<latexit sha1_base64="HFqcAbZDYt70XV1gMAiePXX1DQM="></latexit><latexit sha1_base64="HFqcAbZDYt70XV1gMAiePXX1DQM="></latexit><latexit sha1_base64="HFqcAbZDYt70XV1gMAiePXX1DQM="></latexit><latexit sha1_base64="HFqcAbZDYt70XV1gMAiePXX1DQM="></latexit>

c

6

1

a
t+ · · ·

<latexit sha1_base64="qzPFuju0nJYhvv85udL2NI274mY="></latexit><latexit sha1_base64="qzPFuju0nJYhvv85udL2NI274mY="></latexit><latexit sha1_base64="qzPFuju0nJYhvv85udL2NI274mY="></latexit><latexit sha1_base64="qzPFuju0nJYhvv85udL2NI274mY="></latexit>

Figure 30. The leading time evolution of the pseudo entropy in the small ∆φ phase. The blue
point ∆φ = 0 is a case that we know the precise answer, while the behavior at the orange region
remains to be a conjecture.
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Figure 31. The x = const. slice of the Euclidean setup and the Lorentzian counterpart of the
large ∆ phase. The Lorentzian turns out to be a static thermal AdS with temperature 1/(2πa),
and there is non end-of-the-world branes involved in the Lorentzian configuration.

with two end-of-the-world branes extending from the two boundaries at the Euclidean past
and future. Here, a is determined by solving

2α
a

= XB

(
z∗
a

)
, ∆φ = ΦB

(
z∗
a

)
, (7.15)

where the functions XB and ΦB are given by figure 24. The effective temperature of the
thermal AdS metric is given by

Teff = 1
2πa. (7.16)

It is straightforward to find that the corresponding Lorentzian setup is a static thermal AdS
with temperature 1/(2πa) and no time evolution. Moreover, there is no end-of-the-world
branes involved in the Lorentzian configuration. See figure 31 for a sketch. Accordingly,
the holographic pseudo entropy has no time evolution either, i.e.

S(TA) = O(t0). (7.17)

See figure 32 for a sketch of what we have found in the large ∆φ phase.
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Figure 32. The leading time evolution of the pseudo entropy in the large ∆φ phase.
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Figure 33. The x = const. slice of the Euclidean setup and the Lorentzian counterpart at the
phase transition point ∆φ = ∆φc. The Lorentzian configuration turns out to be a Poincaré AdS
with an end-of-the-world brane accelerating and falling towards the Poincaré horizon.

7.2.3 The phase transition point

As the last case, let us consider the phase transition point ∆φ = ∆φc = 2K[−1] ' 2.6. The
corresponding Euclidean setup has been already studied in section 3.3. By performing the
analytic continuation, one can find that the Lorentzian setup is a Poincare AdS with an
end-of-the-world brane accelerating and falling towards the Poincare horizon. See figure 33
for a sketch.

If we approximates the holographic pseudo entropy with the minimal geodesic lying in
the time slice t = const., one can find the time growth of the approximated pseudo entropy is

c

6 log t+ · · · . (7.18)

In general, when there is an end-of-the-world brane approaching the speed of light and
falling towards the Poincaré horizon, the coefficient can be modified by the back reaction4

of the end-of-the-world brane but the logarithmic behavior is robust.

S(TA) = O(log t). (7.19)
4The HRT surface goes outside of the Poincaé patch when the end-of-the-world brane approaches the

speed of light and falls towards the Poincaré horizon. The segment outside of the Poincaé patch can modify
the coefficient of the log t term in the time evolution. See [63, 64] for details.

– 41 –



J
H
E
P
0
3
(
2
0
2
3
)
1
0
5

��
<latexit sha1_base64="DlS8UNhIFGDDMqLQ9fIGksIP66k="></latexit><latexit sha1_base64="DlS8UNhIFGDDMqLQ9fIGksIP66k="></latexit><latexit sha1_base64="DlS8UNhIFGDDMqLQ9fIGksIP66k="></latexit><latexit sha1_base64="DlS8UNhIFGDDMqLQ9fIGksIP66k="></latexit>

��c
<latexit sha1_base64="7tVwwqd3Kt33IHMbN0XtKSna1Hw="></latexit><latexit sha1_base64="7tVwwqd3Kt33IHMbN0XtKSna1Hw="></latexit><latexit sha1_base64="7tVwwqd3Kt33IHMbN0XtKSna1Hw="></latexit><latexit sha1_base64="7tVwwqd3Kt33IHMbN0XtKSna1Hw="></latexit>

0
<latexit sha1_base64="HFqcAbZDYt70XV1gMAiePXX1DQM="></latexit><latexit sha1_base64="HFqcAbZDYt70XV1gMAiePXX1DQM="></latexit><latexit sha1_base64="HFqcAbZDYt70XV1gMAiePXX1DQM="></latexit><latexit sha1_base64="HFqcAbZDYt70XV1gMAiePXX1DQM="></latexit>

O(t)
<latexit sha1_base64="KyW6SfIJhGBNIzbMVyJNjuZF0xE="></latexit><latexit sha1_base64="KyW6SfIJhGBNIzbMVyJNjuZF0xE="></latexit><latexit sha1_base64="KyW6SfIJhGBNIzbMVyJNjuZF0xE="></latexit><latexit sha1_base64="KyW6SfIJhGBNIzbMVyJNjuZF0xE="></latexit>

O(t0)
<latexit sha1_base64="vI+2c6KC5D6667aXp+5AQNIGi3M="></latexit><latexit sha1_base64="vI+2c6KC5D6667aXp+5AQNIGi3M="></latexit><latexit sha1_base64="vI+2c6KC5D6667aXp+5AQNIGi3M="></latexit><latexit sha1_base64="vI+2c6KC5D6667aXp+5AQNIGi3M="></latexit>O(log t)

<latexit sha1_base64="lMXtDSt7kCKOIl3GZXyQv636+S0="></latexit><latexit sha1_base64="lMXtDSt7kCKOIl3GZXyQv636+S0="></latexit><latexit sha1_base64="lMXtDSt7kCKOIl3GZXyQv636+S0="></latexit><latexit sha1_base64="lMXtDSt7kCKOIl3GZXyQv636+S0="></latexit>

Figure 34. The leading time evolution of the pseudo entropy in the phase transition induced by ∆φ.

It would be an interesting future direction to determine the coefficient in this case. See
figure 34 for a sketch of what we have found in this phase transition.

7.3 Possible connection to measurement-induced phase transition

For our transition matrix in a holographic two dimensional CFT, we observed the time
evolution of pseudo entropy changes from the linear growth O(t) (small ∆φ phase with
BTZ geometry) to the trivial one O(t0) (large ∆φ phase with thermal AdS geometry) when
turning up the parameter ∆φ, and the behavior at the phase transition point with Poincaré
geometry is O(log t). This looks very similar to the behavior of entanglement entropy under
the measurement-induced phase transition in 1D quantum many-body systems [120–122].
Motivated by this, we would like to propose below a possible interpretation of our phase
transition of transition matrix as a version of the measurement-induced phase transition.

To begin with, let us first point out that the gravity side of the current setup effec-
tively realize a classical open system. In the current setup, the BCFT side is a path integral
which represents a transition matrix, which means that the BCFT side is not in a standard
quantum state, but a combination of two quantum states. On the other hand, the gravity
side in the Lorentzian signature can be determined by solving the Einstein equation with
the initial condition at t = 0 and turns out to be a standard state in classical gravity. The
only exotic part on the gravity side is that the brane-localized scalar field φ takes imag-
inary values and turns out to be a ghost in the Lorentzian signature. This can be easily
seen from the equation of motion of the scalar field (3.29) with the Wick rotation τ = it

performed. As a result, the energy in the gravity sector leaks to the brane-localized scalar
sector under the time evolution, and the current setup effectively realize an open system
when viewing from the bulk gravity sector. The “openness” of the system is characterized
by the shift of the scalar field ∆φ.

The behavior on the gravity side discussed above motivates us to conjecture that
the field theory side effectively realize a single quantum state under a non-unitary time
evolution which describes a quantum open system.5 In this explanation, the quantity
computed by the HRT formula turns out to be the entanglement entropy of the single
quantum state under a non-unitary time evolution, but not the pseudo entropy of the
transition matrix under a unitary time evolution. Again, the “openness” of the quantum

5Note that the canonical explanation on the field theory side is a combination of two quantum states
under unitary time evolution.
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system is characterized by the shift of the scalar field ∆φ. When ∆φ gets larger, the system
gets more open to the outside environment which may be interpreted as measurements,
and the entanglement growth gets reduced and experiences the phase transition. Indeed,
this is very similar to the measurement-induced phase transition.

To summary, discussions above suggest that our time-dependent solution with the
EOW brane with a ghost field may be a gravity dual of an open quantum system where a
quantum system evolves in a non-unitary way, driven by e.g. non-hermitian Hamiltonians
or projection measurements. Note that if we perform projection measurements in the UV
degrees of freedom, then the EOW brane should intersect with the AdS boundary as in the
setups studied earlier [59, 72]. Instead in our present construction, we expect non-unitary
operations such as projections are acted on the IR degrees of freedom as the EOW brane is
inserted in the interior. Such non-unitary EOW branes seem to imply a new holographic
relation including open systems. We leave more detailed studies of this interpretation for
an important future problem.

8 Conclusions and discussions

In this paper, we studied the dynamics of a scalar field localized on the end-of-the-world
(EOW) brane as a new extension of the minimal setup of AdS/BCFT. This brane-localized
scalar field is dual to a boundary primary operator. As opposed to setups with bulk scalar
fields, it is often possible to analytically solve the equation of motion at least partially.
Owing to this advantage, we obtained various new solutions which are only possible in the
presence of the scalar field.

Firstly, we found planar solutions which are gravity duals of boundary RG flows.
Next, by imposing rotational invariance, we obtained hemisphere, annulus and cone shaped
solutions in the Poincaré AdS3. Among them, annulus and cone shaped ones are impossible
in the minimal AdS/BCFT model. We also give interpretations from the viewpoint of
boundary RG flows for the hemisphere and annulus shaped solutions. We leave the field
theoretic interpretation of the cone shaped solutions as a future problem. At the intuitive
level, they look like poking small holes in the space. Notice that these constructions of
above solutions can be done in any dimension in a similar way, though we often presented
solutions in AdS3/BCFT2 explicitly.

We can also get intriguing solutions for BCFTs on strips. Even when the two bound-
aries of the strip have different values of the scalar potential, we can construct a connected
EOW brane in our setup. We find that there is a phase transition point in the value of the
difference of the scalar potential ∆φ. If ∆φ is smaller than the value at the phase transi-
tion point, the gravity dual is given by a connected EOW brane in thermal AdS3. If it is
larger, then the dual geometry is given by disconnected EOW branes in BTZ. At the phase
transition point and at the zero temperature, the dual is a connected EOW brane in the
Poincaré AdS3. Our phase diagram figure 27 is analogous to the Hawking-Page transition
with a chemical potential, which describes the physics of confinement/deconfinement phase
transition.
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We can also regard these solutions as transition matrices via a Wick rotation. In
this interpretation, the phase transition we found describes the transition of dynamical
evolutions of pseudo entropy from the area law O(t0) to volume law O(t). At the phase
transition point we may expect the logarithmic evolution O(log t) in two dimensions. It is
intriguing to note that in the corresponding Lorentzian gravity dual, the EOW brane does
not intersect with the AdS boundary, which can be regarded as a deformation of [118]. We
may try to interpret this time-dependent geometry as a gravity dual of the time evolution
of a certain quantum state in the CFT. However, the new thing in our solution is that the
scalar field on the EOW brane takes imaginary values, which is equivalent to a ghost-like
scalar on the brane. The amount of such non-unitarity is controlled by the parameter
∆φ. The above results imply that as the non-unitary effect gets larger, the entanglement
growth gets reduced. This is analogous to the measurement-induced phase transition [120–
122] and the entanglement transition in non-hermitian systems [123]. This suggests that
our time-dependent solution with the EOW brane with a ghost field may be a gravity dual
of an open quantum system where a quantum system evolves in a non-unitary way derived
by e.g. non-hermitian Hamiltonians or projection measurements. This obviously deserves
future investigations.

Since our setup is a small extension of the minimal AdS/BCFT, it would be inter-
esting to analyze setups of AdS/BCFT with richer contents of brane-localized fields such
as multiple scalar fields and gauge fields. Such further extensions may allow us to study
boundary problems in condensed matter physics. Another application may be to build
new holographic cosmology models, by taking into account the brane-world dynamics of
localized graviton on EOW branes. Finally, since we relied on a bottom-up construction
in this paper, it will be important to consider the string theory realizations of our models.
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A The round-shaped solution of φ̇2 ≥ 0

We solve φ̇2 ≥ 0 in (4.6):

φ̇2 = − z̈

2z
√

1 + ż2
+ ż
√

1 + ż2

2zr ≥ 0 (A.1)

under some boundary conditions. In the considering region, we can simplify into

ż
(
1 + ż2

)
≥ z̈r (A.2)
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since z ≥ 0. Introducing y(r) = ż(r), we have

y(1 + y2)− ẏr ≥ 0. (A.3)

First, we can easily find soltions for the case of equal sign

y(r) = Ar√
1−A2r2

. (A.4)

As mentioned in section 4.1, this solution corresponds to a part of an exact sphere. Now
we make A dependent of r. Then inequality (A.3) can be read as

− r2Ȧ(r)
(1− r2A2(r))3/2 ≥ 0, (A.5)

equivalently, Ȧ(r) ≤ 0.
Next, We restrict A(r) by boundary conditions. In the Type I, for example, we impose

z(0) > 0, ż(0) = 0 and z̈(0) < 0 on the general solution

z(r) =
∫ r

0

A(r)r√
1−A2(r)r2 + z0, (A.6)

and, therefore, solutions must satisfy A(0) < 0 and z0 > 0. The same applies to the Type
III. On the other hand, in the Type II, we impose z(0) = 0 and ż(0) > 0. This means

0 ≤ κ := lim
r→0

A(r)r ≤ 1. (A.7)

Therefore, we can conclude A(r) must be displayed by

A(r) = κ

r
− P (r) (A.8)

where function P (r) satisfies Ṗ (r) ≥ −κ/r2 and P (0) is finite.
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