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INVITE D ADDRESS 

R e a s o n i n g b y r u l e o r  m o d e l  ? 

P.N. Johnson-Laird 

M RC Applie d Psycholog y Unit ,  Cambridge ,  Englan d 

INTRODUCTION 

Human reasoning depends on three principal skills: comprehension, the generation of conclusions, 

and th e evaluatio n o f  conclusions .  Th e critica l  ste p i n a  deductio n i s th e evaluatio n o f  a  conclusio n 

i n orde r  t o ensur e i t  i s valid .  S o m e theorist s propos e tha t  thi s proces s i s aki n t o a  forma l  derivatio n 

i n a  logica l  calculu s (se e e.g .  Inhelde r  an d Piaget ,  1958 ;  Braine ,  1978 ;  Rips ,  1983) .  Othe r 

theorist s propos e tha t  i t  depend s o n a  searc h fo r  alternativ e interpretations ,  o r  models ,  o f  th e 

premise s tha t  serv e a s refutation s (e.g .  Newell ,  1981 ;  Johnson-Laird ,  1983) .  N o evidenc e s o fa r 

has bee n universall y accepte d a s countin g decisivel y agains t  on e schoo l  o f  though t  o r  th e other .  M y 

ai m i n thi s pape r  i s t o tr y t o settl e th e issu e b y considerin g a  clas s o f  inference s no t  hithert o 

investigate d experimentall y -  multiply-quantifie d deductions . 

An example of a multiply-quantified assertion is: None of the artists is taller than any of the 

beekeepers .  Suc h assertion s contai n a  relationa l  expressio n — here ,  "talle r  than "  — an d it s 

argument s ar e quantifie d usin g suc h expression s a s "all" ,  "some" ,  "none" .  Thes e quantifier s 

behav e i n way s tha t  ar e simila r  t o thos e o f  th e first-orde r  predicat e calculu s (thoug h ther e ar e other s 

tha t  d o not) .  T o explai n h o w peopl e reaso n wit h multipl e quantifiers ,  i t  i s necessar y firs t  t o accoun t 

fo r  h o w the y reaso n wit h relationa l  expressions .  I  wil l  describ e a  theor y o f  relationa l  reasonin g an d 

the n som e evidenc e fro m a  crucia l  experimen t  carrie d ou t  t o compar e thi s theor y an d a  rule-base d 

theory .  Next ,  I  wil l  presen t  a  theor y o f  reasonin g wit h multipl e quantifier s an d evidenc e from  a 

secon d experimen t  designe d t o decid e betwee n thi s theor y an d a  rule-base d theory .  Finally ,  I  wil l 

outlin e th e essentia l  theoretica l  differenc e betwee n th e tw o sort s o f  theory .  Al l  thi s wor k wa s 

carrie d ou t  i n collaboratio n wit h Rut h Byrne . 

RELATIONAL REASONING 

Most psychological studies of relational reasoning have concerned so-called three-term series 

problems ,  suc h as :  Ann e i s talle r  tha n Betty ;  Caro l  i s  shorte r  tha n Betty ;  wh o i s tallest ? Th e 

evidenc e fro m thi s domai n ha s no t  suffice d t o decid e betwee n rule-base d an d model-base d theorie s 

(se e e.g .  Huttenlocher ,  1968 ;  Clark ,  1969) .  Th e validit y o f  thes e inference s depend s o n th e 

ffansitivity  o f  th e relatio n i n th e premises ,  an d theorist s hav e generall y assume d tha t  ther e i s eithe r  a 

genera l  schem a fo r  transitivit y o r  content-specifi c  rules ,  suc h as : 

if X is taller than y and y is taller than z, then x is taller than z. 
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The theory based on the manipulation of mental models proposes that the logical properties of 

relations ,  suc h a s transitivity ,  ar e no t  explicitl y  represente d a t  all ,  bu t  ar e emergen t  fro m th e 

meaning s o f  relation s (Johnson-Laird ,  1983) .  Th e meanin g o f  a n assertio n suc h as : 

The number of artists is greater than the number of beekeepers 

enables the interpretative system to construct a model of the situation, e.g. 

artist beekeeper 

artis t  beekeepe r 

artis t  beekeepe r 

artis t 

and to verify that the relation holds within models. The meaning of "greater than" can be 

formulate d i n term s o f  th e concept s o f  a n empt y set ,  a  non-empt y set ,  an d th e additio n an d 

subtractio n o f  item s fro m sets : 

The number of x's is greater than the number of y's: if there is at least one x 

and ther e ar e n o y' s o r  ( x -  1 )  i s greate r  tha n ( y -  1) . 

There are other ways of giving a recursive definition of the concept, and such definitions can be 

couche d i n a  for m tha t  i s suitabl e fo r  th e constructio n an d manipulatio n o f  model s suc h a s th e on e 

above .  Hence ,  give n th e furthe r  assertion : 

The number of beekeepers is greater than the number of chemists 

the interpretative system can construct the model: 

artist beekeeper chemist 

artis t  beekeepe r  chemis t 

artis t  beekeepe r 

artis t 

which supports the conclusion that the number of artists is greater than the number of chemists. To 

tes t  validity ,  i t  i s  necessar y t o searc h fo r  a n alternativ e mode l  o f  th e premise s tha t  refute s th e 

conclusion .  Ther e ar e variou s way s i n whic h th e searc h coul d b e made ,  an d som e hav e bee n 

modelle d computationall y (Johnson-Lair d an d Bara ,  1984) .  But ,  her e I  wil l  no t  mak e an y stron g 

claim s abou t  th e procedure s tha t  peopl e use ,  othe r  tha n tha t  the y d o no t  posses s an y simpl e 

deterministi c algorith m fo r  searchin g fo r  refutation s (cf .  Newel l  an d Simon ,  1972) .  Hence ,  wher e 

a correc t  respons e ca n b e mad e onl y a s a  resul t  o f  considerin g mor e tha n on e model ,  th e theor y 

predict s tha t  th e tas k wil l  b e reliabl y harde r  ~  a  predictio n tha t  ha s bee n confirme d i n man y studie s 

of  traditiona l  syllogisms ,  i.e .  argument s tha t  depen d o n singly-quantifie d premise s (se e e.g . 
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Johnson-Laird and Bara, 1984). We can predict that when people reason about relations, the task 

shoul d b e harde r  wher e ther e i s a  genuin e choic e o f  model s o f  th e sam e premises . 

Ruth Byrne and I tested this prediction by examining such descriptions as: 

The jug is on the right of the cup 

The plat e i s o n th e lef t  o f  th e cu p 

The knif e i s i n fron t  o f  th e plat e 

The for k i s i n front  o f  th e jug . 

The description corresponds to a single determinate model: 

plate cup jug 

knif e for k 

and so it should be relatively easy to answer a question about the relation between the knife and the 

fork :  Th e knif e i s o n th e lef t  o f  th e fork .  But ,  whe n th e secon d premis e i s instead : 

The plate is on the left of the jug 

the description is consistent with at least two distinct models; 

plate cup jug cup plate jug 

knif e for k knif e for k 

The same relation holds between the knife and the fork in either layout, but the model-based theory 

predict s tha t  th e tas k shoul d b e harde r  becaus e bot h model s ough t  t o b e constructe d i n testin g th e 

vaUdit y o f  th e answer .  Th e tas k shoul d b e stil l  harde r  wher e th e correc t  respons e ca n b e mad e onl y 

by constructin g bot h models .  Th e followin g description : 

The jug is on the right of the cup 

The plat e i s o n th e lef t  o f  th e ju g 

The knif e i s i n front  o f  th e plat e 

The for k i s i n front  o f  th e cu p 

is consistent with two distinct models: 

plate cup jug cup plate jug 

knif e for k for k knif e 

that have no relation in common between the knife and fork, and so there is no valid conclusion. 

Grante d tha t  workin g memor y ha s a  limite d processin g capacity ,  th e model-base d theor y predict s 

767 



J O H N S O N - L A I RD 

the following rank order of increasing difficulty: one-model problems, multiple-model problems 

wit h vali d conclusions ,  an d multiple-mode l  problem s wit h n o vali d conclusions . 

A formal rule for making such inferences needs to be of the following sort: If x is related to y on 

one dimension ,  an d w  i s relate d t o x  o n a n orthogona l  dimension ,  an d z  ha s th e sam e orthogona l 

relatio n t o y ,  the n w  i s relate d t o z  i n th e sam e wa y a s x  i s relate d t o y .  Th e rul e ca n b e applie d t o 

th e configuration : 

w z 

in any orientation. Moreover, it can be directly applied to the premises yielding a multiple-model 

proble m wit h a  vali d conclusio n (se e above )  becaus e th e relatio n betwee n x  an d y  i s directl y 

asserte d b y th e premise :  Th e plat e i s o n th e lef t  o f  th e jug .  Bu t  ther e i s n o suc h premis e i n th e one -

model  problem :  th e relevan t  relatio n ha s t o b e inferre d (usin g a  furthe r  rul e o f  inference )  befor e 

th e presen t  rul e ca n b e applied .  Hence ,  th e rule-base d theor y predict s tha t  one-mode l  problem s 

shoul d b e harde r  tha n multiple-mode l  problem s wit h vali d concludion s -  exactl y th e opposit e 

predictio n t o th e model-base d one . 

We have carried out a series of experiments in order to compare the predictions of the two theories. 

I n ou r  lates t  experiment ,  1 8 adul t  subject s acte d a s thei r  ow n control s an d carrie d ou t  fou r 

inference s o f  eac h o f  th e thre e sorts .  Th e percentage s o f  thei r  correc t  response s were :  7 0 % fo r 

one-mode l  problems ,  4 6 % fo r  th e multiple-mode l  problem s wit h vali d conclusions ,  an d 8 % fo r 

th e multiple-mode l  problem s wit h n o vali d conclusion .  Thi s reliabl e tren d corroborate s th e model -

base d theor y bu t  run s counte r  t o th e theor y base d o n rules . 

MULTIPLY-QUANTIFIED REASONING 

Granted the following definition of simple consanguineal relationships: 

X is related to y if x is a parent of y (or x is a child of y) or x is a parent of z 

(o r  X  i s a  chil d o f  z )  an d z  i s relate d t o y 

it is an emergent property that the relation is symmetric and transitive. Thus, the following 

multiply-quantifie d premises : 

None of the artists is related to any of the beekeepers. 

Al l  o f  th e beekeeper s ar e relate d t o al l  o f  th e chemists . 

yield the valid conclusion: None of the artists is related to any of the chemists. 
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The model-based theory assumes that reasoners construct a model of the state of affairs described 

by th e premises : 

a I t)^:r7'C 

a I  t»"^^ c 

a I  b - ^ ^ c 

where the vertical barrier represents negation and prevents any relation between the artists and 

beekeepers ,  an d eac h lin k correspond s t o a  relatio n betwee n tw o individuals .  I t  i s  impossibl e t o 

construc t  an y mode l  o f  th e premise s tha t  refute s th e conclusion . 

The following premises, which differ only in a single quantifier: 

None of the artists is related to any of the beekeepers. 

Al l  o f  th e beekeeper s ar e relate d t o som e o f  th e chemists . 

yield a similar model: 

a I b*;—-c 

a I  b ^ c 

a I  b  -""̂ ô c 

from which the same conclusion as before can be drawn. But in this case a search for a 

counterexampl e wil l  b e successful : 

a I  b.̂ ;—- c 

a I  b ^ c 

a I  b  ' ^o c 

The tw o model s suppor t  onl y th e conclusion : 

S o me o f  th e artist s ar e no t  relate d t o an y o f  th e chemists . 

but  agai n thi s conclusio n ca n b e refute d b y a  furthe r  model : 

C 
- a I  b ' c — c 

^a I b-^ oc 

=a I  b — ^ c 
S 

The onl y vali d conclusion s are : 

Some of the chemists are not related to any of the artists. 

None o f  th e artist s i s relate d t o som e o f  th e chemists . 
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or weaker ones, e.g. the ambiguous assertion. None of the artists are related to all of the chemists. 

Plainly ,  th e model-base d theor y predict s tha t  th e one-mode l  inferenc e shoul d b e easie r  tha n th e 

multiple-mode l  inference . 

Although there are rule-based theories of reasoning with quantifiers (e.g. Braine and Rumain, 

1983) ,  ther e i s n o curren t  theor y tha t  i s  powerfu l  enoug h t o deriv e multiply-quantifie d conclusions . 

However ,  th e tw o sort s o f  inferenc e ca n b e derive d i n th e first-orde r  predicat e calculus .  Bot h 

proof s ar e lon g — a t  leas t  fiftee n line s o f  derivatio n — bu t  the y ar e remarkabl y similar :  the y 

requir e th e sam e numbe r  o f  steps ,  an d th e rule s tha t  ar e use d a t  eac h ste p ar e identica l  excep t  i n tw o 

cases ,  an d eve n her e ther e ar e onl y mino r  differences .  Sinc e th e numbe r  o f  step s i n a  derivatio n i s 

take n t o predic t  th e psychologica l  difficult y o f  a n inferenc e (se e e.g .  Rips ,  1983) ,  th e rule-base d 

theor y doe s no t  predic t  an y differenc e betwee n th e tw o sort s o f  problem . 

Ruth Byrne, Patrizia Tabossi, and I have carried out a series of experiments to investigate multiply-

quantifie d reasonin g i n whic h th e subject s dre w thei r  ow n conclusion s i n thei r  ow n words .  I n on e 

of  thes e experiments ,  w e teste d 1 1 adult s wit h a  serie s o f  problem s includin g th e tw o describe d 

abov e an d othe r  simila r  ones .  The y mad e 7 7 % correc t  response s fo r  th e one-mode l  problems ,  bu t 

onl y 2 3 % correc t  response s fo r  th e multiple-mode l  problem s -  a  differenc e tha t  wa s highl y 

significant .  Th e onl y divergenc e betwee n th e rule-base d derivation s o f  th e tw o sort s o f  proble m 

concern s th e eliminatio n an d subsequen t  re-introductio n o f  quantifiers :  th e one-mode l  proble m 

has thes e step s fo r  th e quantifie r  "all "  wher e th e multiple-mode l  proble m ha s the m fo r  "some" . 

Coul d ther e b e a n intrinsi c differenc e i n th e difficult y o f  th e tw o classe s o f  rules ? Anothe r  sor t  o f 

one-mode l  proble m i n th e experimen t  calle d fo r  th e us e o f  th e rule s fo r  "some" ,  e.g. :  Som e o f  th e 

beekeeper s ar e relate d t o al l  th e artists ;  Non e o f  th e chemist s ar e relate d t o an y o f  th e beekeepers . 

Thi s proble m wa s relativel y eas y wit h 6 7 % correc t  conclusions .  Hence ,  ther e i s n o intrinsi c 

difficult y i n dealin g wit h "some" . 

CONCLUSIONS 

The model-based theory extends naturally to reasoning with premises containing multiply-

quantifie d relations .  Rule-base d theories ,  however ,  appea r  neithe r  t o predic t  th e relativ e difficult y 

of  inference s o r  th e typica l  error s tha t  reasoner s make .  A  fundamenta l  differenc e betwee n th e tw o 

approache s concern s th e treatmen t  o f  variables .  Theorie s base d o n forma l  rule s propos e tha t 

reasoners ,  havin g gon e t o th e troubl e o f  understandin g th e premises ,  bas e thei r  inference s o n 

somethin g othe r  tha n a  ful l  semanti c interpretation .  The y ar e suppose d t o abstrac t  th e underlyin g 

logica l  skeleto n -  so-calle d "logica l  form "  -  an d the n exploi t  forma l  rule s o f  instantiatio n i n 

orde r  t o replac e quantifie d variable s b y singl e hypothetica l  individual s tha t  stan d i n fo r  them ;  afte r  a 

stag e o f  forma l  reasonin g abou t  sententia l  connectives ,  quantifier s ca n the n b e restore d b y forma l 

rule s o f  generalizatio n operatin g o n thes e hypothetica l  individuals .  Accordin g t o th e model-base d 

theory ,  however ,  th e wor k o f  instantiatio n i s merel y par t  o f  th e norma l  proces s o f  comprehension : 

universall y quantifie d phrase s ar e instantiate d b y set s o f  menta l  token s tha t  ar e treate d a s 

exhaustivel y representin g th e relevan t  set ;  existentia l  quantifie d phrase s ar e similarl y instantiate d 
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by sets of mental tokens, except that there are optional items that do not satisfy the conditions of 

th e assertion .  On e o f  th e consequence s o f  thi s semanti c distinctio n i s tha t  th e choic e o f  quantifie r 

i n on e premis e ca n affec t  th e numbe r  o f  possibl e model s o f  th e premise s a s a  whole . 

Of course it may be possible to devise a theory based on formal rules that will account for our 

experimenta l  result s — rule-base d theorie s i n genera l  hav e universa l  Turin g machin e power . 

Nevertheless ,  th e lac k o f  an y currentl y feasibl e rule-base d theor y ma y no t  b e accidental .  Th e theor y 

of  menta l  model s is ,  b y comparison ,  relativel y simpl e t o refute .  I t  predict s tha t  wheneve r  th e 

meanin g o f  premise s support s mor e tha n on e conclusio n abou t  wha t  i s possibl e thoug h no t 

necessary ,  ther e ar e multipl e model s o f  th e premises ,  an d s o th e inferentia l  tas k wil l  b e harder . 

Thi s predictio n ha s no w withstoo d empirica l  testin g fo r  thre e domain s o f  inference :  syllogisms , 

relationa l  reasoning ,  an d reasonin g wit h multipl e quantifiers . 
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