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Abstract

We have developed a 3-D FEL theory based upon the Maxwell-Vlasov equations in-
cluding the effects of the energy spread, emittance, and betatron oscillations of the electron
beamn. The radiation field is expressed in terms of the Green’s function of the inhomoge-
neous wave equation and the distribution function of the electron beam. The distribution
function is expanded in terms of a set of orthogonal functions determined by the unper-
turbed electron distribution. The coupled Maxwell-Vlasov equations are then reduced to
a matrix equation, from which a dispersion relation for the eigenvalues is derived. The
gain for the fundamental mode can be obtained for any initial beam distribution includ-
ing the hollow beam, the waterbag, and the Gaussian distribution. Comparisons of our
numerical solutions with simulation results and with other analytical approaches show
good agreements except for the one-dimensional limit. We present a handy interpolating
formula for the FEL gain of a Gaussian beam, as a function of the scaled parameters,
that can be used for a quick estimate of the gain. The present theory can be applied to

the beam conditioning case by a few modifications.

PACS numbers: 42.55.Tb, 41.70.tt, 52.75.Ms



I. Introduction

Various analytical approaches have been proposed for the calculation of the gain in a
Free Electron Laser (FEL) operating in the high gain regime before saturation. It is widely
known that transverse emittance and betatron oscillation can significantly reduce the gain
in this regime, due to a spread in the longitudinal velocity of electrons. One approach
to study these effects is based on an integro-differential eigenvalue equation involving
the radiation field alone, derived by reducing the coupled Maxwell-Vlasov equations [1].
However, the inclusion of the emittance and betatron oscillation effects makes it very
difficult to solve the equation exactly. Recently, Yu, Krinsky, and Gluckstern [2] have used
a variational method to solve the equation approximately for the waterbag distribution
of the beam. The principle behind this method is the fact that the error in the eigenvalue
depends quadratically on errors in the trial function. However, the success of their analysis
depends largely on the electron beam distribution and the choice of the trial function.

In this paper, we present a new approach based on an orthogonal expansion of the
electron distribution function. This method has been widely used in the study of beam
instabilities in particle accelerators [3]. Starting with the Maxwell-Vlasov equations and
equations of motion for an electron, we combine them into a single integral equation for
the electron distribution function. Since the betatron oscillation, emittance, and the en-
ergy spread are all beam parameters, it may be simpler to find the change in the beam
distribution due to these effects rather than in the radiation field. The radiation field is
expressed explicitly in terms of the Green’s function of the inhomogeneous wave equa-
tion and the electron distribution function. The perturbed distribution function is then
expanded in terms of a set of orthogonal functions determined by the unperturbed dis-
tribution function. This expansion converts the integral equation into a matrix equation,
from which a dispersion relation for the eigenvalues is derived. This dispersion relation
has a form similar to that in plasma physics. The present method has the advantage
that the higher-order terms in the expansion can in principle be determined in a system-
atic fashion. The series expansion converges very quickly, unless the Rayleigh range is
much longer than the gain length of the one-dimensional theory (in which case the three-
dimensional effects are unimportant). As a matter of fact, one can obtain an accurate
eigenvalue by taking only the lowest-order expansion term. In this approximation, the
dispersion relation becomes a scalar equation. ‘

Recently, the idea of electron beam “conditioning” has been proposed to reduce the

longitudinal velocity spread within the beam by correlating transverse oscillation ampli-



tude and the electron energy, in order to enhance the FEL gajn [4]. The present theory
can be applied to the beam conditioning case by a few modifications of the formulation.

This paper is organized as follows. In Sec. II, starting from the Hamiltonian, we derive
equations of motion for a single electron in the FEL system and construct the Vlasov equa-
tion. In Sec.III, we calculate the vector potential for the radiation field, and present an
‘explicit expression of the vector potential. In Sec. IV, we expand the transverse electron
distribution function with respect to the azimuthal angle in the transverse phase space
and obtain an integral equation for the radial distribution function of electrons. We solve
this integral equation in Sec. V by using the orthogonal expansion technique. The matrix
form of the dispersion relation is derived. In Sec. VI, we consider the approximation of
taking the lowest-order in the expansion, and show that the resulting scalar dispersion
relation for the hollow beam distribution of the electrons reduces to the well-known results
in both the small and large beam size limits when the betatron oscillation is neglected.
In Sec. VII, we show numerical results of the FEL gain as a function of the four scaling
parameters. They are compared with simulation results and analytical results obtained
by other approaches. We present a handy interpolating formula for the FEL gain of a
Gaussian beam as a function of the scaled energy spread, betatron frequency and trans-
verse emittance, that can be used for a quick estimate of the FEL gain. In Sec. VIII,
we turn our discussion to the planar wiggler case. So far, we have assumed that the FEL
radiation takes a place in the helical wiggler. However, the FEL with a planar wiggler
can be treated in parallel with the preceding formulation with a few modifications. The
more general results for the asymmetric focusing case are summarized in Appendix D.
In Sec. IX, we briefly discuss how to apply the present theory to the beam conditioning

case. The paper is concluded in Sec. X.

II. Vlasov Equation

To construct the Vlasov equation, one first writes down equations of motion for a
single electron. A rigorous way to derive equations of motion is to start with the Hamil-
tonian. The detail of the derivation is described in Appendix A. We here mostly refer the
results from there. We consider the electron beam moving in the z-direction through a
periodic helical wiggler with wave number k,, and- peak wiggler parameter K. We choose
z, the distance from the wiggler entrance, as the independent variable. After averaging
over the fast wiggling motion, the transverse electron motion can be described by the har-

monic betatron oscillation in the spatial transverse vector & and its canonical momentum



conjugate, pg:

dag dpg 2
26 __ L _ _ 1
- dz Ps; dz kgs, ' (1)

where kg is the betatron wave number. (In the absence of external focusing, ks =
Kky/vV?2, where is the electron energy in units of its rest mass energy, mc?, and ¢
is the speed of light). The transverse variables to be used in the Vlasov equation are
those z3 and pg. The total transverse trajectory of the electron, #, includes the helical

motion x; around the betatron motion:

=2+ xg, (2)

where
T), = —i 1y sin ky2z + 8,7, cos ky 2, (3)

and
) PBo .
T = Tpocoskgz + . sin kpz, v (4)
B

where

Tp, = x5(2 =0), and pg, = ps(z = 0). (5)

Here, r, = Kc/(7vkwv)) is the radius of the helical motion, v is the longitudinal velocity
of the electron, and ¢, and ¢, are unit vectors in the z- and y-directions, respectively.
With z as the independent variable, the time ¢ denotes the longitudinal coordinate.
For convenience, we define a new longitudinal coordinate 7, as the arrival time difference
of an electron at the position z relative to that of the reference electron. The reference
electron arrives at z at time f, = z/v,, where v, is the longitudinal velocity of the reference

electron. The electron of concern arrives at the position z at time t. The new coordinate

T is defined by

V4
=t—tr=t——.
" - (6)

The quantity Tv, gives the internal longitudinal position of an electron relative to that of
the reference electron. An equation of motion of T is approximately given by

dr 1 kwy—r

Lo -2

dz ¢ A

where «, is the resonant energy of the reference electron with zero transverse oscillation

1 .
+ 5P + Ko, )

amplitude, and k; = 2k,7?/(14+ K?) is the resonant radiation wave number corresponding
to the energy v,. The energy change is produced by the interaction of the electron’s helical

motion and the radiation field. An equation of motion of the energy 7 is

dz "~ dz 9t | , 8



where e is the electron charge, and A, = A,(x, z, 1) is the vector potential for the radiation

field.

The Vlasov equation for the electron distribution f(xg,pgs, 7,7;2) is as follows:

Of dxg Of dpg Of drof dyOf
_3;+ dz 8:c5+ dz 8pﬁ+dzar+dz87

Here, f is normalized such that

/_o:o /_o:o /_o:o /ooo f(=p,pp,7,7; 2)d*xpd’ppdrdy = N, (10)

where N is the total number of electrons in the beam. We solve Eq. (9) by the perturba-

0. (9)

tion method. The distribution function f can be decomposed into the unperturbed part

fo and the perturbed part f;, respectively:

f=rfo+h. (11)

The unperturbed distribution function fo satisfies

9fo dfo 0fo | dr 0fo

— 7 12
8z +pﬂ6:c kﬁ ﬂapﬁ + dz Ot 0, (12)
where we have substituted Eq. (1). The perturbed distribution function f; is a solution

of the linearized Vlasov equation

6f1+p 0fi 0fi dr 0fy d‘Yafo

9z ' Poxy ~ k2 P ops T T % By 0 (13)

In this paper, we assume that the focusing in the wiggler is matched to the electron beam
so that fo is a function of #4? + ps?/kj and v only (i.e., fo is uniform in the longitudinal

direction), and we also assume for simplicity that fo can be factorized as:
fo = for(zs® +pa®/k5) - foi(7)- (14)

II1I. Vector Potential for Radiation Field

The vector potential A,(r,t) for the radiation field satisfies the inhomogeneous wave
equation
62A
at2 _uOJ.L(r3t)’ (15)

where J (7, t) is the transverse current density, uo is the permeability of free space, and

V3A, -

7T is the three-dimensional vector, r = (x, z). The solution of Eq. (15) can be written as

Arr,t)=po [ : [ : G(r,tlr', )T (', ) d3r dt'. (16)



Here, the Green’s function G(r,t|r’,t’) satisfies

1 0*°G
2 ot?

VIG(r, tlr',t) — = — T 6(r—r)8(t=1), 17)

where I is the unit dyad (identical to the unit matrix in this case). The solution of G in

free space is well-known (5}, and is given by

- 1 0o ) eik-(’l‘—'l'/)
G(r, t|r',t') =1 ——/

(27!')4 -0 J—00 k2 _ (%)2

Phe~w(t—1)g,, (18)

The transverse current density J(r,t) in Eq. (15) is given by
N d:c,-
Ji(r,t)=>_ e—d-TcS(a: —z;)0(z — z), ~ (19)
=1

where (@;(t), z;(t)) describes the orbit of the i-th electron as a function of time ¢. Equation

(19) can be rewritten using z as the independent variable as

N .
Tu(rt) = Y e b (e - 2)6(r — ), (20)

=1
where 7;(2) is the arrival time difference of ~the i-th electron at z relative to that of the
reference electron. We can express J (7,t) in terms of the density distribution of the

betatron orbit, p;(2s, 7; ), given by

n@aiz)= [ [ i@ pe,rvi2)dpade. (21)
This i1s done below:
N go.
Ji(r,t) = Eeiﬁ&(z —x;)6(r — 17)
v =1 dZ
N da;
= Zegé(w — @ — (2 —zp))0(7— 7))
=1
N ‘
= S e i(ay - 2p)6(r — m)
=1 dZ
dzx
= e p(2p7i2). (22)

The vector = includes both the rapidly oscillating helical orbit z; and the slowly vary-
ing betatron orbit xs. By retaining only the helical motion @, in dz/dz, we have an

approximate expression of J, (r,t)

de :
Ji(r,t)me ;z(z) -pr(eg, 75 2). (23)

6



By inserting Eq. (23) into Eq. (16) and changing the volume element from d°r’'dt’ to

d*zpd2'dr’, we obtain

A (r, t)-e;to/{/ / G(r, tlr', )] h(z')pl(mﬁ,T ) dPaldr'}dd.  (24)

For the later use, it is convenient now to seek an alternative expression of A, in terms
of the Fourier-Laplace transform of p, (&g, 7; z) with respect to €5, 7 and z. After lengthy
calculation (see Appendix B), we obtain the expression for the vector potential for the
radiation field

O=eo [ (om0 U Huallr, punlr)eEe =)o dg)eds, (25

where H,,(ky,z) is given by
r K 1 i e~ Pk (k)

o —— > ’
(2m)* % \fk2 — k2 p2meo q — i(phu + \/R? — K2 — :’)

r

Hoo(ky,2) = - (26)

where k = w/e¢, ky = |k,|, and p,,(k1) is the Laplace-Fourier transform of p,(2g, 7;2),

which is related to fi(xg, ps, 7,7;2) by

posl) = [T YT [T e po 15 )t ppdnie ks Tz emvrds)erar.

(27)
The integer p represents the harmonic number of the radiation. The positive value p > 0
and the negative value p < 0 correspond to the forward and the backward radiations in

the electron rest frame, respectively. The vector V, (kL) in Eq. (26) is defined by

. 1, . )
Vo(ky) = (—1)’_16_"’0"{1z§[6"€"3p+1(kﬂ"h)+e'eka—l(kﬂh)]
. i
+iy5z[e *Jppa(kirn) — €Iy 1 (kira)]}, (28)

where J,(z) is the Bessel function, and 6 = tan™" &, /k..
Now, we can calculate the energy change by the radiation field, with use of the vector
potential A,(r,t) given by Eq. (25). After some algebra (see Appendix B), we obtain
d oo 1 +ico  poo .1 .
B L [T Paglbipuall)eR ok Jerdg)erdn. (29)
q —00

dz ~ 2n oo 271 Jgg—ico

Here
\ . (—1)7[ J?(mx—”—f + 32(kyry) ]

Pug(ky) = Z

p2 oo 27rc \/1—<kl/k)2[q—z<pk +¢k2 K ——)]

(30)



where r, = e2/(4meomc?) is the classical electron radius, &o is the permittivity of free space,
and J;(z) is the derivative of the Bessel function. The quantity F.q(ky) is proportional
to the total radiation power emitted from a single electron into the transverse angle
0 = sin~!(k, /k) with the transverse wave number &, in the frequency range (w,w + dw).
Equation (30) contains all the higher-harmonic components of the radiation. We are
mostly interested in only the lowest harmonic term in the forward direction, p = 1. If we

retain only this term in the summation and note that § < 1, Eq. (30) becomes

2
L) | 32(krat)
Paglky) ~ —e (X2 . Lkraf) (31)
wg\h1l ) ~ e zr +zk k kl + 502
ky _

IV. Azimuthal Mode Expansion

Now, let us come back to the linearized Vlasov Eq. (13). If we substitute Eqs. (29) and
(30) into Eq. (13) and take its Fourier-Laplace transform, the linearized Vlasov equation

becomes
lg = i o + ﬁgf“’q yo ‘Z;; = T [ Pr(ki)p(k)e*sZodh,, (32)
where f,, is the Fourier-Laplace transform of f; (:cp,pp,'r,*y; z)
fun(@apo, 1) = [ [ fr(@a,pa, 7 v 2)e 7 deledr. (33)

In Eq. (32), we did not include the Fourier transform of the initial distribution at z = 0,
because we consider only the eigenvalue problem in this paper. (If we retain this term,
the problem becomes an initial value problem.)

Since the betatron motion of the electron is a simple harmonic oscillation, it is natural |

to introduce polar-coordinates in the transverse planes as

Tg =Ty CO8P,, Ypg=TyCOSP,, (34)
Poz _ 1 sin bsy DBV — Ty Sin @y. : (35)
ks ks

Then, the second and third terms in the LHS of the Vlasov equation, Eq. (32), are written

as
6qu 2 aqu — aqu aqu
Pomy 9% ap, = Bg, * Bg, )

Now, due to the periodic boundary condition for f,, in the azimuthal angles ¢, and ¢,,

(36)

fwq can be Fourier decomposed with respect to ¢, and ¢, into an infinite series of modes:

(> ]

fod®sPs,7) = > FS™(ra,my,v)emPe ey, (37)

mn=—0o



where m and n are integers. If we insert the above equation into Eq. (27), the Fourier-
Laplace transform of the charge density can be expressed in terms of F‘f,;"'")(rx, Ty,7Y) as

follows:

0 s oo p2m poo  p2m
m,n imdz—thkzrs cosdz
Pug(kl) = /0 [ Z /0 /0 /0 /0 Fu(,q )(rx,ry,ﬂy)e ¢ ¢

m,n=—00

X eind’!’ —tkyry cos ¢y kﬁrxdrzd¢z kﬁry d?‘y d¢y] d7

= (2Wkg)2A [ Z i—(|m|+|ﬂ|)A L Fu(;:;n’n)(rz,rya 7)Jlm|(ka:rz)

m,n=-—00

X Jinj(kyry)rodrorydr,|dy (38)

where we have used the formula [6]

1
2r

2r .
/ gilé=izeosd gy — i=13(g), (39)
o]

Combining Egs. (32), (37), and (38), we obtain an integral equation for Fu(,;"'")

[q - inz- - Zkﬂ(m + n)]Fu(Jq , )(rz7ry) 7) = _fO.L(rz)—_(zy’y

R o o 1 .1 .t
X /0 l:z /0 /0 Kg:’"'"‘ ) (rg, 1y, r, F‘S’; o )(r'z, Ty 7 )Tedryrdry, | dv', (40)
m',n/

where the kernel K,f,';'"""""') is given by
KGpmm' ™)1y lrh, ) = i =G (2 2
X[ Paglka) (Timi(kera)Ti(kyry)] - [Sim(kart) T (yrs)] ke (41)

and r = ,/r2 4 r2 is the amplitude of the electron position in four-dimensional transverse

phase space.

V. General Solution

By inspecting Eq. (40), it can be seen that the v dependence of FH(J;""‘) is such that
dfon(’)’)

dy

F(ﬁ?‘")(rx, Ty, v) ar (42)

g — w—(r,7) — tks(m + n)

It is then useful to define a radial function R‘(‘,';"") as the v integral of F‘f,;"'") to eliminate

the obvious 4 dependence
RSJ’;"”)(T“ ry) = /0 Fu();”'")(rx, TyyY)d7. (43)

9



dr

Dividing the Vlasov Eq. (40) by [¢ —iw—— ikg(m +n)] and integrating over v, we obtain

dz
d
} ﬂ:y(’r)d7
R (rery) = —for(r?) [ —
® g—iw—{(r,y) —iksg(m+n)
dz
X E./o /o ch?’n’m,’n,)(rmry'r;’r;)chTl’n')(T:’w?';)T;:dr:lcr;drz’/'

m’,n'

(44)

The integral equation (44) can be solved in a general way as follows [3]. We expand

the radial function RL’;"”) using a complete set of orthogonal functions f,flml""l)(rz, Ty) as
R 1y, = Wa(r) 3 ™ fImHD o r yebolylel. (45)
k=0
Here, the weight function W, (r?) is defined by
WJ_(Tz) = Cfo_]_(?"z), (46)

where C is a normalization constant to be chosen. The functions f,slml'lnl)(rz,ry) are

determined so as to satisfy the following orthogonality relationship
/0 /0 W.L (r2)f’£|m|»|‘n|) ("'z, ,,.y)fl(lmHnD (7'1:, ry)rzlmleZ]nHldrzdry = 6“' (47)

Using f{mbmD (. ry), we expand the Bessel functions as

Timi(kare) i (kyry) = 3 Chmpints (ks By) - S0 (g, ) - il lnl, (48)
k=0
where - |
Cimlinte(kz, ky) = /0 /0 J|m|(erz)J|n|(kyry)W_L(rz)f,glml'lnl)(rz,ry)erIHrL"lHdrxdry.
' (49)

For many models of the unperturbed transverse distribution foy(r?) (or the weight func-
tion W, (r?)), the corresponding orthogonal functions f,E'"‘"‘"')(rx, ry) can be expressed in
terms of the well-known analytical functions. In Appendix C, we present explicit expres-
sions of fI™M"D(r_ r ) and Ciml,in)k (Kz, ky) for the hollow beam and the Gaussian beam

models of foy(r?).

The lowest-order term Cim),in|0(kz, ky) has a simpler expression, since the correspond-

ing lowest-order orthogonal function fé'ml'lnn(rz, ry) is just a constant. In this case, the

integration over the angle 6, = tan~! r, /r, can be carried out in Eq. (49), with the result,

Cimtinto (ks k) = FImHAD coghml g, sinll g, /0°° Jlml+lf]~;l+;(klr)WL(rz),.lml+|n|+3dr, (50)
4

10



where 0y = tan~' k,/k,.
Inserting Eqs. (45) and (48) into Eq. (44), multiplying by Flmblmd gy y) il

N
and integrating over r, and r,, we have a matrix equation for the coefficients a( ),

o™+ 3 A ME e =0, (51)

m/n'\l,j

where

/ / /oo W_L(rz)f(lml |n|)(r Ty)f(lm, l‘ﬂ|)(,r r ).,.2|m|+1 2ini+1 dfo”dr drydy (52)
- zw—(r,v) ikg(m + n) o |

and the matrix elements are given by

m.n . nl=(lm/|+n’ 2nk 2 poo Nad )
M = imlnl= (141 |)(_é_ﬁ_)_ /_ i} /_  Pug(k 1) Oyt (e ky) i 13k, k) dadly-
(53)

The matrix equation can be symboligally written as
I+8-M)a=0, (54)

where a is the vector of the coefficient aim’"), I is the unit matrix, and the matrix elements
of B and M are given by Eqgs. (52) and (53), respectively. The nontrivial solution of Eq.
(54) requires that

det(I+83-M)=0." (55)
This dispersion relation gives eigenvalues ¢q as a function of w or vice versa.

The matrix B represents the Landau damping due to the energy spread and the be-
tatron oscillation via the longitudinal velocity spread. If the variation of the longitudinal
velocity due to the betatron oscillation is negligible, the integration over r, and r, can be
carried out readily, noting the orthogonality relationship, Eq. (47). As the result, the k
and dependence of the matrix @ becomes just the Kronecker’s delta, ;. The matrix M
expresses the rest of the interaction between the electron beam and the radiation field.

In principle, all the eigenmodes can be obtained by solving the above dispersion rela-
tion. For example, for sufficiently large electron beam radius, many modes are excited,
and the degeneracy problem of the growth rates of the self-similar modes arises [7]. This
problem can be analyzed by taking large matrices of M and 3. In this paper, however, we
- are concerned about the FEL operating in the high gain regime where the electron beam
size is relatively small, and the full transverse coherence is achieved. In this regime, only
a few modes, or even a single dominant mode are needed to describe the beam-radiation

system.

11



V1. The Lowest-Order Dispersion Relation

It is straightforward to seek zeros of the dispersion relatioh by computer and the
computation requires little CPU time, if the matrix size is not too large. Numerical studies
show a quite rapid convergence of solutions as a function of the matrix size. As a matter
of fact, we have found that one can obtain an accurate eigenvalue for the fundamental
mode by taking only the lowest-order term m = n = k = 0 in both the azimuthal and the
radial expansions (see Eqs. (37) and (45)). In this case, an approximate expression for

the dispersion relation can be written in a general form as

kre K oky [ [ foy(7)dy |
1 = 42,1‘7—?(—)2--—-‘[J A 2 ’(;”53’ i 27r2k§f0l(r2)r3dr
1 Y Ur (q+2z—kw—r _ -_kk2r2)2
» ki Ir
5 k2046 ® 22 (12 Jl(krﬁ) 13 4,12
x/o  k—F kO (./0 2mkpfor () =g O 7, (56)
q + tky Z =
1

where fo, (r?) is normalized such that

[ fos(@s + p /) d2pdpg = [~ 2R3 for ((ridr =1, (57)
Here, we have used the approximated expression of P,,(k,), Eq. (31), and have approxi-
mated 2 )
: J krhG 2 1

assuming that the radiusof the hehcal orbit r is much smaller than the beam size. .
In what follows, we write down the above equation in a more specific way for various

models of fy; (r?). Longitudinally, we assume a Gaussian distribution with the rms energy

spread, o.:
| (7 — 77)2
N 1 T 24202
= e Ty 5
fon(v) = = Bro (59)
where # is the length of the electron beam in time units.
1. 1 T
Hollow Beam : for(r?) = W&(l - (Fof)
2 J1(kRob) |
-5 1 2 2
k (2pk,)? e 2dt s (S zg ) (FRo)*0do
1_2k Vo / k 1. .. ‘/(; Ok_k k0?2 (60)
1 “(q+ Qik—lkwa.,t - iikkﬁRg)z g+ iky . L 2
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2 r
Waterbag Beam : f5,(r?) = W@(l - (E)2)
t? 4J,(kRob) ,,
- =2 )\%(kR,)*0d6
- k (2pk / / z3e 2 dzdt /% 2 (kRy0)? )" (kRo)
— 2
1 ( _*_22 kwa‘y lkkﬁRg 2)2 0 q+zkwk kl +zk0
ky ky 2
(61)
1, r
G 3 B . f 2y — ___1__ _5(}:)
aussian Beam : fo, (r?) = (27ra§k5)2
:z:2 t2
2
Lk (2pk )2 /oo / e 213 2drdt 5 e=(k9:0)" (ko,)20d0
"ok, 1 / . k—Fk k0%
1 q+ 2zk kyo,t — z-ikk;aif)z 0 q + ik, i LA 5
(62)
In the above equation, p is the Pierce parameter [8] defined by
(2pk,,)% = 27rren0(-l-{-)2£tﬂ, (63)

r

ng is the peak volume density on axis, o, is the rms transverse beam size, O(z) is the
step function ©(z) =1 for £ > 0 and O(z) = 0 for z < 0.

Let us investigate the dispersion relation (60) for the hollow beam model to obtain a
physical picture of how the gain is determined. The integral over ¢ characterize the Landau
damping due to the energy spread. In the hollow beam model, the electron beam has an
uniform transverse distribution inside a circle with the radius Ry in the x-y plane. The

function in the 6-integral, (J;(kRo8)/(kRob))?, is the diffraction pattern of a plane wave by
an uniform source of circular shape with the radius Ry. The factor 1/(g+ik,, k klkl +zk702)
is related to the angular distribution of the radiated power from a single electron into the
transverse angle §. Equation (60) implies that the amount of overlap between the angular
spectrum of radiation from a single electron and the angular diffraction pattern of the
radiation wave by the electron beam plays a key role in determining the FEL gain.

In the limit of large beam size, Ry — oo, when 0, = 0 and kg = 0, the disper-
sion relation (60) for the hollow beam reduces to the well-known cubic equation of the
one-dimensional theory. This can be shown as follows. In this limit, Eq. (60) can be

approximated by

k)3 o0
] = 9;.F (20ko) ! / G, (64)
k¢ . k—ki Jo z
q+ ik, :
1
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Using

o Jiz) 2, 1
dr = = 65
| ds = 2, (65)
it follows " )
| ¢*(g + tho——) — i (2pky)* = 0. (66)
ky ki
Introducing p = iq/k,, Eq. (66) becomes the well-known cubic equation of the high gain
regime [8]: '
3 ok—k Kk 3
p—p - —(2p)° = 0. (67)
k1 ky

The maximum gain as the solution of the above equation can be expressed using Moore’s
scaled gain § = q/((2pkw)? (2k1R2)?) and scaled beam size & = (2pkw)% (2k1 R2)% as [7]

V3

9= 5wp

(68)

In the limit of small beam size, Ry — 0, when 0., = 0 and ks = 0, the dispersion
relation (60) also gives the correct asymptotic gain derived by Moore [7]. In this limit,

the dispersion relation (60) when k = k; can be approximated by

~2
2 0 1:2—z'§&2( z )'de =0. (69)
By performing the partial integral in Eq. (69) and neglecting the log § term, we obtain
Moore’s expression
g2

1 2 . 1 2
2_Zlog5 or g_\/alogg. (70)

In Fig. 1, we plot numerical results of the scaled gain § versus the scaled beam size a for
the constant current case, when 0., = 0 and kg = 0 are assumed. The solid curve shows the
result obtained by the the present dispersion relation (60), while the broken curve denotes
the work of Moore. The chain lines on the right and on the left show the analytical results
obtained from Eqs. (68) and (70), for the two extreme cases, respectively. As anticipated
from the above argument, they are in excellent agreement in the entire range of beam
size.

The truncated dispersion relations (61) and (62) for the waterbag and the Gaussian
models do not converge to the cubic equation of the one-dimensional theory in the limit
of large beam size. In fact, it can be shown that the gain calculated from Eq. (56)
in this limit is given by the one-dimensional theory multiplied by (2/3)/%® ~ 87% for
the waterbag model or (1/2)/3 ~ 79% for the Gaussian model. This is because the
truncation of the matrix (I + 8- M) in Eq. (55) at the lowest-order term no longer
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provides a good approximate eigenfunction if the beam size is sufficiently large. In this
limit, a large degeneracy of the growth rates of the self-similar modes happens, and a
single (fundamental) mode does not dominate [7]. (In the hollow beam model, all the
radial functions R‘(d’;"") degenerate into the é-function, so that the lowest-order radial
expansion term, that is also the é-function, gives the exact eigenfunction.) As the beam -
size increases, therefore, more expansion terms are needed to achieve the correct one-
dimensional result. However, it is found that the critical beam size in which the truncation
Xat the lowest-order breaks down is so large that the expression (56) remains a good
approximation to the exact dispersion relation (55) for most of the practically interesting

parameter ranges. We investigate this problem further in the next section.

VII. Numerical Results

As Yu, Krinsky, and Gluckstern [2] have pointed out, the growth rate of the funda-
mental guided mode can be expressed in a scaled form using four dimensionless scaling

parameters. One form of such a scaling relation, that can be derived by inspecting Eq.
(56), is

Re(q) Lp o, kg k—k
=G e S S 71
kwp (L1G_Da P ’ ka’ klp ( )
Here, L5 P is the power gain length of the one-dimensional theory given by
1
LyP=—on 72
G 2\/§Pkw ( )
Also, Lpg is the Rayleigh range given by
' 2%, kI,
LR = /\1 = T (73)
where ¥, is the transverse beam area defined by
. I
E.L b ecno’ (74)

where Ip is the total beam current, and ng is the peak volume density on axis. The
transverse beam area can be calculated from the unperturbed distribution fo(2g,ps,7)

as follows. The transverse density distribution n(«g) is obtained by

n@s) = [ [ [ folws,pas1)podran
- = nog(“’ﬁ) : ‘ (75)
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- where g(zp) is normalized so that g(0) = 1. Then, the transverse beam area ¥, is given

by

Si= [ g(z)das (76)
The quantity X can be also calculated from fo, as |
, ) -
ST for(zs = 0,pp)d’ps
1 -0

2rk§ /_Z for (r?)rdr. (77)

The scaling relation (71) is convenient when the current density is constant. An
alternative form of the scaling relation convenient when the total beam current is constant
is ' v
oy kg k—k

Re(q)
= : : 78
k,D F(2ke, D’ k,D’ kD ) (78)

where ¢, is the rms transverse emittance of the electron beam that is related to the square
of the rms beam size < z? > as

ez =kg<z?>. ' (79)

The quantity D is the scaling parameter defined by

g K2 I,
D=yiirr1, (80)

where Iy = ec/r. = 17.05kA is the Alfvén current. The parameter D was originally
introduced by Yu, Krinsky, and Gluckstern [2]. However, the value of D defined here is
“smaller than that defined by Yu, Krinsky,v and Gluckstern by a factor of v/2 .! The scaling
parameter D is related to p as

D 2\/5( Lr )1/2 ~ 2.15 (i)m. | (1)

p  3A\LLP LLP

It should be emphasized that D is independent of the model for fy,(r?), and that the
scaled growth rate Re(q)/(k,D) is identical to Moore’s scaled gain § when the same

physical parameters are used:

i=Tr (82)

1The difference of the definitions of D by a constant factor dose not affect any physical results such as
the gain length. We have used the definition of D given by Eq. (80) in our previous paper [9], and have
done the computations for the present paper based on this definition. Therefore, to avoid confusion, we
also use this definition in the present paper. It is our belief, however, that the best way of defining D is
so that the ratio of D to p becomes D/p = (Lr/Ly ?)/? instead of that in Eq. (81). In this way, D

becomes a natural generalization of the quantity p introduced in the one-dimensional theory.
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The dispersion relation for the Gaussian beam model, Eq. (62), for instance, can be

written in the above scaling form as

z2 2
_ i / / e 2:::6 2 dzdt
- 4v27r2k1€z 2k kg xz)z
D RS W))
—x2zdz
o e
83
"/o g F—Fk . 22 k' (83)

D T D T She. kD

where we have replaced k by k; except in the detuning term (k — k;)/(k1D) to a good
approximation. Since we are interested in the constant total beam current case in this
paper, we mostly use the scaling relation (78) in what follows.

For the convenience of readers, we summarize the explicit expressions of the square of
the rms beam size, < z? >, and the transverse beam area ¥, for the hollow beam, the
waterbag model and the Gaussian distribution in Table I. The emittance and the Rayleigh
range can be calculated from < z? > using Eqs. (79) and (73), respectively.

We have solved the dispersion relation numerically. The results are as follows: First,
let us compare the growth rate obtained by the dispersion relation (61) for the waterbag
model with the results obtained by the Yu, Krinsky, and Gluckstern’s variational method
for the same waterbag model. The solid curves in Fig. 2 show the scaled growth rate
Re(q)/(kwD) as a function of 2k;e, for several values of kg/(k, D). Here, the energy
spread o.,/D is set to 0. The detuning parameter, (k — k;)/(k; D), is chosen to yield
the maximum growth rate. Generally, the optimal detuning depends on the quantity

kiez-—— and the energy spread o.,/D. This detuning is the result of the reduction of the

avera]:geDlongltudma,l velocity of the electron beam due to the transverse emittance, the
betatron focusing force, and the energy spread. The broken curves show the numerical
results from Yu, Krinsky, and Gluckstern’s variational method for the waterbag model.
Good agreement is found. It is known that the growth rates for the .waterbag model
obtained by the variational method agree well with the simulations [10].

Now, we consider the case of the Gaussian distribution. In Figs. 3(a), (b) and (c), we
plot Re(q)/(kwD) against 2k, for several values of kg/(k,,D), for 0,/D = 0, 0.,/ D = 0.2,
and o,/D = 0.4, respectively. These figures cover most of the practical range of FEL
parameters. The solid curves show exact solutions of dispersion relation (62), while the
broken curves show approximate values calculated with a pair of empirical expressions of

the dispersion relation (62) which agree well with the exact solutions for o.,/D < 0.5 and
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kg/(k,D) < 10. The pair of expressions is given by

log ie_(D‘J) = — (0.759 +0.238 + 0.0139)? )

ks \a ks

1
+ (44.03 + 3.32x + 5.45x%) - [(%)2 - 0.713(%1)4 + 68.65(%’-)6] }2

k
for 2kie, k;;eD > 0.05 and ﬁ)- <1, _ (84)
and
Re(q) | 21%
D = [ 0.0628 — 0.219x — 0.000568* |
k
(2hiea5)" .
X exp | — w — - (11.92 + 2.202x + 0.1414x? ) - (--Dl)2
(1.091 + 0'13451c,,,_D)
w k
for 2klsxkkﬁD <0.05 or © ‘;) > 1, (85)
where L D _
x = log(2k:¢e, Zﬁ )- (86)

kg

one-dimensional gain length:

The parameter 2k,¢e, is a function only of the ratio of the Rayleigh range to the

2k1€z

2 ' 3/2
koD 2V2<z >(LR) (&7

ks — 334 B /v \LYP
This pair of expressions can be used as a handy formula for a quick estimate of the FEL
~ gain. . .
Comparing Fig. 2 with Fig. 3(a), we notice that the Gaussian distribution shows a
considerably smaller growth rate Re(q)/(k, D) due to Landau damping than the waterbag
model for large kg/(k,, D) when 2k;e, > 0.1 (compare ks/(k,D) = 10 curves, for exam-
ple). This is also the case with the parabolic distribution of for(r?) in phase space, which
is not shown here, however, gives similar curves to those of the Gaussian model. This
observation implies that the FEL gain for the strong focusing and the large emittance de-
pends sensitively on the details of the transverse distribution. In contrast, we notice that
the two figures show more or less identical values of Re(q)/(k, D) for the small emittance

region 2kje, < 0.1. In this region, the variation of the longitudinal velocity inside the
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beam due to the betatron oscillation is small and the effect of Landau damping due to
the transverse motion becomes negligible. The similar behavior of Re(q)/(k,D) in Figs.
2 and 3(a) implies that the FEL gain becomes insensitive to the shape of the transverse
distribution of the electron beam for the small beam size, and therefore, it is convenient
to calculate the FEL gain using the rms beam size or emittance in the small beam size
region. Then, the FEL gain becomes independent of the transverse beam distribution.

We have compared the above results obtained by solving the dispersion relation with
those obtained by simulation using the code TDA [11]. The nominal FEL parameters
used in the simulation are given in Table 2. Here, we have chosen the FEL parameters
such that the scaled betatron wave number kg/(k,D) = 1, a value large enough to show
clearly the effects of Landau damping due to the betatron focusing and the emittance. In
Fig. 4(a), we plot the scaled growth rate Re(q)/(k, D) as a function of 2k,¢, for the zero
energy spread for the Gaussian and the waterbag beam distributions.

The detuning is optimized so as to yield the maximum growth rate. The agreement
is excellent. The benchmark for the non-zero energy spread o.,/D = 0.2 is shown in Fig.
4(b) for the Gaussian beam distribution. The agreement is also excellent.

In Figs. 3, it appears that one can increase the FEL gain by increasing the betatron
focusing for a given emittance, until its increase is overwhelmed by the reduction due to
Landau damping. However, this increase in the FEL gain is actually originating from the
reduced beam size due to the strengthened focusing. This may be more clearly seen if
one plots the FEL gain as a function of the beam size instead of the emittance, using a
scaling relation of the following form:

Re(q) LR Oy kp k- k1
=H e A B A
kD (L;;D’D’ka’ kD ) (88)

(Note the similarity of the above equation with the scaling relation (71) for the constant

R . ) c e
e(9) as a function of ——I_LD for the Gaussian distribution for

k,D Lg
oy/D = 0, which is equivalent to Fig. 3(a). When the beam size is small, all the curves

p case.) In Fig. 5, we plot

for different kg/(k, D) become identical. As the beam size increases, the curves for large
kg/(kyD) start to break away. This figure shows that one can have a larger FEL gain
for a weaker betatron focusing for a fixed beam size. The scaling relation (88) may be a
better expression for understanding of the physical picture, while the other one (78) may
be more suitable to the practical application.

Finally, we examine the accuracy of the truncation to the dispersion relation at the

lowest-order of the azimuthal and the radial expansions. First, let us concentrate on the
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azimuthal expansion, and keep the radial expansion at the lowest-order k = 0. Numerical
evaluation of the matrix M defined in Eq. (53) shows that the off-diagonal elements
M,?;ﬁ;?, (n > 0) are normally smaller than M((,), ’00,’((,) by more than one order of magnitude.
The accuracy of the truncation at the lowest-order m = n = 0 depends on the square
of these off-diagonal elements. Therefore, the inclusion of the higher-order azimuthal
modes are unlikely to change the gain of the fundamental mode very much. Indeed, we
have found during the computation of data for Figs. 2-3 that the change in the gain of
the fundamental mode due to the higher-order azimuthal modes (m,n > 0) is less than
1 %. Next, we consider the radial expansion and keep the azimuthal expansibn at the
lowest-order m = n = 0. In this case, the numerical calculations of the growth rate for

the Gaussian model showed that when ff% X 30, the changes in the growth rate of

G
the fundamental mode due to the inclusion of the first-order radial expansion term k =1

L .
is less than a few percents, while for -z—l-_}% ~ 140, it increases to 6.3 %. Normally, the

change in the growth rate of the funda,?nental mode by including the £ = 1 expansion
term becomes smaller as the beam size becomes smaller. This result concludes that
the truncation of dispersion relation at the lowest-order provides a good approximated
eigenvalue, unless the beam size is so large that the three-dimensional effects such as the
diffraction effect become negligible. Therefore, in the practical range of the beam size,

the truncated dispersion relation (56) is a useful and valid approximation.

VIII. Planar Wiggler

So far, we have assumed that an electron beam goes through a helical wiggler. How-
ever, the same formulation can be applied to the FEL using a planar wiggler with a few
changes. We still need to assume that the betatron focusing in the wiggler is matched
to the electron beam, either by the alternating field of the wiggler magnet or by suit-
able external focusing devices. For simplicity, we also assume the betatron focusing is
equal in the z- and y-directions. (Without this assumption, we need to introduce differ-
ent betatron numbers kg, and kg,, and different emittances €, and ¢, for z and y planes,
regpectively. Then, the scaling relation, Eq. (78), requires six independent scaling param-
eters, 2ki€,2k16y,0,/D, kg, [(kyD), kg, [(kywD), and (k — k1)/(k1D). This asymmetric
focusing case can be treated parallel with the preceding symmetric focusing case. The
results are summarized in Appendix D.) Now, the main change is that we need a new

evaluation of the angular distribution of radiated power spectrum, P,,(k.), in Eq. (30).
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The result is

- _ ) AP(k”’)
Py(kz, ky) = p;oo 27”: \ﬁ — (k1 /k)?[q — i(pky + \/k2 — k2 — ,UE)] ’

(89)

where
k) = 3 5 3 (i) dalhera)In(kn)
X[Ja;_—(Sw)—Jet%(sw)][Ju';_—l(Sw)—Juv;_Jr_l(Sw)]- (90)
Here

k K?
= — - 91
Sw kl 4(1 +K2/2)’ ( )
ky = 242k, /(1 + K?/2), ry, = K/(vk,,) is the radius of the wiggler motion, and K is the
peak value of wiggler parameter on axis. In the limit of small amplitude of the wiggler

motion, r, — 0, P,, can be approximated by

© r K [JJ]2/4
Pug(ks) ky) = — = (=) z :
e pgoo 2me e’ 1 — (ko /k)lg — i(pho +\/k? — B2 — %U')]

(92)

where

(93], = Jea (Su) = Jaa (). (93)
The function P,, can be further approximated by retaining only the fundamental harmonic
term of the forward radiation, p = 1. In this approximation, we simply denote [JJ]; as
[JJ] in what follows. Thus, the the dispersion relation for the fundamental mode, Eq.
(56), should be multiplied by the factor [JJ]/2 on the RHS. It becomes

kr, d
1 = 2 ——c—( )2 [JJ]Z/ / .{;)”(73’ 7 1 27r2kgfo_]_(7‘2)7‘3d7‘
Lt (g +2 —k - — iz kkpr®)?
3 k%0d6 2 , (k'r 6) 73 g1\
x_/o k—k, k62 (/ 2w kﬁfol( ) dr ) (94)
q+tky—— % + -
1

This implies that the same factor [JJ]2/2 should be multiplied to the RHS of Eq. (63) for

the Pierce parameter:

(2pky)? = mno(K)z’;—[JJ]'l (95)

Accordingly, D is changed to

D= \J A_K Loy (96)

w1+ K2)21,

With these changes, the dispersion relations, Eqs. (60)-(62), and the handy formulae of
the FEL gain, Eqgs. (84) and (85), are all valid.
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IX. Beam Conditioning

The idea of beam conditioning is an attempt to reduce the longitudinal velocity spread
within the beam by correlating the transverse oscillation amplitude and the electron
energy, in order to increase the FEL gain [4]. This can be briefly explained as follows.
Before entering the FEL, an electron beam goes through a device, called “conditioner”,
that consists of a focusing FODO channel and suitably phased RF cavities operating in
the TMj310 mode. This device provides a different energy increment to individual electron

with different transverse oscillation amplitude so that the RHS of Eq. (7) vanishes in the

ideal case: L1
== - 5(Ps” + Kjzo?). (97)
TIr 2_£
ky

Therefore, if all electrons share the same energy initially before the device, they all move
with the same longitudinal velocity after the device. In this case, there is no gain reduction
due to the electron beam emittance. In reality, however, the electron beam is likely to have
a non-zero initial energy spread. In this case, only the part of the longitudinal velocity
spread due to the electron beam emittance is cancelled, and we still have the reduction
of the gain due to the energy spread.
The beam conditioned FEL can be analyzed in the present theory with a few modifi-
cations. We define a new longitudinal variable «, instead of 4, by
a=y-m— T s(pg + Khesl) (98)
2%
ki1
The distribution of a is determined by the initial 4 distribution (before the device) and the
performance of the beam conditioning device. Assuming an ideal operation of the beam
conditioner, the distribution in a after the device will be the same as the distribution in
7 before the device. Note that the energy distribution will be changed after the device.

The equation of motion of 7, Eq. (7), can be expressed with o as

dr 2 k,

The equation of motion of a follows from Eq. (98) that
da dy 1 1d, 5, .2 o dy
dz dz_gk—w.zd (Po +kﬁwﬁ)—.dz’ (100)
ky

where we have used the fact that the transverse oscillation amplitude, ps? + k%wﬁ2, is the

constant of motion.
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Now, the electron distribution f is regarded as a function of 4, pg, 7, and z:

f= f(zﬁ’pﬁ"r,a; Z)' (101)
Accordingly, the linearized Vlasov equation (13) is changed to

af1 of1 2 dTafl da 8 fo _
B2 T PG, K% T o T T e = (102)

Our assumption on the factorization of fo, Eq. (14), should be replaced by
fo= for(®s® + ps?/k3) - foy(). (103)

The rest of procedure closely follows the preceding formulation except that most of «
appearing in association with the electron distribution function must be replaced by a.

Finally, we arrive at the general form of the approximate dispersion relation (cf. Eq. (56))

1"4zkir_c 5) 2k / fon(:)da
1C 7P VYr J-oo (q+21k—k _)
1 Ir
5 k2040 \ A (kr ) 12y 2
x/o ECW 02(/ 2m2k2 fou (r') el T3 dr )2, (104)
q + ik, ? =3
1

Note that we have performed the r-integration in the first line of Eq. (104), since there is
no r-dependence in the denominator. Now, the reduction of the gain is solely determined
by the a distribution. If we assume a Gaussian distribution for a with the rms spread,

007
N 1
) = % oo
the dispersion relations for various models of fo;(r?), Egs. (60)-(62), are still valid. The

only changes are to set —kkﬁRo = 0 in Egs. (60) and (61), and to set lkk 02 =0 in Eq.
(62), and to replace o, by 04. Asin Eq. (104), we can carry out the z- 1ntegrat10n readily.

27?0l (105)

~ The handy empirical formulae (84) and (85) can also be used only by deleting the terms

B . :
: D)z’ and replacing o, by o,.

Since the transverse emittance does not contribute to the gain reduction, the gain

proportional to (2k;¢e,

is now insensitive to the shape of the transverse beam distribution. For example, the
dispersion relation for the hollow beam model, Eq. (60), can be used for an estimate of
the gain, regardless of the actual transverse beam distribution. (this choice is convenient,

since this dispersion relation keeps a good approximation even in the limit of large beam
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‘size.) The handy empirical formulae (84) and (85) without the terms proportional to

(2k1€5 kg )? serve as good approximations to the dispersion relation for the hollow beam

kD

model. v

X. Conclusions

We have developed the 3-D FEL theory in the high gain regime before saturation based
upon the Maxwell-Vlasov equation, inclubding the effects of the energy spread, transverse
emittance, angular distribution of the radiation from a single particle, betatron focusing
and oscillation of the electron beam, and the diffraction and the guiding of the radiation
field. Our numerical results of the FEL gain show good agreements with results obtained
by Moore’s approach for the hollow beam (see Fig. 1) and Yu et al.’s approach for the
waterbag model (see Fig. 2) of foi(xp® + ps®/k}), respectively. We presented a new
dispersion relation for the FEL gain of a Gaussian beam, Eq. (62), and its approximate
expressions, Egs. (84) and (85), for a quick estimate of the gain with a pocket calculator.
Comparisons of numerical solutions of this dispersion relation with the simulation results
for the Gaussian beam show excellent agreements. We have shown that the present theory
can handle the beam conditioning case easily by changing the longitudinal coordinate and
by implementing a few modifications. | v

One eminent advantage of the present orthogonal expansion method is that an accu-
rate eigenvalue for the fundamental mode can be obtained by taking only the lowest-order
expansion term, unless the beam size is too large. Aa a result, the matrix form of the dis-
persion relation can be reduced to just a scalar equation. This is not always the case with
any expansion method. If one uses an arbitrary set of the orthogonal functions to expand
the electron distribution function, one normally has to sum a number of the expansion
terms, or one has no guarantee that expansion even converges. In the present expansion
method, the orthogonal functions are uniquely determined by the unperturbed electron
distribution so as to satisfy the orthogonal relationship (47). We have found that this
procedure provides a good approximate eigenfunction even if the expansion is truncated
at the first term for a wide range of the unperturbed electron distribution function. Once
a good approximate eigenfunction is prepared, a relatively accurate eigenvalue is obtained
because the error in the eigenvalue depends quadratically on errors in the approximate
eigenfunction. In contrast with the variational method, however, the accuracy of calcula-
tion can be determined by evaluating the higher order expansion terms, and if necessary,

- one can improve the accuracy systematically by including these higher order terms.
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The present method can be easily extended to the asymmetric betatron focusing case,
that may be more realistic in a storage ring FEL system with a planar wiggler. The
results are briefly summarized in Appendix D. In this case, the gain of the fundamental

mode becomes a function of six scaling parameters.
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Appendix A: Equations of Motion

The Hamiltonian for a single electron is given by
H=mdy=c[(pL—eA)?+p* + m202]%, (A1)

where p; and p, are the canonical momentum conjugates to the transverse coordinates,
x = (z,y) and z, respectively. The vector potential A = A(x, z,t) consists of the vector
potential of the wiggler field, A,,, and that for the radiation field, A4,:

A=A, +A,. (A2)

For a small transverse displacement from the wiggler axis, A,, can be well approximated
by 1 1
A, = A (1+ §k3,y2) cos kyz + 2,(1 + -2~kfua:2) sin k,, 2], (A3)

where 2, and %, are unit vectors in the z- and y-directions, respectively. We derive an
expression of A, in Appendix B. All the other notations are as follows: c is the speed of
light, e is the electron charge, and 7 is the electron energy in units of its rest mass energy
mc?.

It is convenient to choose z, the distance from the wiggler entrance, as the independent

variable. The new Hamiltonian is simply p,:

p: = [m?c*y? — m2c® — (pL — eA)?)3. - (A4)
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Equations of motion for an electron are then given by Hamilton’s equations:

de Op. dp. _ 0Op.
dz op,’ dz Oz’ (A5)

and

dz 9H' dz ot

The variables ¢ and p, include the fast oscillating helical motion. As variables to

(A6)

be used in the Vlasov equation, we define slowing varying new transverse variables g,

and their canonical momentum conjugates, ps, as average of @ and p, over the wiggler

1 24w 1 +iw py
= — = — AT
o A R o (A7)

where we have introduced the normalization factor mey that makes ps dimensionless.

period:

When the rapidly oscillating radiation fields and the nonlinear terms that are of order
of 1/4? or higher are ignored, the transverse part of Hamilton’s equations (A5) becomes

equations of a simple harmonic oscillator:

dz dp
—gf =Ps 7} == ?9"3;3, (A8)
where
2 _ 2 ke

is the betatron wave number in the absence of external focusing, and K = eA,,/(mc) is
the peak wiggler parameter.

The equation of motion of 7 = t—z /v, is obtained by carrying out the partial derivative
in the first equation of Eq. (A6), where v, is the longitudinal velocity of the reference

electron with the zero transverse oscillation amplitude. It is approximately given by

dr 1. 1+K® 1, , ., ,. 1. 1+K?
P S+ 57 T 5(Po” + k™)) ~ = [1+ 22 ]
1, 14+4K2y—4+, 1
~ = [- P A §(Pﬁ2 + kjzg”)]. (A10)

So far, the equations of motion of &g, ps, and 7 were derived by taking into account
the wiggler field only. To derive an equation of motion of the energy «, it is essential to
consider the interaction of the electron’s helical motion and the radiation field. Hamilton’s
equation of ¥ becomes

24y _ _ 0A; (pL—eA)

me —— =

dz ot P,

(A1)
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Note that A, = A, (z,z) has no time dependence. Using Hamilton’s equation of

dz _pi—ed (A12)
dz Dz
Equation (All) can be written as
4y dx 0A,
e P
dx, 0A,
—e— Al

“d ot (A13)

where we have retained only the fast oscillating helical motion @ in dx/dz, as the first

order approximation.

Appendix B: Derivation of A,(r,t) and Energy Change

In this appendix, we derive Eq. (25) for A.(r,t), and Eq. (29) for the energy change
by the radiation field. The starting equation is Eq. (24). First, we introduce the Fourier

transforms of p; and G over &g and 7 as

1 o0 [ . .
pu(kL,z) = (5)3/_ /_ pl(mﬁ,T;z)e"'kl"cﬁe“‘”dza:ﬁdr (B1)
and
Gk, (212') = / - / T G(r, !, )L @B ittt 2 _ gt —t).  (B2)

From Eq. (18), we have an explicit form of G 1, in free space:

wkl Z\|Z - (27r)4 —o0 k2 _ (2)2 Ze
C

We carry out the integration over k, using the residue theorem. The contour of integration
goes from the negative infinity to the positive infinity along the real axis and closed in
the upper half plane. It goes above a pole on the negative real k,-axis and below a pole

on the positive real k,-axis. The result is

, T - eik}(z-—z')
G i, (2l') = 1(27,)4 I — (B4)
where
ko = [k — (k2 + k2). (B5)
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If we neglecf the small x5 dependence of vy in the helical radius 4, we find that the
convolution law can be applied to Eq. (24) between G(r,t|r',t') and pi(zs, ;) over z
and 7’ integrals. It follows that : o

/ _/ G(r,tlr',t)pr (2}, 75 2 ) Lapdr’ =
/ / Gk, (1)pu(kL, 2)ekr@-The ~iutt-s /"')d?dew - (B6)

zl

- where we have used z’ _azﬁ-i-:ch and t' = 7' +—

We also introduce the Laplace transform of pw(k L,2) with respect to z defined by

paalbs) = [ (s, ez, @)
where the L‘apla\ce transformed function p,,(k.) is defined only for Re(q) > go. The
inverse Laplace transform is given by .
1 go+1co . )
polks,2) = 5= [ pug(ki)e™dg. (BS)
2ne go—100

Inserting Egs. I(B6) and (B8) into Eq. (24), we have

go+ico  poo L .
A (7‘ t) = 6#0/ 4[27!-z / . [/ qu(k.L,Z)pwq(kl)e""l'mdsz]eqqu}e_'“"'dw,
go—100 —00 v
v - (B9)
where we have defined the integral
d
wq(kJ_,Z) / ka-L(zlz ) lkl :Eh iw(2! —z)/vreq(z —z)dz (B].O)

Now, our task is to carry out the integration in'Eq. (B10). If we insert Eqs. (3) and
(B3) into Eq. (B10), we obtain '

I{ T Iw k - w/ur—tkz)z
wq(kL,z) (27r) ;c() (o+iw/vr—iks)z . - (BL1)

where
z .. T . . ) ,
qu(k) — / (z:z: cos szl + i, sin szl)e(q+tw/v, ikz)z e:k;rhsmsz e thyrh coskyz dz', (B12)
0

and we have replaced c/v; by 1 in the helical radius to a good accuracy. By using the

expansion formulae [6]

ghernsinkuz’ o NN (LI (kry)emimRe (B13)

m=—-0oo
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and R -

e-—ik?rhcossz'= Z ian(kyrh)e—insz', (B14)

Nn=-00

the integration in Eq. (B12) can be carried out, with the result,

I(m+n) + I(m+n) ) I-(+m+n) _ I(m+n)
L, (k)= Z E (=1)™" I (ko) n(kyTr) |2z 5 + 1, 5; = ,
(B15)
where . .
) e{z[(:tl —m—n)k, — k., +w/v]+q}z _ (B16)
* B i[(£1 = m = n)ky, — k. +w/v,] + ¢ . .
If we notice that
I(m+n+l) I(m+n -1) (Bl7)

and change the index from m to p = m 4+ n + 1, Eq. (B15) can be rewritten as

L,(k) = Z E {zz Jp—nt1(kzrh) + Jp_n_1(kz7s)]

pP==—00 n==00

¥ iy Byt (i) = Jpenca (e[} (—1P (i), () - 1, (B1S)

where R
[2(—pkw - kz + L(J/'Ur) + q]z —_
1P = S ] (B19)
i(—pky — k. +w/v,)+ ¢

can be approximated in the high gain regime by

[i(~pkw — k: + w/v,) + q]z
1P ~ = - . (B20)
z(_'pkw - kz + w/v,) + q

The double summation in Eq. (B18) can be reduced to a single summation by using
Graf’s additive theorem [6):

3.(y/2? + €% — 22€ cos 0) _( 56—:0 v/2 n_z_jooJu+n(z)J n(E)e™. (B21)
The result is
Lo(k) = p_}:oo( 1P~ {4, -[e Ok Jpyr(kirn) + €% Jp1(kiry)]
+ iyl T (kars) — %y (kurn)]) 17, (B22)

where ky = /kZ 4+ k2 and 6y = tan~' k,/k..

29



Inserting the above Eq. (B22) into Eq. (B11) and replacing k, by 1/k? — k2, we have
r K 1 ad e~ PV (k)

R ey ey e DRy ey i M
where
Vo(k1) = (=1)ple? ok{ix%[e'm"«]pﬂ(rhh) + €% Jp_1(ruky)]
Fiyle Tpaa(raky) — €%, (ruku )]} (B24)

Next, let us calculate the energy change by the radiation field. Substituting Eqgs. (3)
and (B9) into Eq. (8), we have

d’)’ e Kc,. . . ik, .x
5 = 1—71—(-:-5’—)':;:(% cos kyz + 1, sin k, z) - €'VL TR
. *® 1 go-+i0o ° ik B 2 qz —twT
X —tiepo {%/ _ [/ wH (k1 ,2)pug(ky)e™ L Pd ke dg}e™ dw.
—o0 go—1c0 -0
(B25)
The term

L = (i coskyz + 1y sink,z) - e‘kl'z" (B26)

can be expanded in terms of the Bessel functions, and the resulting double series can be
reduced to a single series as I,,(k). We find that

(

p=—00 27TC 77’

)

o ; L1 )
L = 3 (1) e® i (eI qany(kirn) + €% I_gy(kira)]
l=—o00
.1 , :
- zyg[etok‘]—(Hl)(klrh) - e_‘ek‘]—(l_l)(klrh)]}e'lk"’z. (B27)
If we insert Eq. (B27) into Eq. (B25) and retain only the slowing varying term, p = I, we
obtain ' _ ' ‘ |
d’)’ _ 1 N 1 rgotioo poo ik_j_-%ﬁ . i
F=ar [ Aam [ Palki)punllen)e®e®o e e dgyeiondo,  (B28)
where '
P 2, 12
| o0 —1)P[ So(krra) (=) + 7 (kira) |
ro K., = p (kL
qu(kl) = Z 2 k.LTh )

T B29
\/1 — (kL/k)*q + i(—pky — \/k2 -k + U_)] ~ (B29)

. r .
where r, = €?/(4megmc?) is the classical electron radius, €y is the permittivity of free
space, and J(z) is the derivative of the Bessel function. Here, we have used the recurrence

formulae [6]
Jp-1 (:z:) + Jpta(2) = 2Jp(x)§7
Jp-1(z) = Jpa(z) = 2T (z). (B30)
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Appendix C: Orthogonal Functions

1) Hollow Beam : fo;(r?) = Orfﬂél_c_g—)ié(l - (-};—0)2)

We choose the weight function to be
r
Wi(r?) = 8(1 - (£)°) ()

where r = |/rZ + r2 is the amplitude of the electron position in four-dimensional trans-

verse phase space. The normalization constant then becomes
C = (Wngﬁ)z. (02)

Any perturbation on the hollow beam will have to take place around. the ring r = Ry,

where electrons populate. As a result, all Rw’;"")(rz, r,) degenerate into é-function, i.e.,

m,n r m n
B3 (e, ) o 6(1 = (5=)?) - it (C3)
Thus, f,ﬁ"""'"”(r,, ry) is a non-zero constant for k = 0, and vanishes otherwise. By intro-
ducing the polar coordinate as
re =rcosd, r,=rsing, ‘ (C4)

the orthogonality relationship (47) for k =1 = 0 is written as

® (1 — (12 £(mlindy2, 2im|+2Inl+3 "2
[ 80— (g s o [

cos?mH1 gsin?tHl g dp = 1. (C5).

The constant félml'lnl) is found to be

1 2
G —— , (C6)
0 R(') 42\ a1l e

where
/2
il = [ costimHH gsin it g dg
0
(2lm)! - (2[n])!
@2fm]+ 2| + 2 (C7)
Equation (49) then becomes
1 ’ 2 e 2
Cm n kxak = mi\ vz n i
im im0z, ky) R a|m|.|n|/0 /0 Jimi (ks cos ¢)Jjn|(kyr sin ¢)
x 6(1 — (-1%)2) plmiHn3 g coglm+1 g ginlnl+t gdg
_ R Jimitint+1(ks Ro) (C8)

V20imp (ELRo)imi+InH1 (k2 Bo)™ (I, Ro)l™,
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where we have used the integration formula [6]

w/2 i 2z
. . 122
/ J, (21 cos £)J ,(2z sin ) cos**! z sin**! z dr = Jorur1(V/ 22+ 22).
0

( 212 + z%)”‘*'“"‘l

(C9)
. 1, r
2) Gaussian Beam : fou (r?) = —— 3G
) Gaussian Beam : fp (%) = @rothy)?
In this case, foy(r?) can be factorized as
for(r?) = foo(rz) - foy(ry)- (C10)
Accordingly, the weight function W, (r?) also can be factorized as
Wi (r®) = We(ra) - Wy(ry), (C11)
where each weight function is defined by
_1 Tzy2 _1 Tyye
Wo(rs)=e 202" W, (r,)=e 20z | (C12)
respectively, and we have chosen the normalization constant to be
C = (2n02kg)?. (C13)

It follows from the orthogonality relationship (47) that the orthogonal functions also can

be factorized as
D (g ry) = gm0 (ry) - 8D (), (C14)

where the orthogonal functions gj(lml)(rx) satisfy the orthogonality relationship

1, rz,

/(; e 2 0, g]('lml)(rz)gl(lml)("'z)rilmHldrz=5jl, . (015)

‘and g!nl(ry) satisfy a similar equation where r;,|m| and j are replaced by ry,|n| and i,

respectively. The orthogonal functions are given by

2
m m m r.’D
gJ(I D(rp) =D§-| l).Lg.l 1)(.2.;5), (C16)

where Lg'm')(w) is the generalized Laguerre polynomials [6] and

1 - [ |
piimh _ 1 ,
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The functions f{™"*)(r,, r,) can be expressed as

m|,|n m n m T inl
f,ﬁ' L l)(r,,ry) _ Dgl )] -D,U D-Lg-l I)(203) ( )(202), (C18)
where k and (7, 7) are related by
k- (]+Z+1)(J+Z)+ i,j=0,1,2,.. (C19)

2
We then have

1(7',,)2
Clml ik (kay ky) - = /0 Jimi(ksrs)e 2 Oz D(ImI)L(ImI)(__) 41 g,

1 7y,

oo Ly
x /0 Spi(kyr)e 2°0 DL ')(55—3)"3', 1y,

lk2 2 k
—_—C —_ . _%_8—2 yo"(_ya_?_)lnlﬂi.
(im| + j)! \/i Jil(n| + 1)! V2

(C20)

Appendix D: Asymmetric Focusing in a Planar Wiggler with Parabolic
Pole Face

For a small transverse displacement from the wiggler axis, the vector potential of a
planar wiggler with a parabolic pole face, A,,, can be approximated by

ks )
—Z kyzkyy Ty sin k2], (D1)

v sz

A, =A,, 1+4= kzx + = k2yy2)smkz i

k ( 2 v 2
where

Kz + Koy = Koz (D2)

The transverse trajectory of the electron consists of the betatron motion and the wiggler
motion. The betatron oscillations are governed by the equations of motion for a simple
harmonic oscillator with the betatron wave number kg, and kg, in z- and y-planes, respec-

tively (in the absence of external focusing, ks, = Kky./(7V?2), and kg, = Kky,/(7V2)),

and the wiggler motion &,, is expressed by

Ty = TuwCOSky,2z,

Yw 0. (D3)
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Here, r,, = K/(7ky) is the radius of the wiggler motion and K = eAykuy/(mcky.) =

eB/(mc*k,.) is the peak value of wiggler parameter where B is the peak magnetic field

on axis. » | _
In contrast with the helical wiggler case, the longitudinal velocity of the electron has

the longitudinal modulation with the wave number 2k,,:
1 K,
=v+—(— 2ky.2, D4
ol = 9 + 75 (57)" cos 2k (D4)

where (=) denotes average over one wiggler period. As the result, the arrival time ¢ of an

electrons at the position z is also modulating:

z dz
t = -_

2 sin 2k,,, D5
o Sku,zc(’y) sin z. (D5)

From now on, we simply denote k,,, as k,.
If we insert the above equations (D3)-(D5) into Eqs. (8) and (24), and follow the

procedure shown in Appendix B, we obtain an expression for the energy change d—Z

similar to Eq. (29), where P,,(k,) should be replaced by P,,(k:, k,) given by Eq. (89).
We again assume that the focusing in the wiggler is matched to the electron beam so

that fo is a function of % + (psz/ks<)?, y5 + (Psy/ksy)?, and v only, and we also assume

for simplicity that fy can be factorized as:

fO = fOL(xfi + (pﬁz/kﬁz)2’ y; + (pﬁy/kﬁy)2) * f0||(7) (D6)
Now, the (Fourier-Laplace transformed) linearized Vlasov equation is given by (cf. Eq.(32))

aqu 2 aqu aqu 2 6qu —
[q zw ]qu Pz~ — axﬁ - kﬁzmﬂapﬁx + Psy ay - kﬁy ap 5y -

~1os B [ Pyl B el )R =0k (D)

Let us introduce the transverse polar-coordinates as

Tg =Ty COS Py, Yg = Ty COS Py, (D8)
Poz _ = rsin ¢z, Poy Ty Sin ¢,. (D9)
kg ksy

Then, the second and third terms in the LHS of the linearized Vlasov equation, Eq. (D7),

are written as

Ofus 12, un for o Ofun _

0fu O fu
Pz — ax Bz ﬁap + Py — ay : 2 (D]'O)

e TR T

34



The matching condition, Eq. (D6), can be written in terms of r, and ry as

Jo = for(rz,ry) - fo(7)- (D11)

The rest of procedure closely follows the formulation described in Secs. IV and V. One
important difference is that the unperturbed transverse distribution (and also the weight
function) is a function of both r; and ry, not r = \/m only. Therefore, for example,
the orthogonality relationship, Eq. (47), should be modified as ’

L Wl D (g ) (I (1 2 2R iy = 8. (D12)
Finally, we arrive at the dispersion relation
det(I+pB-M) =0, (D13)
where the matrix elements of 87" and M/ ; are given by |

/ / / Wi(rg,r )f(l m|,|n I)(r r )f(l IInI)(r r,)r 2m|+1,. 2|n|+1 df ”d
r.‘c

dT d’l"yd"/’
q9- zwdz (rl" Ty, 7) (kﬂzm + kﬁyn)
(D14)
and
m,n,l JAml+lnl=(lm/ [+’ (27r)2kﬁ:ckﬁ
Mm’,n',j = zl |+' I (I H‘I l) C Y
X /_oo /—oo Poq(ke, ky)CIml,lnI,l(km ky)C|mr|,|n/|'j(kx, k,)dk.dk,, (D15)
respectively.

If we retain only the lowest-order term m = n = k = 0 in the azimuthal and radial

expansions as we did in Sec. VI, the dispersion relation (D13) can be written in a general

form as
1 :’c e(K )2’“ JJ]’ UL == [ foy(7) d’YfOJ.(Tz,ry)(27r)2kﬁxkgyr$dr,rydry
1 Yr [q+2: —k 2 %% "ék(k2zrx+ kﬂyrz) &
O e —
q+iky T +1 P y
XU [T foulresn)Jolkera To(kym, )2 kacksyrodrarydr, (D16)

where fo, (rz,7,) is normalized such that
/0 /0 Jor(rz, ry)(27r)2kﬂrkﬁy7'$d7'zrydry =1. (D17)
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Here, we have used the approximated expression of P,,(kz,k,), Eq. (92), and have re-
tained only the fundamental harmonic term of the forward radiation, p = 1. For a

Gaussian beam

r2 7'3
1 T 202 9202
- — - z , D18
Joslrems) = Grhgeatingot® y (1)
| (v = 7.)?
1 - 2 42
fon(7) 2% (D19)

B \/27r0,,7,

the above dispersion relation can be written in a scaled form as

kg,; kgy 32 + u2 + ’02
V 2
k., /— - / / e dsuduvdv

47r\/27r\/ Ele,\/2kle Oy __[le xk Dbz 2 +2k1€y By 2]}2

D %, D %D
o =B dadﬂ
/ ./ .k— kl +i [ 02 kgx + ,32 kgy ] (D20)
% D kD Okie, koD | 2kie, kuD' o

where we have replaced k by k; except in the detuning term (k — k;)/(k1D) to a good
approximation. The scaled growth rate Re(q)/(ky,D) is a function of the six scaling

parameters:

Re(q)
kD

0'.y kﬁz kpy k— kl
D’k,D’k,D’ kD

= F(2k1€z, 2k1€y,

)- (D21)
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Table 1. Expressions of < z2 > and ¥, for the hollow beam, the waterbag

model, and the Gaussian distribution.

Hollow beam | Waterbag model | Gaussian distribution

2 2
2 i it 2
<z°> n 6 o
.?i R? E‘i 202
T 2 T
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Table 2.

Nominal FEL parameters used for the simulations.

The Lorentz factor of the reference electron, v,
The wiggler period, A,

The peak wiggler parameter, K

The total beam current, I

The resonant radiation wavelength, A\, = 27 /k,

The scaling parameter, D

The betatron wavelength, A\g = 27 /kg

100

3 cm

2

53.28 A
7.5 um
0.014142
2.12132 m
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Figure Captions

FIG. 1. Scaled gain § versus the scaled beam size & for the constant current case. Here,
o, = 0 and kg = 0. The solid curve shows the result obtained by the the present disper-
sion relation (60), while the broken curve denotes the work of Moore. The chain lines on
the right and on the left show the analytical results obtained from Eqgs. (68) and (70),

for the two extreme cases, respectively.

FIG. 2. Scaled growth rate Re(q)/(k,D) as a function of 2k,e, for several values of
kg/(k,D) for the waterbag model. Here, 0.,/D = 0. The solid curves show solutions of
the dispersion relation (61), while the broken curves show the numerical results obtained

by Yu, Krinsky, and Gluckstern’s variational method.

FIG. 3(a). Scaled growth rate Re(q)/(k,D) as a function of 2k;e, for several values
of kg/(kyD) for the Gaussian model. Here, 0.,/D = 0. The solid curves show solutions of
the dispersion relation (62), while the broken curves show the approximate values calcu-
lated by the handy formulae (84) and (85).

FIG. 3(b). Scaled growth rate Re(q)/(k,D) as a function of 2k,e, for several values
of kg/(kyD) for the Gaussian model. Here, 0.,/D = 0.2. The solid curves show solutions
of the dispersion relation (62), while the broken curves show the approximate values cal-
culated by the handy formulae (84) and (85).

FIG. 3(c). Scaled growth rate Re(q)/ (kwD) as a function of 2k, for several values
of ks/(k,D) for the Gaussian model. Here, 6.,/D = 0.4. The solid curves show solutions
of the dispersion.relation (62), while the broken curves show the approximate values cal-
culated by the handy formulae (84) and (85) |

FIG. 4(a). Comparison of the scaled growth rate Re(q)/(k,D) with the simulation re-
sults for the Gaussian and the waterbag beam distributions. Here, kg/(k,D) = 1 and
o4/D = 0. The solid and the broken curves show the solutions of the dispersion relations
for the Gaussian and the waterbag beam distributibns, respectively, while the triangles
and the circles show the simulation results for the Gaussian and the waterbag beam dis-

tributions, respectively.
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FIG. 4(b). Comparison of the scaled growth rate Re(q)/(k,, D) with the simulation results
for the Gaussian beam distribution. Here, k3/(k, D) = 1 and 0.,/D = 0.2. The solid curve
shows the solution of the dispersion relation for the Gaussian beam distribution, while
the triangles show the simulation results for the Gaussian beam distribution.

Lg

FIG. 5. Scaled growth rate Re(q)/(k,D) as a function of 1D for several values of

G
kg/(kyD) for the Gaussian model. Here, 0., /D = 0. This figure is equivalent to Fig. 3(a).
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