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Abstract

Budget Management in Auctions: Bidding Algorithms and Equilibrium Analysis

Rachitesh Kumar

Advertising is the economic engine of the internet. It allows online platforms to fund services
that are free at the point of use, while providing businesses the opportunity to target their ads at
relevant users. The mechanism of choice for selling these advertising opportunities is real-time
auctions: whenever a user visits the platform, an auction is run among interested advertisers, and
the winner gets to display their ad to the user. The entire process runs in milliseconds and is
implemented via automated algorithms which bid on behalf of the advertisers in every auction.
These automated bidders take as input the high-level objectives of the advertiser like value-per-
click and budget, and then participate in the auctions with the goal of maximizing the utility of the
advertiser subject to budget constraints. Thus motivated, this thesis develops a theory of bidding
in auctions under budget constraints, with the goal of informing the design of automated bidding
algorithms and analyzing the market-level outcomes that emerge from their simultaneous use.

First, we take the perspective of an individual advertiser and tackle algorithm-design ques-
tions. How should one bid in repeated second-price auctions subject to a global budget constraint?
What is the optimal way to incorporate data into bidding decisions? Can data be incorporated in a
way that is robust to common forms of variability in the market? As we analyze these questions,
we go beyond the problem of bidding under budget constraints and develop algorithms for more
general online resource allocation problems. In Chapter 2, we study a non-stationary stochas-
tic model of sequential auctions, which despite immense practical importance has received little
attention, and propose a natural algorithm for it. With access to just one historical sample per
auction/distribution, we show that our algorithm attains (nearly) the same performance as that pos-

sible under full knowledge of the distributions, while also being robust to distribution shifts which



typically occur between the sampling and true distributions. Chapter 3 investigates the impact
of uncertainty about the total number of auctions on the performance of bidding algorithms. We
prove upper bounds on the best-possible performance that can be achieved in the face of such un-
certainty, and propose an algorithm that (nearly) achieves this optimal performance guarantee. We
also provide a fast method for incorporating predictions about the total number of auctions into
our algorithm. All of our proposed algorithms implement some version of FTRL/Mirror-Descent
in the dual space, making them ideal for large-scale low-latency markets like online advertising.
Next, we look at the market as a whole and analyze the equilibria which emerge from the si-
multaneous use of automated bidding algorithms. For example, we address questions like: Does
an equilibrium always exist? How does the auction format (first-price vs second-price) impact the
structure of the equilibria? Do automated bidding algorithms always efficiently converge to some
equilibrium? What are the social welfare properties of these equilibrium outcomes? We systemati-
cally examine such questions using a variety of tools, ranging from infinite-dimensional fixed-point
arguments for proving existence of structured equilibria, to computational complexity results about
finding them. In Chapter 4, we start by establishing the existence of equilibria based on pacing—a
practically-popular and theoretically-optimal budget management strategy—for all standard auc-
tions, including first-price and second-price auctions. We then leverage its structure to establish
a revenue equivalence result and bound the price of anarchy of liquid welfare. Chapter 5 looks
at the market from a computational lens and investigates the complexity of finding pacing-based
equilibria. We show that the problem is PPAD complete, which in turn implies the impossibility of
polynomial-time convergence of any pacing-based automated bidding algorithms (under standard
complexity-theoretic assumptions). Finally, in Chapter 6, we move beyond pacing-based strate-
gies and investigate throttling, which is another popular method for managing budgets in practice.
Here, we describe a simple titonnement-style algorithm which efficiently converges to an equi-
librium in first-price auctions, and show that no such algorithm exists for second-price auctions
(under standard complexity-theoretic assumptions). Furthermore, we prove tight bounds on the

price of anarchy for liquid welfare, and compare platform revenue under throttling and pacing.
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Chapter 1: Introduction

For millennia, auctions have been used to sell items in a variety of markets, ranging from agri-
cultural produce to government assets. They provide a natural solution to the problem of allocating
items among buyers whose valuation (willingness to pay) is unclear/unknown to the seller. And
when the internet came along, it was soon discovered that this was exactly the problem internet
platforms faced when attempting to monetize their services via advertising. In particular, plat-
forms like Google, Instagram, TikTok etc. have an abundant supply of users who routinely interact
with their platforms, and there is demand from advertisers for the attention of those users. A mar-
ket mechanism is required to match this supply and demand. Crucially, given the heterogeneity
of these opportunities (each user and webpage are different), it is very difficult to ascertain the
amount that the advertisers would be willing to pay for them. This is exactly the type of setting
where auctions shine, and thus have been widely adopted: they are the mechanism by which the
vast majority of advertising opportunities are allocated on the internet. Any time a user visits the
platform, an auction is run programmatically to determine the advertiser who will get the opportu-
nity to show their ad to the user, and the payment to be charged for it. The entire process runs in
the milliseconds that the webpage takes to load after the user query, and occurs billions of times
every day across a plethora of platforms.

These online advertising auctions are executed via a complex market ecosystem, composed
of publishers/platforms who own the webpages where ads are displayed, advertisers who wish to
show their ads to users visiting these webpages, and ad exchanges who are the market makers;
not to mention demand-side and supply-side platforms who act as intermediaries. To add to this,
advertisers routinely run ad campaigns consisting of tens of thousands of auctions, each one cor-
responding to a user with some idiosyncratic propensity for favorably interacting with the ad. This

ever-increasing complexity, speed and scale of online advertising markets has led to the rise of



automated bidding (or simply autobidding), which is the practice of using automated data-driven
algorithms for bidding in ad auctions. These autobidding algorithms take as input the high-level
objectives and constraints of the advertiser, and then bid on their behalf in the auctions with the
goal optimizing their objective subject to the specified constraints. The demand for autobidding
has led to platforms like Google! and Meta® themselves offering it as a service to advertisers,
which in turn has made autobidding ubiquitous.

Budget management tools are perhaps the most prevalent autobidding tools offered by plat-
forms: the vast majority of advertisers have budgets that limit their total spend across all auctions
in the campaign, and they require tools which optimize the use of their budgets. This thesis aims
to develop a deeper understanding of budget management, with the dual goal of improving the
design of autobidding algorithms and analyzing the market-level outcomes that emerge from their
simultaneous use. On the technical front, this translates to developing data-driven algorithms for
bidding in repeated auctions under global budget constraints, and understanding the market-level

outcomes that result from these algorithms bidding against each other.

1.1 Data-Driven Algorithms for Budget Management

In the first part of the thesis, we focus on the design of data-driven algorithms for bidding in
repeated second-price auctions subject to a global budget constraint. It turns out that this problem
is closely related to online resource allocation. At its core, both problems involve the same trade-
off: spend the budget now or wait for better opportunities later. For greater generality and ease of
exposition, we develop algorithms for online resource allocation, and show how the budget man-
agement problem can be interpreted as a special case. Departing from previous works, our goal is
not to simply optimize performance and sample complexity, but to do it in a way that is robust to
the common types of variability which affect online advertising markets. The type of variability

we focus on delineates the two chapters in this part of the thesis.

Mttps://support.google.com/google—ads/answer/2979071?hl=en
nttps://www.facebook.com/business/m/one-sheeters/facebook-bid-strategy-gui
de/
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1.1.1 Chapter 2: Robust Budget Pacing with a Single Sample

Consider an advertiser with a budget of B dollars, which specifies the maximum amount they
are willing to spend in some fixed time period (say, a week). Assume that she will participate in T
sequential second-price auctions in that period. Her goal is to maximize total utility across all of
the auctions in that week, while keeping the cumulative spend below the budget B. How should this
advertiser pace her spending? When should she spend aggressively and when should she conserve
her budget? How should one design the autobidding algorithm that makes these decisions on her
behalf? The answer to these questions depends on the way that the auctions (i.e., advertiser’s value
and competition) change over time, and the information available to her.

If the environment is adversarial, i.e., nothing is known and the auctions can change arbitrarily
with time, then [BG19] showed that no algorithm can achieve sub-linear regret (or even a good
asymptotic competitive ratio) against the hindsight-optimal benchmark. In other words, all algo-
rithms perform poorly, and this setting provides very pessimistic guidance for algorithm design.
Due to this impossibility result, most of the past works on budget management algorithms—and
online resource allocation more generally—have focused on the setting where all auctions are
similar on average, i.e., advertiser value and competition are independently and identically dis-
tributed. Unsurprisingly, this assumption of stationary/identical distributions leads to algorithms
that attempt to evenly spend the budget across all auctions (e.g., [BG19; BLM23]). However, this
stationarity assumption is completely untenable in practice because the volume of traffic, demo-
graphic of users, rates of conversion etc. change with time [Zho+19], which in turn cause the
advertiser’s value and competition to change with time. Perhaps even more importantly, evenly
spending budget across all auctions can often be a horrible idea, e.g., most businesses do not want
to spend the same amount on advertising at 3 am as they do at 3 pm.

Thankfully, even though reality is not stationary, it is not adversarial either: user traffic and
the competition for it change with time, but they show some periodicity in their changes, e.g.
weeks look similar on average. To deal with this non-stationarity, real-world budget management

systems compute a target expenditure plan [FG; KMS22], which is a function of time that specifies



the recommended amount of spend at each point in time, i.e., such a plan distributes the cumulative
daily/weekly budget into smaller chunks of time, appropriately capturing the non-stationarity. A

pacing algorithm like a controller is then used to track the plan. This raises an important question:
How many historical samples are required to learn a good target expenditure plan?

To study this question, we study a model where the tuple of an advertiser’s value and that of her
highest competing bid, in each auction 7, are generated from unknown independent time-varying
distributions {P’}Z;l' This is a major departure from the stochastic budget-management/resource-
allocation literature, which for the most part assumes stationary distributions (see Section 1.3 for
a discussion). We additionally assume that we have access to data from past weeks. This data
helps us leverage the periodic nature of internet traffic/auctions. However, the periodicity is almost
never exact: weeks look similar on average, but they are not identical on average, i.e., the historical
data likely came from distributions {@,}tl | that were different from {Pt}z;l' This raises another

important question:

How should one design an algorithm that is robust to distribution shifts between his-

torical and true distributions?

We measure distribution shift using the total Wasserstein distance between the two sequences
of distributions {#, thl and {P; thl. [JLZ20] showed that the regret of all algorithms must degrade
super-linearly with the distribution shift. This motivates us to call an algorithm robust if its regret
degrades with the distribution shift at the optimal linear rate. Surprisingly, we find that both of the
aforementioned questions simultaneously admit the most satisfactory solution: we show that just
one historical sample per distribution is sufficient to learn a good target expenditure plan, and we

give an explicit algorithm that can learn and use that plan in a way that is robust to distribution

shifts.

Our results. Our contribution is an algorithm that is robust and achieves the near optimal O(VT)

regret even when it has access to just one sample from each distribution %, dramatically improving
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over the state-of-the-art requirement of 7' log 7' samples from each distribution [JLZ20]. Our results
go beyond bidding under budget constraints, and apply more broadly to any single-resource online

resource allocation problems, like single-leg revenue management and online knapsack.

Key insights. Our algorithm uses the samples to estimate the ideal amount of expenditure to
target in each auction and then uses Follow-The-Regularized-Leader in the dual space to follow
these targets by shading the advertiser’s values appropriately. The key insight driving the reduction
in sample complexity from 7 log7 to 1 per distribution is the following. Prior work by [JLZ20]
first learns the sampling distributions {@t}tll from the samples, then computes the optimal duals
on the learned distributions, and finally uses those duals to compute the target expenditures. Our
insight is that it is not necessary to learn the entire sampling distribution. Instead, it is far more
efficient to directly learn the duals from the samples and construct target expenditure based on
those duals (i.e., setting target expenditure at ¢ to be what the dual-based solution consumes at
t). Beyond being very efficient with samples, learning the duals from the samples also guarantees

robustness to shifts between {ﬁ,}le and {P,}thl.

Practical implications. Consider 7 representing a week’s worth of auctions. While a total of
T log T samples may be possible to obtain by looking at the past few weeks (given that each week
has about 7" samples to offer), requiring 7' log T samples per distribution calls for looking at many
months into the past. This is because getting a sample for a distribution, where a distribution could
correspond to say a particular hour (e.g. Monday 10 AM), entails looking at that same hour from
the past week. Asking for 7 log T samples for any given hour, when 7" samples is what we get for
the entire week, clearly requires looking at the numerous months into the past. Apart from posing
huge storage and operational challenges, given that traffic pattern shifts over time, even gradual
shifts would significantly degrade quality as one moves too much into the past. Our ask of one
sample per distribution requires looking at just the past week and getting one sample for each hour.
Moreover, our algorithm implements pacing, which is a popular method of budget management

that multiplicatively shades the value to determine the bid and controls the multiplier to manage



budgets. Combined with the fact that it only requires a constant amount of computation after each

auction, our algorithm can be readily implemented in practical budget management systems.

Technical contributions. We achieve our result by developing a novel dual-iterate coupling
lemma (see Lemma 6) and leveraging it to analyze a leave-one-out thought experiment designed
to break challenging correlations which arise from working with one sample per distribution (see
Subsection 2.3.3 for details). Additionally, we also prove a novel regret decomposition for Dual
FTRL (Theorem 3), which may be of independent interest. Finally, our algorithm does not require
solving large linear programs and can be implemented efficiently (see Subsection 2.3.4), which is

critical for online advertising since each auction runs in a few milliseconds.

1.1.2 Chapter 3: Online Resource Allocation under Horizon Uncertainty

Almost all of the prior work on bidding in auctions under budget constraints, and more gener-
ally online resource allocation, assumes that advertisers know the total number of auctions 7" (also
called the horizon) in advance. This assumption is vital for previous algorithms and performance
guarantees because it allows them to evenly spend the budget across all auctions. Even in the
simple setting where the auctions come from stationary distributions, prior algorithms compute a
per-period resource budget given by B/T, which crucially requires knowledge of 7', and then use
it as the target amount to spend in each auction. However, if the horizon T is not known to the
decision maker, one can no longer compute this quantity and these previous works fail to offer any
meaningful guidance.

Juxtapose this with a world in which viral trends are becoming ever more common, causing
online advertising platforms, retailers and service providers to routinely experience traffic spikes.
These spikes inject uncertainty into the system and make it difficult to accurately predict the total
number of users that will arrive. As the amount of user traffic determines the number of auctions
an advertiser participates in, this uncertainty extends to the number of auctions. Moreover, these

spikes often present lucrative opportunities for the advertiser, which makes addressing this uncer-



tainty even more pertinent [EKM15]. Crucially, it is usually difficult to predict these spikes, e.g. a
news story breaks about COVID-travel bans being lifted, which results in a sudden and large uptick
in the number of advertising opportunities for an airline. In fact, search-traffic spikes might be so
large that they cause websites to crash. This uncertainty about the horizon T raises the following

question:

How should one design algorithms that are robust to horizon uncertainty and do not

require knowledge of T'?

To address this question, we take the robust-optimization approach and consider a model in
which the horizon T is unknown and only assumed to lie in some known uncertainty window
[t1, ™2]. 71 and 7, parameterize the advertiser’s uncertainty about the horizon 7. We measure the
performance of algorithms using their asymptotic competitive ratio against the hindsight-optimal
solution which can be computed with full knowledge of all auctions and the horizon 7'. In order
to tease out the impact of horizon uncertainty on the performance of algorithms, we focus on the

setting where the auctions are drawn from stationary distributions.

Our Results. We first show that the performance of any algorithm necessarily degrades with
horizon uncertainty. In particular, we prove that no algorithm can achieve a worst-case asymptotic
competitive ratio better than {e - Inln(ry/71)}/In(m/7;). We then propose an algorithm that is
nearly optimal and always achieves a competitive ratio greater than 1/(1 + In(1,/71)). Finally, we
also provide a method for incorporating predictions about the horizon into our algorithm, and do so
in a way that can be tuned to achieve the desired balance between worst-case performance and trust
in the prediction. Importantly, all of our results are much more general than bidding under budget
constraints, and apply to all online resource allocation problems [BLM23]. Specifically, it includes
as special cases various fundamental problems like network revenue management [TVRO04], online
advertising [Meh13], online linear/convex programming [AD14; AWY 14; Dev+11; Kes+14], and

assortment optimization under inventory constraints [GNR14].

Shttps://developers.google.com/search/blog/2012/02/preparing-your-site-for
—traffic-spike
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Key Insights. Our impossibility result shows that online resource allocation is qualitatively dif-
ferent than other online optimization problems like online convex optimization. Any algorithm for
the latter can be modified using the Doubling Trick to achieve an asymptotic competitive ratio of
1 under horizon uncertainty. In contrast, for online resource allocation, horizon uncertainty im-
poses a fundamental limit on the performance of algorithms that cannot to bypassed with standard
modifications like the Doubling Trick. Algorithms must be designed with the horizon uncertainty
in mind, which is what we do. Like Chapter 2, our algorithm first computes a target expenditure
plan, and then uses Mirror Descent in the dual space to follow these targets. We characterize the
competitive ratio of our algorithm for all target plans, and then simply optimize over all target

plans, both in the setting with and without predictions.

Practical Insights. The optimal target expenditure plan is a decreasing sequence. It advocates
for front-loading of expenditure: the advertiser should spend more aggressively early on. The
intuition being that future opportunities may or may not materialize due to horizon uncertainty,
and she should hedge against this uncertainty. Put another way, one should not conserve too much
budget in the hopes of a traffic spike, and instead front-load expenditure to lock in sufficient amount
of utility in early auctions. In practice, advertisers and platforms use machine learning models to
predict the total number of auctions. However, these models are often opaque and uninterpretable
(like neural nets). In particular, they can perform horribly in case of traffic spikes and do not
provide worst-case guarantees. Thus, one cannot blindly rely on predictions from such models and
incorporate them into bidding algorithms. Our algorithm allows the advertiser to strike a balance
between completely trusting the prediction and her desire for worst-case guarantees: we provide
a method for incorporating these potentially-inaccurate predictions in a way that optimally trades
off consistency, which refers to the performance when the predictions are accurate, and worst-case

competitive ratio.

Technical Contributions. Our algorithm is a generalization of Dual Mirror Descent [BLM23]

that can incorporate target expenditure plans which are time varying. We characterize the compet-



itive ratio of this generalization in semi-closed form for all possible target expenditure plans. This
characterization forms the cornerstone of our positive results, and allows us to reduce the problem
of finding the optimal algorithm to that of finding the optimal target plan. The latter is much easier
than the former and we show that it can be written as an LP. But general-purpose LP solvers can
be too computationally expensive in large-scale applications like online advertising. So, we also

provide a quadratic-time algorithm for solving the LP.

1.2 Equilibria in Budget Management Systems

Chapter 2 and Chapter 3 focus on budget management from an individual advertiser’s per-
spective, and design algorithms for maximizing utility in repeated auctions subject to budget con-
straints. What happens when all advertisers simultaneously use these algorithms? This is the ques-
tion we address in the second half of the thesis, where we zoom out and analyze the entire market.
Our focus is on the strategic interactions of the advertisers, each of whom attempts to maximize
their own utilities subject to budget constraints. In particular, we analyze the equilibrium outcomes
that emerge from these interactions, both from a structural and computational viewpoint. More-
over, we also investigate the impact of the auction format on the equilibrium outcomes, with the

aim of informing the rules of advertising auction markets.

1.2.1 Chapter 4: Contextual Standard Auctions with Budgets

Consider the setting in which multiple advertisers are competing against each other for ad slots.
Each of them wants to maximize their utility subject to their budget constraint (possibly using some
autobidding algorithm). The strategic interactions between advertisers, each of whom is pursuing

their own objective, raises many new questions:

Does an equilibrium always exist? What is the structure of equilibrium bidding strate-

gies? How do the answers depend on the auction format?

We would like to analyze the equilibrium points of the market that can arise from the inter-

actions of such buyers. In particular, we are interested in Bayes-Nash Equilibria (BNE), which
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are market outcomes in which all advertisers are happy with their bidding strategy and none of
them wants to deviate unilaterally. These are the points to which individually-optimal autobidding
algorithms for budget management stabilize, assuming they do stabilize. Moreover, in this chapter,
we go beyond second-price auctions and consider all standard auctions, which is the class of all
auctions in which the highest bidders wins the item. Importantly, it includes the popular first-price
auction format as a special case and allows us to compare it with second-price auction. This raises

another important question:
How does the auction format impact the equilibrium outcomes?

Furthermore, till now, our focus has almost entirely been on the advertisers and their utility. But
an equally important aspect of these markets is the seller revenue and societal welfare. The former
is often the primary objective of the platform and the latter measures the allocative efficiency of
the market. In fact, it is often a combination of revenue and welfare, rather than advertiser utility,

that determines the mechanism used by the platform. This raises other important questions:

How does the auction format impact the revenue of the platform? How socially-

efficient are the equilibria in allocating opportunities to advertisers?

To address these questions, we study a model of standard auctions with contextual values and
average budget constraints. The contextual values allow us to incorporate the structured correlation
that arises from the same user features being used by all advertisers in determining their values.
And average budget constraints capture the impact of long-term budget constraints that are only
required to hold across thousands of auctions: if each advertiser statisfies their budget constraints
on average in each auction, then concentration arguments imply that they spend close to their

global budget across all auctions with high probability.

Our Results. We show that a structured Bayes-Nash equilibrium always exists for all standard
auctions. It composes value-pacing, which refers to multiplicatively shading down the value, with

the equilibrium strategy for the setting without budget constraints. We then leverage this structure
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to show a revenue equivalence result: each standard auction yields the same revenue in equilibrium.
Finally, we bound the price of anarchy of these equilibria: we show that the liquid welfare (measure
of social welfare for settings with budgets) is at least half of what a clairvoyant central planner can
attain. In other words, these value-pacing-based equilibria are approximately efficient in allocating

opportunities to advertisers.

Key Insights. Our results act as a powerful black-box: they takes as input any Bayes-Nash equi-
librium for the commonly-studied i.i.d. setting without budgets, composes it with value-pacing,
and outputs a Bayes-Nash equilibrium for our model with contextual values and budgets. Sur-
prisingly, we show that, for a fixed distribution over advertisers and users, the same multiplicative
factors can be used by the advertisers to shade their values in the equilibrium strategies for all
standard auctions. In other words, these equilibrium strategies are modular: they compose value-
pacing, which addresses the budget constraints and is independent of the auction-format, with the
i.i.d. BNE strategy that is independent of budgets and captures the strategic misreporting induced
by the auction format. This modular structure immediately allows us to extend the well-known
revenue-equivalence result for the simple i.i.d. model (without budgets and contexts) to our much
more general model with contexts and budgets. The revenue equivalence results and the modu-
lar structure also allow us to prove price of anarchy bounds for liquid welfare which hold for all

standard auctions.

Practical Implications. The display advertising* industry recently switched from second-price
auctions to first-price auctions as the method for selling advertising opportunities. Our revenue
equivalence result suggests that the transition should not result in a change in revenue for the plat-
form. This is in stark contrast to previous works on standard auctions with strict budget constraints
where revenue equivalence does not hold [CG98]. A recent paper of [Gok+22] empirically inves-
tigated the revenue impact resulting from this recent switch. [Gok+22] found that, after a brief

adjustment period, publishers’ revenues under first-price auctions returned to the same levels as

“Display advertising refers to graphic advertising through banners, text, images, video, and audio.
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they were under second-price auctions before the change. Our theory offers the first principled
justification for this empirical finding by establishing revenue equivalence in the presence of con-
textual values and average budget constraints. Finally, the modular structure of the equilibrium
strategies also provides guidance for advertisers in navigating the change in auction formats. The
pipeline used for pacing can be composed with the pipeline for bidding in non-truthful auctions,

each operating autonomously.

Technical Contributions. The primary technical challenge involved establishing the existence
of structured modular bidding strategies for potentially non-truthful auctions. These strategies have
a pacing (dual) multiplier for each buyer type, which are uncountably many in cardinality. This
leads to an infinite-dimensional equilibrium space even after moving to the simpler dual space. In
infinite dimensions, establishing even the simple prerequisites of any fixed-point theorem, namely
compactness and continuity, can be an ordeal; one which requires careful topological arguments.
While other papers have also analyzed equilibrium strategies in the dual space (see, e.g., [BBW15;
GKP12]), these consider settings with finitely-many pacing multipliers in which establishing com-
pactness is a trivial task. The main technical contribution of this chapter is twofold: (i) choosing
the right topological space for the pacing multipliers based on their monotonicity properties, (ii)
establishing compactness and continuity in this carefully chosen space. As we discuss in Subsec-
tion 4.2.3, this choice of topology is far from obvious. In fact, to the best of our knowledge, all of
the topologies used in standard fixed-point arguments for infinite-dimensional spaces (see [AB06]
for examples) prove insufficient in the setting we consider, which compels us to carefully exploit
the structural properties of pacing and work with the topological space of multivariate-functions
of bounded variation. We believe that these tools might be useful in other non-atomic games.
Finally, our price of anarchy bound is also novel. It does not proceed through the smoothness
framework [RST17] and instead leverages the complementary slackness condition of the budget-

constrained utility maximization problem of each buyer.
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1.2.2 Chapter 5: The Complexity of Pacing for Second-Price Auctions

When instantiated for second-price auctions, the results of Chapter 4 imply the existence of
an equilibrium in which all of the buyers pace (i.e., multiplicatively shade) their value to deter-
mine their bid. Additionally, our algorithms from Chapter 2 and Chapter 3 also pace values by a
multiplicative factor to determine bids, and then update the multiplicative factor to ensure budget
consumption in line with the target plan. The use of pacing is not unique to our work: (1) it shows
up in all algorithms for bidding in repeated auctions under budget constraints which are optimal for
stochastic environments, and (ii) pacing-based equilibria have been shown to exist in other models
of advertiser interaction in second-price auctions with budget constraints. This raises a natural

question that had long been the subject of conjecture and speculation [Con+18; Bor+07]:

Do pacing-based algorithms always converge to pacing-based equilibria? If so, do

they converge efficiently (in polynomial time)?

More generally, most of the attention in prior work had focused on either developing pacing-
based algorithms or establishing the existence of pacing-based equilibria, with very little attention
being devoted to its computational properties. Understanding the computational complexity of
finding pacing-based equilibria is vital, because if one cannot even compute them, then there is
very little hope for advertisers, each of whom runs their own algorithm on a computer, to converge

to them.

What is the computational complexity of finding pacing-based equilibria?

We initiate the study of these questions by studying the computational complexity of finding
pacing equilibria in markets with correlated values. Since a pacing equilibrium always exists,
we cannot use P vs NP to characterize the complexity of computing one; the right complexity
class is PPAD. Like the well-known complexity class NP, PPAD (Polynomial Parity Argument in
a Directed graph, introduced by [Pap94]) is a collection of computational problems. As with the

definition of NP-hardness and NP-completeness, a problem is said to be PPAD-hard if it is at least
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as hard as every problem in PPAD; a problem is said to be PPAD-complete if it is contained in
PPAD and is PPAD-hard. The analogy to NP extends further: the PPAD-hardness of a problem
can be established by providing a polynomial-time reduction from a problem already known to be
PPAD-hard. One of the quintessential PPAD-complete problems, and the one we will employ in
our reductions, is that of computing a Nash equilibrium of a bimatrix game [DGP09; CD06]. The
Nash equilibrium problem has been studied extensively for decades and yet, despite much effort,
no polynomial-time algorithm is known for it. Moreover, a recent spate of results showed that it is
hard to solve, assuming certain strong cryptographic assumptions [BPR15; GPS16; RSS17; HY'17;
Cho+19]. This has motivated the conjecture that PPAD-hard problems cannot be solved efficiently.
If we can show that the problem of finding a pacing equilibrium is PPAD-hard, then it shows that
computing a pacing equilibrium is hard, unless all problems in PPAD can be solved efficiently. In

the remainder of this subsection, we will assume that PPAD-hard problems are impossible to solve.

Our Results. We prove that the problem of computing pacing equilibria is PPAD complete. In
particular, it belongs to the class PPAD—which (informally) means that it is easier than every
problem in that class—and it is PPAD-hard—which (informally) means that it is harder than every
problem in the class. In fact, we show that the simpler problem of computing even an approxi-
mate pacing equilibrium is PPAD-hard. This disproves the conjecture of [Bor+07], who proved
polynomial-time convergence of taitonnement-based dynamics for first-price auctions and predicted
similar convergence for second-price auctions. Our hardness results shows that no dynamics al-
ways converge for second-price auctions. Moreover, we close the open question of [Con+18], who

proved the existence of pacing equilibria but left its computational complexity open.

Key Insights. One of the most important consequences of the PPAD completeness is the im-
possibility of efficient convergence. We show that no matter which pacing algorithm is employed
by the individual advertisers, it will not always converge to an equilibrium in polynomial time.
It puts a stop to the quest for pacing algorithms that can be proven to efficiently converge to an

equilibrium in all cases.
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Practical Implications. Ours is a worst-case impossibility result: it does not say that algorithms
will never converge, just that none of them will always converge. In particular, one may still
observe convergence to equilibrium in practice. It forces us to refine our expectations and invites
further investigation into the features of the market that may lead to convergence, e.g. structured

correlation, strong competition etc.

Technical Contributions. We prove the PPAD-hardness of finding approximate pacing equilib-
ria (Theorem 11) by giving a reduction from the problem of finding an e-well-supported Nash
equilibrium in win-lose bimatrix games. To prove the PPAD-membership of finding a pacing equi-
librium (Theorem 12), we reduce the problem to the algorithmic version of Sperner’s Lemma.
A direct reduction proves challenging due to the discontinuous way in which the allocation of
an item varies with pacing multipliers: In a pacing equilibrium, an item can only be assigned
to buyers whose bids are exactly equal to the highest bid. Similar issues were encountered in
PPAD-membership proofs for market equilibrium computation [VY11]. For this reason, we start
by proving the PPAD-membership of finding approximate pacing equilibria, in which items can be
allocated smoothly. Then we bootstrap this result to show the PPAD-membership of exact pacing

equilibrium.

1.2.3 Chapter 6: Throttling Equilibria in Auction Markets

Hitherto, our focus was on pacing. In Chapter 2 and Chapter 3, we develop algorithms that
implemented pacing as a method of budget management, and in Chapter 4 and Chapter 5, we
analyze pacing-based equilibria. This focus is well-motivated from (i) a theoretical standpoint:
pacing-based algorithms obtain optimal performance guarantees in a variety of environments, and
(i) a practical standpoint: it is a popular method of budget management deployed in practice [FG].
However, despite the appealing theoretical and practical properties, budget management is not
limited to pacing, and consequently neither is this thesis. In particular, we also analyze throttling,

which is another popular method of budget management used in practice.
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Unlike pacing, which controls expenditure by multiplicatively shading the value of the adver-
tiser to determine the bid, throttling controls spending by modulating the probability with which
an advertiser participates in auctions. In contrast to other budget-management methods like pac-
ing, throttling does not modify the bids of the advertisers to achieve this, which is essential for
advertisers aiming to maintain a stable cost-per-opportunity [FG]. Additionally, in practice, many
advertisers do not opt into budget-management services that modify their bids, forcing the plat-
form to satisfy their budget constraint by only controlling their participation probability, as in
throttling [KMS13]. Importantly, throttling also gives advertisers a more representative sample
of users for which they are eligible and their bid is competitive [KMS13]. This is in contrast
to budget-management approaches that modify bids, such as pacing, which biases the allocation
towards users where the advertiser has a high probability of getting a click, relative to other adver-
tisers. Many advertisers place a premium on the predictability and representative samples offered
by unmodified bids, motivating the platforms to offer throttling as a budget-management option.

Consider a market in which all of the advertisers use throttling to manage their budgets, with
each advertiser attempting to maximize their utility subject to budget constraints using throttling-
based strategies. Like pacing, this strategic interaction of advertisers brings up many natural ques-

tions:

Do throttling-based equilibria always exist? If so, are they unique? Can they be
computed in polynomial time? What is the impact of the auction format? How does

throttling compare to pacing?

We define a throttling game with budget-constrained buyers (advertisers) and stochastic good
types (user types), in which each buyer chooses the probability with which she participates in the
auction, with the goal of maximizing her expected utility while satisfying her budget constraint in
expectation. Repeated play of this throttling game captures the repeated online ad auction setting in
which each buyer employs throttling to manage their budget. Furthermore, we define the concept
of throttling equilibrium for this game, show its equivalence to pure strategy Nash equilibrium, and

analyze it with an emphasis on its structural and computational properties.
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Our Results. For first-price auctions, we show that a unique equilibrium always exists, is well-
behaved and can be computed efficiently via titonnement-style decentralized dynamics. In con-
trast, for second-price auctions, we prove that even though an equilibrium always exists, the prob-
lem of finding even an approximate equilibrium is PPAD-complete, there can be multiple equi-
libria, and it is NP-hard to find the revenue maximizing one. We also compare the equilibrium
outcomes of throttling to those of pacing, which is the other most popular and well-studied method
of budget management. Finally, we characterize the Price of Anarchy of these equilibria for liquid
welfare by showing that it is at most 2 for both first-price and second-price auctions, and demon-

strating that our bound is tight.

Key Insights. Our results on throttling reinforce what the analysis of pacing suggested: budget
management is computationally intractable for second-price auctions. In contrast, throttling equi-
libria in first-price auctions are extremely well-behaved, both computationally and structurally.
Intuitively, this difference stems from the locus of control for expenditure in the two auctions for-
mats: in second-price auctions, competing advertisers determine the payment, whereas the adver-
tiser’s own bid determines the payment in first-price auctions. The similarities between throttling
and pacing go beyond computational properties; both yield similar revenue in first-price auctions

and lead to the same price of anarchy bounds for liquid welfare.

Practical Implications. Given the failure of pacing-based algorithms to always converge in
second-price auctions, one might look to other methods of budget management to get such a prop-
erty. The search for such a method will have to go beyond throttling as well. In contrast, we show
that simple taitonnement-style algorithms for throttling exhibit fast convergence to equilibrium in
first-price auctions. Thus, if advertisers use such algorithms, then one can reasonably assume that

the market is at equilibrium while performing inference and experiments.

Technical Contributions. We prove that the problem of computing approximate throttling equi-

libria is PPAD-hard for second-price auctions, even when each good has at most three bids (The-

17



orem 18), by showing a reduction from the PPAD-hard problem of computing an approximate
equilibrium of a threshold game [PP21]. Furthermore, we place the problem of computing approx-
imate throttling equilibria in the class PPAD by showing a reduction to the problem of finding a
Brouwer fixed point of a Lipschitz mapping from a unit hypercube to itself (Theorem 20); the latter
is known to be in PPAD via Sperner’s lemma. We provide additional evidence of the computational
challenges that afflict throttling for second-price auctions by proving the NP-hardness of finding
a revenue-maximizing approximate throttling equilibrium (Theorem 21). We complement these
hardness results by describing a polynomial-time algorithm for computing throttling equilibria for
the special case in which there are at most two bids on each good (Algorithm 7), thereby precisely
delineating the boundary of tractability. On the other hand, for first-price auctions, we show that
payment is non-decreasing in the advertiser’s own participation probability and non-increasing in
competing advertiser’s participation probabilities. This allows us show that our algorithm, which
increases/decreases the participation probability in response to underspending/overspending, con-

verges to an approximate equilibrium in polynomial time.

1.3 Related Work

Our work lies at the intersection of many major streams of literature. Broadly, the related
literature can be categorized into two categories depending on whether their focus is on analyzing
online learning algorithms or equilibrium outcomes. Our goal here is not to provide an all-inclusive

survey, but to discuss works that are most closely related to ours.

1.3.1 Online Algorithms for Resource Allocation

[BG19] study budget pacing in repeated second-price auctions when the values and competing
bids are either i.i.d. according to some unknown distribution or adversarially selected. They pro-
pose and analyze Dual Gradient Descent with the constant target sequence, i.e., it always targets
B/T for all ¢t € [T]. They show that it attains the optimal regret of O(T) in the i.i.d. stochastic set-

ting, and the optimal parameter-dependent asymptotic competitive ratio (equal to ratio of the per-
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period budget to the maximum value) in the adversarial setting. [ZCLO8] also study the adversarial
setting and provide a pacing-based algorithm that achieves a differently-parameterized competitive
ratio which scales as the logarithm of the ratio of the highest-to-lowest return-on-investment, and
show that it is optimal. [KMS22] study an episodic setting and provide a density-estimation-based
algorithm for learning the target expenditures for each episode. [Gai+22] study the performance of
the algorithm of [BG19] for the different objective of value maximization, and against the different
benchmark comprised of pacing multipliers which spend the same amount B/T at each time period;
they show that that it achieves O(T3/#) regret. Moreover, when all of the buyers employ [BG19] to
bid, they show that the price of anarchy of liquid welfare is at most 2 even if the algorithms do not
converge to equilibrium. [FT23] study first-price auctions and prove price of anarchy bounds that
similarly do not require convergence to equilibrium. [Luc+23] extend the work of [Gai+22] to the
setting with bandit feedback and an additional ROI constraint. In comparison, our price of anarchy
bounds hold only at equilibrium and are independent of the algorithm being used by each of the
buyers. Recently, [Wan+23; CCK23] studied bidding in repeated first-price auctions under global
budget constraints, and developed primal-dual-style algorithms that achieve good guarantees in
stationary stochastic environments.

More generally, budget pacing in second-price auctions is a special case of online linear pack-
ing, which in turn is a special case of the online resource allocation problem. Both these problems
allow for multiple resources and have been studied extensively; we only provide a broad overview
here. For the most part, these problems have also been studied in the i.i.d. stochastic model, or
the slightly more general random arrival model (requests are selected by an adversary but arrive in
a uniformly random order). [DH09] and [Fel+10] study online linear packing under the random
arrival model, and show that learning the dual from the initial requests and then using it to make
decisions yields O(T?3) regret. [AWY14] extended these results to show that repeatedly solv-
ing for the dual at geometrically increasing intervals yields the optimal O(VT) regret. [Dev+11],
[GM16] and [Kes+14] also achieve O(VT) regret but with a better dependence on the constants

and the number of resources. [Dev+11] also achieve 0(\/7 ) regret when the environment is non-
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stationary and the optimal expected reward for each distribution is known in advance. However,
this quantity cannot be computed with a single sample for non-trivial distributions, and they do
not provide guarantees for the sample-access setting. Recently, [JLZ20] initiated the study non-
stationary linear packing with access to historical samples, but require O(T logT) samples per
distribution (essentially complete knowledge of the distribution) to achieve O(VT) regret.

[AD14] study online resource allocation with concave rewards and convex constraints, and give
a dual-descent-based algorithm that achieves O(VT) regret. [BLM23] give a Dual Mirror Descent
algorithm which attempts to spend B/T at each time step and show that it achieves O(VT) regret
for the general online allocation problem. Their results also hold for stochastic models that are
close to i.i.d. like periodic, ergodic etc.

Another line of work develops algorithms that beat O(VT) regret when the problem instance is
well-structured (see the recent work of [BKK?22] for a discussion). With the exception of [BGV20]
and [BF20], all of these works assume complete knowledge of the distributions and/or assume that
the distributions are identical. When the number of requests of each type satisfies a concentration
property between the trace and the actual requests, [BGV20] and [BF20] show that a constant regret
can be achieved for online resource allocation using one sample per distribution. For the budget
pacing problem, a type corresponds to a value and competing bid pair. Since complex machine-
learning models are typically used to estimate advertiser values to a high precision, this translates
to an extremely large number of possible types. Far from concentrating, these large number of
types imply that one is unlikely to even observe a type more than once, making their primal-
based method ineffective for budget pacing. Moreover, neither [BGV20] nor [BF20] provide any
robustness guarantees for possible discrepancies between the sampling and true distributions, and
their algorithm requires knowledge of the competing bid. Finally, our results are meaningful when
the budget is much larger than the maximum amount one can spend on an auction/request, as is
the case for budget pacing. In contrast, the literature on prophet inequalities considers a unit-
cost variable-reward online allocation problem where the budget is only large enough to accept

one request. See [AKW14; Cor+19; RWW20; Car+22] for a sample-driven treatment of prophet
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inequalities.

There is also a line of work studying online allocation problems when requests are adversari-
ally chosen. Naturally, the fully-adversarial model subsumes our input model, in which requests
are drawn 1.1.d. from an unknown distribution and the horizon is uncertain. Therefore, guarantees
for adversarial algorithms carry over to our setting. We remark, however, that it is not possible to
obtain bounded competitive ratio for the general online allocation problem (see, e.g., [Fel+09]).
Notable exceptions are online matching [KVV90], the AdWords problem [Meh+07], or personal-
ized assortment optimization [GNR14], which are linear problems in which rewards are propor-
tional to resource consumption. When rewards are not proportional to resource consumption, there
is a stream of literature studying algorithms with parametric competitive ratios. These competitive
ratios either depend on the range of rewards (see, e.g., [BQ09; MSL20]) or the ratio of budget to
resource consumption (see, e.g., [BLM23]).

Finally, a few very recent papers warrant attention, all of which allow for horizon uncertainty
but assume that the distribution of the horizon is known in advance. [Bru+19] study a generaliza-
tion of online bipartite matching which accounts for ranked preferences over the offline vertices
under a variety of input models. They show that a constant competitive ratio cannot be attained
under stationary stochastic input when the horizon is completely unknown and use it to justify
the known-horizon assumption. Our impossibility result (Theorem 6) establishes a parametrized
upper bound on the competitive ratio in terms of the uncertainty 7,/7; and implies their result
as a special case when 1o/7; — oo. [Ali+20] study the multi-unit prophet-inequality problem in
which the resource is perishable, with each unit of the resource exiting the system independently
at some time whose distribution is known to the decision maker. When there is one unit of the
resource, their model captures horizon uncertainty in the prophet-inequality problem, which is a
special case of online resource allocation. Importantly, when there is more than one unit, our mod-
els are incomparable. For the single-unit special case, they prove a parameterized upper bound of
0 (In(r2 /7'1)‘1) on the competitive ratio. In contrast, our upper bound (Theorem 6) holds for the

more general regime where the initial resource endowment (number of units of the resource) scales
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linearly with the horizon and the action space is continuous. This is crucial since the performance
guarantees of algorithms for online resource allocation with known-horizon often only hold in this
regime [BLM23; Meh+07; TVRO04], thereby making the single-unit upper bound inapplicable.
[Bai+22] develop a fluid approximation to the dynamic-programming solution for network
revenue management when both the distribution of the request and the horizon are completely
known. They show that the asymptotically-tight fluid approximation should attempt to respect the
resource constraint for all possible horizon values and not in expectation over the horizon. [AM?22]
consider a model for network revenue management in which the distribution of the horizon is
known and each type of request follows an adversarial or random-order arrival pattern. They also
show that the fluid LP relaxation based on the expected value of the horizon can be arbitrarily bad
and develop tighter LP relaxations. We do not assume that the type of requests, the distribution of
requests or the distribution of the horizon are known ahead of time, and use the hindsight optimal
allocation as the benchmark, making our results incomparable even for the special case of network

revenue management.

1.3.2 Equilibria in Budget Management Systems

[BBW15] studied budget management in second-price auctions using a fluid mean-field model,
and showed that in this model existence is guaranteed, and closed-form solutions for equilibria are
derived for certain settings. [Bal+21] analyze several different methods for budget management
in second-price auctions, including pacing and throttling, and showed existence results for their
setting, as well as other analytical and numerical properties. [Con+18] define and study pacing
equilibria in second-price auctions. They show that it always exists and study its structural prop-
erties. [Con+19] studied the model of [Con+18], but with each auction using a first-price rule.
There, pacing equilibrium no longer constitutes best responses, but instead has a market equilib-
rium interpretation. In the first-price setting, pacing equilibria turn out to be easy to compute, due
to a direct relationship to market equilibria. Moreover, for first-price auctions, [Bor+07] describe

a simple tatonnement-style dynamics and prove its efficient convergence to a pacing equilibrium.
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They conjectured a similar convergence for second-price auctions, which we disprove. [Bab+20]
studied non-quasi-linear agents participating in mechanisms designed for quasi-linear agents. They
studied a generalization of budget constraints where agents have a concave disutility in payment,
and showed that a Nash equilibria exists which employs multiplicative scaling.

Another direction of research considers buyers with ex-post budget constraints (also called
strict budget constraints). There, first price [Kot20], standard auctions [CG98], optimal auc-
tions [PV 14], and auctions with combinatorial constraints [GML15] have been studied. In contrast
to our revenue equivalence results, [CG98] show that with strict budget constraints first-price auc-
tions yield higher revenue than second-price auctions. These models are different from our setting
which only requires budget constraints to hold in expectation at the interim stage. In-expectation
budget constraints are more appropriate for modeling repeated ad auctions, and yield simpler and
more interpretable equilibrium strategies.

Throttling has also received significant attention in other lines of research. [Aga+14] study
throttling in generalized second-price (GSP) auctions from the perspective of a single buyer, pro-
vide an algorithm which determines the participation probability based on user traffic forecasts,
and analyze its performance empirically on real data from LinkedIn. Similarly, [Xu+15] provide
and empirically evaluate practical algorithms for throttling on data from demand-side platforms.
[KMS13] use throttling (under the name Vanilla Probabilistic Throttling) as the benchmark in the
GSP auction setting to evaluate the budget management algorithm they describe on data from
Google, and find that it empirically outperforms throttling on the metrics they study. Importantly,
they do not engage in an equilibrium analysis, and their algorithm does not provide a representative
sample of the traffic to advertisers. There is also a significant body of work which proposes alter-
natives to pacing and throttling methods. [Cha+13] study regret-free budget-smoothing policies in
which the platform selects the random subset of buyers that participate in the GSP auction for each
good. They show that such policies always exist, and, under the small-bids assumption, give an

efficient algorithm for the special case of second-price auctions.
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Chapter 2: Robust Budget Pacing with a Single Sample

Based on the publication [Bal+23] co-authored with Santiago Balseiro, Vahab Mirrokni,

Balasubramanian Sivan and Di Wang.

Motivated by the online advertising industry, this chapter studies the non-stationary stochas-
tic budget management problem: an advertiser repeatedly participates in 7' second-price auctions,
where her value and the highest competing bid are drawn from unknown time-varying distribu-
tions, with the goal of maximizing her total utility subject to her budget constraint. In the absence
of any information about the distributions, it is known that sub-linear regret cannot be achieved.
We assume access to historical samples, with the goal of developing algorithms that are robust to
discrepancies between the sampling distributions and the true distributions. In Section 2.2, we first
show the sufficiency of a single sample per distribution to obtain O(VT) regret. We do so via a sim-
ple "Learning the Dual and Earning with It" approach that learns a fixed dual multiplier from histor-
ical samples and then uses it to pace (multiplicatively shade) the value for bidding. However, this
algorithm turns out to be extremely brittle to distribution shifts between the sampling distributions
and the true distributions. In Section 2.3, we propose the Dual Follow-The-Regularized-Leader
(FTRL) algorithm and prove our main result: we show that Dual FTRL is robust to distribution
shifts and achieves a near-optimal O(VT)-regret with just one sample per distribution, drastically
improving over the best-known sample-complexity of 7" samples per distribution. For ease of ex-
position, we prove our results for the more general single-resource online allocation problem with
linear rewards/consumptions. It is well-known that bidding in repeated second-price auctions with
budgets can be modelled as an instance of this online allocation problem (e.g., see [BLM23]); we

provide a formal reduction in Section 2.4 for completeness.
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2.1 Model

Notation. We use R, and R, to denote the set of non-negative real numbers and the set of
positive real numbers respectively. For n € N, we use [n] = {1, ..., n} to denote the set of positive
integers less than or equal to n. We use W(:, ) to denote the Wasserstein distance between two
distributions under the metric with which the sample space is endowed.

Online Allocation with a Single Resource and Budget Management. For ease of exposition,
we will prove our results for the more general single-resource online allocation problem with
linear rewards/consumptions. It is well-known that bidding in repeated second-price auctions with
budgets can be modeled as an instance of this online allocation problem (e.g., see [BLM23], or
Section 2.4). It also captures the stochastic multi-secretary problem [AG19] as a special case.

Consider a decision maker with an initial budget B € R,; of a resource, whose goal is to
optimally spend it on T sequentially arriving requests. Each request y = (f, b) is comprised of a
linear reward function f : X — R, such that f(x) = coeff(f)-x, and a linear resource consumption
function b : X — R, such that b(x) = coeff(b) - x; where X C R, is a compact set which denotes
the space of possible actions of the decision maker. We will use S to denote the set of all possible
requests and A(S) to denote the set of distributions over S. Moreover, we endow S with the

following metric d(-, -): For any two requests y = (f, b) and ¥ = (f, b):
d(y.7) = sup|f(x) = fx)] + sup [b(x) = b(x)] .
xeX xeX

We will assume that 0 € X. This allows the decision maker to avoid spending the resource
if she so chooses and ensures feasibility. Moreover, let ¥ = max,ey x. We will make standard
regularity assumptions [JLZ20; BLM23]: there exist f, b € R, such that f(x) < f and b(x) < b
for all x € X. Like [JLZ20], we will also assume that there exists k € R, such that f(x) < « - b(x)
for all x € X, i.e., the maximum rate of return from spending the resource is bounded above by «.

At time ¢ € [T], the following sequence of events takes place: (i) a request y; = (f;, b;) arrives;

(i) the decision maker observes y; and chooses an action x; € X based on the information observed
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so far; (iii) the request consumes b;(x;) amount of the resource and generates a reward of f;(x;). The
decision maker aims to maximize her rewards subject to her budget constraint. A policy {x;(-)};

for the decision maker maps requests to actions x; : & — X based on the available information at

-1

each time step, i.e., the action x;(y,) at time ¢ € [T] can depend on the historical requests {y; 1

T

w141+ Moreover, a policy is said to

and the current request y;, but not the future requests {y}
be budget-feasible if it respects the budget constraint by ensuring Z,T=1 bi(x:(y;)) < B for every
sequence {y;};.

The request 7y, at time ¢ is drawn from a distribution $; € A(S) unknown to the decision
maker, independently of the requests at other time steps. We only require the requests {7y, }, to be
independent and allow the distributions #; to vary arbitrarily across time. We will measure the

performance of a policy against the fluid-optimal benchmark, which is defined as:

T
FLUID({P:},) = max > E[fi(x(y))]

t=1

T
st. > E[b(x(y)] < B
t=1

x:S—>X Vtelll.

Another benchmark common in the literature on online resource allocation is the expected

hindsight optimal solution, which is defined as E[OPT({y;};)] for

T T
OPT({y;},) := max D fie) st D b(xy) < B
xeXT 43 =1

It is well-known that FLUID({%;}) > E[OPT({y;};)], which makes our benchmark the stronger
one (we provide a proof in Appendix A.1 for completeness). Hence, our performance guarantees
relative to the fluid-optimal benchmark also imply the same guarantees for the expected hindsight-
optimal benchmark.

More concretely, we use R(A[{y;};) to denote the total reward of a policy A on the request

sequence {v;},, and the performance of an algorithm is measured using its expected regret against
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the fluid-optimal reward:

Regret(A) := FLUID({#;};) — E [R(A{y:}1)] -

Now, if the distributions {#;}; are unknown and arbitrary, and no other information about {#, },
is available, then the requests {;}; can be adversarial. This case has been addressed in [BLM23],
where the authors showed no policy can achieve sub-linear regret. In this work, we address the
setting in which the decision maker has additional information in the form of historical samples.
In particular, we focus on the setting where the decision maker has access to one independent
sample y; ~ P, for each t € [T]. We will assume that the {7:} samples are independent of the
request sequence {y,}, and {#,} are not known to the decision maker. We will show that when the
sampling distributions {#,}, are not too far from the actual distributions {#;},, which is a minimal
relaxation over the adversarial setting, it is possible to achieve sub-linear regret. We refer to the
collection of samples {7,}; as a trace and allow the actions of the decision-maker to depend on
it. Throughout this chapter, we will use {¥;}, to denote the trace and {7y, }; to denote the (random)

sequence of requests on which the decision maker wishes to maximize reward.

2.2 Warmup: Learning the Dual and Earning with It

First, let us focus on the simpler case when P, =P, forall ¢ € [T], i.e., the sampling distribu-
tions are the same as the request distributions. At first glance, it may appear that only having access
to one sample from each of request distributions $; yields too little information to achieve near-
optimal rewards. If one were to attempt to directly learn the optimal solution of FLUID({%,},),
this initial impression would be accurate because of the high-dimensional nature of the space of all
possible solutions {x;(-)};. Fortunately, we do not need to learn this high-dimensional information
and can instead leverage the structure of the problem: the dual space is just one-dimensional and
thereby amenable to learning. More precisely, the dual function D(u|{%;};) of FLUID({#;},) at

dual variable u > 0 is given by
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()} o t=1

T T
max DB G (ya)] + (B - E[bt(xz(%»])

=1 Xt

T
=u-B+ Z r{lsa_))(XE [feCee(ye)) — - by (e (y2))]

T
4 B+YE [ma}( (k) = - b))
“ Xt €

Throughout, we assume argmax .y {f(x) — ¢ - b(x)} is non-empty for all requests y € S and
dual solutions ¢ > 0. If we treat the dual variable u as the per-unit price of the resource,

maxy,ex {fi(x;) — - by(x;)} captures the profit maximization problem. The following terminol-

ogy would be helpful in working with the dual.

Definition 1. For a request y = (f, b) and dual variable u > 0, let x*(y, p) be the optimal solution
of maxyex {f(x) — u - b(x)} with the largest value of f(x). If there are multiple such solutions,
pick one which minimizes b(x). Moreover, let f*(u) = f(x*(y, w)) and b*(u) := b(x*(y, u)) be the

corresponding reward and resource consumption respectively.

We denote D(u|{P:};) =u-B+ ZzT=1 E[f;(1) — p - by (u)]. Throughout this chapter, we will
repeatedly leverage weak duality, which is a central property of duals. We state the property here

and refer the reader to any standard text on convex optimization (e.g., [Ber09]) for a proof.

Proposition 1 (Weak Duality). For all request distributions {P;}; and dual variables u > 0, we

have D(u|{P:}:) = FLUID({%;},), i.e.,

T T
STELS ()] = FLUIDUP, }) — i - (B -3 E[b?(u)]) .

t=1 t=1

Observe that Zthl E[f;(u)] is exactly the expected reward the decision maker would receive
if she had an infinite budget and she took actions which maximized profit with u being the per-
unit price of the resource. Moreover, B — Zthl E[b;(u)] is the amount by which the decision

maker would underspend her budget in expectation if she were to take actions using u as the price.
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Suppose we can find a dual variable u > 0 that satisfies approximate complementary slackness,
i.e., u satisfies at least one of the following statements: (1) ¢ = 0 and maximizing profit with u
as the per-unit price results in total expenditure less than the budget B (ZtT=1 b;(u) < B) with high
probability; (2) ¢ > 0 and maximizing profit with u as the per-unit price results in total expenditure
close to the budget B (Zth , by (@) = B) with high probability. Then, if the decision maker were to
use u as the price and make decisions to maximize profit, she will not run out of budget too early
and the complementary slackness term u - (B - Zthl E[b}(w)]) would also be small. Therefore,
such a u would yield rewards that are close to FLUID({%;},), i.e., yield small regret, as required.
We next describe how such a y can be learned from the sample trace {#,} when P; = P, for all
t € [T]. We will assume that the distributions satisfy the following mild and standard assumption

[DHO9; AWY 14] to exclude the degenerate case.
Assumption 1 (General Position). The request sequence {y;}; ~ I1; Py is in general position

almost surely: For any u > 0, there is at most one request with multiple profit maximizers, i.e.,

|{t € [T]: largmax .y {fi(x) — p - bi(x)} |> 1}| <I.

Moreover, the sample trace {¥,}; ~ 1, P, is also in general position almost surely.

Assumption 1 is made without any loss of generality because, as pointed out in [DH09] and
[AWY 14], adding an infinitesimally-small perturbation to the reward functions always results in
perturbed distributions that satisfy Assumption 1 with only an infinitesimal change in the value of
FLUID({%;},) (see Appendix A.2 for a formal description). Assumption 1 ensures that there exists
a dual solution g > 0 which spends close to the budget B on the trace {¥,}, if it is possible to do so.

In fact, as the following lemma shows, the optimal empirical dual solution satisfies this property.

Lemma 1. Suppose the trace {7}, ~ [1; P; is in general position, and consider
T ~ ~
A € argmin, o p - B+ Z I’;’IEE}\Z( {ﬁ(x) —-u- b,(x)} .
=1
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Algorithm 1: Learning the Dual and Earning with It

Input: Trace {j;} ~ [1, #;, initial budget B; = B.
Compute an Optimal Empirical Dual Solution:

T
ae argrnin’uzo {u-B+Zma§ {ft(x)—,u-l;t(x)}} 2.1)
=1 X€

forr=1,...,T do
Receive request y; = (f;, by) ~ Ps.
Make the primal decision x; and update the remaining resources B;:

x; € argmax . x {fi(x) = fi - b (¥)} .
x;  if by(x}) < By
Xt =
! 0 otherwise

Biy1 = B — bi(xy).

end

Then, at least one of the following statements holds:
1. fi=0and 3T by(@) < B+b.
2. |B-2L bi(i)| < b.

Recall that weak duality (Proposition 1) suggests that finding a dual solution which satis-
fies approximate complementary slackness with high probability would yield reward close to
FLUID({#;}). Lemma 1 states that we can compute a dual variable g which satisfies approximate
complementary slackness on the trace. To finish the argument, we require a uniform convergence
bound which shows that expenditure on the trace (or the sequence of requests) is concentrated

close to the expected expenditure for all dual variables u > 0.

Theorem 1. For r(T) = 8b - \/T log(T) and request distributions {P;},, the following uniform

convergence bound holds

T

T
. A 1
Pr (sup bi(w) — E E; -5, [b’,“(u)] > r(T)) < 77
1 =1

u=0
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With Theorem 1 in hand, we are now ready to state and prove the regret guarantee for Algo-
rithm 1. It first learns an empirical optimal dual variable f from the trace {7, },, and then uses it as

the per-unit price of the resource to take profit-maximizing actions on the request sequence {7y, },.

Theorem 2. If P; = P, for all t € [T), then Algorithm 1 (denoted by A) satisfies Regret(A) <
12kb + 2«r(T).

[AG19] showed that every algorithm must incur a regret of Q(VT), even when the request
distributions are identical (i.e., P; = P for all t € [T]) and known to the decision-maker ahead of
time. Thus, Theorem 2 shows the regret of Algorithm 1 achieves a near-optimal dependence on
T with just a single sample per distribution, despite the request distributions being unknown and
time-varying. However, as the following example demonstrates, this regret bound critically relies
on the assumption that $; = P, for all ¢ € [T], and is fragile to even slight deviations from it. This

fact was also demonstrated in [JLZ20] in a related context which inspired the following example.

Example 1. Fix a small € > 0, an even horizon T and budget B = T /2. Assume actions are
accept/reject decisions, i.e., X = {0, 1}, and the reward/resource consumption functions are linear
with coeft(b) = 1 for all y = (f,b) € S. In this setting, a request is completely determined by
the coefficient coeff(f) of its reward function. We will overload notation and use vy to denote this
coefficient. Set P, = Unif ([1 + €,1 + 2€]) for all t < T/2 + 1 and P, = Unif ([1 — €, 1)) for
allt > T/2 + 2. Moreover, set P, = Unif ([1 — €, 1]) for all t € [T]. Then, it is easy to see that
WP, P;) < 3eforallt € [T). Also, observe that any trace {¥;}; ~ [1, P; would satisfy 7, > 1+€
forallt <T/2+1andy, <1 forallt >T/2+?2. Hence, we always have i > 1 + €. On the other

hand, we also always have y; < 1 for all t € [T]. Therefore, Algorithm I sets x; =0 for all t € [T],

yielding a reward of 0. Whereas, FLUID({%;};) = (1 — €) - (T /2), thereby making the regret linear

inT.

Since € > 0 was arbitrary in the above example, it shows that even infinitesimally-small dif-
ferences between the sampling and request distributions can lead to linear regret for Algorithm 1.

This is antithetical to our goal of developing robust online algorithms for pacing. Formally, we
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would like to develop online algorithms that achieve regret which is small and degrades smoothly
as Z;T=1 W(P,, P;) grows large. Nonetheless, although Algorithm 1 falls short of this goal, it high-
lights the power of dual-based algorithms. Building on the intuition developed in this section,
we next describe and analyze a Dual FTRL algorithm that achieves near-optimal regret while be-

ing robust to discrepancies between the sampling distributions {#;}, and the request distributions

{Pi}e.

2.3 Dual FTRL with Target Rate Estimation

In this section, we will develop an algorithm based on Dual Follow-The-Regularized-Leader
(FTRL) that achieves near-optimal regret with a single trace, and is robust to discrepancies between
the sampling distributions and request distributions. Now, if one had complete knowledge of the
sampling distributions {#, },, then one can solve FLUID({#;},) to find an optimal solution and run
Dual Gradient Descent with the goal of spending the same as the optimal solution at each time step.
It is known from [JLZ20] that this approach achieves O(max{\/T , Zthl w (?3,, P,)}) regret, thereby
making it rate optimal and robust to discrepancies. However, with just a single sample from each
of distributions %;, we are far from having complete knowledge of {#;},. Despite this apparent
lack of data, a careful analysis of Dual FTRL will allow us to show that it achieves near-optimal

regret rate in a robust manner.

2.3.1 Dual Follow-The-Regularized-Leader

The non-stationarity of the request distributions necessitates the need for Dual FTRL that can
incorporate target resource consumptions (Algorithm 2). It takes as input a target sequence {/ll}tll
which specifies 4; > 0 to be the amount of resource Dual FTRL should attempt to consume at time
t. Moreover, like FTRL [SS+12; Haz+16], it also takes as input a regularizer A(-), an initial dual
variable u; and a step-size . We will make the standard assumption that the regularizer A(-) is
differentiable and is o-strongly convex in the ||-||; norm.

Before stating the performance bound of Algorithm 2, we introduce some preliminaries. Given
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Algorithm 2: Dual Follow-The-Regularized-Leader

Input: Initial resource endowment B; = B, target consumption sequence {A;}
regularizer & : R — R and step-size 7.

Set initial dual solution y; = argmin ¢ h(1).

forr=1,...,Tdo

Receive request y; = (f, b;) ~ Ps.

Make the primal decision x; and update the remaining resources B;:

T
=1’

x; € argmax,cx, {fi(x) — p - b(x)} , (2.2)
x; if bt(.x;) < Bt
Xy = s
! 0  otherwise
Bii1 = By — bi(xy).

Obtain a sample sub-gradient of the dual function D(u|P;, A;): g = A; — by(x)).
Update the dual iterate with FTRL:

13
Hi+1 = argminye[O,K] {n Z I s h(:u)} > (2.3)

r=1

end

a budget of B, for period ¢ € [T'], the optimal expected reward which can be collected in period ¢ is

captured by the following fluid optimization problem:

FLUID(%;, B;) := max  E[fi(x:(y)]

s.t. E[b;(x;(y)] < B

x:S—-X.
The dual function of FLUID(%, ;) is given by
Dul®, Br) = p- B + B |max {£i(x) = p - b ()}

for any u > 0. Then, by weak duality, we have FLUID(%;, 8;) < D(u|®;,B;) for all u > 0.
Moreover, since dual functions are always convex (they are the suprema of linear functions), the

dual function D(:|#;, B;) is convex.
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Theorem 3 states a general regret bound for Algorithm 2 with an arbitrary target sequence
{A;}; and against a general benchmark Z,T=1 D(us|Py, B;). Since FLUID(%y, B;) < D(u|P:, Br)
by weak duality, Theorem 3 also characterizes the performance against the weaker benchmark
Zthl FLUID(#;, B:), which is simply the optimal expected reward the decision maker would collect

if she spent S, at time ¢.

Theorem 3. Consider Algorithm 2 with target consumption sequence {A;},, regularizer h(-) and

step-size . Then, for a benchmark sequence {f;};, we have

E < R+ Ry +R3,

T
{Z D(#:W’nﬁx)} — R(AH{y:}0)

t=1

where

e Ry=kb+ 2B o dr g7 A, and dg = hO) = h(uy). h(k) — h
= kb + 1T + %2, for 1= max, 4, and dg = max{h(0) ~ h(u1), h(x) — h(u)}.

* Ro=w-({ZL 4} - B),

*R3=E [Zthl He - (Br — /lt)]-

Theorem 3 decomposes the regret of Algorithm 2 into three terms, where (i) R; is simply
the regret associated with the FTRL algorithm in the OCO setting [Haz+16]; (ii) R, captures the
overspending error, which is large whenever the total target consumption ZzT=1 Ay 1s in excess of the
budget B; (iii) R3 captures the underestimation error, which is a weighted sum over the amounts by
which the target sequence {4, }; underestimates the benchmark sequence {f;};, with weights equal
to the dual iterates y,. Observe that there is an inherent tension between the overspending error
R and the underestimation error R3—R; can be made smaller by making the target consumptions
{A:}+ smaller, but this in turn makes R3 bigger, and vice versa. To obtain the desired performance
guarantees for Algorithm 2 (see Theorem 4), we need to carefully choose the benchmark sequence

{B:}: and the target sequence {1,},;, which is what we do next (see (2.4)). We go on to show that

* QOur choice of target sequence does not overspend too much. In particular, it satisfies Ry <

k- b (see (2.9)).
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* Our choice of benchmark sequence {3;}; ensures

T T
FLUID({#,},) — Z D(u|Pr. B1) < O (maX {‘/i Z W, 55t)}

=1 t=1

i.e., the benchmark in Theorem 3 is at most O (max {\/T , Zthl WP, 55,)}) larger than our

desired benchmark FLUID({%;};) (see Lemma 2 and the discussion that follows).

* Moreover, our choice of the sequences in combination with an intricate argument, consisting
of a coupling lemma and a leave-one-out thought experiment, allows use to prove R3 =

O(T) (see Subsection 2.3.3).

Finally in Subsection 2.3.4, we combine everything to prove the desired regret bound for Al-

gorithm 2.

2.3.2 Choosing the Target and Benchmark Sequences

We define the target and benchmark sequences using the empirical optimal dual solution com-

puted from the trace {7, };:
T ~ ~
A € argmin, g {4 - B+ Z rilee}\;( {f,(x) e b,(x)} .
=1

If there are multiple minimizers, set [ to be the smallest one. Given the empirical optimal dual

solution fi, the target and benchmark sequences are defined as
Bi=Ey p, [b;(@] and A, =bi(a), (2.4)

where ; = ( ﬁ, Bt). In other words, the benchmark sequence is the expected consumption and the
target sequence is the empirical consumption on the trace if we were to make profit-maximizing de-
cisions using the empirical optimal dual solution /i as the price of the resource. Instead of learning

the empirical optimal dual & and directly making decisions with it like we did in Algorithm 1, we
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use i to learn the empirical consumptions {4, }, and use Algorithm 2 to track this target. Unlike the
former, we will show that the latter approach is robust to discrepancies between the sampling and
request distributions, while maintaining the same O(VT)-regret guarantee. Importantly, note that
the benchmark sequence {3, }; cannot be computed in practice because it requires full knowledge
of the request distributions. Algorithm 2 respects this limitation and does not require knowledge
of the benchmark sequence {3, };; we only use it for our analysis.

Our choice of {4;}; and Lemma 1 immediately imply
T +
R2=K'({Zﬂt}—3) <k-b. (2.5)
=1

Next, we show that, for our choice of {f;};, the benchmark Z,T=1 D(us|Py, B;) of Theorem 3 is

not too far from the desired benchmark FLUID({%;}).

Lemma 2. For any dual variable fi > 0, dual iterates {11;}; € [0,«]" and benchmark sequence

{BYs with B; = E;_p [6*()], we have

T T T
> D(|P1, Br) = FLUID({P:},) — fi - (B - Z,Bz) —2(1+K)- D W(PLPr).
t=1

t=1 t=1

Observe that Theorem 1 implies that, with probability at least 1 — 1/72, we have

T

T
2Bi= 24
t=1

t=1

<r(T).

Combining this with Lemma 1 yields

t=1
T
=,a-r(T)+,a-(B—Z/lt)
t=1

<fi-(r(T)+Db)

T T
ﬂ-(B—Z,Bt) sﬁ-(r(T)+B—Z/1,)
t=1
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<k-r(T)+«b, (2.6)

thereby showing that the benchmark Z,T=1 D(u;|Ps, B;) of Theorem 3 is not too far from the
desired benchmark FLUID({%;}). In order to establish the desired regret and robustness guarantees
for Algorithm 2, all that remains to show is that R3 < O(T). However, as we demonstrate in the

next subsection, this step is rife with challenges.

2.3.3 Bounding R;3

We begin with a brief discussion of the challenges involved in bounding R3. It is illuminating
to consider the slightly more permissive setting in which the decision maker has access to two
sample traces: suppose in addition to trace {¥;}; ~ [1, P, we had access to an additional trace

{#:}+ ~ [1; P:. Then, we could compute /i using {7,}; as follows

T
fi € argmin . {,u B+ > max {ﬁ(x) - bt(x)}} ,

t=1

making it completely independent of {¥,},. With this modified /i, we continue to define {3;};, {y:}:
as before (see (2.4)). As a consequence, we get that u, is completely determined by {y; ts=—11 and

{4; f;ll, with the latter being completely determined by i and {fq}f:‘ll. This makes u; independent

of A conditional on fi, and consequently yields

E s (Bs = | AT yihiTf | = s - (B = E [B3()] 2]) = 0.
Thus, we can apply the Tower Rule of conditional expectations to get

R3 =

o

©
Il
—_

E [/Js ~(Bs — A1

E [E [ps - (Bs = A0 i 70,7212 ]]

)
Il
—_

Il
)
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It is straightforward to see that the bounds on R; and R, established in the previous subsection
continue to hold in this two-trace setting. Therefore, two traces allow us to achieve the near-optimal
O(VT)-regret while being robust to discrepancies between £; and P;.

Although moving from two traces to one trace might appear to be a minor change, it introduces

correlations that make the proof much more difficult. Observe that Algorithm 2 determines

s—1
t=1"

using {4, all of which depend on fi, which in turn is computed using the request ;. Further-
more, A directly depends on ¥,. Thus, uy and A, are intricately correlated with each other, which
breaks the aforementioned argument for the two-trace setting. Nonetheless, R3 can still be shown

to be small, as we note in the following lemma and prove in the remainder of this subsection.

Lemma 3. Forall s € [T], we have

T 477_2
R3=ZE[ﬂs'ws_/ls)] < T’T
s=1

We prove Lemma 3 in the remainder of this subsection. The following lemma will find repeated

use in the proof. In keeping with economic intuition, it shows that increasing the price (dual

variable) leads to smaller consumption under the profit-maximzing decision.

Lemma 4 (Monotonicity). For u > ', requesty = (f,b) € S, x € argmax_cx{f(z) — u - b(2)}

and x’ € argmax . x{f(z) — 4’ - b(2)}, we have b(x) < b(x').

Fix an s € [T]. We will get around the correlation between u; and ¥, by conducting the
following leave-one-out thought experiment: suppose we remove the s-th sample ¥, compute [
on the remaining trace {¥;}.4, and run Algorithm 2 with the resulting target sequence. More
precisely, in this thought experiment, we set P to be the distribution which always serves the
request y = (f,b) with f(x) = b(x) = 0 for all x € X. Thus, fi(x) = by(x) = f*(u) = b*(u) = 0
for all x € X and u > 0. We will use the superscript (—s) to denote the various variables in this

thought experiment:

o A9 € argminﬂzo M- B+ X maxyex{ f,(x) e by(x)}. If there are multiple minimizers,

set i to be the smallest one amongst them.
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« A7 = bx (@) forall £ € [T

. ,ug %) is the ¢-th iterate of Algorithm 2 with the target consumption sequence {/l( y)}
t

We begin by characterizing the impact of this change on the target consumption sequence.

Lemma 5. For every sample trace {¥,};, we have fi > i and A, < Aﬁ‘” forallt # s. Moreover,

S -4 < 3b.

Lemma 5 shows that the target sequences {A;}; and {AE‘S’}, are close to each other. Next, we
couple the dual iterates u; and yﬁ“‘) generated by Algorithm 2 to show that they never stray too far

from each other whenever the target sequences are close.

Lemma 6 (Dual Iterate Coupling). Let {u}; and {1;}; denote the iterates generated by Algo-
rithm 2 on the request sequence {y;}, for the target sequences {A;}; and {1}}, respectively. Assume

that the initial iterates are the same, i.e., py = . Then, for all s € [T], we have

|ts ﬂs|< {Zut /1|}+—

Applying Lemma 6 with 4, = 2{~* and using Lemma 5 yields |u, — | < L1.{3b}+1-b = % :

Combining this with the fact that |8, — A|< b, we get

B [ty (Bo = ) =B | (1 = 17} - (B = )| +E [l (8, - )|
4nb

<7 hy E[Mg 9 QBS—AS)] . 2.7)

o
The next lemma shows that the second term is non-positive. Its proof critically leverages

(=s)

the fact that the iterate u; ~’ is independent of the s-th sample in the trace ¥y, (which is used to

determine A;). This is in stark contrast to py which depends on ¥, and demonstrates the merit of

our leave-one-out thought experiment.
Lemma7. E 4 - (8, - /ls)] < 0forall s € [T].

Lemma 7 in combination with (2.7) yields E [u, - (Bs — A5)] < 4nb?/o. Summing over all

€ [T] finishes the proof of Lemma 3.
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2.3.4 Putting It All Together

We have bounded R, R, and R3, and related the benchmark Zthl D (us|Py, B;) from Theorem 3
to our desired benchmark FLUID({#;};). Combining everything yields the following performance

guarantee for Algorithm 2.

Theorem 4. Let A be Algorithm 2 with target sequence {A;};, where A; = l;f(ﬂ) (as defined in
(2.4)), regularizer h(-) and step-size n = Vdgr/T, where dg = max{h(0) — h(uy), h(x) — h(uy)}.
Then,

T
Regret(A) < Ci\Tlog(T) + C, >, W(P, Py).

=1
where Cy = % +Vdg + 12«b and Cy = 2(1 + k).

Observe that the regret of Dual FTRL satisfies Regret(A) = O(VT) whenever Zthl W(P,, P,) =
O(T). In other words, Dual FTRL achieves near-optimal regret with a single trace as long as
the total discrepancy Z¢T=1 W(P;, P,) is not too large. Finally, we would also like to note that our
algorithm is extremely efficient computationally. In particular, due to the equivalence of FTRL and
“Lazy" Online Mirror Descent (OMD) (see [Haz+16]), each dual update in (2.3) can be computed
in constant time by running Lazy OMD. Moreover, given a trace {¥;} which is sorted in increasing
order of bang-per-buck coeff(f;)/coeff(b,), the target sequence {1;}; can be computed in O(T)

steps (see Appendix A.3 for details).

2.4 Application to Budget Pacing

Here, we discuss how the budget pacing problem fits as a special case of the online resource
allocation problem that we study in this chapter. Consider the setting in which a budget-constrained
advertiser repeatedly participates in 7 second-price auctions. For simplicity, assume that all ties
are broken in favor of this advertiser. Let v, and d; denote her value and the highest competing bid

in the 7-th auction respectively. Moreover, let B denote her budget, which represents the maximum
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amount she is willing to spend over all 7" auctions.

We will assume that the tuple (v, d;) is drawn from some distribution %, independently of
all other auctions. Now, observe that every bid of the advertiser results in one of two possible
outcomes: (i) she bids greater than or equal to d;, wins the auction, gains utility v; — d; and pays
dy; (ii) she bids strictly less than d;, loses the auction, gains zero value and pays zero. Thus,
corresponding to the tuple (v, d;), we can define a corresponding request y; with linear reward
function f;(x) = (v; — d;) - x and linear consumption function b,(x) = d, - x, for the action space
x € {0,1} = {lose, win}. Similarly, corresponding to the sample trace of tuples {(¥,, d;)};, we can
define a trace {y,}, for the online allocation problem. This defines a corresponding instance of
the online allocation problem. Since every bid either results in either a win or loss, the maximum
expected utility (value - payment) that the advertiser can earn subject to her budget constraint is
bounded above by FLUID({#;},) for this instance. Finally, consider step ¢ of Algorithm 3 on this
instance. The decision x; is calculated as x; € argmax . X, {fi(x) — ys - by(x)}. Therefore, x; = 1 if
v; —d; > ud,, or equivalently v;/(1 + y;) > d;, and x; = 0 otherwise. Observe that, in a second
price auction, if the advertiser bids v,/(1 + u;), she will win (x, = 1) if v,/(1 + ;) > d; and lose
(x; = 0) otherwise. Thus, by bidding v;/(1 + u;), she can simulate the actions of Algorithm 3 for
the online allocation instance. Moreover, she does not require knowledge of the competing bid d;
to compute her bid, which is crucial because d; is not known in practice. Once the auction is over,
the expenditure b,(x;) = d; - x; is revealed to the advertiser. She can then use it to update the dual

iterate according to (2.3).
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Chapter 3: Online Resource Allocation under Horizon Uncertainty

Based on the publication [BKK23b] co-authored with Santiago Balseiro and Christian Kroer.

In this chapter, we relax the assumption that the total number of auctions 7" (also called the
horizon) is known to the decision maker in advance, and develop algorithms for general stochastic
online resource allocation which are robust to this uncertainty. In Section 3.3.1, we show that
no online algorithm can achieve a greater than O (In(r2/7 )_1) fraction of the hindsight optimal
reward (Theorem 6). This upper bound holds even when (i) there is only 1 type of resource,
(i1) the decision maker receives the same request at each time step, (iii) this request is known
to the decision maker ahead of time, (iv) the request has a smooth concave reward function and
linear resource consumption, (v) 7; is arbitrarily large, and (vi) the initial resource endowment
B = ©(7) scales with the horizon. In particular, unlike the known-horizon setting, vanishing regret
is impossible to achieve under horizon uncertainty, leading us to focus on developing algorithms
with a good asymptotic competitive ratio (fraction of the hindsight optimal reward).

Dual mirror descent is a natural algorithm for the known-horizon case introduced by [BLM23],
who build on a long line of primal-dual algorithms for online allocation problems [AD14; Dev+11;
GM16]. It maintains a price (i.e., dual variable) for each resource and then dynamically updates
them with the goal of consuming the per-period resource budget at each step—if the resource is
being over-consumed, increase its price; and vice-versa. As stated earlier, this approach fails if the
horizon is not known because the per-period budget cannot be computed ahead of time. A natural
approach to handle horizon uncertainty is to use dual mirror descent with some proxy horizon
T* € [11, 7] in the hopes of getting good performance for all 7 € [71, 72]. Unfortunately, as we
show in Section 3.1.1, this approach can be extremely sub-optimal, not just for dual mirror descent
but for any algorithm which is optimal for the known-horizon setting. Thus, the unknown-horizon

setting calls for new algorithms. Our main insight is that, even though one cannot compute the
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Figure 3.1: Plot with (i) our upper bound on the best-possible competitive ratio (Theorem 6) which
scales as O (In(m2/71 )‘1), (i1) the (asymptotic) competitive ratio of our algorithm which scales as
Q (In(r2/71)7!) (Algorithm 3 with target sequence from Algorithm 4), and (iii) an upper bound
on the competitive ratio of algorithms that are optimal for the known-horizon setting when used

with some proxy horizon T™* € [7y, 72] (Section 3.1.1), which scales as (V2 /Tl)_l. Even for small
values of 1,/71, our algorithm significantly outperforms previous ones.

per-period resource budget and target its consumption, it is possible to compute a time-varying
sequence of target consumptions which, if consumed at those rates, perform well no matter what
the horizon turns out to be. To achieve this, we propose and analyze Variable Target Dual Mirror
Descent in Section 3.2, which takes a sequence of target consumptions as input and dynamically
updates the prices to hit those targets. One of our primary technical contributions is generalizing
the analysis of dual mirror descent to develop a fundamental bound that allows for general target
consumption sequences. We leverage this bound to show that there exists a simple time-varying
target consumption sequence which can be described in closed form and achieves a near-optimal
Q (In(/ 1) ) asymptotic competitive ratio when deployed with Algorithm 3, matching the upper
bound up to logarithmic factors.

Variable Target Dual Mirror Descent reduces the complex problem of finding an algorithm
which maximizes the competitive ratio to the much simpler problem of finding the optimal target
consumption sequence. We develop an algorithm to solve the latter efficiently (Algorithm 4),
leading to substantial gains over previous algorithms even for small values of 7, /7| (see Figure 3.1).
Importantly, Algorithm 4 does not require one to solve computationally-expensive linear programs
(LPs), which can be desirable in time-sensitive applications. Finally, in Section 3.4, we use the

Algorithms-with-Predictions framework [MV20] to study incorporating (potentially inaccurate)
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predictions about the horizon with the goal of performing well if the prediction comes true, while
also ensuring a good competitive ratio no matter what the horizon turns out to be. We show
that the problem of computing the optimal target consumption sequence for the goal of optimally
incorporating predictions can also be solved efficiently using Algorithm 4. Our algorithm allows
the decision maker to account for the level of confidence she has in the predictions, and smoothly

interpolate between the known-horizon and uncertainty-window settings.

3.1 Model

Notation We use R, to denote the set of non-negative real numbers and R, to denote the set
of positive real numbers. We use a* to denote max{a,0}. For a vector v € R™ and a scalar
a € R\ {0}, v/a denotes the scalar multiplication of v by 1/a. For vectors u#,v € R™ and a relation
R € {>,>,<,<}, we write u R v whenever the relation holds component wise: u; R v; for all
i € [m].

We consider a general online resource allocation problem with m resources, in which requests
arrive sequentially. At time ¢, a request y; = (f;, by, X;) arrives, which is composed of a reward
function f; : X; — R, a resource consumption function b; : X; — R/' and a compact action set
X, C Rf. We assume that 0 € X; and b,(0) = O for all . This ensures that the decision maker
has the option to not spend any resources at each time step. We make no assumptions about the
convexity/concavity of either f;, b; or X;.

Let S represent the set of all possible requests. We make standard regularity assumptions: there
exist constants f, b € R, such that, for every request y = (f,b,X) € S, we have |f(x)|< f and
|1b(x)||< b for all x € X. Furthermore, we assume that the requests are drawn i.i.d. from some
distribution £ over S, both of which are not assumed to be known to the decision maker. The
decision maker has a known initial resource endowment (or budget) of B = (By, ..., B,) € R},
where B; denotes the initial amount of resource i available to the decision maker. We will assume
that B; > 2b for alli € [m].

Let T denote the total number of requests that will arrive (also called the horizon). We will use
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pr = B/T to denote the per-period resource endowment that is available to the decision maker. In
contrast to previous work, we do not assume that 7" (or its distribution) is known to the decision
maker. Looking ahead, this uncertainty is what makes our problem much harder than vanilla online
resource allocation where the horizon is known, as evidenced by the fact that no algorithm can at-
tain even a positive competitive ratio when nothing is known about the horizon T (see Theorem 6),
which is a far-cry from the no-regret property exhibited by algorithms for the known-horizon set-
ting.

At each time step t < T, the following sequence of events take place: (i) A request y; =
(fi, by, Xy) arrives and is observed by the decision maker; (ii) The decision maker selects an action
x; € X; from the action set based on the information seen so far; (iii) The decision maker receives a
reward of f;(x;) and the request consumes b;(x;) resources. The goal of the decision maker is to take
actions that maximize her total reward while keeping the total consumption of resources below the
initial resource endowment. More concretely, an online algorithm (for the decision maker) chooses
an action x; € X; ateach time step# < T based on the current request y; = (f;, b, X;) and the history
observed so far {ys,xs}i _; such that the resource constraints 23;1 bs(x;) < B are satisfied almost
surely w.r.t. ¥ ~ PT. Our results continue to hold even if the actions {x;}; are randomized, but
we work with deterministic actions for ease of exposition. Since we assume that 7" is not known
to the decision maker, the actions of the online algorithm cannot depend on 7. The total reward of
algorithm A on a sequence of requests ¥ = (y1, ..., yr) is denoted by R(A|T,¥) = Z,T=1 Jfr(xp).

We measure the performance of an algorithm for the decision maker by comparing it to the
hindsight optimal solution computed with access to all the requests and the value of 7. More
concretely, for a horizon T and a sequence of requests ¥ = (y1,...,yr), the hindsight-optimal

reward OPT(T, %) is defined as the optimal value of the following hindsight optimization problem:

T T
OPT(T,%) := max fix;) subjectto > bi(x) < B. (3.1
1 —

xellede 5o =1
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We define the performance ratio of an algorithm A for horizon 7' and request distribution # as

Eg.pr [R(AIT,7)]
Ey_pr [OPT(T.7)]

c(A|T,P) =

Throughout this paper, we will assume that the horizon 7 belongs to an uncertainty window
[71, 2] which is known to the decision maker. This assumption is necessary because it is im-
possible to attain non-trivial performance guarantees in the absence of an upper bound on the
horizon (see Theorem 6). Moreover, we will assume that there exists a constant « > 0 such that
E[OPT(T,¥)] > k- T for all T € [}, 72]. The assumption that E[OPT(T,¥)] = €(T) is common
in the literature on online resource allocation with bandit feedback (see [Sli+19] for a survey). A
mild sufficient condition for this assumption to hold is the existence of some mapping from request
to actions which achieves positive expected reward: 3 x : S — X such that E,.p[ f(x(y))] > 0.!

Next, we describe the models of horizon uncertainty we consider in this chapter.

Uncertainty Window. Here, we assume that the decision maker is not aware of the exact
value of T and it can lie anywhere in the known uncertainty window [y, 72]. This approach is
motivated by the literature on robust optimization, where it is often assumed that the exact value of
the parameter is unknown but it is constrained to belong to some known uncertainty set [BTNO2].
Our goal here is to capture settings with large horizon uncertainty where it is difficult to predict
the total number of requests with high accuracy. In such settings, it is often easier to generate
confidence intervals than precise estimates. For this model of horizon uncertainty, we measure the
performance of an algorithm A by its competitive ratio c(A), which we define as

A) = inf mi AT .
c(A) 12 Tmm]c( |7, P)

€[r.,m

ITo see how tl}is, define ¥ = E,.p[f(x(y))] > O_and set x; = x(y;) starting from ¢ = 1 till some resource runs out.
Since ||b(x)||< b, resource j will last at least [ B;/b] time steps, which in combination with B > 2b implies

E5[OPT(T, ¥)] > min | B;/b] - E,-p[f(x(¥))] = min (ﬂ - 1) Y > min M = min M T
Y jelm jetm\ b jelml 2b  jelm) 2b

Since pr > p4, forall T < 1, setting k = min; pTZ’jl,lI/Zl_J yields E[OPT(T,¥)] > « - T for all T € [11, 12].
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We also say that an algorithm A is c¢(A)-competitive if it has a competitive ratio of c(A). The com-
petitive ratio of our algorithm degrades at a near-optimal logarithmic rate as 7, /7; grows large, and
consequently yields good performance even for conservative estimates of the uncertainty window.

Algorithms with Predictions. We also consider a model of horizon uncertainty, inspired by
the Algorithms-with-Predictions framework, which interpolates between the previously studied
known-horizon model and the uncertainty-window model described above. This framework as-
sumes that the decision maker has access to a prediction Tp € [71, 2] about the horizon but no
assumptions are made about the accuracy of this prediction. In particular, the goal is to develop al-
gorithms that perform well when the prediction is accurate (consistency) while maintaining worst-
case guarantees (competitiveness). For this setting, our algorithm allows the decision maker to

smoothly trade-off consistency and competitiveness depending on her preferences.

3.1.1 Why do we need a new algorithm?

As discussed in Section 1.3, online resource allocation and its special cases have been ex-
tensively studied in the literature. Perhaps one of the algorithms from the literature continues
to perform well under horizon uncertainty? We show below that previously-studied algorithms
can be exponentially worse than our algorithm. Consider an uncertainty window [71, 2], where
71, T2 € Z,. Consider an online algorithm A which takes as input the horizon and is optimal (de-
fined precisely later) for stochastic online resource allocation when the horizon is known. Suppose
we pick some horizon T* € [11, T»] before the first request arrives and run algorithm A with 7% in
the hope of getting good performance for all horizons T € [11, 72]. As we show next, this approach
performs much worse than our algorithm even when there is only one resource (m = 1), the same
request arrives at all time steps, and the decision-maker knows this to be the case.

Let B be the initial resource endowment, X; = [0, max{1, B/7;}] be the action set for all ¢ €
[72], and P, be the deterministic distribution that always serves the request (f, b) where f(x) = x"
for a fixed r € (0, 1) and b(x) = x. Observe that all the requests are the same, the decision-maker

knows this fact, and she takes her first action after observing the request. In particular, the decision
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maker completely knows the deterministic request after the first request arrives and before she
takes her first action. Moreover, if she employs an algorithm for the known-horizon setting with
horizon T* as the input and we have 7' = T, then the algorithm has as much information (about
the request and the horizon) available before making its first decision as it would in hindsight.
This motivates us to call an algorithm optimal for the known-horizon setting if it takes the same
actions as the hindsight optimal OPT(T™, ¥) on this instance when 7' = T* and it is given horizon T*
as the input. The dual-descent algorithm of [BLM23] (when appropriately initialized), and all of
the primal methods based on solving the fluid approximation (e.g., [JK12; AWY14] and [BBP21])
satisfy this definition of optimality. Let A be such an optimal algorithm.

Consequently, if {x;}, are the actions of algorithm A, then {x;}, is an optimal solution to the
hindsight-optimization problem OPT(7*,¥) (see equation (3.1)). In Lemma 9, we will show that
the concavity of f implies that x; = B/T* for all t < T* and x; = O for ¢+ > T™ is the unique
hindsight optimal solution of OPT(T™, ¥), which implies that x, = x} for all # > 1. Now, recall that
algorithm A does not know the horizon 7T and is non-anticipating. Consequently, it will take the
actions {x;}, no matter what 7" turns out to be. This is because, if T < T*, then it does not know
that 7 is different from 7™, and if 7 > T, then it has run out of budget by time step 7.

The performance ratio of algorithm A for 7T = 7y is given by

E; pn [RAITL ] (B/T*Y - ¢ T\
_ P _ 1 _ (71
c(Afr. Fr) = E._pn [OPT(r.7)]  (B/)Y -7 (7¢)

and for T = 7, is given by

c(Alrp, Pr) =

E; pn [RAI D] BTy - T (T_* )1"

E; p [OPT(12,7)]  (B/n) 12 \m

Finally, observe that:
o If T* > \/1112, then inf,¢0 1) c(A|71, Py) = lim, 1 c(AlTy, Pr) =71 /T* < (\/Tz/Tl)_l.

o If T* < \/1172, then inf,¢0.1) (A2, Pr) = lim, 0 c(A|72, P,) = T* /12 < (\/72/7'1)_1.
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Therefore, we get that the competitive ratio of algorithm A is bounded above by (vV,/71)~! for
all values of {71, 7»}. In stark contrast, if 7| is large and B = ©(7}), we will show that our online
algorithm achieves a competitive ratio greater than (1 + In(7,/ 71))"!, which is exponentially better
than algorithm A. Even for small values of 1, /7, our algorithm significantly outperforms previous
algorithms (see Figure 3.1).

We have shown that a proxy horizon does not allow us to use algorithms which are optimal
for the known-horizon setting to obtain good performance in the face of horizon uncertainty. Per-
haps one can use the Doubling Trick instead? The Doubling Trick involves running an algorithm
designed for the known-horizon setting repeatedly on time-intervals of increasing lengths. More
precisely, given an optimal (or low-regret) algorithm A for the known horizon setting, run it sep-
arately on the intervals [1,7*], [T*,2T"],..., [2kT*, 2k+17*] for some T* > 1. Unfortunately, as
we alluded to in the Introduction, the Doubling Trick does not work for online resource allocation.
This is because, unlike online convex optimization [Haz+16; SS+12] where the problem decouples
and the regret from the different intervals is simply added together to get total regret, the online
resource allocation problem has global resource constraints and does not decouple.

In particular, if we were to run an algorithm A with low-regret in the known-horizon setting
on the interval [1, 7], it will attempt to deplete all of the available resources by time 7" (because
unused resources have no value to A after 7*), which in turn implies that we will not have suf-
ficient resource capacity to even run algorithm A on latter intervals [T, 27T7], ..., [2kT*, 2k+1T%],
The crux of the problem is that the Doubling Trick does not take the resources capacities into
account: since we only have a finite amount of resources, one cannot repeatedly run algorithm A
because it will consume the entire resource capacity on every run (if possible). Additionally, note
that the benchmark in online resource allocation is the optimal solution in hindsight considering
all requests till time 7', which is very different from the sum of the benchmark optimal solutions
in the intervals [1, T*], [T*, 2T*], ..., [2XT*, 2¥*1T*]. One can potentially come up with sophisti-
cated versions of the Doubling Trick that allocate the resource endowment between the intervals

in non-trivial ways. But the aforementioned lack of decomposability of the benchmark across in-
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tervals means that analyzing such heuristics would be far from straightforward. In fact, one of our
primary contributions is a general performance guarantee for dual mirror descent with arbitrary
allocation of the resource endowment across time steps (Theorem 5), which allows one to analyze
such heuristics. Finally, in online convex optimization, the Doubling Trick allows one to convert
an algorithm for the known-horizon setting into one for the unknown-horizon setting while main-
taining the same asymptotic competitive ratio of 1. However, as we will show in Theorem 6, it
is impossible to achieve the same competitive ratio in the known-horizon and unknown-horizon
settings for the online resource allocation problem. Thus, the simple Doubling Trick cannot be
applied to online resource allocation, necessitating the need for novel techniques beyond the ones

developed for online convex optimization.

3.2 The Algorithm

In this section, we describe our dual-mirror-descent-based master algorithm. As the name
suggests, this algorithm maintains and updates dual variables, using them to compute the action x;

at time 7. Moreover, the algorithm is parameterized by a target consumption sequence.

Definition 2. We call a sequence A= (A1, A2, ..., A4, ..., Ay,) a target consumption sequence if

A €R? forallt < 1), A1 > 0and 2121 A; < B.

Here, A; € R denotes the target amount of resources that one wants to consume in the #-th
time period. ZZI A; < B ensures that the budget never runs out if one is able to hit these target
consumptions. Given a target consumption sequence A, we use 1 = max, ; A;; to denote the largest
target consumption of any resource at any time step.

We will be showing performance guarantees for our algorithms in terms of the target consump-
tion sequence, and then provide algorithms for computing the optimal target sequence in later

sections.
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3.2.1 The Dual Problem

The Lagrangian dual problem to the hindsight optimization problem (3.1) is obtained by mov-
ing the resource constraints to the objective using multipliers u = (uy, ..., un) € R}, Intuitively,
the dual variable u; acts as the price of resource j and accounts for the opportunity cost of consum-

ing resource j. This allows us to define the objective function of the dual optimization problem:

T T
D(u|T,y) = sup {Z filk) +u’ (B - Z b,(x,))}
=1

xell; X; t=1

T
= Z sup {fi(x0) + 1" (pr — by(x,))}

=1 x:€Xy

T
= > (@ +u"pr) .
=1

where the second equation follows because the objective is separable and pr = B/T, and the last by
defining the opportunity-cost-adjusted reward to be f;"(u) = sup,cx, {fi(x) - 1" b,(x)}. The dual
problem is simply min,er, D(u|T, y). Importantly, we get weak duality: OPT(T,y) < D(u|T,7)
for all dual solutions u (we provide a proof in Proposition 11 of Appendix B.1).

Recall that, in our definition of competitive ratio (3.4), we are interested in the expectation of

OPT(T,y) when ¥ ~ PT. Weak duality allows us to bound this quantity from above as

T
Ejpr[OPT(T, )] < Egpr[DWUIT. )] = X (Byep [ £ (] + p7a) - (32)

t=1

This motivates us to define the following single-period dual function with target consumption 4 €
R” as D(u|A, P) = Eyep [f*(w)] + AT u. The following lemma notes some important properties

of the single-period dual objective.

Lemma 8. D(u|A,P) is convex in u € R for every A € R'. Moreover, for every u € R, and

T > 1, the following properties hold:

(a) Separability: By _pr[D(u|T, ¥)1 =T - D(ulpr, P)
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Algorithm 3: Variable Target Dual Mirror Descent Algorithm
Input: Initial dual solution u1, initial resource endowment B; = B, target consumption

sequence A, reference function 4 : R™ — R, and step-size 7.

fort=1,...,T do
Receive request (f;, by, X;) ~ P.
Make the primal decision x; and update the remaining resources B;:

% € argmax .y {fi(x) — p[b;(0)} (3.3)

X it b(X;) < B
X, =
! 0  otherwise

Bii1 = By — bi(x;).

Obtain a sub-gradient of the dual function: g; = A; — by(X;).
Update the dual variable by mirror descent: u, = arg min,eg g u+ %Vh (u, py),
where Vj,(x, y) = h(x) — h(y) — Vh(y) T (x — y) is the Bregman divergence.

end

(b) Sub-homogeneity: For a € [0,1], a - D(u|A, P) < D(ula - A, P).

(c) Monotonicity: If 1 < k, then D(u|A, P) < D(ulk, P).

3.2.2 Variable Target Dual Mirror Descent

Algorithm 3 is a highly-flexible stochastic dual descent algorithm that allows the decision
maker to specify the target consumption sequence A, in addition to the initial dual variable U1,
the reference function A(-) and the step-size n needed to specify the mirror-descent procedure.
This flexibility allows us to seamlessly analyze a variety of different algorithms using the same
framework. As is standard in the literature on mirror descent [SS+12; Haz+16], we require the ref-
erence function A(-) to be either differentiable or essentially smooth [BBCO1], and be o -strongly
convex in the ||-||; norm. Moreover, Algorithm 3 is efficient when an optimal solution for the
per-period optimization problem in equation (3.3) can be computed efficiently. This is possible for
many applications, see [BLM23] for details.

The algorithm maintains a dual variable u, at each time step, which acts as the price of the

resources and accounts for the opportunity cost of spending them at time ¢. Then, for a request
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v: = (f;, by, Xp) at time ¢, it chooses the action x; that maximizes the opportunity-cost-adjusted
reward x; € argmax,.y {/fi(x) — ] b;(x)}. As our goal here is to build intuition, we ignore the
minor difference between %; and x; which ensures that we never overspend resources. The dual
variable is updated using mirror descent with reference function A(-), step-size n, and using g; =
Ay — by(x;) as a subgradient. Intuitively, mirror descent seeks to make the subgradients as small as
possible, which in our settings translates to making the expected resource consumption in period ¢
as close as possible to the target consumption A,. As a result, the target consumption sequence can
be interpreted as the ideal expected consumption per period, and the algorithm seeks to track these
rates of consumption.

We conclude by discussing some common choices for the reference function. If the refer-
ence function is the squared-Euclidean norm, i.e., h(u) = || ,u||§, then the update rule is s+ =
max {u; — ngs, 0} and the algorithm implements subgradient descent. If the reference function is
the negative entropy, i.e., h(u) = X7 pt; log(u;), then the update rule is fir41,j = pr,j €xp (-ng:./)

and the algorithm implements multiplicative weights.

3.2.3 Performance Guarantees

In this section, we provide worst-case performance guarantees of our algorithm for arbitrary
target consumption sequences. Before stating our result, we provide further intuition about our

algorithm. Consider the single-period dual function with target consumption 4, given by

DEIALP) =Byep £ 0] + 471 =By |sup {f0) = b} |+ 7k

Then, by Danskin’s Theorem, its subgradient is given by E, .p[1—b(x,(u))] € 0,D(u|A, P) where
xy (@) € argmax, .y { f(x) — 4" b(x)} is an optimal decision when the request is ¥ = (f, b, X) and
the dual variable is u. Therefore, g, = A; — b;(x;) is a random unbiased sample of the subgradient
of D(u|A, P). Now, if we wanted to minimize the dual objective E[D(u|T,¥y)] = Z,T=1 D(ulor, P)

for some known 7', we can run mirror descent on the function D(u|pr, P) by setting A, = pr for
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all t+ < T. This is exactly the approach taken by [BLM23]. Unfortunately, this method does not
extend to our setting because the horizon 7" is unknown.

Observe that, since mirror descent guarantees vanishing regret even against adversarially gen-
erated losses, it continues to give vanishing regret in the dual space even when the single-period
duals D(u|d;, P) vary with time due to the changing target consumptions. However, when A, # pr
for some r < T, it is no longer the case that Zi | D(u|4;, P) provides an upper bound on the hind-
sight optimization problem. The crux of the following result involves overcoming this difficulty
and comparing the time-varying single-period duals with the hindsight optimal solution for all T

simultaneously, leading to a performance guarantee for Algorithm 3.

Theorem 5. Consider Algorithm 3 with initial dual solution p, initial resource endowment By =
B, a target consumption sequence A, reference function h(-) : R™ — R, and step-size n. For any

T > 1, if we set

- /l[j }
c(A,T) = min{ min ——, 1, 3.4
A z {min 22 G4
then it holds that
) D
B pr [c(1,T) - OPT(T, 7) - R(AIT, 7)] <Dy ot + = 3.5)
n

2 — —
where C(T) fb , Cy = = & C(T) = max {Vh(,u,pl) :u € {0, (f/,L_)T)el,...,(f/BT)em}}. Here,

20

e R™ is the ]—th unit vector and P, = min; ot ;.

The proof proceeds in multiple steps. First, we write the rewards collected by Algorithm 3 as a
sum of per-period duals and complementary-slackness terms. Next, we use weak duality to upper
bound the expected value of the hindsight optimal reward E[OPT(T, ¥)] in terms of the expected
hindsight dual. These two steps are common to all primal-dual analyses, but past techniques offer
no guidance beyond this point. The core difficulty is that the expected hindsight dual is equal to the

sum of per-period duals with target consumption p7, whereas the lower bound on the performance
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of our algorithm is in terms of per-period duals with target consumptions A;. Importantly, this
difficulty does not arise in past works because the target consumptions A, = pr, which makes the
two terms directly comparable. Our main technical insight lies in using Lemma 8 to manipulate
the per-period duals and then carefully choosing the right dual solution in order to compare the
two terms. Moreover, one also needs to take into account the fact that the resources may run out
before the horizon T is reached, and Algorithm 3 does not accumulate rewards after this point.
Since the point at which the budget runs out depends on the target consumption sequence, we also
establish a bound on the loss from depleting the resources too early which applies to variable target
sequences. We believe that Algorithm 3 and our proof techniques distill the core tradeoffs of the
problem and can be used more broadly. The full proof is in Appendix B.1.

Theorem 5 is the bedrock of our positive results. It allows us to drastically simplify the design
of algorithms: instead of searching for the optimal algorithm, we can focus on the much simpler
problem of selecting the optimal target consumption sequence. The following result provides a key
step in this direction by showing that ¢(4,T) is the asymptotic performance ratio of Algorithm 3

with target sequence A.

Proposition 2. Let A be Algorithm 3 with initial dual solution u, initial resource endowment
B1 = B, a target consumption sequence A, reference function h(-) : R™ — R, and step-size n.

Set C| = maxre(r o] CET) and Cg = MaXre[r, ) CéT). Then, with step size n = JC;/{Csz}, the

following statement holds for all T € 11, 12]:

E-_pr [R(AIT, .
inf ¢(A|T, P) = inf — pr RAIT. )] > c(LT) - e,
P P Ey_pr [OPT(T,7)]

where

_ C_{+2 \/(Tz/Tl)Czcg'

KT Ky\T1

€

Remark 1. To convert the guarantee in Proposition 2 to an asymptotic guarantee, one needs to

consider the regime where the initial resources scale with the horizon as B = (1), which ensures
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that pr, = (1) and the constants C| and C), remain bounded. In which case, if we let T\ grow
large while ensuring T» = O(71), we can make € arbitrarily small. In particular, € = O(t| 1/ 2). The
assumption that the initial resources scales linearly with the number of requests is pervasive in the
literature and well-motivated in applications such as internet advertising [Mehl3] and revenue
management [TVR0O4]. Moreover, an error of € = Q(t, 1/ 2) is unavoidable even for the case when

the horizon is known, i.e., 7| = T (see [AG19]).

Remark 2. In applications where it might be difficult to estimate the constants C, and C}, one can

use the step size n = 1/+/12 to get

Ci .\ V(m/t1) - (C2 + CY)
€= — ,
KT] KAT1

which yields similar asymptotic rates.

Having characterized the performance of Algorithm 3 in terms of the target sequence, we next
optimize it for the models of horizon uncertainty discussed in Section 3.1. Although we will only
discuss two models of uncertainty, we would like to note that Theorem 5 and Proposition 2 are
very general tools that can be applied more broadly. In particular, observe that

c(L,T) = % ZT]min {1r<11i<11 A‘—’ 1}
=1 sJjsm pPT.j
is a concave function of A for all T > 1. This is because each term in the sum is a minimum of a
finite collection of linear functions of . Consequently, any performance measure of Algorithm 3
which is a concave non-decreasing function of the performance ratios {c(A|T,P)}r is a concave
function of the target sequence Ain light of Proposition 2. We pause to emphasize this important
transition we have made in this section: we reduced the extremely complex problem of designing
an algorithm for online resource allocation under horizon uncertainty to a concave optimization

problem with the power to handle a variety of constraints and objectives. In the next section,

we show that this reduction is without much loss in the uncertainty-window setting—picking the
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optimal target consumption sequence leads to a near-optimal competitive ratio in the uncertainty-

window model.

3.3 Uncertainty Window

Motivated by robust optimization, in this section, we take the uncertainty-set approach to mod-
eling horizon uncertainty. In particular, we assume that the decision maker is not aware of the
exact value of T but knows it can lie anywhere in the known uncertainty window [77, 72]. Recall
that we measure the performance of an algorithm A in this model by its competitive ratio c(A),

which is defined as

E;_pr [R(A|T, )
¢(A) :=min min c(A|T,P)= inf —12 LR(A] Z].
P Telr,m] Telr.n] By pr [OPT(T, y)]

3.3.1 Upper Bound on Competitive Ratio

We begin by showing that no online algorithm can attain a competitive ratio of c(A) = 1
whenever 72/7; > 1 and, moreover, when 7, /7] is large the competitive ratio degrades at a rate of
e - Inln(my/71)/In(12/71). In other words, the competitive ratio of every algorithm degrades to O as
T2/71 grows large. In fact, we prove that this upper bound on the best-possible competitive ratio
holds even when (i) there is only 1 resource, (ii) the decision maker receives the same request at
each time step, (iii) this request is known to the decision maker ahead of time, and (iv) the request
has a smooth concave reward function and linear resource consumption.

For the purposes of this subsection, set the number of resources to m = 1. Consider an arbitrary
initial resource endowment B € R',. For every r € (0, 1), define the singleton request space
S, = {(fy,I,X)}, where X = [0,max{]l, B/7}], and f,(x) = x", I(x) = x for all x € X. Note
that f, is concave for all » € (0, 1). Let $, be the canonical distribution on S, that serves the
request (f;, I, X) with probability one. Since all requests are identical, we abuse notation and use
OPT(T, r) (similarly R(A|T,r)) to denote the hindsight-optimal reward OPT(T, y) (total reward

R(A|T,¥) of algorithm A) wheny ~ P!, ie.,y, = (f,,1,X) forallt < T.
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Before stating the upper bound, we would like to note that randomization only makes the
performance of any online algorithm worse. To see this consider any non-deterministic online
algorithm A and let x(A), denote the random variable which captures the action taken by A at
time 7. Define A’ to be the online algorithm which takes the action x(A”), = E[x(A),] at time ¢.
Then, due to the strict concavity of f,, we have f,.(x(A"),;) > E[f,(x(A),)], and from the linearity of
expectation, we have ZZI x(A"), = ]E[Zzl x(A);] < B. Therefore, the deterministic algorithm A’
attains strictly greater reward. Consequently, we will focus only on deterministic online algorithms

for the remainder of this subsection. We are now ready to state the main result of this section.

Theorem 6. Forallr € (0,1) and 1 < 11 < 1, every online algorithm A satisfies

R(AIT, ) 1
min PT(T < 7
TRl OPTIL ) (14 (1= - nma/m) +1n (52

In particular, when r = 1 — {1/InIn(m2/711)} and 7, /11 > €€, every online algorithm A satisfies

R(A|T,r) e-Inln(my /1))
min <
Telt,m] OPT(T, r) 11’1(‘1’2/‘1’1)

The above bounds hold even for online algorithms that have prior knowledge of P, before time

t=1

Remark 3. Note that the upper bound on the competitive ratio established in Theorem 6 degrades
to zero as T/T| grows large. In particular, a positive competitive ratio cannot be obtained if no
upper-bound on the horizon T is known, thereby necessitating the need for a known uncertainty

window.

Figure 3.1 plots the value of the upper bound on the competitive ratio as a function of 7, /7 for
/T €[1,20].

We now discuss the main ideas behind the proof of Theorem 6. It suffices to prove the stronger
statement in the theorem that holds for online algorithms with prior knowledge of (r, $,) before

time r = 1. Consequently, we assume that online algorithms have this prior knowledge in the
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remainder of this section. Any algorithm without this knowledge can only do worse. We begin by

utilizing the concavity of f, to evaluate the optimal reward, which we note in the following lemma.

Lemma 9. Forr € (0,1) and T € [11, 7], we have OPT(T,r) =T - (B/T) = B" - T'™". Moreover,

x; = B/T is the unique hindsight optimal solution.

Because the reward function f; is concave, it is optimal to spread resources uniformly over time
and the optimal action with the benefit of hindsight is x, = B/T. Next, we provide an alternative

characterization of the competitive ratio that is more tractable.

Lemma 10. Forr € (0, )and 1 < 171 < 1), we have

. RA|T,r) 1 OPT(ry,r) S
sup min ———— =maxic€[0,1]|7 - f  |c- ———|+ , (c-AOPT(@,r)) < B,
up min SO ) { [0.1] |71+, - tzTZl]Hf ( (t,7)

where AOPT(t,r) = OPT(t,r) — OPT(¢t — 1, r) and the sup is taken over all online algorithms.

We present a proof sketch of Lemma 10 here. The main step in the proof involves showing
that, for a given competitive ratio ¢, the minimum amount of resources that any online algorithm

A needs to be spend in order to satisfy minreqs, r,] R(A|T,r)/OPT(T,r) > c is given by

+ > 7 (c-AOPT(, 1)) .

OPT(r , 2
71 ‘fr_1 (c . —( 1 r))
t=11+1

T

This is because f, is concave for all » € (0, 1) and the resource consumption function / is linear,
which together imply that the marginal bang-per-buck f/(x) (amount of reward per marginal unit
of resource spent) decreases with x. As a consequence, an online algorithm that does not have
any knowledge of T (other than T € [11,72]) and needs to satisfy R(A|T,r) > ¢ - OPT(T,r)
for all T € [11, 2] would spend the minimum amount of resources in doing so if (i) it attains a
reward of ¢ - OPT(ry, r) by evenly spending resources in the first 71 steps, and (ii) it spends just
enough resources to attain a reward of ¢ - AOPT(z, r) at each time step t > 71 + 1. Proving (ii)
requires showing that A OPT(z, r) decreases with an increase in ¢, which follows from Lemma 9.

In particular, this ensures that obtaining all of A OPT(z, r) at time ¢ is cheaper than obtaining some
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of that reward at an earlier time t' < ¢. However, the proof requires a sophisticated water-filling
argument to show that the aforementioned greedy strategy of minimizing the amount of resources
at each time step leads to globally-minimal spending. Finally, combining Lemma 10 and Lemma 9

yields

1/r
BrTl—r ™ 1/r
n-(c*- ! ) + > c*-[B’tl—r—B’(z—l)l—’]) <B
71

t=11+1

for ¢* = sup, minge(r, ,] R(A|T, r)/OPT(T, r). The above equation specifies an upper bound on
¢*, which upon simplification leads to Theorem 6.

We conclude by noting that the upper bound of Theorem 6 can be extended to the popu-
lar setting of online resource allocation with random linear rewards and consumptions (see Ap-
pendix B.2.4 for details). Moreover, the upper bound of Theorem 6 holds even when the horizon T’
is drawn from a distribution .7 supported on [77, 72] and this distribution is known to the decision

maker. A proof based on strong duality can be found in Appendix B.2.5.

3.3.2 Optimizing the Target Sequence

Having shown that no algorithm can attain a competitive ratio better than O(1/In(12/11)), we
now show that Algorithm 3 with an appropriately chosen target consumption sequence A can
achieve a competitive ratio of Q(1/In(r,/7;)) for sufficiently large 7; and B. In light of Propo-
sition 2, we can optimize the competitive ratio of Algorithm 3 by finding the target consumption
sequence which maximizes minze(r, o] ¢(1,T), i.e., we need to solve the following maximin prob-
lem:

. - . Lo . A
max min c¢(4,T) =max min — Z min{ min ——,1; .
1 Teln.nl i Telnnl T I<j<m pr ;

The following proposition restates the above maximin problem as an LP.
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T1=10,T2=90 T1=20,T2=80 T1=50,T2=50

0 20 40 60 80 100 0 20 40 60 80 100 0 20 40 60 80 100
t t t

Figure 3.2: The optimal target consumption sequence for various possible uncertainty windows
centered on T = 50. Here, number of resources m = 1 and initial resource endowment B = 50.

Proposition 3. For budget B and uncertainty window (11, T2], we have

max min c(/i, T) = max z
1 Teln,m] z,y,4
1 T
5.t stZyT,t VT € [11, 2]
=1
/ll’,j .
yT,l < — V.] € [m]9T € [71»7'2],t € [T]
PT.j
yro <1 VT € [11, 21,1 € [T]
™
>4 <B
=1
A1>0

Proposition 3 states that we can efficiently compute the optimal target consumption sequence
by solving an LP. Figure 3.2 plots the optimal target sequences from Proposition 3 for different
uncertainty windows. The optimal target consumption sequences are decreasing as the algorithm
consumes resources more aggressively early on to prevent having too many leftover resources if
the horizon ends being short. Moreover, as the uncertainty window becomes more narrow, the
consumption sequence becomes less variable.

To see that Algorithm 3 with the optimal target consumption sequence from the above LP

has an asymptotic competitive ratio of Q(1/In(r,/71)), consider the following target consumption
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Y o W A= —P
1+ In(mo/71) 1+ In(m2/m1)

e

T2

At

T1

Figure 3.3: A simple target consumption sequence that achieves a competitive ratio of 1/(1 +
In(72/71)). The height of the bars represents A;.

sequence (depicted in Figure 3.3):

1 B _ 1 .
A= T+in(r/m) o I+ Pn ifr<t, 56
1 B _

1 .
Hin(n/m) 1~ T+t Pt fri+1<t<m.

It is easy to see that it satisfies the budget constraint:

B.

2 B 121 B -
2= ot (” ot ) = Tein(m/m) (1 +ln(7_1))

t=1 t=11+1 t

Moreover, since p; > pr forallt < T and T € [1, T2], we get

1

ZT:min min A 1t > IZT] ! = !
p T T4 L+ In(n/n) 1+ In(n/n)’

N

I<j<m pr j =1

where the inequality follows from the fact that pr < p, for all ¢ € [, T] and the definition of A as

given in (3.6).

Since A from (3.6) is just one possible choice of the target consumption sequence, we have

max min Z,T > —.
2 rdltin] I

-

Therefore, we get that Algorithm 3 in combination with the target consumption sequence re-
turned by the LP in Proposition 3 achieves a degradation of 1/(1 + In(7,/71)) in the competitive

ratio as a function of the multiplicative uncertainty 7,/7, which is optimal up to constants and
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Figure 3.4: The competitive ratios achieved using the target consumption sequence from the LP in
Proposition 3, and the simple one defined in (3.6) that yields a competitive ratio of 1/(1+In(m2/71)).

a Inln(my/71y) factor. In fact, as Figure 3.4 shows, the target consumption sequence from the LP
performs much better than 1/(1 + In 7p/71), even for small values of 1, /7;. In Section 3.5, we will
give a faster algorithm which leverages the structure of the problem to optimize the target sequence
and does not require solving an LP.

We conclude with a discussion on the structural similarity of the results of this subsection
with those of [BS14], who studied the dynamic pricing problem (special case of online resource
allocation) under demand shifts. They worked under the assumption that the request distribution is
perfectly known, and showed that the optimal dynamic programming solution has a non-increasing
resource consumption sequence when the horizon is uncertain. The target consumption sequences
described in this section are also non-increasing, leading to a similar structural insight for the more

general online resource allocation problem with unknown request distribution.

3.4 Incorporating Predictions about the Horizon

In the previous section, we did not assume that we had any information about the horizon T
other than the fact that it belonged to the uncertainty window [7y, 72]. This may be too pessimistic
in settings where the environment is well behaved and machine learning algorithms can be de-
ployed to make predictions about the horizon. In this section, we show that our Variable Target

Dual Descent algorithm allows us to easily incorporate predictions by optimizing the target se-
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quences. We formulate an LP to optimize the target sequence which allows the decision-maker
to smoothly interpolate between the uncertainty-window setting and the known-horizon setting,
thereby catering to different levels of confidence in the prediction.

First, we define the performance metrics we will use to measure the performance of an online
algorithm capable of incorporating predictions. These metrics are pervasive in the Algorithms-
with-Predictions literature (see [MV20] for an excellent survey) and are aimed at capturing the
performance of the algorithm both when the prediction is accurate and in the worst case when the
instance bears no resemblance to the prediction. To this end, in addition to the competitive-ratio
metric defined in Section 3.1, which captures the worst-case performance, we introduce the notion
of consistency to capture the performance of the algorithm when the prediction is accurate. Let
Tp € [11, 73] denote the predicted value of the horizon and let A(7p) denote algorithm A when
provided with the prediction 7p. We say that an algorithm A is S-consistent on prediction 7p and

y-competitive if it satisfies

E;.pr [R(A(Tp)|Tp, )]

c(A(Tp)|Tp, P) = E;.pr [OPT(Tp, ¥)]

b

and

inf c(A(Tp)|T,P) = inf Eypr [R(AT )lT; 2l >y,
Telr),m] Telrnnl By pr [OPT(T, y)]
for all request distributions . In other words, an algorithm which is S-consistent on prediction 7p
and y-competitive is guaranteed to get a S fraction of the hindsight optimal reward in expectation
if the prediction comes true and it is guaranteed to attain a vy fraction of the hindsight optimal
reward for every horizon T € [11, 72] (Whether or not it conforms to the prediction). Consistency
and competitiveness are conflicting objectives and different decision makers might have different
preferences over them. In particular, increasing consistency usually leads to lower competitiveness.
Consequently, our goal is to find an algorithm which can trade off the two quantities, allowing us

to interpolate between the known-horizon and the uncertainty-window settings.
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Once again, the versatility of Algorithm 3 and its ability to reduce the problem of finding the
optimal algorithm to that of finding the optimal target consumption sequence comes to the fore.
In particular, Proposition 2 implies that Algorithm 3 with target consumption sequence Z(Tp) for
prediction Tp € [11, 12] is B’-consistent for prediction Tp and y’-competitive with

B =c(A(Tp),Tp)—€ and 9y = inf ]c(Z(Tp),T)—e.

Te[r1,m

Therefore, given a prediction Tp and a required level of competitiveness vy’ = y — €, we need
to solve the following optimization problem in order to maximize consistency while achieving
v'-competitiveness:

maxc(,Tp) st inf ]c(Z,T)zy.

bl TG[T],TQ
As in the uncertainty-window setting, we can rewrite this as an LP.

Proposition 4. For budget B, uncertainty window (11, 1;], predicted horizon Tp € [11,T2] and

required level of competitiveness y' =y — €, we have

- 1 Ir
max c¢(4,T; = max —
; (4, Tp) nax ; VTpit
1

s.t. min ¢4, T) > vy s.t. y < VT4 VT € [11, 2]

Te[r1,72]

el
M~

Il
—_

t

&~

& Vj € ml.T € [t1,72),t € [T]
T,j

V1t <

yT,l’ S 1 VT € [T17T2]’l € [T]
©
D4 <B
=1
120
Remark 4. Our framework can also accommodate distributional predictions about the horizon,

leading to a similar LP with the only difference being an additional expectation over the predicted
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Figure 3.5: The optimal target consumption sequence for various values of required levels of
competitiveness y. Here, m = 1, 71 = 10, 7, = 100, B = 50 and Tp = 55. Moreover, 0.54 is
the competitive ratio of the optimal target sequence, i.e., 0.54 is the optimal value of the LP in
Proposition 3. The sequences lose consistency and gain competitiveness from left to right.
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Figure 3.6: The consistency-competitiveness curves for the LP from Proposition 4 and the simple
target sequence from (3.7), with predicted horizon Tp € {20,55,90}. Here, m = 1, 71 = 10, 7» =
100 and B = 50. Consistency 8 = 1 corresponds to the known-horizon setting and competitiveness
v = 0.54 corresponds to the largest possible competitiveness which can be obtained by optimizing
the target sequence (Proposition 3).
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Figure 3.7: Average performance ratio (over 100 runs) of Algorithm 3, with target sequence from
the LP in Proposition 4 for different values of y, on the uniform multi-secretary problem.

horizon Tp in the objective.

Observe that, when v = 0 and the decision maker does not desire robustness, the LP in Propo-

sition 4 would output A with Ar = prp for t < Tp and A; = 0 otherwise. Algorithm 3 with this
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target consumption sequence is exactly the algorithm of [BLM?23], which yields a consistency of
B = 1. On the other extreme is y being equal to the output of the LP in Proposition 3, in which
case the LP in Proposition 4 would output a target sequence A which maximizes the competitive
ratio minze(r, o] ¢(1,T). For values of v in between the two extremes, the LP in Proposition 4
outputs a target consumption sequence which attempts to balance the two objectives, as can be
seen in Figure 3.5. This allows the decision maker to interpolate between the known-horizon and
the uncertainty-window settings (see Figure 3.6).

Now, suppose the required level of competitiveness y’ = y—e is such that y = a-(1+In(r2/71))~!
for some « € [0, 1]. Then, for predicted horizon Tp € [71, 12], consider the following simple target
consumption sequence

a

e 2t -a) - F = gty pn (1 —@) - pr, ifr <,

1+In(m /711)

. B B_ .
Y E Vs - = g et (@) pr, ifn+1 <1< Tp, (3.7)

—a .
1+In(m /711)

~|%

= 1+1r1(c7y'2/71) " Pt lfTP +1 <1< .

The target sequence Ais simply a sum of two target sequences: (i) The first part is an a-
scaled-down version of the simple target sequence from (3.6), which ensures @ - (1 + In(m2/71)™")
competitiveness; (ii) The second is a (1 — a)-scaled-down version of the target sequence which
spends pr, = B/Tp evenly and is optimal when the prediction were true. 1, as defined in 3.7), 1s
a feasible solution to the optimization of Proposition 4, which allows us to establish the following

closed-form guarantee.

Proposition 5. Let € be as in Proposition 2. Consider a target level of competitiveness y — €,
where y = a - (1 + In(ra/11))~! for some a € [0, 1]. Let Z(Tp) be an optimal solution of the LP in
Proposition 4 and let A(Tp) denote Algorithm 3 with the target sequence /—i(Tp). Then, for every

request distribution P and predicted horizon Tp € [11, T2], we have

(01

CATPITp. P) 2 (1=t s

—€ and inf c(A(Tp)|T,P) > €.
T.Tp

1 +1In(mp /1) B
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Note that the target sequence in (3.7) is just one particular target sequence and the LP in Propo-
sition 4 computes the optimal target sequence, and consequently the latter always performs better.
This domination in performance is depicted in Figure 3.6, where the consistency-competitiveness
curve the simple sequence (in orange) lies entirely below the curve from Proposition 4 (blue curve).

Numerical Experiment. We evaluated our algorithm (Algorithm 3 with target sequence from
Proposition 4) on the multi-secretary problem with uniform rewards and the results are summarized
in Figure 3.7. In this experiment, the request distribution captures the uniform multi-secretary
problem: each request y = (f, b, X) has reward f(x) = r - x for r ~ Unif([0, 1]), consumption
b(x) = x and an accept/reject action space X = {0, 1}. Moreover, 71 = 400, » = 1600, B = 500,
n =0.03, u; = 0.5 and A(-) = ||-|]2. As expected, smaller values of y lead to better performance
when the true horizon T is close to the prediction Tp, but this comes at the expense of lower worst-
case reward (minimum competitive ratio over all possible values of the horizon T € [71, 12]). Recall
that y = O represents the algorithm of [BLM?23] with horizon 7p. Our experiment demonstrates
its fragility to traffic spikes: if the number of requests turns out to be 3 times the predicted traffic
of Tp = 400, the algorithm of [BLM23] achieves a drastically lower performance ratio than our

algorithm with y = 0.6.

3.5 Bypassing the LP: A Faster Algorithm

Even though the LPs of Proposition 3 and Proposition 4 compute the optimal target consump-
tion sequence in polynomial time, they do not exploit the structure of the problem and are not
desirable in large-scale domains like internet advertising where speed is of the essence. To remedy
this, we next develop a faster algorithm to compute the optimal target consumption sequence; this
algorithm more directly exploits the structure of the problem. The algorithm (Algorithm 4) will
rely on the following observation about c(A,T):

A1 1%. oA L 1%. A . 15.{1 }
c(A,T)== > min{ min ——,1; < min = > min{——,1; = min — » min '\ OT.j
T 43 I<j<m pr ; 1<jsm T 4= or,j I<j<m Bj 4= L2 PT.J

(3.8)
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Algorithm 4: Optimal Target Consumption Sequence
Input: Budget B € R, uncertainty window [7, 72], prediction Tp, required level of
consistency S € [0, 1] and required level of competitiveness y € [0, B].
Initialize: A, ; < 0 V¢ € [12],j € [m]
for T =1 to 11 do
fort=1¢tTdo

I Avj+min{pr; -4, ;. p-B; - 3T_ A ;) i T =Tp,
t,j . .
! ﬂt,j+m1n{pr,j—/lz,j,7~3j—Zf=1/1s,,~}+ ifT #Tp

(3.9)

end

end
Return: TRUE if ZZI A; < Bj; else FALSE.

where the last equality follows from multiplying and diving by pr ; = B;/T. Moreover, note that
the above inequality is tight when ;l’T—’] = 2;—"; forall j,k € [m],t € [T].
Therefore, any target sequence A which is B-consistent for prediction 7p, i.e., C(/_i, Tp) > B, and

y-competitive, i.e. minye(r, 1] c(Z, T) > v, satisfies the following inequalities for all j € [m]:

Tp T
Z min{A; ;/prp;} = B-B; and Z min{A, ;/pr;} =2y -B; VT €][r,1n].

=1 t=1

Algorithm 4 minimizes ZZI A;,; while maintaining the above property. And as a consequence,
we can show that 8 consistency on Tp and y competitiveness are attainable if and only if Algo-
rithm 4 returns TRUE. Given this property, it is a straightforward exercise to use binary search
in conjunction with Algorithm 4 to compute the optimal solution to the LPs in Proposition 3 and

Proposition 4 up to arbitrary precision (For completeness, we provide details in Appendix B.5).

Theorem 7. Given budget B € R, uncertainty window [11, 2], prediction Tp, required level
of consistency B € [0, 1] and required level of competitiveness y € [0, B] as input, let A* be the

sequence computed by Algorithm 4. Then,
1. C(/_i*, Tp) > 8 and minre(q, 1] C(/_i*, T)>vy

2. ZZ A7 < B if and only if there exists a target consumption sequence X (with Z:il A} < B)

which satisfies (1, Tp) 2 B and mingejr, ;) ¢, T) 2y .
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Figure 3.8: A comparison of the running times of the LP from Proposition 3 solved using Gurobi
Optimizer version 9.1.2 build v9.1.2rcO (mac64) and Algorithm 4 run on Python 3.7.6 without the
use of any advanced libraries. The minimum runtime from 10 runs was selected for GUROBI and
the maximum runtime from 10 runs was selected for Algortihm 4. Both algorithms were limited
to a single thread to ensure parity of computational resources. Here, 7o =3 -7 and B = 1.5 - 71 for
all values of 7. For 71 > 300, GUROBI did not terminate with a solution even after 10 min, while
Algorithm 4 consistently did so under 10 seconds.

Observe that there can be at most Tg‘ updates of the target sequence A (as given in (3.9)) during
the run of Algorithm 4. One can maintain and iteratively update Zf= | As.j after the completion of
each iteration of the inner and outer For loops to perform the update in constant time. Therefore,
the runtime complexity of Algorithm 4 is O(m -722), which is faster than any known general-purpose
LP solver applied to the LP in Proposition 3 or Proposition 4. We also empirically observed this

difference in running times between the LP of Proposition 3 and Algorithm 4 (see Figure 3.8).

3.6 Conclusion

We develop and analyze a generalized version of dual descent which can incorporate variable
target consumption sequences (Algorithm 3), thereby reducing the complicated problem of finding
an algorithm for online resource allocation under horizon uncertainty to the much simpler (and
convex) problem of optimizing the target sequence. We then demonstrate the power of this re-
duction by showing that, with the optimal target sequence, Algorithm 3 achieves a near-optimal
competitive ratio when only upper and lower bounds on the horizon are known. We also pro-
vide a way to smoothly interpolate between the previously-studied known-horizon setting and the

uncertainty-window setting through the Algorithms-with-Predictions framework, thereby provid-
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ing a robust approach to online allocation which allows the decision-maker to tailor the degree to
robustness to their requirements. Our algorithms have the added advantage of simplicity and speed
because they do not require the decision-maker to solve any large linear programs.

We leave open the problem of closing the gap between our lower and upper bounds on the
competitive ratio by accounting for the e - InIn(m,/71) discrepancy. Although this gap is not large
asymptotically, closing it will likely result in a deeper understanding of the problem. It would
also be interesting to explore whether algorithms which operate in the primal space can similarly
benefit from employing a variable target consumption sequence. Finally, when both the distribution
of requests and the distribution of the horizon are known in advance, it is worth studying if it is
possible to achieve a constant/logarithmic regret against an appropriately defined benchmark (see

for example [BW20; VB19] for similar results when the horizon is known).
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Chapter 4: Contextual Standard Auctions with Budgets

Based on the publication [BKK23a] co-authored with Santiago Balseiro and Christian Kroer.

This chapter marks a change in perspective. Till now, we have focused on the budget manage-
ment problem faced by an individual advertiser. Now, we will take a broader look at the market as a
whole, and analyze the market-level outcomes that emerge from the strategic interactions of adver-
tisers who are all simultaneously attempting to maximize their utility subject to budget constraints.
The current chapter focuses on investiagting the equilibria that emerge in such markets.

In Section 4.2, we establish the existence of a well-structured Bayes-Nash equilibrium for all
standard auction. The equilibrium bidding strategy paces (i.e., multiplcatively shades) the value
and composes it with the equilibrium strategy for the setting without budget constraints. Then,
in Section 4.3, we leverage this modular structure to prove a revenue equivalence results, which
states that the average revenue to the platform is the same under all standard auction formats,
even in the presence of budgets. Finally, we prove a price of anarchy bound for liquid welfare in
Section 4.4 and conclude with some structural properties (Section 4.5) and numerical experiments

(Section 4.6).

4.1 Model

We consider the setting in which a seller (i.e., the advertising platform) plans to sell an indi-
visible item to one of n buyers (i.e., the advertisers) using an auction. We adopt a feature-based
valuation model for the buyer. More precisely, the item type is represented using a vector « be-
longing to the set A ¢ R?, where each component of @ can be interpreted as a feature. We also
refer to « as the context. Each buyer type is represented using a vector (w, B) belonging to the set
® c R¥! of possible buyer types, where the last component B denotes her budget and the first

d components w capture the weights she assigns to each of the d features. The value (maximum
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willingness to pay) that buyer type (w, B) has for item « is given by the inner product w’ a.. For
simplicity of notation and ease of exposition, we will state our results under this linear relationship
between values and the features, but our model and results can be extended to accommodate non-
linear response functions (such as the logistic function) that are commonly used in practice (see
Appendix C.7 for a more detailed discussion). We will use w = max(,,p)co,aca w! a to denote the
maximum value that a buyer can have for an item.

We assume that the context of the item to be auctioned is drawn from some distribution F over
the set of possible items types A. Furthermore, the type for every buyer is drawn according to
some distribution G over the set of possible buyer types ©, independently of the other buyers and
the choice of the item. Note that, by virtue of our context-based valuation model, the values of
the n buyers for the item need not be independent. In line with standard models used for Bayesian
analysis of auctions, we will assume that both G and F' are common knowledge, while maintaining
that the realized type vector (w, B) associated with a buyer is her private information. Our model
allows budgets to be random and correlated with the buyers’ weight vector. In addition, we will
assume that buyers are unaware of the type of their competing buyers—this implies budgets are
private.

To fix ideas, we first consider the case of a first-price auction with reserve prices and then
discuss how our results extend to standard auctions in Section 4.3. In a first-price auction, the
seller allocates the item to the highest bidder whenever her bid is above the reserve price and the
winning bidder pays her bid. We assume the seller discloses the item type « to the n buyers before
bids are solicited from them. As a result, the bid of a buyer on item @ can depend on . We use
r : A — R to specify the publicly known context-dependent reserve prices, where r(a) denotes the
reserve price on item type «.

The budget of a buyer represents an upper bound on the amount she would like to pay in the
auction. We only require that each buyer satisfy her budget constraint in expectation over the
item type and competing buyer types. Similar assumptions have been made in the literature (see,

e.g., [GKP12; AH13; BBW15; Bal+21; Con+18]). The motivation behind this modeling choice
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is that budget constraints are often enforced on average by advertising platforms. For example,
Google Ads allows daily budgets to be exceeded by a factor of two in any given day, but, over the
course of month, the total expenditure never exceeds the daily budget times the days in the month.!
In-expectation budget constraints are also motivated by the fact that, in practice, buyers typically
participate in a large number of auctions and many buyers use stationary bidding strategies. Thus,
by the law of large numbers, our model can be interpreted as collapsing multiple, repeated auctions
in which item types are drawn i.i.d. from F into a single one-shot auction with in-expectation

constraints.

Notation. We will use R, and R to denote the set of strictly positive and non-negative real
numbers, respectively. We will use G, to denote the marginal distribution of w when (w, B) ~ G,
ie.,, G,(K) = G{(w,B) € ® | w € K}) for all Borel sets K C S. In a similar vein, we will use
®,, to denote the set of w € R such that (w, B) € © for some B € R. (Here we abuse notation by
using w both as a weight vector variable and as a subscript to denote the projection of a buyer type

onto the first d dimensions). Unless specified otherwise, ||-|| denotes the Euclidean norm.

Assumptions. We will assume that there exist U, By, > 0 such that the set of possible buyer
types O is given by ® = (0, U)¢ X (Bmin, U). In a similar vein, we also assume that the set of
possible item types A is a subset of the positive orthant RY. We will restrict our attention to
d > 2, which is the regime in which our feature-vector based valuation model yields interesting
insights. To completely specify the aforementioned probability spaces, we endow A, ® and ®,,
with the Lebesgue o —algebra. Moreover, we will assume that the distributions F' and G have
density functions. Note that the distribution G can be any distribution on 0, including one with
probability zero on some regions of ®. Thus we can address any buyer distribution, so long as it
has a density and is supported on a bounded subset of the strictly-positive orthant with a positive

lower bound on the possible budgets. Similarly, ' can capture a wide variety of item distributions.

'Google Ads Help page defines “Average Daily Budget": https://support .google.com/google-ads
/answer/63127?hl=en
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It is worth noting that any distribution that lacks a density can be approximated arbitrarily well by

a distribution with a density, thereby extending the reach of our results to arbitrary distributions.

4.1.1 Equilibrium Concept

Consider the decision problem faced by a buyer type (w, B) € © if we fix the bidding strategies
of all competing buyers on all possible item types: She wishes to bid on the items in a way that
maximizes her expected utility while satisfying her budget constraint in expectation (where the ex-
pectation is taken over items and competing buyers’ types). As is true in the well-studied standard
budget-free i.i.d. setting ([Kri09]), her optimal strategy depends on the strategies used by the other
buyer types. In the standard setting, the symmetric Bayes-Nash equilibrium is an appealing solu-
tion concept for the game formed by these interdependent decision problems faced by the buyers.
We adopt a similar approach and define the symmetric Bayes-Nash equilibrium for our model. A
strategy B* : ® X A — R( (a mapping that specifies what each buyer type should bid on every
item) is a Symmetric First-Price Equilibrium if, almost surely over all buyer types, using 8* is an

optimal solution to a buyer type’s decision problem when all other buyer types also use it.

Definition 3. A strategy B* : ® X A — Ry is called a Symmetric First-Price Equilibrium (SFPE)
if B*(w, B, @) (as a function of ) is an optimal solution to the following optimization problem
almost surely w.r.t. (w,B) ~ G:
L max By gy (W' = b)) 1 {b(e) > max (r(e), {86, @)},) }]
A—R>0 =

s.t. B (g,yn-1 [6(@) 1 {b(a) > max (r(), {8"(6r,@)}:)}]| < B.

In the buyer’s optimization problem the buyer wins whenever her bid b(«) is higher than the
reserve price r(a) and all competiting bids 8*(6;, @) fori = 1,...,n — 1. Because of the first-price
auction payment rule, each bidder pays her bid whenever she wins. For convenience, in the above

definition, we are using an infeasible tie-breaking rule which allocates the entire good to every
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highest bidder. This is inconsequential, and can be replaced by any arbitrary tie-breaking rule,
because we will later show (see part (d) of Lemma 34) that ties are a zero-probability event under
our value-pacing-based equilibria.

In our solution concept, it is sufficient that advertisers have Bayesian priors over the maximum
competing bid max;{8*(6;, @)} to determine a best response. This is aligned with practice as
many advertising platforms provide bidders with historical bidding landscapes, which advertisers

can use to optimize their bidding strategies [Goo].?

Additionally, we require that budgets are
satisfied in expectation over the contexts and buyer types. Connecting back to our repeated auctions
interpretation, one can assume competitors’ types to be fixed throughout the horizon while contexts
are drawn i.i.d. in each auction. In this case, our solution concept would be appropriate if buyers
cannot observe the types of competitors and, in turn, employ stationary strategies that do not react
to the market dynamics. Such stationary strategies are appealing because they deplete budgets
smoothly over time and are simple to implement. Moreover, it has been previously established that
stationary policies approximate well the performance of dynamic policies in non-strategic settings
when the number of auctions is large and the maximum value of each auction is small relative to
the budget (see, e.g., [TVRO06]).

When the types of bidders is fixed throughout the horizon, a bidder who employs a dynamic
strategy could, in principle, profitably deviate by inferring the competitors’ types and using this
information to optimally shade her bids. Implementing such strategies in practice is challenging
because many platforms do not disclose the identity of the winner nor the bids of competitors in
real-time (as we discussed above, they mostly provide historical information that is aggregated
over many auctions). Moreover, when the number of bidders is large and each bidder competes
with a random subset of bidders, such deviations can be shown to not be profitable using mean-
field techniques (see, e.g., [1JS14; BBW15]) in our contextual value model as long as values are
independent across time. Therefore, our model can be alternatively interpreted as one in which

there is a large population of active buyers and each buyer competes with a random subset of

2See, for example, https://www.blog.google/products/admanager/rolling-out-first-p
rice—auctions—google—ad-manager—partners/.
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buyers. This assumption is well motivated in the context of internet advertising markets because
the number of advertisers actively bidding is typically large and, because of sophisticated targeting

technologies, advertisers often participate only in a fraction of all auctions.

4.1.2 Ties and the Role of Contexts

Before moving onto the proof of existence of SFPE, we would like to shed some light on the
role played by contexts in our model and results. The assumption that the feature vectors a are
drawn from a distribution ' which has a density is necessary for our results to hold. In fact, if
there was only one deterministic context, an SFPE may fail to exist: we provide an example in
Appendix C.1. The root cause behind the absence of a well-behaved equilibrium in this exam-
ple is the tension between the proclivity of budgets to cause ties with positive probability (as we
demonstrate in Section 4.5) and the potential lack of equilibria for first-price auctions under value
distributions that cause ties with a positive probability. Our example in Appendix C.1 does admit
a symmetric equilibrium for second-price auction, thereby demonstrating the added complexity of
dealing with first-price auctions.

Issues of tie-breaking have previously come up in a line of related work on pacing-based equi-
libria in second-price auctions [Bor+07; BBW15; Con+18; Bab+20], where they were addressed
by methods that are some version of randomly perturbing the value of each buyer and enforcing the
budget constraint on average over these perturbations. This causes ties to become zero-probability
events. It is possible to prove our existence and revenue equivalence results for the case of one
deterministic context with value perturbations. However, unlike second-price auctions where bid-
ding truthfully is a dominant strategy, value perturbation is not well-suited for first-price auctions
because, even in the absence of budgets, the first-price auction equilibrium strategy would depend
on the perturbations. Moreover, our structural results (Proposition 8 and Proposition 9) may not
hold for arbitrary perturbations and would require an unjustifiably-strong assumption that carefully
coordinates the perturbations across buyer types. That being said, if one is willing to ignore ties,

our results continue to hold for a single deterministic context and the reader can safely continue
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with that setting in mind.

4.2 Existence of Symmetric First-Price Equilibrium

In this section, we study the existence of SFPE, and show that this existence is achieved by a
compelling solution which is interpretable. We do so in several steps. First, we define a natural
parameterized class of value-pacing-based strategies. Then, assuming that the buyer types are
using a strategy from this class, we establish strong duality for the optimization problem faced by
each buyer type and characterize the primal optimum in terms of the dual optimum. This leads to
a substantial simplification of the analysis because it allows us to work in the much simpler dual
space. Finally, we establish the existence of a value-pacing-based SFPE by a fixed-point argument

over the space of dual-multipliers.

4.2.1 Value-Pacing-Based Strategies

In this dissertation, pacing refers to multiplicatively scaling down a quantity.> Consider a
function u : ® — Ry, which we will refer to as the pacing function. We define the paced
weight vector of a buyer with type (w, B) to be w/(1 + u(w, B)), which is simply the true weight
vector w scaled down by the factor 1/(1 + u(w, B)). Similarly, we define the paced value of a
buyer type (w, B) for item a as w’ a/(1 + u(w, B)). We will use pacing to ensure that the budget
constraints of all buyer types are satisfied, and at the same time, maintain the best response property
at equilibrium. The motivation for using pacing as a budget management strategy will become clear
in the next section, where we show that the best response of a buyer to other buyers using a value-
pacing-based strategy is to also use a value-pacing-based strategy. Before defining the strategy, we
set up some preliminaries.

Consider a pacing function u : ® — Ry and an item @ € A. Let A%, denote the distribution
of paced values w’a/(1 + u(w, B)) for item & when (w, B) ~ G. Let H- denote the distribution

of the highest value Y := max{Xj,..., X,_1} among n — 1 buyers, when each X; ~ A}, is drawn

3We use the term value-pacing-based strategies to differentiate it from bid-pacing/bid-shading, which has previ-
ously been studied in the context of truthful auctions [Bor+07; BBW15; Bal+21; Con+18; Con+19].
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independently for i € {1,...,n — 1}. Observe that H:((—oo0,x]) = Ah((—co,x])" ! forall @ € A
because the random variables are i.i.d.

For a given item @ € A, when x > r(«), define the following bidding function,

X H
oh(x) =x - J Ho(s) ds,

r@) Hy(x)

where we interpret oy (x) to be 0 if H,(x) = 0. Moreover, when x < r(«), define o (x) := x (we
make this choice to ensure that no value below the reserve price gets mapped to a bid above the
reserve price, while maintaining continuity). Note that o (x) = E [max(Y,r) | Y < x]. If A4 has
a density, then o is the same as the single-auction equilibrium strategy for a standard first-price
auction without budgets, when the buyer values are drawn i.i.d. from A%, and the item has a reserve
price of r(a) (see, e.g., section 2.5 of [Kri09]). Our value-pacing-based strategy uses o (x) as a

building block, by composing it with value-pacing:

Definition 4. The value-pacing-based strategy B : @XA — R for pacing function u : ® — Ry

is given by

WTCL’

ol
B*(w, B, @) = o, (1 T 10 B)

) Viw,B)eB®,a € A

The bid g*(w, B, @) is the amount that a non-budget-constrained buyer with type (w, B) would
bid on item « if she acted as if her paced value was her true value (this is captured by the use of
the paced value as the argument for o), and believed that the rest of the buyers were also acting
in this way (this is captured by the use of o). Therefore, our strategy has a simple interpretation:
bidders pace their values and then bid as in a first-price auction in which competitors’ values
are also paced. Consequently, under our strategy bidders are shading their values twice: first
when determining their paced values w” a/(1 + u(w, B)) to account for budget constraints and then
again when adopting the bidding function ¢y for the first-price auction. The bidding strategy o,
optimally trades off two effects: on the one hand, bidding too close to their paced values leaves no

utility to buyers because they pay their bid in case of winning and, on the other hand, bidding too
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low decreases payments at the expense of also decreasing the chance of winning.

Observe that value-pacing-based strategies greatly reduce the degrees of freedom in the system.
Instead of specifying a bidding strategy, which is a function, for each buyer type, we only need
to specify a scalar, u(w, B) for each buyer type. In addition, our dual characterization allow us to
optimize over the space of all bidding strategies without imposing any restriction on the class of
admissible functions. Having defined value-pacing-based strategies, we are now ready to state our

main existence result.

Theorem 8. There exists a pacing function u : ® — Rsq such that the value-pacing-based strategy

BH O x A — Ry is a Symmetric First-Price Equilibrium (SFPE).

Before proceeding with the proof of Theorem 8, we note some of its practical prescriptions: (i)
It recommends that buyers should pace their value to manage their budgets. As we will later show,
the equilibrium pacing functions for first-price auctions are identical to the ones for second-price
auctions. This suggests that pacing-based-budget-management techniques developed for second-
price auctions (like [BG19]) can be used for first-price auctions to compute the paced valued.
(i1) Advertising platforms typically provide bidding landscapes to the buyers which allow them to
compute the optimal bid for a given value. Given a context a, if P!, represents the equilibrium

bidding landscape (distribution of highest competing bids), then we have

ol (x) € argmax,, (x — b) PL(b)

Thus, the paced value can be combined with the landscape to compute the optimal bid #(w, B, ).

We provide the proof of Theorem 8 in the remaining subsections. First, in Subsection 4.2.2,
we show that, if all of the competing buyers are assumed to employ a value-pacing-based strategy,
then strong duality holds for the budget-constrained utility maximization problem faced by each
buyer type. This allows us to drastically simplify the equilibrium strategy space of each buyer type
from a function (mapping contexts to bids) to a single scalar (the dual variable u(w, B)). Next, in

Subsection 4.2.3, we prove the existence of a value-pacing-based equilibrium strategy by proving
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a fixed-point theorem in the dual space of pacing functions. Despite our simplifying move to the
dual space, establishing a fixed point is by no means a straightforward task because we are still left
with a dual variable for each buyer type and there are (uncountable) infinitely many of those. This
leads to an infinite-dimensional fixed-point problem which requires careful topological analysis.
We find that the commonly-employed general-purpose topologies fail for our problem, and this

motivates us to carefully exploit the structure of pacing to select the right topology.

4.2.2 Strong Duality and Best Response Characterization

We start by considering the optimization problem faced by an individual buyer with type (w, B)
when all competing buyers use the value-pacing-based strategy with pacing function u : ® — Ryo.

Denoting by Q*(w, B) the optimal expected utility of such a buyer, we have

Q“w.B)= max By gyt [0~ b(@) T {b(e) = max (r(@). {80, a)};)}]

>0

s.t. By (gt [b(@) 1 {b(@) > max (r(a), {86 @)};)}] < B.

Our goal in this section is to show that the value-pacing-based strategy put forward in Definition 4

is a best response when competitors are pacing their bids according to a pacing function .

Remark 5. Compare Q¥ (w, B) to the definition of a SFPE (Definition 3), and observe that, if we
were able to show that there exists u : ® — Rsqo such that B*(w, B, -) is an optimal solution to

O*(w, B) almost surely w.r.t. (w, B) ~ G, then " would be an SFPE.

For u : ® — Ry and (w, B) € O, consider the Lagrangian optimization problem of Q#(w, B)
in which we move the budget constraint to the objective using the Lagrange multiplier t > 0. We
use ¢ to denote the multiplier of one buyer in isolation to distinguish from g, which is a function

giving a multiplier for every buyer type. Denoting by g (w, B, t) the dual function, we have that

q"(w, B, 1) = max Eq (g, [Whe = (1 +1)b(@)) 1 {b(a) > max (r(a), {B"(0;, @)};)}]| + B
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VVT

=(1+1) max Eo oy [(1_+0; - b(a)) 1 {b(@) > max (r(a), {6, @)},)}| +B.

The dual problem of Q#(w, B) is given by min,>o g*(w, B, 1).

The next lemma states that the optimal solution to the Lagrangian optimization problem is a
value-pacing-based strategy. More specifically, for every pacing function u : ® — Ry, buyer
type (w, B) and dual multiplier #, the value pacing based strategy o (wTa/ /(1 + t)) is an optimal
solution to the Langrangian relaxation of Q¥ (w, B) corresponding to multiplier . Note that, in

general, ¢ need not be equal to u(w, B).

Lemma 11. For pacing function u : ® — R, buyer type (w, B) € ® and dual multiplier t > 0,

T wla

ol (;V—:;) € argmax,,) By, (g, yn-1 [(m - b(a)) 1 {b(@) > max (r(a), {B*; a)})}| -

In the proof of Lemma 11, we actually show something stronger than the statement of Lemma
11: the value-pacing-based strategy is optimal point-wise for each @ and not just in expectation
over . This follows from the observation that once we fix an item @, we are solving the best
response optimization problem faced by a buyer with value w’a/(1 + ¢) in the standard i.i.d. set-
ting [Kri09] with competing buyer values being drawn from A%, and under the assumption that the
competing buyers use the strategy o. If A% had a strictly positive density, then the optimality
of oy (wl'a/(1 +1)) would be a direct consequence of the definition of a symmetric BNE in the
standard i.i.d. setting. Even though the standard results cannot be used directly because of the
potential absence of a density in the situation outlined above, we show that it is possible to adapt
the techniques used in the proof of Proposition 2.2 of [Kri09] to show Lemma 11.

Using Lemma 11, we can simplify the expression for the dual function ¢#(w, B, t). First, note

that because o, is non-decreasing the highest competing bid can be written as

i =1,...,n—1

wla
max {f"(0;, @)} = max {0y [——|t =04 (¥),
i=1,...,n—1 i 1+ u(8;
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where Y ~ Hl, is the maximum of n — 1 paced values. Therefore, using that oy (W’ /(1 + 1)) is an

optimal bidding strategy we get that

R
(;V__ ; )) {1_ ax(r(am}]ﬂg

_ wa  ,(wa a wia
_(1+I)Ea[(1+t Ta (1+t) (1+t) {1+t>r(cx)}

wla i "
1 {1_+t > r(a)} H;, (s)ds

r(a)

g"'w,B,t)=(1+1) E,Ey _ H +tB

+tB

=(1+1)E, +1tB,

where the second equation follows from part (c) of Lemma 34, the third from taking expectations
with respect to Y, and the last from our formula for o7

We now present the main result of this subsection, which characterizes the optimal solution of
QOH(w, B) in terms of the optimal solution of the dual problem. The idea of using value-pacing-
based strategies as candidates for the equilibrium strategy owes its motivation to Proposition 6. It
establishes that if all the other buyers are using a value-pacing-based strategy, with some pacing
function u : ® — Ry, then a value-pacing-based strategy is a best response for a given buyer

(w, B).

Proposition 6. There exists ® C O such that G(®’) = 1 and for all pacing functions u : ® —
R>o and buyer types (w,B) € @', if t* is an optimal solution to the dual problem, i.e., if t* €
argmin,.. ¢*(w, B, 1), then oy (wTa/ /(1 +t*)) is an optimal solution for the optimization problem

Q¥ (w, B).

In Proposition 6, the pacing parameter ¢* used for pacing in the best response can, in general,
be different from wu(w, B). This caveat requires a fixed-point argument to resolve, which will be
the subject matter of the next subsection.

Remark 6. Restricting to the measure-one set ®' is without loss. Recall that according to Defi-
nition 3, a strategy constitutes a SFPE if, almost surely over (w, B) ~ G, using B* is an optimal

solution to their optimization problem when all other buyer types also use it. As a consequence
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of this definition, we will show that it suffices to show strong duality for a subset of buyer types
®' C O such that G(®") = 1. In the absence of reserve prices r(a) for the items, Proposition 6
holds for all (w, B) € ©. Reserve prices introduce some discontinuities in the utility and payment
term. The subset ® C O captures a collection of buyer types for which these discontinuities are

inconsequential, while maintaining G(®") = 1.

Observe that Q¥ (w, B) is not a convex optimization problem, so in order to prove the above
theorem, we cannot appeal to the well-known strong duality results established for convex opti-
mization. Instead, we will use Theorem 5.1.5 of [BHMO98], which states that, to prove optimality
of oy (wla/(1 +1)) for Q*(w, B), it suffices to show primal feasibility of o (w!a/(1 +t*)), dual
feasibility of #*, Lagrange optimality of o7y (wTa// (1 +1*)) for multiplier 7*, and complementary
slackness. Our approach will be to show these required properties by combining the differentia-
bility of the dual function with first order optimality conditions for one dimensional optimization
problems. The key observation here is that the derivative of the dual function is equal to the differ-
ence between the budget of the buyer and her expected expenditure. Therefore, at optimality, the
first-order conditions of the dual problem imply feasibility of the value-based pacing strategy. To
prove differentiability we leverage that in our game the distribution of competing bids is absolutely
continuous, which is critical for our results to hold.

For t* € argmin,. g*(w, B, 1), if we apply the first-order optimality conditions for an optimiza-

tion problem with a differentiable objective function over the domain [0, c0), we get

ogt(w,B,t* . . O0g*(w, B, t*
q(w )ZO’ t*ZO’ t*' Q(W )=

0.
ot ot

The first condition can be shown to imply primal feasibility, the second implies dual feasibility,
and the third implies complementary slackness. Combining this with Lemma 11, which establishes
Lagrange optimality, and applying Theorem 5.1.5 of [BHM98] yields Proposition 6. The complete

proof of Proposition 6 can be found in Appendix C.2.
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4.2.3 Fixed Point Argument

In light of Proposition 6, the proof of Theorem 8 (the existence of a value-pacing-based
SFPE) boils down to showing that there exists a pacing function u : ® — R3¢ such that, al-
most surely w.r.t. (w,B) ~ G, u(w, B) is an optimal solution to the dual optimization problem
min,>o g*(w, B,t). In other words, given that everybody else acts according to u, a buyer (w, B)
that wishes to minimize the dual function is best off acting according to n. More specifically, in
Proposition 6 we showed that, starting from a pacing function u : ® — Ry, if u*(w, B) consti-
tutes an optimal solution to the dual problem min;sq g*(w, B, t) almost surely w.r.t. (w,B) ~ G,
then oy (wTa /(1 + u*(w, B))) is an optimal solution for the optimization problem Q#(w, B) al-
most surely w.r.t. (w,B) ~ G. In other words, bidding according to o2 while pacing according
to u* : ® — Ry is a utility-maximizing strategy for buyer (w, B) ~ G almost surely, given that
other buyers bid according to oy with paced values obtained from y. The following theorem es-
tablishes the existence of a pacing function u : ® — R for which u itself fills the role of u* in

the previous statement, thereby implying the optimality of o (wTa/ /(1 + u(w, B))) almost surely

wrt. (w,B) ~ G.

Proposition 7. There exists u : ® — Ry such that u(w, B) € argmin,., g*(w, B, t) almost surely

w.rt. (w,B) ~G.

We prove the above statement using an infinite-dimensional fixed-point argument on the space
of pacing functions with a carefully chosen topology. Informally, we need to show that the corre-
spondence that maps a pacing function u : ® — Ry to the set of dual-optimal pacing functions,
11 ® — Ryo which satisfy u*(w, B) € argmin,. g*(w, B, 1), has a fixed point. However, unlike
finite-dimensional fixed-point arguments, establishing the sufficient conditions of convexity and
compactness needed to apply infinite-dimensional fixed point theorems requires a careful topolog-
ical argument.

Lemma 36 in the appendix shows that all dual optimal functions y* : ® — R map to a range

that is a subset of [0, w/Bmin]. Therefore, any pacing function u : ® — Ry that is a fixed point,
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i.e., satisfies u(w, B) € argmin,,, g"(w, B, t) almost surely w.rt. (w,B) ~ G, must also satisfy
range(u) C [0, w/Bmin]. Hence, it suffices to restrict our attention to pacing functions of the form
u 0 — [0, w/Byinl.

Consider the set of all potential pacing functions
X = {# € Ll (®) | lu(w, B) € [Oa w/Bmin] v (W’ B) € ®}a

where L (©) is the space of functions f : ® — R with finite L; norm w.r.t. the Lebesgue measure.
Here, by Lj norm of f w.r.t. the Lebesgue measure, we mean || f|z,= f®|f(9)|d9. Our goal is to

find a u € X such that almost surely w.r.t (w, B) ~ G we have

p(w, B) € argmin, (g ,/p .1 q" (W, B, 1).

Dealing with infinitely many individual optimization problems min;e[o /8,,,] 4" (W, B, t), one for
each (w, B), makes the analysis hard. To remedy this issue, we combine these optimization prob-

lems by defining the objective f : X X X — R, for all u, fi € X, as follows

fu, f) = Ew.p)lg"(w, B, i(w, B))].

For a fixed u € X, we then get a single optimization problem mingex f(u, (1) over functions in
X, instead of one optimization problem for each of the infinitely-many buyer types (w, B) € ©.
Later, in Lemma 15, we will show that any optimal solution to the combined optimization problem
is also an optimal solution to the individual optimization problems almost surely w.r.t (w, B) ~ G.
Thus, shifting our attention to the combined optimization problem is without any loss (because
sub-optimality on zero-measure sets is tolerable).

With f as above, we proceed to define the correspondence that is used in our fixed-point argu-
ment. The optimal solution correspondence C* : X =3 X is given by C*(u) = argmingex f(u, i)

(which could be empty) for all u € X. In Lemma 15, we will show that the proof of Proposition 7

86



boils down to showing that C* has a fixed point, which will be our next step.

Our proof will culminate with an application of the Kakutani-Glicksberg-Fan theorem, on a
suitable version of C*, to show the existence of a fixed point. An application of this result (or
any other infinite dimensional fixed point theorem) requires intricate topological considerations.

In particular, we need to endow X with a topology that satisfies the following conditions:
I. X is compact, convex and C*(u) is a non-empty subset of X for all u € X.

II. C* is a Kakutani map, i.e., it is upper hemicontinuous, and C*(u) is compact and convex for

all u € X.

In the case of infinite dimensions, bounded sets in many spaces, such as the L,(€2) spaces,
are not compact. In particular, X is not compact as a subset of L,(Q) for any 1 < p < oo.
One possible way around it would be to consider the weak* topology on X C L (£2), in which
bounded sets are compact. This choice runs into trouble because it is difficult to show the upper
hemicontinuity of C* (property II) under the weak convergence notion of the weak* topology.
Alternatively, one could impose structural properties and restrict to a subset of X, such as the
space of Lipschitz functions, in which both compactness and continuity can be established. The
issue with this approach is that the correspondence operator may, in general, not preserve these
properties, i.e., property I might not hold. For example, even if u is Lipschitz, C*(«) might not
contain any Lipschitz functions.

We would like to strike a delicate balance between properties I and II by picking a space in
which we can establish compactness of X and upper hemicontinuity of C*, while, at the same
time, ensuring that C*(u) contains at least one element from this space. It turns out that the right
space that works for our proof is the space of bounded variation. To motivate this topology on the

space of pacing functions, we state some properties of the “smallest” dual optimal pacing function.

For u : ® — [0, w/Bninl, we define £# : @ — [0, w/Bmin] as
{#(w, B) := min {s € argmin, (g /p,..19" W, B, t)}
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for all (w, B) € ®. The minimum always exists because g*(w, B, t) is continuous as a function of
t (see Corollary 3 in the appendix for a proof) and the feasible set of the dual problem is compact.

We first show that £# varies nicely with w and B along individual components:

Lemma 12. For u : ©® — [0, w/Bnin], the following statements hold:

1. t# : ©® — [0, w/Bnin] is non-decreasing in each component of w.
2. tF: O — [0, w/Bmin] is non-increasing as a function of B.

The proof applies results from comparative statics, which characterize the way the optimal solu-
tions change with the parameters, to the family of optimization problems min;¢(o,./5,,,] ¢“(W, B, 1)
parameterized by (w, B) € 0.

Now we wish to show bounded variation of €. It is a well-known fact that monotonic functions
of one variable have finite total variation. Moreover, functions of bounded total variation also form
the dual space of the space of continuous functions with the L., norm, which allows us to invoke
the Banach-Alaoglu Theorem to establish compactness in the weak™ topology. These results for
single variable functions, although not directly applicable to the multivariable setting, act as a
guide in choosing the appropriate topology for our setting.

Since pacing functions take as input several variables, we need to look at multivariable gener-
alizations of total variation. To this end, we state one of the standard definitions (there are multiple
equivalent ones) of total variation for functions of several variables (see section 5.1 of [EG15]) and
then follow it up by a lemma which gives a bound on the total variation of the component-wise

monotonic function £~.

Definition 5. For an open subset Q C R", the total variation of a function u € L{(Q) is given by

V(u, Q) = sup {J u(w)div ¢p(w)dw | ¢ € CCI(Q, R™), ||¢]|0 < l}

Q

where CH(Q,R") is the space of continuously differentiable vector functions ¢ of compact support

contained in L and div ¢ = 27", % is the divergence of ¢.
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Lemma 13. For any pacing function p : ® — [0, w/Bminl, the following statements hold:

1. t* € L1(©).
2. V(*,0) < Vo where Vg := (d + DU w/Bpin is a fixed constant.

Motivated by the above lemma, we define the set of pacing functions that will allow us to use
our fixed-point argument. Define Xy = {u € X | V(u, ®) < Vy} to be the subset of pacing functions
with variation at most Vp. Note that £# € Xo. Define Cj : Xo =3 Xp as Cj(u) = argminﬁexo fu, )
for all 4 € Xp. We now state the properties satisfied by Xj that make it compatible with the

Kakutani-Fan-Glicksberg fixed-point theorem.

Lemma 14. The following statements hold:
1. Xy is non-empty, compact and convex as a subset of L(0©).

2. f: Xy x Xy — Ris continuous when Xy X Xy is endowed with the product topology.

3. Cy = Xo 3 Xo is upper hemi-continuous with non-empty, convex and compact values.

Finally, with the above lemma in place, we can apply the Kakutani-Fan-Glicksberg theorem to
establish the existence of a u € Xp such that u € C;j(Xp). The following lemma completes the
proof of Proposition 7 by showing that the fixed point is also almost surely optimal for each type.

It follows from the fact that for u € Xy that satisfy u € Cj(u), we have £# € Cy(u).

Lemma 15. If u € Cy(p) = argmingy, f(u, ), then p(w, B) is almost surely optimal for each

type, i.e., u(w, B) € argmin,e[o,w/Bmin] q’(w, B,t) a.s. wrt. (w,B) ~ G.

As mentioned earlier, Proposition 7, combined with Proposition 6, implies Theorem 8.

4.3 Standard Auctions and Revenue Equivalence

In this section, we move beyond first-price auctions and generalize our results to anonymous
standard auctions with reserve prices. An auction A = (Q, M), with allocation rule Q@ : R], —
[0,1]", payment rule M : RT ) — RY ) and reserve price r, is called an anonymous standard auction

if the following conditions are satisfied:
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* Highest bidder wins. When the buyers bid (b, ..., b,), the allocation received by buyer i is
given by Q;(by,...,b,) =1(b; > r,b; > b; Vj € [n]), forall i € [n].

* Anonymity. The payments made by a buyer do not depend on the identity of the buyer. More
formally, if the buyers bid (b1, ..., b,), then for any permutation  of [n] and buyer i € [n],
we have M;(bi1,...,b,) = Mziy(br1), ..., brw)), 1.€., the payment made by the ith buyer
before the bids are permuted equals the payment made by the bidder 7 (i) after the bids have

been permuted.

As in our definition of SFPE, we are using an infeasible tie-breaking rule which allocates the
entire good to every highest bidder. As with SFPE, ties are a zero-probability event under our
value-pacing-based equilibria, and our results hold for arbitrary tie-breaking rules.

For consistency of notation, we will modify the above notation slightly to better match the one
used in previous sections. Exploiting the anonymity of auction A, we will denote the payment
made by a buyer who bids b, when the other 7 — 1 buyers bid {b;}"~!, by M (b, (b ;?:—11), ie., we
use the first argument for the bid of the buyer under consideration and the other arguments for the
competitors’ bids. Also, as the reserve price completely determines the allocation rule of a standard
auction, in the rest of the section, we will omit the allocation rule while discussing anonymous
standard auctions and represent them as a tuple A = (r, M) of reserve price and payment rule.

To avoid delving into the inner workings of the auction, we assume the existence of an oracle
that takes as an input an atomless distribution H over [0, w] and outputs a bidding strategy y* :

[0, w] — R satisfying the following properties:

1. The strategy ™ is a single-auction equilibrium for the auction A when the values are drawn

ii.d. from H,i.e.,
™ (x) € argmaxyo By, | ¢ 1{b > max(r, (™ (X0} - M (b, ™ X)) |

2. The strategy ¥ ”!(x) is non-decreasing in x, and ¥*(x) > r if and only if x > r.
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3. The payoff for a bidder who has zero value for the object is zero at the single-auction equi-

librium.
4. The distribution of z//w(x), when x ~ H, is atomless.

Our results will produce a pacing-based equilibrium bidding strategy for budget-constrained buyers
by invoking ¢* as a black box. To make the discussion more concrete, let A to be a second-price
auction with reserve price r. For a given atomless distribution 7, define ¢*(v) = v to be the
truthful bidding strategy. Then, y* is a single-auction equilibrium because bidding truthfully is
a dominant strategy in second-price auctions. Moreover, ¥’ is non-decreasing, y’{(x) > r if
and only if x > r, a bidder with zero value bids zero to attain a payoff of zero, and finally the
distribution of y(x) when x ~ H is simply %, which is atomless. Thus, second-price auctions
with reserve prices satisfy the above assumptions.

In our analysis, we allow the seller to condition on the feature vector and choose a different
mechanism for each context a € A. Let {A, = (r(a), My)}qeca be a family of anonymous standard
auctions such that @ — r(a) is measurable. Moreover, suppose that for any measurable bidding
function @ — b(a) and any collection of measurable competing bidding functions a — b;(a) for
i € [n—1], the payment function & — M, (b(a), {bi(a)}?z‘ll) is also measurable. Below, we define

the equilibrium notion for the family {A, },e4 of anonymous standard auctions.

Definition 6. A strategy f* : ® X A — R is called a Symmetric Equilibrium for the family
of standard auctions {Ay}eea, if B5(w, B, @) (as a function of a) is an optimal solution to the
following optimization problem almost surely w.r.t. (w, B) ~ G.
T * *
ymax By [w'a 1{b(@) 2 max(r(@), {B'(6. )})} = Ma (b(@). {B"(wi. Bi a)}i)]

S.t. Ea/a{ei}?:_ll [Ma/ (b(a'), {B*(Wi’ Bia a/)}l)] < B.

Observe that the above definition reduces to Definition 3 if we take {A, }4eca to be the set of

first-price auctions with reserve price r(«). Next, we show that the equilibrium existence and char-
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acterization results of the previous sections apply to all standard auctions that satisfy the required
assumptions. To do this, we first need to define value-pacing strategies for anonymous standard
auctions. These are a natural generalization of the value-pacing-based strategies used for first-price
auctions.

Recall that, for a pacing function u : ® — Ry and a € A, A%, denotes the distribution of paced
values for item «, and H’, denotes the distribution of the highest value for @, among n — 1 buyers.
For ease of notation, we will use /5 to denote the single-auction equilibrium strategy for auction
A, when values are drawn from H = A%, or more formally ¥/, := wg’é. For a pacing function

u:0—Rso, (w,B)e®anda € A, define

T

o w'a
YH(w, B, @) = Yy (—1 +,Lt(W,B)) , 4.1)

to be our candidate equilibrium strategy. This strategy is well-defined because, by Lemma 34, A,
is atom-less almost surely w.r.t. @. As before, the bid W#(w, B, @) is the amount a non-budget-
constrained buyer with type (w, B) would bid on item « if her paced value was her true value,
when competitors are pacing their values accordingly. In other words, bidders in the proposed
equilibrium first pace their values, and then bid according to the single-auction equilibrium of
auction A, in which competitors’ values are also paced.

With the definition of value-pacing-based strategies in place, we can now state the main result
of this section. Recall that, Cj : Xo = Xp is given by Cj(u) = arg mingey, f(u, ) for all u € Xo,

where f is the expected dual function in the case of a first-price auction, as defined in Section 4.2.3.

Theorem 9 (Revenue and Pacing Equivalence). For any pacing function u € Xy such that u €
Cy(w) is an equilibrium pacing function for first-price auctions, the value-pacing-based strategy
Y O X A — Ryg is a Symmetric Equilibrium for the family of auctions {Ay }aeca. Moreover,
the expected payment made by buyer 0 under this equilibrium strategy is equal to the expected

payment made by buyer 6 in first-price auctions under the equilibrium strategy " : @ X A — R,
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lLe.,

Eq oy [Ma (90, @), {¥¥(6;, )})]

=B, @yt 1840, @) T{F*(6, @) > max(r(@), {B"(6;, )})}]

The key step in the proof involves showing that the dual of the budget-constrained utility-
optimization problem faced by a buyer is identical for all standard auctions, when the other buyers
use the equilibrium strategy W* of the standard auction under consideration. To establish this
key step, we exploit the separable structure of the Lagrangian optimization problem and apply
the known utility equivalence result for standard auctions in the single-auction i.i.d. setting, once
for each item @ € A. Then, we establish the analogue of Proposition 6 for standard auctions.
Combining this with u € Cj(u) yields Theorem 9.

Our revenue equivalence relies on three critical assumptions: risk-neutrality, independence
of weight vectors, and symmetry. As in the classical setting, revenue equivalence would fail if
buyers are risk averse (see, e.g., [Kri09]). We emphasize that, in contrast to the classical revenue

equivalence result, buyers’ values w’

a are not independent. Our result does require that weight
vectors are independent across buyers. Buyers in our model are ex-ante homogeneous since buyer
types are drawn from the same population. We remark, however, that buyers are heterogenous
in the interim sense: the buyers competing in an auction can have different budgets and weight
vectors. Revenue equivalence would fail is buyers are ex-ante heterogenous, i.e., if competitors are
drawn from different populations.

Before ending this section, we state some important implications of Theorem 9. If the pacing
function u allows the buyers to satisfy their budget constraints in some standard auction, then the
same pacing function u allows the buyers to satisfy their budgets in every other standard auction.
In other words, the equilibrium pacing functions are the same for all standard auctions. This means

that in order to calculate an equilibrium pacing function u that satisfies u € Cj(w), it suffices to

compute it for any standard auction (in particular, one could consider a second-price auction for
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which bidding truthfully is a dominant-strategy equilibrium in the absence of budget constraints).
This fact is especially pertinent in view of the recent shift in auction format used for selling display
ads from second-price auctions to first-price auctions, because it states that, in equilibrium, the
buyers can use the same pacing function even after the change. Moreover, the same pacing function
continues to work even if the family {{A, }qca 1s an arbitrary collection of first-price and second-
price auctions (or any other combination of standard auctions), i.e., Theorem 9 states that, not
only can one pacing function be used to manage budgets in first-price and second-price auctions,
the same pacing function also works in the intermediate transitions stages, in which buyers may
potentially participate in some mixture of these auctions.

Another important takeaway is that all standard auctions with the same allocation rule yield the
same revenue to the seller. We remark, however, that the revenue of the seller does depend on the
allocation, and the seller could thus maximize her revenue by optimizing over the reserve prices.
We leave the question of optimizing the auction design as a future research direction.

The revenue-equivalence in the presence of in-expectation budget constraints is driven by the
invariance of the pacing function over all standard auctions and the classical revenue equivalence
result for the unconstrained i.i.d. setting, which shows that—on average—payments are the same
across standard auctions. While revenue equivalence is known to hold for standard auctions with-
out budget constraints, [CG98] showed that, when budget constraints are hard, first-price auctions
lead to higher revenue than second-price auctions. The intuition for their result is that because
bids are higher in second-price auctions than first-price auctions, hard budget constraints are more
likely to bind in the former, which reduces the seller’s revenue. Surprisingly, Theorem 9 shows
that when budgets constraints are in expectation (and values are feature-based), we recover revenue
equivalence. To better understand the difference between the two types of constraints, consider the

following example:

Example 2. Consider two buyers with values drawn uniformly from the unit interval [0, 1]. More-
over, let the budget of the buyer with value v be given by 0.5 + ev for some small € > 0. First,

observe that, in the absence of budget constraints, bidding truthfully is a dominant strategy in a
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second-price auction and bidding half of one’s value is a Bayes-Nash equilibrium in a first-price
auction. Moreover, from the standard revenue-equivalence result, a buyer with value x spends x* /2
in expectation over the other buyer’s type in both auctions. Now, since this expected expenditure is
less than 1/2 for all types, the in-expectation budget constraints are non-binding and the equilibria
remain unchanged even when in-expectation budget constraints are imposed. On the other hand,
consider the case when the budget constraints are hard. The first-price auction equilibrium re-
mains unchanged because every buyer type bids less than 0.5, so the constraint is always satisfied.
But, for second-price auction, this is not the case: With hard budget constraints, the equilibrium
strategy for the buyers is to bid the minimum of their value and budget, thereby leading to lower

revenue compared to the truthful-bidding equilibrium.

We conclude this section with a discussion of extensions and alternative models. Firstly, even
though we only consider anonymous standard auctions in this work, our equilibrium existence and
revenue equivalence results can be extended to other anonymous allocation rules Q which (i) admit
an oracle that outputs an equilibrium bidding strategy for traditional i.i.d. setting and satisfies
properties (1)-(4) listed at the beginning of this section, (ii) lead to continuous non-decreasing
interim-allocation rules for every buyer-item pair when other buyers follow a value-pacing-based
strategy analogous to the one defined in equation (4.1). Secondly, the argument developed in the
section also implies the existence of value-pacing-based equilibria and revenue equivalence for
standard auctions in the symmetric special case of the models studied in [BBW15] and [Bal+21],
which consider buyers with ex-ante budget constraints that hold in expectation over a buyer’s own

value and the values of others (see Appendix C.3.1 for a detailed description).

4.4 Worst-Case Efficiency Guarantees

In this section, we use our framework to characterize the Price of Anarchy, i.e., the worst-
case ratio of the efficiency of a pacing equilibrium relative to the efficiency of the best possible
allocation. We measure efficiency of an allocation using the notion of liguid welfare introduced

by [DL14], which captures the maximum revenue that can be extracted by a seller who knows
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the values in advance. We use liquid welfare as a measure of efficiency instead of social welfare
because the latter can have arbitrarily small Price of Anarchy (see Appendix C.4 for an example).
Throughout this section, we assume that the reserve price is zero for each item, i.e., (@) = 0 for
all @ € A.

We begin by defining the appropriate notion of liquid welfare of an allocation for our model
motivated by the original definition of [DL14]. Here, an allocation simply refers to a measurable
function x : A X ©@" — A", where A" = {y € R} | ZLI yx = 1} is the n-simplex, and x;(a, 5)
denotes the fraction of the item « allocated to buyer i when the buyer types are given by the profile
6 = (01, ...,0,). In our setting, the liquid welfare of a buyer is equal to the minimum of the value

obtained by the buyer from the allocation and her budget.

Definition 7. For an allocation x : A X @" — A", we define its liquid welfare as

n
LW(x) = > Eg, [min {Eq,_ [w] @ - xi(a, 6;,0-)], B;}] .
i=1

Next, we define Price of Anarchy with respect to liquid welfare for pacing-based equilibria. Our
definition is an instantiation of the general definition of Price of Anarchy introduced in [KP99].
Before proceeding with the definition, it is worth noting an important consequence of our revenue
equivalence result (Theorem 9): Given an equilibrium pacing function y, i.e., a fixed point of C,
the allocation under the equilibrium parameterized by w is the same for all standard auctions. Thus,
the equilibrium allocation is determined by the pacing function and is independent of the pricing
rule of the standard auction, which is reflected in the following definition. For an equilibrium
pacing function u, we use x* to denote the allocation under the equilibrium parameterized by u;

again, this allocation is the same for all standard auctions without reserve prices.

Definition 8. The Price of Anarchy (PoA) of pacing-based equilibria (for all standard auctions) is

defined as the ratio of the worst-case liquid welfare across all pacing equilibria, and the optimal
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liquid welfare

infﬂzﬂecg(lu) LW(Xﬂ)

PoA =
sup, LW(x)

where the supremum in the denominator is taken over all measurable allocations x.

Since the PoA of pacing-based equilibria does not depend on the payment rule, we can work
with the most convenient standard auction to prove a lower bound on the PoA, which in this case
happens to be the second-price auction. [Aza+17] study the PoA of pure-strategy Nash equilibria
of second-price auctions in a non-Bayesian multi-item setting with budgets, and provide a lower
bound of 1/2 for it. Unfortunately, their result hinges on the “no over-budgeting" assumption that
requires the sum of equilibrium bids to be bounded above by the budget, which need not hold
for pacing-based equilibria, thereby necessitating new proof ideas. Moreover, their bound may be
vacuous for some parameter values because a pure-strategy Nash equilibrium is not guaranteed to
exist in their setting. To get around this, they study mixed-strategy and Bayes-Nash equilibria, and
bound their PoA, but the lower bound they obtain for these equilibria is much worse (less than
0.02). Our model does not suffer from the problem of existence: a pure-strategy pacing-based
equilibrium is always guaranteed to exist (Theorem 8). This makes the following lower bound on

the PoA, which provides a worst-case guarantee of 1/2, more appealing.

Theorem 10. The PoA of pacing-based equilibria of any standard auction is greater or equal to

1/2.

The proof, which is in Appendix C.4, leverages the complementary slackness condition of
pacing-based equilibria to bound the PoA. Interestingly, our proof does not use a hypothetical
deviation to another bidding strategy, a technique commonly found in PoA bounds (see [RST17]

for a survey); and thus may be of independent interest.
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4.5 Structural Properties

In this section, we will show that pacing-based equilibria satisfy certain monotonicity and
geometric properties related to the space of value vectors. It is worth noting that, in light of the
revenue equivalence result of the preceding section, the properties established in this section hold
for pacing equilibria of all standard auctions. As in Section 4.4, we will assume that the reserve
price for each item is zero, i.e., r(a) = 0 for all @ € A. Without this assumption, similar results
hold, but they become less intuitively appealing and harder to state. Moreover, we will also assume
that the support of G, denoted by §(G), is a convex compact subset of R+, This assumption is
made to avoid having to specify conditions on the pacing multipliers of types with probability zero
of occurring. Moreover, we consider a pacing function p : ® — [0, w/Bnin] such that u(w, B) is
the unique optimal solution for the dual minimization problem for each (w, B) in the support of G,
re., u(w,B) = argmin,e[ogw/Bmm] g’ (w, B, t) for all (w, B) € 6(G). We remark that we are assuming
that the best response is unique rather than the equilibrium being unique. The former can be shown
to hold under fairly general conditions.

First, in Lemma 12 we showed that the pacing function associated with an SFPE is monotone
in the buyer type. In particular, when the best response is unique, this result implies that u(w, B)
is non-decreasing in each component of the weight vector w and non-increasing in the budget
B. Intuitively, if the budget decreases, a buyer needs to shade bids more aggressively to meet her
constraints. Alternatively, when the weight vector increases, the advertiser’s paced values increase,
which would result in more auctions won and higher payments. Therefore, to meet her constraints
the advertiser would need to respond by shading bids more aggressively. Furthermore, when the
best response is unique, it can also be shown that y is continuous (see Lemma 42 in the appendix).

The next theorem further elucidates the structure imposed on u by virtue of it corresponding to
the optima of the family of dual optimization problems parameterized by (w, B). In what follows,
we will refer to a buyer (w, B) with u(w, B) = 0 as an unpaced buyer, and call her a paced buyer

otherwise.
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Proposition 8. Consider a unit vector w € RY and budget B > 0 such that w/||w||= W, for some
(w, B) € 8(G). Then, the following statements hold,
1. Paced buyers with budget B and weight vectors lying along the same unit vector w have
identical paced feature vectors in equilibrium. Specifically, if (wy, B), (w2, B) € 6(G), with
wi/llwill= wo/llwall= W and p(wi, B), u(wa, B) > 0, then wi/(1 + p(w1, B)) = wa/(1 +

1wz, B)).

2. Suppose there exists an unpaced buyer (w, B) € §(G) with w/||lw||= W and u(w, B) = 0. Let
wo = argmax{||w||| w € RY; u(w,B) = 0 and w/||w||= W} be the largest unpaced weight
vector along the direction w. Then, all paced weight vectors get paced down to wy, i.e.,

w/(1 + u(w, B)) = wo for all w € 6(G) with w/||w||= W and u(w, B) > 0.

In combination with complementary slackness, the first part states that, in equilibrium, buyers
who have the same budget, have positive pacing multipliers, and have feature vectors which are
scalar multiples of each other, get paced down to the same type at which they exactly spend their
budget. In other words, scaling up the feature vector of a budget-constrained buyer, while keeping
her budget the same, does not affect the equilibrium outcome. The second case of Proposition 8
addresses the directions of buyers that have a mixture of paced and unpaced buyers. In this case,
there is a critical buyer type who exactly spends her budget when unpaced, and all buyer types that
have weight vectors with larger norm (but the same budget) get paced down to this critical buyer
type, i.e., their paced weight vector equals the critical buyer type’s weight vector in equilibrium.
The buyer types which have a smaller norm are unpaced.

Our non-atomic model also allows us to answer the following question: Keeping the competi-
tion fixed, how should an advertiser modify her targeting criteria or ad (as captured by the weight
vector) in order to maximize her utility? This result is especially important for online display ad
auctions, where the weight vector is estimated with the goal of predicting the click-through-rate
(CTR) and advertisers routinely modify their ads to attract more clicks. The following theorem
states that the gradient w.r.t. the weight vector of the equilibrium utility of a buyer with type

(w, B) is given by the expected feature vector that she wins in equilibrium. This is because strong
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duality (Proposition 6) implies that the utility of every buyer type is given by the optimal dual
value g*(w, B, u(w, B)). From a practical perspective, an advertiser should focus on improving
the weights of those features which have the largest average among the contexts won. It is worth

noting that these quantities can be easily computed using data available to an advertiser.

Proposition 9. Assume that A is compact. Let u : ® — Ryq be an equilibrium pacing function,
i.e., u:0O — Ryg such that u(w, B) € argmin,, g*(w, B, t) almost surely w.r.t. (w, B) ~ G. Then,

forall (w, B) € ©, we have V,,q*(w, B, u(w, B)) = Ea7{9i}{1——11 [a 1 {B*((w, B),@) = B*(0;, a); Vi}].

4.6 Analytical Example and Numerical Experiments

In this section, we illustrate our theory by providing a stylized example in which we can de-
termine the equilibrium bidding strategies in closed form, and then conduct some numerical ex-
periments to verify our theoretical results. The purpose of the analytical example is to confirm our
structural results and also help validate that our numerical procedures converge to an approximate

version of the equilibrium strategies proposed in this chapter.

4.6.1 Analytical Example

We provide an instructive (albeit stylized) example with two-dimensional feature vectors to
illustrate the structural property described in Section 4.5. For 1 < a < b, define the set of buyer

types as (see the blue region in Figure 4.1 for a visualization of this set)

Miwll—wy —
® = {(w,B)ERiOXRJraSIIwIIS b, B= ”W”ﬂHV:Vl” Wz}

In this example weight vectors lie in the intersection of a disk with the non-negative quadrant.
Observe that all buyer types whose weight vectors are co-linear (i.e., they lie along the same unit
vector) have identical budgets. Let the number of buyers in the auction be n = 2. Moreover, define
the set of item types as the two standard basis vectors A := {ej, e»}. Finally, let G (distribution

over buyer types) and F (distribution over item types) be the uniform distribution on ® and A
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respectively. Since A is discrete and F' does not have a density, this example does not satisfy the
assumptions we made in our model. Nonetheless, in the next claim, we show that not only does a
pacing equilibrium exists, but we can also state it in closed form. The proof of the claim can be

found in Appendix C.6.

Claim 1. The pacing functions u : ® — R defined as u(w, B) = ||w||-1, for all (w, B) € O, is an

equilibrium, i.e., ¥, as given in Definition 3, is a SFPE.

Since H%(-) is a strictly increasing function for all @ € A, it is easy to check that u(w, B) is the

unique optimal to the dual optimization problem min;e(o ,/5,,,]1 9(1, W, B, t) for all (w, B) € 6(G).

min]
Therefore, this example falls under the purview of part 1 of Proposition 8. As expected, conforming
to Proposition 8, the buyers whose weight vectors are co-linear get paced down to the same point

on the unit arc, as shown in Figure 4.1.

4.6.2 Numerical Experiments

We now describe the simulation-based experiments we conducted to verify our theoretical re-
sults. As is necessitated by computer simulations, we studied a discretized version of our problem
in these experiments. More precisely, in our experiments, we used discrete approximations to the
buyer type distribution G and the item type distribution F'. Moreover, for all item types @, we set
the reserve price r(a) = 0. One of the primary objectives of our simulations is to demonstrate that,
despite the discretization, a buyer type can obtain her optimal bidding strategy by finding the opti-
mal solution to the dual problem, as our theory suggests. In other words, to compute an equilibrium
it suffices to best-respond in the dual space which has the advantage of being much simpler than
the primal space. To do so, for each discretized instance, we run best-response dynamics in the
dual space by iterating over buyer types; computing each buyer type’s optimal dual solution while
keeping everyone else’s pacing-based strategy fixed and then using this optimal dual solution to
determine her pacing-based bidding strategy. This approach is not guaranteed to converge. In fact,
due to the discretization, strong duality may fail to hold and a pure strategy equilibrium may not

even exist. Nevertheless, despite the lack of theoretical guarantees, our experiments demonstrate
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that our analytical results and the dual best-response algorithm they inspire continue to work well
in discrete settings.

As a first step, and to validate our best-response dynamics, we ran the algorithm on the discrete
approximation of the example discussed in Subsection 4.6.1, for which we had already analytically
determined a pacing equilibrium in Claim 1. The problem was discretized by picking 320 points
lying in the set of buyer types © defined in Subsection 4.6.1. In Figure 4.1, we provide plots for the
case when a = 2, b = 3. We see that the theoretical predictions from Claim 1 are replicated almost
exactly by the solution computed by best-response iteration on the discretized problem. Moreover,

co-linear buyer types converge to the same paced type vector, thereby validating Proposition 8.

3.0 A“‘AAAAAA A Unpaced

2.5
2.0 1
1.5
1.0

0.5

0.0 1

OjO OI.S 110 1j5 210 2j5 310
0 1 2 3

Figure 4.1: The example from Section 4.6.1 with a = 2,b = 3. The unpaced and paced buyer
weight vectors are uniformly distributed in the gray (triangle) and black (circle) region, respec-
tively. Each plot shows the distribution of two-dimensional buyer weight vectors. The weight
vectors before pacing are depicted in gray (triangles) and the paced weight vectors are depicted in
black (circles). The left plot shows the theoretical results of Subsection 4.6.1. In the left plot, the
buyer weight vectors lying on the dotted line get paced down to the point. The right plot shows the
results of best-response iteration on the corresponding discretized problem.

We conducted experiments to verify the structural properties described in Proposition 8. Here
we consider instances with n = 3 buyers per auction, d = 2 features, the buyer type distribution G
given by the uniform distribution on (1, 2) X (1,2)x {0.6} and the item type distribution F given by
the uniform distribution on the one-dimensional simplex {(x, y) | x,y > 0; x+y = 1}. These were
discretized taking a uniform grid with 10 points along each dimension. The results are portrayed
in Figure 4.2.

The structural properties discussed in Proposition 8 are clearly evident in Figure 4.2. In this
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Figure 4.2: The left plot depicts how the multiplicative shading factor 1/(1 + u(w, B)) varies with
buyer weight vector w (budget B = 0.6 is the same for every buyer type). On the right, we plot the
paced weight vectors of the buyer types.

scenario, the buyer types are uniformly distributed on (1, 2) X (1,2) x {0.6} and, as a consequence,
all buyers have identical budgets equal to 0.6. At equilibrium, it can be seen that the co-linear
buyer types (i.e., buyers whose weight vectors w are co-linear) who have a positive multiplier get
paced down to the critical buyer type who exactly spends her budget. Moreover, at equilibrium, the
boundary that separates the paced buyer types from the unpaced buyer types—the curve in which
the critical buyer types lie—can be clearly observed in the left-hand plot in Figure 4.2. Finally, we
constructed random discrete instances by uniformly sampling 50 buyer weight vectors and 20 item
feature vectors from the square (1, 2) X (1, 2), and setting the number of buyers to be N = 3 and the
budget of all buyer types to be B = 2. We found that our dual-based dynamics always converged
within 250 iterations to pacing-based bidding strategies which on average were within 2.5% of the

utility-maximizing budget feasible bidding strategy.

4.7 Conclusion

This chapter introduces a natural contextual valuation model and characterizes the equilibrium
bidding behavior of budget-constrained buyers in first-price auctions in this model. We extend
this result to other standard auctions and establish revenue equivalence among them. Due to the
extensive focus on second-price auctions, previous works endorse bid-pacing as the framework of
choice for budget management in the presence of strategic buyers. Our results suggest that value-

pacing, which coincides with bid-pacing in second-price auctions, is an appropriate framework to
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manage budgets across all standard auctions.

An important open question we leave unanswered is that of optimizing the reserve prices to
maximize seller revenue under equilibrium bidding. In general, optimizing under equilibrium con-
straints is usually challenging, so it is interesting to explore whether our model possesses additional
structure that allows for tractability. Another related question is that of characterizing the revenue-
optimal mechanism for our model. Our contextual-value model can capture multi-item auctions
with additive valuations as a special case (by interpreting each context as a different item), which
is a notoriously hard setting for revenue maximization, even in the absence of budget constraints.
Investigating dynamics in first-price auctions with strategic budget-constrained buyers is another
interesting open direction worth exploring. We also leave open the question of efficient computa-
tion of the pacing-based equilibria discussed in this chapter. Addressing this question will likely
require choosing a suitable method of discretization and tie-breaking, without which equilibrium
existence may not be guaranteed (see, e.g., [Con+18; Bab+20]). Finally, another interesting re-
search direction is to develop conditions that guarantee uniqueness of an equilibrium. In light of
recent results by [Con+18], we conjecture that, without further assumptions, the equilibrium would

generally not be unique.

104



Chapter 5: Complexity of Pacing for Second-Price Auctions

Based on the publication [CKK23] co-authored with Xi Chen and Christian Kroer.

In this chapter, we analyze equilibria of pacing-based budget management systems from a
computational perspective. In Section 5.2, we first show that the problem of finding an approximate
pacing equilibrium is PPAD-hard. Our notion of approximation relaxes the definition of (exact)
pacing equilibria in two ways: (i) buyers who bid close to (but not necessarily exactly equal to)
the highest bid may also win fractions of an item; (ii) each buyer either spends most of her budget,
or her pacing multiplier is close to one. We use two parameters 6 and vy to capture these two
relaxations quantitatively and such a solution is called a (6, y)-approximate pacing equilibrium

(see Definition 10).

Theorem 11. For any constant ¢ > 0, finding a (6, y)-approximate pacing equilibrium in a second-

price pacing game with n players is PPAD-hard when 6 =y = 1/n°.

Next, in Section 5.3, we first prove that finding a pacing equilibrium is in PPAD. In particular,
this implies that, when values and budgets of buyers are rational in the game, there always exists
a pacing equilibrium in which every entry is rational and can be written using polynomially many
bits. (In contrast, the existence proof of [Con+18] uses a convergence argument, from which it is

not clear whether an equilibrium with rational entries always exists.)
Theorem 12. Finding a pacing equilibrium in a second-price pacing game is in PPAD.

Note that, by virtue of being a relaxation, finding an approximate pacing equilibrium is in
PPAD as a direct consequence of Theorem 12. Similarly, the PPAD-hardness of finding an exact

pacing equilibrium follows from Theorem 11.
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5.1 Model

We start with the definition of Second-price Pacing Games. In a Second-price Pacing Game
(SPP game as a shorthand) G = (n,m, (v;;), (B;)), there are n buyers and m (indivisible) goods.
Each good is sold through independent (single slot) second-price auctions. We use v;; > 0, i € [n]
and j € [m], to denote the value of good j to buyer i, and B; > 0 to denote the budget of buyer i.
We will require (1) for each j € [m], v;; > 0 for some i € [n], and (2) for each i € [n], v;; > 0
for some j € [m]. Each buyer i plays the game by picking a pacing multiplier a; € [0, 1] and then
bidding @;v;; on good j for each j € [m].

To finish describing the game, one approach is to specify a tie-breaking rule: a rule that de-
termines the probabilities with which a good is allocated among the highest bidders. However,
[Con+18] showed that the choice of tie-breaking rule affects equilibrium existence. This motivated
them to introduce an equilibrium notion called the pacing equilibrium, which is not concerned with
any specific tie-breaking rule, but instead includes the probability distribution used to allocate each
good as part of the equilibrium (see Definition 9). We will take a similar approach and work with
pacing equilibrium, focusing on its computational aspects. It is worth pointing out that this only
makes our hardness results stronger because they apply to any tie-breaking rule (such as the one
used by [Bor+07], which works via random perturbations; see Section 5.2.3 for a detailed discus-
sion of the implications of our hardness results).

With slight abuse of notation, we will write x;; > 0 to denote the fraction of good j allocated
to buyer i, which, in our indivisible goods regime, should be interpreted to mean the probability of
allocating good j to buyer i. Therefore, the allocation should always satisfy > ;e[ x;; < 1 for all
J € [m]. In addition, only buyers i with the highest bid for good j can have x;; > 0 and they pay
for good j under the second-price rule.

Formally, when buyers use pacing multipliers a = (ay, ..., a,), we let hj(a) = max;c[,) @;v;;
denote the highest bid on good j and p ;(a) denote the second highest bid on good j, i.e., p (@) is

the second largest element among @ vy, ..., @,Vv,; (in particular, p ;(a) = hj(a) when there is a tie
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for the highest bid). Only buyers who bid /(@) can purchase (fractions of) good j under the price
pj(@). Thus, under an allocation x = (x;;), the total payment of buyer i is given by 3 ;e Xijp (@),
which should not exceed the budget B; of buyer i.

Next, we define the notion of pacing equilibria [Con+18] of SPP games. A pacing equilibrium
consists of a tuple of pacing multipliers @ = (;) and an allocation x = (x;;) of goods that satisfy
the two conditions described above (i.e., only buyers with the highest bid can be allocated a good
and their budgets are satisfied, as captured in (a) and (c) below). In addition, we require (b) the full
allocation of any good with a positive bid and (d) that there is no unnecessary pacing: if a buyer i
does not spend her whole budget, then her pacing multiplier should be one. Intuitively, this makes
sense because if her budget is not binding, then she should participate as if each auction is a regular

second-price auction.

Definition 9 (Pacing Equilibria). Given an SPP game G = (n,m, (v;;), (B;)), we say (a,x) with

a = (a;) € [0,1]", x = (x;5) € [0, 1]"" and 3 ;e xij < 1 for all j € [m] is a pacing equilibrium if
(a) Only buyers with the highest bid win the good: x;; > 0 implies a;v;; = hj(a).
(b) Full allocation of each good with a positive bid: hj(a) > 0 implies 3 jc[n Xij = 1.
(c) Budgets are satisfied: 3. jcim) Xijpj(@) < B;.
(d) No unnecessary pacing: ¥ jcim) XijpPj(@) < B; implies a; = 1.

We will work with an approximate version of pacing equilibria in both of our PPAD-hardness
and PPAD-membership results. In an approximate pacing equilibrium, we make two relaxations

on (b) and (d); the two parameters used to capture these two relaxations are ¢ and vy, respectively.

Definition 10 (Approximate Pacing Equilibria). Given an SPP game G = (n,m, (v;;),(B;)) and
parameters 0,y € [0, 1), we say (a, x), with @ = (a;) € [0, 11", x = (x;;) € [0, 11" and X e[ Xij <

1 forall j € [m], is a (6, y)-approximate pacing equilibrium of G if
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(a) Only buyers close to the highest bid win the good: x;; > 0 implies a;v;; > (1 — 0)hj(a).
(b) Full allocation of each good with a positive bid: hj(a) > 0 implies 3 jcn Xij = 1.

(c) Budgets are satisfied: 3. jcim Xijpj(a) < B,.

(d) Not too much unnecessary pacing: 3 jeim) Xijpj(@) < (1 —y)B; implies a; > 1 — .

For convenience we will write (0, y)-approximate PE to denote (9, y)-approximate pacing equi-
librium, and write y-approximate PE to denote (0, y)-approximate PE. It is clear from the definition

that when 6 = y = 0, (9, v)-approximate PE captures the exact pacing equilibria of a SPP game.

Remark 7. We can incorporate reserve prices in our model. Definition 9 can be extended in a
natural way to model the presence of reserve prices (see Definition 20). All our results continue to

hold with this extension. We refer the reader to Appendix D.3 for a full discussion.

5.1.1 Connections to Dynamics, Best Response and Nash Equilibrium

Before moving on to our results, we motivate the definition of pacing equilibrium by connecting
it more concretely to practice and previous work. Consider a collection of n buyers that participate
repeatedly in 7" second-price auctions. For each auction ¢ € [T'], the good to be sold is drawn from
a collection of m possible goods, with good j being selected with probability d; > 0. Moreover,
suppose the value v; ; that buyer i has for good j is given by ¢;v;;/d; for some v;; > 0, where
€;; 18 drawn independently for each buyer-good pair from some continuous distribution supported
over [1 — 6, 1]. The ¢;; component of the value can also be thought of as a perturbation that arises
from errors in estimating the click-through-rate (probability of a click) which is a crucial factor in
determining the value of an advertiser in internet advertising. Finally, let B} denote the budget of
buyer i, which is the maximum amount she is willing to spend over all 7" auctions.

[BG19] prove that, if we fix the bidding strategy of the other buyers, then it is optimal for a
buyer to use pacing-based strategy to bid. The optimal pacing-based algorithm of [BG19] itera-

tively updates the pacing multiplier and satisfies the following properties: (i) If the buyer spends
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less than her per-period budget B; = B//T in an iteration, her pacing multiplier is increased, and if
the payment is greater than her per-period budget, then the multiplier is decreased; (ii) The pacing
multiplier is constrained to belong to [0, 1] because bidding more than the value leads to negative
utility. These properties are also satisfied by the algorithm proposed by [Bor+07] and forms the
basis of pacing algorithms used in practice which aim to smooth the expenditure of a buyer by
evenly spending the budget over all auctions, i.e., aim to spend the per-period budget in each pe-
riod if possible. If all of the buyers use an algorithm that satisfies these properties, the system can
only stabilize when all of the buyers satisfy the no-unnecessary-pacing condition.

The no-unnecessary-pacing condition and the optimality of pacing stem from strong duality,
as argued in [BBW15] and [BG19]. We provide a brief overview of their argument here. When
T is large and B, = O(T), as is the case in online advertising, concentration arguments kick in
and the problem of repeatedly bidding in 7" auctions can be interpreted as repeatedly bidding in the
following single-shot game: Each buyer wishes to maximize her expected utility (value — payment)
while keeping her expenditure below B; = B’/T in expectation over the randomness in the values
(see [BBW15; BG19] for more details). This single-shot game captures the crux of the problem
and its variants have been extensively studied in the literature [BBW15; Bal+21; Bab+20]. In fact,
[BG19] show that, under some fairly stringent assumptions, their algorithm efficiently converges
to an approximate pacing equilibrium of this single-shot game when all of the buyers employ it.
But, these assumptions require independence of values across buyers and strong monotonicity of
payments as a function of the pacing multipliers, both of which are unlikely to hold in practice.
As we show in this chapter, if PPAD # P, then the convergence can no longer be efficient in
the absence of these assumptions. In the rest of this subsection, we will restrict our focus to this
single-shot game and connect it to SPP games and pacing equilibria.

Fix buyer i and let f; denote the highest bid from buyers other than i on good j. Then, the

optimization problem faced by buyer i in the single-shot game is given by

m
mx 2% By | = 1LV 2 f)
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where b(j,-) denotes the bidding strategy of buyer i for good j. Assume that the distribution of
fj conditioned on v} ; (value of buyer i for good j) is continuous. Then, using the strong-duality
argument of Chapter 4, it can be shown that strong duality holds, where the dual problem is given

by

min ;- B+ max 3 d; By, |6 = L+ ) LU V) 2 1))
i= j=1

J=1

. n v:] . ’
=2g(l)ﬂi -B+(1 +,u,-)m1?x2dj By g, [(1 i f]) 106G, vi)) = fj)

Therefore, if u > 0 is the optimal dual solution, then an optimal bidding strategy for buyer
iis b(J, v;j) = v;j/(l + u;) (i.e., to pace her value with the multiplier a; = 1/(1 + y)) since it is
optimal for the inner Lagrangian optimization problem over 5. Note that this argument does not
require other buyers to use a pacing-based strategy. Thus, it establishes that a pacing-based best
response always exists.

Strong duality also implies that any optimal primal-dual solution pair satisfies complementary

slackness: u; = 0 if
S By | £ 103,/0 4 1) 2 £)] < B
j=1

The fixed-point argument of [BBW15] further shows that a pacing-based Nash equilibrium exists
for the single-shot game where all of the buyers use pacing with multipliers @; = 1/(1 + ;). More-
over, if a collection of feasible dual multipliers satisfy complementary slackness and the corre-
sponding pacing-based strategies satisfy the budget constraints, then they form a Nash equilibrium
of the single-shot game described above. Now, let a; = 1/(1 + u;) be a collection of equilibrium

pacing multipliers. Then, the complementary slackness condition for buyer i can equivalently be
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written as a no-unnecessary-pacing condition: a; = 0 if

Sld; B g, [fj~1(al-v;j > )| < B;
J=1

As a consequence, every pacing equilibrium of this single-shot game is also a Nash equilibrium,
where we define a pacing equilibrium to be any collection of pacing multipliers that satisfy the
no-unnecessary-pacing condition and satisfy the budget constraint. Even if one has no interest
in duality, the no-unnecessary-pacing condition is also extremely desirable in practice when the
platform manages the budget of the buyer on her behalf — it ensures that the platform bids the
value of the buyer on each good unless doing so would violate her budget. Thus, as outlined
above, pacing equilibrium is an important refinement of Nash equilibrium for the single-shot game
in both theory and practice.

Next, we connect pacing equilibria in single-shot games to approximate pacing equilibria in
SPP games. Observe that, when all of the buyers use pacing to bid, f; = maxiy arejvi;/d;.

Hence, the expected payment of buyer i in this single-shot game can be rewritten as

m
Eieibis [Z; {fggg} akekkaj} 1 (fij@ivij = max ijakvkj)
J=

If we ignore the perturbations ¢;;, this is exactly the payment of buyer i in the SPP game with values
v;; and pacing multipliers ;. To account for the perturbations and connect the single-shot game to
the SPP game, we can define a perturbed SPP game (like [Bor+07]) as one in which (i) the value
of buyer i for good j is given by €;;v;;; (i1) each item is sold through second-price auction; (iii)
the strategy of each buyer is her pacing multiplier o; € [0, 1]; (iv) €; are drawn i.i.d. from some
distribution with a positive density over [1 — ¢, 1]; (v) each buyer wishes to maximize her expected
utility while satisfying her budget constraint in expectation over the perturbations (—oo utility if the
budget constraint is violated). We define an approximate pacing equilibrium of this perturbed SPP
game as simply a collection of budget-feasible pacing multipliers that satisfy the not-too-much-

unnecessary-condition (see Appendix D.4). Recall that approximate pacing equilibrium of SPP
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games allows for arbitrary allocation between all buyers close to the highest bid, and therefore
includes the allocation induced by perturbations as a special case. In Appendix D.4, we use this
fact to show that computing a pacing equilibrium of perturbed SPP games is harder than computing
an approximate pacing equilibrium in (unperturbed) SPP games, and therefore PPAD-hard due to
Theorem 13.

Finally, as we make ¢ smaller, this perturbed SPP game gets closer to a true SPP game. Un-
fortunately, the duality-based arguments of existence (like those given in [BBW15] and Chapter 4)
break down when ¢ = 0 because ties are no longer a zero-probability event. The following example

shows that a pacing equilibrium may not exist in this case under the uniform tie-breaking rule.

Example 3. Consider a setting with two buyers and one good. vi; = 1, vo1 =v > 1 and B| = o,
B> = 1/4. Then, in any pacing equilibrium we have a| = 1 because of the no-unnecessary-pacing
condition. Now, if ay > 1/v, then buyer 2 spends at least 1/2 due to the uniform tie-breaking rule,
which violates her budget. Hence, ay < 1/v, and buyer two wins nothing and spends 0, thereby

violating the no-unnecessary pacing condition.

[Con+18] show that a pacing equilibrium does exist if the ties are broken carefully, which
was their motivation behind making the tie-breaking rule a part of the equilibrium concept. This
equilibrium tie-breaking rule can be thought of as the limiting expected allocation in the perturbed
equilibrium as ¢ approaches zero. They also show that, in an unperturbed SPP game, if we fix
the bids of other buyers and allow a buyer to pick her bids along with the fraction of each good
she wants, it is a best-response for her to use pacing to bid because it allows her to win goods
that yield the highest value per unit cost—using the multiplier @; ensures that a buyer wins a good
if and only if @; times her value is greater than the second-highest bid, i.e., if the value per unit
cost is above 1/a;. In the one-shot game studied by [Con+18], pacing may not be a best response
if the m good types arrive one-by-one and a buyer can change her bid to cause other buyers to
drop out of later auctions due to budget exhaustion. In the repeated auction setting that motivates

our single-stage pacing game, the budget constraint is over all T auctions. Therefore, deviating
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in a single-stage game would not cause other advertisers to drop out of that game'. [Con+18]
also provide a discussion on the undesirable properties of Nash equilibria in SPP games enroute to
motivating pacing equilibria as a more desirable solution concept. Nevertheless, we would like to
note that our hardness result can be extended to Nash equilibria: In Appendix D.4, we prove that
computing a Nash equilibrium of the perturbed SPP game is also PPAD-hard. We do so by showing
that a minor modification of the game constructed in our hardness reduction for Theorem 13 only

admits Nash equilibria that are also pacing equilibria.

5.2 Hardness Results

In this section we investigate the hardness of computing approximate pacing equilibria and
show that the problem is PPAD-hard for second-price pacing games. Our most general result
(Theorem 11) shows that the problem of finding a (¢, y)-approximate PE in a SPP game is PPAD-
hard, even when ¢ and vy are polynomially small in the number of players.

Our result is shown by reducing the problem of computing a Nash equilibriun in a {0, 1}-cost
bimatrix game to that of finding a (9, y)-approximate PE in a corresponding SPP game. Because
we wish to show the result for (6, y)-approximate PE, we must start our reduction from such ap-
proximate PE. In order to manage the resulting approximation factors, we are forced to introduce
a number of additional bookkeeping gadgets, and correspondingly work with the problem of com-
puting e-well-supported Nash equilibria of {0, 1}-cost bimatrix games, as opposed to standard
Nash equilibria. Taken together, all these facts lead to a longer proof that may obfuscate the main
ideas underlying our reduction. To better highlight the key ideas in our reduction and motivate our
techniques, we are going to start by proving that finding an exact pacing equilibrium in a SPP game

is PPAD-hard, by showing a reduction from the problem of finding an exact Nash equilibrium in a

!One can imagine a strategy where a buyer consistently bids higher in an attempt to run other buyers out of budget
early with the goal of winning goods for cheap later on. Although interesting, an analysis of these strategies would
require studying a complicated incomplete-information extensive-form game, which is not the focus of this work.
Moreover, in practice, these pacing algorithms are predominantly implemented by platforms who have no incentive to
take advantage of some advertisers on behalf of other ones. Finally, while such strategies may seem appealing in toy
examples, in a large-scale market, where the budget of an individual advertiser is small relative to the whole market,
such an approach is unlikely to be possible.
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{0, 1}-cost bimatrix game.

5.2.1 Hardness of Finding Exact Pacing Equilibria

Our reduction will be from the problem of computing a Nash equilibrium in a {0, 1}-cost
bimatrix game. Let A, denote the set of probability distributions over [n]. The input of the bimatrix
problem is a pair of cost matrices A, B € {0, 1} and the goal is to find a Nash equilibrium
(x,y) € A, X A, meaning that x minimizes cost given y, 1.e. xTAy < xTAy for all £ € A,, and
similarly y minimizes cost given x, i.e. x’ By < x” By for all § € A,. Equivalently, (x, ) is a Nash
equilibrium if x; > O for any i € [n] implies that 3}; A;;y; < >; Agjy; forall k € [n],and y; > 0
for any j € [n] implies that %; x;B;; < 3;x;Bj for all k € [n]. This problem is known to be
PPAD-complete [CTVO07].

Given a {0, 1}-cost bimatrix game (A, B) with A, B € {0, 1}”", we would like to construct an
SPP game G in time polynomial in n, such that every exact PE of G can be mapped back to a Nash
equilibrium of the bimatrix game (A, B) in polynomial time.

Before proceeding further, we informally describe some important aspects of the construction
to provide some intuition. First, in the SPP game G, we will encode the pair (x,y) of mixed
strategies in A, using pacing multipliers. For each player p € {1,2} in the bimatrix game (A, B)
and each (pure) strategy s € [n], there will be a corresponding buyer C(p, s) in the SPP game G,
whose pacing multiplier a(C(p, s)) will be used to encode the probability with which player p
plays strategy s in the bimatrix game (A, B). For now, take x to be the distribution obtained by
normalizing a(C(1, s)), i.e., x; = a(C(1,1))/ > a(C(1, s)), and define y similarly using a(C(2, s));
we will discuss the issues with this proposal and ways to fix them momentarily.

Second, in order to capture the best response condition of Nash equilibria, we need to encode
the cost borne by player p € {1,2} when playing a given strategy s € [n] against the mixed strategy
of the other player. For simplicity, let us focus on p = 1. We will create a set of n expenditure
goods E(1,5)1,...,E(1,s), for each pure strategy s of player 1. We will set buyer C(1, s)’s value

at 1 for each of the expenditure goods E(1, s)1, ..., E(1,s),. Additionally, each buyer C(2, ) will
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value E(1, s); at vAg;, where v = 1/(16n) is set to be so small that C(1, s) always wins all the goods
E(1,s)1,...,E(1,s), under any PE of G. This means that, in any PE with multipliers a(C(p, s)),
buyer C(1, s) pays a total of v 3, (C(2,1))As for the expenditure goods E(1,s)q, ..., E(L,s),,
which captures player 1’s cost for playing strategy s in (A, B), when player 2 uses the mixed
strategy that plays each ¢ with probability defined by a(C(2, t)) after normalization.

Finally we need to make sure that the best response condition of Nash equilibria holds for a
strategy pair (x, y) obtained from multipliers a(C(p, s)) in any PE of G, i.e., only best-response
strategies are played with positive probability. This poses a challenge because pacing multipliers
are never zero in a pacing equilibrium, so we can’t use them directly to encode probabilities in
x and y (which need to be zero for strategies which are not best responses). To get around this
issue, we will use thresholds to encode entries of (x,y) using a(C(p,s)). More formally, we
add a threshold buyer and a set of threshold goods to G to make sure that a(C(p,s)) > 1/2 in
any PE of G. This allows us to encode x by normalizing a(C(1, s)) — 1/2 and y by normalizing
a(C(2,)) — 1/2. The most challenging part of the construction is to have buyers/goods work
together to ensure that both a(C(1,s)) — 1/2 and a(C(2,s)) — 1/2, s € [n], are not identically
zero. We accomplish this by creating a set of normalization goods for each buyer C(p, s), with the
property that each buyer C(p, s) spends approximately 2% a(C(p, 1)) on her normalization goods.
This, in combination with a carefully chosen budget and the ‘No unnecessary pacing’ condition,
ensures that {a(C(p, s)) — 1/2}, are not identically zero. Then, we can follow the plan described in
the last paragraph to encode the cost of player p playing s using the expenditure of buyer C(p, s)
on E(p,s)i,...,E(p,s),, with careful calibration via the use of thresholds. This finally helps
us enforce the best response condition of Nash equilibria on (x, y) in (A, B) by comparing total
expenditures of buyers C(p, s) and using implications from such comparisons.

We now formally define the SPP game G in the next section, and then the following sections

show the hardness result based on G.
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N(p,3)1 N(p,3)2 N(p,3)3 N(p.3)s N(p,3)s

Cp,1) C(p,2) C(p,3) Cp,49) C(p,5 D(p,3)

Figure 5.1: Normalization goods for p € {1,2} and s = 3, when n = 5. A buyer having a non-zero
value for a good is represented by a line connecting the two. Solid line denotes a value of 1 and
dotted line denotes a value of 2.

E2, 11 EQ2,2, EQ2,31 E2,4: E{,1y E,1), E{,1)3 E(,1)

C2,1) C(2,2) C(2,3) C(2,4) C(1,1) T

Figure 5.2: All the expenditure goods for which buyer C(1, 1) has a non-zero value, whenn = 4. A
buyer having a non-zero value for a good is represented by a line connecting the two. Solid lines
denote a value of 1 and dotted lines denote values which are smaller than v = 1/(16n).

The SPP Game

The game G has the following set of goods:

* Normalization goods: n goods {N(p, $)1,...,N(p,s),} foreach p € {1,2} and s € [n].
» Expenditure goods: n goods {E(p, $)1,...,E(p,s),} foreach p € {1,2} and s € [n].

* Threshold goods: 1 good T(p, s) for each p € {1,2} and s € [n].

Set v = 1/(16n). The set of buyers in G is defined as follows, where we write V (-, -) to denote

the value of a good (the second component) to a buyer (the first component):

* Buyer C(p, s), p € {1,2} and s € [n]: C(p, s) has positive values for the following goods:
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— Normalization goods: V(C(p, s), N(p, s);) =2 foralli € [n] \ {s};

V(C(p,s), N(p, s)s) = 1;and V(C(p, s), N(p,t)s) = 1 forall ¢ € [n] \ {s}.
— Threshold good T'(p, s): V(C(p, s), T(p, s)) = 2n*.

— Expenditure goods: V(C(p, s), E(p, s);) = 1 for all i € [n].
For p =1: V(C(1, 5), E2,1)5) = vBy forall ¢t € [n].

For p =2: V(C(2,s), E(1,1)5) = vA;s for all t € [n].

For p = 1, the budget of C(1, s)is n/2 + n* + 1/4 — v + Direfn] VAsi/2;
For p = 2, the budget of C(2, s)is n/2 + n* + 1/4 — v + 2irefn] VBis/2.

* Threshold Buyer T: T has positive values only for the following goods:

— Threshold goods: V(T, T(p, s)) = n* for each p € {1,2} and s € [n].
— Expenditure goods: V(T, E(1,s);) = vAs/2 and V(T, E(2, s);) = vB;s/2 for all 5,1 €
[n].

T has budget n” (high enough so that &(T) = 1 in any PE).

e Dummy buyers D(p, s), p € {1,2} and s € [n]: The budget of D(p, s) is v and she only

values the normalization good N(p, s)s at V(D(p, s), N(p, s)s) = 1.

It is clear from the definition of G that it can be constructed from (A, B) in polynomial time.

Structure of Pacing Equilibria of G

With the definition of G in place, we start by showing some auxiliary structural results on the
PE of G; these will be used to construct strategies for the bimatrix game. Let € be a PE of the SPP
game G. We will use a(b) to denote the pacing multiplier of buyer b in &. Observe that, from the

definition of pacing equilibria, we can conclude that @(T) = 1 in &; otherwise T needs to spend all
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her budget of n’, which is impossible given that no buyer has value more than 2n* for any good.

The following lemma establishes bounds on a(C(p, s)) in &E.
Lemma 16. For each p € {1,2} and s € [n], 1/2 < a(C(p, 5)) < 1 and a(D(p, s)) = a(C(p, 5)).

Proof. Suppose for some p € {1,2} and s € [n], we have a(C(p, s)) < 1/2. Then C(p, s) doesn’t
win any part of threshold good T'(p, s). Observe that she has value at most 2 for every other good.
Given that there are only O(n?) goods in G, she cannot possibly spend all her budget (which is
Q(n*)). Here, we have used the fact that the payment is smaller than her bid on every item that she
wins because of the second-price auction format, which in turn is always smaller than her value.
This contradicts the assumption that & is a PE of G. Therefore, a(C(p, s)) > 1/2.

Next we prove a(D(p, s)) = a(C(p, 5)). Suppose a(D(p, 5)) > a(C(p, s)) for some p € {1,2}
and s € [n]. Then, buyer D(p, s) wins all of good N(p, s), at price a(C(p, s)) > 1/2 because
D(p, s) and C(p, s) both value N(p, s)s at 1, and the rest of the buyers have zero value for it. This
violates her budget constraint and leads to a contradiction. Therefore, a(D(p, s)) < a(C(p, s)).
Moreover, if a(D(p, 5)) < a(C(p, s)) (which implies a(D(p, s)) < 1) then her expenditure is zero.
This violates the no unnecessary pacing condition. Hence, a(D(p, s)) = a(C(p, s)) must hold.
Observe that, in particular, this means that the price of N(p, s), is a(C(p, )).

Finally suppose a(C(p, s)) = 1 for some p € {1,2}, s € [n]. Then she wins the following

goods:

* All of normalization goods N(p, s); for each t # s because C(p, s) has the higher value for
them, and she spends at least 1/2 on each of them because a(C(p, t)) > 1/2 by the first part

of the proof.

* Part of normalization good N(p, s); by spending at least 1 — v. This is because N(p, s); has

price 1, she shares it with D(p, s), and buyer D(p, s) only has budget v.

« All of threshold good T(p, s) by spending n* because she has the higher value.
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* All of expenditure good E(p, s);, for each ¢ € [n], by spending at least vA /2 if p =1

and vB;;/2 if p = 2 because she has the higher value.

Hence, the total expenditure of C(p, s) is atleast(n — 1)/2+ 1 —v + n*+ 3, vAy/2 if p =1 and at
least (n — 1)/2+ 1 —v+n*+ 3, vB,/2 if p = 2. In both cases, the budget constraint is violated,

leading to a contradiction. Therefore, the lemma holds. O

The above lemma implies that every C(p,s) is paced in & (i.e. a(C(p,s)) < 1), thereby
implying that their total expenditures must exactly equal their budgets. Additionally, we have the

following corollary which will be used in the proof of Lemma 18.
Corollary 1. For each p € {1,2} and s € [n], C(p, s) spends exactly a(C(p, s)) — v on N(p, §)s.

Next let x; = a(C(1,5))—1/2 and y; = a(C(2, s)) — 1/2 for each s € [n]. The following lemma

will allow us to normalize x” and y’ to obtain probability distributions x and y.
Lemma 17. The following inequalities hold: ¥ sen) x5 > 0 and X sepn) ¥ > 0.

Proof. We show > s x; > 0. The proof of >y > 0 is completely analogous. Suppose X, x; = 0.
Then, a(C(1, s)) = 1/2 for all s € [n] because a(C(1,s)) = 1/2 by Lemma 16. We argue below
that C(1, 1) violates the no-unnecessary-pacing condition.

To see this, observe C(1, 1) only wins a non-zero fraction of the following goods, and spends:

* At most 1/2 on each normalization good N(1, 1);, t € [n], because the highest competing

bid is 1/2 on these goods.
« At most n* on the threshold good T'(1, 1) because that is the highest competing bid.

* At most vAy; on each expenditure good E(1, 1), ¢t € [n], because that is the highest possible

competing bid.

Hence, the total expenditure of C(1, 1) is at most n/2 + n* + 3, vAy,, which is strictly less than her

budget of n/2 + n*+1/4-v+3,vA;/2, a contradiction. O
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Extracting Bimatrix Game Equilibria from G

Now, we are ready to define the mixed strategies (x, y) for the bimatrix game (A, B). Set player
1’s mixed strategy x to be x; = x;/3; x/ and player 2’s mixed strategy y to be y, = y;/%; .. These
are valid mixed strategies because of Lemma 16 and Lemma 17. The next lemma shows that (x, y)

is indeed a Nash equilibrium of (A, B).
Lemma 18. (x, y) is a Nash equilibrium for the bimatrix game (A, B).

Proof. Suppose there are s, s* € [n] such that x; > 0 but >; Agy; > X; Ay y; (the proof for y is

analogous). Using x; > 0, buyer C(1, s) spends non-zero amounts on the following goods:

* a(C(1,t)) on the normalization good N(1, s), for each ¢ # s because C(1, s) has a bid strictly

greater than 1, which is the value and an upper bound on the bid of C(1, 7).

* a(C(1,s)) — v on the normalization good N(1, s)s because she shares the good with D(1, )

who has a budget of v.
« n* on the threshold good T'(1, s) because her bid is strictly greater than n*.
* a(C(2,1)) - vAg on the expenditure good E(1, s), for each ¢ € [n].

Therefore, the total expenditure of buyer C(1, s) is given by

S a@, ) +nt = v+ > a(C2,0) - vAy,

te[n] ten]

= > aCA, D) +nt —v+ DI vAL2+ > yvAy

te[n] te[n] te[n]

Note that the RHS above after replacing s with s*:

Z a(C(1,1)) +nt—v+ Z VA /2 + Z ViVAgy

te[n] te[n] te[n]
is an upper bound for the total expenditure of buyer C(1, s*) (no matter whether x;+ > 0 or not).
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As a result, the total expenditure of C(1, s) minus that of C(1, s*) is at least

Z vAu/2 + Z YiVAg

te[n] te[n]

Z VA ]2 + Z VivAg | > Z VAu/2 - Z VAg/2

te[n] te[n] teln] te[n]

using the assumption that >, Ay y; > >; Ag+y:. On the other hand, the budget of C(1,s) minus
that of C(1, s*) is equal to the RHS above. This is a contradiction because both buyers should have

their total expenditures equal to their budgets. This finishes the proof of the lemma. O

Thus, given a {0, 1}-cost bimatrix game (A, B), we have defined an SPP game G which satisfies
the following properties: (i) G can be constructed in polynomial time; (ii) any PE & of G can be
used to construct a Nash equilibrium (x, y) of (A, B) in polynomial time. As a result, the problem

of finding an exact pacing equilibrium in a second-price pacing game is PPAD-hard.

5.2.2 Hardness of Finding Approximate Pacing Equilibria

We next state our main hardness result, which extends the PPAD-hardness of finding pacing

equilibria to the approximate case of finding (9, y)-approximate pacing equilibria.

Theorem 13. The problem of computing a (0, y)-approximate PE of an SPP game G = (n,m, (v;;),

(B))) with 6 =y = 1/n’ is PPAD-hard.

The proof is relegated to Appendix D.1. It uses similar ideas but entails more involved book-
keeping to incorporate approximations introduced in (J, y)-approximate PE. Theorem 11 follows

from Theorem 13 by standard padding arguments (i.e., adding dummy buyers to the game).

5.2.3 Implications of The Hardness Result

Before concluding this section, we discuss some implications of our hardness results. In
[Bor+07], the authors introduced a natural bidding heuristic for optimizing the utility of budget-
constrained agents who repeatedly participate in day-long auction campaigns for m items, where
the set of agents and items remains the same every day. The heuristic maintains a pacing multi-

plier for each agent, which is increased by a small amount if the buyer ran out of her daily budget
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before the end of the previous day, and decreased otherwise. They use random perturbation to
avoid instabilities, which gives an agent who bids close to the highest bid a fraction of the item in
expectation. If we ignore the intra-day temporal aspects of their model, their setting can be thought
of as repeatedly playing the perturbed SPP game from Section 5.1.1 every day. In Theorem 1 of
[Bor+07], they prove that their heuristic efficiently converges for first-price auctions. Furthermore,
they conjecture the convergence of the heuristic for second-price auctions to pacing multipliers
which satisfy the following conditions: (i) Every agent runs out of her daily-budget close to the
end of the day; (ii) Every agent either spends most of her daily budget or has a pacing multiplier
close to one. In Theorem 27 of Appendix D.4, we show that Theorem 13 implies that computing
an approximate pacing equilibrium of the perturbed SPP game is also PPAD hard. As a conse-
quence, if PPAD # P, then ALGORITHM 1 of [Bor+07] does not always converge efficiently for
second-price auctions, i.e., the number of days/time-steps required for convergence cannot scale
as a polynomial function of the input size and (1/9, 1/y) in the worst-case. In other words, we
have shown that Theorem 1 of [Bor+07] cannot be extended to second-price auctions in any way
that maintains efficient convergence unless PPAD = P, thereby making progress towards their open
conjecture.

Moreover, recall from Section 5.1.1 that if all of the buyers employ pacing algorithms, like
the one proposed by [BG19], and the resulting dynamics converge, then they will converge to an
approximate pacing equilibrium. Our hardness result (Theorem 13 and Theorem 27) implies that
there exists a (correlated) value distribution such that the algorithm of [BG19], which is optimal
for a single buyer against an adversarial/stochastic competition, does not converge efficiently to an
equilibrium when employed by all the buyers, unless PPAD=P.

Our hardness results are also pertinent to the relationship between pacing equilibria and market
equilibria. In Proposition 5 of [Con+18], the authors show that every pacing equilibrium in a
second-price pacing game has an equivalent supply-aware market equilibrium with linear utilities,
where supply-aware means that the buyers are aware of the supplies of each item and choose their

demand set accordingly. Thus, the relationship between pacing equilibria and market equilibria,
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in combination with Theorem 13, implies that there exists a refinement of the set of supply-aware

market equilibria with linear utilities which is PPAD-hard to compute.

5.3 Existence of Pacing Equilibria and Membership in PPAD

We prove Theorem 12 in this section, i.e., the problem of finding a pacing equilibrium of an
SPP game is in PPAD. One consequence of this result is that every SPP game with rational values
v;; and budgets B; has a pacing equilibrium (a, x) with rational entries.

Our plan is as follows. We first introduce a restricted version of approximate pacing equilibria
called smooth (9, y)-approximate PE (see Definition 11), which will only be used in Section 5.3.1.
We prove in Section 5.3.1 that the problem of finding a smooth (9, y)-approximate PE (when ¢
and y are input parameters encoded in binary) is in PPAD. Given that the smooth version (Defini-
tion 11) is a restriction of (¢, y)-approximate PE (Definition 10), this implies that the problem of
computing a (9, y)-approximate PE is in PPAD.

Next we give in Section 5.3.2 an efficient algorithm that can round any (9, v/2)-approximate PE
into a y-approximate PE when ¢ is sufficiently small. This, combined with the PPAD-membership
of (0, y)-approximate PE, shows that the problem of computing y-approximate PE is also in PPAD.

Finally we show in Section 5.3.3 that, when 7 is sufficiently small, any y-approximate PE
of G can be used to build a linear program which can then be solved to obtain an exact pacing
equilibrium of G. It follows that the problem of computing an exact pacing equilibrium is in

PPAD.

5.3.1 PPAD Membership of Computing (9, y)- Approximate Equilibria

We start with the definition of smooth (9, y)-approximate PE. 1t is a refinement of (9, y)-
approximate PE in which the pacing multipliers («;) fully determine the allocations (x;;). Note that
this is not the case for (6, y)-approximate PE in general: potentially there can be (d, y)-approximate
PE with identical multipliers but different allocations. The smooth version we consider below, on

the other hand, specifies the allocations as continuous functions of multipliers.
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Definition 11 (Smooth Approximate Pacing Equilibria). Given an SPP game G = (n,m, (v;;), (B;))
and two parameters 6 € (0,1),y € [0, 1), we say that (a,x) with a = (;) € [0,1]", x = (x;;) €

[0, 11" and %iepny xij < 1 forall j € [m] is a smooth (6, y)-approximate PE of G if

(a) Only buyers close to the highest bid win the good and the allocation x is completely

specified by a: For eachi € [n] and j € [m], x;; (as a function of @) is given by

[a;vij — (1 = )hj(a)]"
Zre[n][arvrj -1 - 6)hj(a')]+

x,-j(a/) =

where [y]" is y if y > 0 and 0 otherwise. (We assume by default that 0/0 = 0.)
(b) Budgets are satisfied: 3 jcim) Xij(@)p (@) < B;.
(c) Not too much unnecessary pacing: 3. jeim) Xij(@)pj(a) < (1 —y)B; implies a; > 1 —y.

Observe from the definition that, if (@, x) is a smooth (9, y)-approximate PE of an SPP game G,
then it must be a (0, y)-approximate PE of G as well. Therefore, the PPAD membership of com-
puting a smooth (0, y)-approximate PE in an SPP game implies directly the PPAD membership for
(0, y)-approximate PE. A similar statement holds for establishing their existence.

The main tools we will use are Sperner’s Lemma and the search problem it defines.
High-dimensional Sperner’s Lemma. We review Sperner’s lemma. Consider a (n — 1)-dimen-
sional simplex § = {Zl’.‘=1 avi|la; > 0, Z;Ll a; = 1}, where vy,...,v, are n vertices of S. A
triangulation of S is a partition of S into smaller subsimplices such that any two subsimplices either
are disjoint or share a full face of a certain dimension. A Sperner coloring T of a triangulation of S
is then an assignment of n colors {1,...,n} to vertices of the triangulation (union of the vertices

of subsimplices that make up the triangulation) such that
* Vertices of the original simplex S each receive a different color: T'(v;) =i for each i € [n].

* Vertices on each face of S are colored using only the colors of the vertices defining that

face: For any vertex u = 3; §;v; in the triangulation, we have T'(u) # j if §; = 0.
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A panchromatic subsimplex of T is one in the triangulation whose vertices have all the n colors.

Sperner’s Lemma: Every Sperner coloring T of any triangulation of S has a panchromatic
subsimplex.

Before proceeding with the formal proof of PPAD membership (with its added burden of rigor-
ously attending to complexity-theoretic details), we provide an informal argument for the existence
of smooth (0, y)-approximate PE which forms the basis of its PPAD membership proof. Let G be
an SPP game and § be the standard simplex S = {8 = (B81,...,8x)|B; = 0,%; i = 1} from now
on. We will assign a color to each point S € S (informally) as follows: Construct a pacing multi-
plier a;(t) = tf; for each i € [n], where ¢ is a scalar. Increase ¢, starting at 0, and instruct each buyer
i € [n] to say “Stop” when either ;(¢) = 1 or 3 x;;(a(?))p j(a(t)) = B; happens. Color g with k if
buyer k is the first to say “Stop” (with tie breaking done arbitrarily, e.g., taking the smallest such
k).

Let t*(B) be the value of ¢ at which some buyer says “Stop” for the first time. Then the buyer
that says “Stop” first is either spending her budget or is not paced, 1.e. she satisfies both the budget
constraint (b) and the ‘No unnecessary pacing’ condition (c) (see Definition 9). Now, by taking a
triangulation of S, it is easy to verify that the coloring described above induces a Sperner coloring
and thus, Sperner’s lemma implies the existence of a panchromatic subsimplex Q. It follows from
our coloring that every buyer says “Stop” at one of the vertices of Q and hence, every buyer satisfies
(b) and (c) of Definition 9 at one of its vertices. By proving the Lipschitzness of #*(3) and the total
expenditures of buyers, both as functions of 8, we show that when the triangulation is fine enough,
any point § in a panchromatic subsimplex yields a (¢, y)-approximate PE of G.

With the blueprint of the proof in place, we now proceed with the formal proof that places the
problem of computing smooth (6, y)-approximate PE in PPAD. Let S be the standard simplex as
above, and we consider Kuhn’s triangulation of S [Kuh60; DQS12]. Given any w > 0 with 1/w
being an integer, Kuhn’s triangulation uses S, as its vertices, where S, consists of all points g € §
whose coordinates (; are integer multiples of w. Kuhn’s triangulation also has the property that

any two vertices of a subsimplex of the triangulation has £-distance at most 2w.
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A proof of the following PPAD membership result can be found in [EY10] (see the proof of
item 2 of Proposition 2.2; note that on page 2548 they reduce the problem they are interested in to
the problem of finding a panchromatic subsimplex in a Sperner coloring over Kuhn’s triangulation

and then show the latter is in PPAD):

Theorem 14. Given a Boolean circuit® that encodes a Sperner coloring T : S,, — [n] of Kuhn’s

triangulation for some w and n, the problem of finding a panchromatic subsimplex is in PPAD.

We prove the PPAD membership of the problem of finding a smooth (¢, y)-approximate PE by
giving a polynomial-time reduction to the problem described in Theorem 14. Given an SPP game
G = (n,m,(v;j),(B;)) and parameters ¢ and y (which we assume without loss of generality that

0,y < 1/4), we set the parameter w to be

w = min(Buin, 1) v
(2|G|/5) 10,000 2

where Bpin := min;e[,) B; and |G| denotes the number of bits needed to represent G. We define a
coloring 7' : S, — [n], following ideas described in the sketch of existence above, and prove that

T satisfies the following properties:
Lemma 19. /. T is a Sperner coloring;

2. Every panchromatic subsimplex of T in the triangulation can be used to compute a smooth

(0, v)-approximate PE of the SPP game G in polynomial time.
3. There is a polynomial-time algorithm that outputs T (B) on inputs G, w, d and B € S,,.

The PPAD membership of computing a smooth (6, y)-approximate PE in an SPP game follows
directly by combining Theorem 14 and Lemma 19.
We now give the definition of the coloring 7' : S, — [n]. Let 8 = (B4, ..., B,) be a vertex of

Sw- Set a;(t) = tB;, where t is a positive scalar. As discussed earlier, we set the color T(8) of 8 by

2The circuit has O(nlog(1/w)) input variables to encode a point of S, and has [log n] output gates to encode the
output of the Sperner coloring 7.
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increasing ¢, starting at 0, and instructing each buyer i to say “Stop” when either ¢;(¢) = 1 or

Z xij(a(?)) - pj(a(t)) = B;.

JElm]

The color T(B) of B is set to be k € [n] if buyer k is the first buyer to say “Stop” (with arbitrary tie
breaking, e.g., by taking the smallest such k).

More formally, recall that for ¢ > 0,

[tBivij — (1 — &) maxy tBivi,]* _ [Bivij — (1 = &) maxy Brvi;]*
2By — (1 = O) maxg tfrvi; 1t Zp[Brvrj — (1 — 6) maxy Brvi,*

xij(a(t) = = x;;(B),

which does not depend on ¢. Also, for # > 0, p;(a(?)) = tp;(B), where we write p;(f5) to denote
the second largest element among Bvy;, ..., B,v,;. For each buyer i € [n], define

|1 Bi
1;(B) = min {E’ W} ’

where the first term is +oo if §; = 0 and the second term is +oo if 3, x;;(8)pj(B) = 0. Note that
t;(B) 1s exactly the value of # at which buyer i would say “Stop” in the informal coloring procedure
described earlier. Given our assumption of B; > 0, we have #;(8) > O for all i € [n]. Additionally,
define 1*(B) = min;cy) t;(B). Given that 8;’s sum to 1, we have that t*(8) < n because 8; > 1/n for

some i € [n]. We record the discussion as the following lemma:
Lemma 20. For every g € S, we have 0 < t*(B) < n.

Finally, the color T(8) of 5 € S,, is set to be the smallest i € [n] such that ;(5) = t*(8). We are

now ready to prove Lemma 19.

Proof of Lemma 19. Part (3) of Lemma 19 follows from the description of 7. To prove part (1) (T
is a Sperner coloring), consider a vertex 8 € S, on the facet of S opposite to the vertex e;, i.e.,
Bi = 0. Hence, ;(8) = co, which by Lemma 20 implies that 7(3) # i given that t*(8) < n.

To prove part (2), we show that if ¢ is a vertex of any panchromatic subsimplex of T, then (a, x)

must be a smooth (6, y)-approximate PE of G where a = *(q) - ¢ and x = (x;;) has x;; = x;;(q).
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First it follows from the definition of #*(5) and x;;(8) that «; € [0, 1] and x;; € [0, 1]. Condi-
tions (a) and (b) of Definition 11 also trivially hold for all vertices of the triangulation. It suffices
to prove (c) for all i € [n], which means the complementarity condition that either @; > 1 — y or
the expenditure of buyer i is at least (1 — y)B;. Fix an arbitrary i € [n].

For this purpose we note that given the subsimplex is panchromatic, it has a vertex ¢’ such that
T(q") = i, which implies that if we used ¢’ to define @’ and x’ (i.e. @’ = t*(¢") - ¢’ and xlfj =x;;(q")),
then they would satisfy the above complementarity condition for buyer i with v = 0. The following

claim shows that both the multiplier #*(8) - 5; and the total expenditure of buyer i:

25 5B - pi (BB =1"(B) D xij(B) - pi(B)

J€lm] J€lm]

are smooth as functions of . Intuitively this allows us to use the complementarity condition for
buyer i at ¢’ to show that the same condition holds at g approximately given that ||g — ¢’||c< 2w

(as a property of subsimplices in Kuhn’s triangulation).

Claim 2. Let L = (2!91/6)19090 Then for any panchromatic subsimplex Sy of T and buyer i € [n],

the following Lipschitz conditions hold for all B, B’ € So:

@) - Bi—t"B)-B|<L-IB-Fllo and

7B 2 xiiB) - piB) =1 (B) D xijB) - piBI < LB~ Bl

J€lm] j€lm]

We use Claim 2 to finish the proof of the lemma and consign the claim’s proof to Appendix

D.2. Given T(gq’) = i, one of the following two cases holds:

* t*(q") - q; = 1, which by Claim 2 and our chocie of w implies

a=t(q)-qi>1-2Lw>1-y
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* 1°(q") X xij(q")p;(q") = B;, which in combination with Claim 2 and our choice of w implies

that the expenditure of buyer i exceeds (1 — y)B;:

"(q) > xij(@) - pj(qQ) > Bi = 2Lw > B; = Buiny > (1 = y)B,;.
J€lm]
Since i € [n] was arbitrary, this finishes the proof that (@, x) is a smooth (9, y)-approximate ap-

proximate PE. O

5.3.2 PPAD Membership of Computing y- approximate PE

Consider an SPP game G = (n,m, {v;;};;, {Bi}i). As before, we will use |G| to denote the
number of bits required to represent G. The main result of this subsection shows that (informally)
when ¢ is small enough, any (8, y/2)-approximate PE of G can be efficiently rounded to a y-
approximate PE. It follows from the PPAD membership of (6, y)-approximate PE established in
the previous subsection that the problem of computing a y-approximate PE is in PPAD as well.

Before presenting the rounding algorithm, we motivate the main idea behind it. Observe that
the major difference between (9, y)-approximate PE and y-approximate PE is the ability of buyers
that don’t have the highest bid to win the good in the former. In order to round a (¢, y’)-approximate
PE (a*, x*) to obtain a y-approximate PE (a’,x) of G (where y’ = y/2 in the rest of this subsec-
tion), we set x” = x* and need to round a* to @’ to ensure that all the winners are tied for the highest
bid and at the same time, the multiplier and total expenditure of each buyer changes only slightly.

We now present an informal argument that demonstrates how this is achieved in our rounding

algorithm when there are only two buyers (n = 2). Define the set of all valuation ratios

V= {M ca,b € [n],r € [m] such that v, vy, > O} .
Vbr

Set ¢ to be small enough: for all y, z € V with yz > 1, we have (1 — §)*>yz > 1. Consider a (8, y’)-
approximate PE (@, x*). Assume without loss of generality that there is a good j such that ajvy;

=cjasvyjand 1 -6 < ¢; < 1/(1-06). If no such good j exists then every good is fully allocated to
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the buyer with the highest bid because only bidders with bids greater than (1 — ¢) times the highest
bid can win the item in a (8, y’)-approximate PE, and thus, (a*,x*) is already a y’-approximate
PE. We show that after scaling the pacing multiplier of buyer 2 from @} to c¢;@; (and letting
a’ = (ajf, cja;) be the new multipliers), (o, x*) satisfies the property that x?, > 0 for any i and ¢
implies buyer i has the highest bid for good ¢. This is trivially true for good ¢ = j given that the
two buyers are now tied on good j. The remaining goods can be divided into two categories and

we argue about each one separately:

¢ Consider good ¢ such that avi¢ = cea;voe and ¢ satisfies either ¢, < 1-6 or¢g > 1/(1-0).
Given that we only changed the multiplier of buyer 2 by a factorof 1 — ¢ < ¢; < 1/(1 - ),
the highest bidder does not change. Moreover, the highest bidder won the entire good in
the (0, y')-approximate PE because 1 — 6 < ¢; < 1/(1 — 6) and continues to do so in the

(09, ¥")-approximate PE because the allocation does not change.

* Consider a good ¢ such that ajvy¢ = cea;vae and c¢ satisfies (1 — 6) < ¢¢ < 1/(1 = 6). Then,
we can write ai‘/a; = C]'(sz/vlj) = Cg(Vzg/V]g), which implies (Cj/Cg)(VQj/V]j)(V15/\/25) =
1. Observe that c;/c, € [(1 - )%, 1/(1 = 8)?]. Thus, by our choice of §, we get

(v2j/v1;)(vie/vae) = 1, which implies ¢ = c¢,. Hence, both buyers are tied in good £.

To finish the proof that (o', x*) is a y-approximate PE, it suffices to show that the budget constraint
and the not too much unnecessary pacing condition still hold approximately after the small scaling
of . In the rest of this subsection, we extend the aforementioned line of reasoning to design a
rounding algorithm for the general setting, and prove its correctness.

Building on V defined above, we can define the set of valuation ratio products
V= {ylyz ...k :k €[2n]and y; € V foreachi € [k]},

1.e., V consists of all products of no more than 2n numbers from V. Given G and v € [0, 1) (with

v =1v/2), we choose ¢ € [0, 1) to be small enough to satisfy the following two conditions:
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(1-6)*">0-%") and (1 —6)*"z > 1forall z €V such that z > 1.

It suffices to set § to be 1/2" where N is polynomial in |G| and log(1/7y).

Let (a*,x*) be a (6, y’)-approximate PE of G = (n, m, (v;;), (B;)), where y’ = y/2 and ¢ satisfies
the two conditions above. We will use W; to denote the winners of the good j under x*: W;
consists of buyers i with x;‘j > 0. Moreover, recall that /;(a) denotes the highest bid on good j
when the pacing multipliers are given by «. Our rounding algorithm is presented in Algorithm 5.
The polynomial reduction then follows from the following performance guarantee of the rounding

algorithm, which we prove in the rest of the subsection:

Lemma 21 (Correctness). The rounding algorithm takes (a*,x*), 6 and G as input and runs in
polynomial time. Let o' be the tuple of multipliers returned by the rounding algorithm. Then

(o, x*) is a y-approximate PE of G.

The rounding algorithm maintains an undirected graph G over vertices [n] as buyers. G starting
out with an empty edge set and edges are added according to Algorithm 5 to keep track of the
rounding-updates performed on . We use Cg(i) to denote the connected component of i in the
graph G. The algorithm also maintains an edge labeling /(-) that maps each edge of the graph G
to a good j € [m] (which intuitively is the good that caused the creation of this edge). We remark
that the labeling /(-) is only relevant for the analysis of the algorithm below. Now, we proceed to

prove Lemma 21.

Lemma 22. Suppose in the t iteration of the while loop, {i, k} is the edge that was just added to

G with I({i, k}) = j, then at the end of this iteration we have Cg(i) = Cg(k) and

a; Vikj
A7 N (#)

Ak Vij
Moreover, (#) holds for all iterations t > ty.

Proof. We prove the lemma using induction on the iterations on the while loop. For the base case

t = to, note that (#) holds at the end of the iteration due to Step 2 of Algorithm 5. Moreover,
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Algorithm 5: Rounding Algorithm

Initialize: Graph G = (V,E) withV =[n]and E = 0; @ = o
While there exists a good j € [m] and a buyer i € W; such that a;v;; < hj(a), i.e., i does not
have the highest bid on j but wins a positive fraction of it:

1. Pick k,i € [n] and j € [m] such thati € W; and a;v;; < ayvi; = hj(a)
2. Seta, « (hj(@)/a;vij) - a, for every buyer a € Cg(i)
3. SetE — EU{{i,k}}and I{i,k}) =]

Return: o’ = (1 - 6%«

since edge {i, k} is added to G in Step 3, we also have Cg(i) = Cg(k) at the end of iteration fo.
Moreover, since no edges are removed during the run of Algorithm 5, {7, k} € E for iterations after
to, and hence Cg(i) = Cg(k) at the end of all iterations ¢ > 9. Suppose (#) holds at the end of
iteration ¢ — 1 for some ¢t — 1 > #y. Then, either both @; and a; will both be updated identically or
neither of them will be updated because Cg (i) = Cg(k), thereby maintaining (#). This completes

the induction and establishes the lemma. O

Next we prove that at the end of each iteration, bids for the same good from buyers in the same

component of G are either tied or not very close.

Lemma 23. After each iteration of the while loop, and for each good j € [m], all buyers from
the same connected component of G are either tied for j, or their bids for j are multiplicatively

separated by a factor larger than (1 — 6)*".

Proof. Let G be the current graph and a, b € [n] be two buyers in the same connected component
of G. Assuming a,v,; > a;,vj; for some j € [m], we show below that (1—6)2naavaj > apvyp; from
which the lemma follows. Given that a and b are connected in G, we write {a, i}, {i1,i2},...,

{ir, b} to denote a path from a to b in G with L < n. Then, using Lemma 22, we can write

S ApVpj  Vbj @ iy iy ap  Vbj Val(ai1}) Viilivi})  Vigl({ie.b})

AaVaj  Vaj Qo iy iy @iy Vaj Vill({air}) Vial({iria}) VbI{ir.b})
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Hence, ayvaj/aqvp; € V and ayvqj/apvy; > 1. Therefore, our choice of 6 implies that

AaVaj

1-67%- > 1,

pVpj
as required. O

Initially (in ™) we have every i € W; has a;v;; > (1 —0)h;(a”) (given that (a*,x*)is a (0, y')-
approximate PE). The next lemma shows that, at the end of each iteration, a;v;; of every i € W;

(note that W; is always defined using the original allocation x*) remains not far from £ ().

Lemma 24. After t iterations of the while loop, every j € [m] andi € W; satisfy
avi; = (1-8)7 - hj(a).

Proof. The proof follows from induction. The base case of ¢ = 0 follows from definition.
Suppose the statement holds after (# — 1) iterations, and let’s focus on some j € [m] and i € W;

during the #-th iteration. By our inductive hypothesis, we have
2[—]
;Vij = (1-9) . hj(a)

before the start of the 7-th iteration. On the other hand, note that all changes to @ occur in step
2 of the while loop, and moreover, all such changes result in an increase of some entries of a. It
also follows from the inductive hypothesis and the choices of &, 7, j in step 1 of the while loop that
entries of @ can only go up by a multiplicative factor of at most 1/(1 — 5)2H. Therefore, after the

t-th iteration, we have
a2 (1=6)" (1= - hj@)=(1-6Y - hj().

This completes the induction step. O

Lemmas 23 and 24 imply that, in each of the first » iterations of the while loop, buyers i and k
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picked in step 1 must belong to different connected components of G. As a result, there are at most
n — 1 iterations of the while loop given that we merge two connected components in each loop. On
the one hand, this implies that the rounding algorithm terminates in polynomial time. On the other
hand, at the termination of the while loop, for every good j € [m], we have a;v;; = h;(a) for all
i € W;,i.e., every winner of j under x* has the highest bid for ;.

The next lemma shows that the @’ returned by the rounding algorithm is close to a*.

Lemma 25. Let o’ be the tuple of multipliers returned by the rounding algorithm. Then
1-6)"a" < <a’.

Proof. By Lemma 24, in iteration ¢ of the while loop, each entry of « either stays the same or
increases multiplicatively by a factor of at most 1/(1 — 6)2H . As there are at most n — 1 iterations

of the while loop, we have for every i € [n]:

* *

n—1
n n n 1
2 * ’ . N2t 2 -
1-62"a <a,=(1-6" a < (1-95) t|:1| QI op T % S

This finishes the proof of the lemma. O
We are now ready to prove Lemma 21.

Proof of Lemma 21. We have already shown that the algorithm runs in polynomial time. Assuming
that (a*, x*) is a (9, y’)-approximate PE of G, we show that (a’, x*) is a y-approximate PE of G by
establishing conditions (a)-(d) of Definition 10. Using Lemma 25, we have o’ € [0, 1]". Condition
(a) has already been established earlier using Lemmas 23 and 24. Condition (b) holds because we
kept the same allocation x* and given how we obtain o’ from a*, the set of goods j with h;(a*) > 0
is the same as that in o’. Condition (c) follows easily from Lemma 25. So it suffices to verify that
(d) holds with y.

To see this we have for each buyer i € [n] that either af > 1 -y"or 3; xl’."j pj@®) > (1 -vy")B,.
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For the former case, we have from Lemma 25 that
@z (1-6)" - (1-9y)>1=y)Yz1-y

using (1 — 6)%" > 1 — 9’ from the choice of ¢ and that y = 2y’. For the latter case, it follows from

Lemma 25 and our choice of ¢ that
pi@)>1=-6"-p;@)>1-y)pia)

for all j € [m]. Here we have used the fact that pj((l—é)zncy*) = (1—6)2npj(a*) and pj(a) > p;(@)

whenever @ > @. As a result, the total expenditure of buyer i in (@', x*) is

Z X pi@)>(1-7y) Z x;pi@) = (1 - ¥')*B; > (1 - y)B;.
Jelm] jelml

Therefore, we have shown that (o', x*) is a y-approximate PE of G. O

5.3.3 PPAD Membership of Computing Exact Pacing Equilibria

In the last subsection we showed that the problem of finding a y-approximate PE of a second-
price pacing game G is in PPAD. Finally we show in this subsection that the problem of finding
an exact equilibrium of a pacing game is also in PPAD. To this end, we show that when v is small
enough (though with bit length polynomial in |G|), any y-approximate PE(a’,x") of G can be
“rounded” into an exact equilibrium by solving a linear program defined using support information
extracted from (a’, x”). This technique is similar to the one used in [EY10; VY11] and [FR+20].

For this purpose we recall the following fact about linear programs:

Fact 1. There is a polynomial r(-) with the following property. Let LP be a linear program that
minimizes a non-negative variable y. Then an optimal solution of LP has either y = 0 or vy >

1/27ULPD \where |LP| denotes the number of bits needed to represent LP.

Given a y-approximate PE (a’, x") of G = (n,m, (v;;), (B;)) (for some sufficiently small y to be
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specified later), we extract from (a’, x) the following support information:

1. I’ C [n] consists of buyers i € [1n] who are almost unpaced, i.e., @, > 1 —y. Given that

(o, x") is a y-approximate PE, condition (d) of Definition 10 implies that

> xipj@) = (1-v)B;, foralli¢l.
J€lm]

2. Foreach j € [m], W]’. is the set of buyers i € [n] with x;j pj(a’) > 0 (which implies

a;vij = hj(a’)). These are buyers who win good j and pay a positive amount for it.

3. Foreach j € [m], let s; € [n] be the smallest index i such that a]v;; = hj(a’), i.e., s; is the

smallest index among the buyers who have the highest bid in good ;.

4. For each j € [m], let t; € [n] be the smallest index i # s; such that a[v;; = max4s; @ V;

(so we have that a;jvtj j=pj@)).

On the other hand, given any I C [n], W = (W; C [n] : j € [n]), s = (s; € [n] : j € [m]), and
t=(tj € [n]:j € [m]), weuse LP(,W,s,1) to denote the following linear program on n + nm + 1
variables a = (a; : i € [n]), g = (g;; : i € [n], j € [m]) and T (Where each variable g;; captures the

amount buyer i pays for good j):

minimize T
72>0,0;€[0,1],g9;; 2 Oforalli € [n] and j € [m]
gij=0forall j € [m]andi ¢ W;
@5;vs;j = apvgj forall j € [m] and k € [n]
@ vy;j = apvgj forall j € [m]and k # s; € [n]
(a) a;vij > @ Vs, j forall j € [m]andi € W;

(D) Xkem qrj = ai;ve;; forall j € [m]
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(¢) Zjeim qij < Biforalli € [n]

(d) a; 21 —7foralli € I and X e qij =2 (1 —7)B; foralli ¢ I

Here, (a) ensures that the buyers in W; have the highest bid on good j; (b) ensures that the total
payment of all buyers for good j is equal to the second highest bid; (c) ensures that the budgets
are satisfied; and (d) ensures that the not-too-much-unnecessary-pacing condition is satisfied. The
lemma below follows directly from the definition of y-approximate PE and the way I’, W’, s” and

t" are extracted from (a’, x”).

Lemma 26. Suppose (o, x’) is a y-approximate PE of G. Then (¢, q’,y) is a feasible solution to

the linear program LP(I', W', s, t"), where q’ = (qgj) with ql’.j = xl’.jpj(a’).

On the other hand, the next lemma shows that if LP(Z, W, s, ¢) has a feasible solution («, ¢, 0) for
some I, W, s and ¢, then (a, x) is an exact pacing equilibrium, where x = (x;;) and x;; = q;;/p (@)

if pj(a) > 0; when p;(@) = 0 we set x;;; = 1 and x;; = 0 for all other i.
Lemma 27. If (@, g, 0) is a feasible solution to LP(I, W, s,t), then (a, x) is an exact equilibrium.

Proof. Let (a, q,0) be a feasible solution to LP(1, W, s,). Set a to be the pacing multipliers of
buyers in G and define the allocation x = (x;;) as above. Then, the LP constraints imply that the
highest bid on good j is hj(a) = Qs Vs j and the second highest bid is p j(a) = @;;vy;j. Next we
note that, in the latter case, the constraints of the LP force the set of winners {i | x;; > 0} of good
J € [m] to be a subset of W;. This is because x;; > 0 implies ¢g;; > 0 and g;; = O for all i ¢ W;.
Now, it is straightforward to see that constraints (a)-(d), in combination with 7 = 0, imply that

(a, x) satisfies the corresponding conditions (a)-(d) of Definition 9. O

Given the definition of LP(Z, W, s, t), there is a polynomial ’(-) such that

max |LP(I,W,s,1)| < r'(|G)).
I1,W st
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Now we can set y to be smaller than 1/2""(ISD) (with bit length still polynomial in |G|). To finish
the proof of Theorem 12, we let (@’,x”) be a y-approximate PE of G. It follows from Lemma
26 that (@, ¢’, ) is a feasible solution to LP(I’, W’ s’,t’). Next it follows from Fact 1 that this
linear program has a feasible solution (a, g, 0) and the latter can be computed in polynomial time.
Lemma 27 shows that (e, x), which can be computed in polynomial time, is a pacing equilibrium

of G.

5.4 Conclusion

We studied the computational complexity of pacing equilibria in second-price pacing games
with multiplicative pacing. Our results show that finding a pacing equilibrium, whether exact or
approximate, is a PPAD-complete problem. As discussed previously, these results close the open
problem from [Con+18] on the complexity of pacing equilibria, and make progress towards resolv-
ing the conjecture of [Bor+07] by showing that their dynamics is unlikely to converge efficiently
in second-price auctions. More generally, our results show that algorithms for budget-smoothing
in auctions, an important problem for Internet advertising, cannot be expected to efficiently find
even approximate pacing equilibria in the worst case.

There are several interesting future questions and implications to investigate based on our work.
Perhaps most importantly, we would like to understand exactly when budget-smoothing becomes
hard. As discussed in the literature review, [BG19] developed regret minimization algorithms
for the case of i.i.d. and continuous stochastic valuations. Yet our results imply that for general
correlated valuations convergence cannot occur efficiently. The question is now which types of
correlated stochastic valuations admit efficient algorithms, and which types are hard. It would also
be interesting to understand whether other methods of budget smoothing (such as those discussed
by [Bal+21]) lead to PPAD-complete equilibrium problems as well.

In the direction of positive results, our PPAD membership proof suggests that complementary
pivoting may be a fruitful research direction for computing pacing equilibria. This is especially per-

tinent because approaches based on mixed-integer programming seem to scale poorly [Con+18].
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Chapter 6: Throttling Equilibria in Auction Markets

Based on the publication [CKK21] co-authored with Xi Chen and Christian Kroer.

This chapter goes beyond pacing and investigates the other most popular method of budget
management: throttling. In Section 6.2, we analyze first-price auctions. We show that a throttling
equilibrium always exists, and characterize it as the maximal element in the set of participation
probabilities that result in all buyers satisfying their budgets (Theorem 15). Furthermore, we use
this characterization to establish its uniqueness. On the computational front, we describe decentral-
ized dynamics in which buyers repeatedly play the throttling game and make simple taitonnement-
style adjustments to their participation probabilities based on their expected expenditure (Algo-
rithm 6). We show that these tatonnement-style dynamics converge to an approximate throttling
equilibrium in polynomial time (Theorem 16).

In Section 6.3, we study second-price auctions, We begin by establishing that a throttling equi-
librium always exists for second-price auctions (Theorem 17), but find that it may not be unique,
and for some games all throttling equilibria can be irrational. Next, we prove results about the com-
putational complexity of finding throttling equilibria, which requires the use of terminology from
computational complexity theory. Before summarizing those results, we make a note for readers
who may not be familiar with complexity theory: In order to make our results more accessible, we
provide an informal description of them at the head of every subsection, in an attempt to avoid let-
ting complexity-theoretic terminology obscure the conclusions derived from the result. Continuing
on with the summary of our results, we prove that the problem of computing approximate throttling
equilibria is PPAD-hard even when each good has at most three bids (Theorem 18), by showing
a reduction from the PPAD-hard problem of computing an approximate equilibrium of a thresh-
old game [PP21]. As a consequence, we show that, unlike first-price auctions, no dynamics can

converge in polynomial time to a second-price throttling equilibrium (assuming PPAD-complete
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problems cannot be solved in polynomial time). Furthermore, we place the problem of comput-
ing approximate throttling equilibria in the class PPAD by showing a reduction to the problem
of finding a Brouwer fixed point of a Lipschitz mapping from a unit hypercube to itself (Theo-
rem 20); the latter is known to be in PPAD via Sperner’s lemma (e.g. see [CD06]). We provide
additional evidence of the computational challenges that afflict throttling for second-price auctions
by proving the NP-hardness of finding a revenue-maximizing approximate throttling equilibrium
(Theorem 21). We complement these hardness results by describing a polynomial-time algorithm
for computing throttling equilibria for the special case in which there are at most two bids on each
good (Algorithm 7), thereby precisely delineating the boundary of tractability.

In Section 6.4, we compare the equilibrium outcomes of throttling with those of pacing. We
show that, for first-price auctions, the revenue of the unique throttling equilibrium and the unique
pacing equilibrium, although incomparable directly, are always within a factor of 2 of each other
(Theorem 23). Moreover, we find that pacing and throttling equilibria share a remarkably similar
computational and structural landscape, as summarized in Table 6.1 and Table 6.2. In view of
this comparison, our work can be seen as providing the analogous set of results for throttling
equilibria that [Bor+07; Con+18; Con+19] proved for pacing equilibria. Our results reaffirm what
the analysis of pacing suggested: budget management for first-price auctions is more well-behaved

as compared to second-price auctions.

Existence Rationality Multiplicity Computational Complexity Efficient Dynamics

Always Not always  Always unique Poly.-time for approx. eq. For approx. eq.
Always Always Always unique  Poly.-time for exact eq. For approx. eq.
[Con+19] [Con+19] [Con+19] [Con+19] [Bor+07]

Table 6.1: Comparison of throttling (top row) and pacing equilibria (bottom row) for first-price
auctions.
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Existence Rationality Multiplicity Computational Complexity Revenue Max.

Always Not always  Possibly infinite =~ PPAD-complete for approx. eq NP-hard

Always Always Possible PPAD-complete for both exact ~ NP-hard
[Con+18] [Chapter 5] [Con+18] and approx. eq. [Chapter 5] [Con+18]

Table 6.2: Comparison of throttling equilibria (top row) and pacing equilibria (bottom row) for
second-price auctions.

Finally, in Section 6.5, we analyze the price of anarchy of liquid welfare [DL14; Aza+17]. We
show that the liquid welfare under any throttling equilibrium is at most a factor of 2 away from the
liquid welfare that can be obtained by a central planner with complete information of the buyers
bids/values, i.e., the Price of Anarchy is at most 2. We do so for both first-price and second-price

auctions. Moreover, we provide examples to show that this bound is tight for both auction formats.

6.1 Model

Consider a seller who has m types of goods to sell, and n budget constrained buyers who are
interested in buying these goods. The seller runs an auction amongst the buyers in order to make
the sale. We assume that the type of good to be sold is drawn from some known distribution
d=(di,...,dy),1e., the good to be sold is of type j with probability d;. Buyer i bids l;l-j on good
type j, for all i € [n],j € [m], and has a per-auction budget of B; > 0. To control their budget
expenditure, each buyer i is associated with a throttling parameter 6; € [0, 1], which represents the
probability with which she participates in the auction: each buyer i independently flips a biased
coin which comes up heads with probability 6;, and submits their bid b; ; if the coin comes up
heads, while submitting no bid if the coin comes up tails.

We focus on the setting where each buyer wishes to satisfy her budget constraint in expec-
tation, i.e., buyer i would like to spend less than B; in expectation over the good types and par-
ticipation coin flips of all buyers. Requiring the budget constraints to be satisfied in expectation
draws its motivation from the large number of auctions that are run by online-advertising plat-

forms, in conjunction with concentration arguments, and has been employed by previous works
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on budget management in online auctions (see, e.g., [GKP12; AH13; BBW15; Bal+21; BG19;
Con+18]). Additionally, in this chapter, we restrict our attention to the two most commonly-used
auction formats in online advertising: first-price auctions and second-price auctions. In a first-price
auction, the participating buyer with the highest bid wins the good and pays her bid, whereas in
a second-price auction, the participating buyer with the highest bid wins the good and pays the
second-highest bid among the participating buyers. Our model can be interpreted as a discrete
version of the one defined in [Bal+21].

Before proceeding further, we introduce some additional notation that allows us to capture the
stochastic nature of the good types via a rescaling of the bids, thereby allowing us to analyze the
setting as a deterministic multi-good auction problem: Set b;; = d j15,~ jforalli € [n],j € [m].
Since the participation of buyers is independent of the good type and we are only concerned with
expected payments, the good type distribution d = (d;); and the bids {b; 7}i,j are consequential
only insofar as they determine {b;;}; ;. Therefore, with some abuse of terminology, going forward,
we refer to b;; as the bid of buyer i on good j (instead of b, 7» which will no longer be used).!
Furthermore, to simplify our analysis, we will assume that ties are broken lexicographically, i.e.,
the smaller buyer number wins in case of a tie. Our results continue to hold for all other tie-breaking
priority orders over the buyers (even when they are different for each good). The lexicographic tie-
breaking rule allows for simplified notation, albeit with some abuse: We will write b;; > by, to
mean that either b;; is strictly greater than by, or b;; = by; and i < k. Finally, we refer to any
tuple (n, m, (b;;), (B;)) as a throtiling game.

In online-advertising auctions, the buyers (or, more typically in practice, the platform on behalf
of the buyers) attempt to satisfy their budget constraints by adjusting their throttling parameters.
This naturally leads to a game where each buyer’s strategy is her throttling parameter. We use
p(0);; to denote the expected payment of buyer i on good j when buyers use 6§ = (61, ...,6,) to

decide their participation probabilities. Let X; be a random variable such that X; = 1 if buyer i

! This deterministic view is equivalent to the model of [Con+18], except that we focus on probabilistic throttling for
managing budgets, whereas they focus on multiplicative pacing. Their model can similarly be viewed as a stochastic
setting.
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participates and X; = O if buyer i does not participate. Then, by our modeling assumptions, X; is a

Bernoulli(6;) random variable. More concretely, p(6);; can be defined as follows:
e First-price auction: p(0);; = E [X,-bl-j [k >n,;(1 = Xk)] = 0ibij [Tk:b>b,;(1 = Ok)

* Second-price auction:

p@ij=E| > buXXe [] A-=-Xo|l= D) byt [] (1-60
U:bgj<bi; k#izbij>bej U:bgj<bi; k#izbij>byj
We overload p(0);; to represent the expected payment in both auction formats; the auction
format will be clear from the context. We assume here that the participation probability of a buyer
across goods is perfectly correlated for simplicity (X; is the same for all j). Any other correlation
structure, e.g. independent across goods, would also lead to the same results due to linearity of
expectation. Next, we define the equilibrium concept which will be the main object of study in this

work.

Definition 12 (Throttling Equilibrium). Given a throttling game (n,m, (bij), (By)), a vector of

throttling parameters 60 = (61, ...,60,) € [0, 11" is called an 6-approximate throttling equilibrium
1. Budget constraints are satisfied: 3.; p(6);; < B; for alli € [n]

2. No unnecessary throttling occurs: If 3. ; p(0);; < B;, then 6; = 1

The above definition applies to both first-price and second-price auctions using the correspond-
ing payment rule p(6);;. Definition 12 draws its motivation from the fact that, in a natural utility
model, throttling equilibria are essentially equivalent to pure Nash Equilibria, which we describe
next. Consider a throttling game (n,m, (b;;),(B;)). Fix an auction format: either first-price or
second-price. Suppose buyer i has value v;; for good type j for all i € [n], j € [m]. We make the
natural assumption that the buyers bid less than their value, 1.e., d;v;; > b;; for all i € [n], j € [m]

in second-price auctions and strictly less than their value, i.e., d;v;; > b;; foralli € [n],j € [m]
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in first-price auctions. Define a new game G in which each buyer i’s strategy is her throttling

parameter 6; and her utility function is given by

% (g6 Micay, o, (1 = 60 = p(O);s) if Z;p©O)yy < B,
u;(0) =

—00 otherwise

This utility is simply the expected quasi-linear utility modified to ascribe a utility value of negative
infinity for budget violations. Since all of the buyers get a non-negative utility from winning
any good, increasing the throttling parameter improves utility so long as the budget constraint
is satisfied. This makes it easy to see that every throttling equilibrium of the throttling game
(n,m, (bij), (Bl-)) is a Nash equilibrium of the corresponding game G. Furthermore, it is also
straightforward to check that a pure Nash equilibrium of G is not a throttling equilibrium only in
the following scenario: There is a buyer who spends 0 in the Nash equilibrium and has a throttling
parameter strictly less than 1. In this scenario, setting the throttling parameter of all such buyers
to 1 yields a throttling equilibrium with exactly the same expected allocation and payment for all
the buyers as under the Nash equilibrium. Hence, given a throttling game (n, m, (b;;), (Bi)), for
every pure Nash equilibrium of the corresponding game G, there is a throttling equilibrium with
the same expected allocation and revenue.

We conclude this section by defining an approximate version of throttling equilibrium, which
allows us to side-step issues of irrationality that can plague exact equilibria (see Example 10 and

Example 11).

Definition 13 (Approximate Throttling Equilibrium). Given a throtiling game (n, m, (b;;), (B;)), a
vector of throttling parameters 6 = (01, . ..,0,) is called an 5-approximate throttling equilibrium

1. Budget constraints are satisfied: %.; p(6);; < B; for alli € [n]

2. Not too much unnecessary throttling occurs: If 3. ; p(6);; < (1 —6)B;, then 6; > 1 -6
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6.2 Throttling in First-price Auctions

We begin by studying throttling equilibria in the first-price auction setting. We start by showing
that, for first-price auctions, there always exists a unique throttling equilibrium. We then describe

a simple and efficient titonnement-style algorithm for approximate throttling equilibria.

6.2.1 Existence of First-Price Throttling Equilibria

To show existence, we will characterize the throttling equilibrium as a component-wise max-
imum of the set of all budget-feasible throttling parameters. This argument is inspired from the
technique used in [Con+19] for pacing equilibria in first-price auctions. We use the following

definition to make the argument precise.

Definition 14 (Budget-feasible Throttling Parameters). Given a throtiling game (n, m, (b;;), (B;)),
a vector of throttling parameters 6 € [0, 11" is called budget-feasible if every buyer satisfies her

budget constraints, i.e., 23; p(0);; < B; for all buyers i € [n].

The following lemma captures the crucial fact that the component-wise maximum of two

budget-feasible throttling parameters is also budget-feasible.

Lemma 28. Given a throttling game (n, m, (b;;), (Bl-)), if 0,0 € [0,1]" are budget-feasible, then

max(6, 9) := (max(8;, 8;)); is also budget-feasible.

Proof. Fixi € [m] and j € [m]. Without loss of generality, we assume that 6; > g;. Observe that

pmax(6,0));; = [ (1-max(6,00)0b;; < [ (1-60)0ibi; = pO);;
k:bkj>b,‘j klbkj>bij

Summing over all goods j € [m] completes the proof. O

The maximality property shown in Lemma 28 is analogous to the maximality property of mul-
tiplicative pacing: there it is also the case that component-wise maxima over pacing vectors pre-

serves budget feasibility for first-price auctions, and this was used by [Con+19] to show several
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structural properties of pacing equilibria. Next we show that the maximality property allows us to

establish the existence and uniqueness of throttling equilibria for first-price auction.

Theorem 15. For every throttling game (n, m, (b; ) (B,-)), there exists a unique throttling equilib-

rium 6% € [0, 11" which is given by 67 = sup{6; € [0,1] | 36_; s.t. 0 = (6;, 0-;) is budget-feasible}.

Proof. Set 67 = sup{6; € [0,1] | 3 6_; s.t. 6 = (6;,0-;) is budget-feasible} for all i € [n]. First,
we show that 67 is budget-feasible. Observe that the function 6 +— (Z iPDijs. .., 2 p(@)n j)
is continuous. Therefore, the pre-image of the set X'_,[0, B;] under this function is closed. In
other words, the set of all budget-feasible throttling parameters is closed. Fix € > 0. For all
i € [n], by the definition of 6, there exists 09 € [0, 11" which is budget feasible and 91@ >0 — €.
Iterative application of Lemma 28 yields the budget-feasibility of the vector 8 defined by 6; =
maxgepn] 95"). Moreover, 6; > 6 — € for all i € [n] because 61@ > 0 —eforalli € [n]. Since € > 0
was arbitrary, we have shown that there exists a sequence of budget-feasible throttling parameters
which converges to 6%, which implies that 6* is budget-feasible because the set of budget-feasible
throttling parameters is closed.

Next, we show that 6* also satisfies the ‘No unnecessary pacing’ property. Suppose there exists
i € [n]suchthat 3}; p(6%);; < B; and 67 < 1. Then, by the continuity of 6 +— 3} ; p(6);;, there exists
6; such that 07 < 6; < 1 and X; p(6;,0",);; < B;, which contradicts the definition of §*. Therefore,
for all i € [n], we have X; p(6¥);; < B; implies 67 = 1. Thus, 6 is a throttling equilibrium.

Finally, we prove uniqueness of 8*. Suppose there is a throttling equilibrium 6 € [0, 1]" such
that 6; # 67 for some i € [n]. Then, the set of buyers C C [n] for whom 67 > 6; is non-empty.
Note that 6; < 1 for all i € C. Hence, every buyer in C spends her entire budget under . On the
other hand, since 67 > 6; for alli € C and 67 = 6; fori ¢ C, the total payment made by buyers in
C under 6™ is strictly greater than the payment under 6, which contradicts the budget-feasibility of

0*. Therefore, 6 is the unique throttling equilibrium. O

We conclude this subsection by noting that in Appendix E.1 we describe a throttling game for

which the unique throttling equilibrium has irrational throttling parameters for some buyers. In
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Algorithm 6: Dynamics for First-price Auction

Input: Throttling game (n, m, (b;;), (Bi)) and approximation parameter o6 € (0, 1/2)
Initialize: 6; = min{B;/(2 % b;;), 1} for alli € [n]
While there exists a buyeri € [n] such that§; < 1 -6 and X; p(0);; < (1 —9)B;:

 Foralli € [n] such that§; <1 -6 and 3; p(0);; < (1 —06)B;, set0; < 6;/(1 —0)

Return: 6

other words, rational throttling equilibrium need not always exist. Since irrational numbers cannot
be represented exactly with a finite number of bits in the standard floating point representation, it

leads us to consider algorithms for finding approximate throttling equilibrium instead.

6.2.2 An Algorithm for Computing Approximate First-Price Throttling Equilibria

In this subsection, we define a simple taitonnement-style algorithm and prove that it yields an
approximate throttling equilibrium in polynomial time.

Before proceeding to prove the correctness and efficiency of Algorithm 6, we note some of its
properties. Typically, in online advertising auctions, buyers participate in a large number of auc-
tions throughout their campaign, and the platform periodically updates their throttling parameters
to ensure that they don’t finish their budgets prematurely and loose out on valuable advertising
opportunity. The above algorithm is especially suited for this setting due to its decentralized and
easy-to-implement updates to the throttling parameter. Moreover, it also lends credence to the no-
tion of throttling equilibrium as a solution concept because the update step in Algorithm 6 can be
implemented independently by the buyers, resulting in decentralized dynamics which converge to
a throttling equilibrium in polynomially-many steps. We refer the reader to [Bor+07] for a detailed
model under which Algorithm 6 can be naturally interpreted as decentralized dynamics for online
advertising auctions.

In the next lemma, we show that, throughout the run of Algorithm 6, all the buyers always

satisfy their budget constraints.

Lemma 29. Consider the run of Algorithm 6 on the throttling game (n, m, (b;;), (B,-)) and ap-
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proximation parameter 6 € (0,1/2). Then, after every iteration of the while loop, we have

2. p(0);j < B;foralli € [n].

Proof. We prove the lemma using induction on the number of iterations of the while loop. Note
that 3; p(0);; < B; for all i € [n] before the first iteration of the while loop by virtue of our
initialization. Let 6 and 6’ represent the throttling parameters after the z-th iteration and the (7 + 1)-
th iteration of the while loop. Suppose 2; p(6);; < B; for all i € [n]. To complete the proof
by induction, we need to show that 3; p(6');; < B; for alli € [n]. Consider a buyer i. Suppose

2. p(0)i; = (1-0)B;. By the update step of the algorithm, 6 = 6; and 9} > 6 for j # i. Therefore,

2@ =23 [ =66y <> [ (1-6006iby =2, pO); < B;
J J

J kibkj>b,'j J kbkj>bl]

On the other hand, suppose 33; p(6);; < (1 — 6)B;. Then, by the update step of the algorithm,
) < 6;/(1 -06)and 9;. > @, for j #i. Therefore,

2p@i=21 [ a- k)@bl,_l 20 [T a-606ibi; = Zp(e)l,<B
J

J k:bkj>b,‘j J k: bkj>blj
This completes the proof of 3. ; p(6”);; < B; for all buyers i € [n]. m|

We conclude this subsection by proving the correctness and efficiency of Algorithm 6.

Theorem 16. Given a throttling game (n,m, (bij), (Bl-)) and an approximation parameter § €

(0, 1/2) as input, Algorithm 6 returns a 6-approximate throttling equilibrium in polynomial time.

Proof. Since each iteration of the while loop only performs basic arithmetic operations, to es-
tablish a polynomial run-time complexity, it suffices to show that the while loop terminates in
polynomially-many steps. Note that ¢ = min; min{B;/(2 X.; b;;), 1} is a lower bound on the initial
value of the throttling parameter of every buyer. Due to the termination condition of the while loop
and the update step, at each iteration of the while loop, there exists a buyer i € [n] whose throttling

parameter is updated, i.e., there exists i € [n] such that§; < 1 — ¢ and 6; « 6,;/(1 — ). Therefore,
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the number of iteration of the while loop T satisfies the following relationships:

c <] e T < nlog(1/c) < nlog(1/c)
(1-6)T/mn = ~ log(1/(1-9) 0

The second sequence of inequalities upper bounds the number of iterations of the while loop by a
polynomial function of the problem size.

To complete the proof, it suffices to show that at the termination of the while loop, 6 is a ¢-
approximate throttling equilibrium. Budget-feasibility follows from Lemma 29, and the ‘Not too

much unnecessary throttling’ condition is satisfied by virtue of the termination condition. O

6.3 Throttling in Second-price Auctions

In this section, we study throttling equilibria in second-price auctions. We begin by establishing
the existence of exact throttling equilibria. Next, we show that, in contrast to first-price auctions,
it is PPAD-hard to compute an approximate throttling equilibrium. To complete the characteriza-
tion of its complexity, we then place the problem in PPAD. Moreover, we also show that, unlike
first-price auctions, multiple throttling-equilibria can exist for second-price auctions, and finding
the revenue-maximizing one is NP-hard. Finally, we complement these negative results with an

efficient algorithm for the case when each good has at most two positive bids.

6.3.1 Existence of Second-Price Throttling Equilibria

The following theorem establishes the existence of an exact throttling equilibrium for every bid

profile by invoking Brouwer’s fixed-point theorem on an appropriately defined function.

Theorem 17. For every throttling game (n,m, (bij), (B))), there exists a throttling equilibrium

0* € [0, 1]".
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Proof. First, observe that we can write the expected payment of buyer i on good j under 6 as

p@ij= D bebie || (-60=6i- > b6 ] (1-60)=6;-p(1,0-);

f:b[j<bij k#i:bkj>b[j f:b(j<bij k#ilbkj>b[j

6.1)

Define f : [0,1]" — [0, 1]" as

. B n
ﬁ(0)=mln{m,l} Vo € [0, 1]

where, we assume that f;(0) = 1if 3; p(1,0-;);; = 0. Note that p(1, 6_;);; is a continuous function
of 6 because it is a polynomial. Therefore, f is continuous as a function of # and hence, by
Brouwer’s fixed-point theorem, there exists a * such that f(6*) = 6*. As a consequence, for all

buyers i € [n], we get the following equivalent statements

fi0) =0 < 6;->p(1,6,);; < Biimplies §; =1 < > p(6*);j < B; implies 6} = 1
J J

where the last equivalence follows from equation 6.1. Moreover, by definition of f, we get

B:

6 = (0" < —D1
i =S 2 p(1,0-);;

which in conjunction with equation 6.1 implies 3; p(6*);; < B;. Therefore, 6* is a throttling

equilibrium. O

Even though the above theorem establishes the existence of a throttling equilibrium for every
throttling game, in Appendix E.1 we give an example of a throttling game for which all equilibria
have a buyer with an irrational throttling parameter. This prompts us to study the problem of

computing approximate throttling equilibria, which we do in the following subsections.
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6.3.2 Complexity of Finding Approximate Second-Price Throttling Equilibria

In the previous subsection, by way of our existence proof, we reduced the problem of finding
an approximate throttling equilibrium to that of finding a Brouwer fixed point of the function f;
but this is of little use if we want to actually compute an approximate throttling equilibrium: no
known algorithm can compute a Brouwer fixed point in polynomial time and it is believed to be
a hard problem. This is because the problem of computing an approximate Brouwer fixed point
is a complete problem for the class PPAD [Pap94]; informally, this means that it is as hard as any
other problem in the class, such as computing Nash equilibria of bimatrix games [DGP09; CD06]
or computing a market equilibrium under piece-wise linear concave utilities [CT09; VY11]. These
problems have eluded a polynomial-time algorithm for decades despite intensive effort.

However, through our reduction we have only shown that the problem of computing an ap-
proximate throttling equilibrium is easier than the problem of computing a Brouwer fixed point by
showing that any algorithm for the latter can be employed to solve the former. Perhaps, comput-
ing an approximate throttling equilibrium is strictly easier? Unfortunately, this is not the case and
the goal of this subsection is to prove it. More precisely, we show that the problem of finding an
approximate throttling equilibrium is PPAD-hard, which in informal terms means that it is as hard
as any other problem in the class PPAD, in particular that of computing a Brouwer fixed point.
Before stating the hardness result itself, we note a consequence of particular importance: Under
the assumption that PPAD-hard problems cannot be solved in polynomial time, no dynamics can
efficiently converge to an approximate throttling equilibrium in polynomial time, which is in stark

contrast to throttling in first-price auctions. Now, we state the main result of the section.

Theorem 18. There is a positive constant 6 < 1 such that the problem of finding a §-approximate
throttling equilibrium in a throttling game is PPAD-hard. This holds even when the number of

buyers with non-zero bids for each good is at most three.

The proof of Theorem 18 uses threshold games, introduced recently by [PP21]. They showed

that the problem of finding an approximate equilibrium in a threshold game is PPAD-complete.
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Definition 15 (Threshold game of [PP21]). A threshold game is defined over a directed graph
G = ([n], E). Each node i € [n] represents a player with strategy space x; € [0, 1]. Let N; be the
set of nodes j € [n] with (j,i) € E. Then (x; : i € [n]) € [0, 1]" is an e-approximate equilibrium if

every Xx; satisfies

[0, €] 2ijen;Xj >05+€

X; € [1-¢,1] ZjeNixj<O-5_6

[0, 1] 2ijen; Xj €[0.5-€,0.5+ €]

Theorem 19 (Theorem 4.7 of [PP21]). There is a positive constant € < 1 such that the problem
of finding an e-approximate equilibrium in a threshold game is PPAD-hard. This holds even when

the in-degree and out-degree of each node is at most three in the threshold game.

Given a threshold game G = ([n], E), we let O; denote the set of nodes j € V with (i, j) € E.
So |N;|,|0;|< 3 for every i € [n]. To prove Theorem 18, we need to construct a throttling game
Ig from G such that any approximate throttling equilibrium of Zg corresponds to an approximate
equilibrium of the threshold game. Before rigorously diving into the construction, we give an
informal description to build intuition.

With each node of G, we will associate a collection of buyers and goods, with the goal of
capturing the corresponding strategy and equilibrium conditions of the threshold game. Fix a node
i € [n]. We will define a strategy buyer S(7) and set the strategy x; for node i to be proportional to
1 —05;). Next, in order to implement the equilibrium condition of the threshold game, our goal will
be to define buyers and goods such that the linear form X jcy, x; ends up being proportional to the
total payment of a buyer who we will refer to as the threshold buyer 7'(i). For each in-neighbour
J € N;, we will define a neighbour good G (i, j), for which the strategy buyer of the neighbour S(;)
places the highest bid of 6 and the threshold buyer 7'(i) places a bid of 5. Furthermore, for a reason
that will become clear shortly, the strategy buyer S(i) places a bid of 4 on G(i, j). With these bids,

the payment made by the threshold buyer 7'(i) on all the neighbour goods {G (i, j)} ; is proportional
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Figure 6.1: A diagrammatic representation of the non-zero bids made and received by the buyers
and goods corresponding to a particular node of the threshold game. Consider a particular node of
the threshold game, represented here by the black rectangle. It has three , depicted
as orange rectangles, and three in neighbours, depicted as pink rectangles. The hollow circles
represent goods and the solid circles represent buyers. Corresponding to each node of the threshold
game, there is one strategic buyer, shown here in green, and one threshold buyer, shown in brown.
Furthermore, for each node of the threshold game, there are three neighbour goods, shown in red,
and one reciprocal good, shown in blue. The lines represent non-zero bids.

to O710si) 2 jen; (1 — 0s5())) = O11)0si) 2 jen; Xj. Now, if we are somehow able to ensure that the
throttling parameter of the strategy buyer 65; is inversely proportional to the throttling parameter
of the threshold buyer 67, then the payment made by the threshold buyer on all the neighbour
goods will be proportional to 3 ey, x;, as desired. To achieve this, we define a reciprocal good
R(7). Finally, we set the budget of the threshold buyer 7'(¢) in such a way that comparing it to
her payment, which is proportional to 3 ey, x;, is tantamount to making a comparison between
2. jen; Xj and 0.5. The challenging part of the reduction lies in setting up the bids and budgets in a
way that ensures that this comparison leads to an enforcement of the equilibrium condition of the
threshold game.

With this high level overview of the reduction in place, we move on to the rigorous construction

of the throttling game Zg from G. First, g contains the following set of goods:
* Foreachi € [n] and j € N;, there is a neighbor good G(i, j).
* For eachi € [n], there is a reciprocal good R(i).
Next, setting two constants M and é as M = 160/6 and 6 = min{e/(3 + €), €/2, 1/4}, the throttling
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game Jg has the following set of buyers:

* For eachi € [n], there is a threshold buyer T (i) who has budget 1/2 and has non-zero bids

only on the following goods: b(T'(i), G(i, j)) = 5 for all j € N;; and b(T (i), R(i)) = M|O;|.

* For each i € [n], there is a strategy buyer S(i) who has budget M|0O;|/2 and has non-zero
bids only on the following goods: b(S(i), R(i)) = M|0;|+1; b(S(@@), G(i, j)) = 4 for all
Jj € Nj;and b(S(i), G(j,i)) =6forall j € O;.

It is clear that Jg can be constructed from G in polynomial time, and the number of buyers with
non-zero bids for each good is at most three. Let 6 be any 6-approximate throttling equilibrium of

Ig and use it to define (x; : i € [n]) € [0, 1]" as follows:

x; =min {2(1 - 0s)), 1}, foralli € [n]. (6.2)

To complete the reduction, we will show that (x; : i € [n]) is an e-approximate equilibrium of the
threshold game G. Since we are considering a particular 6, we will suppress the dependence on
0 of the payment made by buyer B on good G and simply denote it by p(B, G). The next lemma

notes the payment terms of buyers in Jg.
Lemma 30. For alli € [n], we have
1. p(T@(), GG, ))) = (1 = 0s(j)) Or@)0s@y4, for all j € N;; and p(T(i), R(@)) = 0.

2. p(S@G), R()) = Os»0r@yM|0;|; p(SG),G(, j)) =0, for all j € N;; and

p(SG), G(j, i) = Osi) [0r)5 + (1= 07(j)0spd| . forall j € OG).

In the next lemma, we bound the total payment made by strategy buyer S(i) on the neighbor

goods and provide lower bounds on the throttling parameters:
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Lemma 31. For alli € [n], we have 05y > (1 —26)/2, 07y > 1/32, and the total payment of S(i)

on the neighbor goods satisfies:

0il0s) < >3 p(S@), GG, ) + D5 p(SG), G(j, ) < 5|0il65)
JEN; J€O0;

Proof. Fori € [n], using Lemma 30, we get

D pSO), GG, )+ D) pSH), G(j.i) = D) Osy [0r(H5 + (1= 07¢;)0sy4] < 510050
JEN; Jj€O0; Jje0;

Suppose bsiy < (1 —26)/2 for some i € [n]. Then, the total payment made by S(i) is at most

(1 -26)M|0;|
2

M|0O;
+5|0;|< (1 =9)- M

Osi)01@iyM|0;]+5]0;10s3) < >

using M > 10/6 by our choice of M. This contradicts the definition of 6-approximate throttling
equilibrium because S(i) has a budget of M|0;|/2. Therefore, we have 65, > (1 — 26)/2 and in

particular, 6g¢) > 1/4 for all i € [n] using 6 < 1/4. Hence,

> P8, GG, )+ D p(SW), G, D) = D Osay [6r(h5 + (1= 0r()05s(jy4]

JEN; Jj€O; jeO;
> > Oy [0r(hOspd + (1= 0r¢j))0s(y4]
J€0;
= 4056 - >, Os() = 0:l05a).

J€O0;
Suppose, 7 < 1/32. By Lemma 30 the total payment of threshold buyer 7'(7) is at most

1-¢
2

oo | W

D7 407Gy < 1207 <
JEN;

<

using |N;|< 3 and § > 1/4. Hence, we have obtained a contradiction with the definition of ¢-

approximate throttling equilibria. Therefore, 7 > 1/32. O

We are now ready to complete the reduction.
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Lemma 32. (x; : i € [n]), as defined in (6.2), is an e-approximate equilibrium of the threshold

game G.

Proof. Fix ani € [n]. First consider the case when 2 jcn, x; > 0.5 + €. Assume for a contradiction
that x; > €. Then, 8(S(i)) < 1 —(€/2) < 1 -6 using 6 < €/2. By the definition of d-approximate
throttling equilibrium, the total payment of threshold buyer S(i) is at least (1 — 6)M|0O;|/2. Com-

bining this observation with Lemma 30 and Lemma 31, we get

M|0;
Oy [0riyM|0:|+5|0i] = (1 -6) - %

and thus (using 07y > 1/32 from Lemma 31 and our choice of M = 160/6),

1-6 1 1-6 1
Osi) > > : R S —
SO = 2010 + (10/M) = 207¢, 1+6 TOYSO =51 + 2¢)

using 6 < €/2 and € < 1. Moreover, note that 3} ;cy, x; > 0.5 + € implies

D 2(1=6s)) > (1 +2€)/2
JEN;

Combining the above statements allows us to bound the total payment of buyer 7'(i):

| =

4
(1= 0s() Or@iybsid = === >, (1 =0s)) >
]% J DS 2(1 + 2¢) ]% J

This yields a contradiction because 7'(i) has budget 1/2. Hence x; < € when X ey, x; > 0.5 + €.

Next consider the case of X ;cn, x; < 0.5 — €. The budget constraint of S(i) and Lemma 31 yield

M|0;|
2

Osi) [0roM10;i|+10;|] <

which implies that

M|O;|

Osa) |0r@cyM|0:|+07:|04]] < >

(6.3)

1
Orofso < S < 2
=  Urmbse) = 2(1 + (1/M)) ) 2
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By Lemma 31, we have 6g;y > (1 —26)/2 and thus, 2(1 - 5(;)) < 1 +26. Multiplying both sides

by (1 —2¢) yields 2(1 — 05;))(1 —=26) < 1 - 462 < 1. In other words, we have
2(1 = O5(j))(1 = 26) < min{2(1 — O5(;)), 1} = x; (6.4)
for every j € [n]. This together with X} ;cy, x; < 0.5 — € implies

(1-26) D> 2(1=0s) < (1-2€)/2.
JEN;

Therefore, we get that the total payment of 7'(7) satisfies the following bound

1-2¢ 1
2 (1= s0) Orofsod < 2, 2(1=050) < 3755 = (1293

using 6 < €/2. As a consequence of the definition of 6-approximate throttling equilibria, we have

that 67y > 1 — 6. Finally, using (6.3) and (6.4), we have

1 (1-2672 1-46
i >2(1 =051 =26) >2 |1 - 1-26) > > >1—e¢,
xi > 2(1 - B5)(1 — 26) ( 29m>)( )2 e
where the last inequality follows from ¢ < €/(3 + €). O

This completes the reduction, and thereby the proof of Theorem 18, because we have shown
that for any ¢-approximate throttling equilibrium of the throttling game Jg, the strategy (x;); is an

e-approximate equilibrium of the threshold game G.

PPAD Membership of Approximate Second-Price Throttling Equilibria Next, we show that
the problem of computing a d-approximate throttling equilibrium belongs to PPAD by showing a
reduction to BROUWER: the problem of computing an approximate fixed point of a Lipschitz con-
tinuous function from a n-dimensional unit cube to itself, which known to be in PPAD [CDO06]. Its
proof is motivated by the argument for existence of exact throttling equilibria given in Theorem 17

and can be found in Appendix E.2.1
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Theorem 20. The problem of computing an approximate throttling equilibrium is in PPAD.

6.3.3 NP-hardness of Revenue Maximization under Throttling

To further strengthen our hardness result, next we establish the NP-hardness of computing the
revenue-maximizing approximate throttling equilibrium. With revenue being one of the primary
concerns of advertising platforms, this result provides further evidence of the computational dif-
ficulties which plague throttling equilibria in second-price auctions. We begin by defining the

decision version of the revenue-maximization problem.

Definition 16 (REV). Given a throttling game G and target revenue R as input, decide if there
exists a 0-approximate throttling equilibrium of G, for any 6 € [0, 1), with revenue greater than or

equal to R.

Note that we allow for arbitrarily bad approximations to the throttling equilibrium by allowing
0 to be any number in [0, 1). Theorem 21 states the problem of finding the revenue maximizing
approximate throttling equilibrium is NP-hard. Its based on a reduction from 3-SAT to REV and

has been relegated to Appendix E.2.2.

Theorem 21. REV is NP-hard.

6.3.4 An Algorithm for Second-Price Throttling Equilibria with Two Buyers Per Good

Next, we contrast the hardness results of the previous subsection with an algorithm for the case
when each good receives at most two non-zero bids. Since goods with only one positive bid never
result in a payment, without loss of generality, we can assume that every good has exactly two
buyers with positive bids. More precisely, in this subsection, we will assume that |{i € [n] | b;; >
0}|= 2 for all j € [m]. This special case demarcates the boundary of tractability for computing
throttling equilibria in second-price auctions: Our PPAD-hardness result (Theorem 18) holds for
the slightly more general case of each good receiving at most three positive bids. We begin by

describing the algorithm (Algorithm 7).
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Algorithm 7: Algorithm for the Two Buyer Case

Input: Throttling game (n, m, (b;;), (B;)) and parameter y > 0
Initialize: 6; = min{B;/(2 % b;;), 1} for alli € [n]
While there exists a buyeri € [n] such that§; <1 -7y and 3; p(6);; < (1 - ¥)3B;:

1. Foralli € [n] suchthat§; <1 -y and X; p(0);; < (1 - y)zB,-, set@; — 60;/(1 —y)
2. Foralli € [n] such that 3.; p(6);; > B;, set 6; < (1 —y)6;

Return: 6

The following theorem, whose proof can be found in Appendix E.2.3, establishes the correct-

ness and polynomial runtime of Algorithm 7.

Theorem 22. Algorithm 7 returns a (1 — 3y)-approximate throttling equilibrium in time which is

polynomial in the size of the instance and 1/y.

6.4 Comparing Pacing and Throttling

In this section, we compare two of the most popular budget management strategies: multiplica-
tive pacing and throttling. First, we restate the definition of pacing equilibrium, as it appears in
[Con+18; Con+19]. Under pacing, each buyer i has a pacing parameter «; and, she bids a;b;; on
good j. Let p;(a) denote the price on good j when all of the buyers use pacing, i.e., p;(@) is
the highest (second-highest) element among {a;v;;}; for first-price (second-price) auctions. Then,
a tuple ((a;), (x;;)) of pacing parameters and allocations x;; is called a pacing equilibrium if the

following hold:

(a) Only buyers with the highest bid win the good: x;; > 0 implies @;v;; = max; a;b;;.
(b) Full allocation of each good with a positive bid: max; a;b;; > 0 implies X[ Xij = 1.
(c) Budgets are satisfied: 2 je(m) xijpj(@) < B;.

(d) No unnecessary pacing: 3 e Xijpj(@) < B; implies a; = 1.
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Comparing Pacing and Throttling in First-Price Auctions We begin with a comparison of
pacing equilibria and throttling equilibria for first-price auctions. In [Con+19], the authors show
that a unique pacing equilibrium always exists in first-price auctions and characterize it as the
largest element in the collection of all budget-feasible vectors of pacing parameters. In Theo-
rem 15, we show the analogous result for throttling using similar techniques. However, unlike
pacing equilibrium, which is known to be rational [Con+19], there exist throttling games where
the throttling equilibrium is irrational as we demonstrate through Example 10. Furthermore, in
[Bor+07], the authors develop titonnement-style dynamics similar to those described in Algo-
rithm 6, which converge to an approximate pacing equilibrium in polynomial time. In combina-
tion with Theorem 16, this provides evidence supporting the tractability of budget management for
first-price auctions.

The uniqueness of pacing equilibrium and throttling equilibrium in first-price auctions is con-
ducive to comparison, which we carry out for revenue. More specifically, in Theorem 23, we show
that the revenue under the pacing equilibrium and the throttling equilibrium are always within a
multiplicative factor of 2 of each other. Let REV(PE) and REV(TE) denote the revenue under the

unique pacing equilibrium and the unique throttling equilibrium respectively.

Theorem 23. For any throttling game (n, m, (b;j), (B;)), the revenue from the pacing equilibrium
and the revenue from the throttling equilibrium are always within a factor of 2 of each other, i.e.,

REV(PE) < 2 x REV(TE) and REV(TE) < 2 x REV(PE).

Proof. Consider a throttling game (n, m, (b;;), (Bi)). Let 6 = (6;); be the unique throttling equilib-
rium (TE) and o = («;); be the unique pacing equilibrium (PE) for this game. We will use p;(6)
and p;(a) to denote the (expected) payment made to the seller on good j under the TE and PE
respectively. Then, REV(TE) = 3; p;(6) and REV(PE) = 3 p;(a).

First, we show that REV(PE) < 2 X REV(TE). Let N = {i € [n] | 8; = 1} be the set of buyers

who are not budget constrained under the TE. Moreover, define

M = {j € [m] | 3i € N such thati wins a non-zero fraction of j under the PE «}

160



Note that, since §; = 1 and @; < 1 for all i € N, we get that the TE yields a higher revenue
for the seller on all goods in the set M, i.e., p;(0) > p;(0) for all j € N. Therefore, REV(TE)
> 2jemPj(0) = 2 jem pj(a). Furthermore, the definition of throttling equilibrium implies that
every buyer i ¢ N spends her entire budget B; under the TE. Hence, by our choice of M, we
get Xj¢m pj(a@) < gy Bi < REV(TE). Combining the two statements yields REV(PE) < 2 x
REV(TE), as desired.

Next, we complete the proof by showing that REV(TE) < 2XREV(PE). Let S = {i € [n] | a; =
1} be the set of buyers who are not budget constrained under the PE. Note that, for all i € S and
J € [m], buyer i bids b;; under the PE, which implies p;j(a) > max;es b;; for all goods j € [m].
Therefore, for any good j € [m], the total payment made by buyers in the set S under the TE is
at most p;(a). As a consequence, the total payment made by buyers in § under the TE is at most
REV(PE). Furthermore, the buyers not in S completely spend their budget under the TE so the
total payment made by buyers not in S under the TE is also at most REV(PE). Hence, we have the

desired inequality REV(TE) < 2 x REV(PE). O

In Appendix E.3, we give examples to demonstrate that REV(TE) can be arbitrarily close
to 2 X REV(PE), and REV(PE) can be arbitrarily close to (4/3) X REV(TE). In other words,
for Theorem 23, the inequality REV(TE) < 2 x REV(PE) is tight and the inequality REV(PE)

< 2 X REV(TE) is not too loose.

Comparing Pacing and Throttling for Second-Price Auctions This subsection is devoted to
the comparison of pacing equilibria and throttling equilibria in second-price auctions. We begin
by noting that, in stark contrast to first-price auctions, there could be infinitely many throttling

equilibria for second-price auctions as the following example demonstrates.

Example 4. There are 2 goods and 2 buyers. The bids are given by by; = by =2, b1y = by =1,
and the budgets are given by B1 = By = 1/2. Then, it is straightforward to check that any pair of

throttling parameters 01,0, € [1/2,1] such that 610, = 1/2 forms a throttling equilibrium.
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[Con+18] demonstrate that multiplicity (although only finitely-many different equilibria) also
shows up for pacing equilibria in second-price auctions, which in combination with the multiplic-
ity of throttling equilibria bodes unfavorably for potential comparisons of revenue. The similari-
ties do not end with multiplicity: the problems of computing an approximate pacing equilibrium
and computing an approximate throttling equilibrium are both PPAD-complete (Chapter 5). As
a consequence, we get that, unlike first-price auctions, no dynamics can converge to an approxi-
mate equilibrium in polynomial time for second-price auctions under either budget-management
approach (assuming PPAD-hard problems cannot be solved in polynomial time). Furthermore,
finding the revenue maximizing throttling equilibrium and finding the revenue maximizing pacing
equilibrium are both NP-hard problems [Con+18]. However, unlike throttling equilibria, a rational

pacing equilibrium always exists (Chapter 5).

6.5 Price of Anarchy

In this section, we study the efficiency of throttling equilibria in first-price and second-price
auctions. We will use liquid welfare [DL14] to measure efficiency. It is an alternative to social
welfare which is more suitable for settings with budget constraints, and it reduces to social welfare

when budgets are infinite.

Definition 17. For an allocation y = {y;;}, where y;; € [0, 1] denotes the probability of allocating
good j to buyer i, its liquid welfare LW (x) is defined as
LW(y) = Z min {Z bijyijs Bi}
= —

=1 Jj

Remark 8. Liquid welfare is traditionally defined as the amount of revenue that can be extracted
from budget-constrained buyers with full knowledge of their values. If buyer i was assumed to have

value v;;j for good j, this is given by

n m
Z min {Z VijYij» Bl} .
i=1 Jj=1
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However, since our model does not assume a valuation structure, we define LW(y) to capture the
amount of revenue that can be extracted from budget-constrained buyers with full knowledge of
their bids if no buyer could be charged more than her bid for any good. It reverts to the traditional

definition when b;; = v;;.

Let y(@) denote the allocation when the buyers use the throttling parameters 6 = (61, ..., 6,),
and let ®* be the set of all throttling equilibria. Price of Anarchy [KP99], which we define next, is
the ratio of the worst-case liquid welfare of throttling equilibria to the best-possible liquid welfare
that can be attained by any allocation. It measures the worst-case loss in efficiency incurred due
the strategic behavior of agents when compared to the optimal outcome that could be achieved by

a central planner.
Definition 18. The Price of Anarchy (PoA) of throttling equilibria for liquid welfare is given by

3 Supye(An ym LW(y)

PoA = -
infgce- LW(y(0))

We begin by establishing an upper bound on the Price of Anarchy for both first-price and
second-price auctions. Its proof critically leverages the no-unnecessary-throttling condition of
throttling equilibria, and is inspired by the Price of Anarchy result of Chapter 4 for pacing equilib-

ria.

Theorem 24. For both first-price and second-price auctions, we have PoA < 2.

Next, we show that the upper bound on the PoA established in Theorem 24 is tight for both
first-price and second-price auctions. We do so by demonstrating particular instances for which

the bound is tight, starting with the second-price auction format.

Example 5. Consider a second-price auction with m + 1 buyers and m goods for some m € Z,.

Each of the first m buyers bid 1 for the m goods respectively and have a budget of o, i.e., for
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i € [m], we have

1 ifi=j

bij = ,

0 ifi#J
and B; = oo (any B > 2m would suffice). The last buyer has bid b,.1.; = m for each of the goods
J € [m] and has a budget of B,,+1 = m + € for some small € > 0. In any throttling equilibrium
0 € ©, we have 0; = 1 for all i € [m] because of the no-unnecessary-throttling condition. Since
the sum of all the second-highest bids is m and buyer m + 1 has the highest bid for every good, she
cannot possibly spend her entire budget of B,,+1 = m + € and we must also have 0,,,1 = 1 by the

no-unnecessary throttling condition. Therefore, there is a unique throttling equilibrium 0 such that

0; =1 foralli € [m + 1] and it has liquid welfare given by

LW(y(0)) = (i min {y;;(6), Bi}) + min {i m- yme1,;(6), m+ e} =m+e

i=1 j=1

because yn11,;(0) = 1 for all j € [m]. On the other hand, consider the allocation y such that

vii = 1 foralli € [m — 1] and y,41,m = 1. It has liquid welfare given by

m—1

LW(y) = (Z min {y;;, B,-}) + min {m “YVm+lm, M+ e} =m-1+m=2m-1.
i=1

Hence, the PoA is at least 2m — 1)/(m + €). As m and € were arbitrary, we can consider the limit

when m — oo and € — 0, which yields the required lower bound of PoA > 2.

Observe that in the previous example none of the buyers were throttled (6; = 1), which indicates
that the lower bound is driven more by the second-price auction format than the specific budget
management method, and applies to other methods like pacing. Next, we show that our bound is

tight for first-price auctions.

Example 6. Consider a first-price auction with m + 1 buyers and m + 1 goods, for some m € Z,.

Each of the first m buyers bid 1 for the first m goods respectively and bid m on good m + 1, and
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have a budget of 1, i.e., for each i € [m], we have

L ifj=i
bij=1m ifj=m+1>

0 otherwise

and B; = 1. Moreover, buyer m + 1 has value b1 m+1 = m for the (m + 1)-th good and b,11,; =0
for all j € [m], with B4+ = .

Consider a throttling equilibrium 6 € ©. We begin by showing that 6; < 1 for all i € [m]. For
contradiction, suppose not. Let i be the smallest index such that 6; = 1. Then, buyer i spends 1 on
good i and spends m - H’};ll(l —0x) > 0on good m+1 (we use the lexicographic tie-breaking rule),
which makes her total expenditure strictly greater than her budget of B; = 1, thereby yielding
the required contradiction. Hence, 0; < 1 for all buyers i € [m], and consequently, the no-
unnecessary-throttling condition implies that their total expected expenditure is exactly 1, i.e., the

following equivalent statements hold

i-1
9,~-1+(l_[(1—9k))-0,~-m=1 = 0= : : : (6.5)
kel + (M -o0) -m

Moreover, since their expenditure is B; = 1, that is also their contribution towards the liquid
welfare. Let g(i) := 2:1(1 — 0) denote the probability that the first i buyers do not participate.
Next, observe that 6,,.1 = 1 because of the no-unnecessary-throttling condition and B+ = oo.
Therefore, due to the lexicographic tie-breaking rule, buyer m wins good m + 1 with probability

g(m) = [1;_,(1 — 6k). Hence, the liquid welfare of 6 is given by

LWHy@)=m-1+g(m) -m

On the other hand, the allocation y which awards good i to buyer i for all i € [m + 1] has LW(y) =
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m + m = 2m. Consequently, we have

2m 2

PoA > = .
m+gim)-m 1+g(m)

To show PoA > 2, it suffices to show lim,,_,o g(m) = 0, which is what we do next. First,

observe that (6.5) implies the following recursion for g(-):

(Hll'c_:ll(l _ek)) m gi—12%-m
. gli—1)=
; (n’k:ll(l —ek)) .m

N=(1-0)g(i—1)= .
g() = (1-8)gli— 1) Tsei-D . m
We will inductively show that g(i) < 1 —i/(m + ym). Set b = 1/(m + \/m) The base case i = 1
follows because 6 = 1/(1 + m) (see (6.5)). Suppose g(i — 1) < 1 — (i — 1)/(m + \m) for some

i € [m]. Then, we have

o(i) = gi—-1%-m m m _m-(1—bi+b)?

- | — . - 1 m - — hi :
1+gi—1)-m T ey 1+m(l=bi+ D)

1 m
gi-12 T 261

To complete the induction, it suffices to show:

m - (1 — bi + b)?

<1-bi
T+m(l—bi+b)

e m(1 + b%% + b% = 2bi +2b — 2b%) < 1 = bi + m(1 + b%i* = 2bi + b — b))

e 1-bi+mb%-b-0b>>0

1 1 . 1 m

— 1_m(m+\/ﬁ+(m+\/rz)2)_l(m+\/ﬁ_(m+\/n_1)2)ZO
1 1 ( ym

=1 ) o ) 20
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To see why the last inequality in the above equivalence chain holds, observe that:

o ) )
m+m  (m++m)? (m +\m)?
0 o) " ()
- m+m  (m++m)? (m +\m)?
_(m+\/%)2—m(m+\/E)—m—m\/ﬁ

B (m + \m)?
_m2+m+2m\/%—m2—m\/%—m—m\/ﬁ
) (m +vm)?

which completes the induction. Hence, g(m) < 1—m/(m++/m) and lim,, .o, g(m) = 0, as required.

6.6 Conclusion

We defined the notion of a throttling equilibrium and studied its properties for both first-price
and second-price auctions. Through our analysis of computational and structural properties, we
found that throttling equilibria in first-price auctions satisfy the desirable properties of unique-
ness and polynomial-time computability. In contrast, we showed that for second-price auctions,
equilibrium multiplicity may occur, and computing a throttling equilibrium is PPAD hard. This
disparity between the two auction formats is reinforced when we compare throttling and pacing:
our results show that the properties of throttling equilibrium across the two formats have a striking
similarity to the properties of first-price versus second-price pacing equilibrium. Finally, we also
showed that the Price of Anarchy of throttling equilibria for liquid welfare is bounded above by 2
for both first-price and second-price auctions, and that this bound is tight for both auction formats.
Altogether, this provides a comprehensive analysis of the equilibria which arise from the use of
throttling as a method of budget management.

There are many interesting directions for future work, such as what happens when a combina-
tion of pacing and throttling-based buyers exist in the market, whether the combination of throttling

and pacing behaves well for second-price auctions, whether second-price throttling equilibria can
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be computed efficiently under some natural assumptions on the bids, and whether the tractability

of budget management in first-price auctions holds more generally beyond throttling and pacing.
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Appendix A: Appendix to Chapter 2

A.1 Fluid Benchmark is Stronger

Proposition 10. For any collection of request distributions {P;};, we have Ey,,;,[OPT({y;},)] <
FLUID({®,},).

Proof. Fix any request sequence {y,}; and let {x;}, be an optimal solution to the corresponding
hindsight optimization problem OPT({y,},). Then, x;(y) = x; for all y € S is a feasible solution of
FLUID({%;}) and consequently, we have OPT({vy,},;) < FLUID({%}). Since the request sequence

{7:}+ was arbitrary, we have Ey,,,,[OPT({y;},)] < FLUID({#;},), as required. O

A.2 General Position

Given any collection of request distributions {#;}; (which may or may not satisfy Assump-
tion 1), we can define perturbed distributions {®, }, to capture the distribution of perturbed requests
9: = (f;, b;) generated using the following two step procedure: (i) Draw a request y; = (f;, b;) ac-
cording to the unperturbed distributions $; (i1) Add a perturbation by setting fix) = fix)+ € -x
for all x € X, where ¢ ~ Unif([0, a]), and leave the consumption function unchanged lst(-) = b,(").
Then, {#;}, satisfy Assumption 1 and |FLUID({SD,}t) - FLUID({?A),},)| < a-T,wherea > 0 can

be made arbitrarily small.

A.3 Efficiently Computing the Target Sequence

In this section, we describe an efficient procedure for computing the empirical optimal dual
solution i and the target sequence {A,};. Consider a trace {¥,}, and set ¥o = (fy, bo) such that

Jfo(x) = bo(x) = 0 for all x € X. Without loss of generality, we will assume that {7, }, is sorted in
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Algorithm 8: Learning the Dual from the Trace

Input: Trace {¥,},; in general position and sorted in increasing order of coeff( ﬁ) Jcoeft(b,).
Initialize: Total payment P = 0 and target sequence A, = 0 for all ¢ € [T].
fort=T,...,0do

if P + b,(X) > B then
\ Set A, « b,(x), and set a= coeff(f;)/coeft(b;). Break.
end
else
\ Update total payment P <« P + b,(%) and set A, — b,(%).
end
end

return Dual variable i, target sequence {A;},

increasing order of coeff(f,)/coeff(l;,) (assume 0/0 = 0), i.e.,

coeff(fy) - coeff(f;)
coeff(by) ~ coeff(b,)

“
IA
~

This can be easily achieved by maintaining a sorted array with O(log(T’)) insertion time or
sorting the array with O(T log(T")) processing time. Moreover, since the trace {¥;}, is in general

position by Assumption 1, all the coeff( f:)/coeff(b,) are distinct for ¢ € [T].

Theorem 25. [i returned by Algorithm 8 is the smallest element in

T
argminﬂzo,u -B+ Z mg\; {f,(x) -u- b;(x)} .
=1 %

Moreover, A; = b;(fi) for all t € [T].

Proof. Setq(u)=u-B+ Zthl maxyex {f,(x) —u- B,(x)}. First, we show that the dual variable i

is smallest element in argmin ;. g(x). To do so, we consider the following two cases:

* [ =0. In this case, the ‘If” condition implies that there exists s € [T] such that Ztls by(x) <
B and coeff(f,) = 0 for all + < 5. Moreover, we have 0 € argmax, .y {f,(x) - u- Et(x)}

forall t < s and X € argmax, .y {f,(x) - u- Et(x)} for all + > s. Now, note that the set

of sub-gradients of the maximum of a collection of linear functions is equal to convex hull
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of gradients of all the linear functions which are binding (for example, see Chapter 5 of
[Ber09]). Therefore, B — X7 b(X) € dq(0). Since B — X b(¥) > 0, the definition of a
subgradient implies that g(0) < g(u) for all u > 0. Hence, we have shown that f is the

smallest minimizer of g(-), as required.

e [ > 0. In this case, the ‘If” condition implies that there exists s € [T] such that ZZT=S 1 b, (%) <
B, Z,T;Y b, (%) > B and fs(x) -[a- by(x) = 0 for all x € X. Moreover, we have 0 €
argmax  c x {f,(x) - u- l;t(x)} forall r < s, X € argmax, .y {ﬁ(x) - u- E,(x)} forallr > s

and {0, X} C argmax,x {ﬁ(x) e Es(x)}. Now, select a A € [0, 1] such that

T
B—2-b,0)+(1=2)-by(®)+ > b(¥)=0.

t=s+1

Now, note that the set of sub-gradients of the maximum of a collection of linear functions is
equal to convex hull of gradients of all the linear functions which are binding (for example,
see Chapter 5 of [Ber09]). Therefore, 0 = B — 1 - b,(0) + (1 — 1) - by(¥) + =L by(¥) €
0q(f1). Consequently, the definition of a subgradient implies that ¢g(0) < ¢g(u) for all
u > 0. Finally, consider any 4 < . Then, fy(x) — u - by(x) > 0, which further im-
plies {X} = argmax .y { filx) — - B,(x)} for all # > s. Therefore, for any {x;}; such that
X; € argmax, .y {f,(x) —u- Et(x)}, we have B — ZzT=1 b,(x;) > 0. Hence, v > 0 for all

v € dq(u) and consequently u is a minimizer of g(-). Hence, we have shown that f is the

smallest minimizer of g(-), as required.

Finally, we show that 4, = 15;"(;1) for all r € [T]. Let s be the value of ¢ at which the ‘For’
loop terminates. From the definition of f, we have {X} = argmax, .y { filx)—fi- l;,(x)} for all
t > s, X = argmax, .y {fs(x) —f- Es(x)} and {0} = argmax .y {ﬁ(x) —-f- E,(x)} forall t < s.
Therefore, b? (i) = b;(¥) = A, for all t > s and b (j7) = b,(0) = A, for all < s. O
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A.4 Missing Proofs from Section 2.2

A.4.1 Proof of Lemma 1

Proof of Lemma 1. Define g(u) = u- B + Zthl maXyex {ft(x) —u- l;,(x)}. Then, g(-) is a convex
function of u because the maximum of a collection of linear function is convex and the sum of con-
vex function is also convex [Ber09]. Since i € argminﬂzo q (), first-order condition of optimality

(Proposition 5.4.7 of [Ber(09]) implies that one of the following statements holds:
(i) @ =0 and there exists v € dq(0) such that v > 0.
(ii) Zero is a sub-differential of g at [, i.e., 0 € dq(f).

Recall that the trace {7, }, is assumed to be in general position with probability one. Therefore,
there is at most one time step for which argmax ..y f;(x) — fi - b;(x) is not unique. Let s be that time
step. Now, note that the set of sub-gradients of the maximum of a collection of linear functions
is equal to convex hull of gradients of all the linear functions which are binding (for example, see

Chapter 5 of [Ber09]). Hence, v € d¢q (/) implies the existence of Dy € A(X) such that

T
Support(Dy) C argmax,x fs(x) — @ - by(x) and v =B —E.p,[b;x)] - > b/ ().
t#£s

where x; (y;, fi) is the optimal solution to maxey f,(x) —f- b,(x) as described in Definition 1. Since

0 < by(x) < b forall x € X, we get

<b,

T
B—v =2 b
t=1

where we have used 0 < b;(x) < b for all x € X and ¢ € [T]. Therefore, statements (i) and (ii)

imply that either 4 =0and b+ B — X7 b;(ji) > v > 0,0r |B - XT_ b7(f)| < b, as required. O
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A.4.2 Proof of Theorem 1

Proof of Theorem 1. Define the hypothesis class

F ={(f.b) = b*(u) | p = 0}.

Let Rad(-) denote Radmacher complexity. Then, we know from PAC learning theory (for

example see Chapter 26 of [SSBD14]) that

T T
PICADOEDN- R CAT]
t=1

t=1

Pr (sup > r(T)) < % (A.1)

{7}~ P u=0

for

r(T) 2 2T - By, ., 5, [Rad(F o {7:})] + 2b - \[Tlog(2T) .

Let H{7:}:) = {{E;‘(,u)}, | w > O} denote the set of all possible resource expenditure vectors

that can be generated from a trace {;},, then

Ey~11, 2 [Rad(F o {7i})] = By, py, p, [Rad(H{7:}))]

1 roo,
= 7 B~ #.Ba |sup 2 0 b ()

u=0 p=1

; (A.2)

where {07}, are independent Radmacher random variables.
For a linear function f : R — R, let coeff( f) denote its coefficient. Moreover, let X = max,cx X.

Then, observe that for a request y = (f, b) and dual variable u > 0, we have

x if coeff(f) — u - coeff(b) > 0 and coeft(f) #0
X*(y’ ﬂ) = .
0 otherwise

Therefore, for any request y = (f, b) with coeff(f) # 0 and coeff(b) # 0, there exists a critical
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u* = coeff(f)/coeff(b) such that

bE) ifu <t
b*(u) =
0  ifu>u

For y = (f, b) with coeff(f) = 0 or coeff(b) # 0, we have b*(u) = O for all u > 0. Consider
the trace {¥;};, and let y; be the critical dual solution for request 9, as defined above. Then, the
assumption that the trace is in general position (Assumption 1) implies that the critical points {u; },
are distinct. Consequently, we get that { 13;‘ (1)} remains constant whenever u lies between any two
critical points. Since the total number of critical points is 7', we get that |H({¥,};)|< T. Therefore,

Massart Lemma applies and we get

_ 2loe(T
Rad(H({7,}) < b | 2.

Combining this with (A.1) and (A.2) yields the theorem. O

A.4.3 Proof of Theorem 2

Proof of Theorem 2. By Assumption 1, the request sequence {y;} is in general position almost
surely. Therefore, there is at most 1 time step such that f;(x;) # f*(q), call it 5. Let {4 be the first

time step ¢ in which By, < b, i.e., %4 b}() > B — b. Then,

E[R(A{y:})] = E

A
> ﬁ(xé)]
t=1

> B> 1@ - 1560 - f&)]

T 1 [T
>E|D @ -E| D) | -F
_l=1 | _l‘=§A+l
[ T ] [ T B
>E (D @] -Elx- D biip| - f
| =1 | | =+l
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T T
> D(AH{#:i}) -E |- (B— be(ﬂ)) ~Elk- > bi(|-f
t=1 t={p+1
T T _
> FLUID({P:}) - E |- |B= 2 bj(@|| —E|k- > bi(| - f.
t=1 t={a+1
Therefore,
T T B
Regret(A) <E k- > bi(®)|+E|a-[B- D bj(]|+f.
t={p+1 t=1
In the remainder of the proof, we bound the first two terms on the RHS.
For the first term, observe that
T . T B
20 bl < | 2 0i@| - (B-b)
t={a+1 t=1

T T T )
=22 bi@ = D bj(m)| = |B- > b (| +b

t=1 t=1 t=1

T T B
S PIAMESITAMIEPECE (A.3)
t=1 t=1

where the first inequality follows from the definition of {4 and the last inequality follows from

Lemma 1.

For the second term, observe that Lemma 1 implies

Note that i < «. This is because the definition of x implies that max,cy f(x) — i - b(x) = 0 for

all y = (f,b) € Sand u > k. Hence,
T _ ~ T ~ ~
/J-B+Zmax{f,(x)—,u-bt(x)}=/J-B<K-B=K-B+Zmax{ft(x)—/<-bt(x)}
o1 XeX o veX
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for all 4 > «. Therefore, we get

T

T
Z )= > bi( ' (A4)
t=1

(B Zb (p)) <k-b+x

Define G to be the good event to be one in which the total expenditures under the trace and the

requests sequence are close:

Mw

<rT).

T
)= D br ()
=1

sup
z=1

Then, Theorem 1 and Union Bound imply that Pr(G¢) < 2/T? and Pr(G) > 1/2/T>. Finally,

we can put it all together to get the required bound:

+BE

M=

Regret(A) < E |« b; ()

T
i (B—Zbi(ﬂ)) +f
=1

~
+

={a
T 5 T _ T B T B _
<E|&-| Dby = D bi(|| +2kb + B |k - | > by(A) — D bi()|| + kb + kb
t=1 t=1 t=1 t=1
T 5 T T T _
=2«-E||D)b; (i) - D b (1) ‘ Pr(G)+2«-E[|>] = D \bi(D)| | G| Pr(G®) + 4kb
t=1 t=1 t=1 t=1

- 2 _
SZK'T(T)+2K'2Tb'ﬁ+4Kb

< 12kb + 2«r(T) .

A.5 Missing Proofs from Section 2.3

A.5.1 Proof of Theorem 3

Proof of Theorem 3. Let {4 be the first time less than 7" for which ijl b(x;))+b>B.Set{y =T
if this inequality is never satisfied. Then, x; = x; for all < {4 and ijl bi(x;) > B - b.

First, observe that

R(AI{y}) > Zﬁ(xt) = Zﬁ(x,) - 2 fi(x)) > th(x» - K- Z by(x)) . (A.5)

t={s+1 t={p+1
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Next observe that, for all # € [T], u; is independent of y; because y; is completely determined

by {y1,...,¥:—1}. Hence,

Eyt [ft(x;) | ,Ut]
=E,, [ft(x;) + ;- (Br = bi(x)) | ,Ut] - E,, [,Ut (A = bi(xp)) | ,Ut] - By, [t - (B = A1) | o]

= Ey, [D(/lt|¢)t,ﬁt)|/1t] - Ey, [Hr (A = bt(x;)) | ,Uz] - Ey, [/lz “(Br — Ap) | ,Ut] .
Taking unconditional expectations on both sides and applying the tower rule yields
E [fi(x)] = E[DPr, 8] = E [ - (A = b)) = B [ - (B = )] -
Summing over ¢ € [T], we get
T T T T
Z E[fi(x)] = Z E [D(u|Pr, Br)] - Z E [,Ut (A - bt(x;))] - Z Elu - (B —)] . (A6)
t=1 t=1 t=1 t=1
Therefore, (A.5) and (A.6) together imply

<E

T
E {ZD(uzlﬂ,ﬁr)} R(A{y:}0)
=1

T T
Dot = b))+ k- D bi(x))
=1

t t={a+1

T
+ > Bl - (B — )] (A7)

t=1

FTRL Regret Bound. Define w;() = u - (4; — by(x})). Then, Algorithm 2 can be seen
as running FTRL with linear losses {w;(-)};. The gradients of these loss functions are given by
Vw,(u) = A, — b;(x), which satisfy ||[Vw,(1)||lw< ||6;(xX)||lo+]|A||< b + A. Therefore, the regret
bound for FTRL implies that for all u > 0:

T
D wilun) = wip) < E(T, ), (A.8)

=1
where E(T, u) = 2(50;1)277 -T + w is the regret bound of FTRL after T iterations [Haz+16].
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Equivalently, we can write

T T
Dt A =b(x) SET, )+ > - (4 —bi(x)  Yu=0.

=1 t=1
Now, consider the following two cases:

e Case 1: {4 =T. Here, setting u = 0 yields

T T
Dt = b))+ k- D) bi(x) < E(T,0).
t=1

[={A+1

e Case 2: {4 <T. Then, ijl b:(x}) > B — b. Hence, setting u = « yields

Z,u, (A — bi(x)) + K - Z b:(x)) < E(T, K)+ZK (A = bi(x)) + k- Z b (x))

1={+1 t={p+1

{a
L-3b (xt))
=1

M’\]

1= t

ﬂz} (B - b))
_ T
=E(T,K)+Kb+K-({Z/l}—B).

=1

Combining the two cases implies that for all values of {4 we have

=FET, K)+K'(

Mﬂ_

<ET,k)+«- (

,_

T T T *
Db (A= b xD))+ k- D by(x)) < max{E(T,0), E(T, k)} + kb +k - ({Z a,} - B) .

t=1 t={a+1

Finally, combining (A.7) and (A.9) yields

T T *
E {Z D(,Ut|70ta,3t)} - R(AH%}t)] <max{E(T,0), E(T, )} + kb + k - ({Z /11} - B)
t=1

T
+ ZE[M (B — A1
=1
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Plugging in the definition of E(T, u) finishes the proof. O

A.5.2 Proof of Lemma 2

Proof of Lemma 2. Consider any two request distributions P, £ € A(S). Then, by the definition of
the Wasserstein metric, there exists a joint probability distribution Q, with marginals  and # on

the first and second factors respectively, such that

WP, P) =E.5~0 |suplf(x) — )|+ sup|b(x) — bx)|| .

Let x*(y, u) be the optimal solution of max,cx f(x) — u - b(x) for request y = (f, b) as described

in Definition 1. Then, for any u € [0,x] and x : S — X, we have

Ey 30 [|[fG) = - bx(y)) = {F(x(y)) — - bx(y)}]
<Ey.g~0 [|F0) = Fa)| + p - |bx(y)) = bx(y))|]
<WP,P)+k- WP, P)

=(1+«)- W(P,P). (A.10)
Now, for t € [T], we can use (A.10) to write

D |P, Br) = D(ui|P, Br)
=E; p[FO" T, 1)) = s - DO 1)) + s - Bl = By Lf (O, 1)) = s - DO (s 1)) + s - Bi]
<E; g pl FOCFs 1) = pty - DO G ) + pts - Be = {f (T 1) = o - b5 ) + e - B}
<Eq po [|fO&" T 1) = e - b (T 1) = { T T 1) = e - DO (7, ) ]

<(1+k)- WP,P),

where the first inequality follows from the definition of x*(y, u;) and the second inequality follows
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from the fact that (P, P) are the marginals of Q. As a consequence, we get

T

Z D(u|Py, Br) = Z D(,Ut|7)t,,3t) - Z {D(/lz|7~)z,ﬁt) - D(lef"r,ﬁt)}

t=1

T
Z D(u|Pr, Br) — (1 + ) - Z WP, P)
t=1

T
> > FLUID(%;, ) — (1 + ) - Z WP, Py, (A.11)
=1 t=1

where the second inequality follows from weak duality.
Next, observe that the definition of 8, = E; 4 [6*(i)] implies that x*(¥,, ) is a feasible to

solution to the optimization problem which defines FLUID(%;, ;). Hence,

T
ZFLUID(SD,,,B,) > Z g, [ e D)

~

M’ﬁ

ooy O G ) = - by oy )| + - DBy, o, b G )] -

t=1 t=1

Let {x;(-)}; be an optimal solution for FLUID({#,}). Then, for all ¢ € [T], we have

s, p, [/ G ) = - bi(* G )] = Bay,g0~0 [ L G D) = fi - bo (" Fr 1))
> By, 50~0 [ie(y) = i - b (x ()]
> By, 30~0 LG (y)) = - by (x(y)] = (1 + &) - WP, Pr)

=E,,~p, Lfi (e (ye)) — g - by (x(ye )] = (1 + k) - W(P, ¢t) s

where the first inequality follows from the definition of x*(¥,, /) and the second inequality follows

from (A.10). Therefore,

T
> FLUID(,, )

t=1
T
> >V By, [fiu(y) = fi - bix(y)] = (1 + ) - Z”W(?’t,?z) +i- ZE% [6/(x" G, 0))]
t=1

t=1
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t T T T
= > Byep Lix(y)] - A - (Z Ey, [b:(x(y )] = D> By, [B{ (D] - A+ &) - D WP, P)
t=1 =1

t t=1 t=1

T
> FLUID({%;},) — /i - (B - Z,Bt) —(L+K)- D\ W(P, P,
t=1

t=1

where the second inequality follows from the feasibility of the optimal solution {x,(:)};, i.e.,

ZIT=1 E,,[b:(x(y:))] < B. Combining this with (A.11) yields

T

T
B - Z,Bt) =21 +k)- D WP, P,
t=1

t=1

T
> D(ui| P, Br) = FLUID(P}) - fi -
t=1

as required. O

A.5.3 Proof of Lemma 4

Proof of Lemma 4. The definition of x and x” implies
JE) =p- () 2 f(&)—p-b(x") and  fO)—p'-b() > fx) - p' - b(x).

Combining the two inequalities, we get

J@) = p-b(x) = {f0) —p" - b} = f() = p- (&) = {f(") = p’ - b}

= (u— ) - (b(x") = b(x)) > 0.
The lemma follows from the last inequality because y — u’ > 0. O

A.5.4 Proof of Lemma 5

Proof of Lemma 5. Define

T
4(w) = - B+ 3 max {f;(0) = - i)} and ¢V = o B+ 3 max {fi00) — - i)}
=1 X€ s €
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We start by proving i > ™. For contradiction, suppose i < ‘™. Consider the following

two cases:

e Case I: 0 € argmax .y ﬂ(x) — - by(x). Then, we must have 0 € argmax . x f}(x) —u- by(x)
for all 4 > /i. This is because, for u > /i, Lemma 4 implies that b,(x") < b(0) = 0 for all
x’ € argmax, .y fs(x)—,u-l;s(x), and ﬂ(x) < k-by(x) forall x € X. Therefore, q(p) = g9 ()

for all u > fi. Since /i is a minimizer of ¢(-) and A% > /i, we get that

") = q(i) < q(i=) = g ( ﬂ<—s>) .

On the other hand, ™ is a minimizer of ¢~*)(:), which implies g™ (7™) < ¢ ().
Therefore, ¢ (@) < ¢ (@), which contradicts the fact that % is the smallest mini-

mizer of q<_s)(-).

e Case II: 0 ¢ argmax .y Fi(x) = fi - by(x). Since fi(x) < k - by(x) for all x € X, we get that
by(x’) > Oforall x’ € argmax,.. x fs(x) = fi- bs(x). Consider any sequences of optimal action

sequences {x;}; and {xf_s)}t such that for all ¢ € [T], we have

X; € argmax, ¢y filx) - a- b,(x) and xﬁ_s) € argmax, . x filx) - ﬂ(_s) - bi(x) .

Then, Lemma 4 implies that b,(x,) > B,(xg_s)) for all ¢ # s. Therefore,

T
B- Zl] bi(x;) = {B - Z#] Bt(x»} — bi(x) < B - ; bi(x;) < B — ; bi(x™). (A.12)

Now observe that, since g(-) (and q(_s)(-)) are the maxima of a collection of linear functions,
its sub-gradient is given by the convex hull of gradients of all the linear functions which are
binding (for example, see Chapter 5 of [Ber09]). Therefore, dq(f1) (and 6q(‘s) (ﬂ(‘s))) isa
convex hull of terms of the form B — Z,T=1 b,(x;) for some optimal action sequence {x;}; (and

{x"},). Since 49 > 3 > 0, first-order optimality conditions imply that 0 € d¢ (a).
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Therefore, (A.12) implies that v < O for all v € dq(f1). This contradicts the optimality of j

for q(-).

As we have obtained a contradiction in both cases, we get that i > 4", as required. Moreover,
A, < Aﬁ‘” for all ¢+ # s follows immediately from Lemma 4. Hence, to finish the proof, it suffices

to show the final inequality in the following chain:

s—1
1

A7 /lt‘ <>
t#s

ACY A,) =S -S4, <3b. (A.13)
t#s

t= t#s

Note that, Lemma 1 implies that at least one of the following conditions hold
1. i=0and X7, 1, < B+b.
2. |B-3T 4] <b.

If /i = 0, then 3% = 0 because /iu"* < . Therefore, in that case 2™ = A, = b*(0) forall 7 # s
and (A.13) follows.
Suppose |B - Zthl /i,| < b. Observe that Lemma 1 applied to the trace {7;};, where 9, = ¥, for

all t # s and y, = (0, 0), implies that at least one of the following conditions hold:

1. a9 =0and Sy A < B+1D.

2. |B - A7 < b
Therefore, 34 /15‘” — Yuts At < B+b— Y45 < b+ b+ A, < 3b, as required to establish
(A.13). m]
A.5.5 Proof of Lemma 6

Proof of Lemma 6. It is known that FTRL is equivalent to Lazy Online Mirror Descent (for ex-
ample, see [Haz+16]). In particular, if we let V,(x,y) = h(x) — h(y) — Vh(y)T(x — y) denote the

Bregman divergence w.r.t. Ah(-), then the FTRL update (2.3) of Algorithm 2 can be equivalently
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written as:

05 = Vh(,us)
Osr1 =0, —n-8s=0; —n- (s — bs(x}))

Heet = argmin g0 q Vi, (VA (0501)) -

where x; € argmax .y fs(x) — ts - by(x). We will use {u;}; and {6;}; to represent the dual and

mirror iterates of Algorithm 2 with target sequence {A}};:

0 = Vh(u,)
0., =6, —n-8=0,—n- ;- b))

My, = argmin, o Vi, (Vhy (0.,

where y; € argmax, .y f5(x) — 1 - bs(x).

We will first use induction on s to prove the following statement,

s—1
A Sn-{Zlﬂt—ﬂél}w'E- (A.14)

t=1

The base case s = 1 follows directly from our assumption that the initial iterates 6; = Vh(u;) =
Vh(u)) = 6, are the same.
Suppose (A.14) holds for s € [T — 1] (Induction Hypothesis). Define 05,1/2 = 65 + 1 - bs(x})

and ¢’

w12 = 0% +1n - bs(y;). W.lo.g. assume that §; > 6. Due to the invertibility of Vi, we get

that uy > p}, and consequently Lemma 4 implies b(x;) < b(y;). Consider the following cases:

e Casel: 9;+1/2 < Og112. Then, Og41/2 — 9;+1/2 =0, -0, +1n-(b(x))—b(y})) < 65— 0, because

b(x}) < b(y)).

* CaseIL: 0], ) > O5e1p2. Then, 6, | ) = 05112 = 05 — 05+ 17 - (b(x]) = b(y)) < 17 - b because
6, < @5 and b(y]) — b(x)) < b.
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Therefore, in both cases we have

s—1
054172 — H;H/zlS max{f; — 0,17 b} <7 - {Zl/lt —/l;|} +n-b.
r=1
where we used the induction hypothesis in the second inequality. Consequently, we can write

|9S+1 - 6;+1| =

Ose12 — 1 - A + (9;+1/2 -1n-45)

S

S
Sn-{2|/1,—/l;|}+n-b.

t=1

< |9s+1/2 - 9;+1/2|+77 ’ |/ls - /l,vl

Hence, we have established (A.14) for all s € [T]. Now, since 4 is o-strongly convex and differ-

entiable, we have
Vh(x) - Vh(y) 20 -(x—y) Vx>y.
Therefore, we have
(V)™ (65) = (Vi)' (6))] < é 165 = 6l (A.15)

To finish the proof, we will use the fact that Bregman projections are contractions in one di-

mensions, which we prove next. Consider any x < 0, then for any u € [0, ], we have
Vi, x) = Vi(0,x) = h(u) = h(0) = VA(x)" (1 = 0) = h(u) — h(0) = VA(0) (1~ 0) > 0,
where the inequality follows from VA(0) > Vh(x) (convexity of A(-)). Therefore,

argmin,, g ,; Va(p, x) = 0 = argmin, ¢ |1t — x| .
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Similarly, for x > « and u € [0, ], we have
Vi(i, x) = Vi(k, x) = h(p) = h(k) = VA(x)" (1 = k) = h(u) = h(k) = VR() " (u — ) 2 0,
where the inequality follows from VA(x) > Vh(k) (convexity of A(-)). Therefore,

argmin ¢ o ) Va(pt, X) = k = argmin, ¢ lpt = x| .

Consequently, we have shown that argmin (o ,; Va(@, X) = argmin ¢ |# — x|, i.e., the Bregman
project is identical to the Euclidean projection in one dimension. Since Euclidean projection is a

contraction, we get

a5 = ] = [argmin, 0, Vilat, (VA (Os1) = argmin, o, Vilas, (VA (04, )|
= |argmin, ;o qlu = (VR (501))| - argmin, o qlu = (V) '@, )|

< (Vi)' (05) = (Vi1 (65)] -
Finally, combining this with (A.14) and (A.15), we get
n s—1 N -
g — i< = A=A —-b,
|/.l :usl o ;' t ll + o

as required. O

A.5.6 Proof of Lemma 7

Proof of Lemma 7. Using the definitions of A and S;, we can write

B [4,04] =E[15:<ﬂ>' ﬂ“”] and  E[B| i) =E |E;p, [137;(/1)]‘/1(‘”] .
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Fix a trace {7,};. Observe that for any request

if coeff(f;) — fi - coeff(by) > 0 and coeff(f;) # 0
X*(7S9 /j) = )
0 otherwise

=1

and

if coeff(f;) — AT - coeff(by) > 0 and coeff(f;) # 0
X (Fs, A7) =
0 otherwise

From Lemma 5, we know that ™% < . Now, if coeff(f;) = 0, then x*(¥y, @) = x* (5, i) =
0. Assume that coeff(fs) > 0 (and thus coeff(b,) > 0 because fs(x) < k-bx)),let A:={u=>0|
coeff(fs) e coeff(b,) < 0} be the set of all dual variables that lead to x*(y,, u) = 0.

Define the dual functions:

T
g(p) = - B+ S max {fi0) = - B0} and ¢ = - B+ 3 max {100~ - b}
=1 X€E €

#s ¥

For contradiction, suppose i € A and % ¢ A. Since A is open, there exists a point u € A
such that = a - ji + (1 — @) - A© for some @ € (0, 1). Moreover, observe that the minimality of
A9 implies g (ﬁ(_s)) < ¢ (u) and = (ﬂ(_s)) < ¢=9(ji). Therefore, as ¢~ is convex, we

get
(W <@ gD+ 1-a) ¢ (1) <@ gD+ -a) ¢ TE = 4 D).

Now, observe that g(u) = ¢=(u) for all 4 € A. Therefore, g(u) < g(ji), which contradicts the
fact that i is the smallest minimizer of ¢(-). Hence, either /i, @™ € A or i, i € A€, and as a

consequence, we get b* (i) = b’ (ﬂ(_s)). Furthermore, combining 7 > ™ (from Lemma 5) and
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Lemma 4, we also get Bﬁ (ﬂ<_s)) > B;(ﬂ) for every ¥, € S. Therefore,

Eﬁ(ﬂ)‘ ﬂ(‘”H

s~ ﬁs

=

=B[Bl 7],

where the third equality follows from the fact that ¥, and i"* are independent of each other,
which allows us to rename the variable from y; ~ P, to Vs ~ P.. We combine this with the Tower

Property of conditional expectations to finish the proof:

B a8y - 1| =B [ué‘” E [(ﬁs - /ls)‘ ﬂ(‘”H =E [#g_s) ' (E [BS’ ’7‘(_5‘)] ~F M s (_S)]) =0

A.5.7 Proof of Theorem 4

Proof of Theorem 4. Theorem 3 and (2.6) together imply that, with probability at least 1 — 1/772,

we have

Regret(A) = FLUID({?;};) — E¢y,},~11, 7, [R(A{y:}1)]

T
<SRi+R+Ry+k-r(T)+kb+2(1+k)- > WP,LP).

t=1

From our choice of step size 7 = Vdg/T and the observation that 1 = max, 1, < b, we get that

_ 2(b+ Q)3 d _ (8b?
R1=/<b+(—+)-77T+—R£/<b+(—+l)- d,T .
n o
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From (A.3), we know that

R2=K~({§ﬂ,}—3)+ <«kb.

Moreover, from Lemma 7 and nn = Vdg /T, we know that

T ) =5

4nb 4b
R3=ZE[/JS'(IBS_/1S)]S i T =—". drT
s=1 g o

Combining the above inequalities and plugging in r(T) = 8b+/T log(T), we get that

- (12D7 - d .
Regret(A) < 3«b + (— - 1) -Ad, T + 8«bAT1og(T) +2(1 + k) - > | W(P,, Pr)
(o

=1
with probability at least 1 — 1/72. On the other than, we always have Regret(T) < fT < «bT.
Hence, we get
kbT

_ (12D . r .
3kb + (Tb + 1) - \d, T + 8xkb+T 1og(T) + 2(1 + k) - Z(W(Pt,SD,) + T

t=1

1
Regret(A) < (1 - ﬁ) .

s T
< 4kb[T1og(T) + (% * 1) Ny - \Tlog() + 8kb\T1og(T) +2(1 + ) - 3, W(P1, Po)
=1
T

t=1

where C; = % +Vdg + 12«b and C> = 2(1 + «). o
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Appendix B: Appendix to Chapter 3

B.1 Proofs for Section 3.2
We begin by formally stating and proving weak duality
Proposition 11. For every u € R,, T > 1 and y € ST, we have OPT(T,y) < D(u|T, ¥).

Proof. Consider any x € []; X; such that Z,T=1 b:(x;) < B. Then, for u > 0, we have

T T T
Du|T,7) = {Z ﬁ(x»} +u’ (B - b,<xr>) > > filx)
=1 t=1 t=1

Since x € []; X; satisfied Zil b;(x;) < B was otherwise arbitrary, we have shown OPT(Ty) <

D(u|T, ). O

B.1.1 Proof of Lemma 8

Proof of Lemma 8. The convexity of D(:|4, ) follows from part (a) and the fact that the dual

objective D(u|T,y) is always convex since it is a supremum of a collection of linear functions.
(a) Shown in equation 3.2.

(b) Fora € [0, 1], we have
D(ula - A,P)—a-Duld,P)=1-a)Ey.p [f (W] 20

where we have used the fact that f*(u) > 0 for all v = (f, b, X) € S), which holds because

0elX.
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(c) For A < «, we have
D(ulk, P) =D(u|d, P)= (k=) 'u >0

where the inequality follows from the fact that « — 4, u > 0. O

B.1.2 Proof of Theorem 5

Proof of Theorem 5. Fix an arbitrary T > 1. To simplify notation, define

/l[ . /lt,j

— = mmn —-

PT I<j<m pr j

We split the proof into four steps: (1) The first step involves lower bounding the performance
of our algorithm in terms of single-period duals and the complementary slackness term; (2) The
second step involves bounding the complementary slackness term using standard regret analysis
of mirror descent; (3) The third step involves bounding the optimal from above using the single-
period dual; (4) The final step puts it all it all together. Our proof significantly generalizes the
proof of [BLM23], who established this result for the special case of a constant target consumption
rate A; = pr for all + < T. The main technical contribution of the current proof is establishing
a general performance guarantee for dual-mirror descent for all target consumption sequences,
which will prove critical in getting an asymptotically-near-optimal competitive ratio for our model.
This involves establishing a novel target-rate-dependent lower bound on the algorithm’s reward

(Step 1), a novel target-rate-dependent upper bound on the optimal reward (Step 3), and a new way

to put these bounds together (Step 4).

Step 1: Lower bound on algorithm’s reward. Consider the filtration ¥ = {o(&;)};, where
& ={y1,...,y:} is the set of all requests seen till time ¢ and o (&;) is the sigma algebra generated
by it. Note that Algorithm 3 only collects rewards when there are enough resources left. Let {4

be first time less than 7" for which there exists a resource j such that ijl by j(x;) + b>B ;. Here,
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{4 = T if this inequality is never satisfied. Observe that {4 is a stopping time w.r.t. ¥ and it is
defined so that we cannot violate the resource constraints before 4. In particular, x, = X, for all

t < (4. Therefore, we get

filx) = f (u) + /J;rbz(xt)

Observe that y; is measurable w.r.t. o(&,-1) and v, is independent of o (&;-1), which allows us to

take conditional expectation w.r.t. o-(&;-1) to write

E[fix)lo(&-1)] = Ey,~p [ (u)] + ,UtT/lz + .UtT (B [b:(x)|o(E-1)] = A1)

= 15(,ut|/1;, P)-E [,UtT (A = b(xy)) |0'(§:z—1)] (B.1)

where the second equality follows the definition of the single-period dual function.
Define Z, = 3 _| uf (s — by(xy)) —E [u] (A5 — by(xy)) [0(£5-1)]. Then, {Z;}, is a martingale
w.r.t. the filtration ¥ because Z, € o (&;) and E[Z;,1|0(&;)] = Z;. As {4 is a bounded stopping time

w.r.t. ¥, the Optional Stopping Theorem yields E [Z( A] = 0. Therefore,

E =E

la la
D (A = bi(xy)) DUE[p (A = bi(xy)) |cr(-f,_1)]] :
=1 t=1

A similar argument yields

E =E

Ja
Z Je(xe)
t=1

t=1

la
>E [ft(xr)kr(a_l)]] :

Hence, summing over (B.1) and taking expectations, we get

A

Ji(x) (B.2)
1

tw
DM

| ¢

v
o~

A

=E (> D(wla,P)| -E

{A
Z ,U;r (A — bt(xt))]
t=1

r
~
]

—_
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A 1 [ ¢4 1
> E | >} D (w|min{A,/pr, 1} - pr,P)| - E Zlu? (A = be(x1))
i l= i

| =1

{a | {a ]
> E | > min{d;/pr, 1} - D (uilpr. P)| =B | D 1l (A = bi(xy))
t=1 t=1 |

‘A . ‘A min /l_ 1 - ‘A
=E| > min{/pr. 1} > — Wt B b (uyfor. )| | 3 47 (4 = bitx)
=1 =1 %2, min{A,/pr, 1} i=1
da _ JaA
> E | > min{A,/pr. 1} - D (g, lor. P) | —E | D 1) (A = bi(xy)) (B.3)
=1 =1
where

& min{A/pr, 1} -y
My = Z

= x4 min{A,/pr, 1}

The first inequality follows from part (c) of Lemma 8, the second inequality follows from part (b)
of Lemma 8 and the third inequality follows from the convexity of the single-period dual function

(Lemma 8).

Step 2: Complementary slackness. Define w;(u) = u'(1; — by(x;)). Then, Algorithm 3 can
be seen as running online mirror descent on the choice of the dual variables with linear losses
{w;(-)};. The gradients of these loss functions are given by Vw,(u) = A; — b;(x;), which satisfy
IV ()|l 16/ leo+||A(®)||o< b + A. Therefore, Proposition 5 of [BLM23] implies that for

all u € R}

{a
D iwilpe) = wi(p) < E({a,p) < E(T, ), (B.4)

t=1

where E(t, u) = %(5 + 2)277 -+ %Vh(,u, uyp) is the regret bound of the online mirror descent
algorithm after ¢ iterations, and the second inequality follows because {4 < T and the error term

E(¢, p) is increasing in ¢.
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Step 3: Upper bound on the optimal reward. For every {4 € [1,T], we have

Ey pr |c(4,T) - OPT(T, %)
3L min{as/pr, 1)

- E;_pr [OPT(T, 7)] (Defn. of ¢(1, T))
S min{A,/pr, 1 2, min{ds/pr, 1}
=== {TSPT b omy e [OPT(T, ) + 2222 - Ej.pr [OPT(T,7)]
b By pr[OPTT.9)] I, a _
< > min{dy/pr. 1} - = + > min{dy/pr. 1} - (OPT(T) < T f)
s=1 s={a+1
a E;. Dz, |T,y T _
<> min{d,/pr, 1} - = -l (TM u > min{d,/pr, 1} - f (weak duality)
= s=a+l
da B r _
= > min{d;/pr, 1} - D (g, lpr. P) + 25 min{ds/pr, 1} - f (B.5)
=1 s=Ca+l

where the last equality follows from part (a) of Lemma 8.
Step 4: Putting it all together. Combining the results from steps 1-3 yields:

By pr |c(L.T)- OPT(T,9) - RAAIT. )]

[ N [2)
<E;.pr |c(A,T)- OPT(T,y) - D> ft(xt)l
| t=1

[ [
<Ej_pr [c(A,T)- OPT(T, %) - > \min{A;/pr, 1} - D (fig,lpr. P) + Z u (A —b,(x;))|  (Equation B.2)

t=1

[T _ 4

<Eyopr | > min{ds/pr, 1} - f+ > wiu) (Equation B.5)
| s=4a+1 t=1
T _ 4a

< Eyepr | > min{ds/pr, 1} - f+ 3 wi(w) + E(T, p) (Equation B.4)
s=da+1 t=1

*

for all u € RY. All that remains to complete the proof is choosing the right u. If {4 = T (no
resource was completely depleted), set u = 0. If {4 < T, then there exists a resource j € [m]
that nearly got depleted, i.e., Zf:l b j(x;) + b>B ;. Moreover, recall that the definition of a target

consumption sequence implies Z,T=1 A,j < Bj. Thus, ijl b j(x1) = -b + Zil A,j. Therefore,
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setting u = ( f/ ;_)T)e j» Where e; € Ry, is the j-th unit vector, yields:

{a
Z wi(p) = Z
=1

1
IS
M
~
~.
|
M
S
L?
=

IA
»ﬂb |\I
—_—
S
I
—_——
i
&~
~
|
M
o~
<
N——
N —

bz & Ay
= —f. Z )
p. t={a+1 BT
5 |
< L2 7S min{Asper 1)
BT t={4+1

A . . . . )
Here we use that % > min{A,/pr,1}. This follows because min; a,;/min; b; > min;a;/b;.

Finally, if we put everything together, we get

Fb fb 1 - 1
&< /b +E(T,p) < Ib + =B+ D™ T+ =V, 1) .
BT BT 200 n

where we have used the definition of E(T, u). The theorem follows from observing that all of our

choices of u in the above discussion lie in the set {0, (f/;_)T)el, e (f_/BT)em}. o

B.1.3 Proof of Proposition 2

Proof of Proposition 2. Setting n = /Cé /{C>12} in Theorem 5 yields

l

G

E;.pr |c(4,T) - OPT(T,¥) - R(A|T, y)] <cP+or =
3

(1)
C3
2 TZ

< Ci + \/C2C§T2 + \/C2C§T2 .

204



Dividing both sides by E[OPT(T, ¥)] and using E[OPT(T,y)] > « - T, we get

By.pr [c(LT)- OPT(T,5) - RAT.D| ¢/ 2. O,
S -
E;pr[OPT(T, 7)] By pr[OPT(T, 7)]

Eywpr [R(A|T, ’7)] < Ci N 2. ﬁCzCéTQ
E5.pr[OPT(T,¥)] = kT kT '

(:)c(Z,T)—

Therefore, rearranging terms and using 7 > 71 we get

E;. pr [R(A|T, y)] > e T)— ﬁ 2 VL
E; pr[OPT(T,y)] ~ kT kT
I TN coyeh oot
s e - |San. (r2/T1)C2 G5
kT kT
I RN ooy okt
R (r2/T1)C2 Gy
KT1 KT1
- ! (ma/11)CrC
> c(L,T) - | L 4o Y223
KT] Ky\T1
as required. m|

B.2 Proofs and Extensions for Section 3.3.1

To prove Theorem 6, it suffices to prove the stronger statement which holds for online algo-
rithms with prior knowledge of (r, #,) before time ¢ = 1. Consequently, we assume that online

algorithms have this prior knowledge in the remainder of this section. Any algorithm without this

knowledge can only do worse.

B.2.1 Proof of Lemma 9

Proof of Lemma 9. Fix T € 11, 72]. As the resource consumption function is given by I(-), we get

that

T T
OPT(T,r) = mfx Z fr(x;) subject to Z x; <B

t=1 t=1
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Let x be a feasible solution of the above optimization problem. Then,

T
> iy =1 Z L sT~fr(Z’?x’) <71 7) ®.6)

where the first inequality follows from the concavity of f, and the second inequality follows from
the resource constraint Zthl x; < B. Hence, we get that x; = B/T for all + < T is an optimal
solution to the above optimization problem and as a consequence, OPT(T,r) =T - f.(B/T) = B" -
T'=". Moreover, we have that x = B/T is the unique optimal solution because f; is strictly concave
and increasing for r € (0, 1), and therefore (i) The first inequality in (B.6) is strict whenever x; # x;

for some 5,7 € [T]; (il) f(XL, x;/T) < f(B/T) whenever XT_ x; < B. o

B.2.2 Proof of Lemma 10

Proof of Lemma 10. We begin by noting that our use of max instead of sup is justified in the right-
hand side of the equality in Lemma 10 because f-! is continuous for all » € (0, 1). Now, fix

re@,and 1 <11 £ 1. Let

OPT(1y, 2
¢ € argmax {c’ T -fr'l (c’ . ﬂ) + Z f,'1 (¢’ - AOPT(t,r)) < B} ,
1 t=T1+1
and define
! (c-%f"r)) ift <7
Xt = (B7)

£ (c-AOPT(t,r)) ifTi<t<m

Then, by definition of ¢, we have 221 I(x;) = ZZ , Xt < B. Moreover, observe that OPT(zy,r)/7| =

(B/7t1)" and

1 —
AOPT(t,r) = OPT(t,r) — OPT(t — 1,r) = B" - (tl—r (- ])l—r) < 5. ; [)r
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for all t > 71 + 1. To see why the second-last inequality holds, note that the Intermediate Value
Theorem applied to the function # > t'~" between the points ¢ and ¢ — 1 yields the existence of an
s € [t—1,t] such that '~ —(t = 1)~ = (1 =r)/s", which implies 1! " = (¢t = D' < (1 =r)/(t = 1)".

As a consequence, we get

c'"{B/1} ift <7
X < (B.8)

c"{B/t-1)} ifr<t<m,

Combining the above inequalities with the definition of ¢ yields ¢ < 1. Hence, we have x; € X for
allt € [m].
Consider the algorithm that selects action x; at time . Then, in T € [, T»] time steps, it

receives a reward of

T T T
D2 =21 (f;1 (c-OP%IT”))% D (f;l (c~AOPT(t,r)))
t=1 t=1

t=T1+1
T
=c-OPT(r;,r)+ > c-AOPT(,r)
t=11+1
=c-OPT(T,r).
Therefore, we have shown that
. R(AIT,r) _1[_ OPT(r,r) & o
Sl;pTer[Illlr’sz] OPT(T. 1) > max {ce [0, 11|71 - f (c - )+z=721+1 £ (c-AOPT(t, 7)) < B

Next, we prove the above inequality in the opposite direction. Consider an online algorithm A

such that

R(AIT,r)

—_— T
OPT(T.1) = c VT e€|[r,n],

for some constant ¢ > 0. Let x(A); represent the action taken by A at time ¢. Since the action

of an online algorithm cannot depend on future information, x(A), represents the action taken
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by algorithm A for all horizons T > t. Let {x(A),}; represent the sequence obtained by sorting
{x(A),}; in decreasing order, and let A represent the algorithm that takes action x(A), at time .

Then, we have

=T Ay S = fr(x(A)) .
OPT(T,r) - OPT(T,r) ~°

VT €[1,12],

which allows us to assume that {x(A), }, is sorted in decreasing order without loss of generality.

Since ZZ | X(A); < B, to complete the proof it suffices to show that

ixt =7 - f! (c : M) + i 7 (c-AOPT(, 1)) < ix(A)t

1=1 7 t=11+1 =1

where the equality follows from the definition of x; (B.7). We will prove this via induction by

inductively proving the following statement for all T € [71, 12]:

T T T
Sx=1- £ (c : M) + > 7 (e AOPT(, 1) < > x(A),
=1

71 t=11+1 =1

To do so, we will maintain variables {w(T), };<r that we initialize to be 0 and update inductively.
At a high level, they capture a water-filling procedure. Suppose there is a container corresponding
to each time step ¢ with a capacity of x(A);. We assume that these containers can be connected to
each other so that water always goes to the lowest level, which corresponds to the highest marginal
reward since f, is concave. Moreover, we will assume that container 7 becomes available at time
T and is connected to containers ¢ < T at that point. Finally, we also freeze the newly-added water
at the end of each time step to inductively use the properties of the water level from the previous
time step. We would like to caution the reader that this water-filling interpretation is just a tool that

guided our intuition, and the mathematical quantities defined below may not match it exactly.

Base Case 7' = 7y:  Let {w(71),},, be a decreasing sequence that satisfies the following proper-

ties:
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L 3% f,w(m)) = ¢ - OPT(xy, ).
II. w(t1); < x(A); forall ¢ < 1.
Ir'. w(t); < w(t))1 = w(t1); = x(A);.

Such a sequence is guaranteed to exist because {x(A), :il satisfies properties (II - III”) trivially, and
(I) can be satisfied as 221 fr(x(A);) = ¢ - OPT(7y,r) and f, is a continuous increasing function. If

{w(r );}:il is a constant sequence, then property (I) implies

OPT(ty,r)
71

w(t)); = fr_1 (c ) =x; Vi<T

Suppose {w(n)t}tz1 is not a constant sequence. Then, the strict concavity of f, implies that

T 71 T

/ (ZL w(n)t) _ L W) e OPT(r.r)

which implies

w(T) 2

th1 w(T1);s S fr_l (C ) OPT(1y, r)) = xp,. (B.9)

1 T1
Therefore, we have established:
III. w(t)); < x; = w(t); = x(A),.

T T
V. 20w > 2,0, % =71 Xy,

where (III) follows follows trivially when {w(7), lil is a constant sequence and follows from (IIT")
and w(ty); > x; = x,, otherwise, and (IV) also follows trivially when {w(n)t}gl is a constant

sequence and follows from (B.9) otherwise.

Induction Hypothesis 71 < 7 < 15:  Suppose there exists a decreasing sequence {w(T)t}tT:1 that

satisfies the following properties:
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L 2L, f w(@),) = c-OPT(T, ).
Il. w(T); < x(A), forallt <T.
1. w@), < x; = w(); =x(A);.

IV Z?:l W(T)t > Z?:l Xt.

Induction Step 7 + 1:  If x(A)r4+1 = x741, then set w(T + )74 = x741 and w(T + 1), = w(T),
for all + < T. In this case, it is easy to see that conditions (I-IV) hold for {w(T + 1),};. Next,
assume x(A)741 < x741. In this case, set w(T + 1)741 = x(A)7r4+1. Moreover, let {w(T + 1)l}zT=1 be a

decreasing sequence that satisfies the following properties:
L XL, fiw(T + 1)) = c- OPT(T, r) + fr(xrse1) = fr(x(A)rs1).
Il. w(T +1);, <x(A);forallt <T.

Inr. w@); <w(@ + 1), forallt <T.

Such a sequence is guaranteed to exist because {x(A), ZT=1 satisfies property (II) trivially, (III")
as a consequence of the inductive hypothesis, and (I) can be satisfied because f, is a continuous

increasing function and

T+1 T+1
DU L@(A)) > - OPT(T +1,r) & > fr(x(A)) > ¢ - OPT(T,r)+c-AOPT(T +1,r)

t=1

=1
T

= D @A) = ¢ OPT(T, 1) + f,(rs1) = frx(A)rs1).
=1

Observe that (III’) and w(T + 1)74+1 = x(A)74+1 implies
L. w(T + 1), <x;, = w(T +1), =x(A),

Now, only (IV) remains. First, note that the Intermediate Value Theorem applied to ¢ + ¢!="

implies

1-r

AOPT(T +1,r)=B" - [(T+ D" -T"" < B". .

<B [T = (T -1""1=A0PT(T,r),




and as a consequence, we get x741 < x7. This further implies

T

T
DIwT + 1) = D> w(T),

t=1 t=1

T

T
[rGrer) 2 [Z w(T +1); - Z w(T); | f7(xr)

1 t=1

T
> > [wW(T + 1), = w(T)] fiw(T),)

t=1

2

Lfrw(T + D)) = fr(w(T))]

M~

1]
—

t

= flrs1) = f(x(A)r41)

> [x741 = X(A) 1] £ er41)

where the first inequality follows from the concavity of f, and the fact that x7,; < x7; the second
inequality follows from concavity of f, and the observation that the induction hypothesis and (III")
imply w(T); = w(T + 1); = x(A); whenever w(T); < x7 < xy, 1.e., w(T + 1); = w(T); > 0 implies
w(T); > xr; the third and the fourth inequalities follow from the Intermediate Value Theorem
applied to f,; and the equality follows from (I). Therefore, we get (IV) by using the inductive

hypothesis and w(T + 1)74+1 = x(A)741:

T+1 T T+1
D2wT+1) 2 3wy +xrar = X(A)pay + w(T + D 2 D%,

t=1 t=1 t=1
This concludes the induction step and thereby the proof, since (II) and (IV) together imply
Zz;l Xt < Zz:l X(A)t' O
B.2.3 Proof of Theorem 6

Proof of Theorem 6. Combining Lemma 10 and Lemma 9 yields

1/r
Bt 72 1/r
n-(c*- 1 ) £ > (c*-[B’tl_r—B’(t—l)l_r]) <B, (B.10)
T

t=11+1
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where ¢* = sup, minye(r, r,) R(A|T, r)/OPT(T, r). First, note that the Intermediate Value Theorem

applied to ¢ +— 1" implies

1_
tl"—(t—l)l"zt—rr VT > 1 +]1,

which allows us to derive the following inequality from (B.10):

1/ 72 1 —-r l/r
* r * . < 1
()" + Z (c " ) <

t=11+1

= (cH'" < |
S1+d-nry® 1t

t=11+1
Using ZZTIH 1/t = In(ra/(11 + 1)) = In(ra/71) + In(r1 /(71 + 1)) and (1 = r)'/" < 1, we get the first
half of Theorem 6:
1 1
<

*

¢t < (1 £ (1= - In(ry/ry) + (1 — P)lir m(TlT_il))r = (1 +(1 —r)l/r.ln(Tz/T1)+ln(TIT_il))r.

To get the second half, note that 1 + In(7/(7; + 1)) > 0, which allows us to write:

< 1
-~ (I =r)In(r /)"

*

C

Finally, define g : (0,1) — Ras g(r) = (1 —r)In(12/71)". Then,

In(g(r)) =In(1 —r)+r - Inln(ry/77)

g
gr)  1-r

= g'(r) = —In(r2/71)" + Inln(r2/71)g(r)

+ lnln(TQ/ﬁ)

= ¢"(r) = —Inln(ry /7)) In(2/71)" + Inln(r2 /7)) f(r) = —Inln(r/71) - 7 - In(m2/71)"

Hence, for »/7 > €, g is concave and is maximized at r = 1 — (1/InIn(7,/71)). Plugging in
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r=1-(1/Inln(m/1y)) yields

« InIn(m/71) e -Inln(my /1))
c < =

" In(ry/7y) "m0 In(@/T)

which completes the proof. O

B.2.4 Randomized Upper Bound with Linear Rewards and Consumptions

The upper bound of Theorem 6 can be extended to the popular special case of linear rewards
and linear consumption. Fix r € (0, 1) and B = 1. We show that there exists a request distribution,
with linear rewards and random linear resource consumption functions, that behaves like (f;, I, X)

in expectation. Define a consumption rate CDF H as

0 ifs <0
H(s) =457 if0<s<1 -

1 ifs >1

Consider the following request distribution: the reward of every request is r”, the linear
resource-consumption rate s is drawn randomly from H, and the action set is [0, 1] (to represent
the fraction of the request accepted), i.e., for request (r", s, [0, 1]) and action y € [0, 1], the reward
is " - y and the amount of resource consumed is s - y. It is relatively straightforward to see that the
optimal action at each time-step is to set a threshold x and accept a request (", s, [0, 1]) (set y = 1)
if and only if the consumption rate s is less than or equal to the threshold x. For such a threshold

x, the expected cost is given by
* 1 1 1
Esopls - 1(s < x)]=xH(x) — J‘ H(s)ds=x7r —(1—r) -xTr =r - xT-r
0

and the expected reward is given by r” - H(x) = r" - xT. Therefore, the expected reward is equal

to the expected cost raised to the power r, and consequently this request distribution behaves like

213



(fr, 1, X) in expectation.

B.2.5 Upper Bound with Distributional Knowledge of Horizon

In this appendix, we show that the upper bound of Theorem 6 holds even when the horizon
T drawn from a distribution T supported on [, 72] and this distribution is known to the decision
maker. This is because the reward functions f,(-) are concave and /(-) is linear, which makes the
problem of maximizing the competitive ratio a convex problem that satisfies strong duality. As we
note in the following theorem, the dual variables give rise to a distribution T, of the horizon which

leads to the same expected performance ratio as the competitive ratio.

Proposition 12. For every r € (0, 1), there exists a distribution T, of the horizon T such that

R(AIT, ) ] R(A|T, 7)

Eror, | ——| = i
sgp T~T, [OPT(T, D sup min

A Te[r,1] OPT(T, r) ’

where sup 4 denotes the supremum over all online algorithms A with the knowledge of the horizon

distribution T, and the request distribution P,.

Proof of Proposition 12. Fix r € (0, 1). We begin by showing that for all r € (0, 1), we have

. R(A|T,r)
sup min ——2~ = max
P el OPT(T, r) Rl
Z?—l fr(xl)
.t < ———— VT € , B.11
s.t. z OPT(T.7) [T1, 2] ( )
72
th < B
=1
x;eX Vit € [1]

The RHS is a convex program because f, is concave. Let A be any online algorithm. Let x(A),

denote the action taken by A at time ¢. Then, x; = x(A); and

ST A . R(AIT,r)
Z= mm —————= mmn ————-
Te[n,nl  OPT(T,r) Te[r,n] OPT(T, r)
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is a feasible solution of the convex program, thereby establishing the ‘<’ direction. The other

direction is equally straightforward: Any feasible solution (x;, z) of the convex program naturally

gives rise to an algorithm which takes action x; at time ¢ and achieves the desired competitive ratio.
Note that x; = 1/2 and z = 0 is a feasible solution of the convex program that satisfies

< ZZ:I fr(xt)

VT
OPT(T, r) € lri, ]

Therefore, by Slater’s condition (see [BHM98]), we get that strong duality holds and there exists

an optimal dual multiplier { pT};iT1 associated with the constraints in (B.11) such that p7 > 0 for

allT € [T, ] and

sup min RAIT,D - _ max i Z[ 1 ()
W Telne) OPT(T,r) raPr\opra, ) ¢
o
S.t. Zx, <B
=1
X; € X VYt € [Tz]
2 Z fr(xt)
= max 1= pr|+ > pr- 22—
o[- Em) B B
Ly
S.t. Zx, <B
=1
X; € X YVt € [TZ]

Observe that, since z is an unrestricted variable, we need Z?zn pr = 1 to ensure that the restated

(Lagrangian) optimization problem is bounded, which is necessary because the LHS is bounded.

Hence, we get

sup min w = max i M
Ap Te[r,m] OPT(T, r) h ~ pr OPT(T.7)
L
S.t. th <B
=1
ek Vi € [1)]
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Let T, be the distribution which picks horizon T with probability pr for all T € [7}, 2]. Then,
once again, we can use the equivalence between feasible solutions of the convex program and the

actions of an online algorithm (x; = x(A),) to get

o min RAIT.D) - i = fre) . R(A|T, )
u —_— = X - _ = u N _—
"P rdinim] OPT(T, 1) i PTOPT(T, 1) WP ETT | OPT(T, 1)

n

s.t. Zx, <B

t=1

x; € X Vte[n]
as required. m|

Combining Proposition 12 and Theorem 6 immediately yields the following corollary.

Corollary 2. Forallr € (0,1) and 1 < 11 < T, there exists a horizon distribution T, such that

every online algorithm A with knowledge of T, satisfies

Er-T, [

R(AT, r)] . !
OPT(T,r)| ~ (1+(1 _,.)l/r.1n(7-2/7'1)+1n(TITJ1r1))r

In particular, forr =1 — {1/Inln(ry/7))}, /71 > €® and 71 > 1, we have

R(A|T, r)] - e-Inln(m /1)

Er-t, [OPT(T, r) In(t2/11)

The above bounds hold even for online algorithms that have prior knowledge of P, before time

t=1.
B.3 Proof of Proposition 3

Proof. Consider a target consumption sequence A. Set

/lt ; 1 T /1t .
yr,=min{ min —’J, 1 and z= min —- Z min{ min —’J, 1;.
1<j<m prj relnnl T4 I<jsm pr.j
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Then, (4, z, y) is a feasible solution of the LP with objective value minre(q, ] c(/_l), T). Hence, we
get LHS < RHS. To prove LHS > RHS, consider any feasible solution (4, z, y). Then, A is a target
consumption sequence and

. 1
z< mm —-

T T
1 As i N
(i - 2 yry < min —'Zmin{min i,1}= min _c(1,7)
1,12 t=1 < .

Te[t1,12] T Te[r1,13]

where the first inequality follows constraints

1 T
Z< nyTJ VT € [11, 2],

/l .
yra < —L Vj € [ml,T €11, 1)t € [T]
PT,j
yrs <1 VT € [11, 2], t € [T].
Therefore, we have LHS > RHS, as required. O

B.4 Proofs of Section 3.4

B.4.1 Proof of Proposition 4

Proof. Consider a target consumption sequence A such that minz¢(z, 1, C(/_i, T)>vy. Set

. . A
yry,=min{ min —, 1.
I<jsm pT j

Then, (4, y) is a feasible solution of the LP with objective value

— VTpt = = min { min , 10 =c(A,Tp).
Tp =1 ot Tp =1 I<jsm PTp,j

Hence, we get LHS < RHS.
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To prove LHS > RHS, consider any feasible solution (4, y). Then, A is a target consumption

sequence and we have

. Asj
yry <min{ min ——,1
1<j<m pT]

forall T € [11,12],t € [T], where the inequality follows from constraints

Vi £ — VjelmlT €[r, 0]t €lT]

yr: <1 VT € [11,12],t € [T].

Therefore, we get

. A j > 1 &
c(A,Tp) = Z mln{ min — } =c(4,Tp) = Tn D Ve
P =]

1<j<m P1pj

and

- Arj
A,7T) = L1 = (A, Tp) = = >y.
¢, 7) me{]g}lgm or” } c(4, Tp) Zm Y
Consequently, we have minre(, 1, ¢(A,T) > v and the objective of the LP is at most (1, Tp).

Hence, LHS > RHS as required. O

B.4.2 Proof of Proposition 5
Proof of Proposition 5. 1t is straightforward to see that A satisfies the budget constraint:

71

a B T2 B
/l = —-—+ —_— J—
! ;1+1n(72/n) T 2 1+ln(‘rz/‘rl) t

t=11+1

Tp
Zl—a)
=1

1M~

n

B aB T1 1
-M'(_+Z ‘)*““”'B

T t=11+1
aB

< —— (1+1 1- -B
< TxIn(o/n) (I +In(r2/7)) + (1 — @)
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Moreover, note that for any T € [11, 72], we have

C(/LT)=—Zmin{mm 2o 1} —Z @ - @ ’
TS I<j<m prj T < 1+In(r2/11) 1+1In(ra/11)

and

L Tp) = Z { A } 1 TZ @ | aa @
c(4, = min{ min — _  =l-a4+—
P & 1%j<m prp s’ Ty & T+ In(m/m) 1+ 1In(ta/11)

where we have used the fact that p; > pr for all ¥ < T. Hence, we have shown that Algorithm 3
with target sequence dis (y—e€)-competitive, where y = a-(1+In(m2/ 71))" !, and (1-a)-consistent on
prediction Tp. Since A is one possible choice of the target consumption sequence, the proposition

holds. O

B.5 Proofs for Section 3.5

B.5.1 Proof of Theorem 7

Proof of Theorem 7. To simplify exposition, we define

B ifT =Tp
ar =

y ifT #Tp

Hence,

c(/—i’,Tp) > and min c(/l >y & c(/?,T) >ar VTEeEl[rn,n].

Te[r1,712]
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We start by proving some important properties of Algorithm 4. First, we show that

Adij A
o2tk ke [mlt e [T]
PT,j  PT.k

throughout the run of the algorithm. We do so via induction on each update of 1 (see (3.9)).

Initially, A = 0 so the statement holds trivially. Suppose it holds before the update. Observe that

T A : T Ao s
min {PTJ = Aujar - Bj - Zﬂs,/} = pr.j min {1 -2 arT-) S’]} .
s=1 , ,
Let U be the sequence after the update in (3.9). Then, we have

A . A A T ..
L =2 4 min l—ﬂ,aT-T— S
PT,j  PT,j PT,j =1 PT.j

Since the RHS is the same for all j € [m] by the induction hypothesis, the statement holds after

the update, thereby completing the induction step. Therefore, we have

- 1 T /1:] 1 T /1:] l T
c(A*,T) = T Zmin min —=,1;= min — Zmin . .,1 = min — Zmin {/l;“’j,pr,j} .
=1 <

l<j<m pr 1<j<m B‘,- pu)

(B.12)

We prove an intermediate lemma that will prove useful later

Lemma 33. For each outer For loop counter T, the inner For loop always maintains A;; < pr,;

and one of the following holds at its termination:
o T Asj=ar- B
s=1"5.J T J*

. ZST=1 As,j 2 ar - Bj held before the first iteration and A, ; was not modified during any of the

iterations of the inner For loop.

Proof. This is because, for each resource j € [m], exactly one of the following cases holds after

each iteration of the inner For loop in which A; ; was modified:
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T

° /lt"] = pT,] and ZS=1 /ls’j < aT . B]
T = . B
® Zs=l/lsvl =dar B]

Now, suppose ZST=1 As,j < ar - Bj at termination of the inner For loop. Then, A;; = pr ; for all
te€[T]and ar - B; - Zstl Asj < Bj =T - pr; <0, which contradicts Zle As,j < ar - B;. Hence,

the lemma holds. O

In both cases, at termination we have
T
DA =ar-B; Vje[m]. (B.13)
s=1
As we only ever increase din (3.9), we get

T
Zmin{/l;j,pT,j} >ar-B;j VT e€|[r,n]

t=1

for all j € [m]. Therefore, C(/_i*, T) > ar forall T € [, 2] by (B.12). Part (1) of the theorem
follows as a direct consequence and we focus on part (2) in the remainder

We are now ready to prove the theorem. We begin with the “only if" direction. Suppose
ZZ1 A; < B. Since we have shown that C(/_i*, T) > ar forall T € [11, 2], this makes X = 1* the
required target consumption sequence.

For the other direction, assume that there exists a target consumption sequence A° (with
Z:il Af < B) which satisfies C(Z", T) > ar forall T € [11,12]. Let X’ be the target consumption

sequence which minimizes 37" | Z,T=1 t- /ltoj among all such sequences, i.e.,

T
e argmins, i Zt A7

s.t. C(/_iO,T) > ar VT € [11,12]
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By (3.8), we get

T
D min{d; ;,pr;} 2 ar-B; YT €11l j€m].

t=1

To prove ZZI A7 < B, it suffices to show that A} ;< A i for all ¢ € [¢], j € [m]. For contradiction,

suppose the latter does not hold. In what follows, we will use AT to denote the value of 1 at the
end of the T-th iteration of the outer For loop.

Let T =T* and ¢ = t* be the outer and inner For loop counters respectively for the update (3.9)
at the end of which A, ; > /l;*’ . for some resource k € [m] for the first time during the run of
Algorithm 4. Since c(i’, T*) > ar, (3.8) implies that Z[T:I min{/l;k,pT,k} > ar - Bg. Since A
had to be modified to get A, x > /1’*’ ;. for the first time, Lemma 33 implies that the inner For loop
will terminate with 221 min {/lf,j), pT,k} = ar - By. Therefore, there must exista t* < s < 77 such

that 1/, > /liT]: ) after the T*-th iteration of the outer For loop.

T

T _ y .
sk A  k /lt*! k} and define a new target consumption sequence

Now, pick v < min {/l;,k -1

A” which is exactly the same as A" except A7, , = A}, +vand A7, =, —v. Since t* < s, we get

If we can show that C(/_i”, T) > ar forall T € [11, 12], we will contradict the minimality of 1. To

see this, consider the following cases

o T >T*: 2” > AD by definition of T*, t* and v. Hence, (B.13) implies

T T
> min{A}, pr.;} 2 Zmin{/lfj),pr,j} >ar-B; Vje[m],

=1 t=1
and consequently c(A”,T) > ar.

e T < T*: Observe that /l;i,k < /IET)k < pr+x < prk. Recall that /l;;,k = /l;*,k + v and
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"oo_
/ls,k—/l

"« — v where t* <s,and /l;’j =A] i otherwise. Therefore,

T T
Zmin{/l;fj,pr,j} > Zmin{/l;,j,pT,j} >ar-B;j Vjelm],

=1 t=1
and consequently c(A”,T) > ar.

Thus we have established the required contradiction, thereby completing the proof. O

B.5.2 Binary Search Procedure

We explain how to use Algorithm 4 to find an e-approximate solution to the LP in Proposition 4.
A similar procedure can be used to compute an g-approximate solution to the LP in Proposition 3.
Consider a required level of competitiveness y > 0. Then, we can run binary search to find the
highest consistency that can be achieved by any target consumption sequence which is y competi-

tive as follows:
¢ Initialize { =0and u =1

e Set 8 = (u +¢)/2. Run Algorithm 4. If it returns TRUE, set £ = (3, otherwise set u = f3.

Repeat this step till u — € < ¢.

Let A’ be the optimal solution of the LP in Proposition 4, i.e.,

-

- - L]
A’ € argmaxs_,c(4,Tp) s.t. min ]c(/l, T) > vy and Z/l, <B.

420 Te[r,m P

Then, part (2) of Theorem 7 implies that Algorithm 4 returns TRUE if and only if 8 < (U, Tp).
Consequently, £ < c(U,Tp) < u at all times during the run of the binary search procedure, which
further implies that £ > c(/_i’, Tp) — € at termination. Let 1* be the sequence computed by Algo-
rithm 4 when given 8 = £. Then, Theorem 7 implies that

n
o' Tp) 2 (X', Tp) —e, min ¢l T)zy and D)4 <B,

Te[r1,m2] =1
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as required.
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Appendix C: Appendix to Chapter 4

C.1 Counter Example for Deterministic Context

Example 7. Consider an auction with n = 2 budget-constrained buyers per auction. Buyers draw
their value v uniformly from the interval [0, 1] and each with a budget of 1/8, i.e., T = {(v,1/8) €
R? | 0 < v < 1} is the type space where the first component denotes the value and the second one
denotes the budget. (A uniform distribution of values can be achieved by a number of fixed contexts
and weight vector distributions, for example suppose the item context is a = (1) and the weight
vectors w are distributed uniformly in [0, 1]. This would yield values v = w! a that are uniformly
distributed) As in our model, the buyers would like to satisfy their budget constraint in expectation
at the interim stage: A buyer with value v would like to spend less than 1/8 in expectation over
the value of the other buyer. Moreover, assume that the ties are broken uniformly. We will show
that there does not exist a symmetric continuous non-decreasing Bayes-Nash equilibrium strategy
B : T — Ry for this example.

Let F denote the distribution of bids under 3. We first show that F must contain an atom. For
contradiction, suppose not, i.e., F is atomless. Since F is atomless 3 should strictly increasing.
Then, the probability that a buyer with value v wins the item in equilibrium is given by v. This
follows because the bidder with the highest value wins when strategies are symmetric and strictly
increasing together with the fact that values are uniformly distributed. Therefore, if the buyer with
value 1 bids b, her expected expenditure is given by b, which must be less than or equal to 1/8 due
to the budget constraint. Hence, S(v) < 1/8 for all v € [0, 1]. It is easy to see that the optimal
bid for any buyer with value v € [1/2,1], in response to the other buyer using B, is 1/8. This
contradicts the assumption that F is atomless.

Hence, F has an atom b*. As 8 is non-decreasing, there exists an interval [x, x+€], where € > 0,

225



such that f(v) = b* for all v € [x,x + €] and B(v) < b* for allv < x. If b* = x = 0, then bidding
infinitesimally more than b* is strictly better for a buyer with value x + € because her probability
of winning increases by at least € /2 without violating her budget constraint, thereby contradicting
the fact that B is a BNE. Hence, we have 0 < b* = B(x) < x, because if b* = x, then bidding
slightly less than b* would give the buyer with value x a higher utility. Finally, the continuity of
B implies that, for a buyer with a value that is infinitesimally smaller than x, it is optimal to bid
b* since it increases her probability of winning by at least €/2 with only an infinitesimal increase
in bid. This contradicts the definition of a BNE, thereby implying that no symmetric continuous

non-decreasing BNE strategy exists for this example. m|

It is worth noting that a BNE does exist for the above example if the seller employs the second-
price auction. In particular, we claim that the following strategy forms a BNE for the second-price

auction:

1/4 ifv >1/4
Bv) =
v o ifv<1/4

First, observe that if a buyer bids b > 1/4, her total expected expenditure (expectation over the

other buyer’s value) is given by

which is strictly greater than 1/8. Therefore no buyer can bid strictly more than 1/4 without

violating her budget constraint. Moreover, a buyer who bids exactly 1/4 spends

and satisfies her budget constraint.

Consider a buyer with value v > 1/4 and suppose the competing buyer bids using 5. As argued
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above, her budget constraints her to select a bid b < 1/4. Her utility from bidding b < 1/4 is given
by v - b — b?/2, which is at most v - (1/4) — (1/4)?/2 = v/4 — 1/32. On the other hand, the utility

she receives from bidding b = 1/4 is given by

1 3 N 1 1

2747478
which is strictly greater than v/4 — 1/32 because v > 1/4. Next, consider a buyer with value
v < 1/4. If she ignores her budget constraint, it is a weakly dominant strategy to bid her value. As
we have shown above, bidding her value also respects her budget constraint and is therefore a best

response. Hence, we have shown that, if the other buyer bids using f, it is a best response for any

buyer with value v > 1/4 to bid 1/4 and for any buyer with value v < 1/4 to bid v, as desired.

C.2 Existence of Symmetric First-Price Equilibrium

C.2.1 Preliminaries on Continuity

The following lemma establishes the almost sure continuity of the CDF of the distribution of

the maximum of paced values H',, which is used extensively in our analysis.
Lemma 34. For every u : © — Ry, the following properties hold:
a. A4, and HY, have continuous CDFs almost surely w.r.t. a ~ F

b. ol is continuous almost surely w.r.t. a ~ F

C. 05 is non-decreasing. Furthermore, for x € [0,w] and a € A such that Hf,l is continuous,

the following statement holds almost surely w.r.t. Y ~ HY,

x> r(@),x 2 Y} =1{oh(x) 2 r(a), ohx) > oh(¥)}

d. Almost surely w.rt. a ~ F, when x1,x2 ~ A4 i.i.d., the probability of ot (x1) = o/ (xy) is

zZero.
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Part (a) states that the distributions of paced values are atomless almost surely w.r.t. the items
a ~ F. This property is crucial because it allows us to leverage the known result establishing
the existence of a symmetric equilibrium in the i.i.d. setting under arbitrary tie-breaking rules,
which holds only if the distribution of values is atom-less. Part (b) is a direct consequence of the
definition of 0. Part (c) follows from part (a). Part (c) says that when everyone uses the strategy
o, with probability 1, a buyer who has paced value x for item « has the highest bid if and only if
she has the highest paced value, which plays a key role in our analysis. Finally, part (d), says that
ties are a zero probability event when players use the value-pacing-based strategy. We will need

the following lemma to prove Lemma 34

Lemma 35. Consider a setY = {yq}aes with y, > 0, where I is an index set. If I is uncountable,

then there exists a countable sequence {ay}nen C I such that Y,en Ya, = 0.

Proof. Rewrite [ as I = Uyez {a € I | yo = 1/n}. It is a well-known fact that a countable union
of countable sets is countable (see Theorem 2.12 of [Rud+64]). Therefore, in order for / to be
uncountable, there must exist ng such that {@ € I | y, > 1/np} is uncountable. It follows that we

can find a countable sequence {y,, }nen such that y,, > 1/ng for all n € N. For this sequence,

ZneN Ya, = 0. |
We now state the proof of Lemma 34.
Proof of Lemma 34.

a. Consider a pacing function u : ® — Ry¢. Let @y, @2 € A be linearly independent feature
vectors and x, x2 € [0, w] be two possible item values. We consider the set of buyer types

which have paced value x; for a; and paced value x, for a», i.e., define

wla; wla, }
; 2

S={w,B)e® — L _—x;; —2 2 __
{(W )€ ‘lw(w,B) i 1 + u(w, B) Y

Observe that, for (w, B) € S and ¢ = x1/x2, we have wla| = ¢ - wl ay. Therefore, the set

T ={w € 0, | wl(a; — cas) = 0} is a superset of the set S,,. Hence, S € T X (Bmin, U),
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which in combination with the assumption that G has a density implies G(S) = 0.

Define J = {a/|le|l | 3x, > 0s.t. GE(w, B) | wla/(1 + u(w, B) = x4}) > 0)}. Suppose
J is uncountable. Then, by Lemma 35, there exists a countable sequence {a@,, }men and

{Xa,, }men such that «;/||a;||# «;/||le/|| for all i # j and
> GEw, B) | wlan/(1 + u(w, B) = Xq,,}) > 0) = co.

Set S,y = {(w, B) | wla/(1 + u(w, B) = x,,,}. We have shown above that G(S; N S§i)=0
for all i # j. Therefore, for all m > 1, we have G(S,, N (U;<»S;)) = 0, which implies
G S, N (Uj<mS]~)C) = G(S,,). This contradicts G(U,;,S,,) < 1 as G(U,,Sy) = 2 G(S,,, N

(Uj<mSj)C) =>m G(a,as = Xq,,) = 0. Hence, J is countable. Observe that
@ u
—— | A, hasan atom; C J
lle|

As F has a density, we get F(cone(J)) = 0. Therefore, A%, has no atoms almost surely w.r.t.
@ € A, i.e., 2 has a continuous CDF almost surely w.r.t. @ ~ F. Moreover, this implies that

H' has a continuous CDF almost surely w.r.t. @ ~ F.
. Follows from the fact that the integral of every bounded function is continuous.

. Using Lemma 2.2.8 from [Dur19], we can write

¥ Hy(s) X HL(x) - Hy(s)
m ds =r(a)+ —
r(a) Ha(x) r(a) Hq(x)

oH(x) =x— J ds = By g [max{Y,r(@)} | ¥ < x]

From the last term, it can be easily seen that o is non-decreasing.

Observe that 1(x > r(@),x 2 Y) < 1 (04 (x) = r(@), oy (x) > o4 (Y)) always holds as oy is

non-decreasing and o (r(a)) = r(a). Moreover,

Ix>2r(@),x>2Y)<1 ((fg(x) > r(a),ch(x) > ch(Y)) = x2r(a),x <Y, oh(x) > ch(Y)

= x>r(a),x <Y, ch(x)=ck®)
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because oy (x) > r(«) if and only if x > r(a), and o7 is non-decreasing.

Therefore, it is enough to show for @ € A such that HY, is continuous and x > r(a), we have

HY ({y € [0,0] | x <y, 0k(x) =k ()}) =

Suppose the above statement doesn’t hold for some @ € A such that HY is continuous and
x > r(a). Then, for y = sup{t > x | o (t) = o (x)}, we have o/ (y) = o (x) (as o} is

continuous) and H%((x, y]) > 0. First, consider the case when H’, (x) > 0. Observe that

ds

P HG, [f H)
7a() - 0e () =y -x Jr(a) Hﬁ(y)dﬁjr(a) Hj(x)

Y HX 1 1 X
=y—x-— a(s)ds+ ( - ) HY(s)ds

x HY(y) Hy(x) HyYy») i
LR S TN ("
g (Hé,‘(x) Hg(y)) oy O

where the last inequality follows from H:(y) — H-(x) = H,((x, y]) > 0. Therefore, o (y) >
ol (x) because H (y) > H (x), which contradicts o (y) = o (x).

Next, consider the case when H4 (x) = 0. Then, H: (x) = 0 and HY(y) = H, (x)+ H, ((x, y]) >

0. Note that

y y
HOVHM(y) = yHE(y) — H5<s)ds=j [HA(y) - HY(s)]ds + @) H™(y)

r(a@) r(a)

Hence, o5 (y) = 0 if and only if H:(s) = HL(y) for all s € [r(a),y] and r(@) = 0. As

H(0) = 0 and HY (y) > 0, we get o (y) > 0, which contradicts o, (y) = oy (x).

. Consider a € A such that A, has a continuous CDF and P, A (o (x) = ¢) > 0 for some
¢ > 0. Then, by the definition of ¢, it must be that ¢ > r(«). Moreover, if we let

xo = inf{x | 0¥ (x) = ¢}, then P et (ok(x) = ¢) > 0 implies

Hy ({y €[0,w] | x0 < y,06(x0) = 04 (»)}) > 0.
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This contradicts the fact we proved as part of the proof of part (c): for & € A such that HY, is

continuous and x > r(a), we have
Hy ({y € [0,0] | x <y, 04(x) =5 ())}) =0

Therefore, when x ~ /lg, the CDF of 05 (x) is continuous, and hence, if xi, xp ~ /lﬁ 1.1.d.,
then the probability of o4 (x1) = 0% (x») is zero. Part (d) follows from combining this fact

with part (a). O

C.2.2 Strong Duality and Characterizing an Optimal Pacing Strategy
We begin with the proof of Lemma 11.

Proof of Lemma 11. Note that bidding more than the highest competing bid with a positive prob-
ability is not optimal, i.e., if Po(b(a) > o4 (w)) > 0, then b is not optimal. Therefore, we can
restrict our attention to b such that 0 < b(e) < oh(w) a.s. w.rt. @ ~ F. Now, consider such a b.
As 05(0) = 0 and o, is continuous a.s. w.r.t. @ ~ F, by the Intermediate Value Theorem, there
exists z(@) € [0, w] such that % (z(@)) = b(@).

Therefore, with x(@) = wl /(1 + t), we have

E W) 1b) 2 0 @)}
nbl(a)x a6} 1_+l‘_ (@) {b(@) 2 max(r(a), {66, a)}i)}

max BBy [(x(@) = b(@)) 1 {b(e) > max(r(a), oy (¥V))}]

max EoBy gt [(x(@) — 0§ (z())) 1 {of (z(@)) = max(r(a), 0§ (V)}]

max EoBy-pr | (x(@) = 0 (z(@))) 1 {z(@) = max(r(a), V)}]

max E, [(x(@) — oy (z(@))) Hy (z(2)) 1 {z(@) > r(a)}]

where the third equality follows from part (c) of Lemma 34. Hence, to prove the claim, it is enough
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to show that for all @ € A, we have
x(@) € arg max (x(a) = 05 (z(@))) Hy (z(@)1 {z(@) = r(a)}

The above statement holds trivially for  such that x(@) < r(«), because oy (1) > r(a) when
t > r(a). Consider a € A for which x(a) > r(a). Then, for z(a) > r(a),
2(@)
(x(@) = 0% (z(@))) Hp (z(@))) = x(@)Hy (2(@)) — z(@)Hy (z(@)) + H}y(s)ds
r(a)
zZ(a@)

= (x(@) - z(@)Hg (z(@)) + Hp(s)ds
r@)

Therefore, for z(a) > r(a), we have

z(@)
(x(@) — oh (x(@))) Ho(x(@) — (x(@) — 0 (2())) Hy(z(@) = (z(@) — x(@)H (z(@)) - Hi(s)ds > 0

x(a)

where the inequality holds regardless of z(a) > x(@) or x(@) > z(«@). Furthermore, for z(@) < r(a),

we have
(x(@) = oh(x(@))) Hy (x(@)1 {x(a) > r(a)} > (x(@) - oh(z(@))) Hy (@)1 {z(a) > r(@)} =0

Hence, z(@) = x(a) is optimal, which completes the proof. O

In the rest of the sub-section, we build towards the proof of Proposition 6. Recall that the dual
objective function is given by
WT(I

T w_a

w' 1+t
1{— > HY(s)d
{1 +1 r(a)} r(a) a(S) ’

C]#(W,B,t)=(1+t)Ea +tB

We will prove Proposition 6 by first establishing the differentiability of the dual objective
function, and then invoking the first-order optimality conditions for the dual-optimal solution.
Lemma 38 will establish the differentiability of the dual objective function. To prove it, we will

need the convexity of the dual objective function (Part 1 of Lemma 36), the existence of a bounded
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dual-optimal solution (Part 2 of Lemma 36), and the differentiability of the indicator function

T
1 {% > r(oz)}

as a function of ¢ almost surely w.r.t. (w, B) ~ G, which is implied by the continuity of the CDF

of wla/r(a), when @ ~ F (Lemma 37).

Lemma 36. For u: ©® — Rsgand (w, B) € ©:

1. g"(w, B, t) is convex as a function of t.
2. min;>o g*(w, B, t) = minse[o,.,/ ) ¢* (W, B, t)
Proof.
1. The objective function of the dual problem of a maximization problem is convex.
2. As HY(s) < 1forall @ € A and s € R, the following inequalities hold

WT a

WTQ 1+
OS]l{—Zr(a/)} HY(s)ds < w Vt>0,ae A
1+1¢ (@)

Ift > w/B, then, g*(w, B,t) > tB > w > g*(w, B,0). Hence, ¢*(w, B, 1), as a function of ¢,
has its minimum in the interval [0, w/B].

O

Let K be the distribution of a/r(@) when @ ~ F, assuming 1/r(a) = 1 when r(a) = 0. For
w € @, let K,, be the distribution of w’y wheny ~ K, i.e., K,,(8B) = K({y | wl'y € 8B}) for all

Borel sets 8 C R.
Lemma 37. K,, has a continuous CDF almost surely w.r.t. w ~ G,,,.

Proof. Letw,w, € ©,, be linearly independent weight vectors and x1, x5 € R5o. We consider the

set of items « which satisfy wlTa/r(a/) = x1 and wga/r(a/) = x». Define

¢ 4 w]Ta wga
= (= _— = M =
CEN R T ) T
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Observe that, for @ € S and ¢ := x;/x2, we have wl @ = ¢ - wl . Therefore, the set T = {a €
1 2

A | (w1 — ewo)Ta = 0} is a superset of the set S. Hence, since F has a density, we get F(S) = 0.
Define J = {w/||w|| ‘ Jx, > 0s.t. Fwla/r(a) =x,) > O)}. Suppose J is uncountable. Then,
by Lemma 35, there exists a countable sequence {w,}nen and {x,,, }men such that w;/||w;||#

w;/|lw;|| foralli # j and
Z F(wza/r(a) = X,,) = 0.

Set S, = {a | wla/r(a) = Xw,, }. We have shown above that F(S; N S;) = O foralli # j.
Therefore, for all m > 1, we have F(S,, N (U;<,S;)) = 0, which implies F(S,, N (Uj<mSj)C) =
F(S,,). This contradicts F(U,,S;;,) < 1 as F(Up,S,) = 2m F(Sm N (Uj<mSj)C) = >m F(a%s =

Xa,,) = 0. Hence, J is countable. Observe that
w
{— ‘ K,, has an atom} cJ
llwll
As G, has a density, we get G, (cone(J)) = 0. Therefore, K,, has no atoms almost surely w.r.t.
w ~ Gy, i.e., K, has a continuous CDF almost surely w.r.t. w ~ G,,. |
Definition 19. Define ® C O to be the set of (w, B) € ® for which K,, has a continuous CDF.

The following lemma establishes differentiability of the dual objective function.

Lemma 38. For all pacing functions u : ® — R and buyer types (w, B) € ©’, the dual objective

q"(w, B, t) is differentiable as a function of t for t > —1/2. Moreover,

dgt(w, B,t) u wla i wla wla
——————=B-Ey |0, |— |H,|[— |1{—— =
ot [(r” L+t) " \1+t 1+t r(@)

Proof. Fix a pacing function u : ® — Ry¢ and a buyer (w, B) € . Define

M’TQ/

1+t
e(t,a) =1 {M > r(a)}J H'(s)ds Vi>-1/2,a€A
1+1¢ r(a)

T
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Note that x — 1(x > r(a@)) ff(a) H/ (s)ds is a non-decreasing convex function because HY,

is non-decreasing. Moreover, it is easy to verify using the second order sufficient condition that

t - Vﬁ—j is convex. Ast — g(t, @) is a composition of these aforementioned functions, it is convex

for each «.

Fix o > —1/2. Using Lemma 37 and the definition of ®’, we can write

T T
F({aeA| 1W+‘; =r(a)})=F({a€A|r(a/)>0;v:(—aa=1+t0})+F({aeA|r(a)=0;wTa=O})

SK({y|wTy=1+tO})+F({aeA|wTa/=0})
=K,,(1+1)+0

=0
Using Theorem 7.46 of [SDR09], we get that E, [g(¢, @)] is differentiable w.r.t 7 at ¢y and

0
—E.[g(t0, @)] = Ey

[ag(to, @)
ot '

ot
Therefore, the dual objective g*(w, B, t) is differentiable as a function of ¢ for r > —1/2, and

W = B, [g(to, )] + (1 + t)gEa[g(fo, o)l+B
98to, @)

= E, [g(t0, )] + (1 + E, [ o1

[+

WTG/

T
w'a 1+
1 > HY(s)d
{1 s r(oz)} L(Q) o (8)ds

T T T
+(1+t)]Ea[ W“H“(Wa)]l{wa 2r(a)}]+B

(1+19)2" “\1+1 1+1
WT(I

T T - T
T —I"’Hg(s)ds 1122 s v
1+t 1+1 @) 1+1

=E,

=B-E,

Corollary 3. For all pacing functions u : ® — Rso and buyer types (w, B) € ©’, g*(w, B,t) is

continuous as a function of t for t fort > —1/2.
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Corollary 4. For all pacing functions u : ® — Rso and buyer types (w, B) € @,

argmin, o /5 9" (W, B, 1) is non-empty and compact.

Corollary 3 is a direct consequence of Lemma 38 and Corollary 4 follows from Weierstrass

Theorem. Finally, having established the required lemmas, we are ready to prove Proposition 6.

Proof of Proposition 6. Let t* € argmin,cg /5 9" (W, B, ). According to Theorem 5.1.5 from

[BHM98], in order to prove Proposition 6, it suffices to show the following conditions:

(i) Primal feasibility:

T T
ul wa ul wa
Eq oy [0'0[ (1 " t*) 1 {aa (1 " t*) > max (r(@), {B”(Gi,a)}i)} <B
(i1) Dual feasibility: t* > 0
(i11) Lagrangian Optimality:
u(w'a T
T | T | € argmaxy, Eq. (0 [w!a = (1+0b()) 1{b(e) > max(r(a), {f*(0:, )})}]| + 1B

(iv) Complementary slackness:

1+

T T
. {B ~Eq g1 [aﬁf ( i ) 1 {aéf ( Y ‘:) > max (r(a), {8"(6;, a)}o}]} -0

First, we simplify the expression for the expected expenditure used in the sufficient conditions

(1)-(iv) stated above:

T T
w w
Eo (@ [0'5 (l n t*) 1 {0'5 (1 " t*) > max (r(a), {ﬁ”(ei,a)}i)}]
T T T
B u wa u wa u wha
S |7 (155 1 (357) 2 s oot 5
N l

[ T
w'
=Eq (w8 | T ( ) 1

WTCZ > wl.Ta
ErTiel UCUR Fyormyeat §

236



WTQ WTQ’ WTQ
) ) 22 )

In the rest of the proof, we establish the aforementioned sufficient conditions (i)-(iv). Note that

t* satisfies the following first order conditions of optimality

dq"(w, B, 1) -0 50 o dq*(w, B, t*) _

0 C.1
ot ot €D

Using Lemma 38, we can write

09", B.I') _p g [ag‘(wT“)Hg(WT“)]l{wT‘:* Zr(a)}]

ot 14 1+ 1+

To establish the sufficient conditions (i)-(iv), observe that (after simplification) conditions (i),
(i1) and (iv) are the same as (C.1), and condition (iii) is a direct consequence of Lemma 11, thereby

completing the proof of Proposition 6. O

C.2.3 Fixed Point Argument

Proof of Lemma 12.

1. First, observe that

[ (wla "
g"w,B,t) =B, [1{—— > r(a) (1 +t)HY(s)ds + tB
i 1+1 r(a)
[ wTa wla y
~E, |1 {— > r(a)}I H" (—) dy + 1B
i 1+1¢ (1+t)r(@) 1+1¢

Consider (wr, B), wf, B) € ® such that wl.L < le and wfi = wl_{i, for some i € [d].
Moreover, consider t~, " € [0, w/Bmin] such that t* < 7. As H is a non-decreasing

function, it is straightforward to check that —g*(w, B, t) has increasing differences w.r.t. w;
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and 7:
qﬂ(wH, B’ tL) - qﬂ(WL’ B, tL) > qﬂ(WH’ B’ tH) - qﬂ(WL’ B7 ZH)
Theorem 10.7 of [Sun+96] in combination with the definition of ¢# imply ¢#(w", B) >

4 (wr, B).

2. Consider (w, BY), (w, B) € @ such that BY < B and and %, 1 € [0, w/Bmin] such that

tL < tH Then, —qH(w, B, t) has increasing differences w.r.t. —B and ¢:
q"(w, B 1) — g (w, B*,t") = (BY — BEy? > (BY - BM)t" = g#(w, B, t") — g (w, BE, ")

Theorem 10.7 of [Sun+96] and the definition of £# imply ¢#(w, B) < ¢#(w, BL).

Proof of Lemma 13.

1. Theorem 1 of [Idc94] implies measurability of {#. Moreover, ¢# is bounded by definition.

2. Consider ¢ € C}(®,R") such that ||¢||< 1. Then,

V(tH,0) = I £ (0)dive(0)de
c]

_ d+1l p a¢(9)
=> Gfﬂ(a)a—eide

—_
[

[ 0¢(0)
Hy—~" 10. 10 .
) Jei £4(0) 50, do;de_;

1

1l
Mz
+

&Lﬂ-
LI

.
= J —¢(6;, 6_;)dt" (0;)d6_;
1 9_[ 9,’

D,

J J deH(6;,)do_;
6_; Jo;

J Y o,
6_; Bmin
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w
< (d+ 1)U —

Bmin
where the third equality follows from Fubini’s Theorem. The sufficient conditions for Fu-
bini’s Theorem to hold are satisfied because |f#div¢| is bounded. Moreover, the fourth
equality follows from the integration by parts for Lebesgue-Stieltjes integral and the fact

that ¢ evaluates to O at the boundaries of ® because ¢ is compactly supported. O

Proof of Lemma 14. We start by noting that, as G has a density, if a sequence converges almost
surely (or in L) under the Lebesgue measure on ®, then it converges almost surely (or in Li)

under G.

1. If u(@) = 0 for all 6 € O, then u € Xy. Hence, Xy is non-empty. Consider up, u» € Xo and
a € [0,1]. Then, au; + (1 — @)z € [0, w/Bmin] and for ¢ € CHQ,R") s.t. ||p]lo< 1, we

have

f {apr + (1 = a)ua}(0)divg(6)do = a J p1(0)diveg(6)do + (1 — a)J p2(6)dive(6)de
Q Q Q
L+ HU* w
Bin

Hence, X is convex.

L
Consider a sequence {u,} C Xy and u € L{(0®) such that u, N u. Then, there exists
a subsequence {n;} such that u,, a5, u as k — oo. Hence, range(u) C [0, w/Bminl.

Moreover, by the semi-continuity of total variation (Remark 3.5 of [AFP00]), we have
V(u, ®) < liminf V(uy,, ©) < (d + DU w/Bumin

Therefore, X is closed. To see why Xj is compact, consider a sequence {u,} C Xy. Then,
by Theorem 3.23 of [AFP00], there exists a subsequence {n;} and u € BV(®) such that
Hn, converges to u in the weak™® topology, which implies convergence in L(®) (Proposition

3.13 of [AFP00]). Combining this with the fact that Xy is closed, completes the proof of
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compactness of Xp.

. For contradiction, suppose f is not continuous. Then, there exists € > 0, a sequence
{(ns fin)tn € Xo X Xo and (u, i) € Xo X Xo such that lim, e(ttn, d,) = (u, ) and
| f(tns fin) — f(u, )|> € for all n € N. As u, LN U, there exists a subsequence {ny }x
such that p,, AN u when k — oo. Moreover, [i, L, [ implies fi,, N [. Therefore,
there exists a subsequence {ny,}; such that fn,, £ A and iy, SN u as | — oco. Here,
we have repeatedly used the fact that L; convergence implies the existence of a subsequence
that converges a.s. Hence, after relabelling for ease of notation, we can write that there exists
€ > 0, a sequence {(uy, fin)}n € XoXxXXp and (u, ) € Xy x Xy such that y,, SN W, Ay SN Q

and |f(lln7 ﬁl’t) - f(/’l’ ﬁ)lz € foralln € N.

First, observe that 1, —> p implies wTa/(1 + pn(w, B)) —> wl /(1 + u(w, B)) and hence,
d

A — AL forall @ € A. As Al is continuous almost surely w.r.t. a, by the definition of

convergence in distribution, we get that lim,,_,., 45" (s) = A5(s) forall s € Ra.s. wrt. a ~ F.

Therefore, lim,_,. H,"(s) = H-(s) forall s € R, a.s. wrt. o ~ F.

Also, note that /lg” and /15 are atom-less almost surely w.r.t. @. Let A C A be the set of

a such that lim, e H""(s) = H"(s) for all s € R and {1’", A"} are atom-less. Therefore,

F(A)=1.ForseRand a € A, we get

%

T T
lim 1 vAv—oz s>r(a); =1 %ZSZI”(&)
n—o0 1+ 4,(w,B) 1+ a(w,B)

a.s. wr.t. (w, B) ~ G. Note that the set of measure zero on which the above equality doesn’t

hold may depend on a, s.

Fix s € [0, w] and @ € A. Combining these a.s. convergence statements, we get

T
Tim (1+ 2,00, BHS (5)1 {% > 5> r(a)}
T
_ A i wa
=(1 + a(w, B))H, (s)1 {1 T s> r(a/)}

240



as. wrt. (w,B) ~ G

Furthermore, we can use the Dominated Convergence Theorem (as the sequence is bounded)

to show

lim B, g | (1 + f,(w, B))H""(s)1 {—WT“ > 5> r(a/)}]
Jim Eqv.5) W00 BPHE )| s 2 52
" wla
=Ew.B) [(1 + f(w, B))Hy ()1 {m > 5> r(a/)}]

Keep s € [0, w] fixed and apply the Dominated Convergence Theorem for a second time to

obtain,

wla
nll_{lgoEa [E(W,B) [(1 + (W, B)HY" (5)1 {1—(3) s 2 ”(CY)}H

w-a

T
_E, [Ew,m [(1 + fw, BYHY(s)1 {m 55> r(a)}”

Finally, apply the Dominated Convergence Theorem for the third time to obtain,

w

) . u wla
lim Eo |Eow,p) |(1 + fin(w, B)H," ()1 { —————- > 5 > r(@)
n—oo 0

1+ d,(w,B) —
= I‘” E, [E(W,B) ] ds
0

As we are dealing with non-negative random variables, we can apply Fubini’s Theorem to

ds

T

R " Ve
(1+ fa(w, B))H, (s)1 {1 + [i(w, B)

>85> r(a)}

rewrite the above statement as

lim Ee, pEo | (1 4+ 00 BYL[— 2% 5 e H" (5)d
lim E, p)Eq (1 + fdn,(w, B)) m_r(a) L(Q) o (s)ds

= lim B,.5)Eq “wu + fin(w, B)H"" ()1 { > 5> r(a)} ds]

1+
wla

T i B) > 5> r(cx)} a’s]

=Ew,)Eq Uw(l + fi(w, B))H4 (s)1 {
0
T

1+ fi(w, B)

WT(Y
B
=Ew,BEa > r(a) H,(s)ds

r(a@)

(1 + 4w, B))1 {
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Moreover, applying Dominated Convergence Theorem to /i, RN [ yields
lim, 00 Eq.p)lfin(w, B)B] = E, pla(w,B)B]. Together, the above statements imply

lim,, 0o f(tn, fn) = f(u, i), which is a contradiction.

3. Part (2) allows us to invoke the Berge Maximum Theorem (Theorem 17.31 of [AB06]),
which implies that Cjj is upper hemi-continuous with non-empty and compact values. Next,
we show that Cj(u) is also convex. Fix pu € X. Consider fi, 4, € C*(u) and 4 € [0, 1].

Then, by part (1) of Lemma 36, we have

[ Af + (1 = Dfia) =B pylg" (w, B, 411 (w, B) + (1 = Dfia(w, B))]
< AEqw,plg" (w, B, fi(w, B))] + (1 = DEw,p)[¢" (W, B, fla(w, B))]

=Af(u, )+ (1 =D f(u, f12)

Hence, A/ + (1 — A)fip € C*(w). O

Proof of Lemma 15. Recall that in, in Lemma 13, we showed that {# € Xj. Therefore, as u €

C(w),

E(W,B) [q#(w’ B, f#(w’ B))] Z E(W,B) [q#(W» B’ ,U(W, B))]

On the other hand, by the definition of {#, we get that

q"(w, B, tF(w, B)) < g*(w, B, u(w, B)) Y (w,B) €®

Hence, combining the two statements yields g*(w, B, ¢#(w, B)) = g*(w, B, u(w, B)) a.s. w.r.t.

(w, B) ~ G, which completes the proof. m]
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C.3 Standard Auctions and Revenue Equivalence

In this section, we extend our results for first-price auctions to all anonymous standard auctions
and establish revenue equivalence among them by proving Theorem 9. To do this, we will show
that the dual of the optimization problem faced by each buyer type is identical for all anonymous
standard auctions, by exploiting the structure of the Lagrangian problem and the known revenue
equivalence results from the standard i.i.d. setting [Kri09]. This concurrence of the dual problems
for all anonymous standard auctions allows us to directly apply Theorem 8 to reduce the proof of

Theorem 9 to showing strong duality for the optimization problem faced by the buyer types.

For buyer type (w, B) € ©, we will use R(w, B) to denote the following optimization problem:

RUGW.B) = max  E, g [Wla- 1{b(@) 2 max(ria), {¥(0, @)})} ~ Ma(b(@). {¥"(6;.)},) |

s.t. E(ls{ei};:ll [MCY (b(a,)7 {lP’u(Hl’a)}l)] < B
Then the dual optimization problem (or simply the dual problem) of R*(w, B) is given by

rtn>i(1)1 , max O]Ea’ (B! [wla - 1{b(@) > max(r(a), {¥"(0:, @)};) — (1 + OMo(b(@), {¥*(B;,@)}:) }] + 1B

The following lemma characterizes the optimal solution to the Lagrangian problem.

Lemma 39. Forallt > 0,

r wla

Vi (vlv—_i) € arg max Batory |75 - 1(b(@) 2 max (r(@), {¥#(0;, @)}i)) = Ma(b(a), {¥*(8:, &) }i)

Proof. Consider an @ € A such that A}, is atom-less. Then, using the assumptions on auction A,

we can write

T T
Va (W—i) € argmax By i [(% -1z 2 max(r(a), {¥a(X})) - Mo (1, {'ﬁg(Xi)}i)) ]
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Combining this with the definition of W¥, we get

u(wla wla " u
Vo |777) € @rgmax By | 77— 1( > max(r(a), {¥"(0;, @)}1) — Mo (2, {¥"(0;, @) }i)
To complete the proof, note that A%, is atom-less a.s. w.r.t. @ by part (a) of Lemma 34. O

We take a short interlude to state and prove a lemma which will help us simplify the expression

for the dual optimization problem of R*(w, B).

Lemma 40. For a € A such that A%, is continuous,

1 {yh(x) > max(r(@), YY)} = 1 {x > max(r(a),Y)} as. Y ~HE, Vxe[0,w]

Proof. As Yl is non-decreasing, 1 {y4(x) > max(r(e),y5(Y)} > 1{x>max(r(a),Y)} al-
ways holds. Suppose there exists @ € A such that A% is continuous and x € [0, w] for which
1 {yh(x) > max(r(a), YY)} > 1 {x > max(r(@),Y)} with positive probability w.r.t. ¥ ~ Hb.

Observe that ¢4 (x) > r implies x > r, by the assumptions made on /. Therefore,

1 {yh(x) > max(r(@), Y4 (¥Y)} > 1 {x > max(r(@),Y)} = Y >x, x > r(@), ¥h(x) > yhX)

Hence, there exists @ € A such that A, is continuous and x € [r(«a), w] for which

Hy ({y € [0,w] |y > x,¢6(y) < yh(0)}) > 0

Asy > x implies /4 (y) > ¥4 (x), we get

Hy ({y € [0, @] | ¢4() = 4 (0)}) > 0

which contradicts the assumption that /%, has a atom-less distribution. Hence, the lemma holds. O
Next, we proceed to prove that the dual of R*(w, B) is the same as the dual of the optimization
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problem Q*(w, B) associated to first-price auctions. Consider an @ for which A%, is continuous.
Then, the expected utility U (x) of a bidder with value x in auction A, when the values of the

other agents are drawn i.i.d. from A%, and every bidder employs strategy ¢4, is given by

UK = By [x - 1 {00 = max(rie), (Wh(X0}n} = Ma(Who), (X))
= By [ 1 {x = max(r(@), {Xi})}] - ma(®)

= xHy () 1{x > r(@)} — mp(x)

where the second line follows from Lemma 40 and m4,(x) = E Xt [ Mo (i o), {wh(X})].

Then, from the arguments given in section 5.1.2 of Krishna, we get

Uh(x) = Jx HY($)1{s > r(a)}ds = 1{x > r(a)} ’ H: (s)ds
0 r(a)

which further implies

X

mh(x) = xHY ()1 {x > r(@)} = UL(x) = 1{x > r(a)} (fof(x) - Hg(s)ds)

r(a@)
Then, using Lemma 39 and Lemma 40, the value that the objective function of the dual problem

of R*(w, B) takes at t > 0 is given by:

 max OEQ, (ot [wha - 1{b(@) > max(r(@), {¥#(6:, )})} = (1 + DM (b(@), {¥(6:,0)})] + 1B

=(1+0), max B (g [Y—i‘j 1(b(a) = max (r(a), {P*(0;, @)}:) — Mo (b(a), {‘I‘“(Qi,a)}i)— +1B

=(1+ 0B, (g,)n-1 Vlvij - 1(b(@) = max (r(e), {P*(O;, @)}) — My (wg (Vlv—io;) , {‘P"(Gi,a)}i))- +1B

=(1+ DEaBx,yn-1 2 [% 1 {ya(x) 2 max(r(@), (Yo (X))} - Ma (wﬁ (Vf—ii) Ava(Xli ] +1B
—(1+1)E, [Uf; (ﬂi)] +1B

lez

T T
—(1+0E, |1 {M > r(a)}J H(s)ds| + 1B
1+1¢ r(a@)
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=q"(w, B, 1)

Hence, we have shown that, for every buyer type, all anonymous standard auctions have iden-
tical dual optimization problems. In light of this, to prove Theorem 9, it suffices to prove strong
duality for R*(w, B), where u is a fixed-point which is guaranteed to exist by Proposition 7. We

give the full argument below.

Proof of Theorem 9 .

By Lemma 15, we know that if u € Cg(u), then u(w,B) € argmin,e[o,w/B] g’ (w, B,t) al-
most surely w.r.t. (w,B) ~ G. Moroeover, by part (b) of Lemma 36, we have u(w,B) €
argmin, (g o) ¢*'(w, B, r). Consider a 6 = (w,B) € ©®’ (see Definition 19) for which u(w, B) €
argmin,¢(o o) ¢*'(w, B, 7). Observe that such 6 form a subset which has measure one under G.
According to Theorem 5.1.5 from [BHM98], in order to prove that Y#(w, B, @) (as a function of
@) is an optimal solution for the optimization problem R*(w, B), it suffices to show the following

conditions:

(i) Primal feasibility:
Ea,{gi}?;ll [M(Y (Tﬂ(w’ B’ CY), {‘Pﬂ(gi, a)}l)] < B

(i1) Dual feasibility: u(w,B) > 0

(iii) Lagrangian Optimality: W#(w, B) is an optimal solution for

,max OEa,{gi};’;ll [wha - 1{b(@) = max(r(@), {¥*(6:, @)})} = (1 + u(w, B)Ma(b(@), {¥*(6;, )}i)]

+ u(w, B)B

(iv) Complementary slackness:

u(w, B). {B = By (o1 [Ma (¥ (w, B, ), {¥*(6), a’)}i)]} =0
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First, we simplify the expression for the expected expenditure used in the sufficient conditions
(1)-(iv) stated above to show that it is equal to the expected payment made by buyer type (w, B) in

the SFPE determined by pacing function u:

Eo (oiyn [Mq (PH(O, @), {P# (6, @)}i)]

WTCL’

e KXY,
1+/,,[(W, B))’{ww(xl)}l)]

=EQE{Xi};:L:_llN/II:Y |:MQ (lpg (

r T
w' @
=E, mg _
] (1+/,L(W,B) ]

T
T T W a T
w-a w l+u(w,B) wa
-E H" - HA(s)ds | 1 { ——"— >
“_(1+M(W,B) o 1+u(w,3)) L(a) @l S) {1+,LL(W,B) r(“)}]

[ T T T
_ u w a i w a w a
~Ea |7 (1 o By e (1 +,u(w,B)) I {1 o B) = r(“)}]

=By, (-1 [B7(6, @) T{BH(O, @) = max(r(a), {8"(6;, @) })}]

Hence, Theorem 9 will follow if we establish the aforementioned sufficient conditions (i)-(iv).

Note that u(w, B) satisfies the following first order conditions of optimality

dgt(w, B, u(w, B)) o dqt(w, B, u(w, B)) _

> . .
Py 0  uw,B)=0  u(w,B) o 0 (C.2)
Using Lemma 38, we can write
u B B T T T
gt (w, B, u(w, ))=B—Ea ok w'a H" w'a 1 w'a > (@)
ot 1+ u(w, B) 1+ u(w,B) 1+ u(w, B)

To establish the sufficient conditions (i)-(iv), observe that (after simplification) conditions (i),
(1) and (iv) are the same as (C.2), and condition (iii) is a direct consequence of Lemma 39, thereby

completing the proof of Theorem 9. O
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C.3.1 Revenue Equivalence under Ex-Ante Budget Constraints

The argument developed in this section also applies to the setting with non-contextual i.i.d.
values and ex-ante budget constraints, which is the symmetric special case of the models studied
in [BBW15] and [Bal+21]. More precisely, consider a single-item auction setting with n buyers,
and assume that the value of each buyer is drawn i.i.d. from a common atom-less distribution ¥
over the space of all possible values [0, V] C Rso. Moreover, assume that every buyer has an ex-
ante budget of B, i.e., she is constrained to spend at most B in expectation, where the expectation
is taken over her own value and the values of other buyers. Let A = (r, M) be the anonymous
standard auction with reserve price r and payment rule M that the seller uses to sell the item.

In this simpler setting, a strategy 8* : [0, V] — R is a symmetric equilibrium if 8* is the optimal
bidding strategy for a buyer when all other buyers employ 8* to bid. Concretely, 8* : [V,V] — R

is a symmetric equilibrium if it is an optimal solution to the following optimization problem:

max B, 0 [v- 1{b() = max(r, {B'0)})} - M), (B 0})] (€3
b:[0,V]—>R5g =

st By gyt [M(BO), {B"(vi)})] < B

When A is a second-price auction, the results of both [BBW15] and [Bal+21] imply that strong
duality holds for the optimization problem given in (C.3), and there exists a dual solution u* > 0
such that *(v) = v/(1 + u*) is a symmetric equilibrium. With this existence result for second-price
auctions in hand, we can leverage the argument developed earlier to establish the existence of a
value-pacing-based equilibrium for all standard auctions and revenue equivalence.

Let H be the distribution of v/(1 + ) when v ~ ¥ and ¢! be the single-auction equilibrium
for distribution H and auction A = (r, M), as defined at the beginning of Section 4.3. Then, we

claim that the value-pacing-based strategy given by

\P(V)zw(l:u*)
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is a symmetric equilibrium (as defined in equation (C.3)). To see this, first observe that, when all

of the other buyers use 5 = W to bid, the dual of the optimization problem (C.3) is given by

min  max E, (i} [v-1{b(v) = max(r, {Y(v)})} - A +wMDBW),{PYV)})] +u-B
H20 p[0.V]-Rso
v

1 - 1{b = max(r, {Y(v)})} - M, {¥(vi)}i)
+

i=1

= i 1 v n— : B
mip 1402, | B1 | |+

Next, observe that the inner optimization problem over b € Ry is exactly the bidding problem
faced by a buyer with value v/(1 + ¢*) who aims to maximize her utility in the single-auction
setting when the values of the other buyers are drawn from the distribution . Since y”!(-) is the
equilibrium strategy in the single-auction setting, ¥(v) = y*(v/(1 + p*)) is an optimal solution
to this bidding problem. Moreover, we know from [Mye81] that the interim expected utility of a
buyer under equilibrium strategies is independent of payment rule of the standard auction. Hence,
the dual optimization problem is the same for all standard auctions. In particular, ¢* is an optimal
solution for this common dual problem. Finally, using a proof similar to the one we provide for
Theorem 9 in Appendix C.3, it is possible to show that strong duality holds for the optimization

problem stated in (C.3) when 8* = ¥ and W(v/(1 + ¢*)) is an optimal solution of (C.3) as required.

C.4 Worst-Case Efficiency Guarantees

The following example demonstrates that the Price of Anarchy of social welfare can be arbi-

trarily small for value-pacing-based equilibria.

Example 8. Fix the number of buyers to n = 2 and consider the second-price auction format. Let
the distribution of feature vectors F be the uniform distribution over A = [1,2] X [1,2]. Moreover,
assume that the buyer weight vectors are distributed uniformly over [1,2]x [1,21U[y*, y*+1/y] x
[y*, y* + 1/y] for some large y > 1. Also, suppose the budget of all buyer types with weight vector
w € [1,2] x [1,2] is 10 and the budget of all buyer types with weight vector w € [y*, y* + 1/y] x
[y*, y* + 1/y] is 1/y>. By Theorem 8, we get that there exists a value-pacing-based equilibrium

for this instance. Let u be the pacing function associated with it and x* be the corresponding
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allocation. First, observe that all of the buyer types with weight vectors in [1,2] X [1,2] are not
paced in equilibrium and bid their value on each item, i.e., u(w, 10) = 1 for all w € [1,2] x [1,2].
This is because their budget far exceeds their expected value: even if they win every item, their
payments is as most 8, which is smaller than their budget of 10. Next, consider a buyeri € {1,2}
with type 0; = (w, 1/y?) for some w € [y*, y* + 1/y] x [y*, y* + 1/y]. Then, her expected payment

(expectation over competing buyer type and item type) is at least

Pw_; € [1,2]%) - Eqo_,[x! (@, 0;,0-) - 1 | w_; € [1,2]°] = - Eo[x! (e, 6;,6-)]

1+y2

because, when w_; € [1,2] X [1, 2], buyer —i bids her value on each item and her value is always
at least 1. Moreover, the budget of the buyer with type 0; is 1/y*. Therefore, we get
1 1

M
1 + y_z : E(Z[xl (Gf, 91', 9—1)] S y2

Let x be the allocation that always gives the item to a buyer with weight vector w € [y*, y*+1/y]x
[y*, y* + 1/y] when such a buyer type is present. We partition the space of buyer-type profiles into

4 regions, and bound the expected social welfare (expectation taken only over a ~ F) of x* and x:

1. 0; = (w;, 1) withw; € [1,2] X [1, 2] for both buyers i € {1,2}. This occurs with probability
at most 1 and the expected social welfare under x* when a ~ F is bounded above by 8 for

each type profile in this region.

2. 0; = (wi, 1/y%) with w; € [y*, y* + 1/y] x [y*, y* + 1/y] for both buyers i € {1,2}. This
occurs with probability at most 1/y* and the expected social welfare under x* when a ~ F

is bounded above by 8y* for each type profile in this region.

3. 01 = (wi, 1/y») withwy € [y*, y*+ 1/y1 x[y*, y* + 1/y] and 6 = (w2, 10) with wy € [1,2] X
[1,2]. This occurs with probability y‘z/(l + y‘z). As we argued earlier, E, [x/f (a,01,62)] <
(1 + y™2)/y? in this case. Therefore, the expected social welfare under x* when o ~ F is

bounded above by 8y* - {(1 + y=2)/y?} + 8 < 24y?. On the other hand, the expected social
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welfare under x when a ~ F is at least y* in this region since buyer 1 always gets the item.

4. 6, = (wa, 1/y2) with wyo € [y4,y4 + 1/y] x [y4,y4 + 1/y] and 61 = (w1, 10) with wy €

[1,2]x[1,2]. This is the same as region 3 with the roles of buyer 1 and buyer 2 interchanged.

Combining the bounds for the different regions, we get that the total expected social welfare

under x* is bounded above by

1 -2 -2
848y — 4+24y2. L ogy2. Y
4 1 -2
y +y L+y

and the total expected social welfare under x is bounded below by

y? P

1+y‘2+y .

> yz,

0+0+y*- >
1+y?2

Hence, the Price of Anarchy of social welfare is at most 64/y?, which tends to zero as y — .

Proof of Theorem 10. We will focus on second-price auctions. Consider an allocation x, an equi-
librium pacing function p with u € Cj(u) and the associated allocation x*. Since x and u are
arbitrary, it suffices to show that LW (x*) > LW(x)/2.

Let p(a, 5) denote the second-highest bid on item « in the equilibrium parameterized by u
when the buyer-type profile is given by 6, i.e., itis the second largest element in the set {wl.Ta /(1 +

u(wi, By)) | i € [n]}. The following lemma is a key step in the proof of the theorem.

Lemma 41. For alli € [n] and 6; € O, we have

min {Eq o ,[w] e - x*(, 6;,0-)], B;}

> min {Eq 0 ,[w] @ - xi(@, 6;,0_)1, Bi} —Eq ,[p(e, 6;,0-;) - xi(a, 0;,0-)] .

Proof. Fix i € [n] and 6; € ©. We will prove the lemma separately for paced and unpaced
buyer types. First, consider the case when 6; is paced in equilibrium, i.e., u(68;) > 0. Then, since

u(w;, B;) € argmin,,,q"(w;, B;, 1), complementary slackness (see proof of Theorem 9) implies
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that:
Eavg—i [p(a’ el’ 9—1) * x{J(a, 91’ 0_1)] = Bl .

Moreover, note that wl.Ta//(l + u(w;, By)) = p(a, 6;,60_;) whenever x;.“(cy, 0;,6_;) > 0 because only
the highest bidder(s) win the item in a second-price auction. This allows us to establish the lemma

for paced buyers:

min {E, ¢ ,[w] @ - x¥ (e, 6;,0-)], B;}
> min {Eq,_, [p(, 6;,0-) - X' (2, 6;,6-)] , B;}
- B,
> min {Ea,e,i[WiTCY - xi(a, 0;,0-)], Bi}

> min {Ea,e,i[WiTa/ - xi(@, 0:,0-)1, Bi} —Ba g [p(a, 0;,0-) - xi(a, 0;,0-)],

where the first inequality follows because wl.Ta > wl.Ta// (1 + u(w;, By)) since u(w;, B;) > 0, the first
equality because budgets binds, the second inequality because B; > min(a, B;) for every a € R,
and the last inequality because payments are non-negative.

Next, consider the case when 6; is unpaced in equilibrium, i.e., u(68;) = 0. Then, by definition

T

of a pacing-based strategy for second-price auctions, buyer type 6; bids her value w; @ on item

a 1n equilibrium, for all items @ € A. As a consequence, if xl‘.l (a,0;,6_;)) < 1, then we have

T

w;a < p(a,6;,0_;). In other words,
Eog [W] @ — p(a,6;,60-) - (1 - x(a, 6, 60-)) - xi(a,0;,6-)] < 0. (C.4)

Moreover, observe that

Eoo_ [w] @ - x (e, 0;,0-)] > Eqg_[(W] @ — p(a,8;,0-) - x¥ (@, 0;,6-) - xi(, 0;,0-)], (C.5)
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because payments are non-negative and x; € [0, 1]. Combining (C.4) and (C.5) yields

Eog_ W] @ - x¥ (e, 6;,6-)]
> Eop [Wla - pla,6,0.) - xi(a, 0, 0_)]

> min {Eq ¢ [w] @ - xi(@, 0;,0_)1, B} —Eq g ,[p(@,6;,0-;)  xi(e, 0;,0-)], (C.6)

where the last inequality follows because a > min(a, B;) for every a € R. Furthermore, note the

trivial inequality

B; > min {Eqg_ [w] @ - xi(,6;,0_)], B;}

Z min {E(lﬂ_,’ [WTa, : xi(a’ Qi’ H—i)], Bl} - E(l/,e_,' [p(a’ Hi’ Q—i) . xi(a,, 91', e—i)] ’ (C7)

1

where we used again that B; > min(a, B;) for every a € R and that payments are non-negative.

Finally, combining (C.6) and (C.7) yields the lemma for unpaced buyers

min {Eq0_,[w] @ - x¥(, 0;,6-)], B;}

> min{Eq g [w] @ xi(a,0;,0-)], Bi} —Eag_ [p(e. 6;0-;) - xi(a, 0, 0-)], (C.8)
since (C.6) and (C.7) show the inequality separately for each of the two terms in the minimum on
the left-hand side of (C.8). This establishes the lemma for all i € [n] and 6; € ©. O

Continuing the proof of Theorem 10, next, we sum over i € [n] and take expectation w.r.t. 6;
for the inequality in Lemma 41. First, we study the effect of summing and taking expectations on

the second term in the RHS. We have

n
ZI] Egi [E(Z,Hﬂ' [p(a’ Qi’ Q—i) : Xl'((l/, 01" g—l)]] = Ea’é
i=

P(a’, 5) : an xi(a/’ 9[, 0—1')]

i=1

Ea,é [p(cx, 5)]
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n
=E,;|p(@.0)- > x'(a.6:,6-)
i=1

n
= > Eg, [Bao[p(a, 60, 0-) - xi'(a, 6;,0-)]]
i=1

n
< > Eg, [min {Eq g, [w] @ - x¥(a, 6;,0-)1, Bi}]

i=1

=LWxH), (C.9)

where the first and fourth equalities follow from Fubini’s theorem, the second and third because
allocations sum up to one (i.e., there no reserve prices), and the last inequality follows from the
budget-feasibility of the pacing-based equilibrium strategy given by u for buyer type 6;, which
implies

Eo_[p(a,6;,6_;) - xﬁl(a/, 0:,60_))] < B;

and the winning criteria of second-price auctions, which implies

wla

T
S Ee——— Y 7
1+ pu(w;, By)

pla,8;,60-) < e

whenever x!'(a, 0, 6_;) > 0.

Using (C.9), we obtain by summing over i € [n] and integrate over 6; the inequality in the

statement of Lemma 41:

n
LW(*) = > Eg, [min {Eq,0_,[w] @ - x!'(@, 0;,0-)], B;}|
i=1

n n
> > Eg, [min {Eq,0_,[w] @ - xi(@,0;,0-)], B;}| = > Ee, [Ea,o,[p(a,0;,0-) - xi(e, 0;,0_)]]
i=1 i=1

=LW() - D Eg, [Eq,0.,[p(@, 0;,0_) - xi(a, 0;,6_))]]

i=1

> LW(x) - LW(x").

Therefore, we have shown that LW (x*) > LW(x)/2 as required. O
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C.5 Structural Properties

Before proceeding with the proof of Proposition 8, we establish the following Lemma, which

is informative in its own right.
Lemma 42. The pacing function u : ® — [0, w/Bmin] is continuous.

Proof. We start by observing that the following function is continuous for all @ € A:

M’TQ/

(w, B, 1) > J " HA(5)ds
0

Therefore, Dominated Convergence Theorem implies (w, B,t) — ¢g*(w, B, t) is continuous.
Finally, applying Berge Maximum Theorem (Theorem 17.31 of [AB06]) yields the continuity of
(w, B) — u(w, B) because of our assumption that y(w, B) is the unique minimizer of ¢g*(w, B, t).

m|
We now state the proof of Proposition 8.

Proof of Proposition 8. Consider a unit vector w € R? and budget B > 0 such that w/||w/||= W, for
some (w, B) € §(X). If u(w, B) = 0 for all buyers (w, B) € §(X) with w/||w||= W, then the theorem
statement holds trivially. So assume that there exists x > 0 such that xw € 6(X) and u(xw, B) > 0.
Define x¢ = inf{x € (0,00) | (xW,B) € 6(X); u(xw,B) > 0}. Then, as a consequence of the

complementary slackness condition established in Proposition 6, for x > xp, we have

AT AT
Eo ol || H [ || = B
1+ u(xw, B) 1+ u(xw, B)
Recall that, in Lemma 34, we established the continuity of o7y and HY, almost surely w.r.t. & ~ F.

Combining this with the continuity of u established in Lemma 42, we can apply the Dominated

Convergence Theorem to establish

E. |o* M H* M =B
NN+ uxow, B)) Y\ 1+ u(xow, B) '
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As B > 0, we get xo > 0. Next, observe that if t* > 0 satisfies xo(1 + t*) = x(1 + u(xow, B), then

gt (w, B, t") ol a ol a
——— ' =B-FE H H"
ot o T \ T ) e\ T4

Therefore, by our uniqueness assumption on u, we get 1 + u(xw, B) = (x/xo)(1 + u(xow, B)) for all

x > xo. Hence, for all x > xo, we get

T a xoW! @

1+ pu(ow, B) 1+ p(xow, B)

Part (1) of Proposition 8 follows directly. Part (2) considers the case when there exists y > 0 such
that (yw, B) € 6(X) and u(yw, B) = 0. In this case, Lemma 42 and the connectedness of 6(X)

imply that p(xow, B) = 0, with part (2) of Proposition 8 following as a direct consequence. O
Next, we state the proof of Proposition 9.

Proof of Proposition 9. First, note that

g"(w, B, u(w, B)) = mi(l)l q"(w, B, 1)
>

w T

e
=min (1 + 1) E, J HY(s)ds| +tB.
t>0 0
Next, define g : ® X A X Ry9 — Roas

wla

1+1
gw,B,a,t)=(1 +I)J HY(s)ds + tB.
0

Since H* is continuous (Lemma 34), we get that g is differentiable w.r.t. w and the derivative

satisfies

IVwgw, B, a,1)||= < max ||a]|.

€A

T
w a
Q'Hg(1+t)
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Therefore, dominated convergence theorem implies that

T
YV, Ealg(w, B, @, 1)] = Eq [Vyg(w, B, @, 1)] = Eq [a . H" (;”—:Z)] .

Note that the dual function g is convex in ¢ and at least one dual optimal solution always lies
in the compact set [0, w/Bmin] (Lemma 36). Moreover, if 1,1, € argmin,.( g*(w, B, ), then the

optimality conditions discussed in the proof of Proposition 6 imply

dq"(w,B,11) 9dq"(w,B,1p)

0.
ot ot

Without loss of generality, assume #; < t,. Moreover, suppose

u WTQ’ 1 WTG/
H, > H, .
1+1 1+1

In the proof of Lemma 34, we showed that the above equation implies

ot we H" wa > ot we H" wa) | oea
1+1 1+1 1+16 1+1

This contradicts Lemma 38 because

oqg*(w, B, 1) _E, [0_5 (WTQ) Hf,‘ (WTG’)]
ot +

Hence, we have shown that

r T
w a w'a -
Hg(l"'tl) =Hg(l+t2) V 11,1y € argming,o g (w, B, 1)

This allows us to invoke Danskin’s Theorem, which yields

qulu(w, B’ ,U(W, B)) = B - VWE(I[g(Wa B’ a, t)]

T
-5 ot [ |
t=u(w,B) 1 + p(w, B)
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thereby completing the proof. O

C.6 Analytical and Numerical Examples

Proof of Claim 1. Note that w/(1 + u(w, B)) = w/||w|| for all (w, B) € ©. Therefore, w/(1 +
u(w, B)) is distributed uniformly on the unit ring restricted to the positive quadrant {(x, y) € Rio |

x% +y? = 1}. Hence,

wla ) arcsin(s)

Hy(s) = Pow.p) (— < /2

fi € A=
T+ 2w B) - or a {e1,e2}

Observe that HY is continuous for all @ € A. This implies that, for all (w, B) € ©, strong duality
holds for the optimization problem Q#(w, B), because the proof of the results given in Section 4.2.2
only relied on continuity of H/,. Therefore, to prove the claim, it suffices to show that each buyer
(w, B) exactly spends her budget. The total payment made by buyer (w, B) € ®, when everyone

uses S#, is given by

~ wla wla Z 1 R R Wi
o[ () ()| - 333 [t [} o
2—-w;—Wwy
- T
2[wll-wi = wo
|lwll
Hence, the claim holds. O

C.7 Extension to Non-linear Response Functions

In this section, we discuss extensions of our results beyond linear valuation functions. Let
f : R — R be a (potentially non-linear) monotonically increasing function. We assume that
the value a buyer with weight vector w has for item with feature vector « is given by f(w”a).
Moreover, we relax the assumption that ®, A ¢ R, and only require that f(w’ @) is non-negative

for all w € ©,a € A. For example, the logistic function f(r) = ¢’/(1 + €') is a non-linear
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increasing response function commonly used in practice which satisfies the above assumptions.
Moreover, the linear function f(¢) = t yields our original linear model. Before proceeding further,
we appropriately modify the terms defined earlier to accommodate this more general valuation
model given by f.

Consider a pacing function u : ® — Rso. We define the paced value of a buyer type (w, B)
for item @ as f(w'a)/(1 + u(w, B)). For item a € A, let A%, denote the distribution of paced
values f(w!@)/(1+ u(w, B)) when (w, B) ~ G. Let H- denote the distribution of the highest value
Y := max{Xj,...,X,_1} among n — 1 buyers, when each X; ~ A4 is drawn independently for
i €{l,...,n— 1}. Observe that HY((—0,x]) = A5 ((—00,x])*"! for all @ € A because the random
variables are i.i.d.

To better understand how our results can be extended to this more general valuation model, it is
important to understand how the linearity assumption was employed in our derivations. A careful
analysis of the derivations would reveal that the linearity was only employed exactly once, and
that was to prove part (a) of Lemma 34. In the following lemma, we prove the analogue of part
(a) of Lemma 34. The analysis for the rest of our results remains the same for this more general

non-linear valuation model.

Lemma 43. A, and H, (as defined above) have a continuous CDF for every pacing function

U0 — Ry

Proof. Consider a pacing function u : ® — Ryp. Let @1, @2 € A be linearly independent feature
vectors and x1, x; € [0, w] be two possible item values. We consider the set of buyer types which

have paced value x| for @ and paced value x; for a,. Define

S = {(w pee| L0 . S0l }

T+um,B) " Txuw,B) 2

Observe that, for (w,B) € S and ¢ = x{/x2, we have f(Wla1) = cf(wla,). Therefore, the
set T = {w | fwlay) = cf(wlay)} is a superset of the set S,,. Next, define T(s) = {w |

wlay = f~(cf(s)); wlas = s}. Then, it immediately follows that T = Us: f(s)=01 (s). Due
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to their linear independence, we can find a basis that contains ay, @y, call it {ay, as,...,a,}.
Let M be the invertible matrix whose rows are given by a1, a», ..., a,. Now, note that the set
U= {(f"cf(s)),s)|seR, f(s) >0} C R?has Lebesgue measure zero because it is the graph
of a monotonic continuous real-valued function. As a consequence, the set U X R™2 also has zero
Lebesgue measure, which further implies that M~!(U x R"~?) has zero Lebesgue measure because
M is an invertible linear transformation.

Observe that, if w € T = Uy (50T (s), then there exists s such that f(s) > 0, alTw = £ 1(f(s)
and ozg w = 5. Hence, the first two components of Mw are f~'(f(s)) and s respectively, thereby
implying w € M~'(U x R"~2). Therefore, we get that T ¢ M~'(U x R"~2) and, as a consequence,
T has zero Lebesgue measure. Finally, this implies that G(S) = 0 because G has a density. The

rest of the analysis is analogous to the one given in the proof of Lemma 34. O
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Appendix D: Appendix to Chapter 5

D.1 Proof of Theorem 13

Consider a {0, 1}-cost n X n bimatrix game (A, B) and let € = 1/n. Recall that an e-well-
supported Nash equilibrium is a pair (x, y) € A, X A, such that x; > 0 for any i € [n] implies that
2 Aijy; < Xj Axjyj +€forall k and y; > O for any j € [n] implies 3; x;B;; < >; x;Bj + € for
all k € [n].

In this section we show how to construct an SPP game G with 4n + 1 buyers from the bimatrix
game (A, B) in time polynomial in n such that every (6, y)-approximate PE of G, where 6 = y =
€/n%, can be mapped back to an e-well-supported Nash equilibrium of (A, B) in polynomial time.
Theorem 11 follows from the PPAD-completeness of the problem of finding an e-well-supported
Nash equilibrium in a {0, 1}-cost bimatrix game with € = 1/n [CTV07].

The SPP game G contains the following goods:

* Normalization goods: n goods {N(p, $)1,...,N(p,s),} foreach p € {1,2} and s € [n].

» Expenditure goods: n goods {E(p, )1, ..., E(p,s),} foreach p € {1,2} and s € [n].

* Threshold goods T'(p, s) for each p € {1,2} and s € [n].

Set v = 1/(16n). The set of buyers in G is defined as follows:

* Buyer C(p, s), p € {1,2} and s € [n]: C(p, s) has positive values for the following goods:

— Normalization goods: V(C(p, s), N(p, s);) = 16 for all i € [n] \ {s};
V(C(p,s),N(p,s)s) =1;and V(C(p, s), N(p,1)s) = 1 forall 7 € [n] \ {s}.
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— Threshold good T(p, 5): V(C(p, s), T(p, s)) = 2n*.

— Expenditure goods: V(C(p, s), E(p, s);) = 1 forall i € [n].
For p =1: V(C(1, s), E(2,t)5) = vBy forall ¢t € [n].

For p =2: V(C(2,s), E(1,t)s) = vA;s for all ¢ € [n].

For p = 1, the budget of buyer C(1, s) is n/2 + n* + 1/4 + X () vAs/2;

For p = 2, the budget of buyer C(2, s) is n/2 + n*+1/4 + Ditefn] VBis/2.

* Threshold Buyer T: T has positive values only for the following goods:

— Threshold goods: V(T, T(p, s)) = (1 — §)n* for each p € {1,2} and s € [n].

— Expenditure goods: V(T, E(1, s);) = vAs/2 and V(T, E(2, s);) = vB;/2 for all

s,t € [n].
Buyer T has budget n’.

* Dummy buyer D(p, s), p € {1,2} and s € [n]: The budget of D(p, s) is v and she only

values the normalization good N(p, s)s: V(D(p, s), N(p, s)s) = 1.

Let & be a (0, y)-approximate PE of the game G. We will use a(-) to denote pacing multipliers
of buyers in &. Observe that, from the definition of approximate pacing equilibria, we must have

a(T) € [1 — vy, 1]. The following lemma establishes bounds on pacing multipliers of other buyers.

Lemma 44. For each p € {1,2} and s € [n], we have

(1-6)°

a(C(p, s))
1-5 °

ol

< a(C(p,s)) < and (1-20)-a(C(p,s)) < a(D(p,s)) <

Proof. Suppose for some p € {1,2} and s € [n], we have a(C(p, s)) < (1 — 6)?/2. Then C(p, s)
doesn’t win any part of the threshold good T'(p, s). Observe that she has value at most 16 for every

other good. Given that there are only O(n?) goods in G, she can not possibly spend all her budget
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(which is Q(n*)). This contradicts the assumption that & is an approximate PE. Therefore, we have
a(C(p, 5)) = (1 = 6)?/2 for each p € {1,2} and s € [n].

Next we prove the inequality about a(D(p, s)). Suppose (1 — §)a(D(p, s)) > a(C(p, s)) for

v

some p € {1,2} and s € [n]. Then, D(p,s) wins all of good N(p, s), at price a(C(p, s))

IA

(1 = 6)%/2. This violates her budget constraint and leads to a contradiction. Hence a(D(p, 5))
a(C(p, 5))/(1-0). Moreover, if a(D(p, s5)) < (1-0)a(C(p, s)) (which implies a(D(p, s)) < 1-0 =
1 — ) then her expenditure is zero. This violates the no unnecessary pacing condition. Hence the
inequality about a(D(p, s)) must hold. Observe that, in particular, this means that the price of
N(p, s)s is between (1 — 6)a(C(p, s)) and a(C(p, 5))/(1 — 9).

Finally suppose a(C(p, s)) > 7/8 for some p € {1,2}, s € [n]. Then she wins:

* All of normalization good N(p, s);, for each ¢ # s, by spending at least (1 — 5)?/2 on each

of them because a(C(p, 1)) > (1 — 5)?%/2 by the first part of the proof.

* Part of normalization good N(p, s), by spending at least (1 — ¢)(7/8) — v. This is because

N(p, s)s has price at least (1 — 6)(7/8) and buyer D(p, s) only has budget v.
« All of threshold good T'(p, s) by spending a(T)(1 — 6)n* > (1 — §)’n* (using y = 6).

» All of expenditure good E(p, s);, for each ¢ € [n], by spending at least a(T)vAy/2if p =1

and a(T)vB;s/2if p = 2.
Hence, the total expenditure of C(p, s) when p =1 is at least

(1—6)2-%+(1—6)‘%—v+(1—6)2n4+(1—6)2VAS,/Z

te[n]

which is strictly higher the budget (using 6 = 1/n”). The same also holds for p = 2. In both cases,

the budget constraint is violated, leading to a contradiction. Therefore, the lemma holds. O

In particular, the above lemma implies that the total expenditure of each buyer C(p, s) is at least

(1 — y)-fraction of her budget (and of course is also bounded from above by her budget). We also
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get the following corollary:

Corollary 5. For each p € {1,2} and s € [n], the expenditure of C(p, s) on N(p, s), lies in the
following interval [(1 — 6)a(C(p, s)) — v, a(C(p, s)) — (1 = 9)v]

Next, we define two vectors x” and y’ with

xg={a(l,9) - (@D/2)}" and y{={a(2,s) - («T)/2)}"

for each s € [n], where a* ddenotes max{a, 0}. The following lemma will allow us to normalize

x" and y’ to obtain valid probability distributions.
Lemma 45. The following inequalities hold: ¥.;x, > 1/8 and X5y’ > 1/8.

Proof. We prove X, x, > 1/8. The proof of >y > 1/8 is analogous. Suppose that > x < 1/8.

Then, buyer B(1, 1) only wins a non-zero fraction of the following goods, and spends:

* At most @(C(1, t)) on each normalization good N(1, 1), for each ¢ € [n]. The total expendi-

ture is

Dl a(Cd,0) < na(T)/2+ D x; <nj2+1/8.

te[n] ten]

e At most (1 — &)n* on the threshold good T'(1, 1).

* At most vAj; on each expenditure good E(1, 1), t € [n].

Hence, the total expenditure of buyer C(1, 1) is at most n/2 + 1/8 + (1 — on* + 3, vAy,, which is

strictly less than her budget, a contradiction. O

Now, we are ready to define the mixed strategies (x, y) for the bimatrix game (A, B). Set player
1’s mixed strategy x to be x; = x{/3}; x; and player 2’s mixed strategy y to be y; = y{/>; y'. These
are valid mixed strategies because of Lemma 16 and Lemma 17. The next lemma shows that (x, y)

is indeed an e-well-supported Nash equilibrium of (A, B).
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Lemma 46. (x, y) is an e-well-supported Nash equilibrium of the bimatrix game (A, B).

Proof. Assume there are s, s* € [n] such that x; > 0 but X, Ag,y; > Xy Ag+y;s + €; the proof for y

is analogous. Using x; > 0, buyer C(1, s) spends non-zero amounts on the following goods:

a(C(1, 1)) on the normalization good N(1, s), for each t # s.

at least (1 — 0) - @(C(1, s)) — v on the normalization good N(1, s);.

a(T) - (1 — &)n* on the threshold good T'(1, ).

max{a(C(2,1)), a(T)/2} - vA, on the expenditure good E(1, s), for each ¢ € [n].

Therefore, the total expenditure of buyer C(1, s) is at least

D€L, 1) = 6 - a(C,5) = v+ a(T) - (1 - H)n* + >, max {a(C2,1)), o(T)/2} - vAy

te[n] te[n]

= > a(C1, 1)) =6 a(C(1,5) = v+a(T) - (1-6n" +a(T) D vAu/2+v > yiAy.

teln] t€[n] t€[n]

On the other hand, buyer C(1, s*) spends (without assuming x- > 0):

a(C(1, 1)) on the normalization good N(1, s*), for each ¢ # s*.

at most a(C(1, s*)) — (1 — d)v on the normalization good N(1, s)-.

at most a(T) - (1 — §)n* on the threshold good T'(1, s¥).

max{a(C(2,1)),a(T)/2} - vAg; on the expenditure good E(1, s*); for each ¢ € [n].

Therefore, the total expenditure of buyer C(1, s*) is at most

DlaC1,0) -1 =8y +a(T)- (1 =n* +a(T) D vAwi/2+v D yihgr.

te[n] ten] te[n]
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Using the assumption that 3}, Agy; > 23, Ag+y:+€, we have that the total expenditure of C(1, s)

minus that of C(1, s*), denoted by (£1), is at least

—6 - a(C(1, 5)) = 6v + a(T) - (Z VA2 = D vAg /2) +ev

te[n] te[n]

+ev/2

> a(T) - (Z VAG/2— D vAgi/[2

te[n] te[n]

using €v > ¢. On the other hand, the budget of C(1, s) minus that of C(1, s*), denoted (£2), is

D VAu/2= D VA2,

te[n] te[n]

Usinga(T) > 1 —yandy =1 /n’, we have (1) > (32) + ev/3. However, the total expenditure of
C(1, s) is at most her budget and the total expenditure of C(1, s¥) is at least (1 — y)-fraction of her

budget. Given that the budget of C(1, s¥) is O(n*), we also have
() < (F2)+7-0(Y) = (#2)+0(1/nd),

a contradiction because ev = Q(1/n?). O

Theorem 13 follows from the PPAD-hardness of finding an e-well-supported Nash equilibrium

in a {0, 1}-cost bimatrix game [CTVO07].

D.2 Proof of Claim 2

Before stating the proof of Claim 2, we state and prove the following useful lemma.

Lemma 47. If B € S is labelled i, then B; > min {l BA}

n° 2nVmax

Proof. Without loss of generality, we will prove the lemma for i = 1. Suppose g € S is labelled 1

according to the above procedure. First, 81 > 0 follows as a direct consequence. Furthermore, as

max; 8; > 1/nand 3; B; = 1, we get t*(B) = t; < n. We consider the two possible binding cases
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which can define t;. If t; = 1/, then 81 > 1/n, and thus the lemma holds. On the other hand, if

B
= m, then ijijpj(ﬁ) > 0 and

Bivi; Bivi;
Bl=t12x1jpj(,3)3n Z max fB;vj < n Z (1_(;) S”Z(l_(;)
J J: )Cij>0 ! J: xif>0 J

where the second inequality follows from the definition of (6, y)-approximate pacing equilibrium.
Therefore, 81 > min {1 m}. O

n’ o Xjvij

Proof of Claim 2. Let Byin = mine,) Bi, Bmax = MaXie[y) Bi, Vmax = max;; v;; and vyjp =
min; j:y; ;>0 vij. In this proof, we will use the following facts: if f, g are Lipschitz functions with

Lipschitz constants L, L,, then
(a) f + g is Lipschitz with constant Ly + L,
(b) max{f, g} is Lipschitz with constant max{L, L¢}.
(c) If ||, |g|< M, then fg is Lipschitz with constant M(L + Ly).
Define y;; : § — Ras y;;(B) = [Bivij — (1 — §) maxy Srvi;]". Using facts (a) and (b), we can

write

1yij(8) = ¥ij(BII< 2vmaxlB = Blleo

Consider 8 € Sp and i € [n]. As Sy is panchromatic, there exists 8 € Sy such that T(8') = i.

By Lemma 47, we get

1 B
ﬁQZmin{—, mn}

n 2nVmax

Then, using the definition of w, we get the following equivalent statements:

K
2 n 2nVmax i min

1 1 By 1 2 X
ﬁiz—min{ 1 } — ﬁ—SU::ZmaX{n, nvma}
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Hence, for 8, 8’ € Sy, we have

1 1
Sy B ey

_ 2 yrj(,B,) -2 yrj(ﬁ)
2 )’rj(ﬁ) 2 )’rj(,B/)

21V max U? ,
S 7m0 18 =Bl

min

Using fact (¢), for B, 8’ € Sp, we can write

) U 21V max U2 ,
i (B) = xi;(B)] < max {Vmax’ 5—~} Wi+ =5 5| 1B~ Bl
Vmin min

Set U = max {Vmax, ﬁ} [2Vmax + %] Also, note that for 8, 8" € S,

|pj(ﬁ) - pj(:B,)lS Vmax |8 — ﬁ/Hoo

For B, B’ € Sp, combining the above Lipschitz conditions using facts (a) and (c) yields

< meax(U + Vmax)”ﬁ - ﬁ/”w

Z xij(B)p;(B) - Z xi;(Bpj(B)
J J

Set W := mVmax(U + vimax). Define

B; 1
P*:=1{i€e[n]|3B €T s.t. < —}
{ 2 xij(BpiB) B
. % . 1 . . .
Fori € P* and B € Sp, we can write W < U, which implies m
Therefore, for 8, 8" € Sp and i € P*, we have
B; B; U?
- - ~| < Bnax——WIIB = B'llw=< ||,3 Bl
x5 BpiB) Ty x BB T B Bgmn
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Also, for 8,8’ € Sg and i € [n], we have

1 1

_U2 _/oo
5 ,6’;< 18-

Note that for 8 € T, we can rewrite t*(3) as follows

t*(B) = min {min l min min {l bi }}
i€[n] B ieP* Bi 2 xii(B)p;(B)

Using fact (b), for 8,8 € T,

B UL
BZ

min

1°(B) = 7 (B)|< 2n max {UZ, }Ilﬁ—ﬁ'lloo

Therefore, for i € [n], total payment made by buyer i is Lipschitz for S € Sy:

2 X% BB (B) = 2 xi; (B (B)p;(B)
J J

BuaxU*W
< max{nvmax, n} (W + 2n max {Uz, %} 1B = B llco
min
Hence, the claim holds because
B UZW 2|G| 10,000
max{nVmax, N} (W + 2n max {UZ, ma+} <L-= (T)
min
O

D.3 Incorporating Reserve Prices

Consider the setting in which each item j has a reserve price r;. Now, a buyer wins a good j
only if her bid is the highest bid %;(a) and it is greater than or equal to the reserve r;. Moreover,
the price of good j is the maximum of the second highest bid p;(a) and its reserve price ;.

In the presence of reserve prices, we will use H;(a) = max{h;(a),r;} to denote the winning
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threshold of good j and P;(a) := max{p (@), r;} to denote the price of good j. The next example
illustrates that one needs to be careful in the way one extends the definition of pacing equilibrium

(Definition 9) to model the presence of reserves.

Example 9. There is one buyer and one good. The buyer values the good at 4 and has a budget
of 1. The goods has a reserve price of 2. If she bids strictly less than 1/2, then she does not win
any part of the good. On the other hand, if we assume that she wins the entire good upon bidding
1/2 or higher, then she violates her budget upon doing so. This suggests that a pacing equilibrium
might not even exist if we extend it naively to the setting with reserves. Instead, we will take the
approach that, in a pacing equilibrium, the seller may decide to not sell a fraction of a good if the
highest bid is equal to the reserve price of that good. With this new definition, we can see that a
pacing equilibrium does in fact exist, namely, when the buyer has a pacing multiplier of 1/2 and

wins 1/2 of the item.
Inspired by the above example, we define pacing equilibrium for the setting with reserves.

Definition 20 (Pacing Equilibria with reserves). Given an SPP game with reserves G = (n,m, (v;;),
(By), (), we say (a,x) with a = (a;) € [0,1]", x = (x;;) € [0, 11" and Zc(nxij < 1 for all

J € [m] is a pacing equilibrium if

(a) Only buyers above the winning threshold win the good: x;; > 0 implies a;v;; = H;(a).

(b) Full allocation of each good for which the highest bid exceeds the reserve price: hj(a) > r;

implies Yicrn Xij = 1.

(c) Budgets are satisfied: 3. jcim) XijPj(@) < B;.

(d) No unnecessary pacing: ¥ jeim) XijPj(@) < B; implies a; = 1.

Next, we extend our PPAD-membership result to the setting with reserves.

Theorem 26. Finding a pacing equilibrium in a SPP game with reserves is in PPAD.
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Proof. Consider a pacing game with reserve prices G and the corresponding pacing game without
reserve prices G’. Add an auxiliary buyer a to G’ who values good j at r; for all j € [m] and has
a budget large enough to ensure that her pacing multiplier is always 1 in every pacing equilibrium
(this can be achieved by setting her budget to be the sum of all values {v;;} and reserve prices
{r;}). We will call this updated game G’,. The theorem follows from the simple observation
that if we find a pacing equilibrium (a, x) for G/, and disregard the terms corresponding to the
auxiliary buyer, then we get a pacing equilibrium (@_,4, x_,) for G. This is because, in any pacing
equilibrium of G, the auxiliary buyer has a multiplier of 1 and hence bids r; on good j for all
J € [m]. Moreover, any amount that the auxiliary buyer wins in (@, x) can be thought of as being
not sold by the seller. As (a, x) satisfies Definition 9, it is straightforward to check that (@_4, x_,)

satisfies Definition 20. |
We conclude this section by noting that our hardness results extend directly to the setting with

reserves because it reduces to the setting without reserves when r; = 0 for all goods j € [m].

D.4 Perturbed Second-Price Pacing Games

Before stating and proving the results, we define the relevant equilibrium notions. For a per-
turbed pacing game (n, m, (v;;), (B;), 0), let p’ j(cy) denote the expected payment made by buyer i
on good j when the buyers use multipliers a € [0, 1]". Moreover, let x;;(«) be the probability of

buyer i winning good j when the buyers use the multipliers a.

Definition 21. Consider a perturbed SPP game (n,m, (v;;), (B;),0). Then, a € [0, 1]" is a pacing

equilibrium of the perturbed SPP if:
* Budgets are satisfied: Z;’zl p; j(a) <B;
* No unnecessary pacing: Iij=1 p;j(a) < Bj, then a; = 1
Moreover, a € [0, 11" is an y-approximate pacing equilibrium of the perturbed SPP if:

* Budgets are satisfied: Z?’zl p;j(a) <B
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* Not too much unnecessary pacing: IfZ;’.Ll pl’.j(cx) < =v)B;, then a; > (1 — y)v;;

Theorem 27. Computing a y-approximate pacing equilibrium of a perturbed SPP game

(n,m, (vi), (B), 8) is PPAD-hard when & =y = 1/n®.

Proof. First observe that
1-y)1=-8)=0-n2=1+n"-2n8>1-n""

We will prove the theorem by reducing from the problem of computing approximate pacing equi-
libria of SPP games. Consider an SPP game G = (n, m, (v;;), (B;)). Define a perturbed SPP game
G’ = (n,m, (v;j),(B;}),0) such that B = (1 — 6)B;. Let a be a y-approximate pacing equilibrium of

the perturbed SPP game G’. Then, as ; € [1 — ¢, 1], we get that

(1= 0)xij(@pj() < pia) < xi()pj(@) Yié€ln],jem] (D.1)

where, as earlier, p;(a) denotes the second highest bid in an SPP game when the buyers use
multipliers ). To complete the proof, it suffices to show that (a, x(@)) is a (d, y’)-approximate

pacing equilibrium of the SPP game G for y’ = 1/n’. We establish the required properties below:
(@) As¢gj €[l -09,1],x;5(a) > Oonly if @;v;; > (1 — ) maxye[,) iV

(b) Full allocation of each good with positive bid: This follows directly from the allocation rules

of a second-price auction.

(c) Budgets are satisfied: « being bugdet feasible for the perturbed SPP game G implies
> pi(@) < Bj=(1-6)B
j=1

foralli € [n]. As pgj(oz) > (I = 0)x;j(a)pj(a), we get ZTZI x;j(@)p;(a) < B; as required.

(d) Not too much unnecessary pacing: Suppose Z’J’?:l xijj(@)p (@) < (1 —v")B; for some buyer
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i € [n]. Then, using (D.1), we get

S v < (<11__§) (1 -o)p =LY
=1

) (1_5)Bi§(1—y)Bi

where we have used (1 —y)(1 =) > (1 —n~’) = (1 —y’). Now, as a is a y-approximate

7

/

equilibrium of the perturbed SPP game G’, we geta; > 1 -y >1-n""=1-7%".

Hence, we have shown that («, x(@)) is a (6, y’)-approximate pacing equilibrium for the SPP game
G, where 6 < n~" and y’ = n~’. As the perturbed SPP game G’ can be constructed from the SPP

game G in polynomial time, the theorem follows from Theorem 13. O

Let the expected utility of buyer i in a perturbed SPP game under multipliers & be denoted by

u;(a),ie.,

m
ui(@) =Eyg 1y, z (Vij€ij — Hklg_X apvije)avije; > Hklfél_X Vi j€kj)
J:1 1 1

Definition 22. Consider a perturbed SPP game (n,m, (v;;), (B;), 0). A vector of pacing multipliers
@ is called a Nash equilibrium of this game if for each i € [n] and a; such that Z’]’.’zl pl’.j(ozlf, a_;) <

B;, we have ui(a;, a—;) > ui(a), a_;).

Lemma 48. Consider a perturbed SPP game (n,m, (v;;), (B;),6) and let « be a Nash equilibrium

of this game. Iij=l p;j(a/) < B;and a; < 1, then ZT=1 pl’.j(a) = ZJ".LI pl’.j(l, a_p).

Proof. Suppose « is a Nash equilibrium of the game but not a pacing equilibrium, and buyer i
satisfies Z]”.“zl p;j(a) < B; and a; < 1. For contradiction, suppose Z;’?zl p;j(a) < Z;f’zl pl’.j(l,a_,-).
Now, as the distribution of ¢; is continuous, x +— p;;(x,@_;) is a continuous non-decreasing

function. By the Intermediate Value Theorem, there exists a;“ € (a;, 1) such that

m
> pi(a;,a-) < B;.
=1
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Now, observe that buyer i wins good j if and only if
a/;‘vijeij > n]}gx AV j€kj
1

Therefore, v;j€;; > p;j(oz;‘, a_)/af. As af <1, we get that

1 m m
ui(e], =) —uia;, @) > pel D piie)an) = > piiaa)| >0
i = =

This contradicts the fact that a is a Nash equilibrium. Hence, the Lemma holds. O

Corollary 6. Consider a perturbed SPP game (n, m, (v;;), (B;), 6) and let @ be a Nash equilibrium
of this game. IfZTzl pl’.j(l, a_;) > Z;flzl p;j(a/), then we have Z;’zl p;j(a/) = B;. Furthermore, as a

consequence, ifZ’}Ll pl’.j(l, a_;) > By, then Z'}’=1 pl’.j(a/) = B;.

Theorem 28. Computing a Nash equilibrium of a perturbed SPP game (n,m, (v;;),(B;),0) is
PPAD-hard when § = 1/n8.

Proof. Let G be the SPP game constructed in Appendix D.1 for the proof of Theorem 13. Like
the proof of Theorem 27, define a perturbed SPP game G’ = (n,m, (v;;), (B}), ) such that B} =
(1 — 0)B;. Moreover, define an auxiliary perturbed SPP game G” = (n + 1,m + 1, (v;)), (B)), 6) by
adding one more buyer and one more good to G’. We denote the new buyer by T* and the new good
by S. Buyer T* has value 1 for good S, i.e., V(T*,S) = 1 and does not value any other good. She
has a budget of n’ (large enough to never be binding). The only other buyer who has a non-zero
value for S is the Threshold buyer T, who has a value of 1, i.e, V(T, S) = 1.

We begin by showing that every Nash equilibrium of G” is also a pacing equilibrium. Let a be
a Nash equilibrium of G”. As a first step, we show that a(T) = a(T*) = 1. We do so by ruling out

the other cases:

1. If (T) < a(T"), then buyer T can strictly increase her utility by setting @(T) = 1 as this

allows her to win a strictly larger fraction of good S.
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2. Similarly, if @(T*) < @(T), then buyer T* can strictly increase her utility by setting a(T*) = 1

as this allows her to win a strictly larger fraction of good S.

3. If a(T) = a(T*) < 1, then buyer T can strictly increase her utility by setting @(T) = 1 as this

allows her to win a strictly larger fraction of good S.

For every other buyer in G”, we use Corollary 6 to show that they exactly spend their budget.

If a(C(p, s)) < (1 —0)/2, then the buyer C(p, s) wins no part of the threshold good T'(p, s) and
spends strictly less than her budget because she has value at most 16 for all of the other goods and
there are at most O(n?) such goods compared to her budget which is Q(n?). On the other hand, she
can win all of the threshold good T'(p, s) by setting a(C(p, s)) = 1 and spend strictly more. Hence,
by Corollary 6, we get that she exactly spends her budget, which is a contradiction. Therefore,
a(C(p,s)) = (1-9)/2.

Consider a dummy buyer D(p, s). If we set a(D(p, s)) = 1, then she wins at least half of the
normalization good N(p, s) at a price of at least a(C(p, s)) which violates her budget of 1/(16n).
Thus, Corollary 6 implies that she exactly spends her budget under the Nash equilibrium «.

Consider buyer C(p, s). If we set a(C(p, s)) = 1, she she wins:

All of normalization good N(p, s);, for each ¢ # s, by spending at least (1 — ¢)/2 on each of

them because a(C(p, t)) > (1 — §)/2 by the earlier part of the proof.

Part of normalization good N(p, s)s by spending at least (1 — ¢) — v. This is because

N(p, s)s has price at least (1 — ¢) and buyer D(p, s) only has budget v.

All of threshold good T(p, s) by spending at least a(T)(1 — 6)n* = (1 — §)n*.

All of expenditure good E(p, s),, for each ¢t € [n], by spending at least a(T)vA/2if p =1

and (T)vB,,/2 if p = 2.
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Hence, the total expenditure of C(p, s) when p = 1 is at least

n-1
2

(1-0)- +(1=8) —v+(L=n"+ > vAy/2

te[n]

which is strictly higher than her budget. Similar statement holds for p = 2. Therefore, Corollary 6
implies that buyer C(p, s) exactly spends her budget.

Hence, we have shown that every buyer either has her multiplier equal to 1 or exactly spends
her budget, which means that « is a pacing equilibrium. Moreover, from our construction of G”
from G’, we get that the restriction of « to the buyers other than T is a pacing equilibrium for the
game G’. This is because only the Threshold buyer T is affected by this change and her multipliers
satisfies @(T) = 1 and she spends strictly less than her budget. Finally, as we showed in the proof
of Theorem 27, (a,x(@)) is a (6, y)-approximate pacing equilibrium of the SPP game G where

6 =y = 1/n’. Invoking Theorem 13 completes the proof. O
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Appendix E: Appendix to Chapter 6

E.1 Appendix: Examples of Irrational Throttling Equilibria

First-Price Auctions: First, we give an example for which the unique first-price throttling equi-

librium is irrational.

Example 10. Define a throttling game as follows: There are 2 goods and 2 buyers, i.e., m = 2
andn =2; by = b1y =2and byy = 1,byy; =3; By =2 and By = 1. Suppose, in equilibrium,
the buyers use the throttling parameters 01 and 6,. Then the payment of buyer 1 and buyer 2 are
given by 201 + 2(1 — 6,)0 and 36, + (1 — 01)08, respectively. Therefore, for this game, in any
throttling equilibrium, we have 0 < 01,60, < 1 and 63 = 1, which implies 201 +2(1 — 0,)0; = 2 and
360, + (1 — 01)08, = 1. Substituting 61 = 1/(2 — 6,) from the first equation into the second yields

1-6,
2-0,

392+92- 1

which implies 463 — 76, + 1 = 0. As 6, < 1, Solving the quadratic gives 6 = (7 — V33)/8.

Second-Price Auctions: Next, we give an example for which all second-price throttling equilib-

ria are irrational.
Example 11. Define a throttling game as follows:
» There are 4 goods and 3 buyers, i.e., m =4 andn =3
* biy=bin=2biu=1,byz=by=4>bxy=1 b3y =1and b3z =2

°Bl=Bz=1andB3=oo
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For this game, in any throttling equilibrium, we have 0 < 01,0, < 1 and 63 = 1. Hence, if 0 is a
throttling equilibrium, then it satisfies 61 +60160, = 1 and 260, + 60,60, = 1. Substituting 61 = 1/(1+6;)

from the first equation into the second equation yields

=1

292+92- 1+02

which further implies 20% +260, —1=0. As 6, > 0, solving the quadratic gives 6> = (V3 — 1)/2.

E.2 Appendix: Missing Proofs

E.2.1 Proof of Theorem 20

Consider a throttling game (n, m, (bj;), (B,-)) and an approximation parameter 6 € (0, 1/2).

Define f : [0,1]" — [0, 1]" as

£:6) = min{ (1-6/2)B, 1} _ mm{ (1-6/2B,

¥ > 1 Vo € [0, 11"
2 p,0-); max{>; p(1,0_;);;, Bi/2} } <101

First, we prove that f is L-Lipschitz continuous with Lipschitz constant L = 2mnBB~2b,
where b = max; ; b;;, B = max; B;. To achieve this, we will repeatedly use the following facts
about Lipschitz functions. For Lipschitz continuous functions f and g with Lipschitz constants L

and L, respectively,
* f+gis Ly + Ly-Lipschitz continuous
* If f and g are bounded above by M, then f - g is M(L + L,)-Lipschitz continuous
« If f is bounded below by ¢, then 1/ f is L;/c2-Lipschitz continuous

* For a constant C, max{ f, C} and min{ f, C} are both L;-Lipschitz continuous
Observe that
p(L0-)ii= > by ] (-6
f:b[j<bij k#i:bkj>b[j
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Therefore, for all i € [n], 8 — p(1,0_;);; is (ZnE)—Lipschitz continuous, which further implies
that 6 — X, p(1,6_);; is 2mnb-Lipschitz continuous. Finally, due to the second equality in the
definition of f, we get that f is (2mnBB~2b)-Lipschitz continuous.

Since BROUWER is in PPAD [CDO06], to complete the proof, it suffices to show that a
(6B/4mb)-approximate fixed point 6* of f, i.e, 6 such that || f(6*) — 6*||l< 6B/4mb, is a &-
approximate throttling equilibrium. First, note that p(1,60_;);; < b for all i € [n],] € [m].

Therefore, f(6); > Q/ng for all i € [n]. Hence, fori € [n], we have

oB
< —
fi(6%) - 4mb

T

5
1 - <=
fi(67) 2

As a consequence, we get 07 < (1+6/2)f;(6%) and 0 > (1-6/2) f;(6"). The first inequality implies

which in turn implies

2P =067+ > p(1.07i; < (1+6/2)(1 - 6/2)B; < B;
J J
and the second one implies that if 67 < 1 — /2, then
2 p@ =67 > p(1,67);; 2 (1-6/2)°B; > (1 - 6)B;
J J
Hence, 6" is a 5-approximate throttling equilibrium, thereby completing the proof. O

E.2.2 Proof of Theorem 21

Consider an instance of 3-SAT with variables {xi,...,x,} and clauses {Cy, ..., C,}. Our goal
is to define an instance 7 of REV (a throttling game G and a target revenue R) which always has
the same solution (Yes or No) as the 3-SAT instance, and has a size of the order poly(n,m). We
do so next, starting with an informal description to build intuition. To better understand the core
motivations behind the gadgets, we will restrict our attention to exact throttling equilibria (6 = 0)

in the informal discussion that follows. As we will see in the formal proof, the target revenue R
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can be chosen carefully to ensure that only exact throttling equilibria can achieve the revenue R.

Reciprocal Gadget: Fix i € [n]. Corresponding to variable x;, there are two goods A; and B;,
and two buyers V" and V" in the throttling game G. Each buyer bids 1 for one of the goods and
bids 2 for the other, with both buyers bidding differently on each good. Furthermore, we set the
budgets of both buyers to be 1/2, and ensure that they do not spend any non-zero amount on goods
other than A; and B;. In equilibrium, this forces the throttling parameter of V" (which we denote
by 6) to be half of the reciprocal of the throttling parameter of V;~ (which we denote by 6:) and
vice-versa. As a consequence, both throttling parameters lie in the interval [1/2, 1].

Binary Gadget: For each variable x;, there are two additional goods S; and T;, which receive a
bid of 1 from buyers V" and V™ respectively. The throttling game G also has one unbounded buyer
U who has an infinite budget, and bids 2 on both goods S; and T;. By the definition of throttling
equilibria (Definition 12), the throttling parameter of U is always 1 in equilibrium. Therefore,
buyer U wins both §; and T; with probability one, and pays 6 + 6. = 67 + 1/267 for it. Finally,
observe that r — ¢ + 1/2¢, when restricted to r € [1/2,1], is maximized att = 1 or ¢t = 1/2.
Therefore, by appropriately choosing the target revenue R, we can ensure that revenue R is only
achieved by throttling equilibria in which exactly one of the following holds: (6] = 1,67 = 1/2) or
(0F =1/2,67 = 1). This allows us to interpret 67 = 1 as setting x; = 1 and ; =1 as setting x; = 0.

Clause Gadget: For each clause C;, there is a good C;. If C; contains a non-negated literal
x;, then buyer V" bids 1 on good C;, and if it contains a negated literal —x;, then buyer V.~ bids
1 on good C;. Furthermore, the unbounded buyer U bids 2 on good C;, thereby always winning
it. Hence, the total payment on good C; is 1 if some literal is satisfied (corresponding throttling
parameter is 1), and is 1/2 if no literal is satisfied (corresponding throttling parameters are 1/2).

The rest of the reduction boils down to choosing R appropriately.

Proof of Theorem 21. Guided by the informal intuition described above, we proceed with the for-
mal definition of the instance 7, which involves specifying the throttling game G and the target

revenue R. The throttling game G consists of the following goods:
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* Reciprocal Gadget: For each variable x;, there are two goods A; and B;.
* Binary Gadget: For each variable x;, there are two binary goods S; and T;.
* Clause Gadget: For each clause C}, there is a good C;.

Moreover, G has the following set of buyers:

* Corresponding to each variable x;, there are two buyers V:* and V;~ with non-zero bids only

for the following goods:

b(V', A;) =2and b(V',B;) = 1

b(V7,A;)=1and b(V],B;) =2

b(VH, S =1

bV, Ty =1
- b(V;’, C;) = 1if x; is aliteral in C;

- b(V7,Cj) = 1if —x; is a literal in C;
Moreover, the budget of both Vl.’r and V. is 1/2 for all i € [n].

¢ There is one unbounded buyer U with b(U,C;) = 2 for all j € [m] and b(U, S;) = b(U,T;) =

2 for all i € [n]. Moreover, U has a budget of co.

Set the target revenue to be R = n+m +(3n/2). Suppose there exists a d-approximate throttling
equilibrium O, for some ¢ € [0, 1), with revenue greater than or equal to R. Let 0;‘ and 6; denote
the throttling parameters of V" and V;” in ©. Then, 676 < 1/2 by virtue of the budget constraints.
Therefore, the revenue from goods {A;} | U {B;}" is at most n. Furthermore, it is easy to see
that the revenue from goods {C; }J"?:l is at most m. Additionally, the total payment by buyer U on
goods S; and T; is at most 67 + 67 < 67 +(1/267). Note that 87 +(1/26;) is maximized at 6] = 1/2
or 67 = 1, with a value of 8 + (1/26]) = 3/2. Therefore, the revenue from goods {S;}, U {T;}

is at most 3n/2. Hence, the total payment made on all the goods is at most R.
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For the total revenue under © to be greater than or equal to R, the revenue from {S;}? | U{T;}"_,
must be at least 3n/2 and the revenue from {(C{,A}J”.L1 must be at least m. Hence, under ®, buyer U
has a throttling parameter of 1, and for each i € [n], either (6] = 1,6 = 1/2) or (67 = 1/2,6; = 1).
Furthermore, the payment made by buyer U on C; is 1 for every j € [m]. This allows us to assign
values to the variables as follows: set x; = 1if 6 = 1 and x; = 0 if 6 = 1. With this assignment of
the variables, each clause is satisfied since the payment made by buyer U on C; is 1 for all j € [m].
Hence, we have shown that if there exists a d-approximate throttling equilibrium with revenue R
or greater, then there exists a satisfying assignment for the 3-SAT instance.

Conversely, note that if there exists a satisfying assignment for the 3-SAT instance, then setting
07 =1,67 =1/2ifx; = 1and 67 = 1/2, 67 = 1 if x; = 0 yields a throttling equilibrium with revenue

equal to R. To complete the proof, observe that the size of the instance |7 |= poly(n, m). O

E.2.3 Proof of Theorem 22

In this appendix, we analyze the correctness and runtime of Algorithm 7. To do so, we will

make repeated use of the following crucial observation:

0;0ibyj if bj; > by; > 0 for some k € [n]
p0)i; = (E.1)
0 otherwise

In particular, this observation implies that p(1, ;) is a linear function of 6.
The following lemma makes a step towards the proof of correctness of the algorithm by show-

ing that the budget constraints are always satisfied.
Lemma 49. At the start of each iteration of the while loop, we have 3. ; p(0);; < B; for all i € [n].

Proof. We will use induction on the number of iterations of the while loop to prove this lemma.
By our choice of initialization of 8, the budget constraints are satisfied before the first iteration of
the while loop. Suppose the constraints are satisfied before the start of the #-th iteration and the

value of 6 at that stage is ). We will use /) and 6@ to the denote the value of @ after step 1
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and step 2 of the ¢-th iteration respectively. Consider a buyer i such that ; p(OD); ; > B;. By

equation E.1, we get

B < > p@"); < (2 p<9<°>>,~,-) /(1 —y)?
J J

which further implies 3 ; p(Q(O))i > (1= y)zBl-. Therefore, the throttling parameter of buyer i was
O _ 91(1)

not changed in step 1 of the z-th iteration, i.e., 6, = 6. As a consequence, we get

2 PO < (Z PO | /(1 =)
J J

After step 2 of the ¢-th iteration, we get 6@ = (1 — y)#D. Hence,

S pE@y; < (=9 3 p@E 0y < [ 3] P<9‘°)>w‘) < B;
j J i

where the last inequality follows from our inductive hypothesis. As 8 is the value of 6 after the

t-th iteration, the lemma follows by induction. m]

The next lemma establishes that the algorithm never loses any progress, i.e., any buyer who
satisfies the ‘Not too much unnecessary throttling condition’ of Definition 13 at the beginning of

some iteration of the while loop continues to do so at the end of it.

Lemma 50. If 3, p(0);; > (1 - ¥)’B; or 0; > 1 — v at the start of some iteration of the while loop,

then 35 p(0);; > (1 - y)3B,~ or 8; > 1 — vy at the end of that iteration.

Proof. Consider an iteration of while loop which starts with 8 = 6. We will use " and 6 to
the denote the value of 6 after step 1 and step 2 of this iteration. If 3; p(§?);; > (1 — y)?B; at the

beginning of the iteration, then }; p(6@), = (1- ¥)?B; because
2 Py 2 (1=y)?B; and > p); = (1=y) > p6™);
J J J
Suppose (1 —y)*B; < 2 p(G(O)),-j < (1 =7%)’B; and 950) < 1 —y at the start of the iteration. Then,
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after step 1, we have (1 — ¥)*B; < 2 p(9(1))ij < B;. Hence, after step 2, we get (1 — Y)B; <
3 PO
Finally, suppose (1 — y)*B; < X, p(0©);; < (1 —y)*B; and 6” > 1 -y at the start of

the iteration. Then, after step 1, we have 3; p(9(1))i i < B;. Hence, after step 2, we still have

952) > (1 — ). This completes the proof of the lemma. O

Finally, we combine the above lemmas to establish the correctness and polynomial-runtime of

the algorithm.

Proof of Theorem 22. Let 6" be the vector of throttling parameters returned by the algorithm.
Lemma 49 implies that 8 satisfies the budget constraints of every buyer. Furthermore, upon
combining (1 — y)> > 1 — 3y with the termination condition of the while loop, we get that ei-
ther 67 > 1 —y or 3; p(6%);; = (1 — 3y)B; for all i € [n], which makes 6" a (1 — 3y)-approximate
throttling equilibrium.

Next, we bound the running time of the algorithm. Define ¢ = min; min{B;/(2%; b;;), 1}.
Note that ¢ < 6; < 1 for all i € [n] for the entire run of the algorithm. Based on Lemma 50, we

define

AO) = {i€lnl| 2 p@®i = 1=y Bior6 21~y
J

Then Lemma 50 simply states that if i € A(6) at the start of iteration T of the while loop, then
i € A(0) at the start of all future iterations ¢ > 7. Moreover, recall that the while loop terminates
when A(0) = [n].

Observe that, in each iteration of the while loop, 8; < 6;/(1 —y) for some i ¢ A(6). Hence, the

total number of iterations of the while loop T satisfies the following equivalent statements:

c <1 T < nlog(1/c) < nlog(1/c)
(1 =yt log(1/(1 =) Y
This completes the proof because each iteration takes polynomially many steps. O
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E.2.4 Proof of Theorem 24

Fix a throttling equilibrium 6 € ®. Recall that we use X = (X1, ..., X,) to capture the random
profile of buyers who participate in the auctions, where X; = 1 if and only if buyer i participates
in the auctions, and Pr(X; = 1) = 6;. Let y;;(X) be the indicator random variable which equals 1
if and only if good j is allocated to buyer i under the participation profile X = (X, ..., X},), and
is zero otherwise. Moreover, let p;(X) denote the price of item j under the participation profile
X = (Xy,...,X,). Here, the price is the highest/second-highest bid for first-price/second-price

auctions respectively, and is interpreted to be O if no buyers bid in an auction. Observe that
Pij(0) =E [p;(X)y;;(X)] .

Fix a benchmark allocation y = {y;;}. We begin by establishing the following lemma, which

will play a critical role in the proof of the theorem.

Lemma 51. For alli € [n], we have

min {E

Proof. We consider two cases. First assume that §; < 1. Then, the no-unnecessary-throttling

Z bijyij(X)
=1

J

D piX)yi;
=1

J

m
,Bl} > min {Z bijyij,Bi} -E

J=1

condition implies that 2’]’?:119,-](0) = B;. Now, observe that y;;(X) > 0 only if b;; > p;(X).

Consequently, we have

E >E

Zbij)’ij(x) ij(X)yij(X) = Zpij(9)=Bi.
Jj=1 j=1 j=1

Hence, we get
m
min{ E Zbijyij(x)
=1

J

,Bz}=Bi

m
> min {Z bijyij’ B,}

Jj=1
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)

ZPJ(X)le

Jj=

> min {Z bl]yl]’ }

J=1

thereby establishing the required lemma statement for a buyer i such that 6; < 1.
Next, consider a buyer i such that 6; = 1, i.e., buyer i always participates. Since p;j(X) > b;;

whenever y;;(X) < 1, we have

0> E[(byj - p; (X)) = yi;(X))yij ] -
Moreover, we also have
E [bijyi(X)] = B [(bij — pj(X))yi(X)yij]
Adding the two inequalities, we get
E [bijyij(X)] = E[(bij = p;(X)NA = yi;(X))yij| +E [(bij = p(X))yij(X)yij| = E [(bij = p(X))yij] -

Summing over all goods j € [m] yields

E| D> bijyiiX)| = D bijyij —E | D pi(X)yij
= j=1 =1
>m1n{2b,jyl], } ZPJ(X)yl]
J=1 j=

Additionally, we also have

B; >mln{2bl]yl]’B} >m1n{Zb,]y,j, } ZPJ(X))’U
Jj=1 j=1
Therefore,
m m m
min{ E Zbijyij(X) ,B; ¢ > min Zbijyij,Bi -E ZPj(X)yij
j=1 j=1 j=1
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This concludes the lemma by establishing it for buyers i with 6; = 1. O

With Lemma 51 in hand, we are ready to prove the theorem. First, note that

3

E

M=

Zp](X)yl]

j=

-E ij(X)Zyij
=1

JE

i=1
m m
= Z min {Z bi;yij, Bi
i=1
m m
>

Zmin{E D biyii(X)],
i=1 Jj=1

i

1l
N

= m1n{2b,]ylj, } E ij(X)
i=1 =1 | =1

> > min {Zbu)’u’ } E| > piX) D) yii(X)
i=1 j=1 i=1

= > mi {Zbu)’u’ } DIE (D pi(X)yii(X)
i=1 i=1 j=1

where the second inequality follows from the observation that a good is always allocated whenever

it has a positive bid, i.e., 2 | v;;(X) = 1 whenever p;(X) > 0. Hence, if we can show that

Zmlmin {E ibij'yij(x) ,Bi} ZiE ilpj(X)yij(X) (E.2)
i= = o | =
we will get
g}mm{ i yii(X)|, } 2} {Zbl,y,j, } me{ iy (X) ,B,}
= é}mm{z.E Jg;bi_,y[j()() ,Bl} é} {Zb,,yu, }

and thereby complete the proof, because the benchmark allocation y and the throttling equilibrium
6 are both arbitrary. In the remainder, we establish (E.2).

Since y;;(X) > 0 only when b;; > p;(X), we have

m
E Z bijyij(X) > E

Jj=1

> piX)yi(X)
j=1
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Moreover, the budget constraint of buyer i implies
m
2 Pi(X)yij(X)
j=1
Combining the two inequalities, we get:

min {E ,Bl} >E

Summing over all buyers i € [n] yields (E.2), as required.

B; > E

> biyij(X) > piX)yi(X)
j=1 j=1

E.3 Appendix: Examples for Section 6.4

First, we provide an example to show that the inequality REV(TE) < 2 x REV(TE) is tight.

Example 12. Consider the throttling game in which there is 1 good and 2 buyers. The bids are
given by by = 1/€, bo; = 1 — € for € > 0 and the budgets are given by By = 1, By = co. Then,
in the unique pacing equilibrium, we have a = € and ay = 1, whereas in the unique throttling
equilibrium, we have 01 = € and 6, = 1. Hence, REV(PE) = I and REV(TE) = 1+ (1 — €)%. Since,
this is true for arbitrarily small €, we get that the inequality REV(TE) < 2 X REV(TE) is tight

established in Theorem 23 is tight.
Next, we give a family of examples for which REV(PE) is arbitrarily close to (4/3) X REV(TE).

Example 13. Consider a throttling game with 2 goods and 2 buyers. Fix € > 0. The bids are given
by b1 =1+¢€, b1y =1and by = 1. Moreover, the budgets are given by By = 1 — € and By = oo.
Then, the unique pacing equilibrium is given by a1 = 1 — €, ay = 1, and the unique throttling
equilibrium is given by 61 = (1 — €)/(2 + €), 82 = 1. Since € was arbitrary, we can take it to be

arbitrarily small. In which case, we get REV(PE) ~ 2 and REV(PE) ~ 1.5, as desired.
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