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Left unable to provide service during the COVID-19 pandemic, many small businesses have experimented
with alternative ways of generating income. One approach that has gained traction is the use of advance
selling, whereby the firm asks consumers in its local community to support the business by paying in advance
for consumption at a future date. In this paper, we develop a game theoretic model to investigate whether
and how advance selling schemes can be successfully implemented by firms facing financial distress. In cases
of high distress (i.e., where obtaining bank financing is infeasible given the firm’s financial need), we show
that advance selling in its classic implementation can help the firm secure its survival in some scenarios, but
may suffer from significant inefficiencies associated with strategic consumer behavior and firm moral hazard.
We demonstrate that two modifications of the classic scheme currently observed in practice—namely, (i) the
introduction of an “all-or-nothing” clause, and (ii) selling future discount coupons as opposed to the full
service—can expand the set of scenarios in which survival is ensured, while also allowing the firm to extract
higher profit. In cases of moderate financial distress (i.e., where bank financing is a feasible but inefficient
option), we find that simple advance selling schemes typically fail to make an impact. However, we show
that a more complex scheme, combining both of the aforementioned modifications simultaneously, can be

used in conjunction with bank financing to generate a substantial improvement in firm profit.
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1. Introduction

The global COVID-19 pandemic has led to the permanent closure of many small business, and has
left many more on the brink of bankruptcy.! The challenge faced by these businesses is unprece-
dented: while lockdowns and other restrictions have severely limited their ability to generate income
by serving their customers, expenses such as rent, employee salaries and other fixed operating costs

continue to pile up. Faced with the prospect of bankruptcy, business owners have been forced to

! According to the National Restaurant Association, approximately 17% of restaurants in the United States have shut
their doors permanently or long-term (National Restaurant Association 2020).
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experiment with various approaches to raising capital, in an attempt to keep their businesses afloat
until restrictions are eased and consumers return for service.

One such approach is the practice of advance selling, whereby a business sells its service in
advance for consumption at a future date. The idea is simple: By selling service in advance, the
business gains access to much-needed capital today, while the consumers, by helping the business
avoid bankruptcy, maintain the ability to enjoy service in the future. The restaurant industry offers
a prime example of such efforts. In Germany, the non-profit initiative “Pay Now Eat Later” allows
consumers to purchase meal tickets from their favorite local restaurants, which can be redeemed
once normal business resumes (PayNowEatLater 2023). In India, the “Rise For Restaurants” pro-
gram facilitates the purchase of future discount coupons for a modest upfront fee (Vaswani 2020).
And in the United States, many restaurant owners have turned to popular crowdfunding platforms
such as GoFundMe and Kickstarters in an effort to raise funds to cover employee salaries and
operating expenses during lockdowns (Roe and Smith 2021, Yang and Koh 2022).

While all of the aforementioned schemes share the same goal of allowing small businesses to
lean on their consumers for financial support, it is interesting to observe the differences in their
implementation. Some schemes conduct advance selling in its classic form (full upfront payment
for future service), while others divide consumer payments into two components (one paid upfront
and one at the time of consumption); some schemes reward participating consumers with a future
price discount, while others simply ask for donations without any reward; and some schemes utilize
crowdfunding platforms, adopting a threshold funding approach, while others raise funds through
their own websites and keep whatever they can raise. As the experimentation with various versions
of advance selling continues to unfold in practice, our goal in this paper is to generate some basic
insights regarding the use and optimal implementation of advance selling programs aiming to ease
financial distress.

To do so, we study a modified version of the classic model of credit rationing presented in Tirole
(2009). In the classic model, a firm faces financial distress, requiring a fixed amount of capital to
avoid bankruptcy, and can only secure the necessary funds through a bank loan. If successful in
securing the loan, the firm exerts costly effort in order to attract consumers and repay the bank.
This model highlights the effects of moral hazard on the interaction between the firm and the bank,
identifying three qualitatively different cases: (i) when the firm’s financial distress is low, the firm
is able to secure a bank loan at a zero (i.e., normalized risk-free) interest rate and subsequently
exerts an efficient level effort; (ii) when the firm’s financial distress is moderate, the firm is able
to secure a loan, albeit at a positive interest rate, and subsequently exerts a less-than-efficient
level of effort; and (iii) when the firm’s financial distress is high, the firm is credit-rationed and

goes bankrupt. We modify the classic model by allowing the firm to conduct an advance selling
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campaign to raise funds which can be used either instead of, or in combination with, a bank loan.
Our analysis focuses on establishing whether and how such a campaign can improve the firm’s
financial outlook. Our results are summarized as follows.

First, we analyze cases of high financial distress where, in the absence of a successful advance
selling scheme, the firm is unable to secure bank financing and goes out of business. We begin
by considering a classic advance selling scheme, whereby the firm attempts to sell service to its
consumers (potentially at a discount) before the time of their consumption. We show that such a
scheme can help the firm survive when the consumers’ valuation for the firm’s service is sufficiently
high. However, we observe that this approach suffers from consumer free-riding and induces firm
moral hazard, two effects which taken together severely restrict the firm’s ability to generate profit.

We then consider two modifications of the classic scheme, motivated by practical observations of
advance selling programs implemented during the pandemic. The first modification is the addition
of an “all-or-nothing” clause, similar to the threshold mechanism encountered in many popular
crowdfunding platforms, while the second entails breaking up the consumers’ payments into two
parts, one paid in advance and one in spot (similar to the approach of selling future discount
coupons or simply requesting donations in advance). We show that under both modifications, the
firm can combine funds from advance selling with a bank loan to increase its equilibrium profit
and expand the set of scenarios in which survival is ensured. In comparing the modified versions of
advance selling, we find that the all-or-nothing mechanism tends to be the most profitable approach
for the firm, apart from cases in which moral hazard is a significant concern for the consumers and
at the same time the consumers’ valuations for service are moderate; in such cases, we show that
the preferred approach is a coupon mechanism consisting of simple donations.

Next, we consider the more complex case of moderate financial distress. In this case, even in the
absence of funds raised through advance selling, the firm maintains a feasible option for survival in
the form of a bank loan. Our model highlights that the availability of this option makes it harder
for the firm to design a beneficial advance selling scheme; in particular, the consumers, realizing
that the firm will be able to secure survival even without their help, are significantly less willing to
participate in the firm’s advance selling scheme. As a result, we find that in most cases neither the
classic advance selling scheme, nor any of the two modifications described above can help improve
the firm’s position.

However, our analysis of the shortcomings of the modified schemes suggests that the approach
of incorporating both modifications simultaneously (namely, a scheme consisting of two payments
with an all-or-nothing clause applied to the advance payment) might provide a solution. Indeed, we
demonstrate that a scheme of this kind allows the firm to achieve a substantial profit increase by

combining crowdsourced funds with a significantly reduced bank loan. We find, in particular, that
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when the consumers’ valuation for the firm’s service is moderate, the optimal financing approach
combines bank financing with an advance selling scheme taking the form of a “threshold discount”
(whereby consumers receive a discount provided enough of their peers participate in the program).
Surprisingly, we further establish that in cases where advance selling is beneficial, the firm’s profit
can be non-monotone in its financing need, which implies that the firm can in fact be better off in
cases of higher financial distress.

The rest of the paper is organized as follows. In §2 we review the related literature. In §3 we
analyze the benchmark model of bank financing without advance selling and in §4 we investigate

the use of advance selling to improve the firm’s financial position. §5 concludes.

2. Related literature

This paper relates primarily to two active streams of literature: (i) the literature that analyzes the
use of advance selling in various contexts; and (ii) the literature that studies issues on the interface
between OM and Finance.

The literature on advance selling focuses predominantly on highlighting the various economics
benefits of such programs. Earlier work in this area, including Gale and Holmes (1993), Dana
(1998), and Desiraju and Shugan (1999), focuses on the role of advance selling in achieving price
discrimination. DeGraba (1995) shows that advance selling can be profitable for the seller when fac-
ing consumers with ex ante unknown valuations. Xie and Shugan (2001), Swinney (2011), and Yu
et al. (2015) further enrich this theory by examining the implications of capacity constraints, oper-
ational flexibility, and consumer valuation interdependence. Png (1989), Liu and van Ryzin (2008)
and Nasiry and Popescu (2012) examine the benefit of advance selling when consumers are averse
to availability risk, while Tang et al. (2004), Prasad et al. (2011), and Li and Zhang (2013) show
that advance selling may induce more efficient operational decisions by generating early demand
information. Other papers in this literature investigate the interaction between advance selling and
other market characteristics, such as competition (McCardle et al. 2004), sellers’ private informa-
tion on product quality (Yu et al. 2014), and social learning (Papanastasiou and Savva 2017). Our
paper contributes to this literature by identifying a novel use of advance selling, namely, that of
helping the firm avoid bankruptcy in cases of financial distress. As our analysis demonstrates, con-
ducting advance selling in such cases presents additional challenges, and thus calls for innovative
forms of implementation.

This work also relates to the literature on reward-based crowdfunding, which can be viewed
as a form of advance selling for new-to-the-world products. Chakraborty and Swinney (2021)
characterize how pricing and the choice of funding target can be used to signal product quality

in crowdfunding campaigns. Alaei et al. (2022), Du et al. (2022), and Zhang et al. (2017) study
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the dynamic aspects of backer behavior in crowdfunding campaigns. Babich et al. (2021) examine
the interaction between crowdfunding and venture capital financing in the presence of double-
sided moral hazard, whereas Xu et al. (2020) focus on the implications of social learning for
crowdfunding. Strausz (2017) studies the design of crowdfunding mechanisms to counteract possible
funds misappropriation by the entrepreneur, while Belavina et al. (2020) further advance this
theory by adding insights relating to performance opacity and the interaction between the two.
In this paper, we aim to develop insights on how to optimally combine crowdsourced funds with
bank financing, as opposed to choosing between the two or optimizing the crowdfunding process
in isolation.

The literature on the interface of operations management and finance focuses on the interplay
between firms’ operational and financial decisions (e.g., Babich and Sobel 2004, Gaur and Seshadri
2005, Kazaz et al. 2005, Swinney and Netessine 2009, Boyabatli and Toktay 2011, Dong and Tomlin
2012, Lai et al. 2012, Yang et al. 2015, Turcic et al. 2015, Alan and Gaur 2018, de Véricourt and
Gromb 2018, Ning and Babich 2018, and Luo and Shang 2019). From this literature, our work is
most related to studies focusing on financing means that leverage supply-chain interactions, such
as trade credit (Kouvelis and Zhao 2012, Yang and Birge 2018), receivable financing (Tunca and
Zhu 2018, Kouvelis and Xu 2021), logistic financing (Chen et al. 2018), pre-shipment financing
(Tang et al. 2018, Reindorp et al. 2018) and peer-to-peer lending (Gao et al. 2018). Our paper adds
to this line of work by focusing on financing through a group of consumers, each with their own
individual incentives, as opposed to through larger and more concentrated supply-chain partners.
Our analysis suggests that in this case, customers’ interactions and strategic behavior play an
important role in the firm’s ability to secure financing. In this respect, our paper is also related to
Birge et al. (2017), who consider inventory and pricing decisions to mitigate the negative impact
of consumers’ strategic waiting behavior, albeit assuming that the firm already has financing in

place.

3. Financing Without Advance Selling
We begin by analyzing a simple model of bank financing without advance selling. The results
of this section establish a baseline performance against which the use of advance selling can be

subsequently compared.

3.1. Model Description

We consider a fixed investment model of credit rationing in the presence of moral hazard, as
presented in Tirole (2009), Chapter 3. There is a small capital-constrained firm (e.g., coffee shop,
restaurant, dry cleaner, grocery store) that sells a good or service to a local community at a regular

price p, and a marginal cost normalized to zero. The firm is in financial distress and requires
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external funding at level I >0 in order to continue operating, where I may represent rental costs,
employee salaries, necessary repairs, maintenance, or other operating expenses.? We segment time
into two representative periods, indexed by t € {f,r}. Period ¢ = f is the “financing period,” during
which the firm seeks to raise the necessary funds in the form of a bank loan. If the firm fails
to secure a loan, it goes bankrupt. If the firm obtains financing, it proceeds to the “repayment
period,” during which it experiences demand for its service, and either repays the bank in full (if
total revenues exceed the loan plus interest) or goes bankrupt (if not). The financial market is
assumed to be perfectly competitive (i.e., the bank loan is fairly priced) and the risk-free interest
rate is normalized to zero. Moreover, the firm bears limited liability for the loan and is assumed
to be creditworthy (i.e., the firm always repays the loan to the extent possible).

In the repayment period, we assume that with probability 1 — 5 € [0,1] the firm is unable to
generate revenue due to factors outside of the firm’s control (e.g., further pandemic-related closures)
and is forced into bankruptcy. If the firm is able to resume operations (i.e., with probability (),
the market demand the firm experiences in the repayment period depends on an unverifiable (for
the bank) level of effort exerted by the firm; for instance, this may represent direct effort exerted
to provide a high-quality service, or the time the business owner spends on improving the firm’s
operations (e.g., by searching for better staff, revising the menu, supervising employees, etc.) versus
the time she spends on alternative activities. In particular, we assume that a level of effort e € [0, 1]
results in a binary service quality outcome z € {s,n}, representing “success” or “no success,” with
a higher level of effort resulting in a higher probability of success, but incurring a higher cost; for
simplicity, we further assume that exerting effort e results in a probability of success P(z = s |
e) = e and comes at a cost c(e) = ae®. The outcome of the firm’s effort is probabilistically related
to the demand it experiences in the repayment period. In particular, we assume that there are
two customer segments indexed by j = {i,0}, each consisting of infinitesimally small consumers
with total mass m;, where we normalize m; = 1.> Segment-i represents the firm’s “inner circle”
of loyal/regular customers, while segment o represents the more general “outer” market. During
the repayment period, each customer has a stochastic valuation for service V; € {0,v;} where
v;=v>1=v, and P(V; =v; | z) = A\*. We assume that A\* > A" (i.e., a successful effort outcome
results in higher expected demand); moreover, to simplify the exposition, throughout the analysis
we set A*=1and \"=Xe (0,1).

2 During the COVID-19 pandemic, governments implemented various subsidies (e.g., the paycheck protection program

in the US) to alleviate the financial pressure faced by small businesses. In our model, such a subsidy can be captured
by reducing the level of financial distress I.

8 That is, we assume that the unit mass of i-type consumers consists of k individuals each having a mass 1/k, and
we conduct our analysis in the limit k — oo.
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The sequence of events is as follows. In the financing period, the firm applies for a bank loan at
level I, and the bank determines whether to grant the loan as well as the interest rate r (if the loan
is to be granted). If the loan is secured, the firm moves to the repayment period. With probability
B, the firm is able to resume operations and chooses a level of effort e and the selling price p,. The
effort outcome z € {s,n} is then realized along with the corresponding demand (parameterized by
A2, z€{s,n} and j € {i,0}).* Finally, the firm uses its sales revenues to pay back the loan (to the
extent possible) and any leftover revenues are retained as profit.

Before proceeding with the analysis, we place the following assumptions on our model parameters.
Define v,,, = max{(m; +m,)v,, m;v;} = max{1+m,,v} (i.e., v, is the maximum achievable revenue

in the repayment period).
ASSUMPTION 1. ¢ > U=3lm,
2.2
ASSUMPTION 2. I < I =f3 [)\vm + % .

The first assumption ensures that the cost of effort is sufficiently high to rule out boundary solutions
with e = 1. The second assumption ensures that, in the absence of a financial constraint, the firm’s
business represents a risky investment, but has a positive net present value.

Throughout the analysis that follows, we focus on Pareto equilibria in pure symmetric strategies.
Moreover, we say that a particular approach to firm financing dominates another whenever the

former results in higher expected profit for the firm.

3.2. Analysis

We solve the benchmark game between the bank and the firm via backward induction. First, we
solve for the firm’s optimal selling price in the repayment period. We next derive the firm’s optimal
level of effort under a loan with a given interest rate, and then solve for the bank’s loan decision

and interest rate. Let

1— )\ 2,,2

Il - 5)\’Um and Ih = Il + u
8a

Bypassing the technical details, the unique equilibrium of the game is described in Proposition 1.

ProrosITION 1. Without advance selling, the equilibrium selling price is

. Jv ifv>1+m,,
br= 1 otherwise.

Moreover:

4 Alternatively, p, can be chosen after the realization of the effort outcome; this has no impact on our results.
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(i) When I <1I,, the equilibrium interest rate, effort, and firm profit are given by
1 (I—=XNvpn,

. . . (1=XN)vy,
TFB:B—L €r5="5, andwFB:B[zm—i—)\vm -1

(ii) When I; < I <1y, the equilibrium interest rate, effort, and firm profit are given by

(14N, — \/(1 — )22 —8a (é - )\vm>

T = 57 —1>r5g,
(1 =N, + \/(1 —A)2v2 —8a <é — )\vm)
€p= s <epp, and

= Ba(ep)” < iy
(iii) When I > Iy, the firm fails to secure a bank loan and goes bankrupt.

The result is illustrated in Figure 1. Proposition 1 highlights three qualitatively different cases,
depending on the level of the firm’s financial distress. When the firm is under low distress (i.e.,
I < 1), the loan repayment can be fully guaranteed by the firm’s sales revenue, and the loan is risky
only with respect to the firm’s ability to resume operations—this is reflected in the bank’s interest
rate, which depends only on 8 and is otherwise risk-free. In our model, the case of low distress
serves as the first-best case, since the firm effectively behaves as if there is no financial constraint,
exerting an efficient level of effort. When the firm is under moderate distress (i.e., I; < I < 1),
the bank loan cannot always be fully guaranteed by the firm’s sales revenue and is therefore risky
also with respect to the demand experienced by the firm in the repayment period. In this case,
the bank grants the loan at a higher interest rate to balance against scenarios where the firm is
unable to repay the funds in full. Note that under bank financing, the firm’s incentive to exert
effort is weaker, because the firm only extracts part of the benefit of exerting this effort (when the
experienced demand is low, in particular, the firm goes bankrupt and all of the collected revenues
go to the bank). Notice also that, as the firm’s financing need I increases within this region, the
interest rate increases, the firm’s effort decreases, and the firm’s profit also decreases. Finally, when
the firm is under high financial distress (i.e., I > I},), the loan becomes prohibitively risky for the

bank, and the firm is credit-rationed.

4. Financing With Advance Selling

In cases where bank financing is either infeasible or inefficient, the firm may be able to secure some
or all of the funds it requires by conducting advance selling. Rather than applying for a bank loan
for the full amount needed, the firm first attempts to raise funds by selling service to consumers
in advance of their consumption date. In this section, we modify the base model of §3 by allowing

the firm to conduct advance selling in the financing period to customers belonging to the “inner
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Figure 1 Equilibrium interest rate r*, effort ¢ and firm profit 7, as a function of the firm’s funding need I
in the benchmark model without advance selling. Parameter values: ¢ =0.7, A=0.2, v=1.5, =0.9,

me = 0.5 (note also that I, =0.27, I, = 0.50, and I,qc =0.73).
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circle”. These segment-i consumers are assumed to be forward-looking and strategic: in deciding
whether to purchase in advance, they compare their expected utility from doing so against the
expected utility of waiting until the repayment period (at which time they may purchase in the
spot market, or not purchase at all). Under any specific advance selling scheme employed by the
firm, each customer’s expected utility from purchasing in advance versus waiting depends not only
on their own action, but also on the actions of the other consumers, as well as the firm’s actions
in the repayment period (i.e., effort level and spot price). Our analysis focuses on symmetric, pure
strategy, rational expectations equilibria. Thus, in equilibrium, segment-7 customers will either all
purchase in advance or will all wait. For a purchasing equilibrium to be established, we require the
necessary and sufficient conditions that (i) all customers purchasing in advance is an equilibrium
(i.e., no individual consumer can benefit from waiting when all others purchase in advance), and
(ii) all customers waiting is either not an equilibrium, or results in lower expected utility for the
consumers as compared to the purchase equilibrium.®

The funds secured by the firm through advance selling are then used either in conjunction with,
or instead of, a bank loan. Our analysis considers the classic version of advance selling scheme as
well as the two main modifications observed in practice during the COVID-19 pandemic.

We note that it is straightforward to show that the first-best case of low financial distress

(I < 1)) cannot be improved upon. Thus, in the analysis that follows, we focus on the remaining

® We present the technical versions of these necessary and sufficient conditions in Lemma A.1.
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qualitatively different cases of moderate (I; < I <1I},) and high (I > I,,) financial distress, starting

with the simpler analytically, albeit more precarious for the firm, case of high distress.

4.1. High Financial Distress (I > I},)
We analyze first the case of high financial distress, which is defined by I > I}, (see Proposition
1). The defining characteristic of the high financial distress case is that, without any funds raised

through advance selling, the firm is unable to secure a bank loan and is forced to declare bankruptcy.

4.1.1. Advance Selling at Full Price (“F”). We begin the analysis of high financial distress
by considering advance selling in its classic implementation, referred to here as advance selling at
full price (abbreviated “F”). In the financing period, the firm chooses an advance selling price p,r
and the segment-i customers choose whether or not to purchase in advance. If the firm is able to
secure enough funds in advance to survive, and assuming the firm is able to resume operations, it
then exerts effort and chooses the regular selling price p,r.

Define the valuation threshold
I8 a4 U

Vp =
1-X\)2m,
B [)\ - (T]

Our first result characterizes the conditions under which advance selling at full price can help the
firm avoid bankruptcy, and describes the scheme’s optimal implementation.
PROPOSITION 2. Suppose I > I;,. Under advance selling at full price (“F”):
2 2
1 v >Up, the firm conducts advance selling at price p'p =1 — me + —=—"2| and sets
) If v>7p, the fi ducts ad lling at price pip=1— 5|\ (1) d set

the regular price to pip =1. The firm’s equilibrium effort and profit are given by

1—-A)m,
ep = 7( 4a)m and T =

B(1—A)*m
16a

(ii) If v <R, the firm fails to survive.

Recall that without a successful advance selling scheme, in cases of high financial distress the
firm fails to secure bank financing and goes bankrupt (see Proposition 1). Proposition 2 suggests
that, provided the segment-i consumers’ valuation for the firm’s service is sufficiently high, the
firm can secure part of the funds it needs through advance selling and source the remainder of the
funds from the bank, ensuring that the firm avoids bankruptcy.

Although advance selling in its classic implementation can help the firm survive in certain sce-
narios, Proposition 2 also highlights two significant sources of inefficiency. The first is the firm’s

5 To see that only part of the required funds are raised through advance selling, observe that the advance selling price
is strictly less than I, while the mass of segment-i consumers is one.
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inability to conduct advance selling at a price which better reflects the consumers’ valuation for
service. Indeed, observe that the expression for p}, is unrelated to the consumers’ valuation v and
is instead tied to the minimum amount of funding necessary for the firm to survive. This is a
direct result of strategic consumer behavior. To see how this behavior restricts the firm’s ability
to raise funds, suppose that the firm in equilibrium was able to charge a higher advance selling
price (thus securing more than the minimum amount of funding necessary for survival). Since the
contribution of each individual consumer is small on its own, any given consumer could deviate
from participating in the advance selling campaign without putting the firm’s survival in jeopardy;
at the same time, for the consumer, deviating would come with the benefit of observing her realized
valuation for service (recall that V; € {0,v}) before making a purchase decision. It follows that
such an equilibrium cannot be sustained; instead, the only possible equilibrium is one where the
funds raised through advance selling are the minimum required to secure the firm’s survival, and
are otherwise unrelated to the consumers’ willingness to pay for the firm’s service.”

The second source of inefficiency is the firm’s decreased level of effort (we note that e} < el g,
where e}, is the efficient level of effort described in Proposition 1). The decrease in effort occurs
because, having sold service to consumers in advance, the firm is left with less of an incentive
to exert effort resulting in high-quality service in the repayment period. Indeed, observe that in
equilibrium the firm’s effort is driven exclusively by the potential to generate additional revenue
in the repayment period by selling service to the broader market (i.e., the equilibrium effort is
directly proportional to the mass of segment-o consumers). This implies that in extreme cases
where the firm’s demand consists only of segment-i consumers (e.g., a neighborhood dry-cleaning
service), the effort in the repayment period drops to zero and so does the firm’s profit (although
it is important to note that even in these cases advance selling remains beneficial for the firm, in
that it helps ensure the firm’s survival).

In summary, the preceding analysis suggests that while advance selling in its classic implementa-
tion can help ensure the firm’s survival (provided the consumers’ valuation for service is sufficiently
high), the scheme suffers from inefficiencies associated with strategic behavior on the consumer
side and moral hazard on the firm side. In §4.1.2 and §4.1.3, we demonstrate how two modifications
of the classic approach which have been observed in practice may help address these limitations,

improving the firm’s position. We then perform a comparison between the three schemes in §4.1.4.

"Note that our assumption of infinitesimally small consumers does not play a critical role in this argument: If
individual consumers had nonzero mass, the maximum amount the firm could raise under this mechanism would be
instead constrained to be no more than the minimum amount required plus the contribution of a single consumer;
otherwise, deviation would be profitable for any consumer following the same logic as described in the main text.
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4.1.2. Modification I: Advance Selling with an All-or-Nothing Clause (“A”). We
consider next a modified version of advance selling, where the firm adds an “all-or-nothing” clause
to the scheme (abbreviated “A”), similar to those encountered in popular crowdfunding platforms.
Under this scheme, the firm chooses an advance selling price p, 4, but the firm effectively commits
to refund the consumers’ advance purchases in the event that the firm falls short of its funding
goal.®

Define the two valuation thresholds v, and v, where

2a(1-2)21
o 2, /4a2)2 4 20 oA 1,
-4 (1— )2 ? A 3 {)\Jr (1—>\)2mo] ’
2a

and the threshold on the size of the outer market

\/4(12)\2 N 2a(1;)\)21 — 24\
My =
! (1=X)?

Our next result describes the optimal implementation of advance selling and the resulting equilib-

rium when the firm utilizes an “all-or-nothing” clause.

PROPOSITION 3. Suppose I > I;,. Under advance selling with an all-or-nothing clause (“A”):
(i) If v > 04, the firm conducts advance selling at price p:, = v [)\—4—%} and sets the
reqular selling price at p:, =1. The firm’s equilibrium effort and profit are given by

d=Xm, —;{3%0} ~ 1.

(I=X)m

0 . 1—)\)*m?
g andWA:B[( )

ey = 10 °+)\mo}+5v[)\+

(ii) If vy <v<Ta and m, > Ma, the firm conducts advance selling at price

Bu[(1 = A)?(v+my) +4aX] + Bu(l — A)\/(l —A)2(v+m,)? — 8a [g ~ v+ mo)}
da

* p—
Pan =

and sets the reqular selling price at p:, =1. The firm’s equilibrium effort and profit are

(1= ) (v +m,) + \/(1 — N2 (v 4 m,)? — 8a [é —A(Hmo)}

€y = ” and 7% = Ba(e*)>.

(iii) In all other cases, the firm goes bankrupt.

8 We note that it is possible to further optimize such a scheme by optimizing the advance selling quantity. Here,
our focus is to illustrate the qualitative properties of all-or-nothing schemes, which apply also when the quantity is
optimized. For a more detailed analysis of such schemes see Astashkina and Marinesi (2022).
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Proposition 3 describes two scenarios in which advance selling with an all-or-nothing clause can
help the firm. We first point out that the two scenarios share a common feature: the addition
of the all-or-nothing clause allows the firm to charge an advance selling price which is related to
the consumers’ valuation for service v, instead of the firm’s financing need I (as was the case
in Proposition 2). In particular, the introduction of the all-or-nothing clause implies that if any
individual consumer were to deviate from purchasing in advance, the entire advance selling scheme
would collapse, forcing the firm to declare bankruptcy. As a result, each consumer is now willing
to participate in the scheme up to a price which reflects her expected surplus, conditional on the
firm’s survival and subsequent equilibrium effort (since the alternative of deviating results in firm
bankruptcy and thus zero surplus). In this way, the all-or-nothing clause significantly mitigates the
inefficiency identified under scheme “A” with respect to strategic consumer behavior.

Next, we note that the two cases of Proposition 3 differ in terms of the firm’s equilibrium effort
and profit. In the first case, the consumers’ valuation v is sufficiently high (v >74) so that a
successful advance selling campaign either raises enough funds for the firm to survive without using
a bank loan (this occurs when v is very high), or allows the firm to secure a loan from the bank at
the first-best interest rate (this occurs when v is moderately high). It is worthwhile to note here
that although the loan is free from default risk (apart from the exogenous market risk captured by
B), the resulting equilibrium effort is lower than the first best effort e}z, because the consumers’
advance purchases reduces the firm’s incentive to exert effort.

In the second case, the consumers’ valuation is not as high (v, <wv <T,4), but the firm enjoys
good potential to generate revenue in the repayment period due to the large size of the outer
market (m, > My). The combination of these two conditions implies that the firm can raise enough
funds through advance selling for the bank to be willing to grant a loan, but the loan in this case
is risky: the firm will be able to repay the bank in full only if the effort outcome is a success. In
turn, this causes the bank to charge a higher interest rate (see Lemma A.2 for the corresponding

analytical expression) and the firm to exert a further decreased level of effort.

4.1.3. Modification II: Advance Selling with Discount Coupons (“C”). The next
modification we consider is one where the firm sells discount coupons in advance (abbreviated
“C”), as opposed to selling its service in full. This approach attempts to break up the segment-i
consumers’ payments into two components, a payment p,c which is paid in advance, and a spot
payment p,c which is paid at the time of consumption (in the event that the consumer chooses
to seek service). Under this scheme, the firm first announces the coupon price plan {p,c,psc} and
consumers choose whether to purchase in advance. Then, assuming the firm is able to raise the
funds it needs, the firm chooses an effort level and the regular price p,.c > psc, which applies to

consumers who do not possess a coupon.



14 Papanastasiou, Xiao, and Yang: Advance Selling to Ease Financial Distress

Define the valuation threshold
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The following result describes the optimal advance selling scheme and the resulting equilibrium

when the firm employs advance selling with coupons.

PROPOSITION 4. Suppose I > I;,. Under advance selling with discount coupons (“C”):

(i) If v > Ueo, the firm conducts advance selling at a coupon price pi, = I —
BIN1+m,)+ (14)225%")2} and a spot price pi- =1, and sets the regular price to pi, =1.
The firm’s equilibrium effort and profit are given by

(I=X)(1+m,)

6(1 B )‘)2(1 + m0)2
4a ’

16a

* *
en = and 77, =

(i) If v <7Tg, the firm goes bankrupt.

Proposition 4 exhibits the same structure as the previous results: advance selling can help the
firm only provided the consumers’ valuation for service is sufficiently high. The most important
feature of the coupon scheme is that it maintains the firm’s incentive to exert effort in the repayment
period. Even though consumers purchase coupons in advance that help the firm survive, the firm’s
revenues in the repayment period still depend on providing a high level of service, through the
scheme’s spot component (to see the impact of this feature, observe that the firm’s equilibrium
effort depends not only on the mass of the outer market m,, but also on the mass of consumers
who purchase in advance m; = 1). This significantly alleviates the consumers’ concerns regarding
the firm’s moral hazard, and increases their willingness to participate in the scheme.

Next, we point out that Proposition 4 suggests that whenever advance selling with coupons is
beneficial for the firm, the optimal implementation of this scheme reduces to a simple request for
donations from segment-i consumers. That is, the firm does not offer any discount to consumers
who participate in the scheme (i.e., the optimal prices are p%. = p’. = 1); instead, the firm asks
consumers for donations that add up to the minimum amount required for the firm to be able to
secure a bank loan and secure its survival (we note that the bank loan here is risky and is only
repaid by the firm in the event of high demand in the repayment period). We note that securing
a higher portion of the necessary funds from the consumers cannot be achieved, because doing so
would leave individual consumers with a strong incentive to deviate: knowing that the firm can
secure partial financing from the bank even without her participation, a consumer could benefit
by electing not to purchase a coupon. To avoid such deviations, the total funds raised by the firm
in advance must not exceed the amount needed to ensure survival. In the end, under the optimal

scheme, consumers effectively pay for the option of enjoying the firm’s service in the future.
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4.1.4. Scheme Comparison. To conclude our analysis of the high distress case, we perform
a comparison between the three schemes considered in the preceding analysis, with the goal of
understanding which scheme is preferable for the firm at different values of our model parameters.
The first comparison we perform is between classic advance selling (“F”) and advance selling

with an all-or-nothing clause (“A”).

LEMMA 1. Advance selling with an all-or-nothing clause (“A”) always dominates classic advance

selling (“F”).

The result is relatively straightforward to obtain by comparing Propositions 2 and 3. Doing so
leads to two observations: First, the set of parameters under which “A” ensures the firm’s survival
subsumes the corresponding set of parameters under “F” (in particular, we note that 14 < Uy,
which implies that the first case of Proposition 3 alone includes all parameter combinations covered
in Proposition 2). Second, even in those cases where the firm survives under both schemes, the
firm’s equilibrium profit under the all-or-nothing scheme “A” is strictly higher. Intuitively, the
addition of the all-or-nothing clause can only benefit the firm: by restricting the consumers’ ability
to free-ride (i.e., setting their expected utility from deviation to zero), the clause allows the firm
to charge a higher price in advance.

Lemma 1 thus suggests that the optimal advance selling scheme, if it exists, takes the form of
either “A” or “C.” To see which of the two schemes is more beneficial for the firm in different
market conditions, it is instructive to recall their respective properties. In particular, we note from
the preceding analysis that scheme “A” mainly targets the negative effects of strategic consumer
behavior (i.e., free-riding), while scheme “C” mainly targets the consumers’ concerns with respect
to firm moral hazard (i.e., decreased future effort). We further note that, according to the preceding
analysis, a low level of effort is more of a concern for consumers when the firm’s ability to generate
revenue from the outer market is limited (because the firm in this case is left with little incentive

to exert effort); we consider first these cases, where m, is small.

PROPOSITION 5. If m, < 1, advance selling with an all-or-nothing clause (“A”) dominates

advance selling with coupons (“C”) if and only if v >0, where

B(1=X\)2(143m,)(1—my)
. I— B xm,+ Toa

3 [A + 7“*3312’”0]

In particular, the optimal advance selling scheme is described as follows:
(i) If v>7, the firm conducts advance selling with an all-or-nothing clause (“A”).
(i) If ve <wv <7, the firm conducts advance selling with coupons (“C”).

(iii) If v<g, the firm goes bankrupt.
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We note first that when the outer market potential is small m, < 1, the minimum valuation required
for scheme “A” to be feasible is strictly higher than that required by scheme “C”. Moreover,
Proposition 5 suggests that scheme “A” dominates when the consumers’ valuation is sufficiently
high (in which case the firm can use the scheme to raise significant funds in advance, lowering the
need for a bank loan significantly), while scheme “C” dominates when the consumers’ valuation is
moderate. The result is illustrated in Figures 2 and 3. In Figure 2, we observe that (i) the minimum
valuations above which each of the three advance selling schemes is feasible satisfy v < U4 < Up;
(ii) schemes “A” and “C” always dominate scheme “F”; and (iii) scheme “A” dominates scheme
“C” when v > v = 1.5, while scheme “C” is the preferred scheme when vo <v <. Figure 3 further
illustrates how the thresholds vo and v depend on A. Note that since we have fixed A\, =1, the
plot demonstrates that campaign “C” (respectively, campaign “A” ) tends to be the dominant
form of advance selling when the firm’s service effort leads to a significant (respectively, modest)
improvement in the consumers’ expected utility. This is consistent with the preceding analysis,
which highlights the relative advantage of the coupon campaign “C” in terms of retaining the firm’s

incentive to exert effort.

Figure 2 Equilibrium firm profit under the three advance selling schemes, as a function of the consumer valuation

v. Parameter values: 1 =0.6, a=0.7, A=0.2, m, =0.5, 5 =0.9.
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To complete the analysis, we next consider the remaining cases where the size of the outer market

is relatively large.

PROPOSITION 6. If m, > 1, advance selling with an all-or-nothing clause (“A”) always dom-
inates advance selling with coupons (“C”). In particular, the optimal advance selling scheme is
described as follows:

(i) If v>T4, orif vy <v<Ta and m, > Ma, the firm conducts advance selling with an all-or-

nothing clause (“A”).
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Figure 3 Thresholds 7. and v as a function of \. Parameter values: a« =0.5, [ =0.7, 3=0.9, m, =0.2.
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(ii) In all other cases, the firm goes bankrupt.

When mg > 1, the minimum valuation required for scheme A to be feasible is strictly lower than
that required by scheme C. Furthermore, Proposition 6 establishes that when moral hazard is not a
significant issue (owing to the large size of the outer market), the advantage of the coupon approach
(“C”) is limited, and the firm in these cases is always better off by implementing an advance selling

campaign with an all-or-nothing clause (“A”).

4.2. Moderate Financial Distress

We continue our analysis with the case of moderate financial distress, which is defined by I; < I < I},
(see Proposition 1). The defining characteristic of these cases is that, in the absence of any fund
raised through advance selling, the firm is still able to secure a bank loan and can therefore avoid
bankruptcy. The goal of the analysis that follows is to understand whether advance selling can

increase the firm’s expected profit relative to the case where the firm uses only bank financing.

4.2.1. Advance Selling at Full Price (“F”). We consider first the classic implementation
of advance selling, where the firm sells its service in advance, potentially at a discount. Recall
that in the case of high financial distress, this approach was able to improve the firm’s outlook by
ensuring survival in cases where bank financing was infeasible (under the sufficient condition that
the consumers’ valuation for service is sufficiently high). Our first results suggests that this mode

of advance selling fails to make an impact in cases of moderate financial distress.

PROPOSITION 7. Suppose I; < I < 1j,. Advance selling at full price (“F”) is dominated by pure

bank financing.

In the case of moderate financial distress, it is possible for the firm to secure financing through

a bank loan and subsequently extract positive profit (see Proposition 1). The availability of this
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financing channel makes it hard for the firm to implement an advance selling scheme that is
beneficial. The main difficulty is that consumers realize that even without their support, the firm
will be able to survive by securing a bank loan, so that their utility from not participating in the
advance selling scheme is no longer zero (as was the case under high financial distress). Furthermore,
consumers also reason that by participating in an advance selling scheme, the firm will have less
of an incentive to exert effort in the consumption period, which will result in a lower quality of
service (this effect becomes even more pronounced when the firm’s outer market potential is small).
Therefore, as a consequence of the consumers’ strategic behavior, for an advance purchase to be
favored by the consumers, the service would need to be offered at a significant discount; from the
firm’s perspective, such an approach is dominated by the option of securing all the funds needed

through bank financing.

4.2.2. Modifications. Although advance selling in its classic implementation is not an advan-
tageous approach for the firm when facing moderate distress, modified versions of advance selling
may prove to be more successful. We consider here the two modifications discussed in the preceding
sections, namely, the addition of an all-or-nothing clause (“A”) and the approach of selling coupons
(“C”). The following result suggests that the effectiveness of such modifications relative to pure

bank financing is also limited.

PRrROPOSITION 8. Suppose I} <1< 1.
(i) Advance selling with discount coupons (“C”) is always dominated by pure bank financing.
(ii) There exists a threshold M 4 >0 such that:
(a) If m, < M 4, advance selling with an all-or-nothing clause (“A”) is dominated by pure
bank financing.
(b) If m, > M 4, advance selling with an all-or-nothing clause (“A”) dominates pure bank

financing if and only if w, <v<Wy, for some 1 <w, <Wj4.

We discuss each part of the proposition in turn. The first part suggests that there are no circum-
stances under which advance selling with coupons can improve the firm’s profit. Note that this
result is intuitive given the preceding analysis, to the extent that the availability of the bank financ-
ing channel significantly exacerbates the consumers’ strategic behavior: knowing that the firm’s
survival is guaranteed, the consumers’ tendency to delay their purchase increases. As a result,
for consumers to participate in an advance selling campaign with coupons, the firm must offer a
substantial discount in the repayment period relative to the regular selling price. As Proposition
8 suggests, however, rather than offer such a steep discount, the firm prefers to rely fully on bank

financing.
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The second part of the proposition suggests that in a limited range of scenarios, advance selling
with an all-or-nothing clause may improve the firm’s profit. Recall that this approach has the
benefit of curbing strategic consumer behavior: If an individual consumer elects to deviate, the
entire advance selling scheme collapses, sending the game into the alternative equilibrium of pure
bank financing. The challenge then is to design an advance selling scheme that is preferred by
both the consumers and the firm, relative to the pure bank financing equilibrium. Proposition 8
identifies two conditions under which this is the case: first, when the firm’s outer market potential
is sufficiently high so that firm moral hazard is not a significant concern for consumers participating
in advance selling; second, when the consumers’ valuation is moderate. With regards to the second
condition, we note that when the consumers valuation is moderate or high, it is possible to design
a scheme that is preferred by the consumers; however, such a scheme is preferred by the firm over
pure bank financing only in the case of moderate consumer valuations (if, instead, the consumers’
valuation is high, the firm is able to set a higher spot price under pure bank financing, making this

the preferred financing approach).

4.2.3. A Hybrid Approach (“H”). Although the scenarios in which the modified versions
of advance selling can improve firm profit are limited, one potential solution which follows nat-
urally from the discussion above is the somewhat more complex approach of combining the two
modifications considered in our analysis. The main idea behind this approach is to combine the
beneficial aspects of the all-or-nothing modification (with respect to curbing strategic consumer
behavior) with those of the coupon scheme (with respect to alleviating moral hazard concerns).
Accordingly, in this section we consider a hybrid approach (“H”) consisting of a coupon campaign
with an all-or-nothing clause (which applies to coupon sales).’

The complete analysis of the hybrid approach is cumbersome and is presented in full in Appendix
A.3.19 Here, we focus on two representative scenarios which seek to illustrate the following two
significant points that emerge from the general analysis:

1. The hybrid approach can be beneficial for the firm even when the firm’s outer market potential
is small (i.e., this is in contrast to the scenarios described in Proposition 8, which require a
large outer market).

2. When the firm’s outer market potential is large, the hybrid approach can turn the firm’s
financial distress into an advantage, in the sense that the firm’s profit becomes increasing in

its financial distress.

% This mechanism is similar to the “threshold discounting” approach used in the past by platforms such as GroupOn.

10We also provide in Appendix A.2 the analysis of the hybrid approach for the case of high financial distress.
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To illustrate the first point, we consider the limiting case of m, — 0, where there is effectively no
outer market. Recall that in this case, classic advance selling as well as the two modified versions
considered above fail to make an impact.

Define
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PROPOSITION 9. Suppose I, < I < I, and m, >0 is small. When 1+ m, <v <wy and I <

2B8A(1+m,) + w, advance selling with discount coupons and an all-or-nothing clause
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and the firm’s equilibrium effort and expected profit are:
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The use of the hybrid approach expands the set of scenarios in which advance selling can help
the firm significantly. As a way to implement a favorable coupon campaign (which on its own
fails due to free-riding effects), Proposition 9 suggests that the use of an all-or-nothing clause,
this time implemented with respect to the coupon sales, can be effective. The key point is that,
with the addition of the all-or-nothing clause, if any individual consumer deviates from purchasing
the coupon, the deviating consumer sends the game into a less-preferred equilibrium (for all the
consumers as well as the firm) of pure bank financing. In particular, Proposition 9 presents a
special case where the consumers’ valuation is moderate (we note that the full analysis of all cases
can be found in Appendix A.3). In this case, we observe that the firm sells discount coupons, or
equivalently, solicits donations in exchange for a discounted service. Even though consumers pay
piy upfront, the future discount is necessary in order to ensure that consumers are better off in
the equilibrium with advance selling as compared to the equilibrium with pure bank financing.

With regards to the optimal prices under the advance selling scheme, we note that these must
be carefully chosen taking the interaction between the firm’s moral hazard and the consumers’
strategic behavior into account. Although the analytical expressions are complicated, it can be
shown that the spot price p?}; is increasing in parameters {v, 3, A} and is decreasing in parameters
{I,a}, while the advance selling price pZ%; is increasing in parameters {I,a} and is decreasing in
parameters {v, 5, A}.

To illustrate our second main point, we next consider a special case where the firm’s outer market

potential is relatively high; in particular, we set m, =1 and v € (1,2). We first illustrate the use of
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the hybrid approach in this case, and then show that the firm’s profit under the hybrid approach

becomes increasing in the level of financial distress I.

Define
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PROPOSITION 10. Suppose I; < I <1, m,=1 and v € (1,2). Under advance selling with dis-
count coupons and an all-or-nothing clause (“H”),
(i) If I > I, and v > w,, the firm conducts hybrid advance selling. The equilibrium prices are

given by pl%;, =1, and

\/(1—»2—2@(;—»)

1-A

phy=v—1- , Py =1—-BA(ply +1).

The corresponding equilibrium effort and expected profit are given by

=N+ 2
el = 2aH , ﬂ'iq:ﬁa(elH).

(ii) Otherwise, the firm uses pure bank financing.

We note that the case of a large outer market is qualitatively similar to that of the small outer
market discussed above, with the difference that in this case the hybrid approach tends to be
beneficial relative to pure bank financing under the additional condition that the firm’s financial
distress is relatively high (within the moderate distress region).!! We further note that in this
case, it can be shown that p'%; is increasing in parameters {v,a, I} and is decreasing in parameters
{B, A}, while p%, is decreasing in parameters {v,a} and can be either increasing or decreasing in
parameters {I, 3, \}.

Perhaps more interestingly, in those cases where the hybrid approach is beneficial, the following

phenomenon occurs.

PROPOSITION 11. Suppose I; < I <1, m, =1 and w';, <v < 2. The firm’s expected profit is

strictly decreasing in I; < I <1, and strictly increasing in I, < I <1.

The result is illustrated in Figure 4. Observe that while the firm opts for pure bank financing,

the firm’s equilibrium profit decreases in the level of financial distress I (as was the case in the

1 We note that while the above proposition does not exhibit cases where the hybrid scheme’s spot price does not
include a discount, such cases do arise in the general version of the result; see Proposition A.7 in Appendix A.3.
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benchmark model without advance selling). However, once I crosses the threshold above which the
hybrid approach is preferred by the firm, the firm’s profit becomes increasing in I. In particular,
observe from Proposition 10 that, as I increases, the firm’s effort in equilibrium increases. As a
result, the consumers’ expected utility from service increases. By employing the hybrid mechanism,
the firm is able to jointly optimize the advance price and the spot price so as to extract this
additional surplus. Moreover, we note that in equilibrium the consumers’s surplus is the same under
the hybrid mechanism and under pure bank financing, which implies that the firm’s adoption of

the hybrid advance selling mechanism represents a Pareto improvement.

Figure 4 Equilibrium firm profit (7*) as a function of the firm’s funding need I in the case of moderate financial
distress. Parameter values: a =0.9, A=0.1, v=1.9, m, =1, 3 =0.9 (note also that I; =0.18, I}, = 0.585,
I, =0.484, and Ipq, = 0.99).
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5. Conclusion

This paper studies whether and how different forms of advance selling can be used to help alleviate
a firm’s financial distress. We find that in cases of high financial distress (where bank financing
is not an option for the firm), simple advance selling schemes can help the firm survive when
otherwise it would not be possible. In its simplest form, advance selling suffers from inefficiencies
associated with strategic consumer behavior and firm moral hazard. Our analysis demonstrates
that modified versions of advance selling which are consistent with implementations observed in
practice (such as advance selling with an all-or-nothing clause and advance selling with discount
coupons) can be designed to target these inefficiencies, leading to an increase in firm profit. In
cases of moderate financial distress (where bank financing is a viable option), we find that simple
advance selling mechanisms typically fail to make an impact; however, we find that more complex
schemes may be able to align the consumers’ and the firm’s interests, allowing both parties to

extract higher surplus. Surprisingly, we find that using such mechanisms may even turn the firm’s
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financial distress into a positive, in the sense that a firm which is under a higher level of distress
may be able to extract higher profit.

Our results relate to the different implementations of advance selling used by small businesses
in practice to alleviate financial distress during the COVID-19 pandemic. Our analysis provides
insight as to which type of advance selling scheme may be more appropriate, depending on situation
characteristics such as the level of financial distress experienced by the firm, the consumers’ valua-
tion for the firm’s service, and the impact of the firm’s effort on the consumers’ service experience.
For instance, in cases of high financial distress, our analysis suggests that the standard approach
of advance selling at full price can be improved upon with the addition of an all-or-nothing clause,
similar as is observed in threshold discounting and crowdfunding platforms; furthermore, when the
consumers’ valuation for service is relatively low and/or the firm’s service is more of a commodity
(i.e., less dependent on service effort by the firm), the approach of selling future discount coupons
may provide a better alternative than selling the full service in advance. In cases of moderate
financial distress, our analysis suggests that simple advance selling schemes will likely fail to benefit
the firm, and that more complex schemes may be necessary in order to align the firm’s and the
consumers’ incentives; moreover, in these cases we find that when the consumers’ valuation for
service is sufficiently high, the firm need not offer a discount to consumers participating in the
scheme, and may instead benefit from the solicitation of simple donations.

Apart from the results pertaining to firm survival and expected profit, it is interesting to note
that in most cases the financing scheme which maximizes the firm’s expected profit is also the
one that maximizes the consumers’ expected surplus. In particular, it can be shown that this is
always the case for moderate financial distress scenarios, while it is also the case for high financial
distress scenarios unless the consumers’ valuation for service is high (in these cases, the consumers’
surplus is maximized under the coupon scheme, while the firm prefers the all-or-nothing scheme
as described in our analysis).

Our work makes several simplifications which may represent avenues for future work. For
instance, in order to focus on the interaction between firm’s moral hazard and strategic consumer
behavior, we have assumed that there is no information asymmetry between the two. This may
be a valid assumption in the presence of intermediaries such as crowdfunding platforms and when
firms can credibly disclose their financial situation to consumers. However, in other cases, the
assumption that customers possess the same information as the firm and/or the bank may be less
realistic. Moreover, our analysis has not explicitly captured the role of government interventions
(such as paycheck protection programs) to alleviate financial distress during the pandemic. Sim-
pler interventions can be captured in our model by reducing the financial distress parameter, but

more complex approaches may affect the strategic interactions between the firm, the bank, and the
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consumers. We expect that future work can build on the current model to investigate the impact

of such programs in more detail.
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Appendix A: Supplemental Results
A.1. Sufficient and Necessary Conditions for Segment-i Customers to Purchase in Advance

Let E[uy] (resp. Eluy,]) represent the expected utility of a segment-i consumer who purchases in advance
(resp. a segment-i consumer who waits) when all the other consumers purchase in advance; Similarly, let
E[t,p] (resp. Eu,,]) represent the expected utility of a segment-i consumer who purchases in advance (resp.

a segment-i consumer who waits) when all the other segment-i consumers wait.

Lemma A.1 Under all advance selling mechanisms considered in the paper (“F”, “A”, “C”, and “H”), the
segment-i consumers will purchase in advance if and only if both of the following two conditions hold:

1. Eluw] > Elug,], and

2. Eftty) > Elttyw] 07 Eltps] > Eltiyy)-

A.2. Advance Selling under the Hybrid Approach: the High Financial Distress Case

In this section, we establish the optimal contract and performance under advance selling with all-or-nothing
and discount coupon (the Hybrid approach, “H”) when I > I;,. We first define the following threshold levels:
I-BX\1+m,)

EH = 1 +
(1—X)2(1+my)
ﬁ >\+ 2a j|

and
U4, for I<2BAm,+ %
Vg i=qv,, forle (25)\77”&0 + %{W, 26A(14+m,)+ W}
Tu, for I>2BA(1+m,)+ 202 04me)
We note that the condition for the first scenario for v is equivalent to m, > M4, where M, is the threshold
defined before Proposition 3, that is, My = % (v, +m,) =~ 4a2A2+2a(17x)2%72w.

(1=x2)2

Proposition A.1 Suppose I > I}, under advance selling with all-or-nothing and discount coupon (“H”),
(i) if v>7Tg, the firm would advance sell with reqular price pry =1, spot price p*y =1, and advance price
pig =20 [)\—I— W} (v—1). The firm’s equilibrium effort is e} = w and the expected
profit is
[N m2-1)
|

= +>\m0}+ﬂv{)\+(l>\)2(1+mo)}l.
4a

2a

(i) if v,y <v<vy,the firm would advance sell with the following prices: pr, =1, and

BA [(1 - N (v+m,)+ \/(1 —N)?(v+m,)? —8a [é —/\(v+mo)H

Paw =1~ SRSy ;
(1—)\)(U—mo)+\/(1—)\)2(v+m0)2—8a [é—)\(v—i—mo)}
Psp = 2(1_)\)

The equilibrium effort and expected profit are:

0N Em) + \/(1 —N)2(0+my)? —8a [g —A(v+mo)}

* * 2
ey = 1a ;T =0(ex)"
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(111) if v, <v<wvy and m,> My, the firm would advance sell with the prices following piy; =1, piy €10,1],

and

Bv—py) [4&)\+ (1=X)2(wv+m,)+(1 ,)\)\/(1 —A)2(v+my)2+8ai(v+m,) — 8L

8
4da

* p—
Por =

The firm’s equilibrium effort and expected profit are:

1=X)(v+m,)+ \/(1 —A)2(v+m,)?—8a [é — )\(v—l—ma)}

* * 2
€y = 1a ; =B (ex)

(iv) if otherwise, the firm fails to secure financing and goes bankrupt.

Proposition A.2 Suppose I > I,,. Comparing the hybrid scheme (“H”) with“A” leads to:
1. when m, < My, the firm is able to advance sell under “H” over a larger region than under “A” (v, <
Ta). Forv >0, (advance selling can be achieved under “A”), the firm’s effort and profit are both higher

under “H” than under “A”.

2. when m, > M4, the region over which the firm could advance sell under “H” is identical to that under
“A”. Further, the firm’s effort and profit under “H” and “A” are identical for v € [v,,T4]. Forv>T,,
the firm’s effort and profit is higher under “H” than under “A”.

Remark. As shown, when m, is small, the firm has a greater incentive to shirk. Thus, adding the coupon
component to the all-or-nothing clause could both increase the region for advance selling success and increase
the firm’s effort level and profit. On the other hand, with a larger m,, the firm is better incentivized to
exert effort in order to attract the outer market customers. Thus, the all-or-nothing clause alone is sufficient
to ensure the success of advance selling. Adding the coupon component will not expand the firm’s survival
region. That said, when customer valuation v is sufficiently high, the coupon component allows the firm with

an additional lever to extract surplus from customers, thus boosting the firm’s profit.

A.3. General Results for the Case of Moderate Distress

In this appendix, we present the results related to moderate financial distress with full technical details and

general parameters.

Proposition A.3 Suppose m, <v—1 and I; < I <1I,. Define 75 = I—Bmg, ] . Under advance selling

B[/\"‘ (1*)2\))27"0
with all-or-nothing clause (“A”),
1. if v > 7%, the firm is able to advance sell, and the optimal results are as follows: p% =1, po* =

Bu [ A+ % , and the firm’s expected profit is w5 = [% +Am,+v ()\+ %)] - I

Moreover, 75 — my is decreasing in v.

2. if v <Y, the firm fails to advance sell.

Proposition A.4 Suppose m, >v— 1. Consider advance selling with an all-or-nothing clause (“A”). Let

(1- A)Qmo] |

I* =5 (A1
= B AL+ m) +
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1. Advance selling is dominated by pure bank financing if (i) m, <1 or (it) m,>1 and I, <1 <I%.

2. Form,>1 and I? <I<1,, define

\/(1 —N)2(1+m,)? —8a {é A +mo)}
Y : 1_)\ Y
da[L =M1 +m,)]| - (1= x) {(1 — N1 +m) + \/(1 — 0214 m,)2 = Sa |§ - )\(1+mo)H

(1m[uxxm01)¢aAva+n%P&{gM1+mJH

(i) If v <v'y, the dominant form of financing is a pure bank loan.
(i) If v>1'y, the firm conducts advance selling, and
(a) if v > vy, the equilibrium prices, effort and profit are given by ptty = 1, pify =
B [(45pme — ) (1= Mot [ + (1= ep)A]] , e = U527 and

1—X2)2%m? 1—-A)m,
ﬂfﬁ[erAmoJr[(%)me*B] (1= N+ e+ (1 ep)X]| - T.

(b) if vl <v <Yy, the equilibrium prices, effort and profit are given by p'=, =1, py = [Q;]‘l(v),
ey = el (plry) and 7% = Balel, (piy)])?, where €l () is defined in Lemma A.2 and [QZA]‘l(v)
Pa * *
. 1 L 7—[55+(1_53))‘] _
denotes the large root to the equation of QA(pa) = eIy =V

Proposition A.5 For I, <I<1I,, advance selling with coupon (“C”) is dominated by pure bank financing.

Proposition A.6 Suppose m, <v—1 and I, <I < I,. Define w5 := % + 1. Under advance
[EEESLITERS)

selling with discount coupons and an all-or-nothing clause (“H”),
1. if v > w3, the firm is able to advance sell and the equilibrium prices are: piy, =1, piy =1, piy =
B [/\—i— (1”)22#] (v—1), and the firm’s equilibrium effort and profit are: e3y = A=) Utmo) g

Moreover, 3 — my decreases in v.

2. ifv<wy and I <2BX(1+m,)+ W, the firm is able to advance sell and the equilibrium

prices are: pSy =1 and

(v —my) \/(1 ~ A +m,)?—8a [é — Al m")}
=T 2(1—\) ’

Por =1 = BA(PIH +mo).
The firm’s equilibrium effort and profit are:

EES 1_A pz* +m0 S* Sk *
ey = ( )(QaH ), w5 zﬁa(eH)2 >y

3. if otherwise, the firm fails to advance sell.
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N \/(1—)\)2(1+m0)2—8a[é—)\(1+ma)]

T and

Proposition A.7 Suppose m,>v—1 and I, <1 <1I,. Define w'; :=1

(1= N)(1+my) + \/(1 —A)2(1+m,)? —8a [g —A(1+m,)
2(1— )

Why :=min { 1+m,, 1+

Further define I, :=f [)\(1 +m,)+ %] € (I,,I,). Under advance selling with discount coupons
and an all-or-nothing clause (“H”), the dominant form of financing is a pure bank loan for I; <1 <1I,,.
For I, <I<I,,
(i) if v <wb;, the dominant form of financing is a pure bank loan.
(i1) if v >wh,, the firm conducts advance selling, and

(a) if wy, <v<wl,, the equilibrium prices are p'y, =1,

(1-M\)(2v—1—m,)— \/(1 ~N)2(14+m,)? —8a [é —)\(1+mo)}
Ix
Part = 21— \)
The firm’s equilibrium effort and profit are:
* 1-A pls* +m0 * )2
oty = LN 2] e g (o)

(b) if v>wh, the equilibrium prices are pty, =1, pt%, =1, and

Bl=XN)(v—=1)|(1=X)(1+m,)— \/(1 —2)?2(14+m,)?—8a [é -1 +mo)H
Ix
aH — 4a )
and the firm’s equilibrium effort and profit are:

. 1—A 1+m0 * % *
elr = # 7t = Ba (e5)% + BA(L+my) +ply — I.

’ pfz*H:I_ﬁ)‘ (pl:H'i_mo)

Proposition A.8 Suppose I, <I < I,,. Under advance selling with discount coupons and an all-or-nothing
clause (“H”),
1. the firm’s expected profit (w3; ) decreases in I if m, <v—1;

2. the firm’s expected profit (w';) increases in I if m, >v— 1.

A.4. Technical Lemmas

Lemmas A.2—-A .4 in the following apply to the types of contracts where customers purchase in advance face
a zero spot price (p, =0), such as full-price advance selling (“F”) and advance selling with an all-or-nothing

clause (“A”).

(1-))2m3

Lemma A.2 Letp}, :=1—3Am, and p., :=1—p3 [/\mo +—=

} . Given p,, provided that all k segment-i

customers purchase in advance and the firm continues in the second period,
1. if po > pp, (High-price strategy), the firm’s optimal effort and expected profit are e, = % and
(1= \)2m2
ng(pa):ﬂ |: da +Am, | +po — 1.

In this case, if p, > I, the firm finances solely through advance selling. Otherwise, the firm obtains

financing through both advance selling and a risky bank loan, with interest rate ri = % —1.
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2. if pl, <p, <pl (Low-price strategy), the firm’s optimal effort and expected profit are:

(1=XNm,+ \/(1 —A)2m?2 —8a (’*TP - /\mo)
4a ’

eéb(pa) =

and 7, (po) = Balel,(p.)]* . In this case, the firm obtains financing through both advance selling and a

risky bank loan, and the interest rate is

(14 \)m, — \/(1 ~))2m2 — 8a (I-Tp - /\mo)

Q(I_pa) -t

7ﬂéb(pa) =

3. if 0<p, <p,, the firm fails to secure financing through advance selling.

2
-8 |:>\(mo+i)+(1/\)2(;:n+’1‘):|

1
1-%

— meo+ L
Lemma A.3 Let pl' := I/Bkl(_i;_’“) and p., =
k

. Given p,, if all but one

segment-i consumer purchase in advance and the firm continues in the second period,

(1—,\)(mo+%)

1. if pa >pp, , then the optimal effort is el = o

2. if pl, <p.<pl, , then the optimal effort is

(1—/\)(mo+i)—|—\/(1—/\)2(mo+i)2—8a W—/\(mo—&-%)

4a

eéw(pa) =

3. if p, <P, then the firm fails to secure finnancing through advance selling.

Lemma A.4 Let I, :=p3 [)\(1 +m,)+ W} ForI>1,

1. if I > 1I,, then we have pl, < pl, <pl, <pl, and p\, —pl, as k — oo;

2. if I <1y, then we have p\,, < pl, <pl, <pl, and p., — pl, as k— oo;

Lemmas A.5—A.7 in the following apply to the types of the contracts where customers purchase in advance
may face a non-zero spot price p,, such as advance selling with coupons (“C”) and advance selling with the

hybrid approach (an all-or-nothing clause and coupons, “H”).

Lemma A.5 Let p},(ps) := I — BA(ps + m,) and py,(ps) =1 —f )\(Ps-i-mo)—i-(l_x)?(s%m“)z . Given
(pa,ps), provided that all k segment-i consumers purchase in advance and the firm continues in the second
period,

1. if po > pi(ps) (High-price strategy), the firm’s optimal effort and expected profit are el (p,) =

A=N)(ps+mo)

e and

(1 — A)Q(ps + m0)2
4a

70 (Payps) = B +A(ps +m,) | +pa—1.

If p, > I, the firm obtains financing solely through advance selling. Otherwise, the firm obtains financing

through both advance selling and a risky bank loan, with the interest rate v}, = % —1.
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2. if Pl (ps) <pa <Dl (ps) (Low-price strategy), the firm’s optimal effort and expected profit are

(1= N0 m2) + (1= 220, +m,)2 — 80 [ 522~ Ap. +m.)
4a ’

6éb(pa7p5) -

and 7, (pa,ps) = Ba [elbb(pa,ps)]Q. In this case, the firm uses a combination of customer financing and

bank financing, and the interest rate of the bank loan is

(L 0)(p. +m0) (1= 2200, +m)2 s [ 522~ A, +m,)
2(I_pa)

3. If 0<p, <p,(ps), the firm fail to secure financing through advance selling.

—1.

rll;b(paaps) =

2 D)yt 1]?
1—8A[ps (1= 1) 4mo+ 1 IB[A[PS(li)+m°+}c]+(l . [pS(IS“k)Jr B ]
Lemma A.6 Letp!, (p,):= -7 [ps(lii) moti] and p},, (ps) :=

k

=
Given (pa,ps), if all but one segment-i consumer purchase in advance and the firm continues in the second
period,

1. if pa > b, (ps) , then the optimal effort is

ehup) = LN (o) ety

2. if pl () <pa <ph. (ps) , then the optimal effort is

(1-N] 5<1—;>+mo+;]+¢<l—x>2 o (1= ) m 4 217 = s [ 2220 afp, (1= 2) 4, 4]

1
(S ayPs) =
b (PasDs) 1a

3. If po <L, (ps), then the firm fails to secure financing through advance selling.

Lemma A.7 Let I, := 3 [A(1+m,)+ W} and I, as defined in Lemma A.4. For p, € (0,1] and
1> 1), there are three relevant cases below:
1. When I > I, we have pl,(p) < ph,(ps) < ply(ps) < ph,(ps) and ph,(ps) = Py (ps) as k— oc.
2. When fl <I< fh, let I(ps) =: fh — W and evidently there erists a unique p, such that
I,(p,) =1. Depending on p,, we have the following two subcases:
(a) If ps € (0,,), then phy(ps) < Ph, (Ps) < Phy(Ps) < Ph, (Ps) and pl, (ps) = iy (ps) as k— oo.
(b) If ps € [Bs, 1], then py, (ps) < iy (Ps) < Doy (Ps) < Ph (Ps) and py, (ps) = iy () as k— oo.

3. When I < I, we have pl,,(p,) <1, (ps) < ply(ps) < pl, (ps) and p,(p) = 1Ly (ps) as k — occ.
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Appendix B: Proofs

Proof of Proposition 1. With backward induction, we first consider the firm’s optimal regular price.
Given effort e, the firm either succeeds or fails. In the case of succeeding, each segment-i (Resp. segment-o)
customer has a valuation v (Resp. 1) for the product with probability 1. Evidently, the firm will either sets
p- =1 or p, = v for optimality. Accordingly, the market demand in the repayment period, D,., is 1 if the firm
sets p, = v, and is 1+ m, if the firm sets p, = 1. Correspondingly, the firm obtain a sales revenue of v by
setting p, = v, and a sales revenue of 14 m, by setting p, =1 . In the case of failing, each segment-i (Resp.
segment o) customer has a valuation v (Resp. 1)for the product with probability A and a valuation of 0 with
probability 1 — A. Thus, the market demand in the repayment period, D,., is A if the firm sets p, =v, and is
A(1+m,) if setting p, = 1. Accordingly, the firm obtains a sales revenue of A\v by setting p, = v, and a sales
revenue of A(1+m,) by setting p, = 1. Thus, to maximize his sales revenue, in either case, the firm will set
p, =1if v <1+ m, and p, = v if otherwise.

Next, we continue to consider the firm’s optimal effort level. At the end of selling season, the firm collects
sales revenue S, := D,p,, using which to repay the principle plus the interest of bank loan I(1+ ) to the
extent possible due to the assumption of limited liability. According to the game sequence, after obtaining
bank finance, the firm will be able to operate with a probability of 5 and fail with a probability of 1 — .
Given that the firm fails, the firm earns a zero profit, i.e., 73 = 0. By contrast, given the firm succeeds, she

will put an effort e in the following daily operations. Accordingly, the firm’s expected profit is

np(e) =E[S, — I(1+7)]" —ae?, (1)
where S, approximately follows a binary distribution:
(2)

We note that I(1+r) < v,, should be hold since the bank loan will be declined if otherwise. Thus, from (1)

g _)Umi= max{v,1+m,}, with probability e;
") Ao, with probability 1 —e.

and (2), given that the firm does not suffer from random shock, her profit can be rewritten as
mp(e)=—ae* +v, —I(1+7) =[N, —I(1+7)] e+ M, — I(1+7)]T.

By maximizing 75(e), the optimal effort level is derived as:

eB:vm—I(l—l-T)—Z[zvm—I(l—i-r)]*. 3)

Finally, we consider the bank’s pricing decision. By lending I to the firm, if the firm is able to operate,

then the repayment collected from the firm, defined as T', would be min{S,, (1 + r)}; if the firm suffers
from random shock and thus goes bankrupt, then the repayment I' is zero. Thus, in the repayment period,

I" approximately follows the following distribution:

I(1+7r), with probability Sep;
I'=< min{\v,,, I(1+r)}, with probability 5(1 —ep);
0, with probability 1 — 3.

According to the fair pricing principle, the interest rate r is uniquely determined by the following equation:
I=E[l =pegl(1+7)+ (1 —ep)min{v,,, I(1+7)}. (4)

Depending on the relationship between Av,, and I(147), we solve the problem in the following two cases:
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L If I(1+7) < Av,,, then substituting (3) into (4) leads to 75 = £ — 1. To ensure I(1+7) < Av,, holds, it
should be satisfied that I < SAv,, =: I;. Accordingly, the optimal effort is e}; = % Correspondingly,

the firm earns an expected profit

mp =B [—alep)? + (1= Nvmes +Av,, — I(1+75)] =5 [(1_:22”7271 +)\vm} o

2. If I(1+r) > Av,,, then substituting (3) into (4) leads to I = BI(IH)[UQ:_I(H’")] + BAv,, [1 - %ﬁlw )

or equivalently

T1+m]? Q+NvI(1+7r) I ( Upn
2a 2a I}

1— %) Avy, =0, (5)

which is quadratic in r. Thus, the bank will lend to the firm if and only if there exists a solution r
satisfying I(1+r) > Av,, to Eq. (5), which is equivalent to

(1=X%2 ]
I<ﬁ|:)\’l}m+8a:| —.Ih. (6)

When Eq. (6) is met, solving Eq. (5), we derive the equilibrium interest rate, which is equal to the

smaller root due to the competitiveness of the bank credit market, as follows

(14 Nv, — \/(1 —\)2v2 —8a (é - )\vm)

1=N)vm+4/(1-2)202, —8a( L —Avs,
Substituting (7) into (3), we derive the equilibrium effort level: e} = Aoty ia (5 )

Correspondingly, the firm earns an expected profit 7} = 8 [—a(e})? + (v —I(1+73%)) €] = Baley)?.
Otherwise, that is, if I > I, the firm fails to obtain bank loan and thus goes bankrupt. |

Proof of Proposition 2. As in Appendix A.1, in this proof and the following ones, we let E[u,,] (resp.
E[us.]) represent the expected utility of a segment-i consumer who purchases in advance (resp. a segment-i
consumer who waits) when all the other consumers purchase in advance; Similarly, let Efu,;] (resp. E[t.,])
represent the expected utility of a segment-i consumer who purchases in advance (resp. a segment-i consumer
who waits) when all the other segment-i consumers wait.

Next, we turn to the proof. We first consider the firm’s optimal pricing on the regular selling price p,.
Provided that all segment-i customers advance buy and the random shock does not happen, the firm will set
pir =1 since only outer customer buy at the regular selling price in the repayment period. In the remaining
cases (i.e., all segment-i customers wait or random shock happens), the firm fails to continue and thus p,.
becomes irrelevant.

We continue to analyze the firm’s optimal pricing on p, and the segment-i customers’ decision behavior.
For I > I;,, according to Proposition 1, the firm fails to secure bank financing and thus goes bankrupt without
advance selling. Thus, if every segment-i consumer waits, the expected surplus of this consumer is equal
to zero, i.e., Elt,,] = 0. As such, according to Lemma A.1, the equivalent condition for the firm to induce

purchase in advance degenerates to

Bty > Euye]- (8)
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Further, from Lemma A.2, the firm can advance sell with either high-price strategy (i.e., p, > p},) or low-price
strategy (pl, <p. <pp,). In what follows, we consider these two pricing strategies, respectively.

High-price strategy. Given p, > pi, , assuming that all & segment-i consumers purchase in advance, the

firm would exert an effort of e}, = (1_;3’”" in accordance with Lemma A.2. Accordingly, when all k consumers

purchase in advance, the expected surplus of a segment-i consumer is

=) ., )

Eluw) = Bvey, + (1 — ey, )\ — pa = Bv [/\ +
However, given p, > pl,, when k — 1 segment-i consumers purchase in advance but one segment-i consumer
deviates to wait, according to Lemma A.3, the firm’s optimal effort level e, (p,) and the associated expected
surplus of the consumer who deviates to wait, E[u,], depend on the specific pricing interval p, locates in.
In accordance with Lemma A.4, pp > pp, > pt > pt, holds when k — oo since I > I, > I, holds. Thus, with
high-price strategy, the firm might set p, > pp,, or ply <p, < pp,. In what follows, we consider these two

pricing scenarios respectively.

Scenario I. If the firm sets

Pa > Dy (10)

then given p,, assuming that k — 1 segment-: consumers purchase in advance but one segment-i consumer
A=N)(mot%)
2

a

deviates to wait, the firm would put an effort of e, = according to Lemma A.3. Accordingly,

the expected surplus of the consumer who deviates to wait is

(1=X)?2(mo+ )
2a

Eluy,] = B [eg, + (1= ep,)A] (v—p,) =B [ A+ (v—1), (11)

where p, = 1, because one segment-i customer’s deviation will not change the firm’s optimal pricing on the
regular selling price, since the size of one segment-i customer is negligible compared to that of segment-o
customers. Anticipating this, from the equivalent condition (8) of inducing all k¥ consumers to purchase in
advance, the consumers will purchase in advance if and only if E[uy] > E[ug,]. By substituting Efug,] in (9)

and Elug,] in (11) into this equivalent condition gives
pa<Blv(ef—er,) =X +ep,(1—=X)+A]. (12)
The constraints of (10) and (12) jointly indicates
Pho <Blv (e, —er,) (T=X) +epr, (L—A)+ A,
or equivalently,
2ak[I — BA(1+m,)] k(1 —m,)%+4m,

v<1+km,— <1-— <1,
B(1—1)(1=N)? 4(1-3)

where the second “<” holds due to I > I,. This contradicts with v > 1. Therefore, the firm fails to advance

sell in this case.

Scenario II. If the firm sets

Py < Pa < Dits (13)
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then given p,, assuming that k — 1 segment-i consumers purchase in advance but one segment-i consumer
deviates to wait, the firm would put an effort of €} (p,), according to Lemma A.3. Accordingly, the expected

surplus of the segment-i consumer who deviates to wait is

Eftyu] = B [y (Pa) + (1 = €4, (pa))A] (v =1p,) = B [€4,, () + (1 = €4, (pa))A] (v = 1), (14)

where p, =1 for similar reason as analyzed in the Scenario I. Anticipating this, from the equivalent condition
(8) of inducing all k consumers to purchase in advance, the consumers will purchase in advance if and only

if E[uyp] > Elug,]. By substituting Efuy,] in (9) and E|uy,,] in (14) into this equivalent condition gives

Pa < B [0 (e, — €4, (Pa)) (1= A) + €5, (Pa) (1= A) + 2] . (15)
As k — oo, we have p') — pl, and €} (p,) — €, (p.). Thus, the constraints of (13) and (15) are transformed
into

{ Pa =Dy (16)

Pa < B [0 (e, — € (Pa)) (1= A) e (pa) (1= X) + A (17)

We note that the feasible region of p, satisfying the above constraints (16)-(17) is empty. Accordingly, the
firm fails to advance sell in this case.

Low-price strategy. Given p,, < p, < p},, assuming that all k segment-i consumers purchase in advance,

B (17A)mo+\/(17A)2m378a(%7)\m0)

the firm would exert an effort of €}, (p,) = " in accordance with Lemma A.2.

Accordingly, when all k consumers purchase in advance, the expected surplus of a consumer is

Eluw] = Bv[ey, (Pa) + (1 = €4, (Pa))A] — Pa- (18)

However, given p!, < p, < pl, when k — 1 segment-i consumers purchase in advance but one segment-i
consumer deviates to wait, according to Lemma A.3, the firm’s optimal effort level e, (p,) and the associated
expected surplus of the consumer who deviates to wait, E[us,|, depend on the specific pricing interval p,
locates in. In accordance with Lemma A4, pf, > pl, > pl,, > p!, holds when k — oo since I > I, > I, holds.
Thus, with low-price strategy, the firm might set pl, < p, < pp,, or pl, <p, < pi,. In what follows, we

consider these two pricing scenarios respectively.

Scenario I. If the firm sets

Phw < Pa < Dy (19)

then given p,, assuming that k£ — 1 consumers purchase in advance but one consumer deviates to wait, the firm
would put an effort of e} (p,), according to Lemma A.3. Accordingly, the expected surplus of the segment-i

consumer who deviates to wait is

Eltpw] = B [y (Pa) + (1= €4, (pa))A] (v = p,) =B [eh,, (Pa) + (1 = €, (pa))A] (v —1). (20)

where p, = 1 for similar reason as analyzed in the Scenario I. Anticipating this, from the equivalent condition
(8) of inducing all k consumers to purchase in advance, the consumers will purchase in advance if and only

if Efugy] > Efup,,]. By substituting Efug] in (18) and Eluy,] in (20) into this equivalent condition gives

Pa < B[V (€hy(Pa) = €4 (Pa)) (1= X) + €, (Pa) (1 = A) + A] - (21)
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As k — 0o, we have pl,, — p!, and €} (p,) — €, (p,). Thus, the constraints of (19) and (21) are transformed
into
{ Piy < Pa < Dy
Pa < B e (pa)(1 = A) + 2] (22)

The condition (22) can be rewritten as

2a <%—A>2—(1—)\)2(1+m0) (%—A) +(1—A)? {é—x(umo)] <0,

which is quadratic in p,. There is no feasible p, satisfying the this constraint since (1 —\)*(1+m,)? —8a(1—

)2 [é —A(1 —I—mo)] <0 for I > I,. Thus, the firm fails to advance sell in this case.

Scenario II. If the firm sets

Pot < Pa < Py (23)

then given p,, assuming that k — 1 segment-¢ consumers purchase in advance but one segment-i consumer
deviates to wait, the firm fails to secure bank financing and has to declare bankruptcy, according to Lemma

A.3. Accordingly, the expected surplus of the consumer who deviates to wait is
E[up.,] = 0. (24)

Anticipating this, by substituting E[u,] in (18) and E[u,] in (24) into the equivalent condition (8) of
inducing all k consumers to purchase in advance, the segment-i consumers will purchase in advance if and

only if p, < Bvlel,(pa) + (1 — €L, (pa)) ], or equivalently,

Pa

Blew(Pa) + (1 = ey (Pa))A]
On the other aspect, as k — oo, we have p! — p!,  and thus the constraint (23) is transformed into
1—X)?m?
pa=ph, =173 {/\mo—i—(&zo} . (26)

The constraints of (25) and (26) jointly imply that

_ (17A)2m§]
o I-§ [Amo Ui

U B (RN Ty G

=:Vp.

That is, the firm is able to advance sell only when v > Tx. As such, the firm will set advance selling price as

(1-2)2m3

Pip =D =11 — B |Am, + —5—2|. The corresponding effort level is e}, = % and the expected profit
is 5 = fBa(el)? = W. Summarizing the results in the above pricing scenarios lead to the conclusion

in Proposition 2. (]
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Proof of Proposition 3. With similar analysis done in the proof of Proposition 2, we have p’, = 1. Under
advance selling with all-or-nothing clause, the firm would cancel advance selling, and thus it degenerates to
the benchmark case of pure bank financing, unless all consumers purchase in advance. Moreover, according to
Proposition 1, when I > I},, without advance selling, the firm fails to obtain bank financing and goes bankrupt.
Accordingly, the consumers achieve zero surplus under pure bank financing. That is, E[uy,] = E[ty.] =0,

which indicates that the firm can induce all consumers to purchase in advance if and only if
Eluys] > Efttye] =0 (27)

under advance selling with all-or-nothing clause for I > I}, in accordance with Lemma A.1.
Next, note that according to Lemma A.2, the firm can advance sell with either high-price strategy (i.e.,
Pa > piy) or low-price strategy (p!, < p, < pf,). In what follows, we consider these two pricing strategies,

respectively.

High-price strategy. Given

pa Zp?[” (28)

_ (1=X)m,

assuming that all £ segment-i consumers purchase in advance, the firm would exert an effort of e}, = =

in accordance with Lemma A.2. Thus, when all £ consumers purchase in advance, the expected surplus of a

consumer is

1—X)%m,
Blun] = Bolely + (1 eh)A] ~p = o |1+ 20| (29)
Combining (27) and (29), the segment-i consumers would advance buy if and only if
1—X2)2%m,
Do < B [)x + (QQ)m] . (30)

To ensure the feasible region of p, which satisfies (28) and (30) to be non-empty, we must have
I—pAm,
(1-X)2m,
B |h ]

v

=:Vy4. (31)

When the condition (31) holds, the firm is able to advance sell with high-price strategy by setting p, €
[p{}b, Bv [)\ + %H . According to Lemma A.2, under advance selling with high-price strategy, the firm’s
expected profit is 7}, (p,) = 3 {(l NPmg )\mo} +p, — I, which increases in p,. Therefore, the optimal advance

selling price, denoted as p? ,, should be the maximum value in the feasible region of p,. That is, p!, =

— (A=Mm,

Bv [/\4— (1”)2’”"} Correspondingly, the effort level is e* o

ﬂ[u 2)?m o+/\m}+5v[A+%}4.

and the firm’s expected profit is 7% =

Low-price strategy. Given

péb <pa < pfw (32)

assuming that all k segment-i consumers purchase in advance, the firm would exert an effort of €}, (p,) =
(1—A)m0+\/(1—)\)2mg—8a( Iiﬂpa —)\mo)
4a

in accordance with Lemma A.2. Correspondingly, when all k£ consumers

purchase in advance, the expected surplus of a segment-i consumer is

E[us] = Bvley, (pa) + (1 = €3,(Pa)) Al — Pa- (33)
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Combining (27) and (33), the segment-i consumers would advance buy if and only if p, < Bvlel, (p.) + (1 —
el (pa))A] or equivalently

pa —_
U B T A= 2alPe): (34)

Constraints (32) and (34) together imply that the firm is able to advance sell with low-price strategy as long
as v is sufficiently large. Specifically, the firm is able to advance sell with low-price strategy if and only if
v> min ¢, (pa). In what follows, we solve for this threshold.

e

pa€lp, ply

The first-order derivative of ¢ (p.) with respect to p, is

a5, (p) n(p.)

P v —sa (- )+ - Vel )

)

where

n(p) =8 [H“‘j)m} \/<1—A>2m3—8a (F52e - ) =2+ 2L o3 ).

We note that 7(p,) increases in p,. Further, at p, = pl,, we have

A

0ot === 2) 1= prm, — 500

for I > I,. On the other hand, at p, = p},,

n(pe,) =—(1-A) [I— BA-2m, — 5(1_)‘)2(277%)2} '

8a

Depending on the value of m,, n(pk) can be positive or negative. Next, we discuss these two cases separately.

1. If p(ph) <0, that is, I > BX-2m, +ﬂ%, or equivalently,

\/4a2/\2 +2a(1-X)?% — 2a)
(1=

m, <

::MAa

de (Pa)

4= <0 for

then n(p,) <0 for p, € [p},,ph,) since n(p,) increases in p,. This further implies that

¢ , (pa) . . . ..
f{;‘;: ) i positive. Therefore, ¢ , (po) achieves the minimum at

=7v,4. That is, the lower bound of v beyond which the firm

Pa € [P, pl) since the denominator of

— nh h\ _ I—-Bxm,
Pa = Dy, and thus ?A@bb) 3 >\+(1—;7)L2m0
2a

can advance sell with low-price strategy is identical to that with high-price strategy. Thus, in this case,

the firm will always prefer to advance sell with high-price strategy.

2. If n(pp,) > 0, that is, m, > M, then there exists a unique root, denoted as p? € (p},,pp,), such that
n(p?) = 0, since 7(p,) increases in p, and n(pl,) < 0. That is,

—\)2 _ V3,2
6[/\4—(1:27%"} \/(1—A)2m3—8a (I ﬁpg—/\mo)+(l—)\)p2+ﬁ(l42)m°—2(1—)\)(I—ﬁ)\mo)=0,

or equivalently,

o 8aBA+4(1— V)T — [dad+ (1 2)*m,] \/4ﬁ2>\2 + 22N
Pa= 2(1— )2 '
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de (pa)
dpa

Under p?, we have n(p,) <0 for p, € [p},,p°] and n(p,) > 0 for p, € (p°, p,). Accordingly, <0 for
d¢ , (Pa d¢ , (pa)

Pa € [P, 0] and = - ) >0 for pa € (P2, pl,) since the denominator of = 4~ is positive. This implies

that ¢, (pa) values minimum at p, = p®. Thus,

0 P2 2\/4a2)\2+205(1*)‘)2é*4a/\
2= 0alP) = B 0+ (L= ey N (=%

That is, the lower bound of v beyond which the firm is able to advance sell with low-price strategy is

—Mm, <Vy.

smaller than that with high-price strategy. Rearranging the above scenarios leads to the following three

cases:
(a) If v >0y, the firm will advance sell with high-price strategy;
(b) If v, <w <Dy, the firm would advance with low-price strategy. Specifically, the optimal advance

selling price p’ , would be equal to the larger root to the equation QA (pa) =, i.e.,

B [(1— N)2(v+my) +4aX] + fu(l — )\)\/(1 —)2(v+my)? —8a [é A +mo)]
4a

* p—
paA_

Correspondingly, the effort level is

(1= A)(w+my)+ \/(1 —A)2(v+m,)? —8a [g —)\(v—i—mo)}
4a

(35)

ey = eéb (Paa) =

and the firm’s expected profit is 7% = Ba(e*)?.

(¢) If v <w,, then the firm fails to advance selling even with the all-or-nothing clause. O

Proof of Proposition 4. With similar analysis done in the proof of Proposition 2, we have p*. =1. At
I > I, if all customers wait without purchasing coupons, according to Proposition 1, the firm fails to obtain
bank financing and goes bankrupt. Accordingly the consumers achieve zero surplus, that is, E[u,,] = 0.

Therefore, according to Lemma A.1, the firm can induce all consumers to purchase in advance if and only if
E[ubb] 2 ]E[Ubw]. (36)

Next, according to Lemma A.5, the firm can advance sell either with high-price strategy (i.e., pi,(p,) < p, <
pi,(p,)) or with low-price strategy (i.e., p, > pr, (ps)). In the following, we consider these two pricing strategies
in turn. Moreover, note that although the coupon price p, and spot price p, are determined simultaneously
by the firm, in what follows, we first characterize the optimal coupon price p, for given p,, and then derive
the optimal spot price p,.

High-price strategy. Given p, > pl(p,), assuming that all k& consumers purchase in advance, the firm

— A=V @stmo)

would exert an effort of el (p,) o

in accordance with Lemma A.5. Thus, when all k& consumers

purchase in advance, the expected surplus of a segment-i consumer is

Eluss) = B(v — p,)[ef, (ps) + (1 — efy (ps))A] — Pa- (37)

However, given p, > pl (p,), when k — 1 consumers purchase coupons in advance but one consumer waits,

according to Lemma A.6, the firm’s optimal effort level e, (pa,p.) and the associated expected surplus of the
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consumer who deviates to wait, E[us,], depend on the specific pricing interval p, locates in. In accordance

with Lemma A.7, we have p,(p,) < ph., (ps) < pp(ps) < pp (ps) when k — oo for I > I,. Thus, with risk-free

strategy (i.e., p, > pl (ps)), the firm can set either p, > pf (p,) or pk (ps) < pa < pi,(ps). Subsequently, we

consider these two pricing intervals, separately.

(1)

Given p, € [0,1] and p, > p},(p,), assuming that & — 1 consumers purchase coupons in advance but one

1-MN)[ps (1% ) +mot+ i .
consumer deviates to wait, the firm would put an effort of e, (ps) = a=Nfr.( 2ak)+ idd according to

Lemma A.6. Accordingly, the expected surplus of the consumer who deviates to wait is

Elup] = B [e4,(ps) + (1 = €5, (0:)A] (v =pr) = B [ep, () + (1 = €5, (p:))A] (v = 1). (38)

where p, = 1 for similar reason as analyzed in the proof of Proposition 2. Anticipating this, from the
equivalent condition (36) of inducing all & consumers to purchase coupons in advance, the consumers
will purchase in advance if and only if E[uy,] > E[uy,|. By substituting Efug,] in (37) and E[ug,] in (38)

into this equivalent condition gives

Pa < B(v—ps)lep, (ps) + (1= e (p)A] = Bv = 1) [eg,, () + (L= €3, (p:))A]

As k — oo, we have pl, (ps) — ph(ps) and e (p,) — el (p,). Thus, the above associated conditions can

be transformed and summarized as follows:

ps €[0,1] (39)
Pa > Dy (Ps) (40)
Pa < Bleg,(ps) + (1= e, () A (1 = ps) (41)

We define the feasible region of (p,,p,) bounded by (39)-(41) as A¢, in which the firm is able to advance
sell. It can be observed from (39)-(41) that A¢ is nonempty if and only if

Bleh (p) + (1 — e (P AL — o) — gl (o) = BAZ N @ Fm) (A=) | gy g vy s

2a
(42)

Since d(p,) is quadratic on p, € [0,1] and

5(ps) < B(1— A);Ell +m,)?

+8M\1+m,)—I<I,—1<0
for I > I,, which contradicts with (42). Therefore, A is empty for I > I, and thus the firm fails to
advance sell in this case.

Given p, € [0,1] and pl, (ps) < pa < pl,(ps), assuming that k — 1 consumers purchase in advance but
one consumer deviates to wait, the firm would put an effort of e}, (p,,ps), as given in Lemma A.6.

Accordingly, the expected surplus of the consumer who deviates to wait is

]E[ubUJ] = ﬁ[eéw (pavps) + (1 - eéw (pavps»/\](v _pr) = ﬁ[eéw(pa7p8) + (1 - eéw(pmps»)‘] (U - 1)’ (43)

where p, = 1 for similar reason as analyzed in the proof of Proposition 2. Anticipating this, from the

equivalent condition (36) of inducing all k£ consumers to purchase in advance, the consumers will purchase
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in advance if and only if E[uy] > Efup,]. By substituting Efug,] in (37) and Efug,] in (43) into this
equivalent condition gives
Pa < B = po)les, (pe) + (1= €4, (o)Al = B(v = 1) €4, (Pa ) + (1= €33, (Pas Ps))A] -

When k — oo, we have p, (p,) — pP (ps) and thus p, — pl (p,), which further indicates €} (p4,p,s) —

ety (Pasps) — €l (ps). Thus, the above conditions are transformed and summarized into the following:

ps €10,1] (44)
Pa =iy (Ps) (45)
Pa < Blegy(ps) + (1= ey (ps))AI(1 = ps) (46)

Obviously, the feasible region of (p,,p,) constrained by (44)-(46) is a subset of Ac. Therefore, similar

to the previous case with p, > pl (p,), the firm also fails to advance sell in this case.

Low-price strategy. Given p!,(p,) < p, < pl(p,), assuming that all k& consumers purchase in advance, the

A=) petmo)H4/(1-N)2 (ps+mo)2—8a[ 22 —X(ps+mo)]

firm would exert an effort of €}, (p,,p,) = i in accordance with

Lemma A.5. Accordingly, when all k& consumers purchase in advance, the expected surplus of a consumer is

Elup) = B(v — ps)[eby (PasPs) + (1 = €by (Pas Ds))A] — Pa- (47)

However, given p, (ps) < p. < pi(ps), when k — 1 consumers purchase in advance but one consumer deviates
to wait, according to Lemma A.6, the firm’s optimal effort level e, (p.,ps) and the associated expected
surplus of the consumer who deviates to wait, E[uy,], depend on the specific pricing interval that p, locates
in. In accordance with Lemma A.7, we have p.,(p,) < pl,(ps) < pit(ps) < pi,(ps) when k — oo for I > I,.
Thus, with low-price strategy (i.e., pi,(ps) < pa < Pl (ps)), the firm can set either p! (p,) < p. < pl(ps) or

Phy(Ds) < pa <Dl (ps). Next, we consider these two pricing intervals in turn.
1. Given p, € [0,1] and p! (p,) < pa < pl(ps), assuming that & — 1 consumers purchase in advance but
one consumer deviates to wait, the firm would put an effort of €l (p4,p,), as given in Lemma A.6.

Accordingly, the expected surplus of the consumer who deviates to wait is

E[ubw] = B[eéw(paaps) + (1 - eéw(paaps))A](U _pr) = ﬁ[elbw(pavps) + (1 - elbw(pavps))/\](v - 1)7 (48)

where p, = 1 for similar reason as analyzed in the proof of Proposition 2. Anticipating this, from
the equivalent condition (36) of inducing all k& consumers to purchase in advance, the consumers will
purchase in advance if and only if Efuy,] > E[uy,]. By substituting E[u,] in (47) and Efuy,] in (48) into

this equivalent condition gives

Pa < ﬁ(’U *ps)[eéb(paaps) + (1 - eéb(paaps))A] - ﬂ(’l) - 1)[eéw(paaps) + (1 - eéw(paaps))A]'

As k— oo, we have pl  (p;) — pt,(ps) and €. (pa,ps) = €b, (Do, ps). Therefore, the above conditions can
be transformed and summarized into the following:

ps €[0,1]

P (Ps) < Pa < Dy (1)

Pa Sﬂ[eéb(paaps)+(lieéb(paaps))>\](17ps) (49)
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in which Eq. (49) can be reformulated as:
2ap; — B(1 = po)[dar + (1= X)* (1 +m,)|pa + [2a8°X* + B(1 = X)*I](1 - p,)* < 0. (50)
Note that the expression in the left side of (50) is quadratic in p,, so it has no feasible solution if

I>p8|A14m,)+ W , which holds for I > I,,. Therefore, the firm fails to advance sell in
the pricing interval of p}, (ps) < pa <, (ps) as k— oo for I > I,.

. Given p, € [0,1] and p!,(ps) < pa < p},(ps), assuming that & — 1 consumers purchase in advance but

one consumer deviates to wait, the firm fails to advance sell according to Lemma A.6. Accordingly, the

expected surplus of the consumer who deviates to wait is
E[tup] = E[tiyw] = 0. (51)
Anticipating this, from the equivalent condition (36) of inducing all £ consumers to purchase in advance,

the consumers will purchase in advance if and only if E[uy] > E[us,]. By substituting Efu,] in (37)

and E[uy,] in (51) into this equivalent condition gives p, < Blel, (Pa,ps) + (1 — €L, (Pa, ps))A] (v — ps)

or equivalently, v > A ] + ps. As k — oo, we have p! (p,) — pl,(ps). Thus, the above

Pa
(1=N)el, (Pa,ps)+A
constraints can be transformed and summarized into the following:

ps €[0,1] .

pa:pib(zjs) (53)
: I-p )‘(ps+mo)+w

v > Pip (Ps) +ps = [ ] + ps :;¢C(p5).(54)

B = Neg, (Phy (ps), 2s) + Al 8 {Wﬁ%mo)ﬁ-)\} =

The firm is able to sell in advance if and only if (p,,p,) locates in the feasible region bounded by the
above constraints (52)—(54), according to which, the firm is able to advance sell when v is sufficiently
large. In what follows, we solve the threshold v beyond which the firm can successfully advance sell. We
denote this threshold v as T, which satisfies U5 = , f?[igh] Qc (ps)- The first-order derivative of Qc(ps)

with respect to p, is

1-2)2(ps+mo)? | (1-2)2
do,(p,) — (1= A, +m,) — O ptmar®] 020 B

dp, 3 [(1—A>2<ps+mo> +A}2
4a

Thus, ¢, (p.) values minimum at p, =1, and

2 2
B I_ﬂ)\mo_‘r_ﬁ(l—/\)g(alfma)
Vo =

A=2)2(A+mo)
A o]

)

which increases in .
Provided v > v, the firm is able to advance sell. According to Lemma A.5, the optimal effort level is

1— st+mo
eéb(paaPS) = eéb(péb(pS)vpLG) = %

7l (P, (Ds)sDs) = W. To maximize 7}, (pa,ps), the firm will set optimal coupon price and

, and accordingly, the firm’s expected profit is 7l (pa,ps) =

spot price as pifo=1and p,=1—p [)\(1 +m,) + (1_”225%")2] , respectively. Accordingly, the equi-

_ (1= (14mo) _ B(=2)*(14m,)?
4a :

librium effort is e, 16a

, and the firm’s expected profit is 7

Summarizing the results derived above for high-price and low-price strategies, we conclude that the firm will

advance sell with low-price strategy provided that v > vc. O
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Proof of Lemma 1. First, by comparing v and v,, we have that v4 < op if and only if I > SAm, +
g A+ % , which always holds for I > I, as v,, > 14+ m,. Thus, in the region when the firm can
implement advance selling under full price (“F”), she can also implement advance selling with the all-or-
nothing clause (“A”).

Second, by comparing the profit function under these two mechanisms, we could clearly see that 7% under
all-or-nothing (“A”) with v >¥,4 (Scenario 1 in Proposition 3) is greater than 7% under full price (“F”) with

v >7Tp (Scenario 1 in Proposition 2) if and only if

3(1-X)%?m?2
I1-p3 {)\mo—k EEE T }

= (1-1)2
/8 |:)\+ Toi|

)

which holds when v > vy and I > I,. That is, the firm’s profit under “A” is always greater than that under
“F” when “F” is feasible.
Combining the above two points, we can conclude that for I > I, advance selling with the all-or-nothing

clause (“A”) dominates the classic one (“F”). O

Proof of Proposition 5. When m, <1, we could not have m, > M, for I > I,,. Thus, Scenario (a) in
Case 2 in Proposition 3 is irrelevant. This means that the firm will succeed in advance selling if v > v, and
fails to advance sell if otherwise under all-or-nothing clause. Further, it can be derived that v, > v since
I>1, and m,<1.

Next, a comparison of 7% = 3 [% + /\mo] + Bv [/\ + %} — 1 and 7§ = W leads to

that scheme “A” dominates scheme “C” when

I_ Amo+ﬂ(1—k)2(1+3mo)(1—mo)
v > p 16a =1V >Vyu.

1-2\)2m,
e

Combining these results lead to the statements in the proposition. O

Proof of Proposition 6. When m, > 1, depending on the relationship between m, and M, (or equiva-
lently, between I and 3 |2Am, + %}, we compare scheme “A” and scheme “C” in the following two
cases:
1. If m, < My, under scheme “A”  according to Proposition 3, the firm would advance sell with high-
price strategy if v > v, and fail to advance sell otherwise. Further, we have U4 < U¢ since m, < M4
and m, > 1, which means scheme “A” applies in a wider region of parameter combinations than “C”.
Finally, we note that ¢ > v, and thus 7% > 7, for v > 0. Therefore, the firm would always use scheme
“AT
2. If my, > M4, under scheme “A”, according to Proposition 3, the firm would advance sell with low-price
strategy if v, <v <7, and with high-price strategy if v >v4. It can be derived that v > v ,, which

means scheme “A” applies in a wider region of parameter combinations than “C”. Moreover, the firm
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earns a lower expected profit under scheme “C” than under scheme “A” even with low-price strategy,

ie.,
- 2
1=XN)(v+m,)+ \/(1 —A)?(v+m,)? —8a [é — v+ mo)}
ma=Pa 4a
- 2
>/8a-(1—/\)ii+mo)} o
Thus, the firm would always use scheme “A” in this case. |

Proof of Proposition 7. According to Proposition 1, for I, < I <1, the firm can obtain bank financing
even without advance selling. In this proof, when analyzing the firm’s pricing strategies, we consider only

the first condition to induce advance buy in Lemma A.1, that is,
E[ubb] > ]E[U'bw]y (55)

and will show that even under this case with relaxed conditions, the firm is either unable or unwilling to
advance sell.

From Lemma A.2, the firm can advance sell with either high-price strategy (i.e., p, > p¥,) or low-price
strategy (pl, <p. <pp,). In what follows, we consider these two pricing strategies, respectively.

High-price strategy. Given p, > p!,  assuming that all & segment-i consumers purchase in advance, the

A=XM)mo

5.2 in accordance with Lemma A.2. Thus, when all £ consumers

firm would exert an effort of e, =
purchase in advance, the expected surplus of a segment-i consumer is

Eluw) = Boley, + (1 — ey, )N — pa = Bv [A—F(l_;\cfmo} — Dq. (56)

However, given p, > pf,, when k — 1 segment-i consumers purchase in advance but one segment-i consumer
deviates to wait, according to Lemma A.3, the firm’s optimal effort level e, (p,) and the associated expected
surplus of the consumer who deviates to wait, E[uy,], depend on the specific pricing interval p, locates
in. In accordance with Lemma A.4, pp > pl > max(p,,,p,,) holds when k — oo . Thus, with the high-
price strategy, the firm might set p, > pf , or p, € [p},pt,). Next, we consider these two pricing intervals

respectively.

Scenario 1. If the firm sets

Pa > Diu» (57)

then given p,, assuming that k — 1 segment-i consumers purchase in advance but one segment-i consumer

) (mo++ . .
deviates to wait, the firm would put an effort of e} = W according to Lemma A.3. Accordingly,

the expected surplus of the consumer who deviates to wait is
(1=X2)%(mo + 3)
2a

Eluy,] = B [y, + (1= ep,)A] (v—p,) =B [ A+ (v—1), (58)



Papanastasiou, Xiao, and Yang: Advance Selling to Ease Financial Distress 47

where p,. = 1 for similar reason as analyzed in the proof of Proposition 2. Anticipating this, from the necessary
condition (55) of inducing all k£ consumers to purchase in advance, E[uy] > Eluy,,| should be satisfied. By

substituting E[u,] in (56) and E[u,] in (58) into this necessary condition gives
paéﬁ [U (egb_e];w) (1_A)+€I})Lw(1_)\)+Aj| N (59)

When k — oo, we have p}',, — pp, and e}, — e, . Thus, the constraints of (57) and (59) are transformed into
the following:
{ Pa 2 Py (60)
Pa < B [eg,(1=A) + 7] (61)
Next, we find optimal p, bounded by (60)-(61) to maximize the firm’s profit 7j,. Note that the feasi-
ble region constrained by (60)-(61) is nonempty only if §[ef,(1— )+ A — pp, > 0, or equivalently, I <
B 1 +m,)+ %] . When the above condition is met, the firm would set p, at the highest level that
the customer is willing to advance buy. Thus, from Eq. (61), we have p; = 8lel, (1 — )+ A]. Accordingly,
the firm’s expected profit is

h ﬁ[[“‘”mo]

2
= )\ °
Tob 4a tam 4a

+pi—1=p [/\(1 +m,) + (1= A (my +2m°)} -1

Let ¢(I) = m} — 7, be the difference between the firm’s profit under pure bank financing and that under the
above advance selling strategy. We can obtain that ¢’(I) < 0. Also, ((I) >0at I =0 [)\(1 +m,)+ % .
Thus, we have ((I) >0 for ; <I<p {)\(1 +m,)+ %] That is, the firm is unwilling to advance sell

even though she is able to in this scenario.

Scenario 2. If the firm sets

Py < Pa < Dits (62)

then given p,, assuming that £ — 1 segment-¢ consumers purchase in advance but one segment-¢ consumer
deviates to wait, the firm would put an effort of €} (p,), according to Lemma A.3. Accordingly, the expected

surplus of the segment-i consumer who deviates to wait is

Eluyo] = B [e, (pa) + (1 = €4, (Pa))A] (v —py), (63)

where p, = 1 for the reason similar to that in the proof of Proposition 2. Anticipating this, from the necessary
condition (55) of inducing all k£ consumers to purchase in advance, E[uy] > Eluy,,| should be satisfied. By

substituting E[uy,] in (56) and E[u,] in (63) into this equivalent condition gives

Pa < B [v (el — €hu(Pa)) (1= A) + €4, () (1= X) + A (64)

As k — oo, we have p') — pl, and €} (p,) — €., (p,). Thus, the constraints of (62) and (64) are transformed
into

{ Pa =Ph (65)

Pa < B [eg,(1=A)+A]. (66)
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Evidently, the feasible region of p, satisfying the above constraints (65)-(66) is a sub-region of that con-
strained by (60)-(61). Therefore, with reference to the previous case of p, > pf,, the firm is unwilling to
advance sell even though there exists a feasible region of p, that the firm is able to advance sell.

Low-price strategy. Given pl, < p, < p},, assuming that all k segment-i consumers purchase in advance,

- (1—A)m0+\/(I—A)ng—8a(%—)\mo)

the firm would exert an effort of €}, (p,) = o in accordance with Lemma A.2.

Thus, when all & consumers purchase in advance, the expected surplus of a consumer is

E[uy] = Bvley, (pa) + (1 = €4,(Pa)) Al — Pa- (67)

However, given p!, < p, < pl, when k — 1 segment-i consumers purchase in advance but one segment-i
consumer deviates to wait, according to Lemma A.3, the firm’s optimal effort level e, (p,) and the associated
expected surplus of the consumer who deviates to wait, E[uy,,|, depend on the specific pricing interval p,
locates in. In accordance with Lemma A.4, we have the following two cases:

L If [, <I<I,, where I, =:f3 [A(l—l—mo)—i— W]v then we have p,, < p! < ph <ph and

1 ! .
Dhw — Dy @S k — 00;

IL. If [, < I < I,, then we have pl, < p, <pl, <pl, and pl,, — pl, as k — oc;

In what follows, we consider these two cases, respectively.

Case 1. In this case, we have I, < T < T, and pl, <pl, < pl <pl,. Thus, with low-price strategy, the firm
can set either pl  <p, <ph or p,, <p, <pl,. Next, we consider these two pricing intervals in turn.

Scenario 1. If the firm sets

Phw < Pa < Dy (68)

then given p,, assuming that k£ — 1 consumers purchase in advance but one consumer deviates to wait, the firm
would put an effort of e}  (p,) according to Lemma A.3. Accordingly, the expected surplus of the segment-i

consumer who deviates to wait is

Eltpw] = B [y (Pa) + (1 = €}, (pa))A] (0 = p,) =B [eh, (Pa) + (1 = €, (pa))A] (v —1), (69)

where p, = 1 for the reason similar to that in the proof of Proposition 2. Anticipating this, from the necessary
condition (55) of inducing all k consumers to purchase in advance, the consumers will purchase in advance
if and only if E[uy,] > Elug,,]. By substituting E[uy] in (67) and Efug,] in (69) into this necessary condition

gives

Pa < B[V (€hy(Pa) = €4 (Pa)) (1= X) + €, (Pa) (1 = A) + A] - (70)

As k — oo, we have pl,, — p!, and €} (p,) — €, (p,). Thus, the constraints of (68) and (70) are transformed
into
l h
{ Doy < Pa < Dy
Pa < B [eby(pa) (1= A) + A (71)
The condition (71) can be rewritten as

2a (?A)E(lA)Q(1+mO) (pﬁ“A) +(1—A)? {éx(umo)] <0,
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which is quadratic in p,. Solving this inequality leads to

1-N2(1+m,)— (1 —)\)\/(1 ~N)2(14+m,)? —8a [é A +mo)}

da -

B A+

(1= X)2(14m,) + (1— )\)\/(1 221 +m,)? —8a [é A1 —l—mo)}
4a

<P [A+

Thus, the optimal advance selling price satisfies

(1= N)2(1+m,)+(1— )\)\/(1 —A)2(14m,)? —8a [g — A1 +mo)]
4a

pa < B[ A+

Accordingly, the firm’s expected profit satisfies

T (P%) = Baley, (p;)]?

(1= N)(1+my)+ \/(1 — N)2(14+m,)? —8a |2 — A1 +m,)

2

<pPa ” < Baley)* =mp.
Thus, the firm is unwilling to advance sell even though she is able to.
Scenario 2. If the firm sets
Pov < Pa < Dy (72)

then given p,, assuming that £ — 1 segment-¢ consumers purchase in advance but one segment-i consumer
deviates to wait, the firm fails to secure bank financing and has to declare bankruptcy, according to Lemma

A.3. Accordingly, the expected surplus of the consumer who deviates to wait is
E[u.] = 0. (73)

Anticipating this, by substituting E[uy] in (67) and E[uy,] in (73) into the necessary condition (55) of
inducing all k£ consumers to purchase in advance, one necessary condition for the segment-i consumers to

purchase in advance is p, < Bve}, (p,) + (1 — e, (pa))A], or equivalently,

Pa
B[eéb(pa) + (1 - eéb(pa)))‘]
On the other aspect, as k — oo, we have p! — p!,, and thus the constraint (72) is transformed into
1—\)2m?
Pa=ph, =15 [/\mo—l—(&zo} . (75)

The constraints of (74) and (75) jointly imply that

" I8 [, + U=
v > =
/B[eéb(péb) +(1— eéb(péb)))‘] B {)\4- %}
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—2\)2,,2
18 | Amo+ 1o

B[+ Q=3 me ]
and thus the expected profit satisfies

. On condition that the firm is able

That is, the firm is able to advance sell only when v >

to advance sell, the optimal effort level is €}, = %

7Tzl>b = ﬂa(elbb)Z < 561(673)2 =Tp.

Consequently, the firm is unwilling to advance sell in this case.

Case IL. In this case, we have I, < I < I, then we have p. < p', <pl <pl,. Thus, with low-price strategy,
the firm will set pl, <p, <pp,. With the same analysis for p} , <p, <pp in Case I, it can be shown that the

firm is unwilling to advance sell even if she is able to in this case. O

Proof of Proposition 8. For Part (i), which is related to advance selling with coupons (“C”), the result
follows directly from Proposition A.5.

For Part (ii) (advance selling with an all-or-nothing clause, “A”), given m, < v —1, according to Proposition
A.3 and Proposition 1, the difference of profits between advance selling with an all-or-nothing clause and

pure bank financing is

(1—)\)21)24—(1—)\)’0\/(1—A)2U2—8a (é—)ﬂ}) 1 (I ) . (1= A\)2mov . (1—\)2m?

sk *: _ - — )\ o
ma —m=p 2a 4a tam

8a 2

S*

The right-side of the expression of 7% — 7} is quadratic in m,, which indicates that 7% — 75 >0 if

- [A + %] + \/[A + (1_22)%} ’ + =2 {(1*)2“2“1*)%(1*)2”28“(5*”) +1(L )

8a
(1,/\)2 X(U)

" (76)

m, >

and 75" — w5 <0 if otherwise. Moreover, we have

(1=2)2v (1=2201% | (1=2)402
_|:)\+2a:|+\/[>\+ 2a :| + 8a?

x(v) > T
2a
2
_ {)\+ %} 4 \/[)\+ (1;:)2} + (187(;;)4 B
> EESSE =M,>0 (77)
2a

where the first “>” holds because I > I, or equivalently £ > Av; the second “>” holds because

5
)2 22472 —n)4,2
7[A+7<1 ) “}+\/[A+“ v | LA

8a2

N is an increasing function of v and v > 1. (76) and (77) indicate that
T —ng <0 when m, < M 4. Therefore, Statement (a) of Part (ii) in Proposition 8 is proved.
We continue to prove Statement (b) of Part (ii). For m, > M 4, there are two relevant cases:
1. If m,>1and I2:=f [)\(1 +m,) + %} <I<I,=:( [)\(1 +m,) + O—A)ig%o)ﬂ, there are two
scenarios:

(a) When v <1+ m,, advance selling with all-or-nothing clause dominates pure bank financing only

if v € [vY,1+m,] according to Proposition A.4, where v!, is defined in Proposition A.4;
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(b) When v > 1+ m,, according to Proposition A.3, the firm is able to advance sell if v > max{1 +
Mo, 05,0} =1+ m,, where 7% is defined in Proposition A.3; v° is uniquely determined by I = I,
i.e., the positive solution to the equation of S |A\v -+ %} = I; and max{l + m,,v%,v°} =
1+ m, holds because m, > 1 and I < I <T,,. Moreover, according to Proposition A.3, 7% — 7}
decreases in v. This indicates that there exists a unique 9 such that 75*(v%) — 75 (@%) = 0. We
have 5" — 7 > 0 if v <79 and %" — 75 < 0 if otherwise. These conclusions indicate that advance
selling with an all-or-nothing clause dominates pure bank financing only if v € (1+m,,?2%)

Based on the discussions in the above two scenarios, we can define two thresholds of v: w, = v!, and

w, =71, and advance selling with an all-or-nothing clause dominates pure bank financing only if

vE (Wy, Wa).

2. Otherwise, there are also two scenarios:

(a) When v < 1+m,, advance selling with an all-or-nothing clause is dominated by pure bank financing
according to Proposition A.4;

(b) When v > 1 + m,, similarly, according to Proposition A.3, the firm is able to advance sell if
v > max{1 + m,,v%,v°}. Moreover, according to Proposition A.3, 7% — 7} decreases in v. This
indicates that there exists a unique % such that 7% (v%) — 75 (®%) = 0. We have 75 — )5 > 0
if v <29 and 75 — 7 <0 if otherwise. These conclusions indicate that advance selling with an
all-or-nothing clause dominates pure bank financing only if v € (max{1+ m,,v%,v°},9%).

Based on the discussions in the above two scenarios, we can define two thresholds of v: w, = max{1 +

m,, 0%,v°} and W, =719, and advance selling with an all-or-nothing clause dominates pure bank financ-

ing only if v € (w,, Wa).

Combining the above cases, Statement (b) in Part (ii) of Proposition 8 holds. O
Proof of Proposition 9. This result follows directly from Proposition A.6. O

Proof of Proposition 10. This result follows from Proposition A.7 by substituting m, = 1. Note that at
m, =1, W', =2, and thus v >w, is irrelevant when v € (1,2). Therefore, Scenario (ii)(b) in Proposition A.7

becomes irrelevant. O

Proof of Proposition 11. The result follows directly from Proposition A.8. ]
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Appendix C: Proofs of Supplemental Results

Proof of Lemma A.1. The first condition in Lemma A.1 ensures the existence of buying equilibrium (i.e.,
no consumer will deviate to wait if all other consumers purchase in advance. The second condition ensures
that buying equilibrium is a dominant Nash strategy, which holds if at least one of the following conditions
hold:

1. {E[tws)] < Elthww]} N {E[thww] < Elug]}, which ensures that even if the waiting equilibrium exists, it is

dominated by buying equilibrium;

2. Eltys] > Eltyw], which represents the case that all k& consumers wait is not an equilibrium.
Combining these two conditions lead to Eltys] > E[tyew] 0r Elug] > Elty,,], the second condition in the

Lemma. O

Proof of Proposition A.1. Similar to the analysis in the proof of Proposition 2, we have p’; = 1. Under
advance selling with an all-or-nothing clause, the firm would cancel advance selling and thus it degenerates to
the benchmark case of pure bank financing, unless all consumers purchase in advance. Moreover, according
to Proposition 1, when I > I}, the firm fails to secure a bank loan and thus falls into bankruptcy under
pure bank financing. Therefore, we have E[uy,,] = E[ty,] = 0, which implies that the equivalent condition of

inducing all segment-i consumers to purchase in advance degenerate to
Eluys] > Elttye] =0 (78)

for I > I}, according to Lemma A.1.

According to Lemma A.5, the firm could advance sell by either high-price (i.e., p, > pp,(ps)) strategy or
low-price (i.e., p!, (ps) < pa < i (p,)) strategy. In what follows, we first consider these two pricing strategies,
respectively, and then compare the optimal results under these two strategies to derive the equilibrium
results.

High-price strategy (i.e., p, > pl(ps)). Given p, € [0,1] and p, > p},(ps), assuming that all & segment-i

1—X .
= % in accordance

consumers purchase coupons in advance, the firm would exert an effort of e}, (p,)
with Lemma A.5. Accordingly, when all k consumers purchase in advance, the expected surplus of a consumer

Efuss] = Ble, (ps) + (1= €4 (p:)) A (v = ps) = pa- (79)

Anticipating this, the consumers would purchase in advance if and only if the equivalent condition (78) is
met. Substituting E[u,,] in (79) into the equivalent condition (78) gives p, < Blep, (ps) + (1 — el (ps)) A (v —ps),

or equivalently

Pa
(e, (ps) + (1 — €5}, (ps
Summarizing the above constraints, the firm’s optimization problem can be formulated as follows:

(1 =A)2(ps +m,)*
4a

v > ﬁ )))\] +ps ::aH(paaps)'

max ﬂ-l’ylb(pavps) = B + A(ps + mo) +pa - I (80)
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ps €1[0,1]
s Pa =Py (Ps) B (81)
Pa —
V2 SenGor o] T Ps = Pn (P )

In what follows, we solve the above optimization problem in two steps.
Step 1. Note that the constraints in Eq. (81) imply that the firm is able to advance sell as long as v
is sufficiently large. Let Ay be the feasible region of (p,,p,), which is bounded by the first and second
constraints of (81). Further, define v,; = min_ ¢, (pa.,p.). Then, the firm is able to advance sell if and
only if v > v,. In Step 1, we will solve(iriizg)sgﬁle Ve

Given p, € [0,1], QH(pa,ps) increases in p, € [p,(p,),o0) and thus ¢, (pa,ps) achieves its minimum at
Pa =Py (Ds), L€,
I = BA(ps +m,)

(1-X)2(ps+mo)
3 [A+ (=22 (petmo) }

O (Phy(ps),ps) =

s

The first-order derivative of ¢, (pl,(ps),ps) With respect to p, is

dpy (P (ps),ps) _ (1=X)* J(ps)
= - =,
dp, 2a 3 [/\+ (1-) 2(Zs+ma):|

where
ﬂ(]‘ — A)Q(ps + m0)2
U =:
(ps) %0
Evidently, 9(p,) increases in p,. Moreover, 9(0) = S -2m, + W —1I,and 9(1)=:BA-2(1+m,) +
BA=N?[2(14mo)]?

8a

1. If 9(0) >0, i.e.,, I < BX-2m, + W or equivalently m, > My, then W >0 for

+2/6)‘(p9 +m0) -1

— I. Thus, we have the following three cases:

€ [0,1]. Therefore, ¢, (pk (p.),ps) values minimum at p, =0, and thus v, = [ [oBme 7,

1-M)2m
B[a+ O=gme]

2. If9(0) <0 <9(1), ie., BA-2m,+ % <I<BA-2(14+m,)+ w, then there exists

8a
a unique p? such that ¥(p?) = 0, which gives p? = _Qﬁapr\/ﬂ;if;%a(1_”2] — M. ¢y (Dl (ps), ps) values
minimum at p, =p?, and thus
—2BaX242/482a222428a(1-N)21
1= ‘/<H>2 N —2BaX+ /4824222 +2Ba(1 — A\)2]
Uu = /48222 X2 12Ba(1—)21 B(1—X)? Mo
2a
—4BaX +2,/4B2a2)\2 4 2Ba(1 — \)21 <3
= — M=V, <TVa.
B(1—A)? 4
3. If 9(1) <0, ie., I > BA-2(1+m,) 4 A Lm0y dmg;@sw <0 for p, €[0,1]. Therefore,

I—BA(14my)

el L] <7
1-2M)2(1+me + A-
5 a4 U220 kmo)

@ (Pl (ps), ps) values minimum at p, =1, and thus v, =
Step 2. Given v > vy, the firm is able to advance sell with high-price satrategy. In Step 2, we find the
optimal (p,,p,), denoted as (p";,p",;), to maximize the firm’s expected profit,

Ty (Pas D) = B [alep, (pa))? + A(ps +m0) | +pa — 1.

Given v > v, and p, in the feasible region, the firm will set optimal coupon price, denoted as p2(p,), as:

p2(ps) = Blek (ps) + (1 — el (ps)) A (v — ps), and the corresponding expected profit is

ﬂ—l}:b(pZ(ps)aps) = 5 [a(egb(ps))2 + )\(ps + mO)} +ﬁ[el}:b(ps) + (1 - el}:b(ps)))\] (,U _ps) - I
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drpy (p2(ps)ps) _ B(1=XN)2(v—ps)
- dps - 2a 20

Taking the first-order derivative of % (p° (p,), p,) with respect to p, leads to:
That is, the firm’s expected profit increases in p, and the firm should set p, as the maximum value in the
feasible region of p,.

Moreover, for given v > v,;, the constraints in (81) imply that the feasible region of p, is bounded by

ps €[0,1]
3 (82)
{¢H(pl})lb(ps)7ps) S v.
Since ¢ (pk (ps),ps) is convex from the above analyses, the constraint condition (82) is equivalent to

ps € [max{0, (@5 (pyy (ps), po)]r (0) 1 min{1, (@ (pry (p2), p:) ] (v)}]

where ¢, (ph (ps), ps)]; " (v) and [¢, (ph (ps), ps)] ' (v) represent the smaller and larger roots to the equation
G (Pl (ps), ps) = v, respectively. Therefore, the optimal spot selling price is

pZH = min{la [aH(pl};b(ps%ps)];l(’U)})

. — (1=X)(v—mo)+1/(1=X)2(v+ms)2—8a| L —A(v+mo) .
with  [dy (0 (ps), 0] M (v) = v ISy ki ] Depending on  wether

[0 (P (ps),ps)] = (v) <1 or not, we have the following two cases:

)
1L Ifv>¢y(ph(1),1)= % +1=:7y, we have p", = 1. Accordingly,
2a

Py =120 = Bley (1) + (1= eh (0= 1) =5 [r LD o,

and the expected profit is

(1—-X)%(1 +mo)] 1]

2a _B

The firm’s optimal effort is %, = el (p"y) = w

(1-A)?(m2—1)
4a

=8 +)\mo+v{)\+

2. f vy <v <7y, we have

B (lA)(vmo)Jr\/(l)\)2(v+mo)28a [é—)\(ermo)}
i = [0u (i (ps),p:)]; H (0)] = 21— .

Accordingly, the optimal advance selling price is

BA (=X (v+m,)+4/(1=X)2(v+my)2—8a|L — A v+m,)
pZH :pZ(piLH) =I- { \/ 21— [ﬂ H .

The optimal effort is

(1= \)(v+my) + \/(1 ~\)2(v+m,)? —8a [é A —|—mo)}
4a

e}}lI = eZb (p:H) =

and the expected profit is

Bla—N(v+m,)+ \/(1 ~N)2(v+m,)? —8a [é —/\(U—i-mo)H2
16a '

h _
Ty =
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Low-price strategy (i.e., pl,(ps) < p. < pi(p.)). Given p, € [0,1] and pi,(p.) < p. < p&(ps),

assuming that all k consumers purchase in advance, the firm would exert an effort of el,(p.,p,) =
(=2 (psFmo)+1/ (1=X)2 (ps +1m0)2 =80 IL2 —X(ps+mo)]
4a

in accordance with Lemma A.5. Accordingly, when all k£ con-

sumers purchase in advance, the expected surplus of a consumer is

E[ubb] = /B(U _ps)[eéb(pavps) + (1 - elbb(pmps)))‘] —Pa- (83)

Anticipating this, the consumers would purchase in advance if and only if the equivalent condition (78) is met.
Substituting E[us] in (83) into the equivalent condition (78) gives p, < (v —p,)[et, (Pa, ps)+ (1 —€hy (PasPs))A]

, or equivalently

o> Pa
N 6[6éb(pa>p8) + (1 - elbb(pa7p8)))‘

Summarizing the above conditions, the firm’s optimization problem can be formulated as follows:

] +p5 ::QZ(paaps)'

max Trll)b(paaps) = BCL [eéb(pavps)} ? (84)
ps €10,1]
s.t. D (Ds) < Do < Py (D) (85)

Pa —
V2 B e RO G myn] T P = 8y (Pas Ds)-

Step 1. The constraints (85) imply that the firm is able to advance sell as long as v is sufficiently large.
Let Ag be the feasible region of (p,,ps), which is bounded by the first two constraints of (85), and define
v = min ¢ (pa,ps). Then, the firm is able to advance sell if and only if v >v . In Step 1, we will
=H  (pa,ps)eny —H =H

solve the threshold value v,

Given p,, the first-order partial derivative of QH (pa,ps) With respect to p, is
0%, (Pa,ps) _ Co(PasPs)

6 a 2 I—
3 B2 €y (Pas ) + (1 = by (payp)) ) \/ (1= N)2(p, +m,)? = 8a | 5522 = Ap, +m,)|

)

where

R \/ (L2l 4 )2 =80 | 2222 = A )|

ﬂ(l — )‘)g(ps + m0)2
4a

+(:I'i)‘)pa<i> 72(17)‘) [Ifﬂ)‘(ps+m0)]a

which increases in p,. Moreover, at p, = pl, (p,), we have
Co(Phy (ps),ps) = (1= A) [w'(ps) = 1] <0
as I > I, and at p, = pl, (p.), we have
Co (P (ps),ps) = (1= A) [w" (ps) = 1],

where w!(p,) 1= BA(ps +m,) + EE2LLoEm and wh(p, ) 1= 2BA(p, +m,) + 22 petmel”

We discuss the above problem in the following three cases:
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1. If T <w"(0) =2B8Am, + W, we have (g(pl,(ps),ps) <0 and (e(p (ps),ps) > 0. Thus, there
exists a unique p?(p,) such that (s(p°(ps),ps) =0. That is,

i 8aPX2 +4(1— N2 — [Hah+ (1 - \)2(p. +m,)]\ /4522 4 220201
pa(ps): 2(1_>\)2 N

b, (Pa,ps) achieves its minimum at p, = p®(p,), and its value is

Pa(ps)
B[eib(pg(ps)7p5) + (1 - eéb(pg(pS)vps»)‘]

24/4a2B2X2 4 2aB(1-N)21
\/ B —4&)\—(1—)\)2(]75 +m0)

6, (0 (p.),ps) = +ps

- TESNE Tp
_ —4BaX+2,/482a2 N2 + 2Ba(1 — )21
- B - )2 — e

which is a constant independent of p,. Thus,

_ —4Bal+2,/458%a2X? 4 2Ba(1 — N)2T
o B

—My =Ty <yH:§A

2. When w"(0) < I < w"(1) =28X1 + m,) + %W, there exists a unique p"® such that
—2BaA+4/462a222+26a(1-X)21
B(1-1)2

Co (Pl (ps),ps) <0 for p, € [0,p"°). Therefore, we have the following two sub-cases:

Wwh(ph9) =1, ie., ph® = —m,. We have (s(pl, (ps),ps) > 0 for p, € [p"°,1], and

hO
,1

s

(a) for given p, € [p"?, 1], similar to Case 1, it can be derived that

) —4Ba\+21/432a2)2 + 2Ba(1 - N2 .
(b) for given p, € [0,pl°), ¢, (Pa;ps) values minimum at p, = pf, (p,) , and its value is ¢ (py (ps),ps) =

ru
I_ﬂ)‘(ps“rmo)
8 [)\+ (1*A)22(Zs+7no)

} + p,. Moreover, we have

Ao, Pn(p)ops) _ (=N -1 _

2
dps 2a3 [/\ =+ 4<1*%>22(Zs+m0)}

for p, € [0,pt°). Thus, ¢ (py,(ps),ps) values minimum at p, = p??, which leads to

—4Ba)\+2+/452a2)2 + 2Ba(1 — N)2]
2 _ h (,hOY , hO\ __ o
QH_?H(pbb(ps )7ps )_ lB(l—)\)Q —mo_gH.

Summarizing the above Scenario (a)-(b), we have

—4BaX +2+/4B2a2 )2 + 2Ba(1 — N\)2]
B(1—N)?

3. When > w"(1), we have (s(pi,(ps),ps) < Co(pr,(ps),ps) < 0. Thus, (pa,ps) <0 holds for any p, €

EH:HHH{Q}_I,EZ}: —My=Vg-

[Pys (Ps), Piy (Ps)) and p, € [0,1]. Accordingly, ¢ (pa.ps) values minimum at p, = py, (p,) for given p,.
Moreover, based on the above analyses, ¢ _(py,(ps),ps) decreases in p, € [0,1] for I > w"(1). Thus,

&, (P (ps), ps) values minimum at p, =1, and accordingly we have

I—-BA1+m,)
v, =90, (py(1),1)= +1l=uwy.
=H —H ﬁ )\+ (17)\)22(011-“7710)
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Step 2. In this step, we will show that low-price strategy is dominated by high-price strategy
when both strategies are feasible. Under the low-price strategy, from the constraints in (85) of the
optimization problem (84), we observe that given pf in the feasible region, the optimal advance selling price is
either bounded by py, (p!) < pa < pg,(p) or v> @ (pa,p!). Since the firm should set the advance selling price
as high as possible to achieve the highest profit for given pf. Thus, in the former case (pl,(p!) < p. <l (1)),
the optimal advance selling price is p°(pf) = pi (pf), which degenerates to the high-price strategy. In the

latter case (v> b, (pa;p!)), the optimal advance selling price is

| 5<v—p5)[(1—A>2<v+mo>+4aA]+5<1—A)(v—pnwl—x)z(wmo)z—8a[g—A<v+mo>}
po(pl) = ”

Accordingly, the firm’s expected profit is

, Bl =) (v+m,)+ \/(1 —A)2(v+m,)2 —8a [é —A(v +mO)H
m (02(p1),p]) = Ba ey (2 (p]).p1)]” = I6a :

On the other hand, the optimization results derived under high-price strategy is divided into the following

two cases:

1. If v > vy, we have p",, =1 and the firm’s expected profit is
(2 2 (e}
i =B [aley, (1)) + ML +m,)] + iy — I > Baley,(1))* > Ba[ey, (03 (p]),p1)]” = my, (0o (0]), p1).

This indicates that low-price strategy is dominated by high-price strategy in this case.

2. If vy <v <7y, the firm’s expected profit is

Bl =N @w+m,)+ \/(1—)\)2(11+m0)2—8a B —A<v+mo)H2

16a = Wéb(pg(pjst)?pf)'

h __
Ty =

Again, the low-price strategy is also dominated by high-price strategy in this case.
To sum up, in either case, low-price strategy is dominated by high-price strategy if both strategies are
feasible. This together with the results derived in Step 1 indicate the following conclusions:
1. If I >28X m, + %, we have v =uvy. This indicates that the feasible regions for high-price
strategy and low-price strategy are the same. Therefore, the firm will advance sell with high-price

strategy.

2. If I <28 m,+ w, we have v, <vy. This means the firm would advance sell with high-price
strategy if v > v, with low-price strategy if v, Sv<uy, and fail to advance sell if otherwise.
Step 3. In this step, we continue to solve the firm’s optimal low-price strategies if I <
26 m, + w and v, Sv<uvy. From the above analysis, when I < 28Am, + W,
.,Ds) first decreases and then increases in p, € (P!, (ps),pl (ps)] for given p,. Therefore, given
¢, (PasDs) Pa € (Phs(Ps) Pi (P given p ;8
v, Sv<vy =0,(p0),0) < b, (p5(ps),0s), v = ¢, (Pa,ps) With pa € (pyy(ps), iy (ps)] is equivalent to

max{p},(ps); [0, (Pa:2s)]; 1 (0)} < Pa <[, (Das )] (v), Where [6, (Do, ps)];  (v) and ¢, (P, ps)]; " (v) denote
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the two roots of p, to the equation of v = QH (pa,ps) for given p,. Since the firm’s expected profit in (84)

increases in p,, the optimal coupon price is

Bv—p,) [4aA+ (1= XN)2(v+m,) +(1— A)\/(l — A)2(0+m,)? +8aA(v +m,) — 821
Pa(ps) = (¢, (Pas D)), (v) =

8
4a

Accordingly, the firm’s optimal effort and profit are

(1=X)(v+m,)+ \/(1 - A)2(v+m,)?—8a [é —)\(v—i—mo)}
4a

elbb(pg(ps)aps) =

and

Bl =X (v+my)+4/(1=X)2w+m,)2—8a|L — Av+m,) )
iy (02(p.),1s) = Ba [eby (9 (p2),p.)]* = [ \/ 16a [B H =},

which is independent of p,. This means the optimal solution of (p,,p.) is not unique.

Summarizing the above results lead to the conclusions in Proposition A.1 . O

Proof of Proposition A.2. According to Proposition 3 and Proposition A.1, based on whether m, < M4
or not, there are two relevant cases:

1. When m, < M, or equivalently I > 28Am, + 50_”;%")2, the minimum valuation required for a
successful advance selling is v, under scheme “H” and is v, under scheme “A”. We have v, < U4,
which has been shown in the proof of Proposition A.1. That is, the firm is able to advance sell under
“H” over a larger region than under “A”. Moreover, given v > 7 4, the firm can advance sell with both
“A” and "H”. In this case, it can be verified that e}; > e and 7}, > 7% due to the greater flexibility of
“H” than “A”.

2. When m, > M, or equivalently I < 28Am, + W

, the minimum valuation required for a
successful advance selling is v, under scheme “H” and is v, under scheme “A”. We have v, =Ua,
which has been shown in the proof of Proposition A.1. That is, the region over which the firm could
advance sell under “H” is identical to that under “A”. Further, the following conclusions can be verified
by comparing the optimal results under “H” and “A”: (i) The firm’s effort and profit under “H” and
“A” are identical for v € [v,,Ta]; (ii) For v > T4, the firm’s effort and profit is higher under “H” than

under “A”.

O

Proof of Proposition A.3. Similar to the proof of Proposition 2, we have that in this scenario p2% =1.
Under advance selling with an all-or-nothing clause, the firm would cancel advance selling unless all segment-
¢ consumers purchase in advance. Thus, we have E[uy,] = E[ty,]. Therefore, by Lemma A.1, the firm can

induce all consumers to purchase in advance if and only if

Moreover, as I; < I < I, if all k segment-i consumers wait, it degenerates to the benchmark case of pure

bank financing. In the case of v > 1+ m,, the firm would set the regular price equal to pz =v as discussed
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in the proof of Proposition 1. Thus, the expected surplus of a consumer when all k segment-i consumers wait
is E[tyw] = Bleg + (1 —e5)A] (v —pig) =0, and thus Eq. (86) becomes

]E[ubb] Z E[wa] = 0 (87)

Next, note that according to Lemma A.2; the firm can advance sell with either high-price strategy (i.e.,

Pa > phy) or low-price strategy (pl, < p, < pk). In what follows, we consider these two pricing strategies

respectively.
High-price strategy. Given

Pa > Dy (88)

assuming that all k segment-i consumers purchase in advance, the firm would exert an effort of e, = %
in accordance with Lemma A.2. Accordingly, when all & consumers purchase in advance, the expected surplus

of a segment-i consumer is
Eluy) = Bley, + (1= egy)Av = pa. (89)
Substituting E[u,] in (89) into Eq. (87), the segment-i consumers will purchase in advance if and only if
Pa <B A+ (1—Nel] v (90)
To ensure the feasible region of p, which satisfies (88) and (90) to be non-empty, we must have

p}blb I- 6)\7710

=S

SIS (e VP Ry Fpreeviron Rl

)

When this condition is satisfied (i.e., v > 7% ), the optimal advance selling price is ps% = Sv [/\ + %
and the firm’s expected profit follows
1—X)?m? 1—X)?m,
BN VS Y W V0 | S
4a 2a

Recall the definition of 75 in Proposition 1, we have

(1= N2+ (1— )\)v\/(l ~A)202 —8a(L - M) (1= A2mov (1= \)2m2
™A —mp=h [_ 8a _§(B_Av)+ 2a T TAme
The first-order derivative of 7% — 7} with respect to v is:
d(ms: — %) - (1-2)2v ~ (17)\)\/(17)\)21)2f8a(é7)\’u) - (1—A)302 . (1—2)2m,
dv da 8a 8a\/(1 —A)?v? —8a(5 — ) 2a
A1=Av A
- 2
2\/(1 —A)?v? —8a(5 — Av)
_aaE O- )/ (1= 2202 —8a(% — wv) (1— A% L AP,
4a 8a 8a\/(1—)\)2v2—8a(é —\v) 2a
1— 2 1— 2
S ) SR ot P

2a 2a
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. . B A(1=\)w A Q. . .
where the first inequality holds because BN e + 5 < 0; the second inequality holds because
(1—)\)\/(1—/\)2U2_8a(é—/\’0) . (1—A)302 - (1_)\)20.

8a 8a\/(1—)\)2v2—8a(é —a)  da 7

and the third inequality holds because v > 1+ m,. Thus, 7% — 7} decreases in v.
Low-price strategy. When the firm fails to advance sell with high-price strategy, she can further consider

low-price strategy. Given

Phy < Pa <DLy (91)

assuming that all k segment-i consumers purchase in advance, the firm would exert an effort of e}, (p,) =
(1—A)m0+\/(1—)\)2mg—8a( Iiﬂpa —)\mo)
4a

in accordance with Lemma A.2. Accordingly, when all k consumers pur-

chase in advance, the expected surplus of a consumer is
Efug] = Bule, (pa) + (1 = €4 (Pa))A] = pa- (92)

From (87) and (92), the segment-i consumers would advance buy if and only if p, < Bv[el, (pa)+ (1 —€}, (pa))A],

or equivalently

Pa
"2 Blekpa) + (1= )N

The above constraints of (91) and (93) together imply that the firm is able to advance sell with low-price

— & (pa). (93)

strategy as long as v is sufficiently large. We define v = mlin X ¢, (pa), then the firm is able to advance
pa€[ph,.pl) T
sell with low-price strategy as long as v > v%. In what follows, we solve the threshold v%.

The first-order derivative of ¢° (p.) with respect to p, is
¢’ (pa) n(pa)

T Ja- v —sa (2 - ) A+ (- Vel )

where

o =8 [r+ L2 \/ =z —sa (L2 - ) + (1=,

B(1 = X)3m?2

+ TO — 2(1 — A)(I— B/\mo),

which increases in p,. At p, = pi,, we have

W) = —(1— ) [I—mmo—ﬁ“‘AW} |

8a
At p, =ph,, we have

Qodfem.)]

o) =~ =) |1 - B2-2m, - U2

Evidently, the signs of n(p,) and n(pf,) can be positive or negative depending on the value of I, and in what

follows we discuss it in three cases:
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1. It n(pp) <0, ie., I > BA-2m, —&—ﬁw then n(p,) <0 for p, € [pl,,pp,) since n(pa) increases in

¢A(pa d¢’ (pa)

Po. This further implies that <0 for p, € [p},,pl) since the denominator of —4— is positive.

Therefore, ¢° (p,) values minimum at p, = pj;, and thus

] s I_IBAmO =5
vy = ¢, (Ph) = m = Va-
2a

That is, the lower bound of v beyond which the firm can advance sell with low-price strategy is identical
to that with high-price strategy. Thus, in this case, the firm will always prefer to advance sell with
high-price strategy.

2. If n(pk) >0 and n(p},) <0, ie., BAm, —1—5% <I<BA-2m, —1—5%, then there exists a
unique root, denoted as p° € (pl,,pl,), such that n(p%) = 0, since n(p,) increases in p, and n(p},) <O0.

That is,
—)\)?2 —_ 0
5{)\+(1:‘63m"} \/(I—A)ng—&z (I p“—)\mo>+(1—)\)p2

B
+ 5(1;72)%3 —2(1—=X\)(I — BAm,) =0,

solving which gives

8aBA2 +4(1— A)2T — [dar+ (1 — A)2m,] \/4ﬂ2)\2 + 200

0_
Pa = 2(1— N2
n(p.) <0 for p, € [p,,p°] and n(p,) >0 for p, € (p%,pk). Accordmgly7 (p“ <0 for p, € [p!,,p%] and
d¢A(pa) ¢A(pa)

> 0 for p, € (p%, pi,) since the denominator of is positive. Thls implies that qu (po) values

minimum at p, = p°. Thus,
2

s __ S 0 —
V=04 P) = B G T (= ey G0N
24/4a2B2X% + 2aB(1 — \)*T — 4Ba)
= ﬁ(]_ — )\)2 — My,

<7,
3. If n(pt,) >0, ie., I <Brm, +,6’% then n(p,) > 0 for p, € [pl,,pl) since n(p,) increases in p,.
This further implies that d)“‘(pa) ¢’Ap(1’a)

> 0 for p, € [pl,,pl) since the denominator of is positive.

Therefore, ¢° (pa) values minimum at p, = pj;, and thus
I B [, + U=
o 8a
(1—)\)27710
B[+ s

Based on the above analyses, the following conclusions can be drawn:

vy =9, () = <0<v

1. When I > A -2m, + 5(1_”;%")2, the firm would advance sell with high-price strategy as long as

v > 7%, provided that the firm is willing to advance sell;

2. When I < BX-2m,+f %, the firm will advance sell with high-price strategy if v > 7%, and
low-price strategy if v < v <79, provided that the firm is willing to advance sell.

Moreover, it can be derived that v% < 1+m, when I </ [2)\mo + Of”;%"ﬂ . Thus, the firm would always

advance sell with high-price strategy given v > 1+ m, provided that advance selling is more beneficial than

pure bank financing. O
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Proof of Proposition A.4. Similar to the analysis in the proof of Proposition 2, we have p!

', =1 in this
scenario. Under advance selling with an all-or-nothing clause, the firm would cancel advance selling unless
all consumers purchase in advance. Therefore, we have E[uy,,] = E[tty,], which indicates that the firm can

induce all consumers to purchase in advance if and only if
E[ubb] Z E[uww] (94)

under advance selling with all-or-nothing clause for I, < I < I, in accordance with Lemma A.1. Moreover, if
all k segment-i consumers wait, it degenerates to the benchmark case of pure bank financing for v <1+ m,.
Since v <14 m,, the firm would set the regular selling price equal to p’z =1 as discussed in the proof of

Proposition 1, the expected surplus of a consumer when all segment-i consumers wait is

Eluww] = Bles + (1 —ep) A (v —prp) = Bles + (1 —ep)A|(v —1),

(17/\)(1+m0)+\/(17/\)2(1+m0)278a[%7>\(1+m0)]
4a

where e} = . Thus, Eq. (94) can be further specified as

Eluw] > Eluww] = Ble + (1 —ep) Al (v —1). (95)

Next, note that according to Lemma A.2, the firm can advance sell with either high-price strategy (i.e.,
Po > pl) or low-price strategy (p!, < p. < ph). In what follows, we consider these two pricing strategies in

turn.
High-price strategy. Given

Pa > Dy (96)

assuming that all k segment-i consumers purchase in advance, the firm would exert an effort of e, = %

in accordance with Lemma A.2. Accordingly, when all k£ segment-i consumers purchase in advance, the

expected surplus of a segment-¢ consumer is
Efuss] = Bleg, + (1 = €,)AJv = pa. (97)
Substituting Efuy,] in (97) into (95), the segment-i consumers will advance buy if and only if
Pa < B [(e, —ep)(L=Nv+ e + (L —ep)A]]. (98)

Next, we will show that the firm is willing to advance sell (i.e., 7wt > %) if and only if e}, > e%. First,

according to Proposition 1 and Lemma A.2, it is evident that when I; < I < I, we have
7Tl}ylb = ﬂa(ebhb)2 +Pa — (I - B/\mO) > Wg = ﬂa(e*B)2

if e, > e}, since p, > ply =: I — BAm,. Next, we continue to prove that n;, <7 if e}, <ej}. Note that e}, <ej
if and only if either of the following two conditions holds:

(i) m, <1 and 8 [A(HmH%} = IA<T<I;

(i) I, <I<TIA.
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In what follows, we consider these two scenarios, respectively. First, note that since e, <el and v > 1, the

inequality (98) leads to

(99)

pagﬂ[/\Jr(l_)\)Qm"}

2a
The conditions of (96) and (99) together implies that the firm fails to advance sell when I > 2. Thus, in
Scenario (i), the firm fails to advance sell.

For Scenario (ii), from (99) we have

(1-X)2m,

ng*W*B Sﬂa(egb)QJrﬂ {)\+ %

] (- Bxma) — Ba(e)? = Go(D).

At I =12, we have (o(I72) =0 and also ¢5(I) > 0, which gives (2(I) < 0. Thus, 7}, < 7} in Scenario (ii).
Based on the above discussion, we only need to consider the case of e}, > e}, which holds if and only if
m, >1 and I < I <1, are simultaneously met. In this case, the firm will advance sell as long as she is able

to. As el, > e}, the advance-buy condition (98) can be rewritten as
G olep+(—ep)d

S e s VO

Evidently, $A (p.) increases in p,, and thus achieves its minimum value at p, = p¥,. We denote the minimum

value of alA (pa) as

G Ame—lep+ (1—ep))
UA: h *
(L=A)(ep, —e€5)
— ™Mo —))2 ™Mo 2_8a I Mo
é—A(1+mo)—(1—A)(1 N (14mo)+y/(1-3) E; )2=8a[£—2(1+mo)]

{(1_”% (1=2) (14mo)+1/(1=X)2(1+m0)2—8a[ L —A(1+m,)]

T o }(1»

da {é A +mo)} (1= [(1 —N)(1+my) + \/(1 — 221 +m,)? —8a [g —A(1+mD)H

(1-N\) [(1 —A)(m,—1) — \/(1 ~N)2(1+m,)? —8a [é Y +mo)H

Next, we analyze the monotonicity of 7', regarding I € [I2,I,]. The first-order derivative of 7', regarding I

is

. eg)\/(l =021 mg)2 =80 [ 5= A0+ m,)| = [§ =M1 +m,) = (1= Ml
T _

B(1L = A)(el, — 6*3)2\/(1 — 0214 my)2 = Sa | L= A(1+m,)|

=1
For notational convenience, we define the numerator of dg—;‘ to be (3(I). Then,

d¢s(l) _ da(ey, —e})
a <0.

5\/(1 —A)2(1+m,)? —8a [g A —l—mo)}

That is, (3(I) decreases in I. Moreover, we have (3(I4) =0. Thus, (3(1) <0 for I2 < I <I,, which leads to
dvly
i

<0 for I2 < I<1I,. That is, ¥, decreases in I. Therefore, v, values maximum at [ =I* and minimum

at I = I, and their respective values are denoted as follows: 5ZA =m, and @fq = WOT“ It can be observed
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that both 5; <1+ m, and ¥, <1+ m,. Thus, the feasible region of v for the firm to conduct high-price
advance selling is non-empty.
Based on the above discussion, the firm should adopt high-price advance selling if and only if v, <v <

14+m, for I < I < I, and m, > 1 in this case. According to Lemma A.2, under advance selling with high-price

(1=2)2m?
4a

strategy, the firm’s expected profit is 7 (p,) = 8 { + )\mo} + po — I, which increases in p,. Therefore,

*

the optimal advance selling price, denoted as p'*,, should be the maximum value in the feasible region of p,.

That is, p&*, = B[(el, — e3) (1 — N+ [e% + (1 — e3)A]] . Correspondingly, the effort level is ey = 1=2™e and

a 2a
the firm’s expected profit is
(1—X)2m? A)m,

(1-
o )\ N /e
Y mo+{

=3 o eg} (1= No+ e+ (1—ep)N| - 1.

Low-price strategy. When the firm fails to advance sell with high-price strategy, she can further consider

low-price strategy. Given

Do < Pa < Phys (100)

assuming that all k segment-i consumers purchase in advance, the firm would exert an effort of €}, (p,) =
(17A)mo+\/(1fx)2mgfsa(’*Bpa —Amo)
4a

in accordance with Lemma A.2. Consequently, when all k consumers pur-

chase in advance, the expected surplus of a consumer is
Elug] = Bulet, (pa) + (1 = €4y, (pa)) Al — Pa- (101)
From (95) and (101), the segment-i consumers would advance buy if and only if

Pa < B [(ehy(pa) —€p) (1= Ao+ e + (1 —ep)A]] - (102)

Similarly, by comparing the firm’s expected profits under pure bank financing and low-price advance selling
in Proposition 1 and Lemma A.2, respectively, the firm is willing to advance sell if and only if e}, (p,) > €.
Thus, we only need to consider the case of e}, (p,) > e}. For €}, (p,) > e} to be true, the following conditions

should be satisfied simultaneously: m, > 1, and I <1 <1, and p, € (p},p},) where

(1)\)2(1+m0)+(1A)\/(lA)2(1+mo)28a é—)\(lerO)
4a

Po=18 | A+

In this region, the condition (102) can be rewritten as
Pa —len+(1—ep)A
UZ ﬁl [ B (* B) ]::¢f4(pa)
ety (Pa) —eEl(1—A) -
Define v, = min (;5; (pa), then the firm is able to advance sell with low-price strategy as long as v > v!,.

pa€(PL.ply)
In what follows, we solve the threshold v',.

The first-order derivative of QlA (p.) with respect to p, is
!
dQA@“) _ Ca(pa)
dpa
P =Bl — eplty (- 02 —sa (2,
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where

) =22 e~ L2 \/ (1= xpem = sa (152, )

B
(1_422”13_2(;_%") e+ (1—es)

The first-order derivative of (4(p,) regarding p, is

+

daely — (1 —XN)m,
\/(1 —)A)2m?2 —8a (—I_Bp”' — )\mo>

Note that (;(p.) increases in p,, and meanwhile ¢;(pl) = 0. Thus, (;(p.) > 0 for p, € (pt,pl). That is,

dfl (Par)
# >0 for

1
Céll(pa) = B 1-

C4(pa) increases in p, € (pl,pl,). Moreover, we have (4(pl) = 0. Thus, (4(p,) >0 and hence
Pa € (pL,ph). That is, Q;(pa) increases in p, € (pt,ph). Thus, Q;(pa) achieves its minimum value when

_1 .
Pa — P, 1.€.,

. 4ae’
Qix = lim (#A(pa) = 1 _]; — My,

Pa—DL
where the second equality is obtained according to the L’ Hospital rule. Evidently, v!, decreases in I. There-

fore, vY, values maximum at [ = I and minimum at I = I, and their respective values are denoted as
follows: ', =m, and g’A = 1. Since 511 <1+m, and glA < 1+ m,, the feasible region of v for the firm to
conduct advance selling, i.e., v, <v <1+ m,, exists.

Based on the above discussion, the firm should adopt advance selling with low-price strategy if and only
if v, <v <y for I? <1<1I, and m, > 1. According to Lemma A.2, under advance selling with low-price
strategy, the firm’s expected profit is 7!, (p.) = Ba[el, (p.)]”, which increases in p,. Therefore, the optimal
advance selling price, denoted as p'%,, should be the maximum value in the feasible region of p,. That is,
plry = [@;]*1(1)), which denotes the large root to the equation of QZA (pa) =v. Correspondingly, the effort level
is ey = ¢!, (p,) and the firm’s expected profit is 7'y = Balel, (p',)]?. O
Proof of Proposition A.5. For I, < <I,, the firm is able to secure a bank loan even without advance
selling. As the two conditions in Lemma A.1 for the firm to induce purchase in advance are too complicated to
analyze simultaneously, in the subsequent analysis, we first consider the first condition, i.e., Eluy,] > Elup.,),
and then show that the firm is either unable or unwilling to advance sell even though the pricing constraints
are relaxed, that is, the second condition in the Lemma is not even taken into consideration.

According to Lemma A.5, the firm can advance sell either with high-price strategy (i.e., p, > pf,(ps)) or
with low-price strategy (i.e., pl,(ps) < Do <Pl (ps)) - Subsequently, we consider these two pricing strategies,
respectively. Moreover, although the coupon price p, and spot price p, are determined simultaneously by
the firm, in what follows, we first characterize the optimal coupon price p, for given p,, and then derive the
optimal spot price p;.

High-price strategy. Given p, > p},(p,), assuming that all & segment-i consumers purchase in advance,

_ (=N)(petmo)
2a

the firm would exert an effort of e, (p,) in accordance with Lemma A.5. Accordingly, when

all k£ consumers purchase in advance, the expected surplus of a segment-i consumer is

Eluss] = B(v = ps)lepy (ps) + (1 = e (ps))A] = Pa- (103)
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However, given p, > pl,(ps), when k — 1 consumers purchase in advance but one consumer deviates to wait,
according to Lemma A.6, the firm’s optimal effort level e, (p.,p.) and the associated expected surplus of the
consumer who deviates to wait, E[u,,], depend on the specific pricing interval p, locates in. In accordance
with Lemma A.7, we have p}, (p.)/p}., (ps) < it (ps) <pi,(ps) as k — oo for I; < I < I,. Thus, with high-price
strategy, that is, p, > pf (ps), the firm can set either p, > pi, (p,) or pl (ps) < pa < pit, (ps). Next, we consider

these two pricing intervals in turn.
1. Given p, € [0,1] and p, > p, (ps), with the same analysis as in the proof of Proposition 4 for the case
of p, > pl (ps), we derive that one necessary condition for the firm to be able to advance sell with

high-price strategy is as follows:

ps €10,1] (104)
Pa > Py (Ps) (105)
Pa < Blegy(ps) + (1= e, () A (1 = po) (106)

as k — co. We define the region of (p,,p.) bounded by (104)-(106) as A. In what follows we find
optimal (p,,p,) € ZZL to maximize the firm’s expected profit

(1= X)*(ps +mo)*

A _ I 107
i +A(ps +myo) | + Pa (107)

ngb(pmpLS) :ﬂ

It can be observed from (104)-(106) that A;; is nonempty if and only if

ﬂ(l — A)Q(ps + mO)(l 7p8)
2a

Blery(ps) + (1= ey, (pa))A (1 = pa) — Py (ps) = +BA14m,) — I =:6(p.) > 0.

Since d(p,) is quadratic on p, € [0, 1], there exist two roots to d(p,) =0, which we denote as p? and p*,

respectively, where

(1= N\)(1—m,) — \/(1 —2)2(1+m,)? —8a [é a1 +mo)}

Pe = 2(1—\) ’
(1—=X)(1—m,)+ \/(1 —A)?2(1+m,)?—8a [é -1 +mo)}
pe = 51— €[0,1].

d(ps) > 0 if and only if p, € [max{p?,0},p*]. Given p, € [max{p?,0},p"], it can be observed from (107)
that the optimal coupon price, denoted as p°(p,), should be the highest in the region constrained by
(104)—(106), and thus

pe(ps) = Bley, () + (1 — e, (p:) A (1 = p)
Plugging p?(p,) above into (107) leads to the firm’s expected profit as follows:

5 [(1 - A)ng;s +m,)? AP, +m0)] +po(ps) =1

_ (1 - A)Q(ps +mo) (2 —Ds +m0)
_6[ 4a

T (02(Ps), ps) =

+)\(1+mo)] —1I.
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Note that the firm’s profit 7}, (p2(ps),ps) increases in p, € [max{p?,0},p*]. Thus, the optimal coupon

price is equal to p¥. Accordingly, the firm’s expected profit is:
2

1=X1+m,)+ \/(1 - A)2(14+m,)?—8a é -1 —|—mo)}
4a

(P2 (pY), p¥) = Baley,(p¥)])* = Ba

However, note that 7}, (p2(p*),p*) < mj for I, < I <I,. That is, the firm is unwilling to advance sell
even though the pricing conditions are relaxed. Therefore, the firm will not advance sell in this case

even though she is able to.

2. Given p, €[0,1], and pl, (ps) < pa < pi, (ps), with the same analysis as in the proof of Proposition 4 for
the case of pl (ps) < pa < pi,(ps), we derive that one necessary condition for the firm to induce all k

consumers to purchase in advance is

ps €10,1] (108)
Pa = Dy (Ps) (109)
Pa < Blegy (ps) + (1 — ey (po))A (1 = py) (110)

as k — oo. Evidently, the region of (p,,p,) constrained by (108)-(110) is a subset of Zg. Therefore,

similar to the previous case of p, > p?, (p,), the firm will not advance sell in this case.

Low-price strategy. Given p.,(p.) < p, < pi,(ps), assuming that all segment-i consumers purchase in

advance, according to Lemma A.5, the firm’s effort level is:

(L= N(pa-+m0) 4 (1= 2200+ m )2 80 [ 58— A(p, + )
4a

eéb(paaps) -

Accordingly, a consumer’s expected surplus is:

Efugs] = B(v = ps ) eny (Pas ps) + (1 = € (p2))A] — pa-

However, given p!,(ps) < p. < p,(ps), when k — 1 consumers purchase in advance and one chooses to wait,
according to Lemma A.6, the firm’s optimal effort level e, (p.,p.) and the associated expected surplus of the
consumer who deviates to wait, E[u,,], depend on the specific pricing interval p, locates in. In accordance
with Lemma A.7, for I, < I < I, there exist two relevant scenarios regarding the relationship between pl, (p,)
and p,, (p,), specified as follows:
1. If () I>1,, or (ii) [, <I <1, and p, € (0,p,), where j, uniquely solves I,(j,) = I, then we have
Phy(Ps) < Ph () <y (p5) <23 (ps) and pl, (ps) = Py (ps) as k — oo
2. If (i) I, <I <1, and p, € [p,,1], or (ii) I < I,, we have p\ (p.) < pb,(ps) < p(ps) < Pl (ps) and
Phu(Ps) = iy (ps) as k — oo

In what follows, we analyze these two scenarios, respectively.

Scenario 1 [(i) I > I, or (ii) I, <I <1, and p, € (0,5,)]: In this scenario, we have p,(p,) < p.,(ps) <
ph (ps) < pit,(ps) as k — co. Therefore, with low-price strategy, that is, pl, (ps) < p. < pl(ps), the firm can set
either p, € [p}, (ps), pi(ps)) or pa € [Ph,(Ds)s Db (Ps)). Next, we consider these two pricing intervals in turn.
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1. Given (i) I> I, or (ii) I, <I <1y, p, € (0,5,), and pl, (p.) < pa < pl,(p,), with the same analysis as in

the proof of Proposition 4 for the case of p}, (ps) < p. < pp,(ps), we derive that one necessary condition

for the firm to induce all £ consumers to purchase in advance is

()I>T,, or (i), <I<I, and p,e(0,p,) (111)
péb(ps) Spa <pl}:b(ps)7 (112)
Pa S B[eéb(pmps) + (1 - eéb(paaps))/\](l 7ps) (113)

as k — oco. In what follows, we find the optimal (p,,p,) in their feasible region bounded by the above

constraints (111)-(113) to maximize the firm’s expected profit 7}, (pa, p.) = Balel, (pa,ps)]*-

By some algebra, the constraint (113) is reformulated as
2ap? — B(1 —py)[dar + (1 = N)*(1L+m,)]pa + [2aB8°A* + B(1 — X)*1](1 — p,)* <O0. (114)

Note that the left hand side of (114) is quadratic in p,, so it has no feasible solution if I > I,,. Therefore,
the firm fails to advance sell for the case (i) I > I,,. For case (i) I, <1 < I, and p, € (0,#,), solving the

inequality (114) leads to

(1= N)2(1+m,)— (1— )\)\/(1 —A)2(14+m,)? —8a [é — A1 —&-mo)}

B(l_ps) /\+ 4a

<p.< _
N2 my) (1 )\)\/(1 —A)2(1+m,)? —8a [g —A +mo)} ]

B1—p.) [A+ (115)

4a

The above inequality (115) implies that

(]‘ - )\)(ps +mo) + \/(1 - A)Q(ps +mo)2 —8a [I;;pa - A(ps + mo)_
eéb(pavps> = 4a -

(1= A)(1+m,)+ \/(1 —2)2(1 +m,)? —8a [é A +mo)]
<

<er.
- 4a - B

Accordingly,

2 * *
7rll)b(pu.7ps) :Ba I:eéb(pavps):l S ﬁa’(eB)Q =Tp,

which indicates that the firm is unwilling to advance sell in this case even though she is able to.

. Given (i) I > 1y, or (ii) [, <I <1, p, € (0,p,), and pl,(p,) < pa < P, (ps), with the same analysis as in

the proof of Proposition 4 for the case of pl,(p,) < p, <p!,(ps), we derive that one necessary condition
for the firm to induce all k segment-i consumers to purchase in advance is

(i) >1,, or (i), <I<I, and p,€(0,5,) (116)

Pa :péb(pS) (117)
I8 [A(p, +m,) + U2 patma)? |

!
o> Diy(Ps) T :
— stmo
B [742 + A}

= BT = Neby (ply (02)90) + A e (118

tps =
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as k — oco. On condition that the firm is able to advance sell in this case, the above constraints of
(117)-(118) indicates that the optimal effort level satisfies
(=N tm,) _(1=N(+m) _

eéb(paaps):eéb(péb(ps)7ps) = 4a da <€B.

Accordingly, the firm’s profit satisfies 7}, (pa,ps) < 7. Thus, the firm is unwilling to advance sell even

though she is able to in this case.

Scenario 2 [(i) [, <I<1I, and p, € [j,,1], or (ii) I < I,]: In this scenario, we have p!,(p,) < pi,(ps) <
i (ps) < pr.(ps) as k — oco. In this case, with low-price strategy, the firm can only set pl, (p,) < po < pl,(ps)-
With the same analysis for p! (ps) < p. < pi(p,) in Scenario 1, it can be shown that the firm is unwilling to
advance sell even if she is able to.

To summarize, the firm will not advance sell whether with high-price strategy or low-price strategy under
advance selling with discount coupons. Thus, advance selling with discount coupons (i.e., scheme “C”) is

dominated by bank financing (i.e., scheme “B”). O

Proof of Proposition A.6. Similar to the analysis in the proof of Proposition 2, we can show that p;, =1
in this case. Under advance selling with an all-or-nothing clause, the firm would cancel advance selling unless
all segment-i consumers purchase in advance. Thus, we have E[uy,,| = E[t,]. Therefore, by Lemma A.1, the

firm can induce all consumers to purchase in advance if and only if
Elup] > Elttyw]- (119)

Moreover, as I; < I < I, if all k segment-i consumers wait, it degenerates to the benchmark case of pure
bank financing. In the case of v > 1+ m,, the firm would set the regular price equal to pz = v as discussed
in the proof of Proposition 1. Thus, the expected surplus of a segment-i consumer when all consumers wait

is E[tyw] = Bleg + (1 —e5) A (v —pig) =0, and thus Eq. (119) becomes
E[upp] > Elty,] = 0. (120)

According to Lemma A.5, the firm could advance sell by either high-price (i.e., p, > p (ps)) strategy or
low-price (i.e., pi,(ps) < pa < (ps)) strategy. In what follows, we first consider these two pricing strategies,
respectively, and then compare the optimal results under these two strategies to derive the equilibrium
results.

High-price strategy (i.e., p, > p},(p.)). Given p, € [0,1] and p, > p},(ps), assuming that all k¥ consumers

= w in accordance with

purchase coupons in advance, the firm would exert an effort of ef} (p.)
Lemma A.5. Accordingly, when all & consumers purchase in advance, the expected surplus of a segment-i

consumer is
Elus] = Blen, (ps) + (1 — €3, () Al (v = ps) = Pa- (121)
Anticipating this, the consumers would purchase in advance if and only if the equivalent condition (120) is

met. Substituting E[u,] in (121) into the equivalent condition (120) gives p, < Blel, (ps) + (1 — el (ps)) Al (v —

ps), or equivalently

Pa
v > Bler (ps) + (1 — el (ps))A]

+ s i= By (Pa, D)
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Summarizing the above constraints, the firm’s optimization problem can be formulated as follows:

(1= X)*(ps +m,)*

max 7, (Pa,ps) = B " + A ps +mo) | +pa— 1T (122)
ps €10,1]
st { Pa>Dh(p) (123)

V2 S ] T Ps = 61 (P s)

In what follows, we solve the above optimization problem in two steps.
Step 1. Note that the constraints in Eq. (123) imply that the firm is able to advance sell as long as v
is sufficiently large. Let A}, be the feasible region of (p,,p,), which is bounded by the first and second
constraints of (123). Further, define v3; =  min__ &1 (Pasps). Then the firm is able to advance sell if and
only if v > 7%. In Step 1, we will solve t(:zilllg s\)/:lﬁfe Vi

Given p, € [0,1], @1 (pa,ps) increases in p, € [pl (ps),00) and thus @71 (Pasps) achieves its minimum at
Pa =D (Ps), L€,

I — BA(ps +m,)
8 [)\+ <1-x>2ézs+mo>}

S (Pl (ps),ps) =

The first-order derivative of E{ (pk (ps),ps) With respect to p, is

dd (ppy (p),ps) _ (1=X)* 9(ps)
- : 5
dp, 2a 3 [)\+ (1-)) 2(Zs+mo)}
where
1 7)\ 2 s o 2
D(ps) = PEZ A Mol o550 my) 1.

2a

Evidently, ¥(p,) increases in p,. Moreover, ¥(0) = S\ - 2m, + W —1I,and 9(1) =: BA-2(1+m,) +
B=N)?[2(1+mo)]?

8a

1. If 9(0) >0, ie., I <pBX-2m, + W, then W > 0 for p, € [0,1]. Therefore,

— I. Thus, we have the following three cases:

o (pr (ps),ps) values minimum at p, =0, and thus %, = W;

2. It 9(0) <0< I(1), ie., BA-2m, + EA2LCm)® 1 < gy 9(14m,) 4 EA=2RAEmo then there exists
a unique p? such that ¢¥(p?) =0, which gives

o —2BaX+\/482a2X\? +2Ba(1 — X\)2]

P B o
&1 (Pl (ps),ps) values minimum at p, = p°, and thus
—2BaX2+42y/482a2 X2 1 28a(1- )21
1= v T N —2Ba\+ /45202 X2 + 2Ba(1 - N2
Vn = /48222224 2Ba(1-X)21 B(1—X)? Mo
2a
—4BaX +2+/4B2a2 X2 + 2Ba(1 — \)2I
= —m
B(1—X)? ‘

3. If9¥(1) <0, ie, I >pX-2(14+m,)+ E(I_A)Z[ELEHWW, then dg?’(pg;(j”’“) <0 for p, €[0,1]. Therefore,

@ (Pl (p,), ps) values minimum at p, = 1, and thus 7%, = % + 1.
[EESSLITET)
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Step 2. Given v > v%, the firm is able to advance sell with high-price strategy. In Step 2, we find the

optimal (p,,p.), denoted as (p3%,,ps%), to maximize the firm’s expected profit

Trl?b(paaps) - B [a(egb(ps))2 + )‘(ps +mo)] +pa - [

Given v > 7%, and p, in the feasible region, the firm will set optimal coupon price, denoted as p°(p,), as

follows:

Pa(ps) = Bleg, (ps) + (1 — e, (p:)) Al (v = ps),

and the corresponding expected profit is:

ng(pcoz(ps)aps) = /6 [a(egb(ps))2 + A(ps + mo)} +B[€Zb(p3) + (1 - e]l:b(pS))/\] (U _ps) —1I.

Taking the first-order derivative of 7} (p°(ps), ps) with respect to p, leads to:

dﬂ'gbb(pg(ps)vps) — B(l - A)Q(U _ps) Z 0.

dp, 2a

That is, the firm’s expected profit increases in p, and the firm should set p, as the maximum value in the
feasible region of p,. Moreover, for given v > 7%, the constraints in (123) imply that the feasible region of p,

is bounded by

5;(pgb(p8)aps) < v,
which is divided into the following three relevant cases:

1. When I < BA(1+2m,)+ B(lﬂ)ZéT"(ler(’), we have @, (pl,(ps),ps) < 1 +m, < v for p, € [0,1]. Thus,

{ps €1[0,1)

the feasible region of p, is [0,1] and thereby we have ps% =1. Accordingly,

(1=X)2(1+m,)

il = o1 = Blely (1) + (L= el (A —1) = [A+ =

(v—1).

The firm’s equilibrium effort is

(I=XN1+m,)

it =l (p) = LN,

and the expected profit is
(1-A)?(m3 1)

o A A
4a A VAT 2a

B

2. When BA(1 +2m,) + w <I<2BA1+m,)+ W, then depending on v, there

i =5 <1—A>2<1+m>} I]

are two relevant cases:

(a) If max{Ty,1 + m,} < v < éy(ph(1),1) = M% + 1, then the feasible region

of po is [[65 k(o) 2] (0): (04 (h(pe)0.)]; (v)], where (64 (P (p),po)]i H(v)  and
(67, (Pl (9s), ps)] - (v) represent the smaller and larger roots to the equation ¢y, (pl, (ps),ps) = v,

respectively. Thus, we have

B (1—A)(U—m0)+\/(1—)\)2(0+m0)2—8a [é—)\(v—kmo)
pz?I:[¢H(pgb(ps)aps)};1(v): 2(1—A)
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Accordingly, the optimal advance selling price is
P =po (k) =1 — BA (sl +m.) .

The equilibrium effort is

o (=X (02 +m)
H 2a

and the expected profit is

8 (l—A)(U—I—mO)—i—\/(1—)\)2(U—|—m0)2—8a é—)\(v—l—mo)HQ

sh sh) 2
I — = \e .
" 16 (k)
Evidently, we have 735 > 7}, in this case, where “=" holds if and only if m, =0.

Finally, it should be noted that in this case v > v% always holds since I < I;,. Thus, v >
max{v3,,1+m,} is equivalent to v > 1+ m,.
(b) If v > ¢, (p},(1),1), then the feasible region of p, is either [[g;(pgb(ps),ps)}fl(v), 1] or [0,1]. In
either case, we have p% = 1. Accordingly,

Pty =p2(1) = Blely (1) + (1 — ey (D) (v — 1) = 3 {H

and the firm’s expected profit is

(1 — )\)2(1 +mo)

2 }(”1)

i _ o [(A=A)2(m2 —1) A=A)2A+m,)] I
Ty =B 1a +Am,+v | A+ %0 3
3. When I > 8A-2(1+m,) + W, we have 7%, > 14+ m,. Then, given v > 73, the feasible

region of p, is either [[@; (pt,(ps),ps)l; H (v),1] or [0,1]. In either case, we have pi% = 1. Accordingly,

by =p2 1) = Bley(1) + (1= eh (o 1) = [r L

and the firm’s expected profit is

(1= N2(m2 - 1)

oh _ o A=A +mo)| 1
Y (LTS T LS TES81 Y

2a _E
sh __

Next, we show that 75" — 75 decreases in v in the case of p=%, = 1. Note that the first-order derivative

of w3t — 73 regarding v follows:

A —mp) _ (1=nt0 LN —8a(i— ) (1- )%
dv 4a 8a 8a\/(1—)\)2v2—8a(é — )
(1=N)*(14m,) AL =N A
" 2a 2\/(14)%278@(%4@) e
(=N (1*A)\/(1*A)2”2*8a(é*m N (1-A)%?
4a 8a 8a\/(17)\)2v2—8a(é —\v)
N (1—”22#
(1-=XN*  (1=XN?*(1+m,)
B 2a + 2a
<0

o sh * : : sh __
That is, 73} — 7} decreases in v in the case of p% = 1.



Papanastasiou, Xiao, and Yang: Advance Selling to Ease Financial Distress 73

Low-price strategy (i.e., p},(p;) <p. <pr(ps)). Given p, € [0,1] and pl, (p,) < p. < pr, (ps), assuming that

all k segment-i consumers purchase in advance, the firm would exert an effort of

(1=X)(ps +m,) + \/(1 — A)2(pa +m,)? —8a [ =P — A(p, + mo)}
4a

in accordance with Lemma A.5. Accordingly, when all k£ consumers purchase in advance, the expected surplus

eéb(pavps) =

of a segment-i consumer is

Elup] = B(v = ps) € (Pas Ps) + (1 = €3, (Pas Ps))A] = Pa- (124)

Anticipating this, the consumers would purchase in advance if and only if the equivalent condition (120) is
met. Substituting E[u,] in (124) into the equivalent condition (120) gives p, < B(v — p,)|el, (Pa,ps) + (1 —
eéb(paaps))A] , OF eqUiva'lently

Pa .
= ﬂ[eéb(ptups) + (1 — elbb(payps)))\] s _'?H(paaps)-

Summarizing the above conditions, the firm’s optimization problem can be formulated as follows:

2
max 7y, (Pa; s) = Ba [y, (P, ps)] (125)
ps €10,1]
s.t. P (Ps) < Pa < Piy (D) (126)

V2 B Ger T, Gaon] TP = 95 (P ).
In what follows, we will show that low-price strategy is dominated by high-price strategy, which is proved in
two steps.
Step 1. The constraints (126) imply that the firm is able to advance sell as long as v is sufficiently large.
Let A3, be the feasible region of (p,,p,), which is bounded by the first two constraints of (126), and define

s

v = ( mi)nA d); (Pa,ps)- Then, the firm is able to advance sell if and only if v > v3,. In Step 1, we will
Pa,Ps ei% 7
first solve the threshold value v$, and then show that max{l+ m,,v3,} = max{1+m,,v5}.

Given p,, the first-order partial derivative of Q; (pa,ps) with respect to p, is
a@;(paapS) Cﬁ(paaps)

. 2 ,,
. B2 (€4 (Pas ps) + (1 = €4 (Da; ps))A] \/(1 —=A)?2(ps +m,)? —8a [Tp — Alps +mo)]

)

where

Golpn.p.) =5 | A+ LA “’“} \/(1 —N)2(p, +my)? — 8a [I =, +m0)]

ﬁ(l — A)B(ps + mo)2
4a

which increases in p,. Moreover, at p, = pl, (p,), we have

CG(péb(ps)ups) = (]' - )‘) [wl(ps) - I} ’

+(1_)‘)pﬂ+ _2(1_)‘) [I_ﬁ)‘(ps+m0)]a

and at p, = p},(ps), we have

Co(phy(ps),ps) = (1= X) [w"(ps) — 1],

where W' (p,) i= BA(p, +m,) + LA @atmo)® g ol (p, ) i= 28\ (p, + m,) 4 ZLAL @amo)®

We discuss the above problem in the following two cases:
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1. m, < 1. In this case, we have w'(1) > w"(0). Depending on I, we have the following five relevant sub-

cases.

ZA)2m2
(2) When I <w!(0) = BAm, + 205220 we have Go(pf) (s), ps) > Go(Phy (p),p) > 0. Thus, Go(pa, ps) >
0 holds for any p, € [pi,(ps), Py, (ps)) and p, € [0,1]. Accordingly, ¢ (pa,p,) values minimum at

pa =p',(ps) for given p,, and its value is
2 2
L= 8 [A(p, +m,) 4+ U2 patne)? |

(=22 (ps+m,)
3 [A+ (=22 (petmo) }

?;(pib<ps>7ps>: +ps

Moreover, we have
gy, (P (ps),ps) (1= A)2[w(p,) — 1]
dp, 40 [A+ <1—x>2iis+mo>r'

Observe that ¢° (py,(ps),ps) increases in p, €[0,1] for I <w'(0). Thus,

(1=2)2m?2
s . s 1 s 1 I B B |:)\mo + 8a Gi|
Vg = mih d’H (P (D), ps) = ?H (,(0),0) =

<0.
ps€[0,1] — 3 |:>\+ (1_2)2mo]

(b) When w'(0) < I <w"(0)=28Am, + W, there exists a unique p'® such that w'(p'®) =1,

ie.,

)0 —4BaX +2+/4B32a2 X2 +2Ba(1 — N\)2]

s ,8(1 . )\)2 — M.
We have Co(ply (pa),pa) > 0 for p, € [p, 1] and Go(phy(p.), p,) < 0 for p, € [0, p°). Moreover, we have

Co(ph,(ps),ps) > 0 for any p, € [0,1]. Therefore, we have the following two cases:

i. for given p, € [pi’, 1], ¢’ (Pa,ps) values minimum at p, = p,(p,) , and its value is

-8 [A(pﬁ-mo)-f—W}

A=X)2(ps+mo)
oo

?2(péb(ps)7ps): +ps

Note that ¢° (pi,(ps),ps) increases in p, € [p, 1], and thus ¢° (py,(ps),ps) achieves its mini-

mum at p, = p'°. Therefore,

vy = min ¢ (ph,(p.),ps) = 0%, (P, (02), 02°)

ps€[pl?,1] —

_ o —4BaA+2\/4B%a2X? +2Ba(1 — N)21
b B(1—A)? .
ii. for given p, € [0,p"], we have (g(pj,(ps),ps) <0 and (o(py, (ps),ps) > 0. Thus, there exists a

unique pY(p,) such that (s(pY(ps),ps) =0. That is,

) 8aPA2 +4(1— N2 — [dah+ (1 - \)2(p. +m,)]\ /4522 4 220201
pa(pS)* 2(1_)\)2 .
[ (pa,ps) achieves its minimum at p, = p?(p,), and its value is

PA(ps)
e (P(Ps)s Ps) + (1 — €4 (PA(Ps), Ps)) Al

s 0 _
QH(pa(ps)ups)_/B[ +ps
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24/4a282X2+2aB(1-A)21

—4daX — (1= X)*(ps +m,)

— B
= TESNE +Ds
_ —4BaX+2/4B%a2X\? + 2Ba(1 — N)2] .
B Al—A)? ”
which is a constant independent of p,. Thus,
—4BaX +2+/4B2a2)\2 + 2Ba(1 — \)21
52 _ —m =L
Ui =, min 0 (Pa(ps),ps) = EICENE Mo =V
Summarizing the above Cases i and ii, we have
—4BaX +2+/4B2a2)2 +2Ba(1 — N\)21
vy, =min{vi,vi7} = BN — M.
(¢) When w"(0) < I < wl(l) = BA1 + m,) + W, there exists a unique p"® such
that wh(ph®) =1, ie., ph¥ = 72ﬁak+\/4f3i(112_§2)126a(1ﬂ)ZI — m,. We have (g(p,(ps),ps) >0 and

Co (D5 (ps)sps) > 0 for p, € [P0, 1], Co(phy (ps),ps) < 0 and Co(p3, (ps),ps) > 0 for p, € [pi°,pl°), and
Co(phy(ps),ps) <0 and (o(pl,(ps),ps) < 0 for p, € [0,p"°). Therefore, we have the following three
cases:
i. for given p, € [p'?, 1], similar to Case i in the above Scenario (b), it can be derived that
ol — —4BaX +2+/4B2a2 )2 + 2Ba(1 — N\)2]
e Bl—A)?

ii. for given p, € [p"°,p!?), similar to Case ii in the above Scenario (b), it can be derived that

— M.

o —ABaX+2,/4B2a2 X2 + 2Ba(1 — )21
br = B1— )2

iii. for given p, € [0,p"?), ¢, (Pa, ps) values minimum at p, = pr(ps) , and its value is

_ .81
— My =Vyg .

I— BA(ps +mo)

&% (Phy(ps)sps) = Y
3 [A+<1A>2<+»+w]

re

Moreover, we have

Ao, (Phs(ps)ps) (1= N)2[w(p,) = 1] 0
dps 24 [/\+ (- A)2<ps+mo>}

2a

for p, € [0,p°). Thus, ¢° (py,(ps),ps) values minimum at p, = p?°, which leads to

G —4Ba) +2\/2F%a2N2 1 2Ba(l — NI S
’U}? —¢H(pgb(pg0)apg0) = \/6(1_)‘)2 —Mm, —'UHl.

Summarizing the above Cases i—iii, we have:

. 9 —4BaX+2+/48%a* % +20a(1 — N)?1
Uy = mln{UH’UI?7 3} \/ B(l _ )\)2

(d) When w'(1) <I<w"(1)=28X1+m,)+ W we have (g (pl (ps),ps) > 0 for p, € [ph°,1]
and (e(pl,(ps),ps) < 0 for p, € [0,p"°). Moreover, we have (s(p},(ps),ps) < 0 for any p, € [0,1].

—M,.

Therefore, we have the following two cases:
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i. for given p, € [p"°, 1], similar to Case ii in Scenario (b), it can be derived that

il — —4BaX +21/48%a2)2 +2Ba(1 = N2

Vg = 5(1 — )\)2 mo.
ii. for given p, € [0,p"?), similar to Case iii in Scenario (c), it can be derived that
. A —4BaX+2./452a? X2 +28a(1 — N\)21 .
v37 = 9%, (D (0L°), p2°) = v B2 —m, =0y

Summarizing the above Case i-ii, we have

. C . —4paX+2./462a? % +2Ba(1l — )21
vy =min{vy, vif} = v 51— 02 —m,.
(e) When I > w"(1), we have (s(pi,(ps),ps) < C6(Phy(Ps),ps) < 0. Thus, (6(pa,ps) < 0 holds for any

Pa € [Py (Ps): P (ps)) and p, € [0,1]. Accordingly, ¢° (pa,ps) values minimum at p, = p},(p,) for

s
H

given p,. Moreover, based on the above analysis, ¢° (pg,(ps),ps) decreases in p, € [0,1]. Thus,
8 (pk (ps),ps) values minimum at p, =1, and accordingly we have

I—BX1+m,)
3 [A+ <1—A>2‘2<al+mo>]

2. m, > 1. In this case, we have w'(1) <w”(0). Also, there are five relevant subcases, depending on I, as

vy =5, (P (1), 1) =

follows:

(a) When I <w'(0), similar to Scenario (a) in Case 1, we have

(1-x)2m2
l 1 I_ﬂ |:)\m0+ 8a :|
Vg = psrg[lg}l] ?H(pbb(ps)aps) :?H(pbb(o)vo) = 3 [/\ N (17)\)27%}
4a

<0.

(b) When w'(0) < I <w'(1), similar to Scenario (b) in Case 1, we have

_ —4BaX +24/482a* X2 + 2Ba(1 — N\)21

= TEE m,.

(¢) When w'(1) < I <w"(0), we have (s(p},(ps),ps) <0 and (s(ph, (ps), ps) > 0 for p, € [0,1]. Similarly,

we have

—4BaX +2+/4B2a2 N2 +2Ba(1 — N\)21
= —m,.
BL=A)?
(d) When w"(0) < I <w"(1), similar to Scenario (d) in Case 1, we have
s —A4Ba+2,/482a2 X2 +23a(1 — N)21
o BI=N) "
(e) When I >w"(1), similar to Scenario (e) in Case 1, we have
I—BA(1+m,)
3 [A+ (17A)2<1+mo>]
2a

Summarizing Cases 1 and 2, we could obtain the following results in either case (m, <1 or m, >1):

1. When I < BAm, + %, we have

+1.

I—ﬁ[)\m,ﬁr%]

B [)\ + 7(1*13127”“} <0

vy = 9}, (,(0),0) =
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2. When gAm, + % <I<2BAX1+m,)+ W, we have
_ —4Bar+2,/48%a2X? + 2Ba(1 — N)21

S

o BI—N)? o

3. When I >28A(1+m,) 4+ 2E=272AEmoI e pave

I—BX1+m,)
6 |:A+ (1—>\)22(al+mo):|

Based on the above results, it can be concluded that max{l + m,, 7%} = max{1 + m,, v }. This indicates

vy =¢;, (P (1), 1) =

that given v, if the firm is able to advance sell with low-price strategy, she is also able to advance sell with
high-price strategy.

Step 2. In this step, we will show that low-price strategy is dominated by high-price strategy.
Under the low-price strategy, from the constraints in (126) of the optimization problem (125), we observe that
given p? in the feasible region, the optimal advance selling price is either bounded by pi, (pf) < p, < pk (p?)
orv> Q; (Pa, pf). Since the firm should set the advance selling price as high as possible to achieve the highest
profit for given pf. Thus, in the former case (p},(p!) < p, < pr (p!)), the optimal advance selling price is

po(pl) =, (pl),

which degenerates to the high-price strategy. In the latter case (v > ¢° (Pa. p!)), the optimal advance selling

price is

B —po) [(1=A)*(v+m,) +4ad] + B(1 = A) (v —ps>\/(1 = A)?(v+m,)? —8a |5 — Av+m,)
4a

po(pl) =
Accordingly, the firm’s expected profit is
(o} (o} 2
™ (Pe(p1), pl) = Ba [et, (02 (p]), p])]

3 (1)\)(v+mo)+\/(1)\)2(v+mo)2 —Sa [é)\(ermo)H

B 16a
On the other hand, the optimization results derived under high-price strategy is divided into the following

2

two cases:
1. When BA(1 + 2m,,) + 240 mallime) o 7 < 983 (1 4 m,) 4 20=20205m)® o meanwhile max{v},, 1+
mo} <v < ¢y (ph,(1),1), the firm’s expected profit is

BlA=XN)(v+m,)+4/(1=N2(v+m,)?2—8a|Lt—Av+m,) 2
T = \/ 16a [6 H =:my, (2 (p1), pL)-

This indicates that low-price strategy is dominated by high-price strategy in this case.

2. In the remaining cases, we have p% =1 and the firm’s expected profit is
mi =B [alen,(1))* + A1 +m,)] +pyy — 1
> Ba(ey, (1))
> Ba e}, (02 (0]).p))]” = i, (02 (v]).90).

Again, the low-price strategy is also dominated by high-price strategy in this case.
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To sum up, in either case, low-price strategy is dominated by high-price strategy, and thus the equi-
librium results are identical to that under high-price strategy. That is, the optimal prices are p’ =1,

por =ph, pet, =poh, and the firm’s expected profit is 737 = 75, Moreover, we define @, = ¢, (pl,(1),1) =

% +1, and the conclusions in Proposition A.6 can be drawn by an organization of the results
A=2)2(+mo)
derived above. O

Proof of Proposition A.7. Similar to the analysis in the proof of Proposition 2, we have p!*%, =1 in this
scenario. Under advance selling with an all-or-nothing clause, the firm would cancel advance selling unless
all segment-i consumers purchase in advance. Therefore, we have E[uy,,| = E[ty,], which indicates that the

firm can induce all consumers to purchase in advance if and only if
Elups] > Elttyw) (127)

under advance selling with all-or-nothing clause for I; < I < I, in accordance with Lemma A.1. Moreover, if
all k segment-i consumers wait, it degenerates to the benchmark case of pure bank financing for v <1+ m,,.
Since v <1+ m,, the firm would set the regular selling price equal to pz =1 as discussed in the proof of

Proposition 1, the expected surplus of a segment-i consumer when all consumers wait is

Eluww] = Bles + (1 —ep) A (v —prp) = Bles + (1 —ep)A|(v —1),

(1—))(1+m0)+\/(1—>\)2(1+m0)2—Sa[%—)\(l—kmo)]
4a

Eluss] > Eluww] = Ble + (1 = ep) Al (v —1). (128)

where e} = . Thus, Eq. (127) can be further specified as

Further, according to Lemma A.5, the firm could advance sell by either high-price (i.e., p, > p& (ps))
strategy or low-price (i.e., p\,(ps) < pa < pi (ps)) strategy. In what follows, we first consider these two pric-
ing strategies, respectively, and then compare the optimal results under these two strategies to derive the

equilibrium results.

High-price strategy (i.e., p, > p},(p,)). Given p, € [0,1] and p, > p},(p,), assuming that all k¥ consumers
purchase coupons in advance, the firm would exert an effort of el (p,) in accordance with Lemma A.5.

Accordingly, when all & consumers purchase in advance, the expected surplus of a consumer is
]E[ubb] = ﬁ[d:b(pS) + (1 - egb(pS)))‘}(v _pS) — Pa- (129)

Anticipating this, the consumers would purchase in advance if and only if the equivalent condition (128) is

met. Substituting E[u,] in (129) into the equivalent condition (128) gives

Pa < B [ep,(ps) — €] (1= Ao+ Bleg + (1 —e5)A] = Bleg, (ps) + (1= 3, (ps)) Alps.-

Summarizing the above constraints, the firm’s optimization problem can be formulated as follows:

(1= A)2(ps +mo)?

max 7y, (Pas D) = B T FAMps +m,) | +pa— 1T (130)
ps €10,1]
st pa>ppy(Ds) (131)

Pa < Blepy(ps) — €5l (1= Mv+ Blep + (1= ep)A] = Bley, (pe) + (1 — €3, (ps)) Alps
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In what follows, we solve the above optimization problem in three steps.
(l—A)(l—mo)+\/(I—A)Z(1+m0)2—8a[é—)\(1+m0)]
2(1-N)

Step 1. At p, = p*, we have e}, (p*) = e}, where p* = €1[0,1].
Then, e (p,) < e for p, € [0,p*) while e}, (p,) > e} for p, € (p*,1] since e}, (p,) increases in p,. In Step 1,
we show that it is not optimal for the firm to set p, € [0,pY].

By contradiction, suppose that the firm sets p, € [0,p%], then e}, (p,) < e%. Together with the third con-

straint in (131), it indicates

Pa <B [en, () — €] (1= A) + Blels + (1= i) Al = Blegy (ps) + (1 — ey (p.)) Alps

=Blegy (ps) + (1 — epy (ps)) A (1 — D)
L A=A (A=A —m)p
=B {_ 2a + 2a

(1—=X)2%m,

s (1 —
+ A1 —ps) + 90

] — u(p.). (132)

The above condition (132) and the second constraint in (131) jointly imply

(1=A)p | (1=X)*(1—mo)ps (1=A)*m,
_ <B|= _ A
T Ny < [ U2 LEA Il gy L) (13
Solving the inequality (133) gives p, € [p?, p*], where
(1= A)(1—m,) — \/(1 —N)2(14+m,)? —8a é—A(HmO)}
pl= (134)

2(1-X)
Thus, the firm fails to advance sell for p, € [0,p?).
Next, we show that the firm is unwilling to advance sell for p, € [p?,p*] even if she is able to. Given

ps € [p?,p"], the inequality (132) implies

’/Tl,:b(pa7p8) S ﬂ-ltbb(p’(ps)?ps)

d

s

since 7 (p,,ps) increases in p, for given p,. For p, € [p¢,p¥], 7 (u(ps),ps) values maximum at p, = p¥,
and 70 (u(p*), p*) = w5 = Ba(ey)?. Therefore, 7} (pa,ps) <70 (11(ps), ps) < 5. Thus, the firm is unwilling to
advance sell in this case.

To sum up, the firm is either unable or unwilling to advance sell by choosing p, € [0, p%]. Thus, the firm
will never set p, € [0,p"] for optimality.
Step 2. Based on the conclusion from Step 1, the firm will always set p, € (p*, 1]. As such, we have e}, (p,) >

e%. Accordingly, the firm’s optimization problem in (130)—(131) can be reformulated as follows:

max ﬂ-l,:b(pa7ps) = /8 [a(egb(ps))Q + A(pg +mo)] +pa - I (135)
ps € (p2,1]
s.t. Da = pgb(ps) (136)

> Pa+5[€gb(Ps)+(1fegb(Ps)))\]ps—3[5}34_(178};))\] ::7l
v > Bk, (pe)—ep ] (1-3) 11 (Pa, Ds)

The constraints (136) imply that the firm is able to advance sell if v is sufficiently large. Let ZLH be the
feasible region of (p,,p,), which is bounded by the first and the second constraints of (136). Further, define

v, =  min l &lH (Pasps)- Then the firm is able to advance sell if and only if v >7.,. In Step 2, we will
(Pa,Ps)EZH
solve the value of 7',.
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Given p, € (p*, 1], &iq (pa,ps) increases in p, € [p (ps),00) and thus alH (pa,ps) achieves its minimum at

Pa =P (ps), that is,
1= BA(pa 1) + Blely(p) & (1= ey (p)Aps — Ble + (1= ep)
Bl —eal (1 - )
]_3)\(1 +mo) + B(lf/\)zz;l(psﬂ—mo) —,6’(1 _ )\)e};

— 2 me «
B(1 A)ZEIP5+ ) _5(1 - )\)eB

G (Pl (pa)sps) =

The first-order derivative of 5; (ph (ps),ps) with respect to p, is

Ay (Pl (p:),ps) _ BL—N)? ZU2LEetmal — 93(1 — N)e (p, +my) + B(1 = Nep(1+m,) + BA(L+m,) —
dp, 2a PU—N(ptma) _ gy _ A)eﬁr

2a
>0

28(1-2)2[B(1-N) e (14mo)+BA(1+mo)—1]

a

since [28(1—Nes]” — = 0. That is, 5;(pﬁb(ps),ps) increases in p, €

(p*,1]. Therefore,

L=
Vg = hm, ¢H(pbhb(ps)7ps)
Ps—PY

1_5/\(1 +m0) + B(1=X)ps(ps+mo) _5(1 _ )\)e};

= lim 2a
ps—sp ﬁ(lf)\)zslps-i-mo) —B(1=Nes
\/(1 ~A)2(1+my)? —8a [g Y +mo)}
+ DY

Evidently, 7!, decreases in I. Further, we have v}, =1 <1+4+m, at [ =1I,,, and V', =2+m, > 1+m, at [ = I,.
Therefore, there exists a unique I,,, := [)\(1 +m,)+ O*M“"é%ﬂ)} € (I, 1), such that v (I,,) =1+ m,.
The firm can advance sell for I € (I,,,I,] with the high-price strategy if v >v';.

Step 3. For I € (I,,, 1], if v>7%;, the firm is able to advance sell with the high-price strategy. Moreover,

we have

(P ps) = B [aley, () + Alps +mo)] +pa — I > 75 = Baler)?,

as ey (p,) > ey and p, > p (p.) = I — BA(ps +m,), which indicates that the firm is also willing to advance
sell provided that she is able to. In Step 3, we find the optimal (p,,p,), denoted as (p,,p'"), to
maximize the firm’s expected profit =}, (p.,p.), given v > 7.

For given 7, <v < 1+m,, the constraints (136) imply that the feasible region of p, is alH (pp (Ds)sps) < 0.
As previously mentioned, 5; (ph (ps),ps) increases in p, € (p*, 1], the feasible region of p, is divided into the
following two cases:

(1) If v, <v<min{l +mo,$;(p{fb(l), 1)}, where

(1= A)(1+my)+ \/(1 —A)2(1+m,)? —8a [é —A +mo)}
21— ) ’

qslH(pl})Lb(l), 1):=1+

then the feasible region of p, is (p“;, [alH (ph, (ps),ps)]‘l(v)] with

- (1-M\)(2v—1—m,)— \/(1 —A)2(1+m,)2 —8a [é A +mo)]

(61 (Pl (p.).p)) " (0) = Ty ;
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(2) If min{1 +mo,$iq (pr(1),1)} <v <1+ m,, then the feasible region of p, is (p*,1].
Given v > vl and p, in the feasible region, the firm will set optimal coupon price, denoted as p?(p,), as

follows:

pa(ps) = B [en, () —ex] (1= Ao+ Ble + (1 —ep) Al — Bleg, (ps) + (1 — e, (p.)) Alpe,

and accordingly generate an expected profit of

ﬂ-l}:b(pg(ps)vps) :ﬁ [a(e;:b(ps))2 + )\(ps +m0)] + 5 I:el}:b(ps) - 6;3} (1 - )\)U + ﬁ[eg + (1 - e*B))\]
= Blegy(pe) + (1 = €3, (pa))Alps — T

The first-order derivative of 7} (p°(p.), ps) with respect to p, is

dﬂ-l}:b(pg(ps)?ps) — 5(1 B A)Q(v _ps) > 0.

dp, 2a -

Thus, depending on v, we have the following two relevant cases:

(1) If v, <v<min{l +mo,$lH(pfb(1), 1)}, the optimal spot price is

§ (1—A)(2v—1—m0)—\/(1—A)2(1+m0)2—8a[g—A(1+mo)]
psH: 2(17/\) )

and accordingly the optimal coupon price is
Pl = po () = 1 = BA (P +m,) -

Correspondingly, the optimal effort is

olh — (1=X) (plhy +m,)
H 2a )

and the firm earns an expected profit of

3 (1—A)(2v—1+m0)—\/(1—)\)2(1+m0)2—8a [g—A(HmO)HQ

2
mih = 6o =pa(ef)”. (137)

(2) If min{1 —l—mm@lH (pi(1),1)} < v <14m,, the optimal spot price is p3, = 1, and accordingly the optimal
coupon price is
Parr =Pa(Pa) = B(1 = A) (v —1)[ey, (1) — €3]

B1—N)(v—1) [(1 —N)(1+m,) — \/(1 —N)2(1+m,)% —8a [é a1 +mO)H
- 4a '

A=) (A+mo)
2a

Correspondingly, the optimal effort is el = , and the firm’s expected profit is

iy =B [a(ef)? + A1 +mo)| +ply — 1
_ 5 |:(1 — )‘)2(1 +mo)2

™ +A(1+mo)}

B(1—M\)(v—1) [(1 N1 +m,) — \/(1 —N)2(1+m,)? - 8a [é — A1 +mo)H
4a

+ ~I (138)
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Low-price strategy (i.e., p},(p;) <p. <pr(ps)). Given p, € [0,1] and pl, (p,) < p. < pr, (ps), assuming that

all k& consumers purchase in advance, the firm would exert an effort of

(L= N0 1)+ [ (1= 220 +m,)2 =S [522 = Ap. +m,)]
4a

ei)b (pmps) -

in accordance with Lemma A.5. Accordingly, when all £ consumers purchase in advance, the expected surplus

of a segment-i consumer is

E[ubb] = ﬁ(’U _ps)[eéb(pmps) + (1 - elbb(paap.S)))‘] — Pa- (139)

Anticipating this, the consumers would purchase in advance if and only if the equivalent condition (128) is

met. Substituting E[u,,] in (139) into the equivalent condition (128) gives

Pa S 6 [elbb(paaps) - eg] (1 - )‘)U +B[673 + (1 - GE)A] - ﬁ[eéb(pmpS) + (1 - elbb(pa7p3)))‘]ps- (140)

Moreover, from the firm’s perspective, the expected profit is 7', (pa,ps) = Balel, (pa,ps)]” in the case of a
successful advance selling with low-price strategy according to Lemma A.5, while the expected profit is
5 = fa [6*3]2 without advance selling according to Proposition 1. Thus, the firm is willing to advance sell if

and only if 7}, (pa,ps) > 7}, or equivalently

eéb(paapS) >e*B' (141)

From (141), Eq. (140) for the consumers to purchase in advance can be rewritten as

v > Da +B[eéb(pavp3) + (1 B eéb(paypS))/\]ps - B[e*B + (1 - E*B)/\}
- B ety (Pasps) —ep] (1= A)

Summarizing the above conditions, the firm’s optimization problem can be formulated as follows:

::?;(paaps)

2
max my, (Pas Ps) = Ba [ey,(Pas ps)] (142)
ps €[0,1]
Pho(Ps) < Do < ppy (D)

eéb(paaps) > e*B
> pa+Blet, (Pa,ps)+(1—ely (Pa,ps))Aps—Blep+(1—ep)A] — )
v= Blely (pasps)—ely | (1-2) ?H(pmps)

s.t. (143)

In what follows, we will solve the above optimization problem in two steps.
Step 1. The constraints (143) imply that the firm is able to advance sell as long as v is sufficiently large.
Let A, be the feasible region of (p,,p,), which is bounded by the first three constraints of (143), and define

v, = min l ¢ZH (pa,Ps)- Then the firm is able to advance sell if and only if v > v;. In Step 1, we solve
(pa’Ps)EéHi

the threshold value v!;.
Before solving v},, we first analyze the feasible region Al,. Since €., (p,,p.) increases in p, for given p,,
ety (Pasps) values maximum at p, = pf (p,) and minimum at p, = p, (p.). For ease of exposition, we define

(1= X)(ps +m,)

eéb(pr(pS)7ps) = %

and

(1= N)(p. +m,)

eny (Phy (Ds),0s) = W ,
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and we have

(1 - A)(pc + mo)
4a

(1 - /\)(ps + mo)

% :eéb(pgb(ps)’ps)~

eby (D (Ds), s) = < epy(Pa,ps) <

Note that to ensure the set of {(pa,ps)|el, (Pa,ps) > €5} be nonempty, €, (pk,(ps),ps) > €f, or equivalently,
Ds > pY, where p* has been defined previously in the high-price strategy, should be satisfied. Moreover,
e, (P, (ps),ps) < €} always hold for p, € |0,1]. Therefore, for given p, € (p¥, 1], there exist a unique p,(p,) €
(Phy (ps), Py (ps)] such that e, (B, (ps), ps) = €3, e,

Pa(ps) = BA+ (1= ANep] (1 —p.).
We have ey, (pa; ps) > €5 for pa € (B4 (ps), Py (ps)) and. e, (pa, ps) < e for pa € [py,(ps), Pu(ps)). As a result,
the feasible region Al, can be formulated alternatively as
élH = {(paaps)|pg <ps S 1apa(p8) <pa <pl}:b(p5)} :
We continue to solve v';. Given p,, the first-order partial derivative of QlH(pa, ps) with respect to p, is

8?;(]%,]?5) _ <5(paaps)

Opa B2 (el (paypa) —e3]? (1= A)2

where

Cs(pasps) =B [ely(pasps) — €] (1= N) [Hﬂ(l Mp.

deéb (pa 9 ps)
dpa

:/8(1 - )‘)[eéb(pwps) - eg] +

debb (pa ) ps)
dpa

—B(1—=\) [Pa + Bleby, (Pa, ps) + (1 — €4, (Pa, ps))Aps — Bles + (1 — ) A]]
(L —N[BA =N —po)ef +BAL —p) —pa]

A= 22+ —8a [ AGp. 4 )

The first-order partial derivative of (5(pa,ps) With respect to p, is

IG5 (Pasps) _ 4a(1 = N)(Pa — P (ps))

opa 8 [(1—)\)2(p5+m0) —8a [IB”“ —/\(ps—&-mo)” \/(1—)\)2(P5+m0) —8a [I Pa — \(p, +m,) .

Evidently, 222222) > 0 for B, (p.) < pa < pli,(p.). That is, (5(pa,p.) increases in p, for p, € (B, (ps), Pl (p:))-

08y (Parps) ;pa P22 > 0 for
Pa

Pa € (Ba(ps), Pl (ps)). Therefore, ¢! (pa,p.) reaches its minimum at p, = p,(p) for given p,. At p, =P, (p.),

we have

Moreover, at p, =D, (p.), we have (5(p,(ps),ps) =0. As a result, {s5(p,,p.) >0 and thus

?lH(ﬁu(ps)vps) - hm ¢ (paaps)

Pa—Pq(Ps)
_ lim Da +/8[eéb(pmpe) (1_6bb(paap ))A]ps ﬂ[e%+(l_e*3))\]
Pa—Dq(Ps) ﬁ[ebb(ptups) ](1 >\)
\/(1—)\)2(1+m0)2—8a{ A1+m,) }
=1 [
V(=2)2(14mo)2—8a[f —A(1+mo)]

which is independent of p,, and thus v, =1+ =7',. Therefore, the firm can

1-X
(1— A) (2m,,+1)

8a

advance sell for I € (I,,,1,] with low-price strategy if v > v';, where I, :=f3 [)\(1 +m,)+
(I, I1,).
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Step 2. Given v > v%;, the firm is able and willing to advance sell with low-price strategy for I € (1,,,,1;,]. In
Step 2, we will find the optimal (p,,p,), denoted as (p'';;,p"};), to maximize the firm’s expected
profit 7}, (p.,ps), given v >vl,.

Given p,, it can be observed from (142) that the firm’s expected profit 7, (p,,ps) increases in p,, and
thus the firm will choose maximum p, in the feasible region bounded by (143). Depending on v, we have the
following relevant cases.

(1) 1f vy, < v < min{l + mo,QlH(pr(l),l)}, where élH(p’gb(l),l) = 1 +
(17)\)(1+m0)+\/(17)\)2(1+mo)2—8a[é7>\(1+m0)}
2(1-N)

, given pg, there exist a unique root, denoted as p,, to the

equation QL (ph (D,),P,) =v. And it follows:

C=NEe-1-m,) - \/(1 — 221 +m,)2 - 8a [é A1 +mo)]
P = 21—\

According to whether p, > p, or not, there are two relevant cases as follows.
(i) If p, € (P,, 1], the firm’s optimal coupon price, denoted as p2(p,), satisfies Q;(pg,ps) = v, which
gives

ﬁ(l — /\)2(") _pS)(U+m0)
2a

po(ps) = BA1 —p,) + —B(1—=X\) (20 —p, — 1)e.

Accordingly, the firm earns an expected profit
2

(1 - )‘)(ps + mo) + \/(1 - )\)2(ps + mo)2 —8a [%ﬁs} - )‘(pe +mo):|
4a

ﬂ-éb(pZ(ps)aps) = Ba

3 [(1 —N)(2v—1+m,) - \/(1 —A)2(1+m,)? —8a [é —A(1+mo)H2
N 16a ’

which is independent of p,. Thus, the firm’s maximum profit in this case is
2

. I5; [(1 -N2v—14m,) — \/(1 —A)?2(14+m,)?—8a [é — A(1+mO)H

144

(ii) If p, € (p¥,P.], given p,, the firm’s optimal coupon price is p°(p,) = pk (p,). Accordingly, the firm’s
2
expected profit is 7!, (p2(ps),ps) = Ba {%} , which increases in p,. Thus, the optimal spot

price is p'’2 =p,. Correspondingly, the optimal coupon price is

pin =2 (05) =1— BA(D, +m,)

BA {(1 N (2v—1+m,) - \/(1 —2)2(1+m,)2 —8a [é A +mO)H
2(1=N)

:I—

and the firm’s profit is

8 [(1 N)@v—1+m,)— \/(1 —)2(1+m,)? —Sa [é - /\(1+mO)H2
T = 16a

(145)
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Combining Cases (i) and (ii), we observe from (144) and (145) that the firm earns identical profits
in either case. Thus, if v}, <v <min{l + mo,éi{ (pr(1),1)}, the firm’s maximum profit with low-price

strategy is

2

sla—N@v—1+m,) - \/(1 —A)2(1+m,)? —8a [g )\(1+mo)H
16a

11 ll2) —

i = max(mhy, Ty (146)

(2) If min{l+ ma,gi{ (pi(1),1)} <v<1+m,, given p,, the firm’s optimal coupon price is p2(ps) = pi (s)-
Accordingly, the firm’s expected profit is i, (p%(p,),ps) = Ba [w} , which increases in p,.
Thus, the optimal spot price is p’;; = 1. Correspondingly, the optimal coupon price is py; = p°(p'y;) =
I—BX\(1+m,), and the firm’s profit is

u ﬁ(l - /\)2(1 +mo)2
Ty = i . (147)

Equilibrium results. Finally, we derive the equilibrium results by a comparison of the high-price strategy

and low-price strategy. Note that

\/(1 —2)2(1+m,)% —8a [é A +mo)}

— . l _ .
Up=vy =1+ = Wy,

1-X

and

min{ 1+, Gy (pfy (1), 1)} = min{1 +m,, ¢ (ol (1),1)} =,

where

. (1)\)(1+mo)+\/(1)\)2(1+m0)28a éf)\(lerO)
¢H(p2b(1)a1):Qiq(pgb(l)vl) =1+ 2(1_)\)

Depending on v, there are two relevant cases below.
(1) If wh, <v<wh, it can be observed from (137) and (146) that wi* = lt.
(2) If v >wY,, it follows from (138) and (147) that mir > i,

To summarize, we have 7' > 7!l irrespective of v. Therefore, the firm will always adopt high-price strategy
for v > w';, and the equilibrium results are equal to the optimal results under high-price strategy, i.e.,
plry =pthy, piy =o'k, and 7 =7l If v < wly, the firm will not advance sell and consequently adopts pure

bank financing. |

Proof of Proposition A.8. The monotonicity is divided into the following two cases:
1. When m, <v —1, 3 = max{rj, 75 }. It can be observed from Propositions 1 and A.6 that both 73,
and 7} decrease in I. Thus, 7}, decreases in I in this case.
2. When m, > v — 1, according to Proposition A.7,

(a) if wh, < v <wW,, then it can be observed that 7}, = increases in I;
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(b) if v >w,, then the first-order derivative of 7}, regarding I is

dnt,  drl: 1-MN(v—1
g _OTg

= = -1 14
I ; >0, (148)
(1-2)2(1+m,)? —8a[L - A(1 +mo)}
where the “>” holds because v > wt;. That is, 7}, increases in I.
Combining Scenarios (a) and (b) leads to that 7}, increases in I in this case. O

Proof of Lemma A.2. Since all k£ segment-i¢ consumers purchase in advance, the market demand in the
financing period, Dy, is 1. Given that the firm succeeds in loan application and continues in the second
period, the firm will always set p: =1 since only segment-o customers will buy in the repayment period.
Accordingly, the market demand in the repayment period, D,., is divided into the following two cases. First, if
the firm’s effort results in “success”, all segment-o consumers will purchase and thus the demand is D, =m,,.
Second, if the effort results in “no success”, only A proportion of segment-o consumers will purchase and thus
the market demand is D, = Am,. Combining these two scenarios, let S = D, p? represent the sales revenue
of the firm in the repayment period, then S follows a binary distribution:
g_ {mo, with probability e.
Am,, with probability 1 —e.
Under advance price p,, if p, > I, the firm has no need to borrow from the bank. Thus, if the firm succeeds

to continue to the second period, her expected profit by exerting effort e is:

75y (€50a) = pa — I + E[S] — ae® = —ae* + (1 — N)ymye + p, + Am, — I.

By maximizing 73, (e;p.), the optimal effort level is derived as: ejf = %

, and accordingly the firm’s
maximum expected profit is

(1-X)2%m

2
7op (Do) = P S+ Am,+p, — 1.

However, if the firm fails to continue to the second period, then the firm’s expected profit is
o (Pa) =Pa — 1.

Summarizing the above two cases, given p, > I and each segment-i customer advance buys, the firm’s final
expected profit is

(1—X)2m?

R (pa) = Br5E (pa) + (1= B3y (pa) = B | o + My | +pa — 1.

By contrast, if p, < I, the firm has to borrow I — p, from the bank. Given p, and loan interest rate r, if

the firm succeeds to continue to the second period, her expected profit by exerting effort e is:
iy (€:pa, ) =E[S — (I —po)(1+7)]T — ae?.

We note that (I —p,)(1+r) <m, should be satisfied, otherwise the bank loan will not be granted. Thus,

the firm’s profit can be rewritten as

75, (€;0q,7) = —ae® + [mo —(I—pa)(147)—[Am,— (I —p,)(1 —|—r)]+] e+ [Amy — (I —pg)(1+7)]T.
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By maximizing 73, (€;p,, ), the optimal effort level is derived as:

en(pa,r) = T =L =PJUHT) _2[;\m Gt 23U ) (149)

and accordingly the firm’s maximum expected profit is
[0 — (I =pa) (1 +7) = [Amo — (T —pa) (1 +7)]*T°
4a

By contrast, given p, and loan interest rate r, if the firm fails to continue to the second period, then the

i (Pay ) = [Mmo = (I = pa) (14 1) T +

firm’s expected profit is

Ty (Pas1) = 0.

Summarizing the above two cases, given p,, each segment-i customer advance buys, and interest rate r, the

firm’s final expected profit is

’ﬂ_bb(pmr) = B’/Tlfb(pa?r) + (1 7ﬂ)7rl?b(paar) = 57T§b(paar)'

Next, we consider the bank’s pricing decision on interest rate r. By lending I to the firm, if the firm
succeeds to continue to the second period, then the repayment collected from the firm, defined as I', would
be min{S, (I —p,)(1 +r)}; if the firm fails to continue into the second period, then the repayment I' is 0.

Thus, in the repayment period, I' approximately follows the following distribution:

(I—pa)(1+7), with probability Seys.
I'= ¢ min{Am,, (I —p,)(14+7)}, with probability S(1 — ey).
0, with probability 1 — f.

According to the fair pricing principle, the interest rate r is uniquely determined by the following equation:
I—p,=E[l]=Bew(I —p.)(14+7)+ 8(1—ey) min{Am,, (I —p,)(1+7r)}. (150)

Depending on the relationship between Am, and (I —p,)(1+r), we solve the problem in the following two

cases:
1. If (I —p,)(1+7) < Am,, then substituting (149) into (150) leads to rj, = % —1. Toensure (I —p,)(1+r) <
Am,, holds, it should be satisfied that p, > I — BAm,, =: p},. If the firm succeeds and continues to the

second period, then the optimal effort is e}, = % Accordingly, the firm’s expected profit is

1—X)2m?
ﬂ-gb(pa) = /6 % + ATno:| +pa —1I.
a
2. If m, > (I —pa)(1+7) > Am,, then substituting (149) into (150) leads to
— (I — 1 — (I — 1

I—po =BT —pa)(1+r)"2 I—p)A+7) g [1— mo — (I = pa)( ”)} A,

2a 2a

which can be rewritten as

5 2 ﬂ mo _
g (=) (L 7)* = = (14 Nmo(I = pa) (14 7) +1 = po = B (1 %) Am, =0, (151)

which is quadratic in r. Thus, the bank will lend to the firm if and only if there exists a solution r
satisfying m, > (I —p,)(1+r) > Am, to the equation (151), which is equivalent to

<1A>2m3} .

Do >1—B|Am,+ 8 * Pop- (152)
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As long as the above inequity holds, the condition that there exists a solution r satisfying m, > (I —
Pa)(1+7) > Am, to the equation (151) is satisfied. When the condition (152) is met, solving equation
(151) leads to the equilibrium interest rate, which is equal to the smaller root due to the competitiveness

of the bank credit market, as follows

T+ X)m, — /(1= X)2m2 —8a ( =22 — Am,
( : 3
2(I - pa)
If the firm succeeds to continue, then the optimal effort is
(1= N)m, + \/(1 —\)?m2 —8a (I—Tp - )\mo>
4a

Ty (Pa) = 1

eéb(pa) =
Accordingly, the firm’s expected profit is 7, (p.) = Ba[el, (pa)]’-

Otherwise, if p, < p!,, the firm fails to obtain bank finance through advance selling. O

Proof of Lemma A.3. In this case, k—1 segment-i consumers with a mass of (1 — %) purchase in advance
while one consumer with a mass of % does not. Thus, the demand in the financing period is D; =1 — %
Given that the firm succeeds in loan application and continues into the second period, the firm will always
set pt =1 since we consider the case of kK — 0o and thus the one segment-i customer who waits is negligible
compared with the segment-o customers in the repayment period. Accordingly, the market demand in the
repayment period, D,., is divided into the following two cases. If the firm’s effort results in a success, all outer
consumers as well as the waiting segment-¢ customer will purchase and thus the demand is D, =m, + %
However, if the effort does not result in a success, the market demand is D, = A(m, + %) Let S = D,p;
represent the sales revenue of the firm in the repayment period, then S follows a binary distribution:
_ {mo + %, with probability e.
A (mo + %) ,  with probability 1 —e.
Given p,, if p, (1 - %) > I, the firm has no need to borrow from the bank. Thus, if the firm succeeds to

continue to the second period, her expected profit by exerting effort e is:

Tiw(€:Pa) = Po (I_D — I +E[S] - ae® = —ae” + (1)) (mo—k;)e—&-)\(mo—F;) + e (1—;) L

(1-x)(mo+1)

o , and accordingly the firm’s

By maximizing 7j, (e;p.), the optimal effort level is derived as: €% =
maximum expected profit is

(1= N2 (m, + 1) 1 1
1a +)\ mo+% +pa 17% —1.

However, if the firm fails to continue to the second period, then the firm’s expected profit is
sn 1
Mo (Pa) =pa (1= ) = 1.

Summarizing the above two cases, given p, (1 - %) > I and each segment-i customer advance buys, the firm’s

1
1-—-) -1
o (1-4)

T (pa) =

final expected profit is

1
me+ —

0

(1= N2 (m,+1)°
- +)\(

T (Pa) = Byn, (Pa) + (1 = B) 750 (pa) = B [
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By contrast, if p, (1 — %) < I, the firm has to borrow I — p, (1 — %) from the bank. Given p, and loan
interest rate r, if the firm succeeds to continue to the second period, her expected profit by exerting effort e

is:
o (€5 Pa,7) =B [5— {I—pa (1 - ;)] (1+7~)}+ — ae?.

We note that [I — Da (1 — %)] (I4r)<m, —|—% should be satisfied, otherwise the bank loan will not be granted.

Thus, the firm’s profit can be rewritten as

1 1 1 1 *
mi(€pa,r)=—ae® + mo+——[I—p, (1= = )| (T+7r) = (A mo+— )= |[T—pa (1=~ )| (1+7) e
v k k k k
+ A 4—l —|I— 1—l (1+)+
Mo+ Da 2 r)| .
By maximizing 75, (€;pq4,7), the optimal effort level is derived as:
ot L= [T—p, (1 =] A+7r) = [A(m+ L) = [T—p. (1-1)] (1 *
T P o (Y )[R I NN e e YL VI CE2) M

2a
Next, we consider the bank’s pricing decision on interest rate r. By lending I — p,(1 — %) to the firm, if
the firm succeeds to continue to the second period, then the repayment collected from the firm, defined as
I, would be min{S, [I —p, (1—1)] (1+7)}; if the firm fails to continue into the second period, then the

repayment I" is 0. Thus, in the repayment period, I approximately follows the following distribution:

[I—p.(1=13)] (1+7), with probability Sep..
I'= ¢ min{\ (mo + %) , [I — Dq (1 — %)] (1+r)}, with probability 8(1 — eyy).
0, with probability 1 — .

According to the fair pricing principle, the interest rate r is uniquely determined by the following equation:

I—p, (1-/1) =E[I]

= Ber {I—pa (1 - ;)] (147) + B(1 — ep,,) min{A (mo—i— ;) 7 {I—pa (1 - ;)} (1+7)}.
(154)
Depending on the relationship between A (m, + +) and [I —p, (1—+)] (1+r), we solve the problem in the
following two cases:
LI [I—po (1= 3)] (147) <A (m, + ), then substituting (153) into (154) leads to 7y, = +
[I — Dq (1 — %)] (I+7r) <A (mo + %) holds, it should be satisfied that p, > 1761(7#%)
firm succeeds and continues to the second period, then the optimal effort is

oh (1_>‘)(m0+%)'

1. To ensure

=:pp . If the

bw 2a

2. Ifmo+1>[T—p, (1= 2)] (1+7)>X(m,+ 1), then substituting (153) into (154) leads to
L I—p,(1-H)](1
I—pa<1—1) gtk =p.(1=3)] A 47) |:I_pa<1_]1€>:|(1+7’)

k
1
)\ _
(m”k)
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which can be rewritten as

% Hl—pa (1_;” (l—i—r)r—fa(l—&-/\) <mo+;> {I—pa (1_]1{” (147)
+I—pa(1—2>—6(1—m(’2:’1>)\(m0+;>=0 (155)

which is quadratic in r. Thus, the bank will lend to the firm if and only if there exists a solution r

satisfying m, 4+ + > [I —pa (1—1)] (1+7) > X (m,+ +) to the equation (155), which is equivalent to

-8 {/\(mo-i-,lc) +W£+k)]
- (156)

Da 2 I
1=

As long as the above inequity holds, the condition that there exists a solution r satisfying m, + % >
[I—p, (1—2)] (1+7)>A(m,+ 1) to the equation (155) is satisfied. When the condition (156) is met,
solving equation (155) leads to the equilibrium interest rate, which is equal to the smaller root due to

the competitiveness of the bank credit market, as follows:

.

(1+X) (mo+;)—\/(1—x)2 (m,+1)* = 8 [““;‘)_A(moﬂ)}

1
7qbu) (pa) = - 1
2[I=pa(1=3)]
If the firm succeeds, then the optimal effort is:
1 2 12 I—pa(1-1) 1
(1_)\)(mo+z)+ (1—)\) (mo“r%) _8CL ﬁ_)\(moﬂ—g)
1 _
6bw (pa) - 40/ .
Otherwise, if p, < p!,, the firm fails to obtain bank finance via advance selling. O

Proof of Lemma A.4. We observe from the definitions of p?, and p}', that pl, <pp, for I > I,. Moreover,
we can show that p! < p! . In order to establish the relationship between pl , which is dependent of k, and

pp,/p,, we solve the first-order derivative of pl, with respect to k as follows:

1-2)2(14m,)?
dpéw B i 17/8 |:)\(1+mo)+ ( ) S(a ) :| + ﬂ(l—)\)Q (157)
dk k2 (1-1)2 8a |’

Let [, =: 8 A1+m,)+ W} and I, =: 3 [)\(1 +m,)+ %} . Then, based on analyses of
the first-order condition in (157), we have:

A l
1. For I > I,, we have d’;zw <0;

~ A l l
2. For I, <1 < I, we have d';% > ( first and then dil,j“ <0;

~ l
3. For I <I;, we have %k > (.
The above results imply that as k — oo, pl, > pi, for I > 1, and p\, < p!, for I < I, . Moreover, it can
be observed that pl, — pl, as k — co. Lemma A.4 follows immediately from these results together with

Phy < Dpy < i, for I > 1. O
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Proof of Lemma A.5. Since all k£ segment-i consumers purchase coupons in advance, the market demand
in the financing period, Dy, is 1. Given that the firm succeeds in loan application and continues to the
second period, the market demand in the repayment period, D, is comprised of two parts: demand from
the segment-i customers, D?, and demand from the segment-o customers, D?.

Here, the magnitude of D! follows two cases. If the firm’s effort results in “success”, all segment-i consumers
will purchase and thus the demand is D! = 1. However, if the effort results in “no success”, the market
demand D! is random and satisfies

X y
D} = % (158)
where D/ represents inner consumer i’s purchasing behavior with D =1 denoting purchasing and D% =0
not purchasing. Evidently, D¥ follows a Bernoulli distribution, i.e., D =1 with probability A and D¥ =0
with probability 1 — \. Thus, 3. | D¥ follows a binomial distribution: Zle Dii ~ B(k,\). According to
the Central Limit Theorem, the binomial distribution converges to a normal distribution, i.e.,

Zk:Dij ~ B(k,A) = N (kXA kA1 = X)) (159)

j=1
when k — oco. (158) and (159) jointly implies

Di N (A, m};”) (160)

for k — oco. From (160), the variance of D! is w

, which approaches to zero when k — oo. Accordingly,
Di converges to its mean value \. Based on the above analysis on demand D’ in the cases of success and no
success, respectively, it can be concluded that when k — oo, D follows a binary distribution:
Di— {1, with probability e.

" A, with probability 1 —e.

For D¢, it relies on both p, and the effort outcome. Evidently, the firm will always set p* =1 since the
segment-7 and segment-o customers are priced separately in the repayment period. Thus, accordingly, D¢
is divided into the following two cases. If the firm’s effort results in “success”, all outer consumers will

purchase and thus the demand is D2 = m,. However, if the effort results in “no success”, the market demand

is D2 = Am,,. That is,

Dy =

r

My, with probability e.
Am,, with probability 1 —e.
Let S = Dip,+ D¢p* represent the sales revenue of the firm in the repayment period, then S follows a binary
distribution:
) pst+m,, with probability e.
| A(p, +m,), with probability 1 —e.
Given p, and p,, if p, > I, the firm has no need to borrow from the bank. Thus, if the firm succeeds to

continue to the second period, her expected profit by exerting effort e is:

75 (€5Pas Ds) = Do — I +E[S] — ae® = —ae? + (1 — \)(ps +m,)e + po + Aps +m,) — L.
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By maximizing 75, (€e; pa,Ds), the optimal effort level is derived as: efi(p,) = %, and accordingly

the firm’s maximum expected profit is

(1 =X)2(ps +m,)*
4a

However, if the firm fails to continue to the second period, then the firm’s expected profit is

ﬂ'sg(pa’ps): +A(ps+frn’o)+pa*1-

ng(pa) =p.—1.

Summarizing the above two cases, given p, > I and each segment-i customer advance buys, the firm’s final

expected profit is

(1 =A)?(ps +m,)*
4a

T (Pa> Ps) = By (Pas ps) + (1= B) iy (pa) = B +A(ps +mo) | +pa— 1.

By contrast, if p, < I, the firm has to borrow I — p, from the bank. Given (p,,p,) and loan interest rate
r, if the firm succeeds to continue to the second period, her expected profit by exerting effort e is:
75 (€300, Dss7) =E[S — (I —po)(1+7)]" — ae®.
We note that (I —p,)(1+7r) < ps+m, should be satisfied, otherwise the bank loan will not be granted. Thus,
the firm’s profit can be rewritten as
W;b(e;paapsar) = a’€2 + [ps +m, — (I _pa)(l -l—?“) - [)‘(ps + mO) - (I _pa)(l + 7‘)]+] €
+ [)‘(ps +m0) - (I _pa)(l + 7’)]+.

By maximizing 73, (€; pa, ps, ), the optimal effort level is derived as:

s tme— (I —po)(147) — [Mps +m0) — (I —po)(1+7)]T

ebb(paapmr) - 2@ 9 (161)

and accordingly the firm’s maximum expected profit is

4 [petme = (= pa)(A+7) = [Aps +mo) = (T —pa) +7)]*°
4a '

By contrast, given (p,,p,) and loan interest rate r, if the firm fails to continue to the second period, then

ng(paapsvr) = [)‘(ps +m0) - (I_pll)(]' +T)]

the firm’s expected profit is

oy (PasDs,7) =0.

Summarizing the above two cases, given (p,,p.), each segment-i customer advance buys, and interest rate r,

the firm’s final expected profit is

Wbb(paapsvr) :57rlfb(pmpsvr) + (]- - ﬂ)ﬂ-l?b(pmpsvr) = Bﬂgb(paapsvr)'

Next, we consider the bank’s pricing decision on interest rate r. By lending I to the firm, if the firm
succeeds to continue to the second period, then the repayment collected from the firm, defined as I'; would
be min{S, (I —p,)(1 +r)}; if the firm fails to continue into the second period, then the repayment T is 0.
Thus, in the repayment period, I' approximately follows the following distribution:

(I—pa)(1+71), with probability Sey,.

I'= < min{\(ps +m,),(I —pa)(1+7)}, with probability 5(1— ey).
0, with probability 1 — .
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According to the fair pricing principle, the interest rate r is uniquely determined by the following equation:
I —p, =E[I'=Bew(I —pa)(1+71)+ B(1—ep) min{A(p, +m,), (I —pa)(1+7)}. (162)

Depending on the relationship between A(p, +m,) and (I —p,)(1+ 1), we solve the problem in the following
two cases:

1. If (I —pa)(1+7) < A(ps + m,), then substituting (161) into (162) leads to rp, = % — 1. To ensure

(I —pa)(1+71) < A(ps +m,) holds, it should be satisfied that p, > I — BX(ps + m,) =: pi (p,). If the

firm succeeds and continues to the second period, then the optimal effort is e (p,) = (=N (pstmo)

2a
Accordingly, the firm’s expected profit is
1—=X2)2(ps +m,)?
Trl?b(paaps):ﬂ ( ) Ela ) +>‘(ps+mo):| +pa_I-
2. I p,+my,> (I —pa)(1+7)> Aps +m,), then substituting (161) into (162) leads to
ps+mo_ I_pa 1+7" ps+mo_ I_pa 1+T
I = pu=B(I - pa)(147) Uop)UE7) gy - U=p) A1), 4 m,)
2a 2a
which can be rewritten as
B B Ps +mg
2l —Pa)(1 )P = (NP +mo) I —pa) A +7) + 1 —po— B (1= = | A(ps +m,) =0
a 2a 2a
(163)

which is quadratic in r. Thus, the bank will lend to the firm if and only if there exists a solution r

satisfying p, +m, > (I —p,)(1+7) > A(ps +m,) to the equation (163), which is equivalent to

(1 - )\)Q(ps + mo)2
8a

Do > 1 =B | Aps+m,) + ] =:p, (ps)- (164)

As long as the above inequity holds, the condition that there exists a solution r satisfying p, + m, >
(I —pa)(1+7) > Aps+m,) to the equation (163) is satisfied. When the condition (164) is met, solving
equation (163) leads to the equilibrium interest rate, which is equal to the smaller root due to the

competitiveness of the bank credit market, as follows

(L0 0) = (1= 220, .02 =80 [ 522 = Ap. +m,)]

2T ) b

Tll,b(paaps) =

If the firm succeeds, then the optimal effort is:

(1= N0 m0) + (1= 220+ 1,2 =80 [ 522 =+ m)
4a

6§;b(pa7p5) =

Accordingly, the firm’s expected profit is 7., (pa, ps) = Ba [l (pa; ps)]’. Otherwise, if p, < pl,(ps), the

firm fails to obtain bank finance via advance selling. O
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Proof of Lemma A.6. In this case, k—1 segment-i consumers with a mass of (1 — %) purchase in advance

1

while one consumer with a mass of % does not. Thus, the demand in the financing period is Dy =1 —

Given that the firm succeeds in loan application and continues into the second period, the market demand in
the repayment period, D,., is comprised of three parts: demand from the segment-i customers who advance
buy, D, demand from the segment-i customer who waits, D and demand from the segment-o customers,
D?. The firm will always set p* = 1 since we consider the case of kK — oo and thus the one segment-i customer
who waits is negligible compared with the segment-o customers in the repayment period. Accordingly, with
similar analysis to that in the proof of Lemma A.5, we derive that D D and D¢ follow the following

distributions:

k?

A (1 - l) , with probability 1 —e, if z=n.

Dib — {1 -1 with probability e, if z=s.
k

Div 1, with probability e, if z=s.
~ |2, with probability 1 —e, if z=n.

D; =

T

M, with probability e, if z=s.
Am,, with probability 1 —e, if z=n.

Let S = Di*p, + D*p* + Dp: represent the sales revenue of the firm in the repayment period, then S

follows a binary distribution:

g_ P (1 — %) +m, + %, with probability e.
A (T=2)+A(m,+ 1), with probability 1 —e.

Given (p,,p.), if pa (1 — %) > I, the firm has no need to borrow from the bank. Thus, if the firm succeeds

to continue to the second period, her expected profit by exerting effort e is:

1
Wgw(e;paups) =Pa (]- - k) - I+E[S] — CI,€2

1 1 1 1
_ 2 _ = = _ = = I
=—ae*+(1-X\) {ps<1 kz)+m°+k]e+/\{ps(l k>+mo+k} + Dq (1 k> I.

By maximizing 7¢ (e;pa,ps), the optimal effort level is derived as:

(g = AL e 2]

and accordingly the firm’s maximum expected profit is

T (LI e RRTRE b (1) et on (1) r

However, if the firm fails to continue to the second period, then the firm’s expected profit is

1
i) =pa (1-3) -1

Summarizing the above two cases, given p, (1 — %) > I and each segment-i customer advance buys, the firm’s

final expected profit is

’/Tlfw(pu.vps) :Bﬂ-lfz;(paaps) + (1 - B)TFZZJ(pa)
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-8 (=N 3(1_’1)+m°+’l€”2+/\{p3 (1;>+mo+ﬂ +Pa <111€) —I.

4a
By contrast, if p, (1 — %) < I, the firm has to borrow I —p, (1 — %) from the bank. Given p, and loan interest

rate r, if the firm succeeds to continue to the second period, her expected profit by exerting effort e is:

Tyw(€iPas s, 1) =E [5— [I—pa (1 — ;)} (1 +r)] i —ae.

We note that [I — Da (1 — 1)] (14+7)<ps (1 — %) +m, + % should be satisfied, otherwise the bank loan will
not be granted. Thus, the Hrm’s profit can be rewritten as

wsw(e;pa,ps,r)—[ (1—*)+mo+%—[1—pa(1—%)](1-{-7")—|:)\[S(l—%)-&-mo-‘r%}—[I—pa(l—%)}(l—kr)}*—}e
—ae2+|:)\|: (1—7)+mo+ﬂ {I—pa(l—%>](1+r)}+.

By maximizing 75 (€; D4, Ds, ), the optimal effort level is derived as:

po(1=f)tmot = [1=p (1= DI040 = o (=) £ 4] = [1-p (1= D] 140"

ebw(paapsﬁr) = 2(1

(165)
Next, we consider the bank’s pricing decision on interest rate r. By lending I — p, (1 — %) to the firm, if
the firm succeeds to continue to the second period, then the repayment collected from the firm, defined as
I, would be min{S, [I —p, (1—2)] (1+r)}; if the firm fails to continue into the second period, then the

repayment I' is 0. Thus, in the repayment period, I' approximately follows the following distribution:

[I—p. (1-3)] (1+7), with probability Sep..
P={min{A[p, (1—%)+m,++],[I—p. (1—1)] (1+7)}, with probability 3(1— ep.).
0, with probability 1— 3.

According to the fair pricing principle, the interest rate r is uniquely determined by the following equation:

I—pa (1—%):1}3[1“]

— Ber [I—pa (1 - %)] (147)+ B(1 — epw) min{A {ps <1 - %) bt H , [I—pa (1 - %)} (147)}.
(166)

Depending on the relationship between A[p, (1—2)+m,+ 1] and [I—p,(1—2)](1+r), we solve the
problem in the following two cases:
LIfF[I—p,(1-3)](14+7r)<A[ps (1—1)+m,+ ], then substituting (165) into (166) leads to rf, =
%— 1. To ensure [I—p, (1—%) (1+7) < X[ps (1= 1) 4+mo+ 1] holds, it should be satisfied that
).

I—ﬂx[pg(ll——)+mo+ A

Do > If the firm succeeds and continues to the second period, then the

b (Ds

k
optimal effort is

(1=2) [ps (1= %) +mo+ 1]
2a '

egw(ps) =

2. If p, (1 — %) +m, + % > [I—p,l (1 — %)] (I14+7r)>A [ps (1 — %) +m, + %], then substituting (165) into
(166) leads to

g (1 1) Dm0 D0 L ()

k 2a
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1—ps(1_%)+m°+%_[I_p“(l_%)] (1+7) )\[ps (1—1>+m0+1},

+5 2a k k

which can be rewritten as

% Hl—pa (1—;)] (1+r)r—25a(1+)\) [ps (1—;)+mo+;] :I—pa (1—]1” (1+7)
Ty (1-}1) —ﬁl1—ps(1_i)+m°+i A[ps (1—;>+mo+ﬂ —0, (167)

2a
which is quadratic in r. Thus, the bank will lend to the firm if and only if there exists a solution r
satisfying ps (1— 1) +mo++ >[I —p. (1= 1) (147) > X [ps (1= £) +m, + £] to the equation (167),

which is equivalent to

T=5[Alp. (1= 1)+, + 3] + BBt

- = Py (Ps)- (168)

Pa =

I

As long as the above inequity holds, the condition that there exists a solution r satisfying

Ds (1—;>+mo+]1€> [I—pa (1—}1)} (1+T)>)\[ps (1—]19)+m0+;]

to the equation (167) is satisfied. When the condition (168) is met, solving equation (167) leads to the
equilibrium interest rate, which is equal to the smaller root due to the competitiveness of the bank
credit market, as follows:

A0 e (1= 8) #mo 2] = =02 e (1= 2) o 1] -0 [ 2207 o (- 1) ome 4]

Téw(paﬁps) =
AT ()

If the firm succeeds, then the optimal effort is:

=N [ps (1= 4) +mo+ 2]+, =02 [ps (17%)+m0+%]278a[ﬁ%)4[p5 (17%)+m0+ﬂ]

l
€ (Pa,Ps) = ™

Otherwise, if p, < p!,(p,), the firm fails to obtain bank financing through advance selling. O

Proof of Lemma A.7. From the definitions in Lemma A.5 and Lemma A.6, we have p},(p,) < pp,(ps) <
pr.(ps) for p, € (0,1] when I > I, . Moreover, we have p}, (ps) < pt,,(ps). To establish the relationship between
Pl (ps), which is dependent on k, and p, (p,)/p,(ps), we investigate the monotonic property of p}  (p,) with
respect to k. The first-order derivative of p! (k) with respect to k is
(1=202(1+m,)?
dih(p)_ 1 [1=8[A1+mo) + £ B(1=2)2(1—p,)?

= T + ” . (169)

Let I, :=f [/\(1 +m,)+ W} and I, := 3 [/\(1 +m,)+ %} Analyzing the properties
of the first-order derivative function in (169) lead to the following results:

~ l
1. When I > I, we have c@*“c*l’ik(p‘?) < 0. Moreover, p} (ps) = pt,(ps) as k — oo. Together with pl,(p.) <

Dy (Ds) < Piy (s), this implies that py, (p.) < ph,, (ps) < iy (Ps) < Doy (Ps) as k — 00.

2. When I, <T< fh, let I,(p,) =: I, — W and evidently there exists a unique p, such that

I,(p,) = I. Depending on p,, we have the following two cases:
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(a) If p, € (0,p,), or equivalently I;(p,) < I < I, then % > 0 first and then % < 0. Moreover,

L. (ps) = phy(ps) as k — oo. Thus, pl,(ps) < ph.,(ps) as k — oo. Therefore, pi,(p.) < pl,(ps) <
Pry(ps) <Py (Ps) as k — o0

(b) If p, € [Bs, 1], or equivalently I, < I < I,(p,), then dplb’(“i’k(“) > 0. Moreover, pt (ps) = ph,(ps) as k —

oo. Thus, p!, (ps) <pl,(ps) as k — oco. Therefore, pl, (p.) < ph,(ps) < P (ps) < pi, (ps) as k — oo.

A L
3. When I < I, we have dp”;’ik(p” > 0. Moreover, p}, (ps) — pl,(ps) as k — oco. This together with p!, (p,) <
Py (Ps) < Py, (ps) implies that py,, () <piy(Ps) <Py () <P (ps) as k= 0o,

Lemma A.7 follows immediately from the above results. O



