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Abstract

This article is dedicated to find the extensions for Hermite-Hadamard (H-H) and
Simpson’s type of inequalities. By combining multiple existing convex functions by placing

specific restrictions on them is the most effective in many approaches to find a new convex

function. Here, to find the new function (h,, h,, s)-Convex and m-Convex Function are used.

Because of the product of two or even more convex functions does not necessarily have to

be convex, we decided to investigate merging distinct convex functions. Combining more
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than two convex functions in a novel adaptive way advances to new applications in a range
of disciplines, including mathematics and other fields. In this paper, some extensions
for Hermite-Hadamard and Simpson’s inequalities is explored. The newly constructed
extensions of these inequalities will be considered as the improvements and refinements of
previously obtained results.
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1. Introduction

Convex functions are very important because of their geometric
interpretation and wide area of application [1-3]. They provides the basis
for construction of mathematical inequalities [4-5]. In addition, it provides
the basic idea for making a linear comparison between the composition
of two points for a function and the composition of image of these two
points [5]. At the beginning of the 19" century, Jensen (1906) introduced
the mostly used definition of the convex function for real values as follows

A function f:1— R, is convex for a, €[0,1], if

flax+QQ-a)y)<a f(x)+(1-a)f(y),x,yelcR (1)

Remarks: If strict inequality (<) holds on Inequality (1), then it is called
strictly convex, whenever x #y and « €(0,1). The definition of convex
can also be explained using geometry.

Several mathematical inequalities and extensions are the results of
convex functions. The first inequality in literature for convex function is
Hermite-Hadamard inequality. Different extensions of Inequality (1) have
been made in past for different uses [13-15, 17-22].

Gabriela, Noor and Uzair (2015) introduced h,h,-convex function
[16]. It is a generalized form of h-convex function by using two different
positive real-valued functions named hand &, as given.

Definition 1: A function f:I—(0,) and h,,h, : > R, then f is called
(h;h,)-convex for a, €[0,1], if

flax+1-a)y)<h(a)fx)+h,(1-a)f(y),x,yel 2)

Here, h#0is a positive function. Furthermore, Ozdemir et al. (2016)
extended the (h,, h,)-convex function by combining it with m-convex
function (Toader 1988) as follows.



HERMITE-HADAMARD AND SIMPSON'S TYPE OF INEQUALITIES USING PRODUCT OF CONVEX FUNCTION 1735

Definition 2: A function f:I—(0,«) and h,,h, :— R, thenfis called (m,
h,, hy)-convex for a, €[0,1], if

f(a1x+m(1—“1)]/) < hl(al)f(x)+mhz(l_a1)f(y)/xr]/ el (3)

Here, h #0 is a positive function.

On the basis of these mentioned definitions the most famous H-H
inequality was extended in different time.

Let a function f:1—R_ be convex, then

pralc 1 f@+fp)
f[z}sq_pif(x)dxg W) pgeleR, )

is called Hermite-Hadamard (H-H) inequality.

Main Results
In this section, we combined (h,, h,)-convex, s-convex, and m-convex
functions to form (h,, h,, s)-m-convex function.

Definition 3: A function f:1—(0,«) and h ,h, :— R, thenfis called (h,

h,, s)-m-convex for a, €[0,1], if
flax+mQ1—a)y)<h’(a)f(x)+mh, (1-a)f(y),x,yel (5)
Here, h # 0 is a positive function and s [0,1].

Lemma 1: Let a function f:1— R be differentiable on 1, where p,qelcR
then

L] L A [ Y )
o - (aprea) B ). ©

Theorem 1: Let afunction f:1— R bedifferentiable on 1, where p,qelc R.
If | f"| bea (m, h, h,, s)-convex function then

£ g e < | 952 (220 o o

+m(f” [Z]]jolalzhzs(al)dul}
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L p) { f”[ (”;"Jﬂl—al)deal
+J;<al—1>2f"[ulp+<1—al>[*’;q)dalﬂ. )

Proof:
From Lemma (1), we know that

ﬁjg Flx)dx - f(‘%”j - ”) {joal f"[al(%“?]ﬂl—al)p]dal

+1(a, -1 f"[alp+(1—al)[pj]dalﬂ. ®)
As | f"| isa (1, h, s, m)-convex function for any a, €[0,1], we have
7ol em-ap | <h @) £ 25 b7 2), ©)
also
7l agm-a)( 2 |<h @)@ -a) (1) 0
By using Inequality (9) and Inequality (10) in Inequality (8), we get
F(1)- L fdx < 27 {f;af[f"(hf*(an["j}j
emh(1-a) (1] dal}
0P, -0 £ 0,9
cmh(-a,)f" [&H ] (11)

F(230)- gy = 2 (920 i)
+mf”[ﬂJ galzh;(l—al)dal}
<O @) (0, -1 By (a,) da,
" [%j} (g, -1 hzs(l—al)dal}. (12)

This Inequality (12) completes the proof.
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Remark:

(1) By using m =1 in Theorem (1), then the results will be converted to
H-H inequality for (4, h,, s)-convex function.

(2) By using h’(a,)=h’(a,)and h,’(1-a,)=h’(1-a,)in Theorem (1),
then results will be converted to (1, s)-convex function.
(3) Byusing h’(a,)=a, and h,’(1-a,) =1-a, in Theorem (1), then results

will be converted to convex function.

Theorem 2: Let a function f:1— R be dlfferentiable on I, where p,gelcR.

IF1£71 bea (b, by s, m)-convex function and -+ =1 with b > 1 then
£12)- L fpax < 25 J Hh @l (2]

£ [:;]] Hi @) @

]

+mhy(1-a,)

—_

+mh,*(1-a,)

]b . (13)

Proof:
From Lemma (1) and b > 1, we have

EYE T OLE {J& 0’ fA-a)p+ o752 da
+]a(a, ~1)° "[alp+ ("J'T”j(l— al)dalﬂ. (14)

By applying Holder’s mequahty + —=1 on Inequality (14), we get

£52)- 0 fdx

o a1 ol 5o fan

IA

b

(1712)2 [J.(} (a, —1)*" da, F {J&f"[alq+(1_a])[p;qu]dﬂl] )

As | f"| is a (h,, h,, s, m)-convex function, we have
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1
n(pHg
Ji f (TJ
" E
()
b
da, < h(a)| f"(q) [
b

iz

then Inequality

b

f”[al[p;i}m(l—al)quda] < h(a)

b

+mh,’(1-a,) , (16)

and

J

fn(al(q)+m(l—al)[’%qj]

+mbh,’ (1-a,)

(17)

As we know that [ja*da, = [}(1-a,)*da, =
(15) will be reduced to

f[%”j—%f:fmdx

1
2a+17

< q+p +(1 al)pJ da1]

2a1 +1

1

L [%ﬂi [Io £ [alq+(1 al)[%j] dalJ , (18)
o) o
atl

1
<@p?[ 1 o],
< {WJ [hl (@)
1
b \b
} . 19)

o =

+mhy*(1-a,)

ol

s

This Inequality (19) completes the proof.

+ [hf(a] I (@)l +mhy (1-a,)

Remarks:
(1) By using m =1 in Theorem (2), then the results will be converted to
H-H inequality for (h,, h,, s)-convex function.
(2) By using h’(a,)=h'(a;)and h,’(1-a,)=h’(1-a,)in Theorem (2),
then results will be converted to (I, s)-convex function.
(3) Byusing h’(a,)=a, and h’(1-a,) =1-a, in Theorem (2), then results
will be converted to convex function.
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Theorem 3: Let a function f:1— R be differentiable on 1, where p,qgelc R.

If | f"| bea (h,, h,, s, m)-convex function and %+% =1 with b > 1 then
pra)_ 1 qa
£ )= 0 feodx
2ro gt
< a-r) H b H
16 |3
np
()

+[ [f" @ Jo(a,” =D (ay)+m

[o(a,) hy*(ay)

)

(2] piay hf(l—al)]b (20)

1

bIé (a,* =1)hy (1~ al)]b :

/3

Proof:
From Lemma (1) and b > 1, we have

£ =g pdx

2
2
< @p { 12 da,

16 071

b

f "(a1p+ (1-a, )[’%‘7] dalJ

+[(a, -1) }, (21)

1
b b
da, ]

f" (al[%qj_'_ (1- al)pj

Y, 11
- (qlz) (Ealzdal)( bj [Olalz

S

b

+[y(a, = 1) (22)

f" [alp+ (1- al)[’%qj dulj

As | f"| is a (h,, h,, s, m)-convex function, we have
1

@y | £(af 731} 0-ap)

n| pt+q

ity

a4

b
da,

b
1 :
< jo (a,) h(a,)da,

+m [ (@)h, (1-a,)da,, (23)

and
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b
da,

Jy@y

gty
<1 @I [ @ =Dh(a,)da,
/)

Now using the Inequality (23) and Inequality (24) in Inequality (22),

m [[@? -1 (1-a)da,. (24)

we get

£ 0

<o)
an

s

f& (al )2 hy(ay)

i

[o(a,) 1 (1~ al)]b +(If" @@, =D hy ()

+m

+m h [3(a? =1k (1- al)]b . (25)

This inequality (25) completes the proof.

Remarks:
(1) By using m =1 in Theorem (3), then the results will be converted to
H-H inequality for (h,, h,, s)-convex function.

(2) By using h’(a,)=h(a,)and h,’(1-a,)=h’(1-a,)in Theorem (3),
then results will be converted to -convex function.

(3) By using h’(a,)=a, and h,’(1-a,)=1-a, in Theorem (3), then
results will be converted to convex function.

Theorem 4: Let a function f:1— R be differentiable on 1, where p,gelcR.

If | f"| bea (h, h, s, m)-convex function and %+% =1 withb > 1 then
£(551) = 0 fra
2) P

(q*p)2 1 1| gn( p+g
< fl L}
=16 (u(2u+l)+b[f ( 2

Tl (@)
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+m ‘ f" {%J bjé h,(1- al)ﬂ

@-p°[ 1
+ 16 [u(2a+1)

bj; h, (1- al)D. (26)

1)

+;[|f"<q>|b Johy* (@) +m

Proof:
From Lemma (1) and b > 1, we have

o)=L T feodx

(G-p?| (!
< “0 a’

i da,
1
+IO (a, -1y

f" [(“T”j a+(1- al)pJ
f”[alp+(1— al)[p—;qjdalJ

=\ M
16 Jol g + b

}. (27)

b
2 a "
+ P jl[(“l U ]dal. (28)

16 0 a

As | f"| is a (h,, h,, s, m)-convex function, we have

pra)_ 1 4
FE)= 0 feodx
(q—p)2 1 1 n( p+q
< 16 [a(2a+1)+b[f (T]

" @p*( 1
e (1—a1)] 16 [u(2u+1)

ol (@)

s (2]

bj; h,’(1-a, )D (29)

+;{| F@ R )] £ 2]

This Inequality (29) completes the proof.

Remarks:
(1) By using m =1 in Theorem (4), then the results will be converted to

H-H inequality for (h,, h,, s)-convex function.



‘synsal pamboaz ayy Sunemnored ur parjdde osfe
a1e (sadeIaAr) sueaw [EORWAYRU ‘sanjifenbaur passnosip jo siseq ayy uQ
‘synsa1 asay} Jursn Aq punoj aq os[e ued sanrenbaur (-1 reurdio pue
synsai1 a3 adnpoid 03 pasn osfe axe sanrenbaur s,19[0,] pue -1 ‘SUORIPUOD
oyyads awos ursooyd A[uo Aq S3Nsar mau 99y} J0j paureqo aq ued
symsa1 snotasid Sy} [[e Jey} S}09[Jo1 SHNSII PO Se [[oM Se MU UadM}aq
uostreduwiod ay [ "PoALIOp a1k SUOHOUNJ PISSNISIP 10§ s)nsal snoradid oy
[Te 1sowre ‘o pue w ‘y ‘y jo anfea dywads swos 104 ‘sanrrenbaur g-1g
o} 23e31saAUl 0} pue S)NSaI SNOIAdId S} PUSIXS 0} PIsn dIe SUOHOUNJ
X9AUOD JO sodA) JUSISMI(] "UOHOUNJ XJAUOD dY}) PUSXe O} SUOHdUNJ
om} ueyj arowr Sururquod jo ampadoxd oy poazimn raded sy

uorsnpPuo))

('soBe1aae) sueaw [epads jo
suonedoridde jo w0y 9y} Ur US)LIM 8¢ UED SWIIOA) dA0JE JO SUOISSaIdXad

1 ded-b
A[OyM B3 udy} (b’d)V:[,H%]f pue (bd)'1=xp (0)f [ 91
‘b >dpue [g}\ Y2 » P10YH

(d-b)(1+D) .
'E{W}(b’d) gl

1+ +0

1

ueawr orunpyrre3or- » YL (g)

b+d p
iz = (b'd)g

ueaw druourrey ay], ()

bdp = (b'd)o
ueaw drpowoad sy (1)

SMOT[OF Sk a1k (93e1aAL) SUBIW SWOS ‘¥ 3 b’d [[e 10] Jel} MOuY oM Sy
(38eraay) ueayy 10y uonedrddy

“UO[OUNJ XIAUOD 0} PIJIAUOD 3 [[IM
symsax uay} ‘() werody ut 'v—1 = ('v—1) 5y pue 'v=('v) 'y Suisn £g (g)
“UONOUNJ XDAUOD(S ‘If) 03 PI}ISAUOD 3 [[IM S}NSDI U}

‘(%) wazoayl ur('v—-1)y=("v-1).y pue('v)y=("v)y Susn £g (7

NVIISIN ‘N ANV IVINO “Z ‘NISVA 'S [4748



HERMITE-HADAMARD AND SIMPSON'S TYPE OF INEQUALITIES USING PRODUCT OF CONVEX FUNCTION 1743

References

(1]

(2]

(3]

[4]

[5]
[6]

[7]

(8]
[9]

(10]

(11]

(12]

(13]

(14]

G. Toader, “Some generalization of convexity approximation,” in
Proceedings of the Colloquium on Approximation and Optimization,
Technical University of Cluj-Napoca, Cluj-Napoca, Romania, 1985.

M. K. Bakula, M. E. Ozdemir, and J. Pecaric, “Hadamard type
inequalities for m-convex and («, m)-convex functions,” Journal of
Inequalities in Pure and Applied Mathematics, vol. 9, no. 4, 12 pages,
2008.

M. A. Noor, M. U. Awan, K. I. Noor, and T. M. Rassias, “On («, m, h)-
convexity,” Applied Mathematics & Information Sciences Letters, vol. 12,
no. 1, pp. 145-150, 2018.

V. G. Mihesan, “A generalization of the convexity,” in Proceedings

of the Seminar on Functional Equations Approximation, Cluj-Napoca,
Romania, 1993.

B. G. Pachpatte, “On some inequalities for convex functions,” RGMIA,
vol. 6, 2003, http:/ /rgmia.org/v6(E).php.

S. Rashid, M. A. Noor, and K. I. Noor, “Integral Inequalities for
Exponentially Geometrically Convex Functions via Fractional
Operators,” Punjab Univ. |. Math., 2020.

A. U. Rehman, G. Farid, and S. Malik, “A Generalized Hermite-
Hadamard Inequality for Coordinated Convex Function and Some
Associated Mappings,” J. Math., 2016.

D.S. Itrinovi¢ and L. B. Lackovi¢, “Hermite and convexity,” Aequationes
Math., vol. 28, pp. 229-232, 1985.

Nawaz, T., Memon, M. A., & Jacob, K. (2021). Hermite-Hadamard-
Type Inequalities for Product of Functions by Using Convex
Functions. Journal of Mathematics, 2021.

Shi, D. P, Xi, B. Y,, & Qi, F. (2014). Hermite-Hadamard type
inequalities for (m, hl, h2)-convex functions via Riemann-Liouville
fractional integrals. Turkish J. Anal. Number Theory, 2, 23-28.

Iscan, 1. (2014). Hermite-Hadamard type inequalities for harmonically
convex functions. Hacettepe Journal of Mathematics and statistics, 43(6),
935-942.

Xi, B. Y, Qi, F, & Zhang, T. Y. (2015). Some inequalities of
Hermite-Hadamard type for m-harmonic-arithmetically convex
functions. ScienceAsia, 41(5), 357-361.

Matuszewska, W., & Orlicz, W. (1961). A note on the theory of
s-normed spaces of ¢ -integrable functions. Studia Mathematica. 1-18.
Pinheiro, M. R. (2007). Exploring the concept of s-convexity.

Aequationes Mathematicae, 74(3), 201-209. https://doi.org/10.1007/
s00010-007-2891-9


http://rgmia.org/v6(E).php

1744 S. YASIN, Z. OMAR AND M. MISIRAN

[15] Varosanec, S. (2007). on h-convexity. Journal of Mathematical Analysis
and Applications, 89-90.

[16] Gabriela Cristescu, Noor, M. A., & Awan, M. U. (2015). Bounds of the
second degree cumulative frontier gaps of functions with generalized
convexity. International Journal of Pure and Applied Mathematics, 76(3),
61-64.

[17] Zeng Lin & Jin Rong Wang (2017) New Riemann-Liouville
fractional Hermite-Hadamard inequalities via two kinds of convex
functions, Journal of Interdisciplinary Mathematics, 20:2, 357-382, DOI:
10.1080/09720502.2014.914281.

[18] Kee Qiu & Jin Rong Wang (2018) A fractional integral identity
and its application to fractional Hermite-Hadamard type
inequalities, Journal of Interdisciplinary Mathematics, 21:1, 1-16, DOI:
10.1080/09720502.2017.1400795.

[19] Yuming Feng (2018) Refining Hermite-Hadamard integral inequality
by two parameters, Journal of Interdisciplinary Mathematics, 21:3, 743-
746, DOI: 10.1080/09720502.2018.1424093.

[20] Bo-Yan Xi, Shu-Ping Bai & Feng Qi (2018) On integral inequalities of
the Hermite-Hadamard type for co-ordinated (a, m1)-(s, m2)-convex
functions, Journal of Interdisciplinary Mathematics, 21:7-8, 1505-1518,
DOI: 10.1080/09720502.2016.1247509.

[21] Yasina, S., Misirana, M., & Omara, Z. (2022). Extended Hermite-
Hadamard $(HH) $ and Fejer’s inequalities based on $(h_1, h_2, s)
$-convex functions. International Journal of Nonlinear Analysis and
Applications, 13(1), 2885-2895.

[22] Yasin, S., Misiran, M., & Omar, Z. (2021). Hermite-Hadamard
and Fejer's Type Inequalities For product of Different Convex
Functions. Design Engineering, 5550-5560.

Received July, 2021



