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Abstract

At present the superconducting diode effect (SDE) attracts a lot of attention due to new possibilities in
the superconducting electronics. One of the possible realizations of the SDE is the implementation in
superconducting hybrid structures. In this case the SDE is achieved by means of the proximity effect.
However, the optimal conditions for the SDE quality factor in hybrid devices remain unclear. In this
study we consider the Superconductor/Ferromagnet/Topological insulator (S/F/TI) hybrid device
and investigate the diode quality factor at different parameters of the hybrid structure. Consequently,
we reveal important parameters that have crucial impact on the magnitude of the SDE quality factor.

1. Introduction

The superconducting (or supercurrent) diode effect (SDE) is the superconducting analog of the semiconducting
diode effectin p — njunctions. While in normal systems the diode effect corresponds to the conduction of the
normal current in the only one direction, the superconducting diode effect involves the nonreciprocity of the
supercurrent [1]. The discovery of such effect brings many potential applications in low-power logic circuits as
quantum computing and spin-based electronics [2, 3].

Various systems that can behave as superconducting diodes have been recently theoretically proposed [4—13]
and experimentally discovered [14—23]. The superconducting diode effect can be realized in two-dimensional
(2D) superconducting systems if both inversion and time-reversal symmetries are broken[1]. One of the most
promising SDE devices are Josephson diodes, where weak link plays the key role in achieving the current
nonreciprocity [24-39]. As it has been shown recently the SDE in Josephson junctions may be due to the only
inversion symmetry breaking and do not require the time-reversal symmetry breaking [29]. It can be
implemented in the weak links with voltage dependent Rashba spin—orbit coupling (SOC) or electric
polarization, which leads to I(V') = I(— V'), where I, is the Josephson critical current.

The ‘conventional” SDE devices require both inversion and time-reversal symmetry breaking in 2D
superconducting films [1]. The inversion symmetry can be broken by introducing the spin—orbit coupling.
Experimentally it can be achieved in hybrid structures by proximity to a three-dimensional topological insulator
(TT), in superconductors with Rashba spin—orbit coupling (like in polar SrTiOs; films[40], few-layer MoTe, in
the T,; phase or MoS; [6, 41, 42], and twisted bilayer graphene[43, 44]), or, in some cases, by the asymmetry of
the device geometry. On the other hand, the time-reversal symmetry can be broken by the in-plane magnetic
field, or alternatively in hybrid structures by proximity to a ferromagnetic insulator with the in-plane exchange
field. Such conditions canlead to I." = I (Here I." and I are the critical currents in the opposite directions).

© 2023 The Author(s). Published by IOP Publishing Ltd
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The breaking of time-reversal and inversion symmetries in 2D superconductors allows for a formation of the
helical superconducting phase [45-50], with the order parameter modulated in the direction transverse to the
magnetic (or exchange) in-plane field: A(r) = A exp (ig,r). Such superconducting state with finite g,
resembles the FFLO state [51-54].

The coexistence of exchange field, superconductivity and SOC is rare and underexplored with respect to
magnetoelectric effects [55]. At the same time bringing all ingredients together can be easily achieved in hybrid
devices based on a combination of conventional materials: superconductors (S), three-dimensional topological
insulators (TT) and ferromagnet (F). Hybrid superconducting diode can be realized asa F/S/T1/S/F Josephson
junction (Josephson SDE) [39], or an S/F hybrid on top of a TI (SDE realized by proximity effect) [56, 57]. The
latter scenario is examined in this article, focusing on TI as the material of choice due to its conductive surface
state featuring full spin-momentum locking caused by a particularly strong SOC [58—61]. It has been noted in
previous studies that even if the exchange field and superconducting order parameter are separate spatially, a
finite-momentum superconducting helical state occurs due to the proximity effect. This state is characterized by
spontaneously generated currents running parallel to the S/F interface, with an uneven distribution over the
bilayer resulting in a net current equal to zero [57]. The necessary condition for this hybrid state to ariseisa
Zeeman field component perpendicular to the S/F interface. Such superconducting state is nonreciprocal and
can be used as a superconducting diode. Namely if a current parrallel to the S/F interface flows in such a
structure, in one direction it is a supercurrent, whereas in other direction it can be a dissipative current.

The nonreciprocity of the critical current can be quantified by the superconducting diode quality factor,

I — I

= -, 1
LM+ I M

n
where the I are external positive and negative currents parallel to the S/FI interface. We have already shown
that nis finite in the considered system [57]. However, the optimal conditions for the SDE quality factor remain
unclear. In this paper we investigate the diode quality factor of the hybrid structure, studying the phase diagrams
of the superconducting diode effect for various parameters of the S/F/TI hybrid structure which influence the
superconducting diode effect. We employ the microscopic quasiclassical approach and calculate the diode
quality factor within the Usadel equations. This study can be useful for the experimental fabrication of the
superconducting diode with sufficiently good efficiency for applications in superconducting electronics.

The structure of the article is as follows: In section 2, we present the mathematical model of the proximity
effect in the hybrid structure under consideration. In section 3, we apply this theory to determine the phase
diagrams of the superconducting diode effect for different parameters of the hybrid structure. Finally, in
section 4, we provide a summary of the essential findings of the study.

2. Model

In the present part we introduce the system under consideration depicted in figure 1. The hybrid system is
represented by a thin layer superconductor (S) in contact with a ferromagnetic insulator region (F) which are
placed on top of the topological insulator. In this situation we have strong spin—orbit coupling from the
conductive surface of the TI that leads to the pronounced spin-momentum locking effect. Such two-
dimensional system can be described in real space in the following way:

H = Hy + Hr + Hs, 2)
where
Ho= [@r¥@l-ia(V x o - p+ VOIUD), 3)
Hs = AU V(r) + &)U E) W (r), @
H = — [ @9 (0 (ho10(r). )

In the Hamiltonian above ¥(r) and U’ (r) correspond to the annihilation and creation operators of an electronic
state at the TI surface. Z is the unit vector along the direction perpendicular to the TI surface, 1 is the chemical
potential, v is the Fermi velocity, h is the exchange field that exists only at x < 0 and h = (h,, h,, 0), finally o is the
Pauli matrix vector. The superconducting pairing potential A exists only atx > 0, thereby dividing the TI surface
into effectively two parts: one that possesses i = 0 at x < 0, called ‘ferromagnetic’, and the other atx > 0 with

A == 0, referred to as ‘superconducting’. The energy potential V(r) contains an impurity scattering potential

Vimp = 3=, Vi 6 (r — r;) represented by a Gaussian form (V (r) V (r')) = (1/7v7)6(r — r') withv = u/Qmad).
In this work we assume that h, = 0 and consider the nonzero component normal to the S/F interface h, = h.In
fact, it can be demonstrated that finite 1, does not influence the observables in the model under consideration
and produces only a characteristic phase shift, which is irrelevant in our hybrid structure [56, 62]. Such phase
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Figure 1. (a) The S/F (Ferromagnetic insulator) bilayer deposited on the surface of the 3D TI. Right bottom corner: Fermi-contour of
the TT surface states with the spin-momentum locking property and the illustration of the magnetolectric effect.

shift would be important in the Josephson junction hybrid structure, since it can control the phase difference
between the two superconducting regions [62].

It has been shown previously that the SOC term in the Hamiltonian (2) leads to the spinless structure of the
Green’s functions [62, 63]. This situation takes place because of the full spin-momentum locking effect, i. . the
direction of the quasiparticle momentum is locked with the direction of its spin at the right angle. That is why the
spin is not a good quantum number and the quasiparticle states can be considered as spinless fermiones in the
model.

We formulate the model in the formalism of the Usadel equations. In the conductors with high density of
impurities the mean free path of electrons / is much smaller than all the other length scales. In this situation it is
appropriate to assume that the Green’s functions of the system are isotropic in the first approximation. The
description of the quasiclassical Green’s functions behavior in this limit corresponds to the Usadel equation. It
has been shown that the surface states of the TI in the presence of an in-plane exchange field obey the following
Usadel equation (F part (x < 0)) [62, 63]:

DV Vg = [wars &l (6)

Here we have the following notation: w,, is the Matsubara frequency, Dyis the diffusion coefficient in the F part
and 7, is the Pauli matrix in the Nambu space. The exchange field h enters the Usadel equation as an effective
vector potential through the covariant derivative VX = VX + i(h, e, — hyé)m gl / a. The Usadel equation
in the S part reads (x > 0),

DV(gVg) = [wT. + iA, ], %)

A0 A
Azl(A* 0). ®)

Here D; s the diffusion coefficient in the S part, A is the superconducting gap that satisfies the self-consistency
equationand g is the S region Green’s function matrix. The geometry in the model is assumed to be finite along
the x-axis and infinite along the y-axis. In order to consider a finite momentum Cooper pair state, we assume the
superconducting pair potential of the following form

A(r) = A(x) e, 9

where g is the momentum of the Cooper pair. The Usadel equations should be supplemented with the
quasiclassical boundary conditions[64]:

8 Ve = E8 V8 (10)
fYB'ngAfﬁgf = [gf’ &l an

Here parameters vz = Rpoy/&s 7 = &0/ {0, where 0 5, is the conductivity of the S (F) part. The characteristic
length &) = \/Dy(y)/2mLs, where Tiis the transition temperature of the S region in the absence of adjacent

ferromagnetic part F. Parameter y controls the slope of the Green’s functions at the interface, whereas v
controls the mismatch between the functions at the interface. While for identical materials v = 1, in general this
parameter may have arbitrary value. v is the parameter that determines the transparency of the S/F interface
[64—66]. While for an ideal fully transparent interface v = 0, in general case one may expect finite value of .
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Both of the parameters are responsible for the description of the proximity effect in the diffusive systems. In this
work we will study the dependence of the diode efficiency on the values of yand «yp in order to find optimal
conditions for the best diode efficiency.

0 - parametrization of the Green’s functions is used in the calculations for its convenience [67], i. e.
§, = cosfand g, = sin 0. Such parametrization automatically satisfies the normalization condition ¢ = 1.
We then substitute the above expression into the equation (7) and obtain the equation in the S part of the TT:

2
ff[@i@s — q? sin 295] = L[wn sinf, — A(x)cos 6],
™ cs

We achieve self-consistency in the solution of the problem by solving the equation for the s-wave pair potential

Ax)

AG)n L& = 7T AW Hanal. (12)
T o\ lwil
Similarly the Usadel equation in @ - parametrization in the F part :
q, w
5?[8%@ — —msinZGfl = —Zsinby, (13)
2 T

where g, = q + 2h/ .
Turning to the boundary conditions, at the free edges of the hybrid structure we require zero current flow
through the boundaries,

00
9% o, 2| _, (14)
0x e, Ox |y—yg,
At the interface (x = 0) the following conditions should be satisfied
%1 _ Gn, - 6, (15)
Y ax x=0
00
=L | = sin(6 — ). (16)
ox |,._,

The supercurrent density is calculated with the help of the following expression
—ino; oA
Jip = T(DTZ Tr [ngs(f) Vgs(f)]- (17)

This supercurrent relation (17) is different from the conventional current formula, since it contains the covariant
derivative V that takes into account the spin-momentum locking effect. Using the parameterized Green’s
functions the supercurrent densities in the Fand S parts can be written as

. mof 2h .

el .
" 0 .
jiG) = — 26q TS sin? 6., (19)

In order to compute the total superconducting current we perform integration over the widths of the Fand S
parts along the x axis. In what follows we present the phase diagrams of the quality factor defined in equation (1).
In order to compute 77 we find the critical supercurrents I."~ by calculating the total supercurrent versus
Cooper pair momentum g and finding the maximum and minimum values of I(g).

3. Results

In the present section we introduce the results of the superconducting current calculations. Here we use §;= &;
and dimensionless exchange field H = &h/av.

In figure 2 the dependence of the quality factor 7 as a function of temperature T and exchange field H is
demonstrated. The exchange field in the considered system can be changed by rotating the magnetization of the
adjacent F part. Since the magnetization component along the interface does not introduce any quantitative
effect on the observable quantities, the projection onto the x axis A, (component normal to the interface ) of the
in-plane magnetization h = hy(cos ¢, sin ¢, 0) (¢ is the angle between h and x axis) can be varied by rotating
the magnetization angle ¢. From figure 2 we can notice several important observations. First, we can see that 7

4



I0OP Publishing Phys. Scr. 99 (2024) 015010 T Karabassov et al

0.01
0.08
0.10
-0.06
m 0.20 =
-0.04
0.30 0.02
0.40 0.00
0.1 0.2 0.3
T/T,s
Figure 2. H — Tphase diagram of the diode efficiency . The parameters of the calculation: v = 0.5, 75 = 0.3,d, = 1.2, d= €.

has the largest value at alow temperature. For given parameters the maximum value of ) corresponds to

H ~ 0.35. From the figure we can observe that the quality factor decreases as the temperature increased, which is
in agreement with the previous studies in other systems [4, 5, 8, 39]. The boundary that corresponds to the
vanishing of 7 determines the critical exchange field H, that destroys the superconducting state in the system. Itis
unlikely that this boundary may correspond to the 1 = 0 in the superconducting state. This can be confirmed by
simple analytical calculations in the vicinity of the critical temperature. For instance, in the limit of dy < d;and
Hd,/§ < 1 the quality factor can be written as [57]

_1VCOCO Hdy 1 Hd 0
R amy e T Ay
Here we can see that the quality factor is governed by the parameters of the F part, drand H. From this expression
we can see that as long as the exchange field H and the width dare finite the quality factor is distinct from zero.
These parameters are non zero in our case, hence the SDE should be present even at the vicinity of the critical
temperature T. For this reason it is safe to note that this boundary corresponds to the critical field H,.

Itis important to note that in the our relatively simplified hybrid system it is impossible to observe the sign
change of the SDE. i. e. when 1) < 0 [4, 8]. We consider the system in which the spin structure of the correlations
is projected onto a single helical band. In this case we do not take into account the competition between the
bands with the opposite helical states, since the second band is not considered.

In figure 3 we plot the diode quality factor as a function of the S and F parts widths, which are d; and dy
respectively. This plot has important features that characterize the considered system. From the diagram we can
recognize the sharp transition from 7 = 0 to a nonzero value. This rapid change corresponds to the transition
between normal and superconducting state and can be characterized by the critical width of the S part d<" . It can
be seen from the figure that there is an optimal value of d; and dyto reach the highest quality factor 7. For larger d,
and dsthe quality factor will gradually decline since the characteristic lengths of the superconducting
correlations in the S and F parts become smaller than the geometrical sizes of the hybrid structure.

Another important aspect of this study is to investigate the parameters that control the proximity effect. In
figure 4 v — g diagram for n is illustrated. Interestingly, one can notice that there is an optimal nonzero value of
the interface transparency parameter 7, i. e. having a perfect transparency does not result in a better diode
efficiency. This can be explained by the following argument. When the transparency of the interface is low
(v > 1) the proximity effect is strongly suppressed, the mutual coupling between S and F parts of the structure
becomes weaker. Thus, the SDE reduces as g keeps increasing. On the other hand, when «5 < 1 there can be one
of the two cases depending on the value of 7. In the case when 7y > 0.5 the inverse proximity effect becomes too
strong and the superconducting state in the S part is suppressed. Hence, this results in the vanishing of the SDE.
When 7 < 0.5 the superconductivity does not vanish, but the diode effect is small at v = 0 and reaches its
maximum value at finite v . From this result we conclude that for the highest ) it is optimal to have a finite
transparency parameter across the S/F interface.
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Figure 3. Phase diagram of the diode efficiency n plotted on the axes d; — dy The parameters of the calculation: v = 0.5,y = 0.3,
T=025T,H=03.
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Figure 4. Phase diagram of the diode efficiency 7 as a function of the interface parameters y — 5. The parameters of the calculation:
T =0T, d = 1.26,dy= &, H = 0.3.

4. Discussion and conclusion

In summary we have examined the supercurrent diode efficiency in the TI based superconducting hybrid
structure. Utilizing the microscopic formalism of the Usadel equations we have introduced a simple model of
the S/F/TI structure to study the diode quality factor 7 as a function of various parameters of the structure. For
this purpose we have examined the phase diagrams of 7 revealing the most favourable conditions for the SDE in
the system. From H — T diagram we have found that the highest diode quality factor is achieved at lower
temperatures and at a specific H. From the same diagram we have recognized the critical field of the
superconducting system. We have found the critical width d on d, — dydiagram that corresponds to the
minimal d; for the system to be in a superconducting state. Finally we have analyzed the diode quality factor as a
function of the interface parameters. It has been shown that to reach the highest n it is optimal to have finite
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transparency of the interface. These findings may help designing and developing the SDE devices based on the
proximity effect.
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