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Abstract
At present the superconducting diode effect (SDE) attracts a lot of attention due to newpossibilities in
the superconducting electronics. One of the possible realizations of the SDE is the implementation in
superconducting hybrid structures. In this case the SDE is achieved bymeans of the proximity effect.
However, the optimal conditions for the SDEquality factor in hybrid devices remain unclear. In this
studywe consider the Superconductor/Ferromagnet/Topological insulator (S/F/TI)hybrid device
and investigate the diode quality factor at different parameters of the hybrid structure. Consequently,
we reveal important parameters that have crucial impact on themagnitude of the SDEquality factor.

1. Introduction

The superconducting (or supercurrent) diode effect (SDE) is the superconducting analog of the semiconducting
diode effect in p− n junctions.While in normal systems the diode effect corresponds to the conduction of the
normal current in the only one direction, the superconducting diode effect involves the nonreciprocity of the
supercurrent [1]. The discovery of such effect bringsmany potential applications in low-power logic circuits as
quantum computing and spin-based electronics [2, 3].

Various systems that can behave as superconducting diodes have been recently theoretically proposed [4–13]
and experimentally discovered [14–23]. The superconducting diode effect can be realized in two-dimensional
(2D) superconducting systems if both inversion and time-reversal symmetries are broken[1]. One of themost
promising SDEdevices are Josephson diodes, whereweak link plays the key role in achieving the current
nonreciprocity [24–39]. As it has been shown recently the SDE in Josephson junctionsmay be due to the only
inversion symmetry breaking and do not require the time-reversal symmetry breaking [29]. It can be
implemented in theweak linkswith voltage dependent Rashba spin–orbit coupling (SOC) or electric
polarization, which leads to Ic(V )≠ Ic(− V ), where Ic is the Josephson critical current.

The ‘conventional’ SDEdevices require both inversion and time-reversal symmetry breaking in 2D
superconducting films [1]. The inversion symmetry can be broken by introducing the spin–orbit coupling.
Experimentally it can be achieved in hybrid structures by proximity to a three-dimensional topological insulator
(TI), in superconductors with Rashba spin–orbit coupling (like in polar SrTiO3films[40], few-layerMoTe2 in
theTd phase orMoS2 [6, 41, 42], and twisted bilayer graphene[43, 44]), or, in some cases, by the asymmetry of
the device geometry. On the other hand, the time-reversal symmetry can be broken by the in-planemagnetic
field, or alternatively in hybrid structures by proximity to a ferromagnetic insulator with the in-plane exchange
field. Such conditions can lead to I Ic c¹+ - (Here Ic

+ and Ic
- are the critical currents in the opposite directions).
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The breaking of time-reversal and inversion symmetries in 2D superconductors allows for a formation of the
helical superconducting phase [45–50], with the order parametermodulated in the direction transverse to the
magnetic (or exchange) in-plane field: ( ) ( )r q riexp 0D = D . Such superconducting state withfinite q0
resembles the FFLO state [51–54].

The coexistence of exchangefield, superconductivity and SOC is rare and underexploredwith respect to
magnetoelectric effects [55]. At the same time bringing all ingredients together can be easily achieved in hybrid
devices based on a combination of conventionalmaterials: superconductors (S), three-dimensional topological
insulators (TI) and ferromagnet (F). Hybrid superconducting diode can be realized as a F/S/TI/S/F Josephson
junction (Josephson SDE) [39], or an S/F hybrid on top of a TI (SDE realized by proximity effect) [56, 57]. The
latter scenario is examined in this article, focusing onTI as thematerial of choice due to its conductive surface
state featuring full spin-momentum locking caused by a particularly strong SOC [58–61]. It has been noted in
previous studies that even if the exchange field and superconducting order parameter are separate spatially, a
finite-momentum superconducting helical state occurs due to the proximity effect. This state is characterized by
spontaneously generated currents running parallel to the S/F interface, with an uneven distribution over the
bilayer resulting in a net current equal to zero [57]. The necessary condition for this hybrid state to arise is a
Zeemanfield component perpendicular to the S/F interface. Such superconducting state is nonreciprocal and
can be used as a superconducting diode. Namely if a current parrallel to the S/F interface flows in such a
structure, in one direction it is a supercurrent, whereas in other direction it can be a dissipative current.

The nonreciprocity of the critical current can be quantified by the superconducting diode quality factor,

( )I I

I I
, 1c c

c c

h =
-
+

+ -

+ -

where the Ic
 are external positive and negative currents parallel to the S/FI interface.We have already shown

that η isfinite in the considered system [57]. However, the optimal conditions for the SDE quality factor remain
unclear. In this paper we investigate the diode quality factor of the hybrid structure, studying the phase diagrams
of the superconducting diode effect for various parameters of the S/F/TI hybrid structurewhich influence the
superconducting diode effect.We employ themicroscopic quasiclassical approach and calculate the diode
quality factorwithin theUsadel equations. This study can be useful for the experimental fabrication of the
superconducting diodewith sufficiently good efficiency for applications in superconducting electronics.

The structure of the article is as follows: In section 2, we present themathematicalmodel of the proximity
effect in the hybrid structure under consideration. In section 3, we apply this theory to determine the phase
diagrams of the superconducting diode effect for different parameters of the hybrid structure. Finally, in
section 4, we provide a summary of the essential findings of the study.

2.Model

In the present part we introduce the systemunder consideration depicted infigure 1. The hybrid system is
represented by a thin layer superconductor (S) in contact with a ferromagnetic insulator region (F)which are
placed on top of the topological insulator. In this situationwe have strong spin–orbit coupling from the
conductive surface of the TI that leads to the pronounced spin-momentum locking effect. Such two-
dimensional system can be described in real space in the followingway:

( )H H H H , 2F S0= + +

where

( )[ ( ˆ) ( )] ( ) ( )† r r rH d r i z V , 3r0
2ò sa m= Y - ´ - + Y

( ) ( ) ( ) ( ) ( ) ( ) ( )† † *r r r r r rH , 4S = D Y Y + D Y Y   

( )[ ] ( ) ( )† r h rH d r . 5F
2ò s= - Y Y

In theHamiltonian aboveΨ(r) andΨ†(r) correspond to the annihilation and creation operators of an electronic
state at the TI surface. ẑ is the unit vector along the direction perpendicular to the TI surface,μ is the chemical
potential,α is the Fermi velocity, h is the exchangefield that exists only at x< 0 andh= (hx, hy, 0),finallyσ is the
Paulimatrix vector. The superconducting pairing potentialΔ exists only at x> 0, thereby dividing the TI surface
into effectively two parts: one that possesses h≠ 0 at x< 0, called ‘ferromagnetic’, and the other at x> 0with
Δ≠ 0, referred to as ‘superconducting’. The energy potentialV(r) contains an impurity scattering potential

( )r rV Vrimp i ii
d= å - represented by aGaussian form ( ) ( ) ( ) ( )r r r rV V 1 pnt dá ¢ ñ = - ¢ with ν= μ/(2πα2).

In this workwe assume that hy= 0 and consider the nonzero component normal to the S/F interface hx= h. In
fact, it can be demonstrated thatfinite hy does not influence the observables in themodel under consideration
and produces only a characteristic phase shift, which is irrelevant in our hybrid structure [56, 62]. Such phase
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shift would be important in the Josephson junction hybrid structure, since it can control the phase difference
between the two superconducting regions [62].

It has been shown previously that the SOC term in theHamiltonian (2) leads to the spinless structure of the
Green’s functions [62, 63]. This situation takes place because of the full spin-momentum locking effect, i. e. the
direction of the quasiparticlemomentum is lockedwith the direction of its spin at the right angle. That is why the
spin is not a good quantumnumber and the quasiparticle states can be considered as spinless fermiones in the
model.

We formulate themodel in the formalismof theUsadel equations. In the conductors with high density of
impurities themean free path of electrons l ismuch smaller than all the other length scales. In this situation it is
appropriate to assume that theGreen’s functions of the system are isotropic in the first approximation. The
description of the quasiclassical Green’s functions behavior in this limit corresponds to theUsadel equation. It
has been shown that the surface states of the TI in the presence of an in-plane exchange field obey the following
Usadel equation (F part (x< 0)) [62, 63]:

ˆ ( ˆ ˆ ˆ ) [ ˆ ] ( )D g g g, . 6f f f n z fw t  =

Herewe have the following notation:ωn is theMatsubara frequency,Df is the diffusion coefficient in the F part
and τz is the Paulimatrix in theNambu space. The exchangefieldh enters theUsadel equation as an effective
vector potential through the covariant derivative ˆ ( ˆ ˆ )[ ˆ]X X i h e h e g,x y y x zt a =  + - . TheUsadel equation
in the S part reads (x> 0),

( ˆ ˆ ) [ ˆ ˆ ] ( )D g g i g, , 7s s s n z sw t  = + D

⎛
⎝

⎞
⎠

ˆ ( )
*

i 0
0

. 8D = D
D

HereDs is the diffusion coefficient in the S part,Δ is the superconducting gap that satisfies the self-consistency
equation and ĝs is the S regionGreen’s functionmatrix. The geometry in themodel is assumed to befinite along
the x-axis and infinite along the y-axis. In order to consider afinitemomentumCooper pair state, we assume the
superconducting pair potential of the following form

( ) ( ) ( )r x e , 9iqyD = D

where q is themomentumof theCooper pair. TheUsadel equations should be supplementedwith the
quasiclassical boundary conditions[64]:

ˆ ˆ ˆ ˆ ˆ ( )g g g g , 10f f f s s sgx x = 

ˆ ˆ ˆ [ ˆ ˆ ] ( )g g g g, . 11B f f f f sg x  =

Here parameters γB= RBσf/ξf, γ= ξsσf/ξfσswhereσs( f ) is the conductivity of the S (F) part. The characteristic
length ( ) ( )D T2s f s f csx p= , whereTcs is the transition temperature of the S region in the absence of adjacent
ferromagnetic part F. Parameter γ controls the slope of theGreen’s functions at the interface, whereas γB
controls themismatch between the functions at the interface.While for identicalmaterials γ= 1, in general this
parametermay have arbitrary value. γB is the parameter that determines the transparency of the S/F interface
[64–66].While for an ideal fully transparent interface γB= 0, in general case onemay expectfinite value of γB.

Figure 1. (a)The S/F (Ferromagnetic insulator) bilayer deposited on the surface of the 3DTI. Right bottom corner: Fermi-contour of
the TI surface states with the spin-momentum locking property and the illustration of themagnetolectric effect.
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Both of the parameters are responsible for the description of the proximity effect in the diffusive systems. In this
workwewill study the dependence of the diode efficiency on the values of γ and γB in order tofind optimal
conditions for the best diode efficiency.

θ - parametrization of theGreen’s functions is used in the calculations for its convenience [67], i. e.
ĝ cos11 q= and ĝ sin12 q= . Such parametrization automatically satisfies the normalization condition ˆ ˆgg 1= .
We then substitute the above expression into the equation (7) and obtain the equation in the S part of the TI:

⎡
⎣⎢

⎤
⎦⎥

[ ( ) ]q

T
x

2
sin 2

1
sin cos ,s x s s

cs
n s s

2 2
2

x q q
p

w q q¶ - = - D

Weachieve self-consistency in the solution of the problemby solving the equation for the s-wave pair potential
Δ(x)

⎜ ⎟
⎛
⎝

⎞
⎠

( ) ( )
∣ ∣

( )x
T

T
T

x
ln 2 sin . 12cs

n
s

n

åp
w

qD =
D

-
w

Similarly theUsadel equation in θ - parametrization in the F part :

⎡

⎣
⎢

⎤

⎦
⎥ ( )

q

T2
sin 2 sin , 13f x f

m
f

n

cs
f

2 2
2

x q q
w
p

q¶ - =

where qm= q+ 2h/α.
Turning to the boundary conditions, at the free edges of the hybrid structure we require zero current flow

through the boundaries,

( )
x x

0, 0. 14
f

x d

s

x df s

q q¶

¶
=

¶
¶

=
=- =

At the interface (x= 0) the following conditions should be satisfied

( ) ( )
x

sin , 15B s

x
s f

0

g
g

q
q q

¶
¶

= -
=

( ) ( )
x

sin . 16B
f

x

s f

0

g
q

q q
¶

¶
= -

=

The supercurrent density is calculatedwith the help of the following expression

[ ˆ ˆ ˆ ] ( )( )
( )

( ) ( )
i

e
T Tr g gJ

4
. 17s f

s f
z s f s f

n

å
ps

t=
-


w

This supercurrent relation (17) is different from the conventional current formula, since it contains the covariant
derivative ̂ that takes into account the spin-momentum locking effect. Using the parameterizedGreen’s
functions the supercurrent densities in the F and S parts can bewritten as

⎡
⎣

⎤
⎦

( ) ( )j x
e

q
h

T
2

2
sin , 18

y
f f

f
2

n

å
ps

a
q= - +

w

( ) ( )j x
q

e
T

2
sin . 19

y
s s

s
2

n

å
ps

q= -
w

In order to compute the total superconducting current we perform integration over thewidths of the F and S
parts along the x axis. Inwhat followswe present the phase diagrams of the quality factor defined in equation (1).
In order to compute ηwefind the critical supercurrents ( )Ic

+ - by calculating the total supercurrent versus
Cooper pairmomentum q andfinding themaximumandminimumvalues of I(q).

3. Results

In the present sectionwe introduce the results of the superconducting current calculations. Herewe use ξf= ξs
and dimensionless exchangefieldH= ξh/α.

Infigure 2 the dependence of the quality factor η as a function of temperatureT and exchangefieldH is
demonstrated. The exchange field in the considered system can be changed by rotating themagnetization of the
adjacent F part. Since themagnetization component along the interface does not introduce any quantitative
effect on the observable quantities, the projection onto the x axis hx (component normal to the interface ) of the
in-planemagnetization ( )h h cos , sin , 00 f f= (f is the angle between h and x axis) can be varied by rotating
themagnetization anglef. Fromfigure 2we can notice several important observations. First, we can see that η
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has the largest value at a low temperature. For given parameters themaximumvalue of η corresponds to
H≈ 0.35. From thefigurewe can observe that the quality factor decreases as the temperature increased, which is
in agreementwith the previous studies in other systems [4, 5, 8, 39]. The boundary that corresponds to the
vanishing of η determines the critical exchange fieldHc that destroys the superconducting state in the system. It is
unlikely that this boundarymay correspond to the η= 0 in the superconducting state. This can be confirmed by
simple analytical calculations in the vicinity of the critical temperature. For instance, in the limit of df= ds and
Hdf/ξ= 1 the quality factor can bewritten as [57]

( ) ( )
( ) ( )

( )
T T

Hd

d T T

Hd

d

1

2

7 2 3
1.86

1
. 20

cs

f

s cs

f

s
5 2 5 2

h
z z

» »

Herewe can see that the quality factor is governed by the parameters of the F part, df andH. From this expression
we can see that as long as the exchange fieldH and thewidth df arefinite the quality factor is distinct from zero.
These parameters are non zero in our case, hence the SDE should be present even at the vicinity of the critical
temperatureTc. For this reason it is safe to note that this boundary corresponds to the criticalfieldHc.

It is important to note that in the our relatively simplified hybrid system it is impossible to observe the sign
change of the SDE. i. e. when η< 0 [4, 8].We consider the system inwhich the spin structure of the correlations
is projected onto a single helical band. In this case we do not take into account the competition between the
bandswith the opposite helical states, since the second band is not considered.

Infigure 3we plot the diode quality factor as a function of the S and F parts widths, which are ds and df
respectively. This plot has important features that characterize the considered system. From the diagramwe can
recognize the sharp transition from η= 0 to a nonzero value. This rapid change corresponds to the transition
between normal and superconducting state and can be characterized by the critical width of the S part ds

crit . It can
be seen from the figure that there is an optimal value of ds and df to reach the highest quality factor η . For larger ds
and df the quality factorwill gradually decline since the characteristic lengths of the superconducting
correlations in the S and F parts become smaller than the geometrical sizes of the hybrid structure.

Another important aspect of this study is to investigate the parameters that control the proximity effect. In
figure 4 γ− γB diagram for η is illustrated. Interestingly, one can notice that there is an optimal nonzero value of
the interface transparency parameter γB, i. e. having a perfect transparency does not result in a better diode
efficiency. This can be explained by the following argument.When the transparency of the interface is low
(γB> 1) the proximity effect is strongly suppressed, themutual coupling between S and F parts of the structure
becomesweaker. Thus, the SDE reduces as γB keeps increasing. On the other hand, when γB< 1 there can be one
of the two cases depending on the value of γ. In the case when γ> 0.5 the inverse proximity effect becomes too
strong and the superconducting state in the S part is suppressed.Hence, this results in the vanishing of the SDE.
When γ< 0.5 the superconductivity does not vanish, but the diode effect is small at γB≈ 0 and reaches its
maximumvalue atfinite γB . From this result we conclude that for the highest η it is optimal to have afinite
transparency parameter across the S/F interface.

Figure 2.H − T phase diagramof the diode efficiency η. The parameters of the calculation: γ = 0.5, γB = 0.3, ds = 1.2ξ, df = ξ.
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4.Discussion and conclusion

In summarywe have examined the supercurrent diode efficiency in the TI based superconducting hybrid
structure. Utilizing themicroscopic formalismof theUsadel equations we have introduced a simplemodel of
the S/F/TI structure to study the diode quality factor η as a function of various parameters of the structure. For
this purpose we have examined the phase diagrams of η revealing themost favourable conditions for the SDE in
the system. FromH− T diagramwe have found that the highest diode quality factor is achieved at lower
temperatures and at a specificH. From the same diagramwehave recognized the critical field of the
superconducting system.Wehave found the critical width ds

crit on ds− df diagram that corresponds to the
minimal ds for the system to be in a superconducting state. Finally we have analyzed the diode quality factor as a
function of the interface parameters. It has been shown that to reach the highest η it is optimal to havefinite

Figure 3.Phase diagramof the diode efficiency η plotted on the axes ds − df. The parameters of the calculation: γ = 0.5, γB = 0.3,
T = 0.25Tcs,H = 0.3.

Figure 4.Phase diagramof the diode efficiency η as a function of the interface parameters γ − γB. The parameters of the calculation:
T = 0.1Tcs, ds = 1.2ξ, df = ξ,H = 0.3.
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transparency of the interface. Thesefindingsmay help designing and developing the SDEdevices based on the
proximity effect.
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