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Abstract
For integers a and b (not both 0) we define the integers c(a, b;n) (n =0,1,2,...)
by

Y ocabimg" =T (1-¢")" (1 =¢*" (gl <D.
n=0 n=1

These integers include the numbers #; (n) = c(—k, 2k; n), which count the number of
representations of n as a sum of k triangular numbers, and the numbers (—1)"r;(n) =
c(2k, —k; n), where r¢(n) counts the number of representations of n as a sum of k
squares. A computer search was carried out for integers a and b, satisfying —24 <
a, b < 24, such that at least one of the sums

]

D ela.b:3n+ j)g", j=0.1,2, (0.1)
n=0

is either zero or can be expressed as a nonzero constant multiple of the product of
a power of ¢ and a single infinite product of factors involving powers of 1 — g"”
with r € {1,2,3,4,6,8, 12,24} for all powers of ¢ up to ¢'%%. A total of 84 such
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candidate identities involving 56 pairs of integers (a, b) all satisfying a = b (mod 3)
were found and proved in a uniform manner. The proof of these identities is extended
to establish general formulas for the sums (0.1). These formulas are used to determine
formulas for the sums

o0 o
Y ouGn+g". Y n@Gn+ gt j=0.12.
n=0 n=0

Keywords Generating functions - Infinite products - g-Series - Sum of squares -
Sums of triangular numbers

Mathematics Subject Classification 05A15 - 05A19 - 05A30 - 11D85 - 11E25

1 Introduction

Throughout this paper ¢ denotes a complex variable satisfying |g| < 1. For arbitrary
integers a and b (not both 0), we define the integers c(a, b; n) (n =0,1,2,...) by

o]

D cla,bimg” = [ —gH*a—g™P", (1.1)
n=I

n=0

so that c(a, b: 0) = 1, c(a, b: 1) = —a, c(a, b; 2) = (a* — 3a — 2b)/2.
Our first interest lies in determining those integers a and » for which at least one
of the sums

o0 o0 o0
Zc(a, b; 3n)q", Zc(a, b; 3n + 1)q", Zc(a, b; 3n +2)q" (1.2)
n=0 n=0 n=0

is either zero or can be expressed as a nonzero constant multiple of the product of a
power of ¢ and a single infinite product of factors involving powers of 1 — ¢’ with
re{l,2,3,4,6,8,12,24}. A computer search was carried out by the first author for
integers a and b in the range —24 < a, b < 24. The search was conducted utilizing the
Maple gseries package by Garvan [1]. Eighty-four possible identities were found.
These include four candidate “zero” identities, namely

Yool0c(0,3:3n+1)g" =0, Y.l c(—1,2;3n+2)q" =0,
Yooloc2,—1;3n4+2)g" =0, Y ;2,c(3,0;3n+2)q" =0.

The 84 identities involve 56 pairs (a, b) of integers. All of these integers a and b
satisfy @ = b (mod 3) and the 80 “nonzero” identities involve only products of powers
of 1 —g"" withr € {1, 2, 3, 6}. The 84 identities are listed in Theorem 1.3. Our proof
of theses identities is given in Sect. 5 and makes use of two eta quotient identities due
to Kac [2] as well as the (p, k)-method introduced by Alaca et al. [3].
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Infinite product representations of some g-series 841

Our second interest lies in determining explicit evaluations of the three sums in (1.2).
This is carried out in Sect. 6, see Theorem 6.1. This theorem is applied to the evaluation
of Y02 o tx(Bn + j)q" (j =0,1,2) (Theorem 6.2) and Y o>, r(3n + j)g" (j =
0, 1, 2) (Theorem 6.3), where t;(n) and ry(n) were defined in the abstract.

We begin by introducing a little notation and stating the two Kac identities that we
use, see Theorem 1.1. For z belonging to the Poincaré upper half plane J{ of complex
numbers with imaginary part of z greater than zero, the Dedekind eta function is
defined by

n() =3 [ - ey, (1.3)

n=1

The function 7(z) is holomorphic on J{ and has no zeros on H. It is a modular form
of weight % and level 1 for a certain character of order 24. If we set ¢ = ¢>"'% for
z € H, we have |¢| < 1 and (1.3) becomes

[e¢)
1
@) =q» [[(1—q". (1.4)
n=1
Introducing the shorthand
(0.¢]
Ex(g) = Ex =[] = 4", (1.5)
n=1

where k is an arbitrary positive integer, we deduce from (1.4) and (1.5) that

n(kz) = g% Ey. (1.6)

An eta quotient is a product [ [, n% (kz), where k runs through a finite set of positive
integers and the aj are integers (positive, negative, or zero). Arising out of his work on
the Macdonald identities [4], Kac [2, p. 122] (see also [5, Theorem 8.2, pp. 115-116])
has given four eta quotients explicitly as theta series. Of these we require the following
two identities, namely

o0

— — 2

E\E; 1E3 1Eé _ Z (—l)kq3k +2k (1.7)
k=—00
and

. 2 —1 ad 3k2 4k

E'E2E3ES = Z g 7 . (1.8)
k=—00

In Sect. 2 we use (1.7) and (1.8) to prove the Kac identities stated in Theorem 1.1.
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842 F. Miinkel et al.

Theorem 1.1 (Kac Identities)

() E;'E3 = E{'EGESE{ +qE; 'Efs.

(i) ETE;' = E}E;' —2qE3E;"Ey'Elg
In addition to these formulas, which express E| ! E% and E%E; ! as linear poly-
nomials in ¢ whose coefficients only involve E3, E¢, E9, and Eg, we require the
companion formulas for £ E, Zand E N 2E;. (We recognize that in regarding (i) and

(ii) as linear polynomials in ¢ we are ignoring the dependence of E3, Eg, E9, and E13
upon ¢.) These formulas are stated in Theorem 1.2.

Theorem 1.2 (Companion Formulas to Kac’s Identities)

() E1E;* = E3E;°Es — qESE; Eig + q*ESE; Eq ES,
(i) E;?E» = E; ESESE S +2qE; EXES + 4 E; CE2ES,
Theorem 1.2 is proved in Sect. 3. In the course of the proof two identities involving

E1, E,, E3, and E¢ are needed. These identities are given in Proposition 1.1, and
proved in Sect. 4 using the (p, k)-method.

Proposition 1.1 The following identities hold

(i) E\E3E+qE}E] = ESESEs.
(i) E3E —8qE]E2E] = ESE5E¢.

We next describe our strategy for proving the 84 identities of Theorem 1.3. Let
a and b be integers such that @ = b (mod 3) so that (a + 2b)/3 and (2a + b)/3
are integers (positive, negative, or zero). Guided by Theorems 1.1 and 1.2, we define

ra,p(q) and sq 5 (q) by

- [E 'EGE2E; +qEy ' E% ifa+2b >0,
Va,bq1=2—63 3753 204 =8 =3 16 :
E3E;°E3 — qE3E; E18+q EJE;PES ES,  ifa+2b <0,
(1.9)
and
@) E3E —2qEsE'Eg'E% if2a+b>0,
Sa,p(q) = ~ _ _ .
«bd E38EgEgE183+2qE37EgES+4q2E36E§Ef8 if 2a+b <0.
(1.10)

We regard r, 5(g) and s, 5(g) as polynomials in g of degree 1 or 2 with coefficients
depending upon E3, E¢, Eg and E1g. As E,;, # 0 for any positive integer m, we have

1 ifa+2b>0,
degrap(q) = 2 ifa+2b <0 (1.11)
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Infinite product representations of some g-series 843

and

1 if2a+b>0,

degsqp(q) = I2 2045 <0 (1.12)

Then, by Theorems 1.1 and 1.2, we have

12 sgn(a-+2b) PR sgn(2a+b)
rab(q) = (E1 E2) and s4.(q) = (E1E2 ) : (1.13)
where sgn(x) = 1 if x > 0 and sgn(x) = —1 if x < 0. Hence, as x = sgn(x)|x|, we
have
(a+2b)/3 (2a+b)/3
E{EY = (E'E3) (E2E;")
_1 po\lat2blsgn(a+2b)/3 5 _1\|2a+Dlsgna+b)/3
= (El Ez) (ElEz )
and thus by (1.13)
E{ES = ra (@)™ sq (@) P, (1.14)

Equation (1.14) expresses Ef Eé’ as a polynomial in ¢ with coefficients depending
upon a, b, E3, E¢, Eg, and Eg. The degree d of this polynomial is by (1.11), (1.12)
and (1.14)

atdb 4 kb _ o 4 p ifa+2b=0, 2a+b =0,
2(=4520) 4 24dh = ifa+2b <0, 2a+b >0,
d = M_}_z(*%lfb)__a fa+20>0 2a+b <0 (1.15)
3 3 - Y )
2(=a52y 4 2(=2=by — 2a—2b  ifa+2b<0, 2a+b <0.
Thus
EYEY = Ao+ Aig + -+ + Aug”, (1.16)
where
A, =A,(a,b,E3, Eg, E9, E1g), r=0,1,...,d, (1.17)

depends only on r,a, b, E3, Eg, E9, and E13. Let @ be a cube root of unity with
o # 1. We note that if we replace ¢ with wq in A,, as E3,,(wq) = E3,,(q), A,
remains unchanged. Then, appealing to (1.1), (1.16), and (1.17), we deduce

o0 o0
3 Z c(a, b; 3n)q3" = Z c(a, b; n) (1 + " + a)2"> q"
n=0 n=0
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844 F. Miinkel et al.

= E{E} + EVE} (0g) + E{ES (0q)

d
=) A (q’+(wq)r+(w2q)’)
r=0
d
r=0
r=0 (mod 3)
so that
o0
Y cla.b:3mg = Y Az (1.18)
n=0 0<m<d/3
Similarly, we have
[o)e]
Doclabidn+ gt = Y Agyag™t (1.19)
n=0 0<m<(d—-1)/3
and
o0
Doclabi3n+ g = Y Asug™ (1.20)
n=0 0<m=<(d—2)/3

Next, replacing E3 by E1, E¢ by E2, Eg by E3, and E1g by Eg in (1.17), we define
Br = Ar(a’b9 EI’E29 E3’E6)7 r=071""7d’ (1'21)

so that under the transformation q3 — gwehave A, — B, forr =0,1,...,d.Thus,
from (1.18)—(1.20), we deduce

o]

> ela.b:3mg" = Y Bing", (1.22)
n=0 0<m<d/3
o0
Y clabi3n+g"= > Binng" (1.23)
n=0 0<m=<(d-1)/3
o0
D e b:3n+2q¢" = Y Binr2q". (1.24)
n=0 0<m<(d—2)/3

Thus to prove for given integers a and b an identity in Theorem 1.3 of the type

o
Zc(a, b;3n)q" = E\'"EYEJE®,
n=0
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Infinite product representations of some g-series 845

(recall c¢(a, b; 0) = 1), where rq, 2, r3, and rg are integers, we have by (1.22) only to
prove the identity

Y Biwq" = E]'EPEFES
0<m=<d/3

using the (p, k)-method as By, B3, ..., B3jq4/3) only depend upon E1, E3, E3,and Eg,
and similarly for the identities of types (1.23) and (1.24). Thus the proof of Theorem 1.3
consists of determining By, Bi, ..., By for the 56 relevant values of (a, b) and then
proving the appropriate identities (1.22), (1.23), (1.24) using Proposition 1.1.

We now state Theorem 1.3, which is proved in Sect. 5 using the strategy just
described.

Theorem 1.3 (a) Thefollowing 16 identities for g-series of the form Y .~ c(a, b; 3n)q"
hold:
(i) 300 0c(=3,6;3n)q" = E;*ESEZES .
(i) Y02 c(=2,1;3n)q" = E;SESESES.
(iii) Y 2% c(=2,4;3n)q" = E;2EJESES >
(iv) 300, c(=2,7;3n)q" = EFEZE; .
(v) Y00 c(=1,2;3n)q" = E; ' E2E3ES .
(vi) 3005 ¢(0,9; 3n)g" = ES2ES>.
(vii) Y02y c(l, —2; 3n)g" = EZE; °E3.
(viii) Yo% o e(1, 15 3n)g" = E; 'E2ESE ™.
(ix) Y20 c(1,4;3n)q" = ET*ESESES.
(x) Y2 c2,—1;3n)g" = EZES .
(xi) Y0°c(4,—5;3n)q" = EI?E; "°E}.
(xii) Y02 c(4, —2;3n)g" = EYES”.
(xiii) Yo% c(5, —4;3n)g" = EJ°E; "ES E2.
(xiv) 302 c(6, —3;3n)q" = ESE; *E;? .
(xv) 32 ¢(7,—2;:3n)q" = E] E;E2Eg .
(xvi) 3°°°¢(9,0;3n)g" = EI2ET3.
n=0 q 153
(b) The following 25 identities for q-series of the form Y - c(a, b; 3n + 1)g" hold:

(i) Y02 c(—6,15;3n + 1)g" = 6ESEIE; .
(i) 300 c(=5,10;3n + 1)g" = SE; EJESE, .
(iii) 302 c(—4,5;3n+ g" = 4E; " ENEZES .
(iv) 3 0c(=3,3:3n+ D" = 3E *ESEJES .
(v) 30 0e(=3,6;3n + D" = 3E, *E3E3.
i) Yo ge(=2,1;3n + 1)g" = 2E; ' E3E3.
(ii) 2% c(—2,4;3n + 1)g" = 2E[ ' E2 E5Eg.
(viii) Y02 yc(—1,2;3n + D" = E; ' E2.
(ix) 3000 c(0,—3;3n + Dg" = 99 E; " E¢.
(x) Y02 c(0,3;3n+ 1)g" = 0.
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(xi) Y02 c(0,6;3n + 1)g" = 9qEL.

(xii) 302 c(l,=2;3n+ 1)q" = —E3E;E}.
(xiii) Y pegc(l, 15 3n + 1)g" = —E3Ep.
(xiv) 300 gc(l,4;3n + 1)g" = —ESE5 *E; ' E2.
(xv) Y02 yc(2,—1;3n + 1)g" = —2E 1 E; 'E; 'E2.
(xvi) Y0203, =3;3n + 1)q" = —3EJE; ' E2E2.

(xwvii) Yoo 0c(3,0;3n + 1)g" = —3E3.

(xviii) 300 0c(3,6;3n + 1)g" = —3E;E3ESES .
(xix) 302 e, —2;3n + 1)g" = —4E\E; ' E5Eq.
(xx) Yo% e, 153n+ 1)g" = —4E2ESEZES .
(xxi) 302 c(6,—3;3n + 1)g" = —6EE; ' E3.

(xxii) 3 0% ¢(9, —6;3n + 1)q" = —9EE; ' EZ.

(xxiii) 3000 c(9, =3;3n + Dg" = —9EJE; .

(xxiv) 300010, —5;3n + 1)g" = —10E)E; E5 ' E2.
() 3020 e(12, =33 3n + 1)g" = —12E0E3EZE

(c) The following 43 identities for g-series of the form Y .- c(a, b; 3n + 2)q™ hold:

(i) Y02y c(=7.14;3n +2)¢" = 21E; °ENES.
(ii) 3000 c(—6,9:3n +2)g" = 18E; ' EJE3.
(iii) 3005 c(=5,4;3n +2)q" = 16E; " EES.
(iv) 32 c(—4,2;:3n +2)q" = 12E£14ESE36.
(v) Yoploc(—4,5:3n +2)q" = 9E;ESE5Eg.
(Vi) Y02 c(—4,8;3n +2)g" = 6E;2E§E§Eg.
(vii) Y p2gc(—4,11;3n + 2)¢" = 3ETE;.
(viii) 3005 c(—4, 14;3n +2)¢" = 81¢°E; ' E*.
(ix) 2% c(=3,0;3n 4 2)g" = 9E; 2 E3.
(x) 02 0c(=3,3:3n +2)q" = 6E;E3E3EL.
(xi) Y00 c(=3,6;3n +2)q" = 3E; ' ELE.
(xii) Y020 c(=3,9;3n +2)¢" = —99 E; EY.
(xiii) Yoo c(=3,12;3n +2)q" = —3EZESE; ' E2.
(xiv) 3020 c(=2,1;3n +2)¢" = 4E;CEZE}.
(xv) Y0 c(=2,4;3n +2)¢" = E5*EL.
(i) 3020 c(=2,7;3n +2)¢" = —2E*EJE; 'E%.
(xvii) 0% e(—=1, —1;3n +2)q" = 3E;*E;  E3EL.
(xviii) Y o2 oc(—1,2;3n +2)q" = 0.
(xix) Y000 c(=1,5:3n +2)¢" = —3E; ' E;E3E2.
(xx) Y02 ¢(0,3;3n +2)g" = —3E2.
(xxi) Y02 oc(l, =2;3n 4+ 2)g" = EfE;gEng.
(xxii) 300 e(1, 1;3n +2)g" = —2EE; 'E;2EL.
(xxiii) Y000 ¢(2, —4;3n +2)q" = 3E0E; Y ES.
(xxiv) Y 02oc(2,—1;3n +2)q" = 0.
(xxv) Y02 0c(2,2:3n +2)g" = —3E3EZ.
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Infinite product representations of some g-series 847

(xxvi) Y200 ¢(2,5;3n +2)q" = —6E > EJE3.
(xxvii) 3000 ¢(3, —3;3n +2)¢" =3ETE;SESED.
(xxviii) Y o c(3,0;3n +2)qg" = 0.

(xxix) Y00 (4, —2;3n +2)q" = 4E}E; *E;°EL.

(xxx) Y p2oc(4,1;3n+2)g" = E§E2_4E3_4Eg.

(xxxi) 302 c(5, —4: 3n + 2)q" = 9E}E; “E3EY.
(xxxii) Y02 c(5, —1;3n +2)q" = 6EE, ' E3EL.
(xxxiii) Y02 ¢(5,2;3n +2)q" = 3E]E; E}.
(xxxiv) Yoo 0 c(5,5;3n +2)g" = —81qESEj.
(xxxv) 302 c(6, —3; 3n +2)¢" = 12E2E; *E}.
(xxxvi) Yoo c(6,0;3n +2)g" = 9ES.

(xxxwvii) 3000 ¢(6,3;3n +2)q" = 6E; E3E; ' EZ.
(xowiii) 300 ¢(7, —2; 3n +2)¢" = 16E3E; ' E2.
(xxxix) Y000 c(8, —4; 3n +2)q" = 24E2E; *E3EL.
(xl) Y n2oc(11, —4; 3n +2)g" = 48E5 E;.
(i) 3025 c(14, —7;3n +2)qg" = 84EIE; O E}.
(xlii) 302, c(14, —4; 3n +2)¢" = S1EMES*.
(xliii) Y02, c(15, —6;3n + 2)¢" = 96ESES ' EZ.

If (a, b) is one of the 56 pairs of integers to which Theorem 1.3 applies and c(a, b; n)
is known explicitly for all n, then Theorem 1.3 gives an explicit g-series expansion of
a certain product of the form E{' E5? E5*E°.

We illustrate this in the case (a, b) = (1, 1). Theorem 1.3 (c¢) applies to this case
and c(1, 1; n) is known explicitly [5, Eq. (10.1), p. 133], namely

c(llim= Y (i—z)

x242y2=24n+3 4
x>0, y>0

where
1 1 ifk=1,11 (mod 12),
<?> ={-1 if k =5,7 (mod 12),
0 otherwise.
Hence

c(1,1;3n+2) = > <2>

Xy
x242y2=72n+51
x>0, y>0
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848 F. Miinkel et al.

so, by Theorem 1.3 (c)(xxii), we obtain

o0

. 1 12
E1E21E32Eg=2 -3 Z (-) q". (1.25)

X
n=0 x242y2=72n+51 Y
x>0, y>0

The authors have not found the identity (1.25) in the literature.

2 Two identities of Kac: proof of Theorem 1.1

In this section we prove the two identities of Kac stated in Theorem 1.1 as these are
not given explicitly in Kac’s paper [2] nor proved in Kohler’s book [5, pp. 115-116].

Proof of Theorem 1.1 (i) We have

o0 o0
3r(3r+1) Gr+DH@Er+2) QGBr+2)(3r+3)
q 2 +§ qg 2 +§ qg 2 . 2.1

r=0 r=0

WK

(0.¢]

r(r+1)
>a " =
r=0

Il
=)

r

First, we observe that

M8

o
r(r+1)
>
r=0

,ﬁ
Il
=}

> o
(2;+1) -1
=>4
n:
n od

so that

oo —
M
,QF

e
dYg 7 =¢q

— (2.2)
r=0 n=1
n odd
Secondly, we have
00 00 N 00 00 2 00 N
GBr+1)(3r+2) rc4+9r42 36r2 +36r+8 92r+1)-—1 Inc—1
IV DV ) SA St S Ll DA
r=0 r=0 r=0 r=0 n=1
n odd

so that

. Grener) I o o2
quzq—g ZqT, (2.3)

r=0 =1
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Infinite product representations of some g-series 849

Thirdly, we have
O G — 1 ! 01243
Yog T =T Y g 2.4)
r=0 =—00

Thus, appealing to (2.4), we have

O NG o GranGred) £2)0rt3) or243r

r(or T r T r
S e e gy
r=0

r=0 r=—00

Hence, from (2.1)-(2.3) and (2.5), we deduce
e 2 e 9243
q8Zq8 =gq SZqS—i— qg 2 . (2.6)

The following identity is a classical result of Gauss [6, Theorem 8.1, p. 114]

VE5 P20 n

8§ —= — 8 27

T E = 0@ E:] q 2.7
n odd

where the first equality follows from (1.6). Mapping ¢ — ¢° (so z — 9z) in (2.7),
we obtain

E? o
R 2.8)

Mapping ¢ — ¢> (so z — 3z) in (1.8), we deduce

E6E§ ad 9r2+3r
= E q 7 . (2.9
E3Es

r=—00
From (2.6)—(2.9), we obtain

2 2 2
B} _ Bk, Eel3

Eq Ey  E3Epg’

as asserted.
(i) We have

e 2 e 2 ad 2
Z (_l)rqr — Z (_1)3rq(3r) + Z (_1)3r+lq(3r+1)

r=—00 r=—00 r=—00
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850 F. Miinkel et al.

o
2
+ Z (_1)3r—1q(3r—1)

r=—00
Z ( 1)" 9r2 —q Z ( 1)}’ 9r2 +6r —q Z ( 1)7‘ 972 —6}’
r=—00 r=—0o0 r=—00

Changing r to —r in the third sum, we deduce

Z (_1)rqr2 — Z (_l)rq9r —2g Z (— 1)r 92 +6r (2.10)

r=—00 r=—00 r=—00

A classical result of Jacobi [6, Eq. (8.7), p. 114] asserts that

Z (—1)'gq 2.11)

r=—00

Mapping ¢ to ¢° in (2.11), we deduce
2= N (g (2.12)
Mapping ¢ — ¢ in Kac’s identity (1.7), we obtain

Z (—1y g%+, (2.13)

r=—00

E6E9
Putting (2.11), (2.12) and (2.13) into (2.10), we deduce

2 2 2
BB, B

E, Epg EcEy’

as claimed. O

3 Two companion formulas to Kac's identities: proof of Theorem 1.2.
Proof (i) We have

(E; 'E6E3E[S + qEy 'EX)(EIESCES — qESES Ejg + g*ESE S Eg ESy)
55 -1 3 8 —4
= E3Eq ESE\g +q EJEg "Eq*Els,

s0, by Theorem 1.1(i), we obtain
E3EG°E] — qE3Eq Efg +qESEg Eq Efy = E\Ey *(EsEg  ESEry
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Infinite product representations of some g-series 851

+ P ESESPESYES,).

Multiplying identity (i) of Proposition 1.1 by E; *E;*E. ", we obtain
E\E; ESE; 4+ qETE; EYES = 1.
Mapping g to ¢>, we see that
E3Eq ESEy + ¢  EYEG Ey Efy = 1.
which proves that
BBy = BE;F — g 3By By + P BB B S,
(i) We have

(E3E[ —2qEsEg 'Eq'E3)(E3SE¢ESES + 2q Ey E3ES + 447 E; OEES)
—8 4 -8 o —d 3-5 —1 5
=Ey"EqEqE g — 8¢ Ey T EoEy Ei,

s0, by Theorem 1.1(ii), we deduce

E7SE¢ESES +2qE; ' ERES + 47 ESCE2E )y = E{ P E(E P ESESE
— 8¢°E EcEy 'ETy).

Multiplying identity (ii) of Proposition 1.1 by E;®E; ' Eg*, we obtain
—8 14 -8 -—4 -5 —1 55
E P ESESES" — 8qEPE2E;'E] = 1.
Mapping ¢ to ¢°, we deduce
—8 4 -8 —4 3,5 —1 -5
which proves

E2Ey = ESPERESES 4+ 2q By ERES + 497 E3 CE2Edg.

4 Identities involving Eq, E>, E3, and Eg: proof of Proposition 1.1

Ramanujan’s theta function ¢(g) [7, p. 6] is defined by

@)=Y q".

n=—oo
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852 F. Miinkel et al.

Following [3, p. 178], we define

X (@) — ¢*(q?)

p=rQ@Q) = 207
and
3 3

Itis known that E1, E,, E3, E4, Eg, and E12 can be given explicitly in terms of ¢, p,
and k [8, p. 997].
We have

- 0 1L 1 1 1 11
Elzn(l—q )=¢q #276pH(1—p)2(1+ p)s(1+2p)82+ p)8k2,

n=1
4.1
Ez—]"[(l—cf”)— TR2TIpT (- p)i(+ p) (L +2p)F 2 + p) Tk,
n=1
“4.2)

- 3n _lo_1 1 1 1 1 11
Es=]]0—¢") =q 5275 ps(1 = p)o(1 + p)2 (1 +2p)% 2 + p)¥k2,

n=1
4.3)
oo
4n _1,._2 1 1 il 1 1.1
Ey=[]a—¢") =g 627 3ps(1 = p)S(A+ p)2 (1 +2p)5 2+ p)?k7,
n=1
(4.4)

6n 1.1
Ea—l_[(l—q )=q 1275 pi(1 = )L+ p) (1 +2p) Q2 + p) Tk,
n=1

(4.5)

= 12 121 i 1 i L1
En=[]0=¢") =¢72273p2(1 = p)5 (1 + p)S (1 +2p) % 2 + p)ok2.
n=1

(4.6)

The six Egs. (4.1)—(4.6) can be solved for the six quantities p, 1 — p, 1 + p, 1 +2p,
2+ p,and k in terms of g, Ey, E», E3, E4, Eg, and Eq> [8, pp. 997-998]. We have

_2n 3n3 _ . 12n\6
_21—[(1 (1 —g*)3(1 —q'*")

_ -2 -9
g1 — 4n)2(1_q6n)9 =29E; E2E3E Eg E12’

n=1

4.7
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=E{E2ESE} Eg Eqy,

7 =g —¢*) A~ ¢ — g™’
==l (=) (1 = o)
(4.8)

o0 2n\3 3n\6 12n\3
1—[(1—61 )’ (1 —g”")°(1 —q'") 21316 =1 -9 123

n=1
[e's)

B (1 _ q2n)10(1 _ q3n)4(1 _ q12n)4
1+2p= 1_[ (1— q")4(1 _ 6]4")4(1 _ qﬁn)lo

4 210 pod b 10
=E|"E)"EsE,;"Eg TEy,
n=1

(4.10)

o0 2n 3n\3 4n\2 12ny2
(1=¢A—q")’(1—q™"")"(1—q ") -1 302 =T 2

24 p=2]] 2B 'EE3E3ESTED,,
1l (l—q”)(l—q6”)7 1 35456 12

4.11)

o0

o om\201 _ ,4nN\201 _ ,6n\15
k:H(l q") (1 —=qg™)*(1—-q"")

256215 o6
TP g gy = E1 B2 B3 ELEG Exy (4.12)

n=1
We now prove Proposition 1.1 using the formulas (4.1)—(4.12).

Proof of Proposition 1.1 (i) Appealing to (4.1)—(4.3), (4.5), and (4.7)—(4.12), we obtain

3 -9 4 -9 _17 8 17 11 59 5 5 13
EV\E5E; +qE{Eg=q 227 3p2(1—p)4(1+p)2(1+2p)*(2+ p)ik?
17 1129 11 35 5 5 13
+q 2273 pR(—-p)t(d+p)21+2p)*2+ p)ik?
_lz__u 1 11 35 5
=q 227 3pe(=p)t(14+p)(d+2p)*
5 13
2+ p)ikZ Q2(1+ p)* + p)
7 1117 11 35 9 9 13
=q 2273 pe(l—p) T (1+p 1 +2p)iQ2+ p)ik?
= ESESEs.

(i1) Appealing to (4.1)-(4.3), (4.5), and (4.7)—(4.12), we deduce

4 -9 3 9 3517 35 5 29 11 11 13
ESE; —8qE{E2Eq =q 22 6 pa(1—p)2(1+p)s(1+2p)8 2+ p)8k?
335 39 5 17 11 11 13
—q 1227 pA(l—p)2(01+p)e(14+2p)5 2+ p)sk?
3517 35 5 17 11
=q #27opA(l-—p2(Q+pod+2p)s
11 13
Q2+ p)SkZ((1+ p)* —4p)
35 17 35 9 17 11 11 13
=q 227 pA(l—p)2(1+p)e(1+2p)8 2+ p)sk?
= EYE5E¢.

O

@ Springer



854 F. Miinkel et al.

5 Eighty-four identities: proof of Theorem 1.3

In preparation for the proof of Theorem 1.3, we give three identities which are simple
consequences of Proposition 1.1.

Proposition 5.1

() ESES —1qE}E3EJE] — 84°ESE® = E]E]ESES.
(i) ESEZ —6qEIESEBE] —15¢°ESESESJELS — 8¢° EYEY = ESEPEJES.
(il) ESEY —15qE3ESESE] +48¢°ESESEJELS + 644  EYEY = EP ESESER.

Proof (i) We have

ESE —7gEVE3ESE] — 8" ESEL
= (E3E3 + qE{ EQ)(E3 E3 — 8 E} EQ)
= (E;'ESESEe) (B 'ESESED
= E|EJESEL,
by Proposition 1.1(1)(ii).
(i1) We have
ESET — 6qE;ESEBE] — 154 ESESEJEL® — 843 EJEZ
= (EJE3 + qE{ EQ)*(E3 ES — 8q E7 Eg)
= (Ey'ESESEQ) (E; "ESESEY)
= EVE, E3 Eg,
by Proposition 1.1(1)(ii).
(ii1) We have
ESEY — 15qEESEEL + 4847 ESESEJE® + 644> EVEY
— (E3ES + g E}EY) (E3ES — 8q EYEQ)?
= (E; 'ESEYEe) (Ey ' ESESES)?
= EPESESEY,

by Proposition 1.1(1)(ii). O

Proof of Theorem 1.3 For the 56 pairs of integers (a, b) listed in the first column of
Table 1, we determined the values of d listed in the second column by means of (1.15),
as well as the 84 relevant values of

Cr = Z B3m+rqm, r= 07 15 27
O0<m=<(d—r)/3
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listed in the third column using (1.22)—(1.24). For each such (a, b) the part of Theo-
rem 1.3 to which the value of C, applies is listed in the fourth column.

If the C, entry is just cq® (¢ = constant, s = 0, 1, 2) times a product of powers
of E1, E», E3, and Eg, then Theorem 1.3 is immediately established in such a case.
For example, when (a, b) = (—3,9) the table gives C> = —9qE3_3E2 and, by (1.24),
part (c)(xii) of Theorem 1.3 is proved. Fifty-two of the identities of Theorem 1.3 are
proved in this way.

If the entry C, = U + Vg, where U and V are nonzero multiples of products of
powers of Eq, E», E3, and Eg, then Proposition 1.1 must be used to convert C, into a
single multiple of a product of powers of £, E», E3, and Eg. Part (i) of Proposition 1.1
is used for the 12 parts

(a)(1)(ix); (b)(ii)(iii)(xx); (c)(i)(i1)(iii)(xvi)(xxvi)(xxxviii)(x1)
and part (ii) for the 12 parts
(a)(iv)(x1)(xiii)(xiv)(xV); (b)(xiv)(xxii)(xxiv); (¢)(vii)(xxx)(xxxiii)(xi).

For example, if (a, b) = (5,2) the table gives C» = 3E, ' E2ESE; " — 24 E}E;?
E;'ES and by Proposition 1.1(ii) we have

Cr =3E'E; ESVEg W(ESES — 8qESE2EY)
=3E'E; ESES ! EYESES = 3E]E;CE],

which is Theorem 1.3(c)(xxxiii). This completes the proof of twenty-four identities.

Iftheentry C, = U 4+ Vg + qu, where U, V, and W are multiples of products
of powers of Ey, E», E3, and E¢ with (U, V) # (0,0) and W # O (this occurs for
the 6 identities (b)(i) (xviii) (xxv) and (c)(xiii) (xxxvii) (xliii)), then Proposition 5.1(i)
is used to convert C, into a single multiple of powers of E|, E», E3, and E¢. For
example, if (a, b) = (=3, 12) then

Cr = —3E°ESEVE.® +21gE[ *ESESES + 2497 E\E; "E{°E
and by Proposition 5.1(i) we obtain

Cy = —3EE; "E;SE(ESER® — 19 ES ESEJE] — 847 ESEL®)
= 3E°E,'E;°Eg° - E]EJESE] = —3EIESE;'EZ,

which is Theorem 1.3(c)(xiii). This proves six of the identities.

Finally, the entry C, is cubic in ¢ only for the 2 identities (a)(vi)(xvi). Proposi-
tion 5.1(ii) is used to convert C, into a single product for the identity (a)(vi) and
Proposition 5.1(iii) for the identity (a)(xvi). This proves the remaining two identities.

This completes the proof of all 52 + 24 + 6 + 2 = 84 identities of Theorem 1.3.

O
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() btayta, fatave+ bgafata, ave+ Catata tac— =0 6 AR
(mx)(2) b fa6— =2 9 6'c—
(X)) datq  lag =1

(@) fata, lag=1

() by ta+ Cafala.ta =00 € 9€—
(X)) 2atata, 'a9="20
(An(a) Catalaglac=15 € £
(D) 7136 ="10 9 0'€-

(11A)(2) bota, fa1g = 01 b1 p—
(A () b, faca‘ave— Cafala,'ac =1 L =
(1)) fatata, 'qa9="2 v 8 p—

ME) 97iaiag 96 =10
(m(a) bla, fatay tav+ Cafatatay =10 ¥ S p—
(WD) §as§a, ‘aci =10 ¥ T
(@) bla, fatq ‘as+ Cafala, 'as=1o S 01—
() b, fatay taor+ Cafatag taor =" S s
M@ blactata tasy —blaata, ‘awy — Oafata, a9 =15 6 S19-
() ba, fala, tagi+ 2agasa, tasi=70 9 69—
M) b, fata,'ave+ Pafata taic="10 L 1L
€1 watoay, U=y biteEg S UmPFUE0T = iy p qv

3
=Te)
=
-
&
s1801u1 Jo (¢ “p) sxred 96 10 (7 1 °0 = 4) bt E/U=P=UZ0 o sonpen Lajqer 4l
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(1)) et faclalas — bast — biata tao— Cagtalayta =00 6°0
(x)(q) b376 =10 9°0
(x0)(9) dac—=17
0@ 0="1 €0
(x1(@) b, “a6 =10 €0
(x1%)(9) 2ataca lae-=10 S1—
(max)(o) 0="2%
(ma)(@) 29,52 =1
(M)(®) Catata la=0 -
(Ax)(9) dafa, ‘a,'as =1 1—1-
(1A%)(9) bylafa, falac—9afata, 'ac—="10
(AD(e) blatata 'as— a,iala, 'a =00 LT
(A%)() Ja.fa=2
(11a)(Q) 97¢q%q  ‘ac =12
(m)(e) laiata, ta =0 vz
(AX)(9) gataylay="2
(1)(@) fa8a,'ac=1
(m(e) Cagatag'a =00 17—
€1 wooay, TL0=4 ‘ybttutg FUTPZUS0T qv

panunuod | 3jqex

pringer
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(mAx)(q) aacta falave+ plasata tave+ g tata, lac— =10 9°¢
(maxx)(2) 0="%
(A%)(q) fag—=1o 0°€
9 € [ —
(1Axx)(2) RCATC PWiC o § o]
(14%)(q) 2atq, talag—=1o €—'¢
9 € C _ 95¢4C Igg— — ‘
(1axx)(0) bga  *a, a9 (-3¢ 49~ = © $'C
(axx)(9) 2atac— =120 T
(ATXX)(9) 0="2%°
()@ 24,5, “alae-= 1o
()(®) ata=0 1-°T
(mxx)(9) 0d,, fasae =" r—C
(Arx)(a) bla.ta, ‘atas+ Cafala, 'a—=1
9 94 €5C Ty — ¢
(xD(e) bpatd + Zd g d¢d -3 = 0D vl
(1xx)(2) 01,51, ‘alac-=
(m)(qQ) Sqta— =10
(ma)(e) agata,ta =0 1
(xx)(9) o taglala =1
9 Tyl —
(mx)(qQ) ¢d,d¢d— =10
(11a)(e) f1,ala =0 -1
€1 wat0ay, 0=y brtugg SUTDZIS0T =ty Qv

penunuod | a|qel

pringer

as
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(mrxx)(q) Cakae— =12 9 €6
(rxx)(Q) ba, fa,, fadac+ Paa, ‘atae— =1 9 9- 6
(X1Xx%)(0) 2afa, talave =120 v v—'8
(mAxxx)(9) bt fa, Cataor+ 9 tataor =
(Ax)(®) bata, ‘alas — O fata,ta =0 S 'L
(1AXXx)(9) biagta, alasy —b3ata, atacy — Cafata, tao =10 6 €9
(1AXx%)(9) s16="10 9 0'9
(AXXX)(2) g1 falaai =0
(1xx)(q) &1, %a199- =15
(Amx)(®) bya ta lalag— 2a§a =00 € €9
(AXxx)(9) pafais— =10 o1 SN
(mxxx)(2) bq, *a,‘alave— Pafata, lag =" L TS
(Irxxx)(9) 2%, ta1q9="12 v 1-°¢
(1xxx)(2) wm 124 wlmm mm 6="720
() (e) bla,fa lalag— dafa,‘ala =0 v v
(xxx)(9) botd ta tatlag —9aia =0
(xx)(Q) bl fa,talay - Catata, lay—=1 S 1y
(X1x%)(2) g, ta ‘alay="2
(x1%)(a) 97¢q  ‘alay— =1
(mx)(e) 2aga =0 4 v
()(®) bea fa g fajag— 2a§a, fala =0 ¢ =y
€1 wooay, 0= ‘ybitutg FUTPFUS0T p qv

panunuod | 3jqex
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(mpo) bdgta, falasoL—bdafa, falace — Cata, falase = 6 9— g1
1)) 27,5218=2 o1 = vl
UNIO) ba ta alawo— a§a, ‘alays =" L L="t1
(Axx)(q) bactacfalase + blasa, falavs + O fata, taci— =10 6 !

(P)©) @wm meEwTw Ogta talasy = L =11

(A1xx)(q) bla,ta, “alaos+ Cafa, fataoi— =10 S s—ol
(1Ax)(e) bl fay Calavo+ boa . falasy+ biasi— Cagiaia ta =0 6 06

€1 woioay TTO=d ybrtugg SUTPFUE0T = p qv

panunuod | 3jqex

pringer

as
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6 Formulas for ) ;> c(a, b;3n+j)q", j=0,1,2.

In this section we generalize the method of proof of Theorem 1.3 in order to determine
formulas for Y 02 jc(a, b; 3n + j)g" (j = 0,1,2) valid for all integers a and b
(not both 0) satisfying a = b (mod 3). These identities are given in Theorem 6.1.
After the completion of the proof of Theorem 6.1, we apply it to sums of the type
Yool otk(Bn+j)g" and Y02 o re(3n+ j)q", where k is a positive integer, j € {0, 1, 2},
and 7, (m) (resp. ri (m)) counts the number of representations of the nonnegative integer
m as a sum of k triangular numbers (resp. squares). Letting Z (resp. Np) denote the
set of integers (resp. nonnegative integers), we have

1 1
e (m) = card{(x, ..., x) € NG [ m = Zx1 0y 4+ D) oo+ S+ D)
and
._ k _ .2 2
re(m) :=card{(x1, ..., xx) € Z" |m = x7 + -+ x}.

Theorem 6.1 Let a and b be integers not both 0 satisfying a = b (mod 3). Define
integers R and S by

a+2b g 2a + b

R = s :
3 3

() Ifa+2b>0and2a+b>0,then R>0,S>0,d=a+b(by(1.15)), and

00 a+b
Zc(a, bin)q" = Ey RERESRTIS p RS Za++(a, by t)ESES Eg > Eilq',
n=0 t=0
(6.1)
and for j € {0, 1, 2} we have
Oo . . . .
> eta.bi3n + gt = Ey ST ESRRS T p RS (6.2)
n=0
Y apilabi3t+ HEVE;EFVEY
0<r<(a+b-j)/3
where

&3 R\ /S
oayila,bir) = Z (—1)"2<n1)( )2”2, t=0,1,....,a+b. (6.3)

n
ni,ny=0 2
nj+ny=t
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() Ifa+2b<0and2a+b>0,then R <0,S>0,b <0,d =—b = |b| (by
(1.15)), and

o0

2|R| =—6|R| -3|R|+2S 1-—
Zc(a,b; n)qn — E3‘ |E6 | |E9‘ |+ EISS
n=0
]
> o y(a, b NESES Eg Y Efyq' (6.4)
t=0
and for j € {0, 1, 2} we have
Zc(a’ b; 3n + j)qn — EIZ\R|+]E2—6|R\—]E§|R|+2S—3] E6—S+3]
n=0
Y aq(a. b3+ HEVESETEY '
O=r=(Ib|-/)/3
(6.5)
where

[RI.IRI,IR[.S IR| s
a_i(a,b;t) = § (—1)”2“4( )( )2”4, t=0,1,..., 5|
niy,nz,n3 Uz
ny,na,n3,n4=0
ni+n2+n3=|R|, np+2n3+ns=t
(6.6)

(i) Ifa+2b>0and2a+b <0,then R>0,S <0,a <0,d = —a = |a| (by
(1.15)), and

oo
Zc(a’ b: n)qn _ E3—R—8|S|E§+4\S\E;R+6|S|E1—8R—3\S|
n=0
lal
> oy (a.biESES Eg Y Efq' (6.7)
=0
and for j € {0, 1, 2} we have
& . . . .
ZC(CZ» b, 3” + j)qn — EI_R_S‘SH‘./ E§+4|S|_/E§R+6|S|_3/E6_R_3|S‘+3./
n=0

S ar@ b3+ DEVE Y ETEY
0=<t=(lal-j)/3
(6.8)
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where

R,|SI,ISL.1S]

or_(a,b; 1) = }: (R)< l )ﬂﬁﬁw r=0,1,..., lal.  (6.9)

n ny,n3, n
ny,nz.n3.n4=0 ! 2113, 14

na+n3+na=|S|, ni+n3+2n4=t

(iv)Ifa+2b < 0and2a+b < 0,thenR < 0,5 <0,a+b <0,d = —2a—2b =
2|a + b| (by (1.15)), and

oo

3" cla, b )" = E2RIZ8IS| —CIRIH4S| g3IRITEIS] p-3iS]
n=0
2|a+b|
> o (a,b;NESES Eg M Efgq' (6.10)
t=0

and for j € {0, 1, 2} we have

oo
Zc(a’ b:3n + _])C]n — E%‘Rl_S‘SH_JE2_6|R|+4|S|_JE;‘R|+6‘S|_31E6_3|S|+3J
n=0
Y a (@ b3+ HEVE;ESEY
0=<r=Qla+b|-j)/3
(6.11)

where

IRI,|R[.IRI.|S].IS],IS]

a__(a,b;t) = Z (=1 IR] S| ons+2n6
o ni,nz,n3) \na, ns, ng '

ni,n2,n3,n4,n5,n6=0, ni+ny+n3=|R|
na+ns+ne=|S|, no+2n3+ns+2ne=t

t=0,1,....2la+b|.
(6.12)

Proof We just prove cases (i) and (iv). Equations (6.4)—(6.9) of cases (ii) and (iii) can
be deduced in a similar manner.
(i)a+2b>0,2a+b>0:

From (1.9), (1.10) and (1.14), we obtain using the binomial theorem and the relation
R+S=a+b
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a+b R,S S
_ t—R R—t p2R+25-3t -—R—S+3t t
—Z Z (- 1)"2< ><n )2"2E3 Eg "Eg Eg q
t=0 \ ny,n2=0 2
niy+ny=t
a+b
= EyREEESFER TS Y oy (a b ESES Eg Y Eftq'
t=0

which is (6.1).
From (1.16) and (6.1) we have

A= EyRERERTS ELR S0, (a, b ) ESES Eg Y ESL, 1=0,1,...,a+b.

Then, by (1.21), we have

B[ = Al(aa b’ Elv E27 E37 E6)
= E;RERESRYSES R Say i (a, by 1) EVES ESY EY

so that for j € {0, 1, 2}, appealing to (1.22)—(1.24), we obtain

o]

Zc(a, b;3n+ j)q"

n=0

= Z BStJerIt

0=<t=(a+b—j)/3
_ p—R R 2R+2S n—R-S
= E;REREIRYS |, >
0<t<(a+b—j)/3

ayya, b;3t+ HE)TTE!

=33t+)) x3Gt+)) ¢
x Eq Eg q

—R+j oR—j 2R+28-3j .—R—S+3j ) 3t 3
=E "VE, E; Eg TN agy(a b3+ HEVES
0<t<(a+b—j)/3

X E3—9[E9l t
which is (6.2).
(iv)a+2b <0,2a+b <O0:

In this case we have a + b < 0 so by (1.15) we deduce d = —2a — 2b = 2|a + b|.
From (1.9), (1.10) and (1.14), we obtain using the multinomial theorem

[R]
b 2 =6 13 37 13 2 4 =8 =3 16
EtllEZZ(E3E6 Ey —qE3Eg "Ejg+q EsE"Eqg E18>

51
x (B3 ESESER) +2q 5 EQES + 44 ES ELET )
8|

|R| (2_63’” 3.-73 \
- E2E E) (—EE E)
Z <n1’n2’n3 3F6¢ Lo qE3Lg Lig

ni,n2,n3=0
ni+na+n3=|R|
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2 4 -8 =3 16\
X (61 E3Eq"Eg ElS)

N
S| (—846—3"4 7323\
x ETSEYESE ) (2 ETEME )
Z <n4’n57n6 3 LEeloglyg qLs Lglg

ng,ns,ng=0

ng+ns+ne=|S|

ne
x (402 E7 E2ES)

2|a+Db| [RI,IR[,|R,IS],1S],1S]
" IR |S]
> > e
ni,nz, n3 n4, ns, ne

t=0 |\ n1,n2.n3,n4,n5,n6=0, n1+nr+n3=|R|
na+ns+ne=|S|, no+2n3+ns+2ne=t

2|R|— —6|R|+4(S|—t 3R —3t —
X2n5+2n5E3| I 8|S|-|-IE6 6| R|+4|S| tESI [+6]S] 3tE183|S|+3t qt

2|R|—=8|S| -—6|R|+4|S| ~3|R|+6]|S| -—3IS]|
E3 E6 E9 EIS

2|a+b|
x Y a__(a.b:ESES"EgVEflq', (by (6.12))
t=0

which is (6.10).
By (1.16) and (6.10) we have

A[ — E§|R|78|S‘Eg6|R|+4|S|E3‘R|+6|S|E&S‘Sla__(a, b, t)E:t;EgtEg_StE?é,
t=0.1,....2a+bl.

Thus, by (1.21), we have
B, = E2RISIS| pOIRI4ISI p3IRIOIS| 31810,y by B ES BV EYY,

so that by (1.22)—(1.24) we obtain for j € {0, 1, 2}

o0
> e b:3n+ j)g" = > Buyd'
n=0 0<t=<Qla+b|—-j)/3

— E%\Rl—fﬂlslE2—6\R|+4\SIE;IR\+6|SIE6—3ISI

o 34 j 3= 2 —91—3] -91+3]
> a——(a,b;3t+ HE} T ETTE] TV E T g
0<t<Q2la+b|—j)/3
2|R|-8 i ~—6|R|+4|S|—j =3|R|+6|S|-3j ~—3|S[+3j
EI\ | |S|+JE2 [RI+4[S] ~’E3' |+6]S] "Ea [S|+3

S a(abi3t+ DEYE;YETEYS
0<r<(2|a+b|—j)/3

which is (6.11). O
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In our next theorem (Theorem 6.2), we apply Theorem 6.1 to the evaluation of the
sums

o0
D uGn+ )", j=01,2,
n=0

where k is a positive integer.

Theorem 6.2 Let k be a positive integer. Then the following identities hold

o0 k
k
Z t(n)g" = Z < )Eg_kE’g_”ESk‘”Efg‘kq’, 6.13)
n=0 r=0 r
- k
Y uGwg = Y (3 )E?r—kElzc—SrEgk—QrEgr—qu’ 6.14)
n=0 0<r<k/3 r
. k
Z GBn+ D" = Z E?r+lka12cf3r71 E§k79r73E§r+37qu’
3r+1
n=0 0<r=(k—1)/3
(6.15)
. k
Z t4:(Bn +2)q" = Z E?r+27k E12<73r72 E§k79r76E2r+6fqu‘
3r+2
n=0 0<r=(k-2)/3
(6.16)
Proof As

1E2 Z g2,

see for example [6, Theorem 354, p. 284], we have by (1.1)

> ek 2k mq" = ETVER = (E7'E3) = (Z q’”(’"H)/z) =Y #(ng",
n=0 m=0 n=0

so c(—k, 2k; n) = tx(n). Applying Theorem 6.1(i) with a = —k and b = 2k, so that
a+ 2b = 3k > 0 and 2a + b = 0, we obtain from (6.3)

k
Ol++(—k,2k;l)=<t>, t=0,1,...,k,

and the asserted identities follow from (6.1) and (6.2). m]
Thus, for example, we have from Eq. (6.14) of Theorem 6.2 with k = 3 the identity

o
> 6363n)q" = E;PE3ESES® + qE; E,
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Infinite product representations of some g-series 867

which can be expressed as a single product since
EESESES? +qE;ES = ETYESPESP (EVESES + gEVED)
= EYEJPESS - ESESEs  (by Prop. 1.1(1))
—4 -8 -2
= E[ESESES?,

and from Eq. (6.16) of Theorem 6.2 with k = 5

o0
Y t5G3n+2)q" = 10E° E3 E3E6 + q E5  Eg°,
n=0

which cannot be expressed in the form 10E}! E5* E5* E¢° for any integers aj, az, a3,
and ag.

Cooper and Hirschhorn [9] (see also [10, 11]) have shown in an elementary com-
binatorial way that

r(8n + k) = crty (n) (6.17)

for all nonnegative integers n and k € {1, 2, 3,4, 5, 6, 7}, where

c1=2,c2=4, 3=8, c4 =24, ¢c5s =112, c¢ = 544, c7 = 2368. (6.18)

Using (6.17) and (6.18) in Egs. (6.13)—(6.16) of Theorem 6.2, we obtain the following
results: For k € {1,2,3,4,5,6,7} we have

00 k
k
Y on@n+kg" =cy <r>Eg’<E’g’E§“’Efgkq’, (6.19)
n=0 r=0
> k
Y n@an+kg" =c Y <3r>Ef’—"E’;—3’E§"—9rE§’—kq’, (6.20)
n=0 0<r=<k/3
> k
24n + 8+ k)g" =
Snemeiens a2 (4)
n=0 0<r<(k—1)/3
% E13r+l—kElzc—3r—lE32)k—9r—3E2r+3—qu’ (621)
> k
24n + 16 + k)g" =
S a4 1640 = Y (Mz)
n=0 0<r<(k—2)/3

x By A3 pRer=6 poreoshgr - (6.22)

If the right hand side of one of the identities (6.19)—(6.22) can be reduced for a
particular value of k to a constant multiple of a finite product of powers of £y, E», E3,
and E¢ then that identity is known and can be found in different notation in one of the
three papers Hirschhorn and McGowan [12] (k = 2, 4), Cooper and Hirschhorn [13]
(k = 3), Barruncand et al. [14] (k = 5, 6, 7). This occurs for example for (6.22) when
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868 F. Miinkel et al.

k = 3. In this case we have

o0
Zr3(24n +19)g" = 24E; ' B2 E}.
n=0

Cooper and Hirschhorn [13, Eq. (2.23), p. 13] give

o]

Y r34n +19)¢" = 24y (@){c(q7)/3).

n=0

These two formulas agree as ¥ (q) = El_1 E% and c(¢?)/3 = E2_l Eg. Another exam-
ple occurs with (6.20) when k = 3. In this case we have

o0
> ra@an +3)q" =8 (ETESESES? + g ETES)
n=0

=$ETETES (EIEIEY + gL EY)
Cep-4p-3p-3 854 .
=8E|"E; E;” - E;ESEs  (by Prop. 1.1(1)
= 8E Y ESESES?

=8y (@) /¥ (),

which is Eq. (1.19) on page 11 of [13]. A particularly nice example is (6.22) fork = 7.
In this case (6.22) gives

o
> rrQan +23)g" =2368 (21 ET ESES B + 21 BT ERES  Efg )
n=0

= 49728 E2E; ' E; ! (ElEgEg + qE;‘Eg)
= 49728E, *E3E; 'Eg ' - ESESEs  (by Prop. 1.1(1))
= 49728 E S E)OES,

which Barrucand, Cooper and Hirschhorn give in the abstract of their paper [14].

The identities (6.19)—(6.22) which cannot be reduced to a single product are new.
One such example is (6.20) when k = 4. In this case the identity asserts

o
> raQdn+4)g" =24 (ET ESESEG* + 4q BT E2 B ES)
n=0

or equivalently (as 74 (24n + 4) = 3r4(6n + 1))

o0
> ra6n + 1)g" =8E M ESESEGt + 32 BT 2 BV E,
n=0
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where the right hand side cannot be expressed as 8E{' E5* E3* E¢° for any integers
ai, ap, az, and ag.
Our next theorem gives the analogous theorem to Theorem 6.2 for r¢(n).

Theorem 6.3 Let k be a positive integer. Then the following identities hold

0 k
k
Y gt =2 (r) Ey EYEY R ESEN T EN T (6.23)
n=0 r=0
- k
Z rk (31’1)6]" — Z 23r <3r) E;3r EgrE§r72kE473r E2k718rE?272qu’
n=0 0<r<k/3

(6.24)

k
3r+1
E re(Bn + Dg" = E 27" <3r 1>

n=0 0<r<k-1)/3
—3r—1 p6r+2 9r+3—-2k -—3r—1 5k—18r—6 -9r+3—-2k r
ETVES2ES E;E E372%g (6.25)

o
k
3 2 n_ 23r+2
> n@Bn+2)q > 342

n=0 0<r=(k-2)/3
—3r—2 6r+4 9r+6—2k -—3r—2 5k—18r—12 9r+6—2k r
E; Ey TTES E, Eg E}, q". (6.26)

Proof We have

o0 k 00 5 5 00 o0 ) s
2
E : m _ 2 : my+-tmyp § : § : my+---4my
q = q 1 k = q 1 k
m=—00 mi,..., mp=—00 n=0mp,....mp=—00
m%+~-~+mz=n

so that
o0 ) k [e¢)
( 3 g ) Y .
m=—00 n=0
Replacing g by —¢, and appealing to (2.11) and (1.1), we obtain
(e.¢] o N k k
> nm (=) = ( > " ) = (E1Ey")

n=0 m=—o0
o0
= E}ES* = Zc(Zk, —k; n)q"
n=0

SO
(=D*rr(n) = ¢k, —k; n).
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870 F. Miinkel et al.

Hence, with a = 2k, b = —k, so that R = 0, § = k, we obtain from (6.3)
t k t
a4k, —k;t) = (=1) . 2, t=0,1,...,k,
so by Eq. (6.1) of Theorem 6.1, we deduce
00 k k
D nn(—q)" = sz(t)EgEg’Eék—3’Ef§‘k(—q>’.
n=0 =0

Mapping g to —g, we obtain

00 k
k _ _ -
Y r(mg" = Zz’(t)Eg(—qﬂsﬁ " ES T () By (—q)q'
n=0 =0
Now
E if m is even,
Epn(—q) = n_11 3 =1 - .
E,E5 E, ifmisodd,
SO

- R o N S
> rmg" =2 ; (Es E6E2> Eg (E9 E18E36> Eg g
n=0 0

.‘
=~ |l

k

t —t 2t p3t—2k p—t 5k—6t 3t—2k _t
2 <I>E3 Eg Eg EnER " Ex Tq,
t=0

which is (6.23). Finally, by Eq. (6.2) of Theorem 6.1, we obtain for j € {0, 1, 2}

o0

D =D G+ j)g”
n=0

oo
= Zc(2k, —k;3n+ j)q"
n=0

=) 2k=3] k43
=E\E, " E;5 Eg

. . k
_1\3t+jn3t+j 3t =3t =9t 9t t
X E . (—1) 2 (St—i—j)El E,"E;7Egq .
0<t=(k—j)/3
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Cancelling (—1)/, and then mapping ¢ to —q, we obtain

o
> nGn+ j)g"
n=0
ok 3 -3 2%—3j-9
= > 23’+J(3t+,> E) T (—)E; T () E; T T (—g)
0<t=<(k—j)/3 J
—k+3j+9
x Eg* T (—g)q'
- ¥ 23’+/‘( ) ) (' E2es )" By
) 3t+j
0<t=<(k—j)/3
2%=3j-9 . a;
« (EglEgEle) E; k+31+9zqt
. k A, . .
_ 34 3t—j 6142 91432k
= > 2 /(3t+j>E] E)"E]
0<t=<(k—j)/3
« E—3t /ESk 6]—18tEg+9t—2kq,.
This proves identities (6.24)—(6.26) of Theorem 6.3. O

We conclude this section with an example of Theorem 6.3 with k > 7. We take
k = 8 in Eq. (6.26) of Theorem 6.3. We obtain

o0 m\4 28
Zr3(3n+2)q—112]_[ (=) (1-4")

o wmt (1= (1=¢%) " (1 = q“")2 (1-q'2)"
00 g 101 _6n)10
+1792q [ | (1-¢") (-4 2
i (1 _ n)5( Sn) (1 _ q4n) (1 _ q12n)
16 0 3a\8 1 _ 1218
+25621—[ ) (1 61)8(1 q 8).
_ (1 _ q4n) (] _ q6”)
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