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Abstract
In this paper we study the arithmetic properties of the ternary quadratic form
322 4 6y% + 1422 + 4yz + 2zx + 2xy. This is the ternary quadratic form of least
discriminant, which is conjectured, but has not been proven, to be regular.

1. Introduction

We denote by N, Ny, Z, and C the sets of positive integers, non-negative integers, all
integers, and complex numbers, respectively. Furthermore, we denote the upper-half
plane of C by
H:={z+iyeCly >0}
We consider ternary quadratic forms ax? +by? + c2? + dyz + ezx + fxy, which are
integral (a,b,c,d,e, f € Z), primitive (ged(a, b, c,d, e, f) = 1) and positive-definite.
The discriminant of such a ternary form is the positive integer

12a f e
5 f 20 dj.
e d 2c
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The representation number 7(a, b, ¢, d, e, f;n) of a ternary az? + by? + c2? + dyz +
ezx + fxy is defined for all n € Ny by

r(a,b,c,d,e, f;n) := card{(z,y,2) € Z* | ax® + by? + c2* + dyz + ezx + fry =n},

so that r(a,b, c,d, e, f;0) = 1. For n & Ny we define r(a, b, c,d, e, f;n) = 0. We also
define

wm=em (meN),

(o)
O(w) == Z e2miwe’ (w e H),
r=—00
and
H(T;’IU) — Z e27rir(x1,...,rck)w (w c j—f)’
(21,0005, ) ELF
where r(z1,...,2k) is a positive-definite quadratic form with integral coefficients.

If m is a nonzero integer and p is a prime, then v,(m) is the nonnegative integer
such that p*»(™) | m and p*»("™+1  m. We write p*»(™) || m.

A ternary quadratic form that represents all the positive integers represented by
its genus is called regular. In 1997, Jagy, Kaplansky and Schiemann [8] gave a list of
913 integral positive-definite ternary quadratic forms. Of these 913 forms, exactly
794 of them belong to a genus of size 1, and thus are regular. Of the remaining 119
forms in genera of size at least 2, the regularity of 97 of them was established by
the authors. This left 22 forms conjectured to be regular, but for which no proof
existed. Oh [9] proved that 8 of these 22 forms are regular. The remaining 14 forms
are conjectured to be regular, but this remains unproven. Olivier [10] has proved
that all 14 forms are regular assuming the validity of a form of the Generalized
Riemann Hypothesis.

The 14 forms only conditionally proved to be regular comprise 11 forms each in a
genus of size 2 and three forms each in a genus of size 3. The form with the smallest
discriminant among the 11 forms, each in a genus of size 2, is the form

f(@,y,2) = 32% + 6y* + 142° + dyz + 2zz + 2zy.

In this work we use the theory of modular forms to study the arithmetic prop-
erties of f(z,y,z) including the explicit determination of r(f;n) for all n € N. In
doing this it is convenient to introduce three other ternary quadratic forms:

g(z,y, 2) =62 + Ty* + Tz* + 2yz + 22z + 6y,
h(z,y, z) == 3z% + 4y° + 62° + dyz + 22z,
k(x,y,z) := 2 + 3y* + 522 + 2yz.
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The discriminants of f, g, h, and k are

1 6 2 2 1 12 6 2
dis(f)= 5|2 12 4| =896, disc(g)=|6 14 2|=896,
2 4 28 2 2 14
1 6 0 2 1 2 0 0
disc(h) = 3 0 8 4|=224, disc(k) = 3 0 6 2|=56.
2 4 12 0 2 10

The form g is the genus mate of the ternary f [3]. The ternary h is alone in its genus
[3] and so is regular. Its discriminant differs from that of f by a square (namely
22). The ternary k is also alone in its genus [3], thus regular, and its discriminant
differs from that of f by a square (namely 42).

We are able to prove a necessary and sufficient condition for f to be regular and
in doing so we exhibit explicitly the local impediment to proving unconditionally
that f is regular. Our arithmetic study of the ternary quadratic form f begins
with the determination of the sum r(f;n) + r(g;n) in terms of r(h;n). We prove,
using a result about modular forms from our recent paper with Z. S. Aygin and
G. Doyle [2], the following theorem in Section 2.

Theorem 1.1. For all n € Ny we have

r(fin) +r(g;n) = s(n)r(h;n),
where

ifn=1,2,3 (mod 4),
if n=0,12,28 (mod 32),
if n =4,8,20 (mod 32),
if n =16 (mod 32),

if n =24 (mod 32).

s(n) =

wikwiy © N =

In Section 3 we use the theory of modular forms to determine r(h;n) in terms of

r(k;n).
Theorem 1.2. For all n € Ny we have

r(hyn) = t(n)r(k;n),
where

if n=0,3,7 (mod 8),
ifn=1,2,5 (mod 8),
if n =4 (mod 8),
if n =6 (mod 8).

~
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From Theorems 1.1 and 1.2 we immediately obtain the relationship between
r(f;n) +r(g;n) and r(k;n).

Theorem 1.3. For all n € Ny we have

r(fin) +r(gin) = u(n)r(k;n), (1.1)
where

if n =0 (mod 32),
if n =24 (mod 32),
if n =3 (mod 4),
if n =6 (mod 8),n =12 (mod 16) or n = 16 (mod 32),
ifn=1 (mod 4),n =2 (mod 8),n =4 (mod 16) or
n =8 (mod 32).

O wivo = whs N

(1.2)

In Section 4 we use an elementary argument to show that (f;n) and r(g;n) are
equal when n # 3 (mod 4).

Theorem 1.4. For n € Ny with n # 3 (mod 4) we have r(f;n) = r(g;n).

As the ternary quadratic form k is alone in its genus, we can apply Siegel’s
formula to determine r(k;n).

Siegel’s formula. (see for example [4, pp. 374-378]) Let s := s(x,y,z) be an
integral, primitive, positive-definite ternary quadratic form, which is alone in its
genus. Then forn € N,

dm\/n
r(s;n) = —— dp(s;m), 1.3
i) = e Tt (1.3

where p runs through primes, and the local density dy(s;n) is defined by

d,(s;n) == lim number of solutions of s(x,y,2) =n (mod p*)

t—o0 p2t

L (14)

In using Siegel’s formula to determine r(k;n) in Section 5, and in subsequent
sections, we use the following notation. For n € N we define o, 8 € Ny and g,h € N
uniquely in terms of n by

n=2%gh? (gh,14) =1, g squarefree. (1.5)
Further, we define the squarefree positive integer n* by

n* = g0 t1=2(a+1)/2] 7A+1-2((8+1)/2] 4 (1.6)
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and the positive integer {(n) by

The class number of the imaginary quadratic field Q(v/—n*) is denoted by

h(Q(V=n7)).

plh

Theorem 1.5. Forn € N we have

r(k;n) = cr(n)l(n)h (Q (vV=n)),

where the values of c1(n) are given in Table 1.1.

1) i= T (a7 = (22 o) )

afp g c1(n)
a(even) B (even)
a=0,82>0 1 7G+d/2 _ 2
a>2p> L7229
a(even) B (odd)
a=0,>1|g=1,2,4 (mod 7) %.7(,8-%1)/2_%
g=3,5,6 (mod 7) 7(B+1)/2
a>2,8>1|g=1,2,4 (mod 7) 4.7B10)/2 _4
g=3,5,6 (mod 7) 3. 7(6+1)/2
a(odd) f(even)
a>1,>0| g=1 (mod 8) 0
g =3 (mod 4) 1. 7(8+2)/2 _ 9
g =5 (mod 8) 7(B+2)/2 _ 4
a(odd) B(odd)
a>1,>1|g=1 5. 7(BFD/2 _ 9
g=1(mod 4),g=1,2,4 (mod 7),g#1 | 4-70+D/2 _4
g=3 9. 7(8+1)/2
g=3 (mod 8),9g =3,5,6 (mod 7),g # 3 6. 7(F+1)/2
g=1 (mod 4),g =3,5,6 (mod 7) 3. 7(B+1)/2
g =3 (mod 8),g=1,2,4 (mod 7) g.7(6+1)/2 _g
g =17 (mod 8) 0

Theorem 1.5 enables us to determine in Section 6 precisely which positive integers

Table 1.1: Values of ¢;(n)

n are represented by k(z,y, z).




INTEGERS: 22 (2022) 6

Theorem 1.6. Let n € N. Then n is represented by k(x,y,z) if and only if n is
not of the form 48(161 + 2) for any k,1 € Ny.

We remark that Theorem 1.6 proves the assertion for form no. 28 in [6, Appendix,
Table 1]. Note that the discriminant used in [6] differs from the discriminant here by
a factor of 4. As 4%(16/+2) is an even positive integer for all k,1 € Ny, Theorem 1.7
is an immediate consequence of Theorem 1.6.

Theorem 1.7. Every odd positive integer is represented by k(z,y, z).

From Theorems 1.3, 1.4, and 1.5 we deduce immediately an explicit formula for
r(f;n) =r(g;n), when n # 3 (mod 4).

Theorem 1.8. Let n € N be such that n Z 3 (mod 4). Define «, 3, g,h,n*, and
I(n) as in (1.5), (1.6), and (1.7). Then

r(fin) =r(gin) = c2(n)l(n)h (Q (V—n)),
where the values of ca(n) are given in Table 1.2.

It is clear from Theorems 1.3, 1.4, and 1.5 that

ca(n) = %u(n)cl(n), n Z 3 (mod 4).

As n # 3 (mod 4) in Theorem 1.8 the possibilities
a =0, even, g =3 (mod 4)

and
a=0, 5 odd, g =1 (mod 4)

are excluded in Table 1.2 by (1.5).

a, 8 | g | ca(n)
a(even) B(even)
a=0,0>0|g=1 (mod 4) 0
a=2,>01]g=1 (mod4) 0
g =3 (mod 4) - 7(B+2)/2 2
a=4,5> 1 7(B+2)/2 _ 2
1

1 7(6+2)/2 _ 9

Continued on next page
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B g ca(n)
a(even) S(odd)
a=0,>11]g=3(mod4) 0
a=23>1|g=1(mod4),g=1,2,4 (mod 7) T qG+D/2 1
g=1 (mod 4),g =3,5,6 (mod 7) 7(6+1)/2
g =3 (mod 4) 0
a=4,8>1|g=1,2,4 (mod 7) 4 /2 _ 1
9 =3,5,6 (mod 7) 7(B+1)/2
a>6,>11]¢g=1,2,4 (mod 7) 4.706+1)/2 _ ¢y
9=3,5,6 (mod 7) 3. 7(B+1)/2
a(odd) B(even)
a=1,>0| g=1 (mod 4) 0
g =3 (mod 4) 1.7(6+2)/2 _ 2
a=3,>0]g=1 (mod4) 0
g =3 (mod 4) L.oq6+n/2 4
a>5pF>0]|g=1 (mod8) 0
g =3 (mod 4) 1.7(6+2)/2 9
g =5 (mod 8) 7(B+2)/2 _ ¢y
a(odd) B(odd)
a=1,>1 =1 %_7(,3+1)/2_%
g=1(mod4),g=1,2,4 (mod 7),g#1 | 4. 708+D/2_4
g=1 (mod4),g=3,5,6 (mod 7) 7(B+1)/2
g =3 (mod 4) 0
a=38>1]|g=1 %.7(ﬁ+1)/2_%
g=1(mod4),g=1,2,4 (mod 7),g#1 | §.76+D/2_8
g=1 (mod 4),g =3,5,6 (mod 7) 9. 7(B+1)/2
g =3 (mod 4) 0
a=b5p21]g=1 2. 7(6+1)/2 _ 9
g=1(mod4),g=1,2,4 (mod 7),g #1 4.708+1)/2 _ ¢y
g=3 9. 7(B+1)/2
g =3 (mod 8),g =3,5,6 (mod 7),g # 3 6. 7(B+1)/2
g=1(mod4),g=3,5,6 (mod 7) 3. 7(B+1)/2
g =3 (mod 8),g =1,2,4 (mod 7) g.7(B+1)/2 _g
g =7 (mod 8) 0

Table 1.2: Values of ca2(n): n # 3 (mod 4)
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In Section 7 we use Theorem 1.8 to determine the positive integers n # 3 (mod 4)
which are represented by f.

Theorem 1.9. Let n € N be such that n £ 3 (mod 4). Then n is represented by f
if and only if n is not of the form

41 + 1,161 + 4, 161 + 10, 641 4 40, 4% (161 + 2),
for any k,1 € Ny.

In Section 8 we deduce from Theorems 1.3 and 1.6 the integers represented by
the genus containing the forms f and g.

Theorem 1.10. A positive integer n is represented by the genus {f, g} if and only
if n is not of the form

41+ 1,161 + 4, 161 + 10, 641 4 40, 4% (161 + 2),
for any k,1 € Ny.

The form g does not represent 3, so by Theorem 1.10 g is not regular. From
Theorems 1.9 and 1.10 we deduce a necessary and sufficient condition for the form
f to be regular.

Theorem 1.11. The form f is regular if and only if f represents every positive
integer n = 3 (mod 4).

Proving that f represents every n € N with n = 3 (mod 4) is the local impediment
to proving that f is regular. Theorem 1.7 is perhaps a natural starting place to
attempt a proof of the regularity of f. By Theorem 1.7 every positive integer
n =3 (mod 4) is represented by 2 + 3y? + 522 + 2yz. Thus there are integers u, v,
and w such that

n =u? + 302 + 5w? + 2vw. (1.8)

Taking equation (1.8) modulo 4, we deduce that

u=v=w=1 (mod 2), or (1.9)
u=w=0 (mod 2),v =1 (mod 2),u = w (mod 4), or (1.10)
u=w=0 (mod 2),v =1 (mod 2),u =w + 2 (mod 4). (1.11)

If (1.9) holds, as (u,v,w) and (u, —v, —w) are both solutions of (1.8), one of these
solutions satisfies u = w (mod 4). Thus, if (1.9) or (1.10) holds, we may define
integers x,y, and z such that

1 1
x:—v,y:—z(u—i—?)w),zzz(u—w). (1.12)



INTEGERS: 22 (2022) 9

These integers satisfy
322 4 6y + 1422 + dyz + 222 + 2xy = u® + 3% + 5w’ + 2vw =n

so n is represented by the form f. However, it does not seem possible to create a
solution (z,y, z) of f(x,y,2) = n in a similar way from a solution (u,v,w) of type
(1.11).

We can prove, however, that an infinite number of the positive integers n =
3 (mod 4) are represented by the form f.

Theorem 1.12. Let n € N be such that n = 3 (mod 4) and n = 0 (mod 7),
equivalently n = 7 (mod 28). Then n is represented by the form f.

Proof. Let n € N be such that n =7 (mod 28). As n = 3 (mod 4), by Theorem 1.7,
n is represented by the form k. Hence, there exist integers u,v,w such that (1.8)
holds. From (1.9) — (1.11) w, v, w satisfy u = w (mod 4) or

u=w=0 (mod 2),v =1 (mod 2),u =w+ 2 (mod 4). (1.13)

In the former case the integers x,y,z defined in (1.12) satisfy n = 322 + 6y +
1422 + 4yz + 2zx + 2zy. If the latter case does not occur then this proves that n is
represented by f. Now suppose that the latter case does occur. Then

3n = 3u? 4+ 9v? + 6ow + 15w?
=3u® + (3v + w)? + 14w?
= 3u? 4 (3v + w)? (mod 7)
= (3v +w)? — 4u? (mod 7)
= (Bv+w — 2u)(3v +w + 2u) (mod 7).

Asn =0 (mod 7) we have
3v+w—2u=0 (mod 7) or 3v+ w + 2u =0 (mod 7).

Changing u to —u does not affect (1.8) or (1.11) (as —u = —w—2 = w+2 (mod 4)).
Thus we may suppose that 3v +w — 2u =0 (mod 7) so

w = 2u+ 4v (mod 7). (1.14)
From (1.13) we have

w =u+ 2v (mod 4). (1.15)
Hence, using (1.14) and (1.15), we obtain

8u — 12v + 24w = 0 (mod 4), 8u — 12v 4 24w = 0 (mod 7),
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—9u + 10v + 15w = 0 (mod 4), —9u + 10v + 15w = 0 (mod 7),
S5u+ 10v +w =0 (mod 4), 5u+ 10v +w =0 (mod 7),
so that
~ 8u—12v + 24w ~ —9u+10v + 15w Z_5u+10v+w
- 28 YT 28 T T s

are integers, which satisfy
322 + 6y% + 1422 + dyz + 222 + 22y = u® + 30% + 5w + 20w = n,
proving that n is represented by the form f. O

In Theorem 1.8 we determined r(f;n) and r(g;n) for all positive integers n #
3 (mod 4). In our next theorem we evaluate r(f;n) and r(g;n) for all n = 3 (mod 4).
In this case, by (1.5), we see that 227°gh? = 3 (mod 4) so that & = 0 and g =
(—1)#*1 (mod 4). Also, by (1.6), we see that

. J29 if B=1 (mod 2) (equiv. g =1 (mod 4)),
14g if =0 (mod 2) (equiv. g =3 (mod 4)).

Theorem 1.13 is proved in Section 9.

Theorem 1.13. Let n € N satisfy n = 3 (mod 4). Then

r(f;n) = cs(n)l(n)h (Q (V—n*)) + v(n),
r(g;n) = c3(n)l(n)h (Q (V—n*)) — v(n),

where c3(n) is given in Table 1.3 and the integers v(m) (m € N) are defined by

2 00
1~ (4w)n(16w)n(56w) 2mi
= v(m)e=™m w e H. (1.16)
n(8w) mzzl
p g cs(n)
B even | g =3 (mod 4) = (7(3+2)/2 —4)
Bodd | g=1 (mod4),g=1,2,4 (mod 7) % (7(54‘1)/2 -1)
B odd | g=1 (mod4),g=3,56 (mod 7) L7(B+1)/2

Table 1.3: Values of cg(n): n =3 (mod 4)
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If we set ¢ := e*™™ (w € H) so that |g| < 1, then

m=1
so that
 (4w)n(16w)n(56w) _ 5 1 (1=¢"™)*(1 = ¢'*")(1 - ¢*")
n(8w) ! 0= (1)
and thus from (1.16) and (1.17), we deduce that
v(m)=01if m # 3 (mod 4). (1.18)

As es(n), l(n), and h (Q (\/—n*)) are all positive, in order to prove that r(f;n) >
0 for n = 3 (mod 4) (thus proving that such n are represented by f), we must show
that

c3(n)l(n)h (Q (V—n*)) + v(n) > 0

for all n = 3 (mod 4). This is obvious, if v¥(n) > 0. However, if v(n) < 0, we must
show that

lv(n)| < cs(n)l(n)h ((@ (\/—n*)) )

Let us see what this requires when n satisfies
n=3 (mod4), v(n)<0, n=z0(mod7), n squarefree.

Such n exist, for example, n = 19. In this case we have, appealing to (1.5) - (1.7),
and Table 1.3, n = g = 3 (mod 4), « =0, § =0, h = 1, n* = 14g, c3(n) =
I(n) =1, h(Q(vV—n*)) = h (Q(v~14g)), so we require

lv(g)l < ih (Q (\/7149)). (1.19)

Numerical data for such ¢ up to 5 - 10 suggests that an inequality of the type

1
4

W)l < 2gtdo) (1.20)

holds, where d(g) denotes the number of divisors of g. However, the best effective
lower bounds for h (Q (\/T))), where D is a negative discriminant, are of the type

n(Q(VD)) = ecliog| D))"

for any x > 0 and some computable constant c,,. This estimate is not strong enough
to prove (1.19) using a result of the type (1.20). We conclude with a conjecture.
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Conjecture 1.14. Let n € N satisfy n = 3 (mod 4). Define

r1(k;n) = card{(z,y, 2) € Z* | k(z,y,2) =n, r =y =2z =1 (mod 2)},
ro(k;n) = card{(z,y, 2) € Z* | k(z,y,2) =n, = 2 =0 (mod 2), y =1 (mod 2),
x =z (mod 4)},

r3(k;n) == card{(z,y,2) € Z® | k(x,y,2) =n, 2 =2 =0 (mod 2), y =1 (mod 2),
x=z+2 (mod 4)}.

Then
1
r(fin) = grilkin) +ra(k;n),
1
r(gin) = gri(kin) +rs(kin).
This conjecture has been verified for all n = 3 (mod 4) with n < 3-10°. Following
the statement of Theorem 1.11, we proved that if r1(k;n) > 0 or ro(k;n) > 0, then
r(f;n) > 0. The conjecture makes this connection between r1(k;n),r2(k;n), and

r(f;n) more precise. Note that the second equality of the conjecture follows from
the first as

r(g;n) =r(k;n) —r(f;n)

=ri(k;n) +ra(k;n) + r3(k;n) — (;rl(k; n) + Tg(k;ﬂ))
= %rl(k; n) + rs(k;n).
The difference of the two equalities of the conjecture asserts that
ro(k;n) — rs(k;n) = 2v(n)

for all n € N with n = 3 (mod 4).
For all n € N with n = 3 (mod 4) up to 3 - 10° we have

r1(k;n) > 0 except for 5 cases (n = 3,23,83,111,155),

ro(k;n) > 0 except for 32 cases (n =7,11,15,35,47,51, 59, 87,103,123, 167, 183,
191,203, 287,407, 455,467, 587,767, 803,863,987, 1043, 1187, 1343,
1763, 2843, 3183, 4983, 8207, 11543),

rs3(k;n) > 0 except for 30 cases (n = 3,11,15,23,47,55,67,71,107, 143,147,159,
939,251,263, 267, 323, 347, 527, 647, 795,935, 1127, 1167, 1223, 1563,
1823, 2039, 2495, 6083).
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2. Relationship between the Representation Numbers of f, g, and h:
Proof of Theorem 1.1

As r(f;0) = r(g;0) = r(h;0) = 1 and s(0) = 2, Theorem 1.1 is true for n = 0, so
we may suppose that n € N.

We define three primitive, positive-definite, integral quaternary quadratic forms
F, G, and H in the variables x,y, z, and u by

F(2,y, z,u) := f + 32u® = 322 + 69 + 1422 + 32u® + 4yz + 22z + 22y,
G(z,y, z,u) := g + 32u? = 622 + Ty* + 722 + 32u® + 2yz + 22z + 62y,
H(z,y,z,u) :=h+ 32u? = 322 + 4y? + 622 + 32u? + dyz + 2zz.

The matrices of the forms F', G, and H are respectively the matrices M (F'), M (G),
and M (H) defined as follows:

6 2 2 0 12 6 2 0
2 12 4 0 6 14 2 0
M(F) = ’ M(G) = )
2 4 28 0 2 2 14 0
0 0 0 64 0 0 0 64
6 0 2 0
08 4 0
M(H) =
2 4 12 0
00 0 64

We have

det M(F) = det M(G) = 114688 = 2'* .7,  det M(H) = 28672 = 2'%.7.

Also
160 —24 -8 0 96 —40 -8
—24 8 —10 0 —40 82 -6 0
896 M (F) ™! = , 896M(G)~! = ,
-8 —10 34 0 -8 —6 66 0
0 0 0 14 0 0 0 14
160 16 —32 0
16 136 —48 0
896 M (H) ! =

—-32 —48 96 O
0 0 0 14

Hence, the character associated with

P <(—1)4/2 ietM(F)) _ (2“:7) _ (22*- 7) _ (2*8> =,
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G <(1)4/2 ietM(G)) _ <21‘:7) _ <22*~7> _ (2*8> .
—1)4/2 12, 2,
. (( 1) (jlketM(H)) _ (2 : 7) _ (2 : 7) _ (2:5) .

and the level of each of F', G, H is 896. By [11, Theorem 10.1, p. 363] we have

Q(F; w) € MQ(F0(896), ng),

0(G;w) € Ma(T'9(896), xa8),
O(H;w) € M3(I'0(896), x28)-
Next, we apply [2, Prop. 2.3] with
R=32=2% N=896=2"-7 k=2 x=xos,
N* =lem(R? N) = lem(2'°,27 . 7) = 219. 7 = 7168,

N* 21007
R 25

=2°.7=224,

so that
N*

cond(ygg) =28 =227 I

and
ged(8, N*) = ged (6,20 - 7) = 1 <= gcd(§,14) = 1 <= § is coprime with 2 and 7.

Define for all j € Z

i_;_i(;—,l)i if j =1 (mod 2),
1,1 (=1, =
¢ i ﬂ+§(m)z if 7 =2 (mod 4),
0 if j =0 (mod 4), 7 # 0 (mod 32),
1 if =0 (mod 32).

If j =1 (mod 2), then j§% =1 (mod 2) and

RIS I AV B e A
G TogTog\Ger) T T\ ) T

If j =2 (mod 4), then j§? = 2 (mod 4) and

R (et S UL I Gt P
= ou T8 \Greer) T au s \Gre) Y
If j =0 (mod 4) and j # 0 (mod 32), then

6j52 =0= 6]'.
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If 5 =0 (mod 32), then
ej52 = 1 = ej.

Hence, ej52 = e; for all § with ged(d, N*) = 1.
As 6(H;w) € M3(T'0(896), x28) we have by [2, Prop. 2.3]

32
ZejG (H w + 32> € M5(To(7168), x28)-

As 7168 = 8 - 896 we have
O(F;w), 0(G;w), 0(H; w) € Ma(T'o(7168), x28)

SO
T(w) :=0(F;w) + 0(G;w) Ze] (H w + 32> € M5(T9(7168), x28)-

The Sturm bound [5, Definition 5.6.13, p. 185] in M3(I'(7168), x28) is

1+

[SLa(Z) : To(7168)] - 2} . 7168 T, 168 (1 i %)
12 6

3584 1 1
B (1) (14 1) <o

The first 3-106 coefficients of T'(w) in its g-expansion, where ¢ = e*™*  are all zero,
so by Sturm’s theorem [5, Corollary 5.6.14, p. 185] we have

T(w) =0 for all w € H.

Hence

O(F;w) +0(Gyw) = Zej (Hw+ ) w e H.

Now, for j =1,2,...,32, we have

0 (H w—+ ?;]2> Z e27ri(w+3j¥2)H(z,y,z,u)
(w,y,2,u) €24

_ 2 e27r1wH(a: y,z,u)+ 25 H (z,y,2,u)
(z,y,2,u)€Z*
_ E 627riw(h(a:,y,z)+32u )+ 254 (h(z,y,2)+32u?)

(z,y,2,u) €24
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_ E eZ'rrlwh("c Y,2)+2miw32u? +27”J h(wx,y,2)+2miju?

(z,y,2,u)€Z*

. 2mij . 2 -
_ § eszwh(z,y,z)-‘r 352 h(z,y,2) E 627rzw32u (as e27rzyu — 1)
(z,y,2)€Z3 UEZ

— Z eQﬂi(w+3_J—'2)lL(r,y,z)0(32w)
(z,y,2)€Z3

ol
=0 <h,w + 32> 0(32w).

Similarly, we see that

0(F;w) =0(f;w)6(32w)
and
0(G;w) = 6(g; w)0(32w).

Hence
(0(f;w) +6(g; w)) 6(32w) Zej (h w+ 32> 0(32w).

But 6(32w) # 0 for all w € H, so

O(f;w)+6(g;w ZeJ (h w+32) for all w € H.
Hence, with ¢ = 2™ (w € H) and wsgy = €32, we obtain
0o [e%¢) 32 .
Sr(fsm)g Y rlgn)g =Y e Y emiwtmliye)
n=0 n=0 j=1 (x,y,z)ez3
32 . 32 A
—Y e Y ew s ZY e Y glawa) b
j=1 (z,y,2)€Z3 J=1 (z,y,2)€Z3
32 32 0o )
D DD DEFCRED W oYCE AT
J=1  n=0 (g y,2)ez? j=1 n=0
h(z,y,z)=n
-3 (St ) e
n=0
Next
32 16
n 1 1 -1 2\ n(2k—1
Z engg:Z(M+M(2k_1)z>w32( )
=1 k=1

j=1 (mod 2)
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1 16

= ﬁwgzn - 6 24W32 Z kw%c

_ 1o [16 ifn=0 (mod 16) 1, n+8)k

BT {o if n % 0 (mod 16)} 2 3222”1
2(—1)"/16 if n =0 (mod 16) 1 _, |16 ifn=8 (mod 16)

= — —Ws3q 1
0 ifn#0 (mod16) [ 24 °* |0 ifn#8 (mod 16)

_ 2(—1)™/16 if n =0 (mod 16) 2(—1)(n=8)/16 " if p = 8 (mod 16)
0 if n £ 0 (mod 16) 0 if n £ 8 (mod 16)
2(—1)n/16 if n =0 (mod 16)

= 2(-1)+®/16if p = 8 (mod 16) ¢ ;

0 if n Z 0 (mod 8)
32 32
i 1 1 /=1\ )\ .,
£ £ (i)
j=1 j=1 J
J=2 (mod 4) j=2 (mod 4)
Z -1 i) rk—2)
P 24 2k —1 32
8
W16 ng + W (=) gt
k=1
1,8 iftn=0mod8) | i _,~~ (miap
=91 Wie 0 i - QW16 wg
if n 20 (mod 8) 8 —
~ J (=1 if n=0 (mod 8) i —n)8 if n =4 (mod 8)
o itn#0mod8) [ 87 Y0 ifn4 (modS8)
3= if n=0 (mod 8) N (—1)(+9/8 if p = 4 (mod 8)
o if n# 0 (mod 8) 0 if n # 4 (mod 8)
F(—1)n/8 if n =0 (mod 8)
= (=) H/8 if p =4 (mod 8) ;
0 if n 20 (mod 4)
32
Z 6Jw32 = e32w§§” =1 (aseg =eg=...=e9g =0 and ezs = 1);

J=1
j=0 (mod 4)
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32 32 32 32
Lnd o o g
§ €jWsy = § €jwss + § €jwss + § €jWs3s
j=1 (mod 2) j=2 (mod 4) 7=0 (mod 4)

(—1)n/16 if n =0 (mod 16)
(—1)(n+8)/16 if p = 8 (mod 16)
if n # 0 (mod 8)

{;(1)"/8 if n =0 (mod 8)

O whowhhy H

+ { (=1)+D/8 if n =4 (mod 8) p +1
0 if n #0 (mod 4)
0+0+1=1 if n =1 (mod 4),
0+0+1=1 if n =2 (mod 4),
0+0+1=1 if n =3 (mod 4),
24+141=2 ifn=0 (mod 32),
0+1+1=2 if n =12 (mod 32),

=d0+1+1=2  ifn=28 (mod 32),
0-1+1=0 if n =4 (mod 32),
—2-1+1=0 ifn=8 (mod 32),
0—1+1=0  ifn =20 (mod 32),
—24+1+1=2 ifn=16 (mod 32),
2_14+1=% ifn=24(mod32)

= s(n).

Finally, we have

S or(fin)g" + > r(gin)g" = s(n)r(hin)g",

n=0 n=0 n=0

so equating coefficients of ¢", we deduce
r(fin) +r(gin) = s(n)r(h;n)

for all n € N. O

3. Relationship between the Representation Numbers of h and k: Proof
of Theorem 1.2

As r(h;0) = r(k;0) = 1 and ¢(0) = 1, the theorem is true for n = 0, so we may
suppose that n € N.
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We define two primitive, positive-definite, integral quaternary quadratic forms
H and K in the variables x, ¥, z, and u by
H(z,y,z u) := h+ 8u® = 322 + 4y* + 622 + 8u® + 4yz + 22z,
K(z,y,z,u) := k + 8u? = 2% 4+ 3y* + 522 + 8u® + 2yz.

The matrices of the forms H and K are respectively the matrices M (H) and M (K)
defined as follows:

6 0 2 0 2 0 0
4 2
M(H) = 0 8 0 M) = 0 6 0
2 4 12 0 0 2 10 0
00 0 16 00 0 16
We have
det M(H) = 7168 = 2'° .7, det M(K) =1792 =2%-7.
Also
40 4 -8 0 112 0 0 0
4 4 —12 40 —
224M (H) ™ = 3 0 . 224M(K)™' = 0 40 =80
-8 —12 24 0 0 -8 24 0
0 0 0 14 0 0 0 14

Hence, the character associated with

i <(1)4/2 cjlketM(H)) _ <21(;.7) _ (2:7) _ <2*8> -
. ((=1)*?det M(K) 28 .7 22.7 28
o (M) (227) - (27) (2)

and the level of both H and K is 224.
By [11, Theorem 10.1, p. 363] we have

G(H,'UJ) S MQ(F0(224),X28),
9(K7 w) c .2\42(].—‘0(224)7 ng).
Next, we apply [2, Prop. 2.3] with
R=8=2 N=224=2°.7, k=2, x=Yos,
N* =lem(R?* N) = lem(25,2° - 7) = 26 . 7 = 448,

N*  26.7
R 23

=23.7 =56,
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so that
2 N*
COIld(XQS) =28=2°-7

and
ged(6, N*) = ged(6,2° - 7) = 1 <= ged(6,14) = 1 <= § is coprime with 2 and 7.

Define for all j € Z

%Jr%(%)i if =1 (mod 2),
1 1( =1\,

ej 1= ﬁ"’l(ﬁ)l if j =2 (mod 4),
0 if j = 4 (mod 8),
2 if j =0 (mod 8).

If j =1 (mod 2), then j6? =1 (mod 2) and

BRI A I e AP
G T T\Ger ) T2 T e\ ) T

If j =2 (mod 4), then j§? = 2 (mod 4) and

L O (e S IR Gt PR
T T a\Gree) T T i\Gre)' TY

If j =4 (mod 8), then
ejs2 = 0 = ej.
If 5 =0 (mod 8), then

€j62 = 5 = €5.

\V]

Hence, ejs52 = e; for all 6 with ged(d, N*) = 1.
As 0(K;w) € M2(Tg(224), x28) by [2, Prop. 2.3] we deduce

8
26]0 (K w + 8> S MQ(FO(448) X28)'
j=1

As 448 = 2 - 224, we have
0(H;w), (K;w) € M2(I'0(448), x25)

SO

T(w) := Zej <K w + ) € My(T(448), x28).
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The Sturm bound [5, Definition 5.6.13, p. 185] in M2(I'g(448), x2s) is

1+

[SLo(Z) : To(448)] - 2} . 448 T, ass (1 " %>
12 G

21

B0 ()]

The first 3-10° coefficients of T'(w) in its g-expansion, where g = ?™**
so by Sturm’s theorem [5, Corollary 5.6.14, p. 185] we have
T(w) =0 for all w € H.

Hence 5
J
= 0| K; =, e J.
w) ;ej ( w+8) w

Now, for j =1,2,...,8, we have

J
0(Kiw+2)=
(1w +3)

p2mi(wt ) K (2,y,2.u)

(]

(z,y,2,u)EZ*

2miwk (,y,2,u)+ 25 K (2, 2,u)

(]

(z,y,2z,u)EZ*
eZ‘n’iw(k(:r,y, )+8u2)+2"7’ (k(z,y,2)+8u?)

(]

(z,y,2,u)€L4
_ § e27riwk(:p,y,z)+27riw8u2+2?'7 k(z,y,2)+2miju?

(2,y,2,u) €L
— E e?ﬂiwk(m,y7z)+¥k(a},y7z) § e27riw8u2 (as e
(x,y,2)€L3 [<y/
i 1
= E 2wtk Y.2) g (Ru)
(w,y,2)€Z3

=0 (k;w + é) 0(8w).

Similarly, we see that
0(H;w) = 0(h; w)0(8w).

Hence

0(h; Zej (k:w+ )0(8w).

Since 0(8w) # 0 for all w € H, we have

O(hsw) = e;6 <k:;w + ‘;) for all w € H.

j=1

, are all zero,

2miju® _ 1)
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i

Hence, with ¢ = 2™ (w € H) and wg = e, we deduce
o 8 ) .
S =Y e Y @t
n=0 j=1 (z,y,2)€Z3
SSe T emaen
j=1  (x,y,2)€Z3
8
_ Z e Z qk(x,y,z)wg(%yaz)j
j=1 (x,y,2)€L3
8 o] )
G Y =Y Y
J=1  n=0 (g,y,2)ez? j=1 n=0
k(z,y,z)=n
00 8
= Z Zeng] r(k;n)q"
n=0 \j=1
Next
8 4
n 1 1 —1 (2k—1)
2 o 22(12+12(2k—1) > 8
j=1 k=1
j=1 (mod 2)
1 4 ; 4
- S e e
k=1 k=1
— iw—n 4 ifn=0 (mOd 4) B iw—n iw(n-&-Q)k
127% |0 ifn#£0(mod4) [ 127° &
2(-=1"/*  if n=0 (mod 4) i _, |4 ifn=2(mod 4)
= - 7‘/‘]
0 if n % 0 (mod 4) 127% 10 ifn#2 (mod 4)
~Ji =Dt ifn=0 (mod 4) 2(-1)=2/4 if n =2 (mod 4)
o if n # 0 (mod 4) 0
%(71)"/4 if n =0 (mod 4)
= ¢ F(=1)tD/4 T ifn =2 (mod 4) ;
0 ifn=1 (mod 2)

Jj=1 Jj=1
j=2 (mod 4) j=2 (mod 4)

n)

if n # 2 (mod 4)

22

}
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2
. 1 1 —1 . n(4k—2)
_z_:l<12+4 <2k—1)z)ws

2 . 2

_ %w[" SO L Y (D) )

k=1 k=1
{2 if n =0 (mod 2)

. 2
1
v —n _1 (n+1)k
0 ifn=1(mod2) [ 44 2 (-1

iy
(mod 2) i _, )0 if n =0 (mod 2)
mod2) [ 4% )2 ifn=1 (mod?2)

~JE=1)™2 ifn=0 (mod 2) N 0 if n =0 (mod 2)

o ( ) L(=1)®+D/2if p =1 (mod 2)

%(fl)n/Q if n=0 (mod 2) |
L(—1) 1)/ ifn=1 (mod2) [’

(—1)/? ifn=0

ifn=1

Z ejwy’ = eqws” + egwl™ =0+ % = %
7=0 (;od 4)
Thus
8 8 8 8
doews’ = D e+ Y egwl+ D ey
j=1 j=1 J=1 J=1

Vimba =2 mod 1 720 mod 0
%(_1)71/4 if n =0 (mod 4)
%(fl)(nﬁ)/‘l if n =2 (mod 4)
0 ifn=1 (mod 2)
{é(—l)”/Q if n =0 (mod 2)} 1
1
2

(—=1)+D/2if p =1 (mod 2) 2
0-1+1=0 if n =1 (mod 8),
,%7%+%:0 if n =2 (mod 8),
0+%+%:1 if n =3 (mod 8),

_ —2+t+3=13 ifn=4(mod8),
0—%4'%:0 ifn= (m0d8)7
t—t+1=2  ifn=06 (mod38),
0+%+%:1 if n =7 (mod 8),
%+%+%:1 if n =0 (mod 8)

~+
—~

S
~



INTEGERS: 22 (2022) 24

Finally, we have

Z r(h;n)q" = Z t(n)r(k;n)q",
n=0 n=0

so equating coefficients of ¢", we deduce
r(h;n) = t(n)r(k;n)

for all n € N. O

4. Relationship between the Representation Numbers of f and g for
n Z 3 (mod 4): Proof of Theorem 1.4

Let n € N satisty n = 0 (mod 2). Let
A= {(2,y,2) €Z® | f(x,y,2) =n} and B :={(u,v,w) € Z* | g(u,v,w) = n}.
Suppose (z,y,z) € A. Then

322 + 6y? 4 1422 4+ dyz + 2zx + 22y = n.

As n =0 (mod 2) we have 2 = 0 (mod 2) so § € Z. Also

T x
g(y+z,§—z,—§—z) :f($7yvz):n

Thus we can define A : A — B by

x x
/\(x,y,z)— (y+z,§—z,—§—z).

Let (u,v,w) € B. Then g(u,v,w) =n so
6u® + Tv* + Tw? + 20w + 2wu + 6uv = n.

Asn =0 (mod 2), we have v = w (mod 2). Thus *4* € Z and

v+w vt w 3
- VA
2 7’ 2 )G

(vw,qu

Also
v+ w v+ w

2 2

f(v—w,u+ )zg(u,v,w)zn,

SO
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Moreover,
v+ w v+ w

A (vw,qu 5 T g > = (u,v,w),
SO A is a surjection. As A is an invertible linear transformation, A is an injection.
This proves A is a bijection, so r(f,n) = card A = card A(A) = card B = r(g;n)
for n =0 (mod 2).
Now we consider the case when n € N satisfies n = 1 (mod 4). By Theorems 1.1
and 1.2, we have r(f;n) + r(g;n) = r(h;n) and r(h;n) = 0. Hence, we have
r(fin) =r(g;n) =0. O

5. Evaluation of the Representation Number r(k;n): Proof of Theo-
rem 1.5

As the ternary quadratic form k is alone in its genus, we can apply Siegel’s formula
(1.3) to determine r(k;n). In order to use this formula we require the local densities
d,(k;n). To calculate these we determine the number of solutions of the congruence

k(z,y,2) =n (mod p'),
for n,t € N and a prime p. We prove

Theorem 5.1. Let n € N. Let p be a prime. Lett € N be such that

. vp(n)+3 ifp=2,

where p*»™ || n. Let N(n,p') denote the number of solutions of the congruence
22 + 3y% + 522 + 2yz = n (mod p).

Then

2% if vo(n) =0,

22t,”2(2)—1 _ ( >22t V2(W)+1
)
N(n,2") = e

‘<< >2 e ‘() 02="25 e () (odd) > 1,
vo(n

va(n)
1/2('n

3. 2% if va(n) (even) > 2;

V7(n) . 72157 V7(n) 1

9. 72t _ 72— if v7(n) (even) >0,

N(n, 7 = v (n vy (n
TV=N g o g atps —( “7“”)7% FE i un(n) (odd) > 1;
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and, forp # 2,7,

N(n,p') =
—14n

p2t 4 p2t—1 _p2t—%up(n)—l_~_ p”rl'u(” p2t—%up(n)—1 if vp(n) (even) > 0,

th +p2t—1 _ th—%(up(n)-i-l) _ p2t—%(up(n)+3) if up(n) (odd) > 1.

Proof. We just prove the formula for N(n,2") as the formulas for N(n,7") and
N(n,p') (p #2,7) can be proved in a similar (and easier) manner.

To keep the notation simple we set k := v5(n), so that 2F || n, and m := n/2"
so that m is an odd positive integer. We write N for N(n,2?), where t € N is such
that ¢ > k + 3. For s € Z we have

22_:1 2misu/2" 2! if s =0 (mod 2%),
e =
= 0 if s # 0 (mod 2%).
Hence
2t-1 2f-1
N = % Z Z 627ri(2?2+3y2+522+2yz—n)u/2t.
z,y,2=0 u=0

The term with v = 0 contributes

to the sum. Taking this term to the left hand side, and then multiplying both sides
by 2¢, we obtain

2'—1
2N — 2% = N 22 G u;2Y) G(3, 2, 5y us 2,

u=1
where G(u;2") is the single Gauss sum

2t—1

G(U; Qt) — Z 627riuw2/2t
x=0

and G(3,2,5;u;2%) is the double Gauss sum

2t—1
G(3, 2,55 u; Qt) = Z 627Tiu(3y2+2yz+522)/2‘.

y,2=0
Expressing

u=2"w, 0<v<t—1,1<w<2"" -1, w=1 (mod 2),
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we obtain

t—1 2t7v—1

AN -2 =3 N e G 2Y) 63,2, 520w 2°).

v=0 w=1
w=1 (mod 2)

Now for 0 < v <t—1and w=1 (mod 2), we have

(2)7" (1 +im)2t/2 o <u<t-2,

w

G(2°w;2") = .
0 ifo=t—1,;

see [1, pp. 127-128]. Also we have

G(3,2,5;2%w; 2") = 22YG(3,2, 5;w; 217Y)

[~ asmaseeye i<,
- 0 lf’l}:t—z,t_lv

by [1, Theorem 1.2, p. 131]. Hence, as

(1+i")2(1+i%) =2 <1 + (;1) z) :

we deduce, on replacing n by 2¢m,
t—3  27v-1

w

27

t—v+1
2tN — 23t = — Z Z e—27ri7nw/2t7”7k E 1+ ;1 i 2%(,5_;'_,”_;'_1).
w

v=0 w=1
w=1 (mod 2)

Now let
t—3 2t=v_q
3 _ . t—v—k
S = — 22(t+v+1) § : e 2mimuw /2 ’
v=0 w=1
v=t+1 (mod 2) w=1 (mod 2)

1—3 ' gt—v_1 )
Sy = —1 Z 2%(t+v+1) Z <_> e—27rimw/2t’”’k
v=0

w=1 w
v=t+1 (mod 2) w=1 (mod 2)
t—3 2t-v_q 9
Sy 1= — 2%(t+v+1) § “ 6—27rimw/2t7v7k7
v=0 w=1 w
v=t (mod 2) w=1 (mod 2)

t—3 2t7v—1 9
— : —v—k
54 P 2%(t+v+1) § ( ) e—QTrzmw/Qt ,

0 w=1 w
od 2) w=1 (mod 2)

b
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so that
QtN723t:51+Sg+Sg+S4.

We examine each of Sy, S5, .53, and Sy in turn.
First, we consider S;. We set

Sy =51+ 57,

where
t—3 2t=v—1
Sl o 2%(t+v+l) e—27rimw/2t’“7k
v= w=1
v=t+1 (mod 2) w=1 (mod 2)
t—v—k<0
and
t—3 2t7v—1
Sil —_ Z 93 (t+v+1) Z e—27rim'w/2"””’k.
v=0 w=1
v=t+1 (mod 2) w=1 (mod 2)
t—v—k>1

If £ = 0,1, 2, the condition ¢t —v — k < 0 requires v >t — k > t — 2, which is outside
of the range of summation in S}, so

S;=0 ifk=0,1,2.

If £ > 3, the condition t — v — k < 0 requires v >t — k so

t—3 2t7v 1
r_ S (t+v+l
so- Y aeen Ty
v=t—k w=1
v=t+1 (mod 2) w=1 (mod 2)
t—3
_ Z 9% (5t+v+1)
v=t—k
v=t+1 (mod 2)

k
(h=t=v) o3¢ L
= -2 Z 9(h—1)/2
h=3
h=1 (mod 2)

2% (1 - 55275)  if k (odd) > 3,
—2% (1 — o) if k (even) > 4,

that is,

1=

o —23t 4 93t=()51)  if k (odd) > 3,
93t 4 93t—5+1 if k (even) > 4.
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Putting the values of S| together, we obtain

0 if k=0,
S = { —93t 4 93t—(*5+ if k (odd) > 1,
—93t 4 93t—5+1 if k& (even) > 2.
Next
min(t—3,t—k—1) ot—v_q
1/ — Z 2%(t+v+1) Z 6727rimw/2t_"_k.
v=0 w=1
v=t+1 (mod 2) w=1 (mod 2)
Now
2t7v—1 .
Z e—27rimw/2t’”’k _ —2F ift—v—k=1,
P 0 it —v— k> 2,
w=1 (r_nod 2)
SO

1=

min(t—3,t—k—1) .
"_ Z 93 (t+u+1) —2k ifo=t—k—1,
Z 0 it <t—k—2
v=t+1 (mod 2)

Thus, the only possible term contributing to S7 is v = ¢t — k — 1, and this only
contributes provided t —k —1<t¢t—3and t —k—1=1t¢+1 (mod 2), that is, when
k > 2 and k is even, and its contribution in this case is

_2%(t+t—k—1+1) .9k _ 23t—§'

Hence, we deduce

g _ 0 if k=0ork (odd) > 1,
! 23i—3 if k (even) > 2.
Adding the values of S} and S, we deduce

0 if k=0,
Sy = =23t 4 23" ifk (odd) > 1,
—23t 4 3.23%5  if k (even) > 2.

Secondly, we consider S;. We set
Sy = S5+ 57,
where

t—3
Sy = —i Z 93 (t+u+1) Z <1> o~ 2mimuw /207 k
w
=0

v= w=1
v=t+1 (mod 2) w=1 (mod 2)
t—v—k<0
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and

S — tif 93 (t+v+1) ’ —2“51 ;1 e—2m‘mw/2“v*’“
2 w .

v=0 w=1
v=t+1 (mod 2) w=1 (mod 2)
t—v—k>1

If £ = 0,1, 2, the condition ¢t —v — k < 0 requires v >t — k > t — 2, which is outside
of the range of summation in S5, so

Sy=0 ifk=0,1,2.
If £ > 3, the condition t — v — k < 0 requires v >t — k so

t—3 2t=v_1 1
3 _

v=t—k w=1
v=t+1 (mod 2) w=1 (mod 2)

Now v <t—3sot—v>2and thus 227 — 1 = 3 (mod 4). Hence, as (ﬁ) +

(ﬁ):lflzo,wehave

and
S, =0 ifk>3.

Hence, we have
S5 =0 forall k> 0.

Next
min(t—3,t—k—1) 2t=v_1
S = —i Z 98 (t+v+1) Z <—1) o= 2mimw/2t vk
w
v=0 w=1
v=t+1 (mod 2) w=1 (mod 2)
Now

t—uv
2 il -1 —2mimuw /2t VTR 2ktlj—m ift—v—-k=2,
[— 6 p—
w 0

otherwise,

w=
w=1 (mod 2)

SO

min(t—3,t—k—1) a .
Sl/ - Z 2%(t+v+1) 2k+1l m it — k= 2,
0 otherwise.

v=0
v=t+1 (mod 2)
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Thus, the only possible term contributing to S is v = t — k — 2, and this only
contributes provided 0 <t —k—2<t—3and t —k—2=1¢+ 1 (mod 2), that is,
when k£ > 1 and k is odd, and its contribution in this case is

_i2g(t+t—k—2+1) okt —m (_1)(m+1)/223t—§—%.

Hence,

g 0 if k (even) > 0,
PT = (5225 ifk (0dd) > 1.

m

Thirdly, we evaluate S3. We set

S = S+ S,

where
t—3 2f7v—1 9
S/ — § : 2%(t+v+1) § () e—271'7lmw/2’57v7]c
3 w
v=0 w=1
v=t (mod 2) w=1 (mod 2)
t—v—k<0
and
t—3 2t7v_1 9
S .= _ E 2%(t+‘u+1) E () e—2ﬂimw/2t7“7’“
3 D .
v=0 w=1 w
v=t (mod 2) w=1 (mod 2)
t—v—k>1

If K =0,1,2, the condition t —v — k < 0 requires v > t — k > t — 2, which is outside
of the range of summation in S%, so

S5=0 ifk=0,1,2.
If £ > 3, the condition t — v — k < 0 requires v > ¢t — k so

t—3 ] 2t=v_1 9
P Sl LAy (w)

v=t—k w=1
v=t (mod 2) w=1 (mod 2)

Now v <t—3sot—wv>3and thus 267V — 1 =7 (mod 8). Hence, as

2 + 2 + 2 + 2 =1-1-141=0
8l +1 81 +3 81+5 8L+7) o

we have
2t=v_1
2
> (2)-
w

w=
w=1 (mod 2)
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SO
S4=0 ifk>3.

Hence, we have
S5 =0 forall k>0.

Next
min(¢t—3,t—k—1) ot—v_1 9
) —u—k
S — _ 2%(t+v+1) “ —27mimuw /2" )
3 > > |w)e
v=0 w=1
v=t (mod 2) w=1 (mod 2)

For 0 < v < min(t — 3,t — k — 1), we have by a short calculation

ST (2 o [(B)2 ifv=t—ka
w 0 otherwise.

w=1
w=1 (mod 2)

Here we used t > k+3 sothat t—k—3 >0, and also kK > 0sothatt—k—3 <t¢t—3.
Hence
o _ 93 (t+t—k=3+1) (%) ok+3 if k (odd) > 1,

0 otherwise

{_ (2)2%-5-%  if k (odd) > 1,

0 otherwise.

Putting the values of S} and S% together, we deduce

G _ —(2)2%-3-%2  ifk (odd) > 1,
7o if k& (even) > 0.

|

Fourthly, we evaluate Sy. We set

2t=v_1

Z <2> 6727rimw/2t_”_)C
w

t—3
Sp=—i Y 23t
0

v= w=1
v=t (mod 2) w=1 (mod 2)
t—v—k<0
and
t—3 207v—1 9
. — . —v—k
SZ P— § : 2%(t+v+1) § (w) e—27mmw/2t ,
v=0 w=1
v=t (mod 2) w=1 (mod 2)
t—v—k>1
so that

Si=S;+5).
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If £ = 0,1, 2, the condition t — v — k < 0 requires v > t — k > t — 2, which is outside
of the range of summation in S}, so

Sy=0 ifk=0,1,2.
If k£ > 3, the condition ¢t — v — k < 0 requires v >t — k so

t—3 2tmv_1 9
==y i S ()

v=t—k w=1
v=t (mod 2) w=1 (mod 2)

Now v <t—3sot—wv >3 and thus 2t_”—1E7(mod 8). Hence, as
-2 -2 -2 -2
_— =1+1-1-1=0
<8l+1>+<81+3>+<81+5)+(8l—|—7) * ’

we have
)
> (2)-e
w

w=
w=1 (mod 2)

SO
Sy=0 ifk>3.

Hence, we have
Sy =0 forallk>0.

Next
min(t—3,t—k—1) ot—v_1 9
S = 2%(t+v+1) —“ —27rimw/2t7”7k.
f=-i 2 > % )e
v= w=1
v=t (mod 2) w=1 (mod 2)

For 0 < v < min(t — 3,t — k — 1), we have

251 ;2 e_QTriTnUJ/Qt*Ui,C — —i (%2) 2k+% if v :t_k_g’
w 0 otherwise.

w=1
w=1 (mod 2)

Here we used t > k+3sothatv =t—k—3 > 0,and k > 0sothatv =t—k—3 <t—3.

Hence, we have
o —i23 (k=30 () (Z2) 2843 i  (0dd) > 1,
~]o otherwise

— (3227572 itk (odd) > 1,
0 otherwise.
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Putting the values of S and S} together, we obtain

Adding the values of S1, 55,53, and Sy, we obtain

0

S1+ Sy + S35+ 85, =

34
o[- ka2
o if k (even) > 0.
if k= 0,
23t 4 93-5+3 _ (Z1)93t-5-3
(2)28t-5-5 — (22)2%-5-3%  if k (0dd) > 1,
—23 4 3.9%3 if k (even) > 2.

Finally, we have

1
N@g%:2”+§ﬂsy+$+wﬁ+5@

22t

if k=0,

= Q2 (L) 2=t (2) 9250 _ (22) 9250 if & (0dd) > 1,

3.902t-%

if k (even) > 2.

O

Our next task is to determine the local density d,(k;n) defined in (1.4) for

k=224 3y? + 522 + 2yz,

that is,

dp(n) :=d,(k;n) = lim M

t—oo  p3t

Theorem 5.2. We have for n € N and p a prime

(i)

3
dg(n) — 2(a+1)/2

1
2(a—1)/2

_3_
2a/2

if a =0,

if a (odd) > 1,08 (even) > 0,9 =1 (mod 8) or
a (odd) > 1,5 (odd) > 1, g=7 (mod 8),

if a (odd) > 1,8 (even) > 0,g =3 (mod 4) or
a (odd) > 1,8 (odd) > 1, g=1 (mod 4),

if o (odd) > 1,5 (even) > 0,9 =5 (mod 8) or
a (odd) > 1,5 (odd) > 1, g=3 (mod 8),

if a (even) > 2;
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(i)

7 if 6=0,

2 - 7(ﬁf1)/2 if B (odd) > 1,g=1,2,4 (mod 7),
2

2—

d7(n) = if B (odd) > 1,9 =3,5,6 (mod 7),

75/2+1 if B (even) > 2

(iii) if p # 2,7,

(1+%>(1 ;ﬁ%ﬁﬁ> ifplg, plh,
L- 3 ifplg, pth,
dp(n) =31+ ifptg. plh, (FHnEY —
1+ = gt ifptg, plh, (FHn) oy
14 (=lm) L ifptg, pth.
Proof. (i) By Theorem 5.1 we have for t > va(n) + 3
2% if va(n) =0,

vo(n)—1 vo(n)+1
e < —nl ) 92t— =2
va (n)
N(n,2') = .

This implies that

1) For a = va(n) =0,

2) For a = v,(n) (even) > 2,

N(n,2%) 3.2%-% 3
22t 92t 9aj2°

3) For a = ve(n) (odd) > 1, and either 8 = v7(n) (even) > 0, g =1 (mod 8), or
L g

= 7 (mod 8), we have
-1\ _ (1) _,
78gh2 ) \78g)
2 2 —2
= —_— = 1 S —_— = 1
(7ﬁ9h2> <7ﬁg> andso <£l>

3 < >22t va(mt3 < )22t r2(m)+3 if 1o(n) (0dd) > 1
Vz(n) 2"2(")

3. 92— if vo(n) (even) > 2.

35
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Hence, we deduce
N(’ﬂ 2t) 22t70‘771 _ 22t7QT+1 _ 22t7QT+3 _ 22t7QT+3
22t = 22t =0.
4) For a = 1,(n) (odd) > 1, 8 = v7(n) (even) > 0, and g = 3 (mod 4), we have
()= () = (5) =
7% 7P gh? g ’
(2> - ( 2 ) = <2> = (=1)*tV/4 and so <_2> = —(—1)lotD/4,
3% 70gh? 9 3%
Hence, we obtain
N(n,2t) 92t— 5t 4 92— (_1>(g+1)/422t—‘*7+3 + (_1)(g+1)/422t—a7+3
o2t 92t
_ 3
- 2(at+1)/2°
5) For a = va(n) (odd) > 1,8 = v7(n) (odd) > 1, and g = 1 (mod 4), we have
-1 -1
()= () =
P ™y
2 ) ( 2 > (2) (g-1)/4 —2 (9-1)/4
— ) =lm]=-)=-1Y¥ andso | — | = —(-1)V¥
( 7P gh? g 5o

206
+ (_1)(9—1)/422t—‘)‘T+3

a+3
2

Hence, we obtain
N(n, 2t> 22t—”771 + 22t—°‘T+1 (_1)(g—1)/422t—
= 92t

~ 9latn/2
1, and either 5 = v7(n) (even) > 0, g = 5 (mod 8), or

6) For a = 15(n) (odd) >
B =v7(n) (odd) > 1, g =3 (mod 8), we have
Sy (LY (21,
=) \7gn?) \7%g)
() = () = (53g) = 1w () =
— | = =|(z—)=—-landso | — | =—
5 78 gh? 7hg 2
Hence
N(n,Qt) 22t7”771 _22157”71_’_22157”7“_’_2%—”7“ 1
- 922t  9(a—1)/2°
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(ii) By Theorem 5.1 we have, for t > v7(n) + 1,
9. 72t _q2=tr | pop-trt g if v7(n) (even) > 0,
N(n, 7t) = vo(n)+1 —L— vz (n)+1
9. 72 _qu—t2E (7'/77<n> ) 772 ifwr(n) (odd) > 1.

This implies that
1) for B = v7(n) =0, we have
N(n, 775) 2. 72t _ 72t _ 72t—1 6

72t 72t 7’
2) for 8 =wv7(n) (odd) > 1, and g = 1,2,4 (mod 7), we have
N( 7t) 2. 7215 _ 72t7% _ (i) 72t7%
n, 7
72t 72t
.y 1 z 1
TS g2\ 7 ) 7B+)/2

5 1 2%gh? 1
T 7Bz 7 " 7(BD)/2

2
7(B+1)/27

=92 —

3) for B =wv7(n) (odd) > 1, and g = 3,5,6 (mod 7), we have
72t = =i

oL () 1
o 7(8+1)/2 7 7(B+1)/2

.y 1 20 gh? 1
I (CESVVP R 7 T 7(BT)/2

:27

4) for = wv7(n) (even) > 2, we have

N(TL, 7t) 9. 72t o 72t7,3/2 o 721575/271 8

72t 72t =2- 78/2+1"

(iii) By Theorem 5.1, for p # 2,7 and ¢t > v,(n) + 1, we have
N(n,p")

—14n

p2t _’_p2t71 _ p2t7%(up(n)+l) _ p2t7%(l/p(n)+3) if Vp(n) (Odd) > 1.

p?t + p2t-1 _th—%l/p(n)—l + p"r;(m p2t—%up(n)—1 if v,(n) (even) > 0,
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1) Let p| g, p | h. Then v,(g) =1, vp(h) > 0, vp(n) =1+ 2v,(h) and we have

N(mpt) B p2t +p2t71 _p2t7§(1+2yp(h)+1) _p2t7%(1+2up(h)+3)

p2t p2t

—111 L
U)o )

2) Let p| g, pth. Then v,(h) =0 and v,(g) = 1. Therefore, v,(n) = 1. Hence

N(n,p) _ P2t p2tl 2=l 22 1

=1-—.
p2t p2t p2

—14n

3) Let ptg,p|hand (T’I)(TL)) = 1. Then v,(g) = 0 and v,(n) = 2v,(h). Hence

p

N(n,pt)  p + p=1 — p2t—w(W)=1 | p2i—vy()=1 1
p2t = p2t =1+ 2;

—14n
4) Let ptg, p| h and (W) = —1.Thenv,(g) = 0 and v,(n) = 2v,(h). Hence

p

N(Tl,pt) _ p2t +p2t71 7p2t7up(h)71 7p2t71/p(h)71 1 1 9
p2t p2t =1+ I; - pre(W)+1

5) Let p{g, pth. Then v,(g9) = vp(h) =0 and v,(n) = 0.

N(n,p) B P2t 4 p2t=l _ p2e=1 4 (—;471) p2i=1 - a1
o p? =)y
O
We are now in a position to prove Theorem 1.5.
Proof. From (1.5) and (1.6) we observe that
g ifa=1(mod 2), 8=1 (mod 2),
. 2g fa=0 (mod2), =1 (mod 2), (5.1)
)79 ifa=1(mod2), B=0 (mod 2),
14g if @ =0 (mod 2), S =0 (mod 2).
From the definition of I(n) given in (1.7), we have
vp(h)+1 _ vp(h)+1 vp(h) _
P 1 v, P +pr 2
n)=]] I »" II . (5.2
p—1 p—1
plg plg plg
plh plh plh
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By Theorem 5.2 (iii) we have

IO R

plh plg plg
plh plh

(—14n/:”17<") ):1
T (g )

plg
plh

—14n/p¥P (") -1
—— )=

If ptgand p|hthen p # 2,7 and v,(n) = 2v,(h) so

Ln/p"(™ = 2,

where b
j= 2[%1]7[%]7}1 £ 0 (mod p),
pr( )
and so
()= (77) - ()
P p p /)
Thus

o =T1("5) (M) T (221) oo

plh plg Pty b
plh plh
()
pr(h)+1 _'_pyp(h) — 2
H ( pup(n)-‘rl ) :
:
(np* ):_1

From (5.2) and (5.3), we deduce (after a short calculation)

o oo =T (5);) o
plh plh

Next, by Theorem 5.2 (iii), we obtain

oo T T2 on

pth plg
p#2,7 pth pth
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as ( 14") = (_” ) forp#2,7,p1g,pth. Further, as ptn* for p#2,7,p1t g, we
have .
H(n*)l_lpz,
p p 1_<*n*)l
p )p

so that (5.5) becomes
o-T () Ie-(57);) - oo

H dy(
P#2, p#2,7

7&2 7 pth ptg
pth
We now let K denote the imaginary quadratic field Q(v/—n*). We denote the

) and the number of roots of unity in the ring of integers

class number of K by h(K
of K by w(K). We have
6 ifn*=3 (equiv. K = Q(v/-3)),
wK)=<¢4 ifn*=1 (equiv. K =Q(v/-1)), (5.7)

2 otherwise.

K) of K is given by

The discriminant d(
d(K) = —n* if —n*=1 (mod 4),
-4t if —n*=2.3 (mod 4).
By Dirichlet’s class number formula, we have
w(K)\/TT* n* ) L -1 : %
. I, (1= (=) ) if d(K) = —n*, .
( )_ w(K)\/ﬂi* —n*\1 -1 if d(K) = —4n* ()
Mo (1-(57)5)  iHd0F) = —an”
We combine the two formulas in (5.8) into one formula by defining
() v/n* ) 1) o)1) C
r(n*) = 8 2 . (1 B (T) %)_1 (1 B (T) %) if d(K) = —n”, (5.9)
U (1 (52)13) if d(K) = —4n*,
so that
—1
*\ 1
WE) =rn) I] (1— ( = )) (5.10)
p#2,7 p p
From (5.5) and (5.10) we deduce
—n*\ 1
S T = T (1- 5 ez (1= (57) 5)
h(K) T () »’ _ (=) 1)’
pth i Hpjfgﬁ (1 ( P ) p)
pth

p#2,7
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As (i) =0 for p#2,7,p | g, we obtain

[~ 58 I(- ) 1L (- () o

pth p#2,7 p#2,7
p#£2,7 pth plg
plh

Rearranging (5.4) slightly, we have

IT oo - “,?g (1-2) I (+(=5))). e

p#2,7 plg plg
plh plh

Multiplying (5.11) and (5.12) together, we deduce (recalling that (%) = =£1 for
p#2,7,p1g)

L0 = G T (- 32) T (5) T(32),

p#2,7 p#2,7 p#2,7 p#2,7
pth plg rlg
plh plh
that is,

I(n)h(K) 1
dy(n) = - 1—-=.
PV B( pz)

A simple calculation starting from the well-known result

(-4)-

yields
1 49
pg7 (1 : pQ) ) o
S0 _ A91(n)h(K)d2(n)d7(n)
l;Idp(n) = 67%hr (n") \n)

By Siegel’s formula, which is given in (1.3), we have
2m\/n
r(1,3,5,2,0,0;n) = —— dy(n
( )=

so that
r(1,3,5,2,0,0;n) = c1(n)l(n)h(K),
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where
e (n) = 49./n da(n) d7(n)
R 3VIdrhr(n*)

Using (1.5) and (1.6), we see that

n ol 7Ry,
nt 14

so that ¢1(n) can be rewritten as

- 2[“7”]7[%%\/1?@(71)617(”).

a(n 3T r(n*)

Putting the value of r(n*) from (5.9) into this formula, we obtain

2 (1= () 1) de)
c(n) = (1 - (=2 > %) dr(n) if n* =3 (mod 4),

+3

Finally, we calculate ¢;(n) explicitly for each of the 16 cases in Table 1.1. We make
use of (5.1) for the value of n*, (5.7) for the value of w(K), and Theorem 5.2 for
the values of dao(n) and d7(n).

Case 1. a =0, (even) >0

F=14g=2 (mod 4), K =Q(y/-14g)#Q(-1),Q(V-3), w(K)=2,

a1 1
2% dy(n) = 271 =5
gesy (o (—nt\ 1 e S 8
(- () 7)o )
1 2
Case 2. « (even) > 2,5 (even) >0
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Case 3. =0, (odd) >1,9g=1,2,4 (mod 7).
K =Q(v~29) # QV=1),Q(V-3), w(K)=2,

=2 (mod 4),
1

n 9
(F)-(3) -0 s

K =Q(v~29) # Q(v-1),Q(V-3),

(F) ()= 55

1

2,8 (odd) > 1,9 =3,5,6 (mod 7).

Case 6. « (even) >
w(K) =2,

* =29 =2 (mod 4),

n =
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20/2 27
[2£23] —n*\ 1 s+3 6 B+1
72 1- - - d7(n) =772 ?2:12727
1 1 1
01(71):6~§~12~7ﬁ%:3~7ﬂ;r

n*=Tg=1(mod4), K =Q(/-79)#Q(V-1),Q(V-3), w(K)=2,

o\ _(<Te\_, 1 1

7 ) \7 ) 7 3wk) 6
a1 a—1 3 3
2[ p) ]d2(n) e 2 . 2%“ = 57
e (o (Z) L e O RPN
7 < ( - )7 dr(n) =17 5 7 8,
1 3 2 1 2

cifn) = 2 5(2.7‘%—8) =37 2

w(K) =2, (7*): 77g>:0’ 3sz)_(ls’

ol*5+] <1 _ <_;*> ;) da(n) = 2%5+ . g . 2a1;1 =3,

7155 (1— (_,?) ,17) dr(n) = 775 (2— 78+> —92.7%° _3,
cl(n)zé 3(2 7#—8>:7#—
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1 3 841 s41
cl()_1—2-§-16(7 f1)_27 —9
Case 11. a (odd) > 1,8 (odd) > 1,g=1 (mod 4),g =1,2,4 (mod 7),g # 1.

n
-n —g 5 —n* —g g 1 1
(5)-(F)-G)-(F)=-(F) - mm-¢
atl —n* 1 at1 3 1
9l%3 ](1( 5 )2>d2(n)2 2 .5.2%1:37
7 (o (Y D gy = 7.8 g0 2
7 )7) T 75 ’

1 1 1

Cl(n):6.3.12.7%:6.753

Case 14. « (odd) > 1,8 (odd) > 1,9 =1 (mod 4),¢g = 3,5,6 (mod 7).

n"=g, K=Q\-g)#QV-1),Qv-3), wK)=2,
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—n*\ 1 6
71259 (1_( :)7)617(”):7;3.7.2:12.731
5

Case 16. « (odd) > 1,5 (odd) > 1,9 = 7 (mod 8).
In this case we have da(n) = 0 so ¢1(n) = 0.

This completes the proof of Theorem 1.5. O

6. Integers Represented by k: Proof of Theorem 1.6

Let n € N. We have I(n) > 0 and h (Q (v/=n*)) > 1. Hence, by Theorem 1.5, we
deduce

n is not represented by k(z,y,z) = 22 + 3y* 4+ 522 + 2yz
<~ c¢1(n)=0
<= «a (odd) > 1,5 (even) > 0,9 = 1 (mod 8) or
a (odd) > 1,8 (odd) > 1,9 = 7 (mod 8)
<= n = 4%(16l + 2) for some k,1 € Ny.



INTEGERS: 22 (2022)

7. Integers n Z 3 (mod 4) Represented by f: Proof of Theorem 1.9

Throughout this section n denotes a positive integer satisfying n Z 3 (mod 4). As
I(n) >0 and h (Q (\/—771*)) > 1, by Theorem 1.8 the integer n is not represented
by f if and only if c3(n) = 0. By Table 1.2 these are precisely those n = 227%gh?
satisfying

Now

and

(A) a=0,5 (even) > 0,g =1 (mod 4) or
(B) a=2,5 (even) > 0,9 =1 (mod 4) or
(C) a=0,8(odd) > 1,9 =3 (mod 4) or
(D) a=2,8(odd)>1,g=3 (mod 4) or
(E) a=1,3 (even) > 0,9 =1 (mod 4) or
(F) a=3,6 (even) > 0,9 =1 (mod 4) or
(G) «a(odd) > 5,8 (even) > 0,9 = 1 (mod 8) or
(H) a=1,8(odd) >1,9=3 (mod 4) or
(I) a=3,8(odd) >1,g =3 (mod 4) or
(J) «a(odd)>5,8 (odd) > 1,9 =7 (mod 8).
(A) =n=4+1,

= n =16l + 4,

)
)
)
)
Y=>n=8m+2=n=416]+2) or n = 161 + 10,
F)=n=232m+8 = n=4"(161 + 2) or n = 641 + 40,
G) = n=4%(161+2) (k > 2),

)= n=8m+2=n=4°16l+2) or n = 16l + 10,
(I) = n=32m+8=n=4"(16] +2) or n = 64 + 40,

)= n = 48161 + 2) (k > 2),

n=41+1= (A) or (C),
n =160 +4 = (B) or (D),

n =164+ 10 =

n = 641 + 40 = (F)(with g =5 (mod 8)) or (I)(with g =3 (mod 8)),

n = 4%(161 +2) =

(
(
(
(
(

)
)
E)(with g =5 (mod 8)) or (H)(with ¢ = 3 (mod 8)),
)
)

E)(with g =1 (mod 8)) or (F)(with g =1 (mod 8)) or
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(@) or (J).

Thus
(A) or (B) or ... or (J) <= n =4l + 1,16l + 4, 161 + 10,641 + 40, 4" (16 + 2)

for some k, | € Ng. This completes the proof of Theorem 1.9. O

8. Integers Represented by the Genus {f, g}: Proof of Theorem 1.10
The positive integers n not represented by the genus {f,g} are precisely those
satisfying r(f;n) = 0 and r(g;n) = 0, that is those satisfying r(f;n) + r(g;n) = 0.
By (1.1) of Theorem 1.3 these n are given by u(n)r(k;n) = 0, that is u(n) = 0 or
r(k;n) =0, that is (by (1.2) of Theorem 1.3 and Theorem 1.6)
n =1 (mod4), n=2 (mod 8), n =4 (mod 16), n = 8 (mod 32) or n = 4*(161+2)
for any k, I € Ny. Now

n =2 (mod 8) < n =2 (mod 16) or n = 10 (mod 16)

and
n =8 (mod 32) <= n =8 (mod 64) or n =40 (mod 64),

so n is not represented by the genus {f, g} if and only if

n=1 (mod 4), n =4 (mod 16), n =10 (mod 16), n = 40 (mod 64) or
n = 4F(161 +2),

for some k, [l € Ny. O

9. Evaluation of the Representation Numbers of f and g for n =
3 (mod 4): Proof of Theorem 1.13

We define the primitive, positive-definite, integral quaternary quadratic forms F'
and G by

F(z,y,2,t) = f + > = 327 + 6y + 1427 + % + dyz + 227 + 22y,

G(w,y,2,t) = g+ t* = 62% + Ty* + 72° +1* + 2yz + 222 + 6y.



INTEGERS: 22 (2022) 49

The matrices of F' and G are

6 2 2 0 12 6 2 0
2 12 4 0 14 2
M(F) = and M(G)= 0 0
2 4 28 0 2 2 14 0
0 0 0 2 o 0 0 2
The determinant of F' is
6 2 2
det M(F)=22 12 4|=2-1792=2".7
2 4 28
and the determinant of G is
12 6 2
det M(G)=2|6 14 2|=2-1792=2°.7.
2 2 14

The inverses of M(F) and M(G) are

M(F)™'=—
(F) 448 | —4 =5 17 0
0 0 0 224
and
48 =20 -4 0
1 [-20 41 -3 O
MG

T8 | -4 -3 33 0
0 0 0 224

The smallest positive integer N such that NM (F)~! is an integral matrix with even
diagonal entries is 896. The same is true for G. Thus the level of both F' and G is
896; see [11, p. 363]. The character associated with both F' and G is

(det]\*l(F)) _ (det]\f(G)) _ (29*.7) — ys6:

see [11, p. 363]. Hence, by [11, Theorem 10.1, p. 363] we have

O(F;w), 0(G;w) € Ma(I'0(896), x56)-
Thus

G(F; w) — Q(G, w) S MQ(F0(896), X56)- (91)
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As a simple consequence of Jacobi’s triple product identity (see [7, pp. 282-284]),
we have

= omiwm _ 1(2w)  n?(dw)n(16w)n(56w)
Bw) 2 v m)e™ " = i) n(Ew)
n~ 2 (w)n’ (2w)n " (8w)n(16w)n(56w)

H n"™ (mw),

m|896

where
ry=-2,rp=9,rg=—-Lreg=1,r56 =1,
and 7, = 0 for all the other divisors m of 896. Now
T 2 5 1 1 1

= _— === - — = - - = 2

k=Y 5 St -5ty t :
m|896
> mry =1(=2) +2(5) + 8(—1) + 16(1) + 56(1) = 72 = 0 (mod 24),

m|896

S 896(—2) + 448(5) + 112(—1) + 56(1) + 16(1) = 408 = 0 (mod 24),
m|896

24m ~ 896-24 896’
m|896

so, by [5, Prop. 5.9.2, p. 193], 6(w) > ~_, v(m)e* ™™ is a modular function of
weight k = 2 for T'o(M), where M = lcm(1,2,8,16,56,896) = 896, with character

(D" TLnjsos ™™\ (1722587116561 _ [2°-7\  [28-7\ _
* a * o * o * — A6

Thus

O(w) »_ v(m)e*™™ € My(T'o(896), xs6)- (9.2)

m=1

From (9.1) and (9.2), we deduce

O(F;w) — 6(G;w) — 20(w) Z v(m)e2™ ™ ¢ My (To(896), Xs56) -

m=1
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Numerically we found that the g-series expansion

0(F;w) — 0(Gyw) — 20(w) > v(m)e>™™™ = "a(n)g" (g =€)
m=1 n=0

satisfies a(n) =0 for 0 <n <14 [T—k] = 257, where k = 2 and

m = [SLa(Z) : To(896)] = 896 || (1 + ;) — 896 (1 + ;) (1 + ;) — 1536.

p|896

Hence, by the Sturm bound; see for example [5, Cor. 5.6.14, p. 185], we have

O(F;w) — 0(Gsw) — 20(w) Y v(m)e*™™™ =0

m=1

for all w € H. Now for w € H we have
O(F5w) = 0(w)d(f;w)  and  O(Giw) = O(w)0(g; w)
SO

O(w) <Q(f; w) — 6(g;w) — 2 Z V<m)627riwm) —o.

But §(w) # 0 for w € H thus

o0

O(f;w)—0(g;w) — 2 Z V(m)e2m“’m =0.
m=1

Hence, we have

> _r(f Z rgin)g" -2 Z
n=0 1=0
Equating coefficients of ¢" (n € Ny), we obtain

r(fin) —r(g;n) —2v(n) = 0.

For n # 3 (mod 4) this statement is trivial, as in this case r(f;n) = r(g;n) by
Theorem 1.4 and v(n) = 0 by (1.18). For our purposes we need

r(fin) —r(g;n) =2v(n), n=3 (mod 4). (9.3)
For n = 3 (mod 4), by Theorem 1.3 we have

r(fin) +r(g;n) = r(k;n). (9.4)
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As

n=3 (mod 4) <= a =0, §even, g =3 (mod 4) or
a=0, 8odd, g =1 (mod 4),

by Theorem 1.5 we have

r(k;n) = 2c3(n)l(n)h ((@ ( fn*)) , (9.5)
where
1
c3(n) ::§cl(n)
= 7(6+2)/2 _ + ifa=0, Beven, g =3 (mod 4),
=¢2.764D/2 2 jf =0, Bodd, g =1 (mod 4), g =1,2,4 (mod 7),
1.7B+0/2 if =0, Bodd, g=1 (mod 4), g =3,5,6 (mod 7).

(9.6)
Hence, by (9.4) and (9.5), we obtain

r(fin) +7(g;in) = 2¢3(n)l(n)h (Q (vV—n*)), n =3 (mod 4), (9.7)

where c3(n) is given in (9.6). Adding and subtracting (9.3) and (9.7), we obtain the
formulas of Theorem 1.13 for »(f;n) and r(g;n). O

10. Concluding Remarks

In this paper we studied the arithmetic properties of the ternary quadratic form
f =322 + 6y + 1422 +4yz + 2zx + 2zy. The ternary quadratic form f is of special
interest as it is the form of least discriminant which is conjectured to be regular,
but which has not been proven to be regular. We have given explicit formulas
for the representation numbers of both f and its genus mate g; see Theorem 1.8
for n # 3 (mod 4) and Theorem 1.13 for n = 3 (mod 4). We determined the
positive integers n represented by the genus {f, g} in Theorem 1.10 and the integers
n # 3 (mod 4) represented by the form f in Theorem 1.9. This enabled us to give a
simple, necessary and sufficient condition for f to be regular in Theorem 1.11 and
to identify that proving that f represents every positive integer n = 3 (mod 4) is
the local impediment to proving that f is regular. We hope that in the future it will
be proved that f represents every n = 3 (mod 4) thus establishing the regularity
of f.
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