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ABSTRACT

Analysis and Topology Optimization of Adaptive Sandwich Plates treated

with Magnetorheological Elastomer core layer

By Maryam Zare

Structural vibration control is a promising method for mitigating the detrimental effects of
excessive vibration in structures. It involves monitoring the dynamic behavior of a structure and
implementing control strategies to reduce the vibration levels of the structure. Among various
control methodologies, the semi-active control method adeptly combines the reliability
characteristic of passive systems with the adaptability inherent in fully active systems, without
requiring complex control hardware. Smart materials play a crucial role in implementing semi-
active vibration control, and among them, magnetorheological (MR) materials have garnered
substantial attention for their remarkable properties, including rapid response times and low energy
consumption. Compared with MR fluids (MRFs) which can only provide variable damping,
Magnetorheological elastomers (MREs) have field dependent viscoelastic properties in which
both stiffness and damping properties can be effectively altered using the applied magnetic field.
By incorporating MREs into the core of sandwich plates, it becomes possible to modify the
continuous plate's vibration characteristics on-demand through application of an external magnetic
field. Although employing complete coverage of the MRE core layer within a sandwich plate is
likely to yield the best results in reducing vibration levels, it is essential to consider practical factors
like mass limitations. Therefore, optimizing the topology of the MRE layer with a constrained
volume fraction is of practical importance. The goal of the topology optimization process is to
attain the desired vibration control performance while concurrently minimizing the mass or
volume of the MRE layer. This enables the efficient utilization of MRE-based vibration control

systems in real-world applications, where optimizing resources is crucial.

To achieve this end, first a finite element model has been formulated to evaluate the vibration
behavior of MRE-based sandwich plate under dynamic loading. The plate is discretized with
rectangular elements, each having 28 degrees of freedom and 4 nodes, enabling accurate estimation

of the MRE-based sandwich plate's vibration characteristics.
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An optimization problem based on the method of moving asymptotes (MMA), is subsequently
formulated to identify the optimal topology of the MRE layer within the sandwich plate to
minimize dynamic compliance yielding reduction in vibration amplitude. For material properties
interpolation, an MRE-based penalization (MREP) model, based on solid isotropic material with
penalization (SIMP) method, has been developed. To validate the accuracy of the proposed
methodology, several numerical examples considering MRE-based sandwich plates under
different loading and boundary conditions are provided. These examples illustrate the
effectiveness of the proposed design optimization methodology for topology optimization of

MRE-based sandwich panels to mitigate the vibration.
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Chapter 1: Introduction, dissertation objectives

1.1 Introduction

As vibration often poses a safety concern and makes discomfort, the suppression of structural
vibration is one of the major research subjects in engineering. It is well known that structural
vibration control is one of the most promising methods for mitigating a variety of detrimental
effects of excessive vibration in structures. In this approach, the main goal is to monitor the
dynamic behavior of a structure utilizing passive, active and semi-active control strategies to
mitigate the unreasonable vibration. Passive control systems require no external power source and
include passive viscoelastic materials, supplementary dampers such as tuned mass damper (TMD)
and tuned liquid column damper (TLCD), and base isolation systems. The merits of this approach
include the typically straightforward nature of the devices and the assurance of system stability.
However, passive treatments are only effective within a restricted range of external excitations
[1,2]. Active vibration control is the active application of force using actuators in an equal and
opposite manner to the forces imposed by external vibration. Using this approach, a significant
vibration reduction over a broad range of frequency may be achieved. When high performance is
required, active control can be used; this involves a set of sensors (strain, acceleration, velocity,
force, ...), a set of actuators (force, inertial, strain,...), and a closed-loop control algorithm (feedback
or feedforward) [3]. Compared with the passive vibration control strategy, the semi-passive
techniques offer higher robustness and performance gain. Compared with active damping systems,
their implementation does not require any sophisticated signal processing systems or any complex
control hardware [4]. Semi-active control strategies have the fail-safe and reliability features of
passive systems while miniating the adaptability of the fully active systems without requiring
complex control hardware and large power. Smart materials are widely used in implementing
semi-active vibration control in structures. These types of materials have properties that respond
to changes in their environment. This means that one of their properties can be altered by an
external condition, such as temperature, light, pressure, electricity and magnetic field. These
materials can change their dimensions, solubility, color, shape and stiffness, etc., upon a specific
point. Smart materials can be designed with various responses and actuation mechanisms based on
the requirements of applications [5]. A variety of smart materials including alloys, composites,

gels, and polymers have been applied for different applications from the aerospace industry to
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medical technologies. These include: piezoelectric [6], biomimetic [7], thermochromic [8],
electrorheological [9], thermoelectric [10], photochromic [11], magneto-sensitive [12], magneto-

active [13], shape memory alloys [14] and magnetorheological (MR) materials [15].

Among smart materials, MR fluids and MR elastomers have been effectively utilised in semi-
active vibration control applications. The viscoelastic and rheological properties of MR materials
can be changed instantly through the application of an external magnetic field. MR elastomers are
the solid-state analogue of MR fluids in which micron-sized magnetic particles (typically iron

particles) are embedded in an elastomeric matrix.

MRE can be effectively used as the core layer in sandwich structures to develop an innovative
adaptive continuous structure with field-dependent damping and stiffness without any leakage
issues as often encountered in MR fluid-based sandwich panels. While sandwich structures fully
treated with MREs may provide superior performance compared with those partially treated with
MREs, it is of high importance to find optimal topology distribution of MREs due to practical

considerations.

In this dissertation, the optimum topology distribution of the MRE layer in a sandwich plate is
investigated. The adaptive sandwich plate consists of an MR elastomer layer embedded between
two thin elastic plates. The dynamic and vibration response of the structure is evaluated using the
developed finite element method in MATLAB environment. Rectangular elements with 4 nodes,
each with 7 degrees of freedom (for a total of 28 DOFs), are employed to model the sandwich
plate. To obtain the optimum partial treatment of the MR layer for the best performance in
vibration control in wide-band frequency range, dynamic compliance is defined as the objective
function to be minimized. The density of each element is defined as the variables in the
optimization problem. In this study, the solid isotropic material with penalization (SIMP) method,
is extended for material properties interpolation which leads to the development of MRE-based
penalization (MREP) model. Method of moving asymptotes (MMA) which is based on a special
type of convex approximation [19] has been utilized to solve the optimization problem. In the
following, a literature review has been conducted. Then, the motivations and objectives are

discussed. Finally, the current organization of the thesis is described.


https://encyclopedia.pub/entry/5852#ref_3
https://encyclopedia.pub/entry/5852#ref_4
https://encyclopedia.pub/entry/5852#ref_5
https://encyclopedia.pub/entry/5852#ref_6
https://encyclopedia.pub/entry/5852#ref_7
https://encyclopedia.pub/entry/5852#ref_8
https://encyclopedia.pub/entry/5852#ref_11

1.2 Magnetorheological Elastomers

Magnetorheological materials are classified as a functional smart material possessing tunable
rheological and viscoelastic properties such as yield stress, shear stress, dynamic moduli, and
damping property when an external magnetic field is applied [16-20]. According to their host
medium, MR materials generally include several different types such as MR fluids (MRFs), MR
foams, MR gels, and MR elastomer s(MREs) [15]. MREs consist of three basic components:
micron-sized magnetic particles, nonmagnetic elastomeric matrices, and additives [21]. For the
magnetic particles, the micron-sized carbonyl iron powder invented by BASF in 1925 is widely
used [22] due to its high magnetic saturation limit. For the elastomeric matrix, there are several
potential candidates such as natural rubber [23], silicone rubber [24] and polydimethylsiloxane
(PDMS) [25], that can be effectively used. In the presence of an external magnetic field, MREs
exhibit field-dependent damping and stiffness properties. The application of a magnetic field alters
the loss and storage moduli of MREs. This unique feature enables the effective utilization of MREs

in the development of high-bandwidth adaptive vibration absorbers.

According to the fabrication process, MREs can be classified into two different groups namely,
isotropic and anisotropic MREs as shown in Figure 1-1. For the fabrication, the magnetic particles
and the liquid elastomeric matrix, along with some additives, are first thoroughly mixed and
degassed. Subsequently, the mixture undergoes vulcanization, which can occur either at room
temperature, referred to as room-temperature vulcanizing (RTV [26]), or at a high temperature
exceeding 120°C, known as high-temperature vulcanizing (HTV [27]). If the vulcanization process
takes place in the presence of a magnetic field, the magnetic particles have the ability to move
within the matrix and gradually form chain-like structures aligned with the direction of the field,
resulting in the creation of anisotropic MRE. Curing in the absence of a magnetic field, results in
uniform random dispersions of the magnetic particles in the matrix after vulcanization forming an

isotropic MRE.
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Figure 1-1: A schematic fabrication process of an isotropic and anisotropic MRE sample [21]

1.3 MRE-based Sandwich Plate

Sandwich plates, which consist of two stiff thin face sheets separated by a flexible core, are
commonly used in many engineering applications for vibration damping in aerospace, automotive,
and civil engineering. The conventional passive sandwich plates are generally designed to mitigate
vibration within a limited and specific frequency range. By incorporating MREs as the core
material in sandwich plates, the mechanical properties of the sandwich structure can be adaptively

controlled in response to a magnetic field. This allows for the mitigation of vibrations across a

broad range of frequencies, even under unpredictable environmental conditions.

There are some studies on the dynamic characteristics of MRE-based sandwich structures, wherein
an array of various modeling techniques and experimental approaches have been developed and
reported. Nayak et al. [28] evaluated the forced vibration of an MRE-cored sandwich beam. In
their study, a magnetorheological elastomer (MRE) was fabricated with carbonyl iron particles
mixed with silicon rubber as the matrix. The sandwiched beam consisted of an MRE core layer
sandwiched between elastic layers. They also conducted experimental tests to investigate the effect
of a magnetic field on the vibration response of the sandwich beam. A schematic view of their

experimental setup is illustrated in Figure 1-2.
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Figure 1-2: The experimental setup for the vibration analysis of tilebMRE-based sandwich beam [28]
Babu et al. [29] conducted an investigation into the dynamic performance of an MRE-embedded
tapered laminated composite sandwich plate. In their model, the MRE serves as the core, while the
tapered composite plates are utilized as the face plates. They developed numerical codes using the
Finite Element Method (FEM) and validated the accuracy of their numerical approach through
experimental tests. Choi et al. [30] examined the dynamic characteristics of an MRE core-
embedded smart sandwich beam. They improved an analytical model based on Frostig’s high-
order beam theory to incorporate viscoelastic material properties and their frequency dependence.
In their simulation, they explored different boundary conditions and variations in the portions of

the MRE core.

The stochastic micro-vibration response of a clamped—free sandwich beam with an MR elastomer
core was explored by Ying et.al [31]. They derived the partial differential equation of motion for
the sandwich beam by considering dynamic equilibrium, constitutive relations, and geometric
factors. Additionally, they developed a frequency-domain solution method for analyzing the
stochastic micro-vibration response, utilizing concepts of frequency-response functions, power

spectral density functions, and spatial eigensolution.

In recent studies, more complex sandwich plates incorporating MRE layers have been investigated.
In a study conducted by Li et al. [32], the static and dynamic performance of MRE sandwich plates
(MRESPs) was examined, wherein the MRE core comprises two copper wire layers, two inner

metal layers, and one MRE layer. A schematic view of the structure is presented in Figure 1-2
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Figure 1-3: Schematic diagram of an MRESP [32]

1.4 Topology Optimization of MRE layer in Sandwich Plates

The placement of MRE layers in composite sandwich structures can significantly affect the overall
mechanical properties of the structure (the stiffness and damping), and thus it’s vibration control
characteristics. Therefore, it is essential to study the optimal location of the MRE layer to improve
the performance of the sandwich plate. By strategically positioning the MREs, it is possible to
optimize the vibration damping or stiffness characteristics of the composite plate while reducing

the weight of the structure.

In a study conducted by Vemuluri et.al [33], the optimal locations of magnetorheological elastomer
(MRE) segments within partially treated tapered composite MRE sandwich plates are investigated.
Their study formulates an optimization problem with the aim of maximizing natural frequencies
and loss factors, employing the finite element method in conjunction with a Genetic Algorithm
(GA). Snamina [34] conducted a study involving a rectangular sandwich plate with an MR fluid
material as the core layer. In their research, they define an optimization problem with the objective
of identifying the optimal placement of active segments within the MRF layer based on

calculations of energy dissipated by this layer.

Previous studies have primarily focused on determining the optimal locations of discrete MRE
layers, without addressing the optimal topology distribution of MREs. Topology optimization
(TO) is a design optimization method used to find the best distribution of material within a
predefined domain, given a set of loads, constraints, and boundary conditions, in order to achieve
optimal structural performance. While initially developed for mechanical design problems, this
concept has expanded to various other physical disciplines, such as fluids, acoustics,

electromagnetics, optics, and their combinations [35]. The methodology combines the finite



element method with optimization techniques to either maximize or minimize an objective
function [36]. Consequently, the predefined domain is discretized into a finite number of elements,
and the design variables for the optimization problem are the properties assigned to these elements.
Depending on the continuity of the main domain, topology optimization is classified into two
types: discrete and continuous TO. In discrete TO, the objective is to determine the optimum
number, positions and connectivity of structural members. Topology optimization methods for
continuous structures fall into several categories, including homogenization-based method,
density-based methods, evolutionary methods and boundary variation methods. Among these
approaches, density-based methods are the most widely used and are commonly employed in
commercial TO software [37]. This method primarily relies on the finite element method for
analysis, with the variable often defined as the element’s material density. Additionally, the
material properties of each element are interpolated as a function of density design variables. The
choice of an appropriate interpolation function holds high significance in this method, and several
interpolation functions have been proposed, such as the SIMP method [38] and rational

approximation of material properties (RAMP) method [39], to obtain a solid/void form.

In some studies, topology optimization problem has been formulated to maximize vibration
suppression by identifying the best distribution of damping layers. In a research conducted by
Kang [41], reducing the residual vibration of shell structures under impact loads was investigated
by optimizing the distribution of the damping layer. In their optimization problem, an integrated
square performance measure of residual vibration was used as the objective function, and an
efficient adjoint method was used to calculate the sensitivities. The topology optimization was

implemented based on the common SIMP method.

Kim et. al [42], obtained the optimum distribution of damping layers in a shell structure for
mitigating the vibration by maximization of the damping effect (the modal loss factor). Some
researches focus on achieving the optimum distribution of piezoelectric actuators in structures to
optimize their performance. Guzman et.al [43] determined the optimal layout of piezoelectric
transducers. In their approach, they aimed to maximize two objective functions: the trace of the
controllability gramian matrix and the trace of the observability gramian matrix. They based their
optimization on a SIMP material interpolation model, a spatial filter, and the Sequential Linear

Programming (SLP) method with moving limits.



Abbas et.al [44] provided a Matlab code for topology optimization of piezoelectric actuators based
on MMA method. In their study, the extension of SIMP approach known as PEMAP-P

(piezoelectric material with penalization and polarization) was used for the material interpolation.

Noh et.al [45] developed an optimization procedure to obtain the optimal layouts for piezoelectric
energy harvesting devices (EHDs) considering the effect of static and harmonic dynamic
mechanical loads. In their model, material properties including the anisotropic linear elasticity
coefficients, piezoelectric coefficients, and permittivity coefficients were interpolated using the

SIMP approach.
1.5 Motivation and Objectives

In the present study, the overall goal is to develop a design optimization methodology for
identifying the optimal distribution of the MRE layer in a sandwich plate to achieve maximum
reduction in vibration levels. The core of the structure comprises an MRE layer sandwiched
between two elastic thin plates. A finite element model has been developed using 4-node
rectangular elements with 28 degrees of freedom to analyze the adaptive MRE-based sandwich
plate structure. Dynamic compliance is defined as the objective function to be minimized, and the
design variables are defined as the density of each element. In this study, the SIMP method is
extended for material properties interpolation, resulting in the development of the MRE-based
penalization (MREP) method. The optimization problem formulated is solved using the MMA
method, which is based on a special type of convex approximation [46]. Addressing the research

gap, the specific objectives of the present research study are as follows:

1. Development of a finite element model to accurately extract the dynamic response

behavior of MRE-based sandwich plates under different boundary conditions.

1.  Formulating a multidisciplinary design topology optimization problem to identify the
optimum layout of the MRE layer to minimize the dynamic compliance of the sandwich

plate subject to weight constraint.
. Investigating the effect of loading parameters on the optimum layouts of MRE layer
iv.  Considering the effect of volume fraction on the optimum distribution of the MRE layer

v.  Studying the impact of optimized MRE layouts on vibration mitigation under different

excitations.



1.6 Organization of the Dissertation

The dissertation includes five chapters describing the research findings and results in a systematic
order. Chapter 1 presents an introduction to the research dissertation incorporating pertinent
literature review, an introduction to magnetorheological elastomers, MRE-based sandwich plates,
topology optimization of MRE layer in sandwich plates, motivations and objectives, and

organization of the dissertation.

In chapter 2, a finite element has been developed to analyze the dynamic performance of a MRE-
based sandwich plate under various combinations of applied magnetic fields, loadings, and
boundary conditions. In order to achieve the optimum layout of MRE layer, a topology
optimization method is proposed in chapter 3. Chapter 4 provides the optimum topologies of MRE
layer considering different loading conditions. The effect of optimum topologies on reducing the
vibration level of the structure has been investigated in this chapter. Chapter 5 discusses and

summarizes the major findings and contributions, as well as some future remarks.



Chapter 2: Finite Element Modeling of MRE-based Sandwich Plates

2.1 Introduction

Finite Element (FE) method is a powerful numerical tool widely used in engineering and science
to analyze and design complex structures and systems. The FE is based on the concept of dividing
the structure or system into a finite number of small and simpler elements, which are then

connected to each other to form the complete system.

FE method has been utilized in this study to analyze dynamic response of MRE-based sandwich
plates under varied magnetic field, loading conditions as well as different boundary conditions.
The sandwich plates consist of a MRE core layer integrated between two elastic upper and lower
thin plates. To develop an accurate FE model, it is essential to select appropriate element types
and sizes, define the material properties and boundary conditions, and apply the correct loading
conditions. The accuracy of the model can be verified by comparing the simulation results with

experimental data or available analytical solutions.

In this chapter, the FE is used to investigate the response of a sandwich plate with a magneto-
rheological elastomer (MRE) core layer under different magnetic and mechanical loading and
boundary conditions. The structure is discretized into a number of small, interconnected
rectangular elements. Each element is characterized by its stiffness and mass matrix, which are
calculated based on the mechanical energy of the element. Kirchhoff plate theory is used to model
the kinematics of the sandwich plate. Once the stiffness and mass matrixes of each individual
element are obtained, they are assembled to form the global stiffness and mass matrices of the
entire structure. This involves arranging the individual element stiffness and mass matrices in a
particular way that accounts for their interconnectivity, ensuring that all degrees of freedom are

accounted for.

Subsequently, the governing equations of motion be derived in the FE format for the entire
structure. The equations of motion describe how the structure responds to external loads, offering

a powerful tool for predicting its response behavior under different loading conditions.
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2.2 Development of FE Model for a MRE-based Sandwich Plate

In this section FE model of the sandwich structure is developed. The schematic view of the

sandwich plate is shown in Figure 2-1.

Constraining layer

AT

MRE layer—/

A

N\

Basic layer

Figure 2-1: Schematic view of the MRE core sandwich plate

As depicted, the structure comprises two elastic layers at the top and bottom, serving as

constraining and base layers, respectively, with an isotropic MRE layer integrated as the core. The

FE model for the sandwich plate is established based on the subsequent assumptions:

1. Kirchhoff plate theory is used for modeling the top and bottom layers. Thus, transverse

shear strains and deformation through the thickness are ignored. It is assumed that there

are no stretching and shear deformation in mid-plane of elastic layer except bending

deformation.

2. The moment of the inertia of each layer is ignored.

The layers are considered completely bonded to each other without any slippage.

4. The MRE core operates under small shear deformation thus linear viscoelastic behavior

1s assumed.

2.2.1 Kinematics of Sandwich Plates

In Figure 3-1, the geometric deformation relationship among distinct layers of a typical sandwich

plate is illustrated. The deflected and undeflected cross-sections are presented on the right and left

sides, respectively. Dotted lines indicate the mid-plane of each layer.
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Figure 2-2: The deformation schematic view of the MRE core sandwich plate [48]
Uc, Uy, and uy represent the mid-plane displacements along x direction corresponding to the
constraining layer, MRE layer, and the bottom layer, respectively. Also, u; and u, are the

displacements of the top and bottom surface of the MRE layer along the x direction; Z—‘Z, @y, and

B, are the rotation angle of the sandwich plate, the rotation angle of MRE layer and the shearing
deformation of the MRE layer all around y-axis, respectively. The thicknesses of the constraining

layer, MRE layer, and the bottom layer are denoted as h., h,,, and h,,, respectively.

Based on Kirchhoff's first-order shear deformation theory (FSDT), the displacement of any point
within the plate can be formulated as [49-50]:

ad
u(x,y,2) = up(x,y) — z (%)
d
v(x,y,2) = vo(x,y) — z(%) 2.1)

w(x,y,z) = w(x,y)

where, u and v are the displacements along the x and y axes, respectively; w is the deflection
through the thickness of the plate; u, and v, are the midplane displacements along the x and y
axes, respectively. Additionally, the notation z is used to represent the distance of any point from

the midplane.

o —h . h
Considering z = TC and uy = u, for the bottom surface of the constraining layer, and z = 7”

and uy = u, for the top surface of the bottom layer, and using the first relation in Eq. (2.1), the

displacements of the top and bottom surfaces of the MRE layer along the x-axis are determined as:
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h.ow

U = U +———

2 0x

hy, Ow (2.2)
Y2 =Up T oy

Similarly, applying the second relation in Eq. (2.1), leads to the following expression for the y-

direction displacements of the top and bottom surfaces of the MRE layer as:

N h; ow
V=V ——
2 dy
hy, dw (2.3)
V2= T Gy

Taking into account the assumption that there is no stretching in the MRE mid-plane, the mid-

plane displacement of the MRE layer along the x direction can be derived as:

Uu; +u,
Uy =

. (2.4)

By substituting the values of u; and u, from Eq. (2.2) into Eq. (2.4), the following expression for
the x-direction displacement of the MRE layer can be derived:

1 h. —h, ow
Un =5 [(uc +up) + (CTb)a (2.5)

Applying the same procedure, the mid-plane displacement of the MRE layer in the y-direction is
determined as:

h. — h,_ow
2 )ay

_1
vm_i[(vc‘i'vb)‘i'(

(2.6)
Considering Figure 2-2, and the relation in Eq. (2.2), the rotation angle of the MRE layer, ¢,, and
the shearing deformation of this layer along y axis, 8, can be formulated as:

_ 1 he + hy_ ow
(px_m[(uc_ub)‘}‘( > )a]

1 he + h d 2.7)
B = i |(we =) + C5 24 ) 5]

Likewise, the shear deformation of the MRE layer around the x-axis can be determined as:

he + hy
2

1 B ow
ﬁy—m[(vc_vb)‘}‘( + v)@

(2.8)
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According to the thin plate bending theory, the induced normal strains, &7y, 1y, as well as the

shear strain, yry,, pertaining to each layer corresponding to tensile load can be expressed as:

Ju ov Ju OJv

ETx = a gTy = @ VTxy = @ + a (29)

Moreover, the corresponding tensile and shear stress within each layer characterized by the elastic

modulus E and Poisson's ratio v, is defined as:

1 v 0
E v 1 0 T
or = 1 — 12 1—v {ng €Ty VTxy] (2.10)
Y"lo o
2

The strain within each layer resulting due to bending is formulated as:

0w _0%w 0w
Ebx %2 Sby—W Vbxy = Zm (2.11)

Likewise, the relevant stress within each layer is designated as:

s 1 v 0
Eh v 1 0 T
Op =m 0 0 1—v {be €py bey} (2.12)
2

It's worth mentioning, h is the thickness of the corresponding layer.

2.2.2Finite Element Model

A three-layer sandwich rectangle element containing four nodes has been formulated to develop
FE model of the MRE-based sandwich plate. Each node possesses seven DOFs, including the
displacement of the constraining and basic layers along the x and y directions, denoted as
Uc, Ve, Up, Vp, respectively, as well as the plate's transverse deflection, w. Additionally, there are
rotations about the x and y axes, represented as 6y, 8, respectively. Figure 2-3 depicts a schematic

diagram of the element, illustrating only the seven degrees of freedom of the first node for clarity.
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Figure 2-3: The schematic diagram of the 4-noded element

The element displacement function can be expressed in matrix form as:
W(t) = {uc, Ve, Up, Up, W, Oy, Gy] (2.13)
Also, the nodal displacement vector is given as:

We(t) = {uci, Veir upi, vpi,wi, Hxingi} i= 1,2,3,4 (214)

The element displacement vector can be expressed in terms of the nodal displacement vector as:

W = NWe® (2.15)

where the 728 matrix of N is the shape function matrix of the element. One essential aspect of
the elements is the definition of shape functions, which are mathematical functions used to
described the displacement within the element using element nodal DOFs. To derive the shape
function of the developed element, the interpolation polynomial matrix of P is applied to express

the element displacement matrix as:

W = Pa (2.16)
where
1 x y xy 0 0 0 0 0 00O O O 0 O O 0 0 O
000 0 1 x y xy 000 0 0 0O0OO 000
000 0 00O OO T1xyxy 0 000 0 0 0
P={0 0 00 0OOO 0OO 0O0OT1 xy xy 0O0UO0 (2.17)
0000 0O0OOTUOOO 0O0OO0OT OO0 1 x vy
0o 000 O0O0OOUOOO 00O OOTO 001
L0 0 OO 000 OOO OOO OOTUOTUOT-10
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0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 O 0 0 0 0 0 0 0
x? xy y? x3 x%y xy? y3  x3y  «xyd
0 x 2y 0 x2 2xy 3y x3  3xy?
-2x -y 0 —-3x2 —-2xy —y? 0 -3x%y —y3|

anda = [a, a; a;s ... ... a,g]" is the coefficient matrix, which is determined through the application

of the element nodal conditions.

The element comprises four nodes, and the coordinates (x, y) for each node are known. Applying
Eq. (2.14) to Eq. (2.16) and inserting the nodal coordinate values associated with each node into

the expression for P, the coefficient matrix a can be expressed as:
a=CWe (2.18)

Here, C is a 28%28 matrix that depends on the known node coordinates. By substituting Eq.
(2.18) into Eq. (2.16) and comparing with Eq. (2.15), the shape function matrix can be expressed

as:

N=[N1N2N3N4N5N6N7]=PC (2.19)
Substituting Eq. (2.19) into Eq. (2.15), the seven displacement components of the plate element

can be expressed using the shape functions as:

u., = NW¢ v,=N,W§¢, up
w=NWe, 6,=NWe, 0,

NWe, = N,W¢€
e Vb = N (2.20)

By substituting Eq. (2.20) into Eq. (2.5) through Eq. (2.8), the MRE layer displacements and its

shearing deformations can be expressed as:

um = N8We, Um = NgWe, ﬁx = N10We, ﬁy = N11We (2_21)

The shape functions of the MRE layer can be determined from:

Ng = %[(Nl +N3) + (hc ; hb) (—N7)]

Ng = %[(Aﬁ + N+ (hc ; hz;) (Ne)] (2.22)
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Nio = % [(N1 —N3) + (hc -; " + hm) (—N7)]
1 he + hy
Man = |V = ) + G52+ R )

2.3 Equations of Motion

To derive the equations of motion for the element, the Hamilton's principle [47] is employed,
which can be mathematically described as:
t2

s| (T-wydt=0 (2.23)

t1

Here, T and V represent the kinetic and potential energy of the sandwich plate, respectively, and

they are determined as follows.

The kinetic energy of a sandwich plate can be categorized into two distinct components: extension
kinetic energy and bending kinetic energy. Extension kinetic energy refers to the energy associated
with the extension or stretching of the sandwich plate, arising from tensile or compressive stresses.
Bending kinetic energy, on the other hand, relates to the energy associated with the bending or

flexing of the sandwich plate, resulting from bending moments or transverse shear stresses.

The total kinetic energy of the MRE-based sandwich plate is the sum of the extension kinetic
energy and bending kinetic energy associated with all layers. The kinetic energy of each layer,

with a density denoted as p, is defined as:
1 w2 0v\®  Ow\?
= - il - 2.24
r 2”MV <<6t) +(50) +(6t)>dv (2.24)

The potential energy associated with a sandwich plate can be understood in terms of its
deformation under external loads. When a sandwich plate is subjected to external loads, such as
bending or stretching, the deformation of its constituent layers results in the storage of potential
energy within the material. This potential energy is a function of the strain energy stored in the

material due to its deformation.

This energy can be expressed as a sum of the energies of each layer. The potential energy

corresponding to each layer consists of two parts: bending potential energy which is associated
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with the deformation of the plate due to bending, and the tensile potential energy, associated with
the deformation of the plate due to tensile stresses. The potential energy of each of the elastic
layers (the constraining and basic layer), with the tensile and bending stresses of o and g}, , and

the corresponding strain of €7 and ¢, is calculated as:
1
V= Efff (STTO'T + SbTO'b)dV (225)
14

For the MRE layer, its potential energy encompasses tensile, bending, and shear strain energies,

which are expressed as:

1
V= E,Uf (er"or + & 0p + ¥ GY)AV (2.26)
v

wherey = [B, B,]" is the shear starin of MRE layer, and G is the shear stiffness matrix expressed

as:

G = [C(")x (?y] (2.27)

It should be noted that G, and G,, represent the shear moduli in the x and y directions, respectively.

However, in this research study. the MRE is treated as an isotropic material, meaning that the

shear modulus is denoted as G, and therefore, Gy = Gy, = G.

Substituting the strain energy and kinetic energy into Hamilton's principle, the governing equation

for the MRE-based sandwich plate element can be derived as:

Me Wi(t) + KW;(t) = f; (2.28)

where, f; represents the external force applied to the element and M®and K¢ are the mass and

stiffness matrices of the element, defined as follows,

3
K= (Kri + Kyg + Ko
=1 (2.29)

3
M¢ = Z(mn’ + mp;)
i=1
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In the given equations, Kr; and Kj; represent the extensional and bending stiffness matrices
associated with the ith layer. Additionally, there is an additional term, K, , included in the
stiffness matrix expression, signifying the shear stiffness matrix of the MRE layer. Furthermore,
my; and my,; correspond to the extensional and bending mass matrices associated with the ith layer.
The precise definitions of these matrices are provided in Appendix A. It's important to note that
the shear modulus of the MRE layer, defined in Eq. (2.27), is a complex value. Consequently, the
stiffness matrix of the element also becomes complex, leading to a modified equation of motion

for the element:

MeW;(t) + (Kg° + K,W;(t) = f; (2.30)

Here, Kz°® and K;® show the the real and imaginary parts of the stiffness matrix, with the latter

accounting for the damping properties of the MRE layer

Utilizing the derived stiffness and mass matrices, all elements must be assembled following
standard FE procedures to achieve the complete finite element formulation for the MRE-based

sandwich plate, as follows:

MW + KW =F (2.31)

where M and K represent the assembled mass and stiffness matrices of the entire sandwich plate
respectively, while F is the vector representing external forces. Additionally, W denotes the total
displacement vector of the plate. Figure 2-4 illustrates the discretization view of the plate, along

with the arrangement of node numbers.

"\ f\
Node 4 Node 3 12345,6,7 22,23,24,25,26,27,28
8

I 12
1

15,16,17.18,19.20.21 78,79,80,81,82,83,84

8.9,10,11,12,13,14

Node 1 Node 2

Q—(

Figure 2-4: Finite element discretization of design domain
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2.3.1Summary and Conclusion

In this chapter, a finite element model for the MRE-based sandwich plate under various loading
and boundary conditions was developed. The proposed model utilizes rectangular elements
defined by four nodes to discretize the plate. Each node is assumed to possess seven degrees of
freedom. The finite element equations of motion were derived using Kirchhoff's plate theory and
Hamilton's principle. In the proposed model, it was assumed that there is no slippage between the
layers of the sandwich plate. Additionally, the moment of inertia of each layer was ignored,
focusing solely on bending deformation for the two elastic top and bottom layers. However, for

the MRE layer, both bending and shear deformation were considered.

By applying the proposed finite element model, the vibration and damping characteristics of the
MRE-based sandwich plate can be analyzed numerically. This analysis allows us to understand
how the plate behaves under various loading conditions and boundary constraints. These insights
are crucial for optimizing the layout of the MRE layer, a topic that will be explored in the next

chapter.
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Chapter 3: Topology optimization

3.1 Introduction

This chapter focuses on the development of topology optimization formulation to identify the

optimal material distribution within a given domain.

Structural optimization involves determining the optimal material distribution within a defined
physical volume domain to effectively transmit applied loads while adhering to constraints set by
the manufacturer and intended usage. This process usually involves mathematical modeling,
simulation, and iterative analysis guided by optimization algorithm. It commences with defining
the design space, which is the area where material can be allocated. Subsequently, design variables,
such as material densities or thicknesses, are introduced to represent material distribution within
this design space. Constraints are then imposed to ensure that the optimized design meets specific
requirements and limitations. Structural optimization problems can be categorized into three types:
sizing, shape (layout), and topology optimization [51]. Examples of each type are clearly

illustrated in Figure 3-1.

p; 1 *m
= CNETN|

c
Figure 3-1: Examples of (a) Size Optimization, (b) Shape Optimization and (c)Topology Optimization
[51]

Size optimization mainly aims to find the most efficient dimensions for a structure, like trusses
and bridges, considering the loads they need to support. It typically involves analyzing the bars or
members making up the structure to determine the best dimensions and shapes for each member,

to ensure optimal performance. In size optimization the layout of the layout or shape of the
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structure is not changed and no member is removed. For instance, in truss structures shown in
Figure 3-1(a), the size optimization involves identification of optimal cross-sectional area of the

bar members.

In shape optimization, the focus is on refining the design parameters of a structure, such as fillets,
chamfers and radiuses to meet specific performance requirements while satisfying various design
constraints. Nodal coordinates on the boundaries are generally design variables in layout
optimization. For instance, in Figure 3-1(b) the nodal coordinates in the perimeter of internal

circular holes are considered design variables.

Topology optimization employs mathematical algorithms and computational techniques to
optimize the distribution of materials within a designated design domain while meeting specific
design criteria, including load-carrying capacity, stiffness, and material volume. The optimization
algorithm iteratively modifies the topology of the design space by adding or removing material, as
shown in Figure 3-1 (b), from each element until it reaches an optimal configuration. Through the
optimization of material distribution within a design domain, topology optimization can decrease
material consumption, reduce weight and cut manufacturing expenses, while enhancing the

performance and durability of the final design.

Topology optimization finds widespread application in industries such as aerospace, automotive,
and mechanical engineering, where weight reduction and high-performance design are of
paramount importance. However, its application is not confined to these sectors and is extending

to other domains such as architecture and medical devices.

Certainly, the optimization process may yield designs that are not immediately implementable due
to practical constraints such as manufacturing limitations, cost considerations, or other factors.
Nevertheless, these optimized designs provide valuable insights for the design process, enabling
engineers and designers to evaluate more feasible designs and continue refining the optimization

process.

In topology optimization, the design space can be either a continuum or a discrete structure.

Continuum structures are typically composed of solid materials and exhibit continuous properties,
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while discrete structures are typically consist of elements like beams, trusses, or plates that are

interconnected at discrete points.
3.2 Topology Optimization Methods

There are various approaches to implement topology optimization. According to Sigmund [52],
five different major optimization approaches have been developed over time. Those approaches
include, methods of topological derivative, phase field method, evolutionary technique, level set

method and density approach [53].

The topological derivative method is a mathematical approach employed for optimizing structures
by predicting the effects of small holes introduced within the design domain. This method was
introduced in 1994 by Eschenauer [54] and was initially referred to as the bubble method. The
fundamental concept behind this method is to initiate optimization by introducing a small hole
within the design domain. This small hole serves as a starting point for generating larger openings.
Mathematical techniques are employed to predict the impact of this small hole on the entire
structure, and this information is then utilized to create new openings, optimizing the structure
further [54]. The use of topological derivatives in conjunction with other optimization methods
has been found to be effective in solving engineering problems. Sigmund [52] suggested that in
2D scenarios, combining topological derivatives with level set methods is necessary to develop

the optimum topology.

The phase field method is an approach that is directly dealing with the density variables. To find
the optimal distribution of material, the phase field method employs gradient-based optimization
algorithms. These algorithms iteratively update the phase field variable to minimize or maximize
the objective function. They rely on the gradient of the objective function with respect to the design

variable to guide the optimization process.

The evolutionary method was first introduced in 1993 for structural optimization, known as
Evolutionary Structural Optimization (ESO) at that time. ESO is a structural optimization
technique that uses an evolutionary algorithm to optimize the design of a structure by iteratively
removing parts of the structure, considering the defined rejection criterion, until a desired level of
performance is achieved. This method belongs to the category of well-known discrete optimization

methods, which are highly sensitive to changes in the design parameters [52].
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The level set method, initially developed by Osher and Sethian in 1988 [56], mainly focuses on

defining the boundary of an object using a zero-level contour of the level set function. [53].

The density approach was first developed by Bendsee in 1989 [57]. Among various topology
optimization approaches, the most widely adopted method is the density-based approach [58].

In this research study , a density-based topology optimization has been formulated. In this method,
the material distribution is represented by a discretized domain, where each element corresponds
to a design variable representing material density. Structural response, necessary for optimization,
is typically computed using the finite element method, which also relies on domain discretization
[59]. In this context, the domain discretization used for density interpolation and finite element

analysis is identical.

In theory, density can be represented as either zero or one, indicating the presence or absence of
material in an element. However, this discrete approach is not suitable for many optimization
methods. To address this issue, the density-based optimization approach is implemented to relax
the optimization problem form the binary, on-off nature of the problem by defining a continuum
density ranging between zero and one [61,63]. For example, Figure 3-2 illustrates the outcome of

applying the density-based topology optimization approach to the MBB-beam problem.
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a)The schematic view of MBB-beam problem b)Density-based topology optimization result

Figure 3-2: Typically density-based topology optimization result [61]

3.3 Material Properties Interpolation

In the density-based optimization approach, the material properties of each element in the
discretized domain are related to their density by applying a power-law interpolation function [60].

One of the methods used for the material interpolation scheme is SIMP method [62]. The SIMP
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approach is widely regarded for its conceptual and practical simplicity and has proven successful
in many applications [63], [64], [65], [66]. This approach involves discretizing the design domain
into small elements and assigning a design variable (the element density) to each element. Also, it
assumes that the material properties within each element are constant and isotropic [67]. For
intermediate densities (i.e., densities between 0 and 1), the SIMP approach penalizes these
intermediate densities using a penalization factor to achieve better binary topology patterns.
Applying this method, Young’s modulus is interpolated as a function of the material density using

an artificial model, as follows:
p(xe) = XePx,=1

E(xe) = (xe)pExezl
where x, is the relative density of each element and p is the penalization factor.

(3.1)

However, for the studied model here, as the damping properties of the MR layer is of high
importance in mitigating the vibration which is the main objective, shear modulus of MRE layer
is interpolated based on the SIMP method. This has resulted to the development of MREP model
in which the shear modulus G, and the material density p of each MRE element are respectively
defined as:

G(xe) = (xe)P Gy =1

p(xe) = Xepro-1 (32)
the value of the penalization factor p depends on the problem generally, although the value of 3

is reported to provide a satisfactory solution [52].

Applying the above material interpolation and referring to finite element modelling of the
structure, one can obtain the following expressions for the stiffness and mass matrix of the MR

layer elements:

K(x.) = (xe)prezl

M(x,) = xeMxe=1 G-

It is noted that, K, ,—, and M, __, are the stiffness and mass matrix of the full coverage MRE layer

elements.
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3.4 Optimization Problem Formulation

To formulate the optimization problem effectively, it is essential to define a suitable objective
function that ensures the best performance of the structure in reducing the vibration level. In
harmonic vibration problems, one of the most commonly used objective functions is dynamic
compliance, first introduced by Ma et al. [69] and initially defined as an extension of the concept

of compliance used in static problems [70].

The dynamic compliance of a sandwich plate, denoted as f; for a discretized domain is calculated

as:

f=ur (3.4)
where F represents the loading vector of the nodes, and U is the vector of DOFs of the nodes.
Obviously, applying a full coverage of MRE layer would be the most effective design for reducing
vibration levels in the sandwich plate. However, many practical applications necessitate weight
constraints on the system. Consequently, in this study, a material volume constraint is introduced
into the optimization problem for implementing the weight restriction. Taking this constraint into
account, the optimization problem for a MRE-based sandwich plate under a harmonic loading with

frequency o is defined as:

Min f(x)

(K — w*M)U =F

N
. d (3.5
Subject to < E x,V; <V,

i=1
L 0<x, <1 i=123..N,

In this formulation, M and K represent the mass and stiffness matrices of the plate. The
optimization problem variables are the density of the MRE layer in each element, denoted as the
vector x, within a domain discretized with N, number of elements. Here, x; =0 and x; =1

correspond to void and solid elements considering the MRE layer, respectively.
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Additionally, the symbol V; represents the volume of an element with full coverage of the MRE
layer, while V;, denotes the allowable volume fraction, which imposes a mass restriction on the

plate.

3.4.10ptimization Algorithm

There are various gradient based optimization algorithms, such as sequential linear programming
(SLP) and sequential quadratic programming (SQP), used to find solutions for optimization
problems. Among these methods, the method of moving asymptotes (MMA) is notably powerful,
especially in terms of solving multi variable and multi constraints optimization problems. MMA
offers improved convergence by considering two past successive iterations during the optimization

process [36].
3.4.2The Method of Moving Asymptotes

The method of moving asymptotes (MMA), introduced by Svanberg in 1987 [72], remains the
most widely used among sequential approximation methods in the field of structural topology
optimization [73]. MMA is a general-purpose algorithm suitable for various optimization problems
[74, 75]. Due to its basis in convex approximation, it's suitable for topology optimization, however

its efficiency is strongly influenced by asymptote and move limits [75].

In this method, the optimization problem is defined as [74, 36]:

m
1
Minimise fo(X) + agz + Z (Ciyi + Ediyi2>
i=1

Subjectto fi(X)—aiz—y; <0 i=12,....,c (3.6)

where, f,(X) is the cost function to be minimized and X is the vector of design variables, y and
z are artificial optimization variables, ¢ is the number of constraints and a,, a;, ¢; and d; are the
constant coefficients. The choice of these coefficients allows for the adaptation of Eq. (3.6) to

various optimization problems. As explained by Svanberg [74], setting a, = 1 and a;=0 for all i,
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then z = 0 in any optimal solution, and by considering d; = 0 and ¢;= “a large number,” then the
variables y; = 0 for all i, the optimization problem defined in Eq. (3.6) will be matched to the
optimization problem stated in Eq. (3.5). To solve the optimization problem, the external MMA
code provided by in Ref [36] has been used. The flowchart of the proposed topology optimization

The initial value of design variables is set

algorithm is shown in Figure 3-3.

A 4

Finite element modelling is established |

A4

Response sensitivity

analysis

\4

Updating design
variables by using MMA

Is the stopping criterion

satisfied?

Yes

Figure 3-3: Flowchart of the proposed optimization method
As depicted in the flowchart above, performing the MMA necessitates the implementation of
sensitivity analysis for the objective function, specifically the dynamic compliance. Given the

complex nature of the stiffness matrix and the displacement vector, the dynamic compliance is

defined as:
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C=UTF=(Ur"+U"i) (Kg" + K,"i — 0?M) (U + U}i) (3.7)
where, Ug and K represent the real parts of the stiffness matrix and displacement vector, while

U; and K, represent their respective imaginary parts.

Using Eq. (3.7) and applying the chain rule, the sensitivity of dynamic compliance with respect to

the design variable x; is expressed as [75]:

olcl _ 1 (. 0Ce .06,
an B |C| R ax] Iax]-

oc 0K oM 0K 0K oM JK, 3.8
—R—uRT< R —w2—>uR —uRT<—I>u, —u,T<—R—a)2—)u, —u,T( I>uR (3-8)

ox;  © \ox;  ox 0x; 9% 0% %
oc, . 0Ky ,0M r 9K, rKe _ ,29M r &
axj = up (ax] ) axj)ul + up (axj)uR + u; (axj w ax]')uR Uy (axj)ul

Referring to Eq. (3.3), the following expressions are derived for the derivatives of the stiffness and

mass matrices:

oM _
axj TTxe=l
39
oK . (3.9)
% = p(xe) Ky =1
]

3.5 Summary and Conclusion

Topology optimization is a powerful technique used to determine the optimal distribution of
material within a given domain. In this chapter, the focus is on investigating topology optimization,
specifically the density-based approach, which is widely used. The density-based approach
represents the material distribution using a discretized domain, where each element is associated
with a design variable representing the material density. In this particular study, the material
properties of the domain elements are interpolated using the SIMP approach. SIMP is a popular
method for representing material properties in topology optimization. In this case, the SIMP
approach is extended to include magnetorheological elastomer properties, resulting in the

developed MREP model.

29



The optimization algorithm employed in this study is the method of moving asymptotes (MMA).
MMA is utilized to update the optimization variables in each iteration of the topology optimization
process. This algorithm helps in iteratively improving the material distribution within the domain

to achieve the desired objective.

The objective function in the optimization method is defined as the dynamic compliance of the
plate under various loadings. By minimizing the objective function, the vibration level of the plate
is reduced. The goal of the topology optimization process, in this case, is to find the material
distribution that minimizes the dynamic compliance and hence optimizes the plate's vibration

characteristics.

Through the application of the density-based topology optimization approach, utilizing the MREP
model, and employing the MMA algorithm for optimization, this study aims to determine the
optimal material distribution within the domain to reduce the vibration levels of the plate under

different loadings.
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Chapter 4: Results and Discussion

4.1 Introduction

This research study aims at the development of design optimization to identify the optimal
topology of the MR layer within a sandwich plate, composed of an MR elastomer layer between
two elastic plates. The dynamic response of the structure subjected to harmonic loading is achieved
using the finite element method. The objective is to minimize dynamic compliance to enhance
vibration control capabilities. The SIMP method is extended, introducing the developed MREP
model for material properties interpolation. The optimization problem is solved using MMA
method, which relies on a specialized convex approximation [19]. To validate the proposed
method, detailed numerical examples are presented in this chapter. These examples demonstrate
the effectiveness of the developed approach in identifying the most efficient topologies of MRE

layer for vibration reduction in sandwich structures.

4.2 Finite Element Model Validation

In this section, the validity of the developed finite element code executed in the Matlab
environment is examined by considering a rectangular MRE-based sandwich plate. The MRE
based sandwich plate is simply supported in all four edges and its properties are based on those

used by Yeh et al. [76] which are breifly summarized in Table 4-1.

Table 4-1: Mechanical properties of the sandwich plate [76]

Young’s modulus 70 Gpa
Poison’s ratio 0.3
Top and bottom .
Mass density 2700 kg/m?
layers
Constraining layer thickness 0.000375 m
Base layer thickness 0.00125 m
Thickness 0.000625 m
MRE layer

Mass density 3500 kg/m’

Length 0.3 m

Structure size
Width 0.2m
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The validity of the FE model is assessed by comparing the obtained responses, specifically the
natural frequencies, with those reported by other researchers. Table 4-2 provides results for the
first four frequencies under two different values of the average magnetic flux density (200 and 400
G). As it can be realized, results are in very good agreement with those obtained by Yeh [76] and
Zhang [77] who also used FE method to determine the vibration characteristics of the sandwich

plate.

Table 4-2: Comparisons of the first four natural frequencies (Hz) of the MRE sandwich plate under two
different magnetic flux densities

Magnetic flux density (200G)
Natural ~ Present study Yeh et.al [76]

Zhang et.al [77]

frequency (Hz) (Hz) Error% (Hz) Error%%
First 108.28 107.34 0.88 109.39 1.02
Second 188.08 183.81 2.32 188.26 0.10
Third 284.04 283.06 0.35 283.67 0.13
Fourth 314.18 313.09 0.12 313.97 0.07
Magnetic flux density (400G)
Natural ~ Present study Yeh et.al [76 Zhang et.al [77
frequency (Hz) ’ (Hz) el Error% g(Hz) 77 Error%%
First 113.74 115.01 1.10 115.32 1.37
Second 197.14 195.21 0.98 197.03 0.06
Third 295.60 296.21 0.206 294.70 0.30
Fourth 326.95 327.15 0.06 325.49 0.45

4.3 Topology Optimization Validation

In this section, the accuracy of the proposed optimization approach is investigated. To do so, a
rectangular MRE-based sandwich plate with properties similar to those studied by Zhang et al.
[77] is considered. In their study, the goal was to obtain the optimal layouts of MR fluid layer. To
achieve this, an optimization problem was formulated with the dynamic compliance of the
sandwich plate as the objective function while incorporating a mass constraint. To solve the
optimization problem, they applied the globally convergent method of moving asymptotes
(GCMMA), a powerful gradient-based mathematical programming algorithm. The material
properties of the base layer and the constraining layer, as well as the structural dimensions, are the

same thosein Table 4-1. For the MR fluid layer, the density is 3500 kg/m>, and for the sealant
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material, the Young’s modulus, Poisson’s ratio, density, and thickness are 0.22 GPa, 0.4, 1233 kg/
m?, and 0.1 mm, respectively. The plate is simply supported at all edges and subjected to
concentrated harmonic loading applied at the middle of the plate. Figure 4-1 illustrates a
comparison of the optimum topologies for the plate under a magnetic field of 200 G and a loading
magnitude of 1000 N at different frequencies. It is worth noting that, to the best of our knowledge,
there is no study on the topology optimization of MRE layer in MRE-based sandwich plates. Thus,
for the validation purposes instead the available results for topology optimization of MR fluid-

based sandwich plate reported by Zhang et al. [77] were used.

It should also be noted that the developed topology optimization code defines two stopping criteria.
The first is the classical criterion, which considers the density change between two successive
iterations. The second criterion is based on the maximum number of iterations. Optimization will
stop when either of these criteria is satisfied. The reason for introducing the second criterion is that
the density change alone may not effectively stop the optimization process, or it may require a
very high number of iterations, even when there are no significant oscillations in the objective

function's value.

Zhang et.al [77] Present study
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Figure 4-1: Comparisons of the Optimization results for MR fluid layers obtained from the model
and other literature data under different excitation frequencies. (a) 80 Hz; (b) 280 Hz ; (c) 400 Hz
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Figure 4-1 illustrates a reasonably good agreement between the results for all frequencies,

indicating the high accuracy of the proposed optimization method.

4.4 Topology Optimization Examples

In this section, the validated analysis and optimization methods are effectively used to investigate
the optimal topologies of the magnetorheological elastomer (MRE) core layer in MRE-based
sandwich plates under various boundary and loading conditions including CFCF (two edges are
clamped and the other two are free) and SSSS (all edges are simply supported) and CFFF (clamped
at one edge and free at other sides). In all the investigated examples, the plate is subjected to a
magnetic field of 200G. The geometric boundary conditions for the clamped and simply supported

edges are given, such that:

Clamped U=V =Uy=Vp=W=0,=0,= @
Simply supported w =

4.4.1Simply Supported Plate (SSSS)

A sandwich plate, with MRE embedded between two aluminum plates as shown in Figure 4-2, is
considered. The properties of the plate are summarized in Table 4-3. The plate is assumed to be
simply supported at all four ends under a time-harmonic external force ( F = f,e'®!), where f, is
the magnitude and w the frequency of the loading. In this example, this point force is applied at

the center of the plate with the dimensions of L; = 0.35mand L, = 0.2 m.
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Figure 4-2: MRE-based sandwich plate (SSSS) under harmonic loading applied at the center

Table 4-3: Mechanical properties of the sandwich plate

Young’s modulus (E., Eg) 70 Gpa
Poison’s ratio (v¢, vg) 0.3
Top and bottom :
Mass density (p¢, pg) 2700 kg/m?
layers
Constraining layer thickness (h.) 0.0004 m
Base layer thickness (hg) 0.002 m
MRE layer Thickness (h,;) 0.0004 m

Considering the MRE core with a 25% volume fraction of carbonyl iron particles (CIPs), the core

density would be 2771 kg/m?. Assuming that the MRE core layer operates in the linear viscoelastic

region, the complex shear modulus G of the viscoelastic layers can be written as:

G=G +iG"

where, G’ and G"' represent the storage and loss moduli of the MRE material which can be varied

under the application of an external magnetic field.

For the considered MRE, the storage modulus can be determined as a polynomial function of the

magnetic field intensity B (in Tesla) as reported in [78]:

G'(B) = —1283B* + 190483 — 271.2B? + 73.84B + 55.19 [kPa]
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It is worth noting that, for the mentioned MRE, the storage modulus changes significantly upon
the application of a magnetic field, while the change in the loss factor can be considered negligible

at approximately 0.145 [78]. So, the loss moduli can be easily determined.

To implement the finite element method, the convergence history of the dynamic compliance is
analyzed to determine the optimal number of elements required for meshing the plate, as depicted
in Figure 4-3. This figure illustrates how dynamic compliance changes as the number of elements
in the mesh increases. A penalty factor, p, equal to 3 is adopted. The applied force has a magnitude
of 1000 N and a frequency of 150 Hz. Additionally, the MRE mass is allowed to be half of the
mass in the full coverage case, corresponding to a volume fraction of 0.5 with the design variables

setto (x; = 0.5).

40

39.5

39

Dynamic compliance (N.M)

200 1300 2400 3500

Element number
Figure 4-3: Convergence history of dynamic compliance
Referring to Figure 4-3, the finite element method is implemented with 3500 elements, resulting
in a grid of (70x50) elements and 24500 degrees of freedom. This number of elements is chosen
as further increasing the number of elements will have no noticeable effect on dynamic

compliance.

The optimization process begins with the initial values of the design variables set to ( x; = 0.5).
The penalty factor for the model is chosen as p = 3. The applied force has a magnitude of 1000 N
and a frequency of 150 Hz.

The optimization process history for the dynamic compliance and volume fraction are shown in

Figure 4-5 suggesting rapid converge of the topology optimization algorithm.
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Figure 4-4: Optimization process history of the MRE sandwich plate (SSSS): a) Convergence history of
the dynamic compliance, b) Convergence history of the volume fraction

Figure 4-5: Optimal distribution of MRE layer for the MRE sandwich plate (SSSS) under the excitation
frequency of w = 150 Hz
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Final optimal topology of the MRE layer is shown in Figure 4-4. As depicted in Figure 4-3, the
dynamic compliance has decreased by 36.29% from f = 40.05 N-m at initial configuration to
f=25.51 N-m at the final optimum solution. The effectiveness of the obtained optimum topologies
in reducing vibration level is compared with an arbitrary case shown in Figure 4-5 in which the
entire MRE has bee placed in one half of the plate (considering 50% volume fraction constraint on
MRE). Results for vibration amplitude at all nodes are shown in Figure 4-6 for the deflection of
the nodes. It is noted to that the numbering of nodes and their arrangements are based on the
scheme shown in Figure 2-4. It should also be note that for the better demonstration and to include
all nodes in Figure 4-7, the domain has been discretized using (30%x20) elements. The results clearly
show that the optimal topology configuration significantly reduces the vibration amplitude

compared with the MRE layout shown in Figure 4-6.
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Figure 4-6: MRE distribution for an arbitrary case in the MRE sandwich plate (SSSS)
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Figure 4-7: Optimal distribution of MRE layer for the MRE sandwich plate (SSSS) under the excitation
frequency of w = 150 Hz

4.4.2 Clamped-clamped Plate (CFCF)

In this example the optimal topology of the MRE layer in a square plate clamped at both ends
(Figure 4-7) is investigated. The properties of the constraining and basic layers, as well as the MRE
layer, are the same as those presented in Table 4-3. The plate has dimensions of L; = L, = 0.5 m
and is considered under different harmonic loadings at three different points of A, B and D as

shown in Figure 4-7.

Fixed edgeﬂ

|—Fixed edge

SN
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[N AL

Figure 4-4: Clamped-clamped MR sandwich plate with loading positions of A.B and D
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Four different cases have been investigated as described below. It is worth nothing that for all of

these cases, the plate is discretized using (60x60) elements.

Case I: In the first case, the MRE sandwich plate (CFCF) is under two concentrated harmonic
loadings at the middle point (Point B) and one end point (Point A), with a magnitude of 1000 N
and a frequency of 280 Hz as shown in Figure 4-8.

-
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Figure 4-5: MRE sandwich plate (CFCF) with loading positions at A and B (Case I)

For this case, the iteration history for the dynamic compliance and volume fraction is shown in
Figure 4-9. In this example, maximum volume fraction of the MRE is set at V,=50% with the
initial values of the design variables set to ( x; = 0.5). Figure 4-9 illustrates that the dynamic
compliance has decreased by 34.77%, from f = 6.50 N.m for the initial distribution to f =

4.24 N.m for the optimum topology configuration.
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Figure 4-6: Optimization process history of MRE sandwich plate (CFCF): a) Convergence history of
the dynamic compliance, b) Convergence history of the volume fraction (Case I)

The effect of volume fraction constraint on the optimum topology of the MRE has also been

investigated and results for the volume fractions of 0.1, 0.3, 0.5, 0.7 are shown in Figure 4-10.
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Figure 4-7: Optimal topology of the MRE layer for MRE sandwich plate (CFCF) under different
volume constraints: a) 0.1; b) 0.3 ¢) 0.5 d) 0.7 (Case I).
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The optimum objective functions at the aforementioned volume fractions are given in Table 4-4.
It is interesting to note that relatively slight reduction in optimum dynamic compliance has been

achieved (14%) by increasing volume fraction from 0.3 to 0.5 (60%).

Table 4-4: The effect of volume fraction constraints on optimum dynamic compliance for MRE sandwich

plate (CFCF) for Case I.
Volume fraction Optimum dynamic compliance (N.m)
0.1 7.70
0.3 4.95
0.5 4.24
0.7 3.50

The effect of loading excitation frequency on the optimum topology of the MRE sandwich plate
is also investigated and results are shown in Figure 4-11. It is noted that the magnitude of the

applied forces is kept at 1000 N.
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Figure 4-8: Optimal topology of the MRE layer MRE sandwich plate (CFCF) under different loading
frequency: a) 45 Hz; b) 280 Hz; ¢) 440 Hz (Case I)

Case II: In this case, the MRE sandwich plate (CFCF) is under three concentrated harmonic
loadings at points A, B and D as shown in Figure 4-12 with a magnitude of 1000 N and a
frequency of 280 Hz similar to Case L.

Figure 4-9: MRE sandwich plate (CFCF) with loading positions at points A, B and D (Case II)

Similar investigation has been conducted for this case and the developed topology
optimization algorithm rapidly converged to the optimum solution as shown in Figure 4-13.
This figure illustrates that the dynamic compliance has decreased by 25.22%, from f =
2490 N.m for the initial distribution to f = 18.62 N.m for the optimum topology
configuration. In this example, maximum volume fraction of the MRE is set at V,=50% with

the initial values of the design variables set to ( x; = 0.5).
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Figure 4-10: Optimization process history of MRE sandwich plate (CFCF): a) Convergence history
of the dynamic compliance, b) Convergence history of the volume fraction (Case II)

Additionally, the impact of the volume fraction constraint on the optimal MRE topology has
been explored, and the results for volume fractions of 0.1, 0.3, 0.5, and 0.7 are presented in

Figure 4-14.
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Figure 4-11: Optimal topology of the MRE layer for MRE sandwich plate (CFCF) under different
volume constraints: a) 0.1; b) 0.3 ¢) 0.5 d) 0.7 (Case 1I).

(d)

The optimum objective functions for the aforementioned particular volume fractions are
outlined in Table 4-5. Results show that despite a substantial increase in the volume fraction

(from 0.1 to 0.7), there is only a 34.42% decrease in optimal dynamic compliance.

Table 4-5: The effect of volume fraction constraints on optimum dynamic compliance for MRE
sandwich plate (CFCF) for Case 11

Volume fraction Optimum dynamic compliance (N.m)
0.1 27.31
0.3 21.16
0.5 18.78
0.7 17.91

Results for optimum topology of the MRE layer for Case II under different frequencies are also

shown in Figure 4-15.
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Figure 4-12: Optimal topology of the MRE layer MRE sandwich plate (CFCF) under different
loading frequency: a) 45 Hz; b) 280 Hz; ¢) 440 Hz (Case II)

Case III: In this case, the MRE sandwich plate (CFCF) is under single concentrated harmonic
loading at middle point B as shown in Figure 4-16 with similar magnitude of 1000 N as

previous cases.

Figure 4-13: MRE sandwich plate (CFCF) with single loading position at B (Case III)

In this case, a similar examination was conducted, and the proposed topology optimization

algorithm rapidly converged to the optimum solution, as shown in Figure 4-17. Examination of
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results reveal a significant 26.78% decrease in dynamic compliance, from an initial value of
f=3.51 N'm to an optimal configuration of /= 2.57 N-m. Here, the maximum MRE volume

fraction is set at Vy=50% with the initial values of the design variables set to ( x; = 0.5).
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Figure 4-14: Optimization process history of MRE sandwich plate (CFCF): a) Convergence history of
the dynamic compliance, b) Convergence history of the volume fraction (Case III)
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Figure 4-15: Optimal topology of the MRE layer for MRE sandwich plate (CFCF) under different
volume constraints: a) 0.1; b) 0.3 ¢) 0.5 d) 0.7 (Case III).

The effect of the volume fraction constraint on the optimum topology of the MRE has also
been investigated and results for the volume fractions of 0.1, 0.3, 0.5, 0.7 are shown in Figure
4-18. The optimum objective functions at the aforementioned volume fractions are given in

Table 4-6.

Table 4-6: The effect of volume fraction constraints on optimum dynamic compliance for MRE sandwich
plate (CFCF) for Case III

Volume fraction Optimum dynamic compliance (N.m)
0.1 3.83
0.3 2.89
0.5 2.56
0.7 2.23
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Results for optimum topology of the MRE layer for Case III under different frequencies are also

08 08
07 07
08 086
5 0.5
04
043
02
0.1
i T

(b)

shown in Figure 4-19.
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Figure 4-16: Optimal topology of the MRE layer MRE sandwich plate (CFCF) under different
loading frequency: a) 45 Hz; b) 280 Hz; ¢) 440 Hz (Case III)

Case IV : Finally, the optimum topology of the MRE core layer in the MRE sandwich plate
(CFCF) under single concentrated harmonic loading at edge point A as shown in Figure 4-20
is evaluated. The magnitude of the harmonic load is again kept at 1000 N.

Figure 4-17: MRE sandwich plate (CFCF) with single loading position at A (Case IV)
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Depicted in Figure 4-21, the developed topology optimization algorithm rapidly converged to the
optimum solution. In this example, maximum volume fraction of the MRE is set at Vy=50% with
the initial values of the design variables set to (x; = 0.5). The figure highlights a substantial
50.49% reduction in dynamic compliance, transitioning from an initial value of /=5.07 N-m to an

optimal configuration of /=2.51 N-m.

4.5

3.5

Dynamic compliance (N.M)

0 10 20 30 40 50 60
Iteration number

0.5

0.48

0.46

0.44

Volume fraction

0.42
0 10 20 30 40 50 60

Iteration number

b
Figure 4-18: Optimization process history of MRE sandwich plate (CFCF): a) Convergence history of
the dynamic compliance, b) Convergence history of the volume fraction (Case IV)

For this case, the optimum topologies for the volume fractions of 0.1, 0.3, 0.5, and 0.7 are shown

in Figure 4-22, with the corresponding optimal objective functions provided in Table 4-7.
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Figure 4-19: Optimal topology of the MRE layer for MRE sandwich plate (CFCF) under different volume
constraints: a) 0.1; b) 0.3 ¢) 0.5 d) 0.7 (Case IV).

Table 4-7: The effect of volume fraction constraints on optimum dynamic compliance for MRE sandwich

plate (CFCF) for Case IV
Volume fraction Optimum dynamic compliance (N.m)
0.1 6.04
0.3 3.38
0.5 2.46
0.7 2.11

Results for optimum topology of the MRE layer for Case III under different frequencies are shown

in Figure 4-23.
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Figure 4-20: Optimal topology of the MRE layer MRE sandwich plate (CFCF) under different loading
frequency: a) 45 Hz; b) 280 Hz; ¢) 440 Hz (Case IV)

Optimum topology results in Figures 4-11, 4-15, 4-19 and 4-23 illustrate the significant variations
in optimal layouts of the MRE layer. These changes occur because different orders of eigenmodes
are excited at different frequencies, resulting in different patterns for reducing the compliance.
Furthermore, examination of results in Figures 4-10, 4-14, 4-18 and 4-22 shows that the optimum
topology evolves and some isolated regions become connected as the volume fraction constraint
on MRE increases. The optimum objective functions corresponding to different volume fractions,
outlined in Table 4-4 to Table 4-7, represent that, as expected, a better control effectiveness can
be achieved as more MR elastomer is used. However, it's important to note that using more MR

elastomer also add excessive mass and increase the control effort.
4.4.3 Clamped-Free plate (CFFF)

In this example, a narrow MRE-sandwich plate clamped at one end and free at other sides (CFFF)

subjected to harmonic loading at one free end as shown in Figure 4-24 is considered.
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Figure 4-21: Cantilever MRE sandwich beam with loading exerted at the free end

Different layers of the MRE sandwich plate have the same properties as those in previous examples
and provided in Table 4-3. The plate dimensions are L; = 0.8 m and L, = 0.2 m. The design
domain is discretized using (80 X 22) elements. The applied harmonic load has a magnitude of
200 N. The optimum topology of the MRE layer for a volume fraction constraint of 0.5 is obtained
for excitation frequencies of 80 and 380 Hz, as shown in Figure 4-25. Figure 4-26 represents the
iteration history of the optimization problem for the case with the loading frequency of 80 Hz. The
optimization process begins with the initial values of the design variables set to ( x; = 0.5).
Examination of results reveal that there is a significant reduction in dynamic compliance,

decreasing from 35.44 N-m for the initial design to 6.25 N-m for the optimized topology (82%).

® = 80 Hz 1
0.4
C 0.8
0.7
0.6
® = 380 Hz e
. _ 0.4
410.3
10.2

10.1

Figure 4-225: Optimal distribution of MRE layer for the clamped plate (CFFFF) under different
frequency excitations
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Figure 4-26: Optimization process history of clamped plate (CFFF): a) Convergence history of the
dynamic compliance, b) Convergence history of the volume fraction

4.5 Summary and Conclusion

In this chapter, the accuracy of the proposed design optimization methodology to obtain the
optimum topology of MRE layer in MRE-based sandwich structures to reach the maximum
vibration suppression has been verified using benchmark test problems. The dynamic response of

the structure is determined using the developed finite element model executed in MATLAB
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environment. The accuracy of the FE model is confirmed by comparing the first four natural
frequencies of the MRE-based sandwich plate using developed FE model and those reported in the
literature with a maximum percentage error of 2.32%. Furthermore, the accuracy of the developed
topology optimization algorithm is also investigated by comparing the optimized MR fluid layer
distribution in a sandwich plate using the current proposed approach with those available in the

literature

The developed finite element model and topology optimization technique have then been
effectively used to evaluate topology distribution of MRE layer in MRE-sandwich plate under
different harmonic loading and boundary conditions including SSSS, CCFF and CFFF. When
applying the proposed optimization method to the MRE-based sandwich plate (SSSS) under
harmonic loading with a magnitude of 1000 N and a frequency of 150 Hz, the dynamic compliance

is reduced by 36.29% for the optimum topology with a volume fraction of 0.5.

Additionally, for the CCFF sandwich plate, it is observed that the dynamic compliance is reduced
by 34% when subjected to harmonic loadings at the center of the plate and the middle of one of
the free edges. The change in the location of the applied forces at different excitation frequencies
results in a significant variation in the optimal layouts. This is mainly because different order of
eigenmodes will be excited under different frequencies, leading to distinct patterns for suppressing

the vibration level of the structure.

Lastly, optimum topology of the MRE layer for a clamped MRE sandwich plate (CFFF), under
concentrated harmonic loading with magnitude of 200 N at the free end and two different
excitation frequencies, has been evaluated. In this case, for 80 Hz excitation frequency, a 82%
decrease in dynamic compliance is observed for the optimal topology with a volume fraction of
0.5. These results highlight the success of the proposed method in achieving the optimum
distribution of the MRE layer for minimizing dynamic compliance and subsequently reducing

structural vibrations.
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Chapter 5: Contributions, Conclusions and Future Remarks

5.1 Major Contributions

The present research dissertation provides a comprehensive investigation of the vibration

characteristics of MRE-based sandwich plates and the achievement of the optimal configuration

of the MRE layer for vibration reduction of the structure. The major contributions of the

dissertation research are summarized below:

A numerical model based on the FE method is developed to analyze dynamic and vibration
characteristics of MRE-based sandwich plates under varying magnetic fields. To validate
the accuracy of the numerical model, the obtained dynamic characteristics of the plate in
terms of the natural frequencies are compared with those reported in existing literature.

A density-based topology optimization approach for obtaining the optimum topology of
MRE layer in MRE-based sandwich plates for the maximum vibration suppression of the
structure is proposed. In this approach, MMA is applied as the design updating algorithm.
Furthermore, to interpolate the behavior of the MRE material, the MREP method which is
an extension of the SIMP method is proposed. This approach allows for effective material
interpolation in the optimization process. By applying the proposed optimization method,
the optimum topologies of the MRE layer in the sandwich plate under different loading

conditions, as well as various boundary conditions are obtained.

5.2 Major Conclusions

The following are the major conclusions drawn from the findings of this research dissertation:

Fully MRE-covered sandwich structures generally provide better vibration control
performance compared to partially-covered ones. However, optimal MRE treatment can
achieve significant damping with relatively lower mass, indicating the potential for
efficient design.

The MREP model, proposed for material interpolation, is an effective model in the
optimization process. It aids in achieving desired material properties in the design of MRE-

treated structures.
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In the case of harmonic loading, the excitation frequency plays a crucial role in determining
the optimal arrangement of the MRE layer. The frequency affects the performance and
effectiveness of the MRE treatment.

Modifying the volume fraction of the MRE layer in the optimization process results in
similar optimal topologies, except for certain isolated parts that become connected as the
volume fraction increases.

MMA is a fast convergence method commonly used in topology optimization problems. It
facilitates efficient optimization and convergence towards optimal solutions.

The combination of the finite element method and the MMA can be effectively used for
topology optimization, regardless of the boundary conditions, loading conditions, and the
type of structure.

The application of MREs in sandwich structures subjected to a magnetic field can
significantly alter the stiffness and damping properties of the structures. The field-
dependent viscoelastic properties of MREs | can be exploited to enhance the performance

and functionality of sandwich structures in various applications.

5.3 Future Remarks

In this dissertation, topology optimization of MRE layer in sandwich structures as well as their

dynamic characteristics are investigated. The developed topology optimization methodology can

be effectively used to identify the optimum layout of MRE layer in sandwich plates with different

boundary conditions and varying excitation frequencies. The method, however, needs to be further

refined so as to extend to general structures and loading conditions. Some of the recommended

studies are suggested below:

Examination of MMA and GMAA combination: The combination of MMA and GMAA
should be further investigated to cover a wider range of frequency loading conditions and
accelerate the optimization process. This can enhance the effectiveness and efficiency of
the optimization problem.

Addition of more variables: The optimization problem can be expanded by including more

variables such as temperature, magnetic field density, and excitation frequency. This will
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enable obtaining the optimum topology for a range of variables, enhancing the adaptability
of the optimized structure.

MRE-based sandwich plates as adaptive tunable vibration absorbers: The application of
MRE sandwich plates as adaptive tunable vibration absorbers should be explored.
Investigating their effectiveness in reducing vibrations and their adaptability to varying
conditions can provide valuable insights for practical applications.

Experimental verification of optimum topologies: The obtained optimum topologies from
the optimization process can be experimentally verified to assess their impact on vibration
reduction compared to the initial layout. This experimental validation helps to further
validate the effectiveness of the optimization approach.

Dynamic characterization at various conditions: The dynamic characteristics of MRE
sandwich plates under various temperatures and magnetic fields should be investigated.
This analysis helps understand how different conditions affect the performance and

behavior of the structure.
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Appendix A
Referring to Eq. (2.29), the elemental stiffness matrix includes extensional and bending matrixes

corresponding to each layer defined respectively as:

kri = hif Bri' DyiBr;idA
A

(A.1)

kbi:hi.f Bp;" DpiByidA

A
where,

aN, 0N, aN; ON,1"
By, = 1 2 1 2]

dx dy dy  Ox
5 — dNg N, 6N8+6N9]T
™= lox oy ay ox (A2)

dN; 0N, 6N3+6N4,]T

Bry = dox dy Jdy  0Ox

It is noted that the indexes ¢, m and b are used to represent the constraining, MRE and the basic
layers, respectively.

And for the bending term the associated matrix is yield as:

T

0%°Ns 32N, 92N,
Bbi = > > 2 > (A3)
ox?  0y? oxy
Also, the shear stiffness matrix of the MRE layer is defined as:
Ksm = hm f Bsm' GBgndA
A (A4)
B = N10]
sm Nll

Similarly, for the elemental mass matrix, the extension and bending stiffness terms are obtained
as:
T T
Mpe = pcth (Nl N1+ N; N3)dA
o = pohe [ (NN 4+ NJTN,)dA
A (A.S5)
T
Mom = Puhe fA (N Ng + NoTNo)dA

mp; = pihi[q N5TN5dA
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