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LEPSKT’'S METHOD AND ADAPTIVE ESTIMATION OF
NONLINEAR INTEGRAL FUNCTIONALS OF DENSITY

By RAJARSHI MUKHERJEE®"’ ERIC TCHETGEN
TcHETGENT?? AND JAMES RoBinsh??

We study the adaptive minimax estimation of non-linear integral
functionals of a density and extend the results obtained for linear and
quadratic functionals to general functionals. The typical rate optimal
non-adaptive minimax estimators of ”smooth” non-linear functionals
are higher order U-statistics. Since Lepski’s method requires tight
control of tails of such estimators, we bypass such calculations by a
modification of Lepski’s method which is applicable in such situa-
tions. As a necessary ingredient, we also provide a method to control
higher order moments of minimax estimator of cubic integral func-
tionals. Following a standard constrained risk inequality method, we
also show the optimality of our adaptation rates.

Introduction. Estimation of statistical functionals in nonparametric
problems has received considerable attention over the last few decades. Of
specific interest have been both linear and non-linear integral functionals of
an underlying density. For example, a large body of work has focused on
estimating the entropy of an underlying distribution. Beirlant et al. (1997)
provides an overview of results and related techniques. More recent works
include estimation of Rényi and Tsallis entropies (Leonenko and Seleznjev,
2010; Pal, Péczos and Szepesvéri, 2010). For more references and exam-
ples one can refer to Kandasamy et al. (2014). We consider a framework
for estimating such integral functionals of a density. In particular, suppose
X1,..., X, are ii.d on [0,1] with density f(z) with respect to Lebesgue
measure. We take f € H(S,C) where H(S,C) is a Holder ball of smooth-
ness f and radius C' > 0. We are interested in estimation of ¢(f) where
¢ : F :— R is a non-linear functional of density and F refers to the class
of all densities on [0, 1]. It is well known (Birgé and Massart, 1995) that if
é(f) = [ T(f(x))du(x), and T is sufficiently smooth, then the minimax rate
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and n~! for 8 > %.

There exits extensive literature addressing minimax estimation of linear
and quadratic functionals in density, white noise or nonparametric regres-
sion models. Although definitely not exhaustive, a comprehensive snapshot
of this immense body of work can be found in Bickel and Ritov (1988); Cai
and Low (2003, 2004, 2005); Donoho, Liu and MacGibbon (1990); Donoho
and Nussbaum (1990); Fan (1991); Hall and Marron (1987); Kerkyacharian
et al. (1996); Laurent et al. (1996) and other references therein. Most es-
timators proposed in the literature above, which attain the minimax rate
of convergence over certain smoothness classes of the underlying function,
depend explicitly on the knowledge of the smoothness index of the class. In
particular, a standard technique in estimation of these functionals is expand-
ing the infinite dimensional function of interest in an suitable orthonormal
basis of Ls3[0,1] and estimate an approximate functional created by trun-
cating the basis expansion at certain point. The point of truncation decides
the approximation error of the truncated functional as an surrogate for the
actual functional and depends on the smoothness of the function of interest
and approximation properties of the orthonormal basis used. This point of
truncation is then delicately balanced with the bias and variance of the re-
sulting estimator and therefore directly depends on the smoothness of the
function. Thus, it becomes of interest to understand the question of adap-
tive estimation i.e. the construction and analysis of estimators without prior
knowledge of the smoothness.

The question of adaptation of linear and quadratic functionals has been
studied in detail as well (Cai et al., 2005a,b; Cai and Low, 2006; Cai et al.,
2006, 2008; Efromovich and Low, 1994; Efromovich et al., 1996b; Efromovich
and Samarov, 2000; Giné and Nickl, 2008; Klemela and Tsybakov, 2001;
Laurent and Massart, 2000; Low, 1992) and references therein. However,
adaptive estimation of general non-linear functionals has not been addressed
in complete generality. In this paper we address the problem of adaptive
estimation of general smooth non-linear functionals of a density.

Robins et al. (2008) have developed a concrete theory for addressing mini-
max estimation of a class of non-linear functionals in certain non-parametric
and semi-parametric problems under low regularity smoothness conditions.
Following similar logic of construction Tchetgen et al. (2008) constructs a
minimax estimator of | f3du for B < %. The specific minimax estimator is a
third order U-statistics and the construction of the kernel depends explicitly
on the knowledge of the underlying smoothness. Based on the technique of
Birgé and Massart (1995) one can show that the minimax estimator of a gen-
eral non-linear functional ¢(f) = [ T'(f)dp for smooth T' can be constructed
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by using ideas from linear, quadratic and cubic functionals of the density
and appealing to a standard Taylor expansion argument. While producing
adaptive estimators of non-linear functionals as well, a similar strategy can
be followed and it becomes crucial to understand the adaptive estimation of
[ FPdp.

In our search for answers regarding [ f3du, we start with looking at
the general idea driving estimation of quadratic functionals of the density
ie. ¢(f) = [ f2dp. Giné and Nickl (2008) provide adaptive estimators of
quadratic functional ¢(f) where the estimators are based on certain types
of second order U-statistics with specific kernels. Our results provide a richer
class of estimators based on a compactly supported wavelet basis and is in
line with the theory established by Efromovich et al. (1996b); Giné and Nickl
(2008).

Unlike a quadratic functional, the minimax estimator for ¢(f) = [ f"dp is
in general a r*® order U-statistic. In order to apply regular Lepski’s Method
we will need to obtain suitable exponential deviation inequalities for higher
order U-statistics. Although, such moment inequalities do exist (Adamczak
et al., 2006), the bounds include complicated quantities which needs to be
controlled in a problem specific manner. To bypass such complications, we
employ a modification of Lepski’s method where we test for the smoothness
using our previously obtained second order U-statistics and use the selected
smoothness to estimate the required functional.

In this paper we focus on adaptation over the non—/n regime i.e. 5 < i;
although our proofs carries over easily for —y/n rangei.e. § > % as well where
adaptation is possible without paying a price and it is possible to achieve
asymptotic efficiency for 8 > %. Moreover, the case of higher dimensions
of X i.e. d > 1 can also be achieved by arguments similar to those in this
paper. A brief discussion of these possible extensions is given in Section 8.

The main contributions of this paper are as followed. This work extends
previous results obtained for linear and quadratic functionals to new adap-
tation theory for non-linear integral functionals of the density. In order to do
so, we develop a suitable variant of Lepski’s method which bypasses estab-
lishing exponential tail bounds for estimators of general non-linear integral
functionals. In applying this modified Lepski’s method, the main challenge
lies in obtaining suitable bounds on higher order moments of suitable es-
timators of general non-linear integral functionals. This requires control of
moments of higher order U-statistics based on orthogonal projection kernels.
We crucially use the structure of the projection kernels based on compactly
supported wavelet basis. Following ideas from Robins et al. (2015), we im-
plement a binning argument to keep track of membership of sampled obser-
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vations in partitions of the sample space created by a particular resolution
level of the wavelet expansion, and this turns out to be crucial in controlling
the higher order moments of our estimator at the right level.

We would like to mention that our proofs for analyzing adaptive estimator
of general nonlinear integral functional of the density uses projection kernels
based on Haar Basis expansion. We provide proof for general compactly
supported wavelet based procedure when analyzing the quadratic functional.
However, for analysis regarding general nonlinear integral functional of the
density, the requirement of Haar Basis arises at one specific instance in
the proof. We expect that similar results continue to hold for more general
compactly supported wavelets using arguments developed herein. However
we do not further consider other wavelet bases here.

The paper is organized as follows. In Section 1, we discuss Lepski’s method
the main idea of the paper. In Section 2, we introduce basic notations, termi-
nology and some theory about compactly supported wavelets we will need in
the sequel. In Section 3, we study the estimation of the quadratic functional
and provide a general class of adaptive estimators when the kernels of the
U-statistics are based on a class of compactly supported wavelet bases. Sec-
tion 4 is devoted to the development of a modified Lepski’s method suitable
for analyzing higher order moments of the density. We then use this results
to develop an adaptive estimator of [ f3du in section 5. Section 6 is used
to understand how construction of an adaptive estimator of a general non-
linear functional [ T'(f)dp for smooth T can be derived from our analyses
in Section 5. A lower bound on the required price of adaptation is provided
in Section 7. Section 8 contains some discussions and future work. Finally
all proofs are collected in the Appendix.

1. Lepski’s Method and Heuristics of the Main Idea.
The purpose of this section is to heuristically explain the main idea behind
modifying Lepski’s Method suitably in our context. We do this at level of
abstraction and do not provide formal results. Sections 4 and 5 are devoted
to making the heuristics of this section more precise. We begin with a dis-
cussion of Lepski’s Method as a recipe for producing adaptive estimators
from a sequence of candidate estimators. Our discussion is inspired by the
wonderful article of Birgé (2001). As astutely observed by Birgé (2001), Lep-
ski’s Method can be succinctly described in a relatively abstract set up as
follows.

Using notations in essence similar to Birgé (2001), consider a family of
experiment spaces {(x, B(x), P), P € Sp}pco for measurable space y, sigma
field B(x) and probability measure P in one of the parameter sets {Sp}gco.
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With an i.i.d sample of size n from such an experiment, we consider uniform
rates of convergence for estimation of certain objects of interest over these
parameter sets. In particular, suppose s : P — ) is an object of interest
for the experiment of interest with ) being a pseudo-metric space equipped
with pseudo-metric d(-,-). For a given estimator § based on sample of size
n of a required object of interest s, define its rate of convergence over Sy as
7(0,8) = supseg, Eo (d%(s,5)), where ¢ > 1. An estimator 5 is often called
(minimax) rate optimal over Sy if r(0, §) < r(0) := inf5r(6,3).

Now, starting from a family of rate optimal estimators {3y}gco, Lep-
ski’s Method provides a strategy for building a new estimator 6 which has
“good” performance simultaneously over all sets Sy, 0 € ©. Working under
the regime of estimating a whole function in the context of nonparametric
regression, Lepskii (1991, 1992, 1993) develop such a strategy. Later these
methods have been further used by Efromovich and Low (1994); Efromovich
et al. (1996b); Giné and Nickl (2008); Klemela and Tsybakov (2001) and
others for studying adaptation theory of linear and quadratic functionals in
nonparametric problems. The method can be summarized roughly in brief
as follows.

Suppose that © C R is a bounded subset such that Sy is non-decreasing
with respect to 6, the risks and minimax rates (6, S9), () are continuous
with respect to 6, and for each 6§ € ©, 3 a rate optimal estimator $y where
for large enough n, d?(s, Sp) is suitably concentrated around its expectation.
One then chooses, for each n, a suitable fine discretization 61 < ... <0y
of ® and finally for some large enough constant C define the candidate
estimator to be 393 where

j=1inf{j < K(n) : d%(3,,30,) < Cr(01,39,), VI € (j, K(n))}.

Let us try to intuitively elaborate on the method described above. In its
heart, the definition of j is devoted to choosing the “best” § from a a point
of view of the risk of the estimator of interest. Often, the “best” 6 is the one
corresponding to the unknown data generating mechanism and if ; selects
a value “close enough” to this 6 with high probability, then owing to the
continuity property of the risk, one obtains desired adaptive performance of
the final estimator §95_. The required high probability selection of the desired
6 is driven by the concentration of d%(s, §p) around its expectation.

Consider now a situation where suitable concentration of d(s, §9) around
its expectation is not easily achieved. This is often the case when the se-
quence of estimators {8g}pco is not sufficiently “nice” for application of
standard concentration inequalities. In such cases there can be two possi-
ble ways out. The first entails obtaining a sufficiently sharp concentration
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inequality for the sequence of estimators {5p}gce at hand. This is often an
important and difficult question in its own right, even outside the context
of the problem of adaptive estimation at hand. In certain cases however,
an alternative strategy might be available. This paper pursues the second
approach in the context of estimating a non-linear integral functional of a
density.

At a high level of abstraction, our method can be described as follows.
As mentioned earlier, the main challenge in applying Lepski’s Method is
obtaining a suitably sharp concentration of d?(s, $9) around its expectation.
However, suppose that there exists another sequence of estimators of a dif-
ferent object of interest s : P — ) with ) being a pseudo-metric space
equipped with pseudo-metric d( ) and corresponding sequence of estima-
tors sp with concentration of dq(s 39) around its expectation and a further
property that d(5y, 5¢/) and 7(0,35) equals d?(3g, $¢) and 7(6, §) up to mul-
tiplicative constants uniformly in (6,60') € © x ©. Our idea is to define

jo=int {j < K(n) : d(5a,. 5,) < OF(0,50,), VL€ (j, K ()}

and using $y. as our candidate estimator. Under some conditions on the ac-
tual sequence of estimators §y one then obtains desired adaptation properties
of the final estimator §93. These conditions on Sy needs to be less demanding
than sharp concentration of d4(s, $9) around its expectation, and this turns
out to be the case in our context.

To fix ideas, for our case the experiment space will be (x,B(x),P : P €
So)o = ([0,1], B([0,1]), P = fdu : f € H(B,C))ge, 1y; Le. parameter spaces
of interest are H (B, C') where (3 is identified with 9 in the discussion above
and the object of interest is s = [T(f)du based on i.i.d. observations
X1,..., X, from density f € H(B,C). As discussed earlier, the case of
quadratic functionals., i.e. T'(xz) = 22 has been studied in detail in the liter-
ature. In particular, one has suitable concentration of d?( i fldu, 5g) around
its expectation, where d(z1,22) = |21 — 22| for 21,22 € R and Eg is rate
optimal estimator of the quadratic functional. Such an estimator is often
a second order U-statistic, for which the desired concentration type results
can be obtained in reference to Giné, Latala and Zinn (2000); Houdré and
Reynaud-Bouret (2003). However, for estimating s = [ f3du, which is cru-
cial for understanding the general smooth non-linear functional problem, the
estimator sequence {sg} is a third order U-statistic. In general, for estimat-
ing s = [ f"du, the estimator sequence {sz} is a rth order U-statistic. In
order to apply the standard Lepski’s Method we will need to obtain suitable
exponential deviation inequalities for higher order U-statistics. Although,
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such moment inequalities exist (Adamczak et al., 2006), the bounds include
complicated quantities that must be controlled in a problem specific man-
ner. However, owing to Tchetgen et al. (2008), we observe that the biases
of the estimator sequence {sg} are within multiplicative constants of that
of the estimator for quadratic functional i.e. {sg} and their variances re-
main of same order as well. Since we are interested in estimation in squared

error norm, this motivates us to use j constructed using the estimator for
quadratic functional and analyzing sg. as our final estimator.

In Sections 3 and 4 below, we elal;orate on the ideas laid down above.
In particular, we provide a concrete example of the application of standard
Lepski’s Method while estimating quadratic functional of the density. Subse-
quently, we employ the modification of Lepski’s method as discussed above
to study adaptive estimation of more general non-linear integral functionals
of the density.

2. Notation. It is well known that without imposing restrictions on
function classes, consistent inference in non-parametric problems is not fea-
sible. Our results are stated in terms of certain regularity conditions on
the class of densities. We will place the following kind of bounds on their
roughness or complexity.

DEFINITION 2.1. A function h(-) with domain [0,1]% is said to belong to
a Holder ball H(B,C), with Hélder exponent > 0 and radius C' > 0, if and
only if h () is uniformly bounded by C, all partial derivatives of h(-) up to
order || exist and are bounded, and all partial derivatives VI8! of order

|B] satisfy

sup  |VPIn(z + 6z) — VBIn(2)| < )6z~ 1P1.
z,z+o6xc[0,1]¢

All our results are in terms of Holder balls. However, they are easily ex-
tendable to Sobolev balls . With some abuse of notation we will denote by
H () the class of functions in H (S, C) such that || f||cc < M* and fuin > M.
for known constants M* > M, > 0. Our results will be based on known
C, M*, M, only to the extent that these quantities will determine multi-
plicative constants of convergence rates obtained throughout. Adaptation
w.r.t. these parameters may be of interest, however beyond the scope of this
paper.

A crucial ingredient for constructing our estimators is the use of orthogo-
nal projection kernels onto increasing finite dimensional subspaces of Lo[0, 1].
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The construction of such kernels is based on a suitable choice of an orthonor-
mal basis of L[0,1]. With this in mind we provide a brief discussion on
orthogonal projection kernels and compactly supported wavelet bases.

The kernels (possibly dependent on n) are assumed to be measurable maps
K, :[0,1] x [0,1] — R that are symmetric in their arguments and satisfy
[ [ K2(z1,22)dx1dzy < oo for all n. The corresponding kernel operator
(which we denote by the same symbol with an abuse of notation)

Koh(x) = / h(w) K (2, v)dv

are continuous linear operators K, : L3[0, 1] — Ls[0, 1]. Throughout we will
work with kernels whose operator norms || K, | = sup{||K,f|l2 : [|fll2 < 1}
are uniformly bounded, i.e., sup,, || K| < oo. The operator norm || K,|| is
however typically much smaller than the L2[0, 1] x L2[0, 1] norm of the kernel.
In our case this will typically be of the order of k given by the dimension of
the projected space.

Kernels K,, most commonly used in statistical applications are usually
projection kernels. A projection kernel operator satisfies K,h = h for all
h in its range space' that is for any function f in the range of the kernel,

=[f(v (z,v)dv for a.e. x. For a given orthonormal basis e, eg, . ..
of L2[0 1], the orthogonal projection onto lin(eq, ..., ex) is the map Ky :
f— Z§:1<f, e;)e;. It is given by the kernel operator Ky, : Lo[0, 1] — L2[0, 1]
with kernel

k(z1,22) ej(x1)ej(za).

M?r‘

7=1
It is easy to show by orthonormality properties that ||Kx|| = 1and [ [ KZ =
k.
We now provide examples of orthogonal projection kernels that will be
used extensively throughout.

2.1. Haar Basis. For “father” and “mother” functions ¢(z) = Z(0, 1](x)
and ¥(x) = Z(0,1/2](z) —Z(1/2,1](x), the Haar basis is the set of functions
{p,ij +i = 0,1,...,5 = 0,1,...,2" — 1}, for ¢ j(x) = 2/%¢(2'x — j),
i=0,1,...,7=0,1,...,2" — 1. The Haar basis is a complete orthonormal
basis of L3[0,1]. The linear span of the first k = 27 basis elements {@, ¢; ; :
i=0,....,0 —1,j=0,...,20 — 1} is equal to the linear span of the scaled
and shifted father functions {1y ; : j =0,...,27 — 1} given by the kernel

2l 1

Kp(w1,m9) = Y d15(x1)¢r(w2)

J=0

http://biostats.bepress.com/harvardbiostat/paper195



k . .
-1 J—17
I —. .
—i3 (e () (e (5 )
2.2. Wavelets. Consider expansions of functions h € Ly(R) on an or-
thonormal basis of compactly supported bounded wavelets of the form

Z Z 1/]0] 1/}()] )+Z Z Z <ha¢23>¢5](~’5)7

jGZd UE{O 1}d =0 jGZd ”L)G{O,l}d—{(]}
(2.1)

where the base functions 7 ; are orthogonal for different indices (3,7, v)
and are scaled and translated versions of the 2¢ base functions Voo, 1€y

pi(T) = 2id/2w370(2i$ — 7). Such a wavelet basis can be obtained as tensor
products ¢, = ¢ X ... X ¢ of a given father wavelet #° and mother
wavelet ¢! in one dimension.

We are interested in functions f with support [0, 1]. In view of the compact
support of the wavelets, for each resolution level i and index v, only 2¢ base
elements wzj are non-zero on [0, 1]; let us denote the corresponding set of
indices j by j;. Truncating the expansion at resolution level ¢ = I then gives
an orthogonal projection on a subspace of dimension k of order 27. Let

Kk(xlny Z Z ¢0,J L1 w[)] T2 +ZZ¢ I 1/)7,] xQ)

j€Jo ve{0,1} =0 jeJ;

It is worth noting that we can re-express the wavelet expansion (2.1) to start
from a level I as

Z Z ¢I] wlj Z Z qzz)z,] T/h,; )

JEZ ve{0,1} i=I14+1j€Z

The projection kernel Kj sets the coefficients in the second sum equal to
zero and hence can also be expressed as

o) =Y > wb ()] ().

Jj€Jrve{0,1}
Owing to the discussion above, with some abuse of notation, we will work
with the definition of projection kernel as

Ky (z1,22) Z%,; 1) Pk j(22),

7j=1
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which will correspond to the orthogonal projection operator onto the first
O(logy k) wavelet basis. Owing to compactness of the support of wavelet
bases only a fixed O(k) many 1, ;’s will intersect [0, 1]. We have then con-
veniently renamed them as 1,...,k. This simplifies notation without loss
of generality. In particular, this is exact for Haar kernel since as previously
noted, we then have that

K
Ki(z,y) =Y (@) ()
=1

where ¢y, j(z) = VEI(z € (%,%)], j =1,...,k is the logy k level Haar
basis of Ls[0,1]. Also, for larger expressions involved in some proofs, we
often write vy, ; = 1/}{“ for convenience.

With these conventions, let us now discuss some approximation properties

of these projection kernels. Letting v := lin{¢y; : j = 1,...,k}, define

Fo(@) = Mievesgue (f17) = / £ (o) Ki(z, y)dy.

For convenience of notation, define

Qgj = /Wmf-

It is well known that (Hérdle et al., 1998), choosing 1y ;s to be the log, k
level compactly supported wavelet basis with suitable vanishing moment
conditions on the mother wavelet, one has that

sup  [|h — hyll2 S k7.
heH(3,C)

The results in this paper are mostly asymptotic in nature and thus re-
quires some standard asymptotic notations. If a,, and b,, are two sequences
of real numbers then a,, > b, (and a, < b,) implies that a,/b, — oo
(and a, /b, — 0) as n — oo, respectively. Similarly a,, 2 b, (and a, < b,)
implies that liminf a,, /b, = C for some C € (0, 00| (and limsup a, /b, = C
for some C' € [0,00)). Alternatively, a,, = o(b,) will also imply a,, < b,
and a,, = O(by,) will imply that lim sup a,, /b, = C for some C € [0,00)). Fi-
nally we comment briefly on the various constants appearing throughout the
text and proofs. Given that our primary results concern convergence rates
of various estimators, we will not emphasize the role of constants through-
out and rely on fairly generic notation throughout for such constants. Some
conventions we follow whenever required is a follows. Throughout the paper
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we denote by C(y, || f]|c) a non-negative constant that depends on a fixed
Yp (a function that can be taken as a majorant of both father and mother
wavelets in absolute value) and || f||c. Often, Cy, will denote a number
which depends only on . Hence if || f||oo is known to us, such constants are
deterministic and eventually can all be replaced by an universal constant
by taking suitable care of all possible constants appearing in this paper. Fi-
nally, we will also use C(¢o, || f||co, fmin) to denote numbers which depends
on o, ”f”oo;fmln only.

3. Lepski’s Method and Minimax Adaptive Estimation of ¢(f) =
[ f2dp.

By way of introduction, this section we will provide a concrete exam-
ple where Lepski’s Method applies in its standard form. For the sake of
simplicity, we will restrict ourselves to the adaptation over two parameter
spaces indexed by two smoothness classes £1 < [y < %. The more general
case can be addressed from our results in Section 3. However, before going
into further details, we need additional notation and a basic result which
drives the main idea behind Lepski’s Method. For our candidate sequence
of estimators, define

1
U = ——— 3 Ki(Xi, Xa),
n(n _ 1) i§2 ( 1 2)

k(B) = [nT],
2
Un,j = U?Skj)a kj = k(ﬁ]) = |Vn1+4ﬂj-‘7

1
(k*) N " n2 1+48;
UnJ,kakwj):(( ) 1.

logn

It is easy to show that, knowing the exact smoothness 3; one can readily
use Uy ; as a minimax rate optimal estimator of ¢(f). Asymptotic normal-
ity of the estimators, as stated by Lemma C.3, drives Lepski’s Method as
described in Section 2. Let,

2

Uno = U, ko= [nT5550 ],

n
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The method we now describe, is along the lines of Efromovich et al.
(1996b) suitably adapted to deal with our situation. Our goal is to choose a

data dependent k € {ko, k1} so that if we base our estimation on U,(Lk)7 the
mean squared error of estimation will be suitably controlled. In particular,

sup E [Ung - (f)] 2

1 2

< ZsupE{I{j— k} [Ung— w(f)] }
k=0 I

= Sl}p Ro(By) +Sljlcp R1(By)

We divide our study into two cases having two sub-cases each.
First, consider the case 8 = fy. Then, Ry(fp) achieves the minimax rate

since the truth is 5y and we are choosing y. Next we need to bound R ()
_ 8B
by n 4460 up to a potentially logarithmic factor. It is worth noting, that

along the lines of Efromovich et al. (1996b), since By corresponds to higher
smoothness regime, we do not need to pay the logarithmic price. The term
R1(Bo) corresponds to the scenario where the truth is 5y but the procedure
wrongly chooses 31 as the underlying smoothness. If this happens too often,
then the mean squared error will be sub-optimal. Therefore, our testing pro-
cedure should guarantee that type of error, i.e., choosing a lower smoothness
when the truth is a higher smoothness, does not happen too often. Since,

the probability of making such an error must reduce the mean squared error
_ 8681 _ 880
n 1461 down to n *%%o for any i, it must be of O(%) So the problem

boils down to designing a selection procedure so that probability of select-
ing the lower smoothness is O(=). If one can find a sequence of statistics 7T},

1

such that T,, converges Weaklynto N(0,1) "fast enough” under Sy and |T;,|
diverges polynomially in n under (31, then a simple test for selecting the
lower smoothness with required error rate is given by Z(7T,, > v/2logn). To
see this, note that, the probability of selecting the lower smoothness under
Bo is approximately Pr(|N(0,1)| > v/2logn) = O(%). Provided the approx-
imation in the CLT is also of the order of % we have achieved our goal for
this first case.

Considering the complementary case of 3 = (1, we will need the error
probability of selecting the wrong smoothness Pr(|T,| < y/2logn) to con-
verge to 0 “polynomially fast”. As we establish below, this can be achieved
with the right choice of test statistic. Finally, by Lemma C.3, a candidate
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T,, which satisfies the above mentioned properties is given by
Un,* - Un,O
Vary(Upx)

We now provide the exact technical details that justify the argument laid
down so far.
We start with a few further notations. Define

I(k1, k2) == (fry) — &(fry) k1 < ko,

corresponding to the difference in truncation bias at ki versus ko. With this
notation, it is easy to see that I(ko, k«) = O(kg%f) when the truth is 87. A
suitable estimator of I(kg, k) is indeed

f(kOa k*) = Un,* - Un,O-
We then have the following theorem.

THEOREM 3.1. For a deterministic constant C depending on the parent
wavelets, we have the following result. Let

5—I<ﬂ%xg>o¢mm¢&>

n

and let )

(ZS - Un,j
Then 2 .

" _ _SPo

sup By [6—o(f)] 50 T,
fEH (Bo)
n 2 461 8B
i [¢ - ¢(f)} < (logn) 461 1+451
feH(B1)

The proof can be found in the appendix. However, it is worth mentioning
that the two crucial ingredients of the proof is control of the error of testing
at a suitably vanishing level and bounding higher order central moments of
the non-adaptive minimax estimators dependent on non-random truncation
level k. These properties are both derived from exponential tail inequalities
for second order U-statistics using results of Giné, Latata and Zinn (2000);
Houdré and Reynaud-Bouret (2003). In particular, this is a typical structure
for most applications of Lepski’s method i.e. the treatment crucially relies
on some exponential inequalities for the deviations of the sequence of non-
adaptive minimax estimators (Birgé, 2001). For estimation of general non-
linear functionals this poses a challenge. The next section is devoted in
understanding a possible way out.
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4. A General Result by a Modification of Lepski’s Method.
The results of the previous section strictly hold only for the quadratic func-
tional ¢(f) = [ f 2dp so far. This is because, we have crucially used a devi-
ation inequality which only holds for degenerate second order U-statistics.
The minimax estimator for ¢(f) = [ f"du is in general a r*® order U-
statistic. In order to apply standard Lepski’s Method we will need to obtain
suitable exponential deviation inequalities for higher order U-statistics. Al-
though, such moment inequalities do exist (Adamczak et al., 2006), the
bounds include complicated quantities which needs to be controlled in a
problem specific manner. However, owing to Tchetgen et al. (2008), we
observe that the biases of candidate estimators are within multiplicative
constants of that of the estimator for quadratic functional and the vari-
ances remain of same order as well. Since we are interested in estimation in
squared error norm, this motivates us to use the idea discussed in Section 2
to construct our final estimator. We now explain this below.

For a given choice of d > 1, let N be the largest integer such that dV—1 <

n!~TElegn . Set k;_1 = d~ln for j = 1,..., N. This holds if and only if, (N —

1) < igiz (1 - @) and also that ’% =o(2). Now, for j =0,...,N —1,

2
define 3; to be the solution of k; = n'**% . This implies that 1+ 43; =
(;’—1)21?%’ j =0,...,N — 1. Also, note that by construction, ky <
k1 < ... < kny_1 and therefore, 5y > pf1 > ... > Bn_1. Also, a simple

calculation shows that, Sy_1 > W. Therefore, 1> Bo=>pB1>...>

BN-1 > ngn_l. Further, note that for all 0 < [y < Iy < N — 1, there

exists constants cp, ca such that 8, — 5, € |c1 lﬁ)glnl ,C2 1120;; . Further, define

1
k; 2\ T+45; k; . e .
kf=—39i1— = <1§ n) "% and R(k*) = ~%. This definition implies that
T logn ™ ® o
K 4[:?[274[3[1 -
2 1+4 1+4 .
for Iy > g, ki—} = (I:gn) WAL, . However, note that ki; might
2

not enjoy similar properties for certain ranges of [y > 5. Especially, for g
values within @ rate of each other, the corresponding k values do not
enjoy the above mentioned property. Let s* = s*(n) be the smallest integer

such that, k(Bs+)* > n. Finally, define
| i {j L I2(k K < C2lognR(K) V1> j,s" > j < N — 1}.

where Cop is a deterministic constant to be specified later and similar to
Section 3, I(kj, kl) = Ukl — Ukj for kj < k.
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THEOREM 4.1.  Suppose an estimator U, , of ¢(f) satisfies the following
properties.

1. For sufficiently large k,n and fized choice of ¢ > 1,

(U = B (U1 mpﬂ&amw—¢uw}écz@
fEH(B) "

Q=

max 4 sup E
fFEH(B)

2. There ezists fivred constants C1,Co such that for any f € H(B,C),
CiI(k1, ko) < I.(k1,ka) < Col(ky,ks),

for sufficiently large k1 < ko where I.(k1,k2) = E¢(Upi,) — Ef(Un ;)
and by our previous convention I(k1, ko) = [ f2 — [ f2..

Then for any [ € (0, i), we have that

2 _ .88 4B
sup 8y |(Unss = o1))°| £ 0 togar®,
fEH(B,C) ’

Some remarks are in order about the implications of the theorem above. It
says that if a sequence of estimators, having common index with the minimax
estimator of the quadratic functional, has bias and higher order moments
of the same order of magnitude as the quadratic functional estimator, then
following the discussion in Section 1, the new sequence of estimators also
shares the same rate of convergence towards its corresponding functional
simultaneously over the functional spaces which dictates the adaptation of
the quadratic functional. Establishing an equivalence in the order of the bias
for these functionals requires fairly standard arguments. The main challenge
lies in obtaining suitable bounds on higher order moments of these estima-
tors. This requires control of moments of higher order U-statistics based on
orthogonal projection kernels. We crucially use the structure of the projec-
tion kernels based on compactly supported wavelet basis. Following ideas
from Robins et al. (2015), we implement a binning argument to keep track
of membership of sampled observations in partitions of the sample space cre-
ated by a particular resolution level of the wavelet expansion, and this turns
out to be crucial in controlling the higher order moments of our estimator
at the right level.

5. Minimax Adaptive Estimation of [ f3dpu.
As mentioned earlier, based on the technique of Birgé and Massart (1995)
one can show that the minimax estimator of a general non-linear functional
&(f) = [ T(f)du for smooth T can be constructed by using ideas from linear,
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quadratic and cubic functionals of the density and appealing to a standard
Taylor expansion argument. While producing adaptive estimators of non-
linear functionals as well, a similar strategy can be followed and it becomes
crucial to understand the adaptive estimation of [ f3du. In particular, a
non-adaptive minimax rate optimal estimator of ¢ (f) = [ f3dpu is given by

Ok ko ks = Vi {ffkl,kg,m (Xisz'z?Xig)}
=V, [/ K, (z, Xi,) Kk, (x, Xiy) Ki, (x, Xiy) daz}
+ 3V, /Kkl (vaZd) (Kks (maXiz) - Kk1 (valé)) Kk1 (x7Xi3) d$:|

30 | [ Ky 00 (i (2, X2) = Ky X)) (i (i) = K (2, X) dx]
[ (Kkz (vail) - Kkl ( ) Z1>) (Kkz (x Xlz) Kk'l (x7Xi2)) v
3V /< (K, (3, Xi) — Ky (2, X)) )d]

[t e el Yo

i

where ky = k1 (8) ~ n, n(3/2-20)/(1+40) < ko = Ky (B) < n(3/2+28)/(1+48)
and k3 = k3 (8) ~ n?/(+48) and V,, (h(X,,, Xi,, X;,)) corresponds to to the

U-statistic based on hi.e. V,, (h(X;,, Xy, Xiy)) = m A 7&2#‘ M Xy, Xy, Xig);
i1 F12713

see Tchetgen et al. (2008) for more details. By Tchetgen et al. (2008), the

bias of this estimator is given by

Ef (St (8120103 ) — 9()

= [ = ) +3 [ s = ) G = o)+ [ (7= £2)
(5.1)

which is dominated by
3 3 =28 < Ckg
(f - fk?,) ~R3 = ﬁ
Now note that,

sup |Ef($ 2) (2) ,.(2) _Ef(ﬁg W |~ (/@(1))_%, (5.2)
FEH(B,0) ki ks kg ki ks ey 3
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whenever k(1) = (kzgl), kzél), k§1)> < k@ = (ng), k§2), k§2)> where we say
vy < vy for two vectors vi,v2 € Ry whenever maxv; < maxwvs. As shown
by Tchetgen et al. (2008), the variance is also dominated by Z—% Therefore,
similar to the discussion in Section 2, the bias and variance of the candidate
estimator is similar to that of the estimator of the quadratic functional of
the density. We will use this fact to produce an adaptive estimator. The next
result is the main result of this section and helps us apply Theorem 4.1 to
construct an adaptive estimator of ¢(f) = [ f3dpu.

THEOREM 5.1. For any k1 < ko < k3 as above, one has for all suffi-
ciently large n,

~ ~ 2¢q ks \?
Ey (Okikoks = Eg (Phidaks ) < Cllbolloos |1l fnin) (ni) :

whenever the projection kernels in the construction are based on the Haar
Basts.

Now combining (5.1), (5.2), Theorem 5.1 with Theorem 4.1, we can con-
struct an adaptive estimator of cubic integral functional as follows.

We use the ideas laid down heuristically in Section 2 and detailed in
Section 4. In particular, fix a d > 1. Let N be the largest integer such

that dV-1 < nlfloglgogn. Set lj_1 = d’~'n for j = 1,...,N. Now, for j =
2
0,...,N — 1, define §; to be the solution of I; = n'**. Further, define

1
. . I
Ir= S S (107;,2”) "% and R(l7) = ;5. Let s* = s*(n) be the smallest

10gn1+4ﬁj

integer such that, {(8s«)* > n. Finally, define

g {j L 12(15,05,) < G2 dognR(k:,) ¥ om > j,s* > j < N — 1} .

where Cyp will be a deterministic constant and similar to Section 3, I (i, lm) =
U, — Uy, for lj < lp,. Now let

¢ - qbkAl,kE,k%’

3
§+2»33

A ~ 1748, ~
where k1 ~n, ko ~n 455 andkgwl;f.
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THEOREM 5.2. Consider projection kernels based on Haar wavelets. The

estimator ¢ of ¢(f) = [ f3 satisfies for any B € (0, i),

n 2 __88_ _48
sup By |(6-0(1)’] £ 0 1ognth
fEH(B,C)

for some deterministic Copt (depending only on parent wavelets and || f|so ).

REMARK 5.3. For the proof of Theorem 5.1, the requirement of Haar
wavelet arises at one specific instance in the proof. We expect that similar
results continue to hold for more general compactly supported wavelets us-
ing arguments developed herein. However we do not further consider other
wavelet bases.

6. Minimax Adaptive Estimation of [ T(f)dpu.

We now discuss adaptive estimation of a more general integral functional
of the density. As mentioned earlier that such functionals arise naturally
in information theory. In particular, a large body of work has focused on
estimating the Shannon entropy (Beirlant et al., 1997) and more recent works
include estimation of Renyi and Tsallis entropies (Leonenko and Seleznjev,
2010; Pal, Péczos and Szepesvari, 2010). As mentioned, we will use ideas
developed so far for adaptive estimation of up to cubic functionals to come
up with an adaptive estimator of smooth non-linear functionals. We only
sketch the idea here and omit technical details. In particular, suppose that
T (f) admits an expansion around f; such that

T(f)(x) =T (fo) () + T (fo) (@) (f () = fo (2)) + T (fo) (f (z) = fo (x))?
+ T (fo) (£ (@) = fo (@))* + 0 ((f @) = fo (@))*)

as f (z) = fo(x). The idea now is to sample split and obtain an adaptive
estimator f (z) of f (z) so that (f(x) —f (x)) = O, (n=2%/(1428))  Next,

s(N=[T(F) @+ [19(F) @ (1@ -F@)+ [19(F) (@) - F)
+[19(07) (0 -F) +o ([ (r@-Fw)").

~ 4
Note that, [ (f (x)—f (:c)) = Op (n=3/(+29)) = o, (n=86/(1+49))  There-
fore, we need only learn how to adapt to functionals of the form [ g4 (f) f(z)+
[ g2 (f) I (ac)2 + [ g3 (f) f (x)3 . The linear functional estimation theory is
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well understood and the quadratic or cubic terms are rather straightforward
generalizations of our statistics. For the quadratic term for instance, use

YV [f g2 (f) (x) Ky, (z, X;,) Ky (z, X;,) dz| instead of the one used earlier.

7. Adaptation Lower bound for Estimation of [ T'(f)dpu.
In this section, we implement ideas similar to Efromovich et al. (1996a) to
provide a lower bound on the required price to be paid for adaptation over
b < %. Efromovich et al. (1996a) proved that, while estimating a quadratic
functional of the density, if an estimator achieves a parametric rate for g > %

then it must incur a heavier penalty than (log n)% for g < %. Here we
provide a result of similar flavor regarding constraints on estimation rates
at two points [, f2 < i.

We begin by describing the main tool in our proof, which is a general
version of constrained risk inequality due to Cai et al. (2011), obtained as
an extension of Brown et al. (1996). For the sake of completeness, begin with
a Summary of these results. Suppose Z has distribution Py where 6 belongs
to some parameter space O. Let Q = Q(Z) be an estimator of a function
Q(0) based on Z with bias B() := E¢(Q) — Q(6). Now suppose that Oy and
01 form a disjoint partition of © with priors my and m; supported on them
respectively. Also, let y; = [ Q(0)dm; and o7 = [(Q(0) — pi)*dmi, i = 0,1 be
the mean and variance of Q(6) under the two priors my and 7;. Letting ; be
the marginal density with respect to some common dominating measure of
Z under 7;, i = 0,1, let us denote by E.(¢(Z)) the expectation of g(Z) with
respect to the marginal density of Z under prior 7wy and distinguish it from
Eg(g(Z)), which is the expectation under Py. Lastly, denote the chi-square

1
2) 2
divergence between vy and v, by x = {Evo (% — ) } . Then we have the

following result.

PROPOSITION 7.1 (Cai et al. (2011)). If [ Eg (Q(2) ~ Q(0)) dro(6) <

€2, then

| / B(6)dm (6) — / B©@)dno(0)] > |1 — ol — (e + o0)x.

Since the maximum risk is always at least as large as the average risk,
this immediately yields a lower bound on the minimax risk. In order to use
this result, we will need to produce suitable priors on appropriate parameter
spaces, so that we capture the price needed for adaptation. Since the uniform
density fo = Z(0,1) is in all the smoothness classes we consider here, we take
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©p = { fén)} and the prior my = ¢ POL the dirac mass at the uniform density.
0

Here and below f(™ refers to the joint density of X1, ..., X, which are i.i.d
with density f. Now let us construct the alternative parameter space along
the lines of Efromovich et al. (1996a), which in turn relies on Ingster (1987).
Take h to be a function supported on [0,1] such that [h = 0, [h? = ¢
for some ¢ > 0 to be specified later, h € H(1,C), and 1 + h > 0. Let
vn, be an increasing sequence of positive integers, to be specified later up
to multiplicative constants, and denote by @ the vector (ag,...,a,,—1) €
{—1,+1}". Now define

vp—1

fa=fo+ Z aivgﬁh(vnx — i),

=0

and let ©; = {fﬁ(n) :a € {—1,+1}"}. First,note that by construction one
always has fz € H(B,C). Finally let m be the uniform prior putting -
mass at each point of ©1. In order to apply Proposition 7.1, we evaluate the
following quantities. Using the notation introduced earlier,

o = / T(fo(z))dz = T(1)
and o = 0. Also,

vn—1
= 2% Z /T <f0($) + ; a;v;, Ph(vpa — z)) dz.

ae{-1,+1}n
Therefore

1
1 = hol = 55 E

ac{—-1,+1}"»

vp—1
/ T (1 + Z a;v, Ph(vpz — z)) —-T(1)
1=0

Now by Taylor expansion, for each @,

vp—1
/ T (1 + > aw, Ph(vez — i)) —T(1)
=0

vp—1 vp—1 2
— 1K ) Z a;v;? / h(vpz —i)dx + T”(l)/ [Z a;iv; Ph(vpa — z)] dx
=0 =0

3
dx where [|§ — 1] <1

vp—1

+ [ 1) [Z a0y h(vaz 1)
1=0
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Z CTU,,ZQB

for some constant Cr > 0 depending only on 7. The above calculations
follow by the inclusion of the support of h in [0, 1], boundedness of h and
standard change of variables. Therefore, |p1 — po| > Cvup 26 as well, where
we have dropped the subscript 71" for notational convenience. Now suppose

__4p*
> 13* 1

that the bias at fj is smaller than ¢, < ( & for some g* <

Vioew i
Then for any for any 3 < *, we have by proportion 7.1 that [ B(#)dmr(6) >
Cup 28 _ enX- Therefore, if we can show that for v, = (#gn) 7 one has
X < nf, then one gets the desired rate for the incurred penalty by choosing ¢
small enough. This can be derived following the arguments in Ingster (1987).
Therefore, we have sketched the proof of the following theorem.

THEOREM 7.2. Suppose one has

48*
R 2 n2 \ " THEE
o & (9-000) 5 (1)
FeH(8") f< ) logn

for an estimator ¢ of o(f) = [T(f)dp with T having bounded third deriva-
tive. Then for any B > B*,

N 2 n2 *%
sw Er (6-0(f)) 2 (1 ) .
feH(B) ogn
8. Discussions. Our results are all provided for one dimension d = 1
corresponding to a low smoothness regime § < %. Although we do not

provide explicit details, our proofs can be easily extended to incorporate the
case of d > 1 and to consider /n rate of convergence of the constructed
estimators for 8 > %. The case of § = % is a little more subtle; however
this also can be done by adding one more level of discretization near the
truncation level k = n. Since, the crux of the arguments remain the same,
we do not elaborate on such proofs here.

Following the idea of possibly modifying Lepski’s method to include a
larger class of mechanisms to choose a tuning parameter for adaptive es-
timation, another potentially interesting question is to investigate which
method provides a better performance- either in a finite sample sense or
regarding constants of asymptotic mean squared error. Finally, the study of

adaptive non-parametric divergence and entropy based on more than one
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densities is also of interest. Since, the quadratic functional estimator is a U-
statistics is based on a bounded kernel, the results of Houdré and Reynaud-
Bouret (2003) were readily applicable for deriving a suitable exponential tail
bound. It is worth exploring how to modify such arguments for second or-
der U-statistics estimators that arise in context of non-parametric regression
problems and fail to be bounded in case of unbounded error distributions.
We keep the study of such questions for possible future research.

APPENDIX A: PROOF OF THEOREMS
Proof of Theorem 3.1.

PROOF. Recall that,

SI}p E {Ung —¢ (f)} i

>k {I {i=r}[v.5-0 (f)]Q}

= s1}p Ro(Bf) + Sl}P R1(By)

IN

Higher Smoothness (8 = o).
(i) First let us consider,

sup Ro(Bo) = sup By [Z(j = 0) (Uno — 6(/))’]
f feH (Bo)

2 — 88
< sup Ej |:(Un,0 - o(f)) ] Sno TR
feH (o)

by our choice of U, g.

(ii) Next we consider supycp(g,) £1(80). For this part, we will bound
R1(By) from above uniformly in all f € H(fy). First note that by Holder’s
Inequality, for any conjugate pair (p,q) we have

Ra(fo) = By [T = 1) (U1 — 6(/))?]
< {7 (6= )} {&) [Wur - 0]}

85
The proof of sup s gr(g,) B1(Bo0) S n” T now follows by the following two
lemmas.
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LEMMA A.1. For kernels based on compactly supported wavelet bases,

S|

sup Py (I(7=1)) 5
feH (Bo)

LEMMA A.2. For kernels based on compactly supported wavelet bases,

i (507

Lower Smoothness (B5 = fB1).

(i) First note that,

sup Ri(Br) = sup Ef |Z(j = 1) (Una = 6(F))’]
f feH(B1)

881

< sup Ej [(Um — ¢(f))2] Sno A
fEH(B1)

by our choice of U, ;.

(ii) Now,

Ra() =57 (1{P o k) < Cia() S | 00— 0 (1),

We consider three cases as below with v, = In(n)~1/®%1+2) In the calcula-
tions below C,C",C",C" are arbitrary constants which can be chosen for
the calculations to be valid and can change from place to place. Also for
controlling higher order moments of related second order U-statistics below,
we use results along the lines of Lemma A.2 with obvious modifications to
the proof.

Case 1: I? (ko, k%) > C' (1 + vy) In (n) L1

n

In this case we have,

Ro(B)
— &y (1{P i) < () 1 {2 rok) > ¢ v 5 00 1))
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< By (1 {1 ko, k) = T(ho, ) > (C"vi) T (ko, k) |} [Uno = 6 (£)]?))
< O (t Gho b)) (1 k)~ (k0 k0)) U =6 (1))

1"

< " o (ho k)2 B ( (1 (o k9) = T (kD) ) B2 (100 - 6 (1))

/.

< C" (val (ko k7)) % (n2kY) (I (ko, k7) + (k;)—zﬁl)z <" ()2 (k)

n2 N\ M/(1+481) 881
= " In(n)V/ AT [ —— n~2 ="+ =2 = oM T
In (n)
Case 2: I? (ko k}) < CX;
In this case,
88
Ef( o — & ) 4,31 7\/]2(]4;0,]{:1)—{—kf<0n 1+4161
Case 3: I2 (ko, k}) < C (1 + 1) In (n) 5} and I2 (ko, k) < C%

_ k " k
2 (ho k7)o (1) + 53 ) € (1 )+ )4+ 1)

n (n)l 1/(1+4B1) \, =861/ (14481) — "), =8B1/(1+4B1) |y (n)451/(1+451) ]

In this case, I? (ko, k7) < (1 + ) In (n) n—i; and I? (ko, k1) > 2, so that
Ey ([Un,ﬁ -
"1

<"
O

Proof of Theorem 4.1.

PROOF. Suppose (5 € (Bj4+1,5;]. Let I(C*) be the largest [ such that
I?(kf, k%) > C*log nR(k7). Let us explain the reason for existence of such

1"y
.. . I2(k* k*
an l.(C*). Note that it is enough to show that the ratio Wnﬁty(l)ﬁ)
J

bounded by a quantity that [ increases through positive integers. By our

is upper

2(k* k) .
choice of B € (Bj+1,5;], we have that Wnnf(;&) is at most a constant
J
(k7)o a1 . . oo 8B 8Bj+1
times = . The power of this ration is —-2 1 hich indeed
im " power of n in this ration is 1355 — 73%5 which in

nZ
decreases as [ increases. Also, note that trivially I.(C*) < j. Also, by defini-
tion of I.(C*), for any I < l., I*(k} . k7) > C*lognR(k}) and for I > 1.(C*),
I (K}, k) < C*lognR(k}). Our proof relies on the fact that the testing pro-
cedure does not select an index | < 1.(C*) or [ > j+ 1 with high probability.

This is captured by the following two lemmas.

http://biostats.bepress.com/harvardbiostat/paper195



25

LEMMA A.3. For kernels based on compactly supported wavelet bases,

- Cyo
sup Pylj=1) < —,
fEH(B) < ) n

Jor any 1 <1.(C*) whenever C* > 4C3;.

LEMMA A.4. For kernels based on compactly supported wavelet bases,

) C
sup Py (j2j+2) < %o,
fEH(B) n

whenever C* > 4C’§pt.

Let us first complete the proof of Theorem 4.1 assuming the validity of
Lemmas A.3 and A.4. Note that,

E; [(Unkj _ ¢(f))2] = :iZ:]Ef [I(j' =1) (Un,kl* - ¢(f))2]

=T+ T+ Ts, (Al)
1le(C¥) R 2 J+1 R 2
whereTh = 3 Ey [I(j =1) (UnJﬁ* — gb(f)) :|,T2 = >, Ef [I(j =1) (Un,kl* - ¢(f)> ]
=5 1=1(C*)+1

N—1
and 75 = ). Ef [I(j =1) (Un:kz* - ¢(f)>2] In the following we control
o 86¢ 4b¢

the terms T}, h = 1,2, 3 individually at = ***°f logn"*’f to show the de-
sired result modulo the proofs of the above two lemmas. We then finish the
proof by proving the lemmas. For the following let (p,q) denote a pair of
positive real numbers such that 1 + 1 = 1. The specific choices of the pair
will be clear from the proof. In particular, we will always choose ¢ to be an
integer and p will be sufficiently close to 1.

Control of Tj.

L(C*) )
Ti= Y By 26 =1 (Ui o)’

IN
£
3
*
~
Y=
o
<o
I
~
—
=
Q=
—
~/~
g
e
~x
|
-
Yy
~
N—
—
o
Q
(I
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26

1.(C*) 1 1

C r [ EkF o~ C P

< 3 () [ oo e (S)
l=s*

where the second last inequality above follows from Lemma A.3 and con-
dition 2 of the theorem, and the last inequality follows from the choice of
N < logn. Therefore for p sufficiently close to 1, we have desired control
over T7.

Control of T5.

j+1 ) ) 41 L . 2
= > K [I(j = 1) (Ungs = 0()) ] < > P(i=1)E [(Un,k; - o(f)) }
I1=l.(C*)+1 I=l.(C*)+1
1 2q
J+1 1, Efq [ Un,kl* —Ef Un,kl* :|
<y Z P? (j = l) 1 ( gq )? 2q
I=lc(C*)+1 +E} [(Ef (Un,kl*) —Ey (Unk])) ] +E? [(Un,k; - ¢(f)> }
Jj+1 1, L L
<C, Y, P} (j:l) {ng+13(k;,k;‘)+n§+(k;)—2ﬁf}
I=1.(C*)+1
J+1 i, k* k*
<c, > P (j:z) {ng+12(k;,k7)+ng}
I1=l.(C*)+1
Jj+1 1
< C,C7lognR(K) Y. PY (j' - z) < C,C* log nR(kY).
I=1(C*)+1

Above, the fourth last inequality follows from condition 1 of the theorem,

the third last inequality follows condition 2 of the theorem and using the fact
26528541

that 811 < By < B; (which implies that (k;)*zﬁf < (k,‘;‘)*wf (i> g

logn

IN

k¥ _C kX
C—gneen < C'—4). The second last inequality follows from our choice of
Jtl X
[c(C*). The last inequality follows since > Py (j = l> < 1, we have
l:lc(C*)+1
Jj+1 1,
that for p sufficiently close to 1, one also must have that > IP’]’Z ( ] = l) <
l:lc(C*)+1
_ 88y s
1. Finally noting that C,C*lognR(k}) < n 455 logn ™75 completes the
required control T5.
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Control of T3.

15 = Z Ef [I(j =1) (Un,k; - ¢(f)>2]
I=j+2
N—-1 1 1
<Y P (i=1)E; [(Un,k; —¢<f>)2q}
I=j+2
N ey \ v [k Cuo\ 7
< 3 (G) B+ ] <rogn ()
I=j+2

where the second last inequality above follows from Lemma A.4 and con-
dition 2 of the theorem, and the last inequality follows from the choice of
N < logn. Therefore for p sufficiently close to 1, we have desired control
over T7. OJ

Proof of Theorem 5.1.

PROOF. The idea of proof is similar to the second proof of A.2. However,
the computations are much more cumbersome since ow we control moments
of a third order U-statistics.

We decompose U, 1 as,

wk‘hkg,k‘g, — Vn,l + Rn,la

where

1 . Mn
Vn,l = n(n — 1)(n — 2) Z {K(Xi,Xj,XS)I((XZ',Xj,XS) S U Xn,m X Xnm X Xn,m)}

i#j#s m=1
and R
Rn,l = ¢]€1,k2,k’3 - Vn,l-

The sets xnm,m = 1,..., M, are constructed according to Robins et al.
(2015). Therefore, for Haar basis in one dimension, we can take M,, = n and

- [mT_17 o) for m = 1,..., M,,. Therefore,

Ey [(@kl,kg,kg . Ef(lzkl,kg,kg))%] <, {Ef [(Vn,l - Ef(le))zq} +Ey [(Rn,l - Ef(Rn,l))2q”

Below, we only control the first summand i.e. Ef [(Vn’l — Ef(le))Qq} which

suffices for Haar basis. However, for non-Haar bases this is not sufficient. We
believe, that for non-Haar bases one can show that the second summand has
sub-optimal rate.
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Control of Eg [(Vn,1 — E¢(Vi1) )2‘1} .
Write Vi, 1 = 2%21 Via,m with

1
Vnm:

ey gy > K(Xi, X5, X)Z((Xi, X5, Xa) € Xnm X Xonm X Xnm)-

i#js

Following Robins et al. (2015), we define the following membership based
quantities. Let,

Iy =mit Xo € xpm, 7=1,...,n, m=1,..., My,
Ny i=#(r: L, =m).

Then, (Npm,1 <m < M,) ~ Multinomial(pym, 1 < m < M,), where

DPnm = f(z)dx.

Xn,m

Note that pp ., € [fm‘“ Hf”‘"’] where fuin = min f(z). Given the vector

n '’ n
I, = (In1,-..,In M, ), the observations Xi,..., X, are independent with
Lp.mdF

. Now,
Pn,m

distribution of X,|I, , = m being

Ey |(Vir — By (V)]

Er [(Vir — By (Vo[ 1))

<, ,
+Ey [(Ef(vn,l L,) - Ef(vn,l)) q]

Control of E¢ [(Ef(VnJ_‘In) — Ef(le))zq].
Now, note that,

M,
~ Nn,m(Nn,m - 1)(Nn,m - 2)
Ef(vnyl‘l’n) r Ef(‘/n,l) = Z < n(n — 1)(n — 2)p3 — 1) anm,

m=1

where Qn.m = f f[?(:l?l,l'z,l'g)z((xl,l?, 733) S Xn,mXXn,mXXn,m)d(F(l‘l))d(F(mQ))d(F(l‘?)))'
The next lemma provides control of the terms a, p,.

LEMMA A.5.  For compactly supported wavelet bases one has

C(%os || fllso)
M,

max |Qu m| <
m

http://biostats.bepress.com/harvardbiostat/paper195



29

Therefore, we have S M |a, 1| < Cyy. Now, since Ny, ’s are negatively
associated (see definition in Joag-Dev and Proschan (1983)), we have by
Theorem 2 of Shao (2000) followed by Marcinkiewicz Zygmund inequality
that,

By [(By (VaalTa) = By (Vi)™

M 2q
1 & [ Nopn(Npm — DNy — 2) )
=K — ’ : ’ -1 n,m M1
! <Mn Z{ n(n—1D(n—2)p o "

m=1

My, 2
-5 1 Nin(Nin — 1) (Nnm — 2) 1
< C M2M, > — Y E ( i : —-1 a2
M, mz::l T\ nn—1)(n—2)p3 mm
My,
SCIMED T anml™ (A.2)
- q n n,m .
m=1
M,
< M Hmax(anm) 97 Janm| < CF M {max(an,m) 1277
m=1

In the above display, equation A.2 follows from Lemma 5.6 of Robins et al.

21
(2015). Now, by Lemma A.5, {max(cu, m) 12771 < (C(¥o, || flleo))? ! (ﬁn) =

q q
Therefore, By | (E¢(Va|L) = (V)| < (Cuullflloo)7 ()" < (Cunllf ) (&)
for our choice of M,, < n.

Control of Eg¢ [(Vn,l — Ef(Vn,1|In))2q]'

Suppose, Vy, m = Vn(l,zl + Vn(2n)1 + Vn(?’%E F(Va,m|I) denote the Hoeffding de-

composition of V;, ,, w.r.t the conditional distribution given I,,. Therefore,

m=1

My 2q
Ey |(Vaa = By (Va1 IL2))| = By (Z (Vi + v+ Vé%})

Note that Ey (ViihlL,) = 0, By (Vih[1,) = 0, By (Vih/T,) = 0 and they
are independent over m conditional on I,,. Hence by a conditional version
of Rosenthal’s Inequality (noting that the constants of the inequality does
not depend on the underlying distribution), we have

M, 2q
E; (Z (Vi + v, + Vé;ﬁl})

m=1
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2q
2

m=1

N

q

m=1

Moy, My, 2
=Co | DBy (V0 + V& + VL) + By {Z By (Vi + Vi + VA%FIn)}
m=1

v —

n,m

(A.3)

Below we control

[\

q

My, M, 2
S By (V0 + V2 + VL) and &y {Z By (VL0 + V2 + vg%|2|1n)}

m=1 m=1

separately, at the required rate.

Control of Zﬂl/lil E¢ (|V1(‘111)n + V£121)n + Vr(fr)n|2q) .
(2)

We now provide a general control over terms like E <|V75172L + Vam + Vn(?;)ﬁ?q) .

To this end, note that, it is enough to control E; ((VTE}%)Q‘I), Ef (( 75,277)1)2‘1),

and E ((Vé%)%) separately. We have dropped the absolute value sign as-
suming without loss of generality that ¢ is a sufficiently large integer.
Control of E¢ ((VE},Zn)ZQ).

Note that, by Hoeffding decomposition of U-statistics with asymmetric

kernel, we have

Nn,m(Nn,m - 1)(Nn,m B 2)
nn—1)(n—2)

Efy fx. | K (Xi X5, Xo) T((Xi, X5, X)) € Xagn X X X X)L
7, K (X5, X, X)) Z((Xi2 X5, X) € Xoum X Xnm X Xnm) [T
N | By [ (G Xi, X) T((Xi, X, Xs) € Xam X X X Yo
Ni,m 2 TEfx, fx, f:f (Xsy Xiy X5) Z((Xi, X, Xs) € Xnym X Xnm X xn,m)lln:
| B [B(XG, X, Xa) T((XG, X, Xs) € Xnam X Xnm X Xnm ) [T
+Efx; fx. K (X, X, Xi) Z((Xi, X, Xs) € Xnym X Xnym X X[ Tn)
6B [ K (X5, X;, X2 T((X5, X7, X.) € Xnm X Xoum X Xm) Tn|
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By an application of conditional version of Marcinkiewicz Zygmund In-
equality (noting that the constants of the inequality does not depend on the
underlying distribution) we have that

v ()

< ¢, Nt (N = 1) (N = 2% N =
n2q( 1)%(n — ) ¢ Nom
Ery, sx, [K (X0 X X (X2 X2 Xe) € Xon X X X Xn)la] ]
+E g, | K (Xi Xy X5) T((Xi, Xy Xs) € Xngn X X X X)L
Novm ey, 1x. R (X, Xi, X,) T((Xi, X5 Xs) € X X Xugm X X | Tn |
STEr | tEr g [K (X X0 X) (X0 X, X € X % X X Xa)Ta| ¢ | T
= +Eij,fxs -K (XJ7X57X )I((XivXj7Xs) € Xn,m X Xn,m X Xn,m)\:[n-
FEp g, |K (X X5 X0 T((X5, X, X,) € X X X X X)L
~6B [ K (X1, X5, X)) Z((X0 X, Xe) € X X X % o) ]

_2q
N (N — 1)24( Ny — 2)%0 Ny 2

B VT RN N T ) TR A
Ey ({Efx.,fxs [f( (X3, Xy, X) Z((X3, X, Xs) € Xongm X Xy X Xn,m)|1n} }2q IIn>
+E¢ {Efx ofxs f( (Xi,stXj)I((Xi’XjaXS) € Xn,m X Xn,m X Xn,m)’In: }2‘1
N | 48y ({Bp s [R (OG0 X X TX0 X5, X0) € X X X X )]} 1L
| By ({Bp i, [R (X X X5) T((X0, X5 Xs) € X X X % X)L }2q
4By ({Bre, [K (O, X0 X) (X0 X X) € X X X % X To] }2q
4y ({Epa e, [ (X0, X X0 T3, X5 X2) € X X X X X T} 1T
(A1)

Above, the last inequality follows from conditional Jensen’s Inequality. A
typical term in the above summand looks like

2q

4q+1/ /nm/nm/zzz ( ¢ ¢(x(1)1§f(( ))1?(:6(3) 2) ) drdradrs|  f(z1)dzy
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(A.5)

for some tuple ki, ko, k3. To evaluate each of the above, we consider three
different ordering of k1, ko, k3. Let us consider the the integrals in the square
bracket first. Since here x1 is fixed, we look for the subinterval of resolution
k1 where x1 lies. In each of the cases we look at the specific subinterval
containing z for every fixed x1. Further this subinterval needs to intersect
Xn,m- Say, we index that by k;. Call this subinterval S, (z1). Taking the in-
tegral inside the sum over location parameters, we have that each summand

is bounded by C/(%y, ]\f\\m)#m For each fixed x;, the number

of summands contributing will be bounded by Cw()%l’ka”%). Therefore,
whichever interval  must lie it should intersect that containing x;. There-
fore, the term in the square bracket is bounded by C, for each fixed .
Raising to the power of 2¢ and integrating with respect to f over x,, ,, yields
the outer integral to be bounded by C(%o, || f|/cc)Pn,m- Therefore, (A.5) is

always bounded by %. Therefore, by (A.4) we have that almost

n,m

surely,

2q
N2 (N — D)2 (Npm — 2)2 N2 N,
1)\2 n,m n,m n,m n,m
By (VAT ) < GO, I lloe) =2 et i = ™ %

DPnm

(A.6)

Now, noting that py, , > fm% and using Lemma 5.6 of Robins et al. (2015),
we have that

n, n2q

which is at the desired rate of control.
Control of E¢ ((Vl(fl)n)zq).
For the second term of the U-statistics it is enough to control for the expec-

tation of

2 (n—l) (n—2)2‘1

wlg

</ / (Egy, (K (Xi, X5, Xo)I((Xi, X7, Xs) € Xnan X Xngm X Xngm)|Tn)? (xjgf($s)dxjdxs>

n,m

Nnm

)

and
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I(m) _ (Non (Nom — 1) (Nom — ))2q
22 n2d(n —1)%4(n — 2)
1 ~ i) f(xs
X [N (/ / (Efxl(K(XzaX]aXs)I((XzaXjaXs) S Xn,m X Xn,m X Xn,m)’In))2qf(]gf()dxjd$s>]

n,m Xn,m n,m n,m
Control of I, m).
First note that one can argue by simply looking at orders of truncation that,

Efxl(k(X X X )I((X X X ) € Xnm X Xn,m X Xn,m)|In)
1[0 n S S S0 mw (@) ()0 (@)ur (as) f (1) dedaey
P |+ 0 S0 Sty S fw P (@) (@) () (@) (ws) f (1) dwday

Let us control the first term in the square bracket first. For each fixed value
of (xj,xs), find the boxes of length 1715 which contains z; and z,. If these
boxes are disjoint then they contribute to the summand of the first term.
Therefore, only way of getting a contribution in the first term is when x;
and x4 are in the same box of resolution k3. Therefore, x must also belong to
the same box of resolution k3 to contribute to the summand. Therefore, the
first term inside the square bracket is always bounded by C(%o, || f]|cc) kl?ﬂlzgn
for every choice (z;,z) lying in the same k3 resolution box and 0 other-
wise. Therefore, the integral of the square of the first term over (z;,z,) €

) kik2\2 1 ks k2 k3
Xonam X X i Dounded by C(wo, [/ loe) (g7t ) 4 = Clo, 1 o) S5
Now, let us look at the second term of the square bracket. Once again ﬁx
a (xj,25) € Xnm X Xn,m and find the k3 resolution box that z, belongs to.
Now note that x;, z must belong to the same k3 resolution box and hence
the number of summands contributing to the sum in second term of the
square bracket is again bounded by Cy,,. Therefore, the second term inside

the square bracket is always bounded by C/(y, || f||oo)k”,1€23

(xj,xs) with zs lying in the some k3 resolution box and 0 otherwise. There-

fore, the integral of the square of the second term over (x, Zs) € Xn,m X Xn,m
2\ 2 2

is bounded by C(vo, || flloe) (5% ) 415 3 = C(Wo, | lloc) - Sinee, by

our choice, k3 > M,, the first term of the square bracket dominates af-

ter squaring and integrating over over (z;,Zs) € Xnm X Xn,m-. Laking into

account the division by p,’s, the final contribution to 12(7171) is bounded
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q
(C’(T/Joa ||f||oo)k]\%/fljgf> p41q . Therefore,

(m) 2q k%kfﬂ 1 1
121 < C(‘WOHom HfHOO:fmin) (Nn,m(Nn,m - 1)(Nn,m - 1)) @

M3
2q k?) !
< Cll¥ollso, Il flloo, fmin) (Nom (N = 1) (Nogm = 1) { 5] -

(A.8)
Taking expectations by using Lemma 5.6 of Robins et al. (2015) yields the
desired control.

Control of Iégn).
The calculation technique of this term is similar to that of —72(71”)- The only

difference is that instead of taking square of the square bracket term we take
the 2¢"™ power. Hence, the integral over (z;,2s) € Xn,m X Xn,m is bounded

by
k2N 1 ks (kk2\?" ks 1 1
C(w()’”f"m)[(kgMn) %E+ 2 ) Mk L,|
)

Taking into account the division by py,.,’s, the final contribution to Igzn is

bounded
RN 1 ks (k" ks 1 1] 1
C(%o, || flloo) [(k]\;) ?ﬁ-f- 723 W | T
3n 3 Vin 3 n k3 My | prls,
Therefore,
m k1k2 2q 1 kg ]{51]{32 2q k3 11 1
Iél)SC(WOHOO’HfHOO’fmin)(N”vm(Nnym_1)(Nn,m—2))2q[(kgl\;n) i, T\ 8 ) k| wee
2q 1 kg 2q—1
< C(1olloe o i) (Vi — 1) (N — 2 = (E)
(A.9)

Taking expectations by using Lemma 5.6 of Robins et al. (2015) yields the
desired control.
Combining Controls of Igln) and Iz(g"”) for control of E¢ ((Vg,)n)zq).

We get

Ee (V202 < C(1olls | Fles i) [A; (B)" (’“”)q&.m)
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Control of E¢ ((Vr(fl)n)zq).
For this part we will need a moment bound for third order U-statistics. We

do that in the following Lemma.

LEMMA A.6.  For any q > 2, there exists a constant C; such that for any
1.1.d random variables X1, Xs, ..., X;n and degenerate symmetric kernel K.

q
Z K(XiuXiz’Xi?,)
11F#12713
< CmE K (Xiy s Xy Xig)|?

1
m(m—1)(m —2)

We will now apply Lemma A.6 to control moments of the degenerate part
of the kernel K (X;, X, X;) = [ Ky, (v, X;) Kgy (2, X;) Kgy (2, X6)I((Xs, Xj, X5) €
Xn,m X Xnm X Xn,m)dx. Standard arguments show that this is the term with
the highest contribution among all the different terms of Vé?ﬁl Denoting the

degenerate part of this kernel by Kc(lm) we can show by Lemma A.6 and a
standard contraction of norm under conditional expectation argument that

By (V)% | 1,)

< C(wOa ||f||00)q (Nn,m(Nn,m - 1)(Nn,m - 2))2q
- n?d(n —1)%4(n — 2)2%4

5

B|K{"™ (X1, Xa, Xo)

X 2
Nn?m
< Co, [ fllo) (Nnn (N — 1) (N — 2))*
- n2d(n —1)%4(n — 2)2%4
2
v E ’ka1($aXl)Kk3($’XZ)Kk3($7X3)I((Xi7XjaXS) € Xn,m X Xn,m X Xn,m)d$’ q
Nat,

= C<w0’ HfHOO)q ((Nn,m T 1)(Nn,m — 2))2q
n24(n — 1)24(n — 2)24

2q

X K ’/Kkl(l‘,Xl)Kk3($,X2)Kk3($,Xg)I((Xi,Xj,XS) € Xn,m X Xn,m X Xn,m)dﬂj
(A.11)

Therefore it is enough to control
2q

E ‘/Kkl (-75’Xl)Kkg(x>XQ)Kkg(x>X3)I((Xi>Xj7Xs) € Xn,m X Xn,m X Xn,m)dx
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at a level so that the expectation of the right hand side of (A.11) is controlled
at the desired level of (%)q. We do this below.

Control of E | [ Ki, (%, X1)Kic (X, Xa) Kics (%, X3)I((Xs, X5, Xs) € Xnm X Xnym X Xnm)dx|2%.

2q
E ’/Klq(xaXl)Kkg(xvX2)Kk3(an3)I((XianaXs) € Xn,m X Xn,m X Xn,m)da3

<o Lo L EES RS

Now, for each fixed value of (x,x2,x3), find the boxes of length 1.713 which
contains x9 and x3. Therefore, only way of getting a contribution is when x-
and z3 are in the same box of resolution k3. Therefore, x must also belong
to the same box of resolution k3 to contribute to the summand. There-

2q

| f@IE)f @),

pn,m

2
fore, the term inside the square bracket is always bounded by (Cwo k,t];?’)

for every choice (z2,x3) lying in the same ks resolution box and 0 other-
wise. Therefore, the final integral with respect to (x1,x2,x3) is bounded by

(%) 1 1 ks _ 2g—1_92g+1
CWo [l w172 = Calllbolloo, | flloos frminJhz™ n T
Combining with (A.11). Therefore, from (A.11), we have that almost
surely,
Ey (<v 2% | L)
(d’Oa ||f||<>0) (( n,m — 1)(Nn,m — 2))2q

- n2(n — 1)24(n — 2)2¢

2q
x E ’/Kkl (wal)Kk3($>X2)Kk3 (x7X3)I((X’£>Xj7XS) S Xn,m X Xn,m X Xn,m)dx

Nnm_l Nnm_2 24 —
< ol s fin) g =D = ) a1

Col[tolloos 1 flloos fnin) (Navm — 1) (N — 2))* %
(A.12)
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Therefore, by Lemma 5.6 of Robins et al. (2015) we have that,

k2q—1

k
By (V1) < Callnles 1o Soin) s = e 1 s i) (25 )
(A.13)

2q—1 1

n

Combining (A.7), (A.10) and (A.13) and summing over M,, = O(n) par-
titions we get the desired bound that

(2) 2q ks e
ZEf(r )+ Vi 4 V) < Cyldollos 1 Flloes frin) (5 ) -

2q

Control of E¢ {Z 1 Ef (]V(l) +V1(11)11+V m| I )}

Unlike the previous case, here we will will employ a conditional version of
Gine-Latala inequality for moments of U-statistics along with the observa-
tion that the constants of the inequality does not depend on the underlying
distribution. The only difference will be that we will have to do an extra
step of taking the expectation of the moment of sum of functions of multino-
mial coordinate statistics. To deal with this we again use the Marcinkiewicz
Zygmund Inequality following an use of Theorem 2 of Shao ( 2000) First,

note that it is enough to control E {Z ( Vn m ) }

[

Ey {Z " Ey ((Vrg??’zl)zun) }22(1, Ef {Z%Ll Ef ((Vn{%) \In> }?‘1 separately at

the deswed rate.
2q

Control of E¢ {ZMil Ee (( m)?|In )}
Note that by (A.6),
N (Noym — 1) (N — 2)%4
W29 ) < g =
Ef ((Vn,m) ‘ n) > C<w07 HfHOO) pgﬁanq(n _ 1)2(1(” _ 2)2q
Ng,m(Nn,m - 1)2q(Nn:m — 2)2q
(n _ 1)2q(n _ 2)2q

Cq(l[Yolloos 1 lloos fmin)

Therefore,

Nn,m(Nn,m - 1)2(Nn,m B 2)2
(n—1)%(n —2)?

By (Vi)AT) < Cololocs | Flloes fmin)

Therefore, by Theorem 2 of Shao (2000),

2q
M, % My / . 2
* Nnm<Nnm_1> (Nnm_2)
2 {ZEf ((Vé}%)%ln)} < C3E; {Z W = 10
m=1

m=1

ol
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M,, are independent with the same marginals as

/ _
where Ny, .., m =1,...,

Npm, m=1,..., M,. Now,
M 29
n 2
E NT/L,m(N'r,L,m - 1)2(N7/L,m - 2)2
f Z A
m=1
My, N?"LJYL( ';L,m_l)Z( n, m_2)2 n, m n m_l) _2)2 a
<c Ey {Zm:1< = Ef( ))}
— q N/ N/ 2 _
T By (B ﬂ

(A.14)

The first term in the above summand can be controlled by Marcinkiewicz

Zygmund Inequality as follows,

My, / / 2 / 2 / / 2 / 2 q
N — 1)#(N, -2 N, N — 1)*(N, -2
Ef {2 : < n,m( n,m 4) ( n,m ) . Ef ( n,m( n,m 4) ( n,m ) ))}
n n
C M,

My, q
N;L,m(N’r/L,m - 1)2(N7/L,m - 2)2 N;L,m(N’r/z,m - 1)2(N7{L,m - 2)2
Ef —Ef A

M, / r r q
< C/Mé_l Z Ef { <N (N :4)2(Nn,m 2)2> } (A15)

(N';L,TVL(N?/’L _1)2( n,m 2)2)}1] fOI' thlS

Therefore, it is enough to control Ey 7

part of the proof. But, by Lemma 5.6 of Robins et al. (2015), we have that
there exists a constant Cy(||f|loc,%0) such that

N, N, o 2N/ _ 2
Ef{( o (N n14)( nm = 2) )} _W. (A.16)

By a similar argument,
M<wa%m—nwmm—%> Colllflles¥0) (5 17
1 .
n

n4

Combining (A.14) with (A.15), (A.16) and (A.17), we have,

2¢q

) &
n

al? i (Nr/z,m_l)2(N;Lm_2)2 ’
Ef -

m=1
aritap Gl et Cyllf e\ -
< ¢, |ad g, Sl o) (3 Gl N < i)

N
N\Q

By ()}

This completes the control of E; {Z
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o[¥

Control of E¢ {Z%{;l Ee ((Vn%ﬂl)2|1n> }
Note that by (A.8) and (A.9),

m‘_g:’

M7L
E; { > E; (M%m)}
m=1

i k M 2
wF ) 2omit (Nom (Nogn — 1) (Nngm — 2))
C, 00> 0oy Jmin E (n ) "
< Cy([[Yolloo, [[flloos fmin)Ef +(% S (N (N — )N — 2))

L (B) S (VW — DOV — 2)°
< Colll9olloo 1 lloe, fmin) By (ké) i (MmN = Do = 2)"
t (TT%> My Em:1 (Nn,m(Nn,m - 1)(Nn,m — 2))

(A.18)

where the last inequality in the above display is again by Theorem 2 of Shao
(2000), with Ny, ,,,, m =1,..., M,, are independent with the same marginals
as Nym, m = 1,..., M,. Proceeding as the last section, we can apply the
Marcinkiewicz Zygmund Inequality to a centered version of the right hand
side of above and obtain that

M,
Ef { > Ey ((Vrf?%)len)}
m=1

29
2

< Cy([[tolloos [1.f lloos fmin)E n (m) 1
q

< Cyll[vbolloos 1 llsos frmin) Tvs)(ka)q{Mgl—l-l}

k
< O ol s o) (2

n

— ~—7 -+
S

Control of E¢ {ZX21 E¢
Note that by (A.12),

(Viow)?[Ta) | 7

k
Er (V)2 1Tn) < Colltolloes 1 1o0s fmin) (N = 1) (N = 2))** 5

which is similar to the first term of (A.18) which we controlled earlier.
O
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Proof of Theorem 5.2.

PROOF. The proof is a simple application of Theorem 4.1 with slight mod-
ification to account for the fact that the estimator depends on three trunca-
tion points (k1, ke, k3) instead of single level of truncation parametrization
considered in Theorem 4.1. However, as noted in equations (5.1), 5.2, and
Theorem 5.1, the required problem can be equivalently parametrized by the
highest order of truncation i.e. k3. Since, k3 decides a corresponding smooth-
ness index 3 as the solution of kg = nﬁ, this also decides the other two
levels of truncation. As a result, the proof of Theorem 4.1 goes through in a
similar fashion. We do not provide the details here for the sake of brevity. [J

APPENDIX B: PROOF OF LEMMAS
Proof of Lemma A.l.

PROOF.

Vs

n

P, (1(3 - 1)) <P [[f(ko, ki) — I(ko, kv)| > C/logn

since there exists a constant Cy, such that I(ko, k) < C¢k_250 < @ Now,
by Hoeffding decomposition, we have

I(ko, k) — I(ko, k)
= Un,* - Un,O - ]Ef (Un,* - Un,O)
1

Tatn—1) D KX, Xj) — Ko(Xi, Xj) — By (Ku(Xi, X;) — Ko(Xi, X;)))]
i

= %Z [EXj(K*(XivXj) - KO(Xi’Xj)) - IEf (K*(X%Xj) - KO(XivXj))]
=1

1 Z |: K*(Xi’Xj) - KO(Xi7Xj) - EXj(K*(XiﬂXj) - KO(Xivxj))
)

n(n —1) &= | —Ex, (K (X, X;) — Ko(Xi, X5)) + By (Kx (X3, Xj) — Ko(Xi, Xj))
=T+ 15
Therefore,
R k4
By (ko k) — £k, )| 2 O Iog

= ]Pf |:‘T1 +T2| > C\/logn\/:j]
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n

<Py [ITll > Can\/@\/ﬂ + Py [|T2| >C(1- csn)\/@\/E

for some sequence 6, > 0 to be specified later.

Control of Ps [|T1\ > Cén\/logn@}.

Py [\Tﬂ > C(Sn\/lognm}
n

=Py [\i Z [Ex, (K. (Xi, X;) — Ko(X3, X;)) — Ef (Ku( X3, X;) — Ko(X3, X;))] | > C(Sn«/logn\/f]
=1

Let R; = Ex;(K«(X;, Xj) — Ko(X;, Xj)). Then the above display can be
bounded from above by Markov’s Inequality as follows,

Py [2|Z(Ri —E4(Ry))| > cén\/lognm]
i=1

n
_E T (R - Ep (R
— 2r

(cdm/log n@n)

1< 1
SCrnQTﬁZEf [|R1—Ef(R@)|2T] T

- (Cén\/@\/%n)z
< O Ly IR ——

n (Cdn\/m@n>

(B.1)

where the last two lines is by applications of Marcinkiewicz Zygmund In-
equality followed by Jensen’s Inequality. Next, we evaluate Ez(|R|*").

BRI = gy, [{Er, (.00, X0 - Kot 62}

< 92r-1 [Ele {Efx2 (K*(Xl,XQ))}zr +Efy, {Efx2 (KU(X1,X2))}2T}

2r
Let us evaluate Ef, {Efx2 (Kk(Xl,Xg))} for a general k. We first con-
sider,

k
By, (Kip(X1,X2)) =Y e (X1)E sy, (Vr1(X2))
=1
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K k
= ki(X1)an < ( Supak;l ZWH (X1)|
=1 st

< Cpoll fl%

where the last line follows by Lemma C.2. Therefore, for some constant
01,110 > 0,

r T 2
Epy, {Epx, (Kk(X1, X))} < O3l

Therefore from equation B.1, we have

%| Z (Ri —E¢(Ry))| > Cdn\/@\/f]
i=1

1
< CTnQT%Ef [|R|2T} 2
K (c&n\/logn@n)
. n"t CrlIf11%
< Oy fl% <

(cém/log n\/H) ar = n

by choosing r large enough and 4, > 0 at most a sub-algebraic sequence
. . r 1+2/31

to 0. T this note that 't = 1 (logm) ™77
going to o see this note tha (o lognVE ) (oovTogn)” T i

Choosing r > ?im yields the desire result.

Control of Ps [\Tg] > C(1 — 6n)V/log n@] Lemma C.4 and Lemma
C.5 imply that for some deterministic constant Cy,, and all ¢ > 0,

C ks
P; yn( ZHXZ,X >~ Yo <\/ t4t+4 )= t2+t2> < 6e

wﬁy

Using, 2> < t + t? we have,

<\ﬁ+t+\/>t+t2)+];t2>] < 6et

Setting t = logn we have,

(x/k‘ logn+logn+\/]ﬁ‘(logn+(logn)2)+k*(logn)2)] < 6
4dn n n

1T

7|1
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logn

ogn 1 [k (log 1 + (log n)?2), —b: <1ogn>2}

n(n—1)
and ﬁ > ﬁ for sufficiently large n, we have,

Now, since 7”67:—101};” > max {

N/
P, |:|T2’ > 2C¢()nogﬂ <

6
n
This is enough to prove the desired result and ends the proof of Lemma
Al

O
Proof of Lemma A.2.

Ef [(Una — 6(F)*] < 2297 'Ey | (Un1 = Ef (Un))™] + 27 'Ey | (B (Un1 — #(£))*]
< 2271 [(Un1 — By (Un1))] + 21200 2%

_ k1 \?
< 2718 (U ~ By ()] + 21 ()

where the second last inequality follows from Lemma C.1. Therefore, it is
enough to show that

k1 q
sup Ej [(Uns — Eg (Un))™] < C2 || £]S3 () (B.2)
FEH (Bo) [ } vo n?

We will give two proofs of inequality B.2. The first will be valid for any

kernels based on compactly supported wavelet bases. The second will be
valid only for Haar wavelets.

First Proof of Inequality B.2.

By | (U — By (U20)*))
LR s e oo - g o]
g +Ef [(n(nl_n Zz’;ﬁj Hl(Xian)>2q}

. Cq(Il + 12)

where H)(X;, Xj) = K1 (X, Xj) — IE:fxi (K1 (X5, X)) — Eij (K1(Xi, X)) +
E¢(K1(Xi, X;)). We first bound I; by Marcinkiewicz Zygmund Inequality.
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To this end, first write R; = Eij (K1(Xi, Xj)). Therefore, by Marcinkiewicz
Zygmund Inequality and Jensen’s Inequality, we have,

n 2q
I = 2, (i SR EAR»})
=1

< an_QW% > Ey [( —i—Ef(R ))Qq]
=1
< 2Cgn B¢ (| R1[*)

Therefore, it is enough to control E(|R;|%?) = Efy. [| Ej {K1(Xi, X;)} [2].
| Ej {K1(X3, X;)} | =] Zﬂ}lk DE gy (Yrr(X =) |

=| Zal KLk(Xi) [< sup(logk|) ZWM

= C¢o|!f|\oo\/7—10wo||f|!oo\/k1 =}, I f1I5%
by Lemma C.2. Therefore,
Ef(|Ri|*) < CF,lIf1I5%

as well. This in turn implies
k
< 20,7 B () < 2C,C 0~ < 20,63 111 (5 )

as required. Therefore, it is enough to show that

k1\?
n<c g (%)

. 1 2q

i.e. we need to control E (m Doz Hl(XZ-,Xj)) where Hy(X;, X;) =
K1 (X, Xj) = By (K1(X3, X)) = By, (K (X, X5)) + Ep (K1 (X5, X5)). Fol-
lowing the arguments of Lemma C.4 and Lemma C.5, we can also show that

for all t > 0,
Vit kl -t
1t+t+ t2 + < 6e .

Py |7

Y 2 Y Hi(Xi, X;)

2#]
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o 5 ) (f53)))

Calling, n(n 0 Z#J H,(X;,X;) = Z, we have an exponential inequality of
the form,

Using 2> < t? 4 t, we have,

P -
! In(n

ZHl Xi, X;)
2#]

Py [\Z\ > alx/i+a2t+a3t2] < 6e?,
with a1 = % ki,a9 = Sf‘i( ﬁ—i—l),ag = ng( ﬁ—i—ﬁé). From

this we need to estimate,

o0
E;(12]2) = 2¢ /0 P21 (Z] > 2)de

We do this as follows. Suppose, t(x) solve for a+/t(x)+ast(x)+ast?(z) = x.
Now, trivially a; Vi+ast+ast? is an increasing function of t € R*. Therefore,
if we can find a function h(z) > 0 such that aj+/h(z)+agh(z)+ash?(z) < z
for all z > 0, then h(z) < t(z) for all x > 0.It is not too difficult to
see that one such h(z) is given by h(x) = bjz? A box A b3/ where for
b1 = 2—%, by = %, by = \;—Z—S for fixed constants ¢y, co, c3 > 0. Therefore,

E4(|12[2) = 2¢ / 27 UP(|Z] > x)da

h 2?7, (|1Z] > a1/h(z) + azh(x) + azh?(z))da

IN
N

q

c\o

)
$2q_16_h(x)d$

< 12¢q

2
x2q—lef{blx /\bQI/\bgﬁ}dx

/,
o

12q/

0

oo 2 o0 o0
12¢ [/ 22 1o~ gy +/ 221 le=baz gy +/ 21—tV gy
0 0 0

=12¢q (F(Q) B I'(29) " 2F(4q)> - CE}O (i;)q

IA

2[)‘% bgq bgq
by our choices of by, by, bs. This completes the first proof.
Proof of Lemma A.3. Pick any | <[.(C*). Then

Pr(j=1) <Pp(I%(k, k) < C2 lognR(KY))
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— P, (f(k;*,k*) I(k k) < Copr/logny/R(k}) — I(k}, K )
— Py (1K k) = 10k 1) < —Cop/logny [R(kY) = Tk 5) )
(B.3)
Recall that by | < [.(C*), we have that I2(/<:l*,k;f) > C*lognR(k}). We

consider two cases.
Case 1: I(kj, ki) > |/C*lognR(k]).
In this case we have that the right hand side of (B.3) is bounded by

Py (f(/fz*a’f}‘) I(ki K] <COpt\/@\/R (k) \/C*lognR(k:;?)>

+ Py (i(kl*,k;)— I(ki', 1) < ~Copiv/logny [R(k) = [C* log nR(k)
Cuo

)
n

<

where the last line follows from the proof of Lemma A.1 along the lines of
Lemma C.4 and C.5, provided Cypt is according to the constant specified in

Theorem 3.1 and C* > 4C§pt

Case 2: I(kj, ki) < —,/C*lognR(k]).
In this case we have that the right hand side of (B.3) equals,

1-P; <f(k:l*,k;f) I(kf K >C'Opt\/10gn\/R (k%) \/C*lognR(k;))

_14P; (i(kl*,k;)— I(kf k) > —Copt\/logn\/R k) - \/0* 1ognR<k;))
Cuo

)
n

<

where the last line once again follows from the proof of Lemma A.1 along
the lines of Lemma C.4 and C.5, provided Copy is according to the constant

specified in Theorem 3.1 and C* > 4C'§pt

Proof of Lemma A.4.

PROOF.

Pi(j>j+2) <P
N-1

< IP>f (j ( j+1s kl) > C(opt log nR(kl*))
1=j12

/

3> s Pk k) > Cy lognR(K) )
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Now, for any | > j + 2,
(IQ(k:;‘H,k*) Cont
= By (kg0 kf) = T30, ) > Cop/Togny/ROR) — (K71, k) )
+Pf(f k) = Ik, k) < —Cop/Tog iy /RO) — I(k: *)).

log nR(k;‘))

Plhiaok)) o (ga)

Thereafter, note that Rk o R which has a power of n
nZ
88 . .
equal to 1‘?’@/81 — 1+4,%jj+1 < 0 since 3 < Bj41 < By. Hence arguing as

in proof of Lemma A.1 along the lines of Lemma C.4 and C.5, we have
the desired result provided Cop¢ is according to the constant specified in
Theorem 3.1. O

Proof of Lemma A.5.

PrROOF. We begin by noting that it is enough to control

/ / / /Kkl(x,ml)Kkz(x,wg)KkS(m,:1:3)f(xl)f(xg)f(xg)dacdxldacgd:cg
Xn,m J Xn,m J Xn,m

for arbitrary M,, < k1 < ko < k3. We assume that ki divides ko, ko divides k3
and M, divides k1. The proof for a general tuple follows by similar arguments
with suitable obvious modifications. The above integral equals,

/nm/nm/m/ZZZ{% xw((mlw }Hf:mdxz

where wf(x) is k dilated an [ shifted wavelet bases. Taking the integral inside
the summation, any of the summand equals at most C (¢, || f||co) %kl kigkgm =

M The reason being, each of the summand corresponds to an inte-

gral of &1, T2, x3 over intervals of length -1 B k , and é respectively. More-
over, since k3 is the finest refinement, the 1ntegral over x is simply over an
interval of length é The bound on the summand then follows. Therefore,
we now need to count the number of summands that contribute to the sum
above. This can be argued as follows. For every given subinterval x,, »,, there

are less than Cly, Ml subintervals of length fo with support intersecting
that of some wlll. For each given subinterval of length %10 with support in-

tersecting that of some wlkll, there are less than Cfy, % subintervals of length
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Ck—? with support intersecting that of some wf;. Finally, for each given subin-

C . . .
terval of length %20 with support intersecting that of some @ZJZQ, there are

less than Cwo% subintervals of length Ck—’? with support intersecting that of

some wl]f’. Therefore, total number of terms contributing to the sum above

is at most Cwo%%% = Cy, 12 a1, - This implies that in absolute value, each
Qp.m is at most C'(¢o, Hf||oo)kl3 ]\]an = C(%o, ||f||oo)m, as promised. O

Proof of Lemma A.6.

PrROOF. We evoke Proposition 2.4 of Giné, Latata and Zinn (2000) (page
9) which implies that for a universal constant depending on ¢

q

1
E K (Xi,, Xiy, X3,
m(m—1)(m—2) hg;ﬂg to e

+miE |:rna)(i3 }E (K2 X”,XzQ,ng ’XZ3) “1/2}
—|—mq/2E {maxi&h ‘E (K2 (szXm? ls) | 35 z‘2) ‘q/z}
—|—E [maXZ'S’iz’il ’(K (X’L17X227X ))’ ]

(B.4)

S (m(m—=1)(m—2))"C,

Now, we have that for Z1, ..., Z,, > 0 identically distributed, possibly de-
pendent with (Z(m)) <mFE(Z)=FE (Z ZZ-) where Z(,,,) = maxie(1,....m} Zi-
i
So that B.4 is bounded above by
m3/2E HK (Xileiza Xis) q]
+mIT B (| K (X;,, Xiy, X;

+mq/2+2E HK(X’LN 129

Cq(m(m—1)(m—2))"1C, i
+m3E HK( 117X127X23) q]

< ComTUE[|K (Xiy, Xy, Xiy)|Y]

~

APPENDIX C: TECHNICAL LEMMAS

The following lemma regarding the bias of U will be used regularly.
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LEMMA C.1.  Suppose f € H(B). Then for compactly supported wavelet
bases

up | Ep(UF) — o(f) 1< Cyoll fllock ™%

PROOF. The proof involves simple algebra and properties of compactly
supported wavelet bases (Hérdle et al., 1998) and hence is omitted.

We will be using the following lemma about properties of compactly sup-
ported wavelets.

LEMMA C.2.  For kernels based on compactly supported wavelets, as de-
fined by Equation (2.1), the following hold.

L[ frlloe < Cuyollfloo-

Cw ”f”oo
2. supy |og| < =0

3. sup, o0 [a(2)] < Cyyk

PROOF. Once again, the proofs follow from simple algebra and properties
of compactly supported wavelet bases (Hardle et al., 1998). O

O

We will also need the following asymptotic normality of the quadratic
estimators (Robins et al., 2015).

Lemma C.3. For f € H(B,c) we have

Vary <U5(5)> ~ %

Vary (Uﬁ(ﬂ)>

We will need the following lemma about tails of second order U-statistics.
LEMMA C.4. Let,

H(X,Y) = K. (X,Y) - Ko(X,Y) — Ey (K.(X,Y) — Ko(X,Y))
4 EX(K*(X7 Y) - KO(X>Y)) + Ef (K*(Xv Y) - KO(X’Y))

. Then the following exponential inequality holds for every t > 0 and a
deterministic constant C' > 0.

Pr || H(Xi, X)) = CAWE + Ast® + Azt + Agt?)| < 5.6,
i#]
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where
A7 = n(n — DEf[H?*(X1, X2)],

By [0 50 H (X, Xa)as(X1)by(X2)] |

Ay = sup . .
Ef (Y1, a?(X0) < LEf (Y, B(X2)) <1

A2 = nsup{Es,, (H?(z, X2))},

Ay = sup [H (z,y)|.
Z7y

ProOF. This follows directly from Theorem 3.4 of Houdré and Reynaud-
Bouret (2003). O

We now estimate the terms Aq, Ay, A3, A4 in the following lemma.

LEMMA C.5.  For kernels based on compactly supported wavelet bases,
there exists deterministic constant Cy, (depending on 1o and || f||s) such
that,

A} < CF n(n—1)(kstko), Az < Cygn, A3 < Cyon(kithko), Ay < Cyy (kitko).

PROOF. The proof follows along the same line of arguments as those laid
down in Proposition 2 of Bull and Nickl (2013). O
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