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Mixture models for assessing differential
expression in complex tissues using

microarray data

Debashis Ghosh

Abstract

The use of DNA microarrays has become quite popular in many scientific and
medical disciplines, such as in cancer research. One common goal of these stud-
ies is to determine which genes are differentially expressed between cancer and
healthy tissue, or more generally, between two experimental conditions. A ma-
jor complication in the molecular profiling of tumors using gene expression data
is that the data represent a combination of tumor and normal cells. Much of the
methodology developed for assessing differential expression with microarray data
has assumed that tissue samples are homogeneous. In this article, we outline
a general framework for determining differential expression in the presence of
mixed cell populations. We consider study designs in which paired tissues and
unpaired tissues are available. A hierarchical mixture model is used for modelling
the data; a combination of methods of moments procedures and the expectation-
maximization (EM) algorithm are used to estimate the model parameters. Links
with the false discovery rate are discussed. The methods are applied to two mi-
croarray datasets from cancer studies as well as to simulated data.



� �������	��

������
�����������������
 �����"!	#$�%��&'
���
�!(���)�*�+
,�.-	��
 �����)��!/�"!

0 �(��-��)
,�1���������	
 ���	���)!	#$�$� 0 �����������324���5���

6	798�:<;>=�?@;.A�=�BC;"=
6	79D�:<E"FHGI79JKF�BML5N(?@BC;"FH:<FH?@;"FH?@O9;QP�RSJ�?@TC7QE>;"?@FVUWBMLYXZ?[O\=�?[]K:MJ

^`_baMc'd :M;"=�?[J�]<FHBCJfeS7Q?[]C=KF>;
g J�J g E>8hBCE9PiXfj _Kk�^`cClnm)a<cKaMl

o BME>E>7Q;>DhBCJ�p�?@J�]I:Mq�F>=�BCE9r

6	7Q8�:M;"=�?[;�A�=�BC;"=,Pis�=,tu6vt
6	7QD�:ME)FHGI79JKF�BML5N(?[BC;)F\:<F>?[;)FH?[OQ;
w O\=�B�BMx,BML�s�q�8�x[?[O	eS7`:<x@FH=yP�RSJ�?zTC7QE>;>?zFVUWBMLYXZ?[O\=�?@]K:MJ
^9_baMc'd :M;>=�?@J�]MF>BCJfeS79?@]C=KFH;QPi{�B|BCG}X _KcK~C�
g J�J g E>8hBCEQPiXZ?[O\=�?[]K:MJ _Kk�^�cClnm�aMcKaMl
s�=�BMJ�7MrS� �<�M_b����^�~�m�lCkKan_
�i:n��r�� �M�M_b���M�M�nm)aCa|^�~
��G�:M?[x�r5]C=�BC;>=�p���q�G�?@O\=,t�7Qp�q

^

Hosted by The Berkeley Electronic Press



�����Q�������M�

��� ����������� �h�¡ £¢�=�7¤q�;>7¤BML¥6�¦ g GI?[O9E"BK:ME"EH:`U|;+=�:M;+8�7QO9BCGI7¨§bq�?@F>7¨DhBCD�q�x[:ME+?@J�G+:<JbU
;"O9?@79JKFH?z©�Oª:<J�p�GI79p�?@O`:Mx�p�?@;>OQ?[D�x@?[J�7Q;9P(;"q�O\=«:M;�?[J¬O`:MJ�OQ79E�E>79;"7`:ME"O\=,t�­	J�7ZO9BCGIGIBCJ®]MBK:Mx�BML
F>=�79;"7�;)FHq�p�?[79;%?@;%F>BWp�7QF>79E>GI?[J�7°¯�=�?[O\=±]M79J�7Q;':ME"7°p�?@²�79E"79JKFH?[:Mx[xzUZ7���D�E>7Q;>;>7Qp£8�7³FV¯(7Q79J´O9:MJ�OQ79E
:<J�pª=�79:Mx@F>=KUfF>?[;";>q�7<P�BCE�GIBCE>7%]C7QJ�79E>:Mx[xzUCPi8�7³FV¯(7Q79J¤FV¯�B�7³��Dh79E>?@G�7QJKF\:Mx O9BMJ�p�?@F>?[BCJ�;9t g G+:�µ"BME
OQBCGID�x[?@O`:<F>?[BCJ¤?@J¶FH=�7�G�BMx[79OQq�x·:<E�D�E>BM©�x[?[J�]ZBML�F>q�GIBCE>;¥q�;>?@J�]¨]C7QJ�7+7���D�E>7Q;>;>?@BCJ£p�:<FH:ª?[;%FH=�:<F
F>=�7�p�:<FH:%E"79D�E"79;"79JKF�:%O9BCG'8�?[J�:nFH?[BMJ¸BML�F>q�GIBCE*:MJ�pIJ�BCE"G+:Mx�O979x@x[;Qt*XZq�O\=�BML�F>=�7�G�7³FH=�B|p�BCx@BC]MU
p�7QTC7Qx[BCDh79pfL¹BCES:M;>;"79;>;"?[J�]�p�?@²�79E"79JKFH?[:Mx37³��D�E"79;";>?[BMJª¯�?@F>=ªGI?[O9E"BK:ME"EH:`U�p�:nF\:�=�:M;.:<;>;>q�G�7QpZFH=�:<F
F>?[;";>q�7%;H:<G�D�x@79;�:ME"7�=�BCGIBC]C7QJ�79BCq�;9t

º�» �`¼�½����  �jVJvFH=�?[;�:ME)FH?@O9x[7<P<¯�7�BCq�F>x[?[J�7(:	]C7QJ�79E>:Mx�L¹E>:MGI7Q¯�BCE>¾%L¹BCE5p�7QFH7QE>GI?[J�?@J�]	p�?z²y7QE>7QJbF>?·:Mx
7���D�E>7Q;>;>?@BCJ¿?@J£FH=�7WD�E"79;>7QJ�O97ZBMLSG�?À��7QpÁO979x@x�D�BMD�q�x·:nFH?[BMJ�;9t d 7WO9BCJ�;>?[p�79E°;"F>q�p�UÁp�7Q;>?[]MJ�;�?@J
¯�=�?[O\=vD�:<?[E>7Qp'FH?@;>;"q�79;�:<J�pvq�J�D�:M?[E"79p'F>?[;>;"q�79;Y:ME>7(:�T<:M?@x·:M8�x[7Mt g =�?[7QEH:ME"O\=�?[O9:Mx�GI?z�|F>q�E>7¡G�B|p�7Qx|?@;
q�;>79pIL¹BCE�GIB�p�7Qx[x@?[J�].F>=�7�p�:<FH:�Â|:¥OQBCGv8�?@J�:<FH?@BCJ¸BML�G�7³FH=�B|p�;*BMLyG�BCGI79JKF>;�D�E>B|O97Qp�q�E>7Q;(:<J�pIF>=�7
7���D�7QOQF\:nFH?[BMJ m G�:n��?[GI?[Ã9:<FH?@BCJÄ�Å��X � :Mx@]CBCE"?@FH=�GÆ:ME"7Sq�;"79pIFHB'7Q;"F>?[G�:<FH7�FH=�7SGIB�p�79x�D�:ME>:MGI7QFH7QE>;Qt
Ç3?@J�¾b;I¯�?zFH=ÁFH=�7WLÅ:Mx[;"7Zp�?[;>OQB�TC79E)U¬EH:<F>7ª:ME"7Zp�?[;>OQq�;>;"79p,t«¢�=�7ZG�7³FH=�B|p�;I:ME"7ª:MD�D�x[?@79pÁFHBÈFV¯(B
GI?[OQE>BK:<E>EH:`U®p�:<FH:M;>7³FH;ÄL¹E>BCG O`:MJ�O979EW;)FHq�p�?@79;Z:M;�¯�79x[x%:<;WF>BÁ;>?[G'q�x·:<F>79p�p�:nF\:�tÉ{ÊOQB�p�7¨L¹BCE
:<J�:Mx@U|ÃQ?[J�]vF>=�7%p�:<F\:<;>7QF>;�O`:MJf8�7%p�B�¯�J�x@BK:Mp�7QpfL¹E"BCG$F>=�7�L¹BCx[x@B�¯�?[J�]¸RS{SÇ�r

=KF"FHD,ruËCËn¯�¯�¯%tÌ;>D�=yt�q�GI?[O\=yt�7Qp�qiËCÍ�]C=�BC;"=�piË o ­%Xªs*N(j)­%Ë o ­%Xªs¡XZj�Î�Ë

Ï �h� �����M�  �]C=�BM;>=�pi�	q�GI?[O\=yt�7Qp�q

Ðf»KÑ,Òv� �nÓ��  �N(?[BC?@J�L¹BCE"G+:<F>?[OQ;9P�6�¦ g XZ?[OQE>BK:<E>EH:`U|;9P�A�79J�7¥�5��D�E>7Q;>;"?[BCJ,PyXZ?À��7Qp o 7Qx[x s�BMD�q�x·: m
F>?[BCJ�;9PiXZq�x@FH?@D�x[7 o BCG�D�:ME>?@;>BCJ�;QP�Ô¡:ME"?·:M8�x@7 w 7Qx[7QOQFH?@BCJ,t

a

http://biostats.bepress.com/umichbiostat/paper22



Õb!(�������%� 0 �����(!

d ?zFH=ÈFH=�7+:Mp�TM79JKF¸BML�=�?[]C= m FH=�E"BCq�]C=�D�q�F¥]C79J�7�:M;";H:`U¶F>79O\=�J�BCx[BC]M?[79;QP�;"O9?@79JKFH?@;"FH;':ME>7�J�B�¯�:M8�x@7
F>B'GI7`:M;"q�E>7.]C79J�BMG�7³¯�?[p�7SG+{�¦ g 7³��D�E"79;>;"?[BCJÄx@7QTM79x[;�?[JÄ:¥TM:<E>?[7³FVUIBML3;>7³F>F>?[J�]C;Qt¡­	J�7.7���:<G�D�x@7
?@;v6�¦ g G�?@O9E"BK:ME>E>:`U�;���Ç3?[D�;>=bq�FHÃÄ7³FI:MxÖtzP ^�lMlCl Â w O\=�79J�:�P aMcCcCcK� tÈ¢�=�7QU±=�:`TC7W8�7Q79JÁq�F>?[x[?@Ã97Qp
F>E>7QG�7QJ�p�BCq�;"x@U¿?[J«O`:MJ�O979EWD�E"BM©�x@?[J�]´;)FHq�p�?[79;¶� g x[?@Ã`:Mp�79=«7QFf:Mx�t@P aMcCc�^ Â¥×%=�:MJ«7QFZ:MxÖtzP aMcCc�^ Â
6	=�:MJ�:M;"79¾n:MEH:<J¤7QFØ:MxÖtzP a<cCc�^�� t¸A�BK:Mx[;�FH=�7QE>7°=�:`TC7°?@J�O9x@q�p�79p¤F>=�7¸p�7QTM79x@BCD�GI79JKF¥BML¡G�BCx@79OQq�x·:ME
OQx·:M;";>?z©�O`:<F>?[BCJØ;"U|;"F>79GI;�8�:M;"79p°BCJvFH=�7�]C79J�7�7³��D�E"79;>;"?[BCJ°D�E"BM©�x@7MPCp�?@;>OQB�TM79E)U¸BMLiO`:<J�O97QE�;>q�8�FVU|Dh79;
q�;>?[J�]�;>q�O\=°p�:<FH:�:MJ�p°79x@q�O9?@p�:<F>?[BCJØBMLiFH=�7�]M79J�BCGI?[O�p�?@²�79E"79J�OQ79;*?[JØFH=�7�D�E"BC]CE"79;>;"?[BCJ¸B<L�p�?[;>79:M;>7<t

­	J�7¥BMLYF>=�7'G�:�µ"BCE�;"FH:<FH?@;"F>?[O`:<x,F\:M;"¾|;S?[Jf;"F>q�p�?[7Q;.?@JbTMBCx@T|?@J�]IF>=�79;"7ØF>79O\=�J�BMx[BC]C?@79;�?[;�FHB°©�J�p
]M79J�7Q;�F>=�:<F�:ME"7�p�?@²�79E"79JKFH?[:Mx[xzU°7³��D�E"79;>;"79p¨8h7QFV¯�797QJZFV¯�B�7���D�7QE>?[GI79JKFH:Mx,O9BMJ�p�?@F>?[BCJ�;9t�¢�=�7%;>?@G m
D�x[79;)F�7³��:MGID�x[7*?[; FHB�©�J�pØ]C79J�79;�F>=�:<F�:ME"7�q�D m BCE p�B�¯�J m E>7Q]Cq�x·:nFH79pØ?[J%O`:<J�O97QE>BCq�;�FH?@;>;>q�7(E>7Qx·:<F>?@TM7
F>BØ=�7`:MxzFH=KU¸FH?@;>;>q�7Mt�jVJ�F>=�7.;"7QF"FH?[J�]'BML,:Ø;>?@J�]Cx@7�;)FHq�p�UCP�p�?@²�79E>7QJKFH?·:<x�7³��D�E>7Q;>;"?[BCJ+L¹BME¡GI?[OQE>BK:<E>EH:`U
p�:<F\:�?@;�:+¯(7Qx[x m ;"F>q�p�?@79p¤D�E"BC8�x[7QGZt g 8�E"?[7³L�8�q�F%?[J�7���=�:Mq�;)FH?@TM7¸x[?@;"F	B<L�F>=�7v¯(BME>¾ª?@J¨FH=�?@;�:ME"7`:
?@J�O9x@q�p�7Q;*F>=�7�G�7³FH=�B|p�;*BML �YL¹E>BMJ�7³F�:Mx�t�� aMcCc�^�� Pb¦S7³¯�FHBCJ�7³F�:MxÖt�� aMcCc�^�� PbjVp�7Q¾M79E�7QF(:MxÖt�� aMcMc�^�� P
N(:M]C]C7QE>x@Uª7QF':MxÖtª� a<cCc�^�� P�6	q�p�BC?@F%7³FØ:MxÖtª� aMcMcKaC� P�s�:MJ�� aMcCcKaC� P jV8�EH:M=�?[GÙ7³Fv:Mx�tZ� aMcCcCaC� :MJ�p
s�:ME>GI?[]M?·:MJ�?h7QFS:Mx�t�� a<cCcKaC� t

g O9BCGID�x[?@O`:<F>?[BCJ�F>=�:<FS=�:M;	J�BMF.8h797QJ¤:Mp�p�E>79;";>7Qp¶:<;.Gvq�O\=ª?[JªO9:MJ�OQ79E.D�E>BM©�x@?[J�]I;"F>q�p�?@79;.?@;
F>=�:<F�FH=�7¥FHq�GIBCE�;>Dh79OQ?[GI79J¨D�E>BM©�x@79pZq�;>?@J�]+GI?[OQE>BK:ME"EH:`U|;S?@;�FVU|D�?@O`:Mx@x@UW:IG�?À�|FHq�E"7ØBMLYp�?@²�79E"79JKF
OQ79x@x�FVU|D�7Q;9t¥jVJÈJ�BCE>G�:Mx FH?@;>;>q�79;9P3D�E>BCDh79E	p�?@²�79E>7QJKFH?·:nFH?[BMJ¤:MJ�p¤p�7³TC7Qx[BCD�GI79JKF%BML¡OQ79x[x@;.x@7`:Mp�;SFHB
BME>]K:MJ�;Ø?@J±¯�=�?[O\=¶FH=�7�O9BCGID�BMJ�79JKF'F>?[;";>q�7Q;¸:ME>7�E>7Qx·:<F>?@TC7Qx@UÈ=�BMG�BC]M79J�7QBCq�;9tZ¢�?[;";>q�7Q;v?[JKFH7QEH:MO³F
¯�?zFH=ÈJ�7Q?[]C=b8hBCE>?@J�]ÄO97Qx[x[;�8KU¤OQ79x@x m OQBCJKF\:MO³F`P3O³U|F>BC¾b?[J�7Q;':<J�pÚF>=�7°7³�|FHE>:MO97Qx[x@q�x·:ME.G+:<F>E>?À�yt d =�79J
F>=�79;"7.;"?[]CJ�:<x[;*8�7QO9BCGI7�p�?[;"E>q�D�F>79p,P�:M8�J�BCE>G�:Mx�O97Qx[xi]CE"B�¯�F>=Ä:MJ�p+:Mx@F>79E>:<FH?@BCJ�;�?[JI79D�?@FH=�79x[?[:Mx�O97Qx[x@;
G�:`U£B|O9O9q�E9P�x[79:Mp�?@J�]¤FHB¶L¹q�J�OQF>?[BCJ�:<x�p�?[;"BCE>p�7QE¨�ÅN(?[;";>7Qx[x�:MJ�p¿{S:Mp�?[;>¾KUMP aMcCc�^�� t�j�L	F>=�79E"7¨:ME"7
7QD�?@F>=�79x@?·:Mx OQ79x[x@;S¯�?zFH=ªF>q�G�BME>?[]M79J�?@OØDhBMFH7QJKFH?·:<x�x@B�O9:<FH7Qp¨?[J¨F>=�?[;S79JKT|?[E>BMJ�G�7QJKF`PyF>=�79J¤FH=�7QU¨O9:MJ
;)F\:ME)F%FHBfD�E>BCx@?@L¹7QEH:<F>7MtI¢�=|q�;9P5F>=�7IF>q�GIBCE�]CE>B�¯�;%¯�?@F>=�?[JÈFH=�7IO9BMJbF>7³�|FvB<L(FH=�?[;%G�?@O9E"B�7QJbT|?@E>BCJ m
GI79JKF9PK:MJ�pvF>=�7�;H:MGID�x@7�F\:<¾M79J¸L¹E"BCG�FH=�7�D�:nFH?[7QJKF�E>7QD�E>7Q;>79JKF>;�:	GI?z�|F>q�E>7�BMLiFHq�GIBCEY:<J�p¸J�BCE"G+:Mx
OQ79x@x[;9t�¢�=�?@;.D�E"BC8�x[7QGÛ:Mx[;"B+E"79x·:nFH79;�FHB+F>=�7�Ü�;>7Q79pÚ:MJ�pª;>BC?@xÖÝ�=KU|D�BMF>=�79;"?[;.L¹BME>Gvq�x[:<FH7Qpª8KUZs5:M]M7QF
� ^�lCkClC� t¬jVJ�:¶E"79OQ79JKF�7���Dh79E"?[GI79JKF`P o E>7Q?[]C=KFHBMJ¿7QF+:Mx�t�� a<cCcC�K� :<F"FH7QG�D�F>79p¬FHB¶:Mp�p�E"79;>;IFH=�?@;
=KU|DhBMFH=�7Q;>?@;'q�;"?[J�]¤:fG�BMq�;>7°��7QJ�BC]CE>:<L�FØG�B|p�79x@;9P�8�q�F'F>=�7QUÚOQBCJ�O9x@q�p�7Qp´FH=�7Q?[E%©�J�p�?@J�]C;%FHB¨8h7

�

Hosted by The Berkeley Electronic Press



D�E>79x@?[GI?[J�:<E"UCt�¢�=�7¥D�E>BM8�x[7QGÞ=�:M;�:Mx@;>B¸8h797QJªJ�BMF>?[OQ79pW7³��Dh79E>?@G�7QJKF\:Mx@x@U�8bU w F\:C:<x¡� aMcCcM�K� Â�;>BCGI7
7³²yBME"FH;�F>B�?@J�O9BME>DhBCEH:<F>7.FH=�?[;�?[JKF>B°F>=�7¥:MJ�:MxzU|;>?[;�=�:M;�8�7Q79Jf?[J�?zFH?·:nFH79pÄ8KU�Ô*7QJ�7QFS7QF�:<xÖt�� a<cCc�^�� t

jVJZ:Mx[GIBC;)F�:Mx[x3:<J�:Mx@U|;"79;�BML5GI?[OQE>BK:<E>EH:`U+p�:<F\:�P�FH=�7%FHq�GIBCE�;>:MG�D�x[7%?[;�F>E>7`:nFH79pª:M;�=�BCGIBC]C7 m
J�79BCq�;Qt o BCJ�;>7Q§bq�79JKFHxzUCP�?@J¶FH=�7+:MJ�:Mx@U|;>7Q;'BML(FH=�7�p�?@²�79E"79JKFH?[:Mx�7³��D�E"79;>;"?[BCJyPYFH=�7QE>7+?@;¥:fL¹q�J�p�: m
GI79JKFH:Mx*O9BCJ�L¹BMq�J�p�?@J�]f¯�?zFH=¶O979x@x�FVU�Dh7MtWjVJ±F>=�7�L¹q�FHq�E"7MP5?zF¥G+:`UÈ8h7�DhBC;>;"?[8�x@7IF>Bª?@;>BCx[:<FH7¸D�q�E>7
DhBCD�q�x·:<F>?[BCJ�;¥BML�F>q�G�BME'O97Qx[x@;'q�;"?[J�]¨x[:M;>7QEvO`:<D�FHq�E"7�GI?[O9E"B�p�?[;>;"79O³FH?[BMJ¶FH7QO\=�J�?@§|q�79;Z����79J�pÁ:MJ�p
{�:<²�79x@p,P aMcCcCcC� Â�=�B�¯(7³TC79EQP5FH=�?[;�FH7QO\=�J�BCx@BC]MU¤?@;¥OQq�E>E"79JKFHxzUÈJ�BMF¥?[J¤¯�?@p�79;"D�E>79:Mp´q�;"7Mt�¦�BCJ�7°BML
F>=�7�GI7QF>=�B�p�;5x[?@;"F>79pv?@JØFH=�7�D�E>7³T|?[BCq�;5D�:MEH:<]CEH:MD�=¸:MO9OQBCq�JKFH;YL¹BME�FH=�?[;5GI?z��7QpvO97Qx[x�FVU|Dh7�D�E"BC8�x[7QGZt

­	q�EI7³��Dh79E>?@79J�OQ7ª¯�?@F>=®F>=�?[;�?[;>;"q�7¨:<E>?[;"79;°L¹E>BCG :ÚE>79OQ79JKFÄGIBCx[7QO9q�x[:ME¸D�E"BM©�x[?@J�]Ú;"FHq�p�U¿?@J
D�E>BC;)F\:<F>7�O`:MJ�O979E��Å6	=�:MJ�:<;>79¾n:ME>:MJ¸7QF¡:<xÖtzP aMcCc�^�� t w BCGI7(BMLiFH=�7�G�?@O9E>BC:ME>E>:�U%7���D�7QE>?[GI79JKF>;YFH=�7QE>7
q�;>79pÁ:¨J�BCE>G�:Mx¡:Mpnµ>:MOQ79JKF¸D�E"BC;"FH:<FH7+D�B|BCx�:M;'FH=�7�E>7³L¹79E>7QJ�O97Ä;>:MGID�x[7¨�Å?ÖtÌ7MtZFH=�7 o U �nm x·:M8h79x@x[7Qp
;>:MGID�x[7 � P<:MJ�pØF>=�7(?@JKTC79;)FH?@]K:<FHBME>; FH=�BCq�]C=KF5FH=�:<F�F>=�?[; FH?@;>;"q�7�GI?[]M=bF�8h7(?@J�ß�q�7QJ�O97Qpv8KUØD�:MEH:MOQE>?@J�7
7³²y7QOQF>;.GI79p�?[:<FH7QpZ8KUZs o g P�:MJ�pZL¹q�E"FH=�79E>GIBCE"7¥?@;S7���D�BC;"79pªF>B�F>=�7Ø;>:MGI7Ø7QJbT|?@E>BCJ�GI79JKFH:Mx�:MJ�p
]M79J�7³FH?[OILÅ:MOQF>BCE>;':M;ØF>=�7�:<pnµ>:MO97QJKF°s o g t5¢�=bq�;QP*?[J±p�7QFH7QE>GI?[J�?@J�]fp�?@²�79E"79JKFH?[:Mx�7���D�E>7Q;>;>?@BCJ,P�?zF
¯�BCq�x@p'8h7�?@G�DhBCE)F\:MJKF3FHB�à";>q�8�FHE>:MOQF>á	BCq�F�FH=�7Q;>7�7Q²�79OQF>;9t�jVJ':MJ�BMF>=�79E�7³��:MGID�x[7<PC:�E>79OQ79JKF�:<E"FH?@O9x@7
8KUªe.:MGID�;"BCJ¤:MJ�pÈe�q�]C=�7Q;I� aMcMc�^�� p�?[;"O9q�;";>79p¤F>=�7vD�E"BC8�x[7QG4?@JªFH=�7vO9BCJKF>7³�|F�BML¡p�7³FH79E"G�?@J�?[J�]
p�?@²�79E>7QJKFH?·:<x[x@Uf7���D�E>79;";>7Qp´]C79J�79;%?[J¤Gvq�;>O9x@7v¯�=�79JÚFH=�7QE>7I:ME"7¸Gvq�;>OQx[7 m ;>Dh79OQ?@©�O¸OQ79x@x[;%:MJ�pÈJ�BMJ m
G'q�;>OQx[7�;>Dh79OQ?@©�O%OQ79x[x@;9t

d =�:nF�?@;¡FVU|D�?@O`:Mx@x@Uv:�T<:M?@x·:M8�x[7�?@;�:<J+:M;";>7Q;>;>GI79JKF�8KU¸F>=�7SD�:<FH=�BMx[BC]C?@;"F¡:M;*FHB%FH=�7SDh79E"O979JKFH:M]C7
B<L�FH=�7v;>:MGID�x[7¥FH=�:<F	?[;	OQBCG�DhBC;"79p¤BML�F>q�G�BME.O97Qx[x@;9t d 7v;>7Q79¾ªF>B�q�FH?@x[?@Ã97%FH=�?@;	?[J�L¹BME>G�:<FH?@BCJZ?@J
F>=�7�p�7³FH79E"G�?@J�?[J�]v¯�=�?[O\=f]C79J�79;S:ME>7�B�TC7QE m :MJ�pfq�J�p�79E>7���D�E>7Q;>;>7Qp,t�jVJWFH=�?@;�:ME"F>?[OQx[7MP|¯(7%p�7³TC7Qx[BCD
:v]M79J�7QEH:MxyL¹E>:MGI7Q¯�BCE>¾°L¹BCE�:M;";>7Q;>;>?@J�]°p�?@²�79E"79JKFH?[:Mxy7���D�E>7Q;>;>?@BCJf?[JÄO9BMG�D�x@7³�IFH?@;>;"q�79;�FH=�:<F�?[J�O9BCE m
DhBCE>:<FH7Q;Y;H:MGID�x@7(=�7³FH79E"BC]C7QJ�79?zFVUCt d =�?@x[7(¯�7�:ME"7�D�E>?@G+:<E>?[xzU�GIBMFH?zTM:nFH79p'8bU'O`:MJ�O979E�;)FHq�p�?[79;QPCFH=�?@;
?@;>;"q�7S?@;(:<D�D�x[?@O`:M8�x[7�FHB':¥T<:ME"?[7QFVU°B<L38�?[BMx[BC]C?@O`:Mx�:ME>79:M;¡?[J�¯�=�?[O\=+?zF¡?[;¡J�BMF�D�BC;";>?@8�x[7�FHBØ]C79J�79EH:nFH7
D�q�E>7Ø;H:MGID�x[7Q;9t�j�F.F>q�E>J�;SBCq�FSFH=�:<F.:+J�:nFHq�E>:Mx�F>B�BMx�?@JZF>=�7'D�E"BC8�:M8�?[x[?@;"F>?[O	L¹BCE"Gvq�x·:nFH?[BMJfB<LYFH=�?@;
D�E>BC8�x@79Gâ?@;�GI?z�|FHq�E>7�G�B|p�79x@;S�ÖXZO9Ç�:<O\=�x·:MJ�:MJ�p�s�797QxÖP a<cCcKaC� t5¢�=�7	;)FHE"q�OQF>q�E>7	B<L,FH=�?@;�D�:MD�7QE�?@;
:<;�L¹BCx@x[B�¯�;9t�jVJªãyÑ �³� »|ä �Ø� � Ó ��» ��å � Ó�� P�¯�7	p�7Q;>O9E"?[8h7.FH=�7	p�:<FH:Ø;"F>E>q�O³FHq�E"7%:MJ�p�p�7Q©�J�7SFV¯(B
]M79J�7QEH:Mx,D�E>BC8�:<8�?[x@?[;"F>?[O�G�B|p�7Qx[;�L¹BME�]C79J�7¥7���D�E>7Q;>;>?@BCJfp�79Dh79J�p�?[J�]¸BCJÄ¯�=�7³FH=�7QE�:MJWq�J�D�:M?@E>7QpÄBCE
D�:M?[E"79pÚ;"FHq�p�UÚp�79;"?[]CJ´?@;%q�;>7Qp,tª��;)FH?[G�:<F>?[BCJÈD�E"B�OQ79p�q�E"79;¥L¹BCE¥F>=�7IG�B|p�79x@;�¯�?[x[x�8h7Ip�?[;"O9q�;";>79p

_

http://biostats.bepress.com/umichbiostat/paper22



=�79E>7	:M;�¯�79x@xÖP�:Mx[BCJ�]Ø¯�?@F>=�O9BMG�D�:<E>?[;"BCJ�;*¯�?@F>=�D�E>B|O97Qp�q�E"79;�8�:M;"79pÄBCJ�FH=�7�LÅ:Mx[;"7.p�?@;>O9B�TM79E"U+EH:<F>7
�ÅN(79J�µ>:MG�?@J�?h:MJ�pWe�B�O\=b8h79E>]�P ^�lClK~M� t d 7�?[x@x[q�;)FHEH:nFH7�FH=�7�q�;>7�BML3F>=�7�D�E>BMD�BC;"79pÄGI7QF>=�B�p�BCx[BC]M?[79;
F>BZFV¯�B¨O`:<J�O97QE';"F>q�p�?@79;v:<J�p±;"?[Gvq�x[:<FH7Qp¶p�:<F\:f?[J±º+» �9¼�½���� t d 7+OQBCJ�O9x@q�p�7°¯�?@F>=±;>BMG�7�8�E>?@7QL
E"79G�:ME>¾b;�?@JWF>=�7¥æ ���`�K¼��`�`� �h�¡t

ç 2��b��
��É�¿�*!	�è� 
,��é	�����

æ ���`� ã ���n¼��M��¼�� » �¸� � Ó ã ��¼�Ó Ñ¿æÄ» �`�Åê � �

d 7¸BC8�;"79E"TM7¸FH=�7°EH:<J�p�BCG1;H:MGID�x@79;I�Åë�ì í³î`ï`ï`ï³îHë ìð � :MJ�p®�¹ñªòí\î`ï`ï`ïQî>ñ¨òó � Py¯�=�7QE>7°ë ìô ?[;.F>=�7

õ m p�?@G�7QJ�;>?@BCJ�:Mx�]C79J�7I7³��D�E"79;";>?[BMJ´D�E>B<©�x[7¸L¹BCE�FH=�7�öÅFH=ÈFHq�GIBCE%;H:MGID�x@7MP�:MJ�pÚñ ò÷ ?[;�FH=�7IO9BME>E>7 m
;"D�BMJ�p�?[J�]vD�E>B<©�x[7.L¹BME�FH=�7�øKF>=ÄO9BCJKF>E>BCx�;H:MGID�x[7<P�ö�ù ^ î`ï`ï`ïQîHú5PMø¸ù ^ î9ï`ï`ï9î>û¤t�jVJW:Mp�p�?zFH?[BMJ,P|¯�7
BM8�;>7QE"TC7vü±ýþ��ü í î`ï`ï`ïQî>ü ð � P�¯�=�79E>7Øü ô E>7QD�E>7Q;>79JKF>;	FH=�7vD�E>BCDhBCE"F>?[BCJZBMLYF>=�7vö�F>=¨FHq�GIBCE�;H:MGID�x@7
E"79D�E"79;"79JKFH?@J�]	FHq�GIBCE�O979x@x[;�ö�ù ^ î`ï`ï9ïQîHú�t d 7(¯�?[x@x|:M;>;"q�G�7(=�79E"7(FH=�:nFYFH=�7QE>7�:<E>7�FV¯�B�O97Qx[xbFVU|D�7Q;9r
F>q�GIBCE	:MJ�p¤J�BCE>G�:Mx�t�¢�=|q�;9P�� ^	ÿ ü ô � �¹ö�ù ^ î`ï`ï`ïQîHú � ¯�?@x[x�E>7QD�E>7Q;>79JKF%FH=�7¸D�7QE>O97QJKF\:M]C7°BML�F>=�7
öÅFH=ÈFHq�GIBCE�;>:MG�D�x[7vFH=�:<F%?[;%J�BCE"G+:<x5FH?@;>;>q�7Mt°¢�=�E>BMq�]C=�BCq�FØF>=�7°D�:MDh79E9P3¯�7I¯�?@x[x�:<;>;>q�G�7¸FH=�:<F
F>=�7°p�:<FH:Z=�:`TC7I8h7979J´:MD�D�E"BCD�E>?[:<FH7Qx@UªD�E>7QD�E>B|O97Q;>;>7Qp£:MJ�p¶J�BCE"G+:Mx@?[ÃQ79p,t g ]C:M?[J,P3F>=�7�GI7QF>=�B|p�;
L¹BME�:M;>;"79;";>?[J�]'p�?z²y7QE>79JKF>?·:Mx�7³��D�E>7Q;>;"?[BCJ�D�E>7³T�?@BCq�;"x@UvE"79DhBCE"F>79pI?[J¸FH=�7�x@?@F>79EH:nFHq�E"7�=�:`TC7�?[GID�x@?[O9?zFHxzU
G�:Mp�7	F>=�7¥:M;>;"q�GID�FH?@BCJÄFH=�:<F�ü ô ù ^ P�ö�ù ^ î`ï`ï9ïQîHú�t

N(7³L¹BCE>7¥p�7Q;>O9E"?[8�?@J�]�F>=�7'GIB|p�79x3L¹BCE"Gvq�x·:nFH?[BMJ�;9P�¯�7'8�E>?[7³ß�Ufp�?[;"O9q�;";SF>=�7';)FHq�p�UZp�7Q;>?[]MJ�;.:<D m
D�E>BCD�E"?·:<F>7�L¹BCE°:MJ�:<x@U|;>?@;¸q�;>?@J�]¤FH=�?@;IGIB|p�79x�t´jVJ¿;"BCG�7ÄO9:MJ�OQ79EI;"FHq�p�?[7Q;9P(J�BCE>G�:Mx�:MJ�p¬F>q�G�BME
;>:MGID�x[7Q;	O9BCGI7'L¹E"BCGÊ;"79D�:ME>:<FH7°D�:nFH?[7QJKFH;9t'��BCE.FH=�79;>7°;"7QF>F>?[J�]M;9P,¯�7°F>E>79:<F	FH=�7IO9:MJ�OQ79E>BMq�;¥:MJ�p
=�7`:MxzFH=KU´;>:MG�D�x[79;°:<;I;)F\:<F>?[;)FH?[O9:Mx[xzUÚ?[J�p�7QD�7QJ�p�7QJbF9P�:MJ�p®?zFv¯�?[x@x(J�BMFIJ�7QO97Q;>;H:<E>?[xzU£8h7�FH=�7WO`:<;>7
F>=�:<F�û1ù ú5t�jVJZBMFH=�79E�7³��D�7QE>?@G�7QJbF>;9PhJ�BCE"G+:Mx,:MJ�pªO9:MJ�OQ79E>BMq�;SF>?[;>;"q�79;SO9BCGI7�L¹E>BCGþF>=�7¥;H:MGI7
D�:<FH?@79JKF`t�¢�=�7'J�BME>G�:Mx,FH?@;>;>q�7Ø?@;�FH:M¾M7QJZL¹E>BMGÛ:IE"79]C?@BCJZJ�7`:ME�FH=�7¥O`:<J�O97QE9Â,:°O9BMJ�;>7Q§|q�79J�OQ7v¯�?[x[x
8h7ØF>=�:<F�ûÙù ú5t�¢�=�7°:MJ�:MxzU�;"?[;SBML�FH=�7Q;>7¸;)FHq�p�?@79;�;"=�BCq�x@pªF\:M¾<7¸?[JKFHB�:MO9OQBCq�JKF	FH=�7¸D�:M?[E"?[J�]IBML
;>:MGID�x[7Q;9t�jVJWFH=�?@;�G+:MJbq�;"O9E"?[D�F9P�¯(7%¯�?[x@xyOQBCJ�;>?@p�79E�L¹BCE"Gvq�x[:<FH?@BCJ�;�L¹BME�8�BMF>=ÄFVU�Dh79;�BML5;"FHq�p�?[7Q;9t

��� Ó » ½ � � ��¼ ��� ���¹� » Ó��Q��¼�Ó Ñ Ó » �`�¹ê �

jVJ®FH=�?@;+;>7QOQF>?[BCJ,P�F>=�7¨GIB�p�7Qx�L¹BME�:MJ�q�J�D�:M?@E>79p¿;"FHq�p�U�p�7Q;>?@]CJ�?[;�p�79;"O9E"?[8h79p,t d 7¨;"FH:ME"F+8KU
OQBCJ�;"?[p�7QE>?[J�]�FH=�7¸]C7QJ�7¸7³��D�E"79;";>?[BMJ¶D�E"BM©�x@79;	L¹BCE.F>=�7¸J�BCE"G+:<x5;H:<G�D�x@79;Qtv6	7Q©�J�7��Øòô�� F>BW8�7'F>=�7

~

Hosted by The Berkeley Electronic Press



7���D�E>7Q;>;>?@BCJ¸GI7`:M;"q�E>7QG�7QJbF�L¹BCE FH=�7	�|F>=']C7QJ�7�q�;"?[J�]�FH=�7�ö�F>=vO9BCJKF>E>BCx|;H:MGID�x@7MP
�¸ù ^ î9ï`ï`ï9î��IÂHö�ù
^ î`ï`ï`ï³îHû¤t �*§bq�?zT<:Mx[7QJbF>x@UMP
� òô�� ?[;°FH=�7��bFH=¿OQBCGID�BCJ�79JKF+B<L	ñ òô t ¢�=�7QJ¿FH=�7ZG�B|p�7Qx�L¹BME�]C7QJ�7
7���D�E>7Q;>;>?@BCJf?[JWO9BCJKF>E>BCx3;>:MG�D�x[79;�¯�7Ø:ME>7	L¹BCE"Gvq�x[:<FH?@J�]v?[;�F>=�7�L¹BCx[x@B�¯�?[J�]�r� òí � î`ï`ï`ïQî�� òó � Í � ò� ��� � � ^��� òí ��� � î9ï`ï`ï³î�� ò� ��� � ô ô��Í � ò ��� � � aC�

jVJ'79§bq�:<F>?[BCJW� ^�� P<¯(7�:<;>;>q�G�7(F>=�:<FYF>=�7(7���D�E>7Q;>;>?@BCJ°G�79:M;>q�E>79GI79JKF>;5L¹E>BCG
?[J�p�?@T|?[p�q�:MxK]C7QJ�79;*:ME"7
E>:MJ�p�BMGÞ;H:<G�D�x@79;�L¹E>BMGþ:¸]C79J�7 m ;"D�7QO9?z©�OØD�E>BC8�:<8�?[x@?@FVU�G�B|p�79x�P�OQBCJ�p�?zFH?[BMJ�:MxyBMJª:¸]C7QJ�7 m ;>Dh79O9?z©�O
7³²y7QOQF9PC¯�=�?[x@7(FH=�7�;"79OQBCJ�pI;"F\:<]C7�BMLiFH=�7�GIB|p�79x,� aC� ;)F\:<F>79;YFH=�:<F�FH=�7�]M79J�7 m ;>Dh79OQ?@©�O�p�79J�;"?@FH?@79;*:ME"7
E>:MJ�p�BMG$;>:MG�D�x[79;¡L¹E>BCG$:'D�E"BC8�:M8�?[x[?zFVU°p�?[;)FHE"?[8�q�F>?[BCJytY��BCE�F>=�7	FHq�G�BCE�;H:MGID�x@79;9P|¯(7	L¹BME>Gvq�x[:<FH7
F>=�7�L¹BCx[x@B�¯�?[J�]ØG�B|p�79x�r�ªìí � î`ï9ï`ï9î��ªìó � Í � ^�ÿ ü ô � � ò� ��� ��� ü ô �hì� ��� � � �K��hì� ��� � ô ô��Í õ � �hì� ��� ��� õ"! �hì! ��� ��� � ^�ÿ õ"! ÿ õ#� � � ò ��� � � _b�

jVJ¨F>=�7vGIB�p�79x�L¹BMESFHq�G�BCES7³��D�E"79;>;"?[BCJyP,FH=�7¸GI7`:M;"q�E>7QG�7QJKFH;%:ME"7vJ�BÄx[BMJ�]C79ES?[J�p�79Dh79J�p�7QJKF¥:MJ�p
?@p�79JKF>?[O`:<x[x@U�p�?@;"FHE"?[8�q�FH79pZ:<F�FH=�7¥©�E";"F�;"FH:M]C7+� �K� Â�¯(7':ME>7%?@J�O9BCE"D�BMEH:<F>?[J�]¸=�7³FH7QE>BC]C7QJ�79?zFVUfBML�F>=�7
F>q�GIBCE�;>Dh79OQ?[GI79J�;�ü í î9ï`ï`ï9î"ü ð t�jVJZ:Mp�p�?zFH?@BCJ,Pb¯(7¥G�B|p�7Qx�FH=�7¥]M79J�7%7³��D�E"79;";>?[BMJZGI7`:M;"q�E>7QG�7QJKFH;
:<;�GI?z�|FHq�E>79; BML�FHq�GIBCE�:MJ�pØO9BCJKF>E>BCxb]C7QJ�7(7���D�E>79;";>?@BCJvp�7QJ�;>?zFH?[7Q;9t�eSB�¯�7QTC7QE9PCF>=�7¡F>q�GIBCE ;>Dh79O9?z©�O
p�79J�;"?@FH?@79;�BML¡FH=�7$�$]C79J�7Q;¥:ME>7°GIB�p�7Qx[x@79p¤:M;%8h79?@J�]W:ÄEH:MJ�p�BCGÙ;H:<G�D�x@7¸:<F�F>=�7°;>79OQBCJ�p¶;"F\:<]C7
B<L�FH=�7¸GIB�p�79xÖP�?[J¨7Q§bq�:<FH?@BCJ¬� _K� t%¢�=�7v©�E";"F%O9BMG�DhBCJ�7QJbF	?[J¨FH=�7¸G�?À��F>q�E>7ØBCJ¨FH=�7¸E>?[]M=bF m =�:<J�p
;"?[p�7�BML¡� _b� E"79D�E"79;"79JKFH;�F>=�7.DhBCD�q�x[:<FH?@BCJ°BML3]C7QJ�79;�FH=�:<F(:ME"7.B�TC7QE>7³��D�E"79;";>79pZ?[J°FHq�GIBCE";(E>7Qx·:<F>?@TM7
F>B�F>=�7'OQBCJKFHE>BMx�;>:MG�D�x[79;Qt�¢�=�7v;>7QO9BCJ�p¤O9BCGID�BMJ�79JKF	?@;�F>=�7'OQBCE>E"79;"D�BCJ�p�?[J�]�p�79J�;>?@FVUfL¹BCE�FH=�BM;>7
]M79J�7Q;�F>=�:<F�:ME"7¥q�J�p�79E"7³��D�E"79;>;"79pÈ?[JÄF>q�G�BME>;�E>7Qx·:<F>?@TC7	F>B�OQBCJKFHE"BCx[;Qt¡¢�=�7ØD�E"BCDhBCE"F>?[BCJÄBML5]C79J�79;
?@J´FH=�7Q;>7WFV¯(B¶D�BMD�q�x·:nFH?[BMJ�;¸:ME"7 õ � :<J�p õ"! P�E"79;"D�7QOQFH?zTC7Qx@UCtÁ¢�=�7fE>7QG+:<?[J�?@J�]¨D�E"BCD�BME"FH?@BCJ£BML
]M79J�7Q;9P ^.ÿ õ � ÿ õ%! P3:ME>7ØL¹E>BCG}FH=�7¸q�;>q�:<x5O9BMJbF>E>BCx�]C79J�7¸D�BCD�q�x·:<F>?[BCJyPh¯�=�?@O\=¤E>7QD�E>7Q;>79JKF>;%F>=�7
DhBCD�q�x·:<F>?[BCJ�B<L57���D�E>79;";>?@BCJªGI7`:M;"q�E>7QG�7QJKFH;�?[JW=�79:Mx@F>=bU+FH?[;";>q�7<t

d 7%J�7³�|F�]C?@TM7�FH=�7¥:MD�D�E>BCD�E"?·:<F>7�D�E>BM8�:M8�?@x[?@FVUIGIB�p�79xyL¹BCE�D�:M?[E"79pW;"F>q�p�UWp�7Q;>?[]MJ�;9t

��� Ó » ½ � � �'&.���Å� » Ó ã ��¼�Ó Ñ¿æÄ» �9�Åê �

�

http://biostats.bepress.com/umichbiostat/paper22



d 7.J�B�¯«L¹BCE"Gvq�x·:nFH7�FH=�7	D�E>BC8�:<8�?[x@?@FVU¸GIB�p�79x�L¹BCE�F>q�GIBCE(:<J�pÄO9BCJKF>E>BCxh;H:MGID�x@79;(?@J�F>=�7	O`:<;>7
B<L5D�:<?[E>7QpW;>Dh79O9?@G�7QJ�;9t d 7%=�:`TC7%FH=�7�L¹BCx@x[B�¯�?[J�]ØG�B|p�7QxÖr( � ì��ô� ò��ô*),+ - ô Í . � ^�ÿ ü ô � ��ò� ��� ��� ü ô � ì� ��� �� ò� ��� � / � ~C�( � ò� ��� �� ì� ��� � ) ô ô��Í ( ��ò³��� �

õ � � ì� ��� ��� õ%! � ì! ��� ��� � ^�ÿ õ%! ÿ õ � � �hò���� � ) � �K�- í î9ï`ï`ï³î - ð ô ô��Í 0 � �C�

¢�=�?[; G�B|p�7QxMF\:M¾<79;�?[JKFHB�:MOQO9BCq�JKF�FH=�7¡D�:M?@E>?@J�]�BML�;>:MGID�x[7Q;9t�jVJ�� ~C� P�¯(7�:M;";>q�GI7¡F>=�:<F FH=�7�OQBCJKFHE>BMx
:<J�pZF>q�G�BME�7���D�E>7Q;>;>?@BCJ¤GI7`:M;"q�E>7QG�7QJbF�L¹BCE�FH=�71�bFH=f]C79J�7¥L¹E>BCGþF>=�7'öÅFH=¨;>:MGID�x[7<P�O9BCJ�p�?@FH?@BCJ�:Mx
BMJ�:±]C7QJ�7ª7³²y7QOQF`P�?[;�:±E>:MJ�p�BCG ;>:MG�D�x[7ZL¹E"BCG :±8�?zTM:<E>?·:nFH7Wp�?[;)FHE"?[8�q�F>?[BCJyP�¯�=�7QE>7¨FH=�7Z©�E";"F
OQBCGID�BCJ�79JKF�?@JbTMBCx@TM79;+F>=�7ªF>q�G�BME�=�7³FH7QE>BC]C7QJ�79?zFVUCP�:MJ�p�F>=�7ª;"79OQBCJ�p«O9BCGIDhBCJ�79JKF+?[;�:¶]C79J�7 m
;"D�7QO9?z©�O�p�79J�;>?@FVU+L¹BCE�O9BCJKF>E>BCx,;>:MGID�x[7Q;9t�¢�=�7%;>7QO9BCJ�pZ;)F\:M]C7�B<L�F>=�7�G�B|p�7Qxy?[;�]M?@TC7QJW?[JÚ� �C� :MJ�p
� �C� Pn¯�=�79E"7�FH=�7(p�79J�;"?@F>?[79;5:ME>7�:.EH:MJ�p�BCG
;H:MGID�x[7*L¹E>BMG :	8�?@T<:ME>?[:<FH7*p�?@;"F>E>?[8�q�FH?@BCJ,t�¢�=�7�p�7QJ�;>?zFVU
L¹BME2� ì� O9BCE"E>7Q;>DhBCJ�p�;.F>B�F>=�:<FS]C?@TM79J¨?@J´� _b� t��5?@J�:Mx[xzUCP�¯�7v:<x[;>B�J�797Qp¤:�GIB|p�79x3L¹BCE"Gvq�x·:nFH?[BMJ�L¹BCE
F>=�7Ä;H:<G�D�x@7Ä7Q²�79O³FH; - í î`ï`ï9ï9î - ð Â(F>=�7Wp�?[;)FHE"?[8�q�F>?[BCJ£B<L�F>=�79;"7Z7³²y7QOQF>;�?@;¸]C?@TM79JÁ8KU30 ?@J � �C� t
d =�?[x[7SFH=�7QE>7%?[;�:¸Gvq�xzFH? m ;"FH:M]C7�L¹BCE>Gvq�x·:<F>?[BCJ�?[JÄ8hBMFH=WGIB�p�7Qx[;¥� ^��Vm � _b� :<J�p¶� ~C��m � �M� P�F>=�7%x·:<F"FH7QE
GIB|p�79x ?[;�L¹q�J�p�:<G�7QJbFH:Mx[xzUW8�?@T<:ME"?·:<F>7MP�¯�=�?@x[7ØF>=�7'L¹BCE"G�7QESGIB|p�79x�G�B|p�7Qx[;�FH=�7vp�?[;"F>E>?@8�q�FH?@BCJ�;�BML
F>=�7�]C7QJ�7Ä7³��D�E"79;";>?[BMJ¬D�E>BM©�x@79;'L¹BME'O9BMJbF>E>BCx�:MJ�p´FHq�G�BCEØ;H:MGID�x@79;';"79D�:<EH:<F>79x@UMtÚN(BMFH=£GIB|p�79x@;
� ^��Vm � _b� :MJ�pÚ� ~C�Vm � �C� :ME"7	7³��:MGID�x[7Q;(BML GI?z�|F>q�E>7SG�B|p�79x@;9tYj�F(;>=�BMq�x[pW:Mx@;>Bv8h7.J�BMFH7Qp�FH=�:<F(FH=�7Q;>7
GIB|p�79x@;v?[GID�x@UÚFH=�:<F°FH=�7QE>7f?[;°:Èp�79Dh79J�p�79J�OQ7ª?[JÁ]C7QJ�7f7³��D�E>7Q;>;"?[BCJ®G�79:M;>q�E"79GI79JKFH;I8h7QFV¯�7979J
]M79J�7Q;9t�¢�=�?@;.?[;�8h79O9:Mq�;>7ØBMLYF>=�7¥FV¯�B m ;"F\:<]C7'=�?@79E>:ME>O\=�?@O`:Mx,L¹BME>Gvq�x[:<FH?@BCJ�¯�7'=�:`TC7':Mp�BCD�FH79p¨:MJ�p
?@;�:Mx[;"B¸?[GID�x[?@79p�8KUÄF>=�7%G�B|p�79x@;�BML5�YL¹E>BCJf7QFS:Mx�t�� aMcMc�^�� :MJ�pZjV8�E>:M=�?@GÞ7QFS:Mx�t�� a<cCcKaC� t

jVJÈFH=�?@J�¾b?[J�]W:<8�BCq�F%D�E>BC8�:M8�?[x@?[;)FH?[O¥;>Dh79OQ?@©�O9:<FH?@BCJ�;�L¹BCE	F>=�7¸G�B|p�7Qx[;�p�7Q;>O9E"?[8h79pÚD�E>7³T|?[BCq�;"x@UMP
¯�7(¯(:MJKF�FHB	?@J�O9BME>DhBCEH:<F>7�F>=�7(LÅ:MO³F5FH=�:<F5F>=�7�Jbq�Gv8h79EYBMLi;>:MGID�x[7Q;��Åú�îHû � ¯�?@x[xb8�7(Gvq�O\=¸;>G�:Mx@x[79E
F>=�:MJ+F>=�7	Jbq�Gv8h79E�BML ]C7QJ�79;¥��� � ?[J�]C7QJ�7.7���D�E>7Q;>;>?@BCJW;"F>q�p�?[7Q;9t d =�:<F�FH=�?@;(?@G�D�x@?[7Q;¡?@;�F>=�:<F(¯�7
¯(:MJKF�FHB°8h7�D�:ME>:MG�7³FHE"?[O.?@JÄFH=�7	©�E";"F�;)F\:M]C7¥:MJ�pfx@79;";�D�:MEH:<G�7³FHE>?@O.?@J�FH=�7%;>7QO9BCJ�pZ;)F\:M]C7�B<L�F>=�7
GIB|p�79x@;9tYN¡U+q�F>?[x@?[Ã9?@J�]	FH=�7	=�?[7QEH:ME"O\=�?[O9:Mxi;>Dh79OQ?@©�O9:<FH?@BCJ�;9P|FH=�?@;(:<x[x[B�¯�;¡q�;(F>B';>=�:ME>7	?@J�L¹BCE"G+:<F>?[BCJ
:<O9E>BM;>;�]C79J�7Q;S?@Jª:°J�:<F>q�EH:<x,¯�:`UCt�¢�=�?[;�:MD�D�E"BK:MO\=f¯�:M;.:Mx[;"B°?[J�OQBCE>DhBCEH:nFH79pf8KUWBMFH=�79ES:Mq�FH=�BCE>;QP
;"q�O\= :M;W¦S7³¯�FHBCJ 7QFf:Mx�t}� aMcCc�^�� P���L¹E"BCJ 7QFf:Mx�tþ� aMcCc�^�� :MJ�p s5:ME"G�?@]C?·:<J�?S7³Ff:MxÖtþ� aMcMcKaC� t
e�B�¯(7³TC79EQPhF>=�7QU+¯(7QE>7¥J�BMF�p�79:Mx[?@J�]v¯�?@F>=fF>=�7%O9BCGID�x[7���F>?[;>;"q�7%;>OQ79J�:ME"?[BI:Mp�p�E>79;";>7Qp¨=�79E"7Mt

�

Hosted by The Berkeley Electronic Press



¢�=�7�q�x@F>?[G�:<FH7*]CBC:MxK=�79E"7�?[; FHBSO`:Mx@O9q�x[:<FH7¡:.§bq�:<JbF>?@FVU¥;>q�G�G�:ME>?@Ã9?@J�]�p�?@²�79E"79JKFH?[:Mxb7³��D�E>7Q;>;"?[BCJ
B<L(:Ä]C7QJ�7°?[J¤FHq�G�BCESFH?[;";>q�7°E"79x·:nFH?@TM7'FHBW=�79:Mx@F>=KU¨FH?@;>;>q�7Mt°N(7QO`:Mq�;"7I¯�7°=�:`TC7°L¹BCE>G'q�x·:<F>79pªF>=�7
D�E>BC8�x@79G q�;"?[J�]£GI?z�|FHq�E>7ªGIB|p�79x@;9P�:´J�:<F>q�EH:<xSBCq�FHD�q�FW?@J¿FH=�?[;+D�E>B|O979p�q�E>7¤?@;�FH=�7¤D�BC;)FH7QE>?[BME
D�E>BC8�:<8�?[x@?@FVUfBML�p�?@²�79E>7QJKFH?·:<xY7³��D�E"79;>;"?[BCJ¶]C?@TM79JÈFH=�7°BC8�;>79E)TC7Qp´p�:<FH:�t w ?[GI?[x[:MESGI7`:<;>q�E"79;¥=�:`TC7
8h797QJ´p�7³TC79x@BCDh79p´§bq�?zFH7I7³�|FH7QJ�;>?zTC79xzU±?@J¶F>=�7�;"?@F>q�:<FH?@BCJÈ¯�=�79E"7�ü ô ù ^ L¹BCE¥ö	ù ^ î9ï`ï`ï9î>ú5P58�q�F
J�BMF¥?[JÈFH=�7°GIBCE>7°p�?54�OQq�x@F¥OQBCG�D�x[7³�¨FH?[;";>q�7ID�E"BC8�x[7QGZt d 7I¯�?@x[xYx[:<FH7QE%x[?[J�¾ZFH=�?[;%§bq�:MJKFH?zFVU¤FHB
F>=�7�LÅ:Mx[;"7�p�?[;"O9B�TC7QE"UWE>:<FH7I�ÅN(79Jnµ>:<G�?@J�?3:MJ�pfe�B�O\=b8h79E>]�P ^`lClK~C� t

��� Ó » ½ ã%��» �K��65�C����� ��� �
d 7Ø©�E";"FS;"FH:ME"F.8bUfOQBCJ�;>?@p�79E"?[J�]IFH=�7¥q�J�D�:M?[E"79p¨;)FHq�p�Ufp�7Q;>?@]CJ¨GIB�p�7Qx¡� ^���m � _b� t d 7';"D�7QO9?@L�U

F>=�:<F	� ò� ?@;5FH=�7�p�79J�;"?@FVUØL¹q�J�OQF>?[BCJ¸B<Ly:�J�BME>G�:Mx�E>:MJ�p�BMG T<:ME>?[:M8�x@7�¯�?@F>=¸G�79:MJ - � ò :MJ�pvT<:ME"?·:MJ�OQ77%8� ò ?@JÁ� ^�� :MJ�p¨F>=�:<F9� ì� ?[;SF>=�:<F	L¹E"BCG1:+J�BCE"G+:<x�p�?@;"F>E>?[8�q�FH?@BCJZ¯�?zFH=¨GI7`:MJ - � ì :MJ�pªT<:ME"?·:MJ�OQ77%8� ì t�jVJ�F>=�7�;>7QO9BCJ�pW;)F\:M]C7�B<L3FH=�7�GIB�p�79x��¹79§bq�:<F>?[BCJ�;%� aC� :MJ�pÚ� _K�>� P 7:8� ì :<J�p 7:8� ò :ME"7�:M;";>q�GI79p
F>B'8h7SL¹E"BCGâp�?[;)FHE"?[8�q�F>?[BCJ�;*¯�?zFH=�GI7`:<J 7 8ì :<J�p 7 8ò t d 7S¯�?@x[xi:M;";>q�GI7SF>=�:<F�FH=�7Sp�?[;)FHE>?@8�q�F>?[BCJ°BML- � ò ���°ù ^ î`ï`ï`ïQî�� � :<F�F>=�7	;"79O9BMJ�pW;"F\:<]C7	?[;�L¹E>BCG�:vJ�BCE"G+:<x�p�?@;"F>E>?[8�q�FH?@BCJ�¯�?zFH=�GI7`:MJ - ò :MJ�p
T<:ME"?·:MJ�O97 7:8 t¡��BCE(F>=�7%p�?[;)FHE"?[8�q�F>?[BCJÄB<L - � ì P�¯�7%¯�?[x[xhL¹BCE>G'q�x·:<F>7.FH=�7%L¹BMx[x[B�¯�?@J�]vGIB�p�7QxÖr- � ì Í õ#�:; � - � î 7 8� ��� õ%!<; � - ! î 7 8! ��� � ^�ÿ õ#� ÿ õ"! � ; � - ò î 7 8 � ï � kK�

jVJ¨� kK� P|¯�7.;)F\:<F>7SF>=�:<F¡FH=�7.:�TM79E>:M]C7.]M79J�7S7³��D�E>7Q;>;"?[BCJÄx@7QTC7Qx�?@JIF>q�GIBCE>;¡O9BCGI79;¡L¹E>BCGÉ:¥G�?À�|FHq�E"7
B<L�FH=�E"797�p�?@;"F>E>?[8�q�FH?@BCJ�;9tª¢�=�7+©�E";"F°p�?@;"FHE"?[8�q�FH?[BMJ¶BCJ´F>=�7�E"?[]C=KF m =�:MJ�p±;>?[p�7�BMLØ� kC� ?[;¥L¹BCEØF>=�7
]M79J�7Q;	FH=�:<F�:ME>7vB�TM79E>7���D�E>7Q;>;>7Qp´?[J¨F>q�GIBCE.E"79x·:nFH?@TM7'FHBÄJ�BCE>G�:Mx FH?[;";>q�7<tØ¢�=�7¸;>79OQBCJ�pÚG�?À�|FHq�E"7
OQBCGID�BCJ�79JKF%O9BCE"E>7Q;>DhBCJ�p�;�FHBÄF>=�7¸D�BMD�q�x·:nFH?[BMJ¨BML�]C79J�7Q;�FH=�:<F¥:<E>7¸q�J�p�79E>7���D�E>7Q;>;>7Qp£?[J¨F>q�G�BME
OQ79x@x�DhBCD�q�x[:<FH?@BCJ�;5E"79x[:<FH?zTC7(F>B¥J�BCE>G�:Mx|O979x@x�DhBCD�q�x[:<FH?@BCJ�;9t�¢�=�7�x·:<;"F�GI?z�|FHq�E>7�OQBCG�DhBCJ�7QJKF�?[Jf� kK�
E"79D�E"79;"79JKFH;¡FH=�7�]C79J�79;*FH=�:<F¡p�B¥J�BMF¡O\=�:<J�]C7.8h7QFV¯�797QJ�J�BCE"G+:<x�:MJ�p°FHq�GIBCE�FH?@;>;"q�7Mt�¦�BMFH?@O97�FH=�:<F
¯�7�:ME"7(7���:<G�?@J�?[J�]S:MJ�pØFH79;)FH?@J�].L¹BCE�p�?@²�79E"79JKFH?[:Mxb7³��D�E"79;>;"?[BCJ¸q�;>?[J�]	G�79:MJ�;Qt5¢�=�7�D�E>BCDhBCE"F>?[BCJ¥BML
]M79J�7Q; F>=�:<F LÅ:Mx@xM?[JKF>B�F>=�7�FH=�E"797¡]C79J�7¡DhBCD�q�x·:<F>?[BCJ�;,:ME>7*]C?zTC79J¥8KU õ � î õ%! :MJ�p õ#= ýâ� ^bÿ õ � ÿ õ%! � t
g J�:<FHq�E>:Mx,OQBCJ�;"F>EH:M?@JKF�F>B°?[GID�BC;"7	?[;�F>=�:<F - !?> - ò > - � t d 7%O9:MJZE"7QL¹BCE"Gvq�x[:<FH7.F>=�7�]C7QJ�79E>:Mx

k

http://biostats.bepress.com/umichbiostat/paper22



GIB|p�79x,?@JÄ79§bq�:<F>?[BCJ�;'� ^��Vm � _b� ?[JÄFH=�7�L¹BCx@x[B�¯�?[J�]vG+:<J�J�79EQr� ò��ô Í ; � - � ò î 7 8� ò � � lK�� ì��ô Í ü ô ; � - � ì î 7 8� ì ��� � ^�ÿ ü ô � ; � - � ò î 7 8� ò � � ^�cC�- � ò ôuô��Í ; � - ò î 7 8ò � � ^C^��- � ì ôuô��Í õ �:; � - � î 7 8� ��� õ%! ; � - ! î 7 8! ��� � ^�ÿ õ � ÿ õ%! � ; � - ò î 7 8 � � ^�aM�7 8� ò ôuô��Í @ ò � ^��C�7 8� ì ôuô��Í @ ì î � ^`_K�

¯�=�79E>7$@ ò :MJ�pA@ ì :ME"7IF>=�7Ip�?[;)FHE>?@8�q�F>?[BCJ¤L¹q�J�O³FH?@BCJ�;%O9BCE"E>7Q;>DhBCJ�p�?@J�]ZF>B 7:8� ò :MJ�p 7:8� ì P�E"79;"D�7QO m
F>?@TM79x@UMPB�°ù ^ î`ï`ï9ï9î��°t

d 7¨J�7���F�O9BCJ�;"?[p�7QE�F>=�7¨D�:M?@E>7Qp�;"F>q�p�U®p�79;"?[]CJ�GIB|p�79x'� ~C��m � �C� t d 7Z¯�?[x[x�G�:M¾M7Z;>?@G�?@x·:ME
;"D�7QO9?z©�O`:<F>?[BCJ�;%:M;�FH=�BC;"7IL¹BME	FH=�7°q�J�D�:M?[E"79pÈp�79;"?[]CJyP�¯�=�?@x[7'FH:M¾b?[J�]W?@JbF>Bf:MO9OQBCq�JKFØF>=�7°D�:M?@E>?[J�]
B<L�FH=�7�;>:MGID�x[7Q;9t g FvFH=�7+©�E>;)F°;"FH:M]C7�BML�F>=�7ÄGIB�p�7Qx	�¹O9BCE"E>7Q;>DhBCJ�p�?@J�]¨FHB¤7Q§|q�:<FH?@BCJ«� ~M�>� PY¯�7
:<;>;>q�G�7¥FH=�:<F¸�C�¥ò��ô î�� ì��ô � ����ù ^ î`ï9ï`ï9î��°ÂHö*ù ^ î`ï`ï9ï9îHú � =�:M;.:+8�?zTM:<E>?·:nFH7¥J�BCE>G�:Mx p�?@;"FHE"?[8�q�FH?[BMJ
¯�?zFH=WGI7`:MJÄTC7QOQF>BCE ( - ô � - � ò- ô � ü ô - � ì � � ^�ÿ ü ô � - � ò )
:<J�pÄTM:<E>?·:<J�O97 m O9B�T<:ME"?·:MJ�OQ7�G+:nFHE>?À�( 7:8� ò 7 ì ò7 ì ò ü 8ô 7 8� ì � � ^�ÿ ü ô � 8 7 8� ò ) ï

��BCEvF>=�7fG�B|p�79x@;°O9BCE"E>79;"D�BMJ�p�?[J�]ÚF>B�� �C� P�¯�7Z:M;>;"q�G�7WFH=�:<F¤� - � ò î - � ì � :ME"7Z?@?[pÁBC8�;"79E)TM:nFH?[BMJ�;
L¹E"BCGÙ:W8�?zTM:<E>?·:nFH7vGI?z�|FHq�E>7¸J�BCE"G+:<xYp�?[;)FHE"?[8�q�F>?[BCJyP,¯�=�?[O\=È¯(7I;"FH:<FH7I8h79x[B�¯ ?[J¿� ^��M� tI�5?[J�:Mx[xzUCP
F>=�7�;>q�8bµ"79OQF(7Q²�79O³FH; - í î`ï`ï9ï9î - ð :<E>7�:M;>;"q�GI79p�F>B%O9BCGI7�L¹E>BCGâ:%p�?@;"FHE"?[8�q�FH?[BMJvL¹q�J�OQF>?[BCJ'0 t d 7
¯�?@x[x�:Mx@;>B�:<;>;>q�G�7'F>=�:<F%:<x[x3T<:ME>?[:MJ�O97':MJ�p¤OQB�T<:ME"?·:MJ�O97'D�:MEH:MGI7QF>79E";	O9BCGI7ØL¹E"BCGÛp�?[;)FHE"?[8�q�F>?[BCJ�;

l

Hosted by The Berkeley Electronic Press



F>=�:<F�¯�7Øx@7`:`TC7%q�J�;>Dh79O9?z©�79pyt¡¢�=bq�;QPhF>=�7%G�B|p�7Qx,O`:MJW8h7%;"F\:nFH79pf?[JÄF>=�7�L¹BCx[x@B�¯�?@J�]vG�:MJ�J�7QE9r( � ò�)ô� ì��ô ) + - ô Í ; 8 . ( - ô � - � ò- ô � ü ô - � ì � � ^�ÿ ü ô � - � ò ) î ( 7 8� ò 7 � ò ì7 � ò ì ü 8ô 7 8� ì � � ^�ÿ ü ô � 8 7 8� ò ) / � ^�~M�( - � ò- � ì ) ô ô��Í õ#�:; 8 . ( - ò- � ) î ( 7 8ò 7 ò �7 ò � 7:8� ) /� õ%! ; 8 . ( - ò- ! ) î ( 7 8ò 7 ò !7 ò ! 7:8! ) /� � ^�ÿ õ"! ÿ õ � � ; 8 . ( - ò- ò ) î ( 7 8ò 7 ò =7 ò = 7 8ò ) / � ^��C�7 � ò ì ô ô��Í @ ò ì � ^��M�7 8� ò ô ô��Í @ ò � ^�kC�7 8� ì ô ô��Í @ ì î � ^�lC�- ô ô ô��Í 0 � aMcC�

jVJ¤� ^�~C� PÌ¯�7�:Mx@x[B�¯�L¹BCE¡FH=�7SJ�BCE"G+:Mx�:MJ�p�FHq�GIBCE¡O9BCGID�BMJ�79JKFH;�FHBv?@JbF>79E>:MOQF9Â�FH=�?[;(?@;(;"q�G�G�:ME"?[Ã97Qp
8KU´F>=�7WO9B�T<:ME>?[:MJ�OQ7WF>79E"G 7 � ò ì t®eS:`T�?@J�]È;"FH:<FH7Qp¬F>=�7W;>79GI?[D�:MEH:MGI7QF>E>?@O�G�B|p�7Qx[;'F>=�:<F¸¯�7ª:ME"7
©�F>FH?@J�]+?@JªFH=�7vq�J�D�:<?[E>7QpÈ:MJ�p¤D�:<?[E>7Qp¨p�7Q;>?[]MJ¨O`:M;"79;QP3E>79;"D�7QOQF>?@TC7Qx@UMP,¯(7¸:<E>7vJ�B�¯
E>79:Mp�UZFHB�p�7 m
;"O9E"?[8h7�F>=�7SJ�79O97Q;>;>:ME"U+79;"F>?[G�:<FH?@BCJ°D�E>B|O97Qp�q�E"79;9t¡­	q�E¡D�E"B�OQ79p�q�E"79;(¯�?@x[x�?@JbTMBCx@TM7.:¥O9BCG'8�?[J�:nFH?[BMJ
B<L5GI7QF>=�B�p�;�BML5GIBCGI79JKF�79;)FH?@G+:<F>BCE>;�:MJ�pWFH=�7¥�¡X :<x[]CBCE"?@F>=�GZtD �Q��� ä ����� �h� &¥� � � » Ó�¼ � » �

d 7�O9BCJ�;>?[p�79EYFH=�7�G�B|p�79x|L¹BCEYFH=�7�q�J�D�:M?@E>7Qp¸;"FHq�p�U¸p�7Q;>?[]MJ°©�E>;"F9t d 7�79GID�x[B�U¥FH=�7�L¹BCx@x[B�¯�?[J�]
G'q�x@F>? m ;)F\:M]M7	:Mx@]CBCE>?zFH=�GâL¹BCE�7Q;"F>?[G�:<FH?@BCJ,r

^ t���;"FH?@G+:nFH7 - � ò :MJ�p 7:8� ò ?[J¶� lK� 8KUFE- � ò ù ú ! íHG
ôJI í � ò�)ô

:MJ�p

E7:8� ò ù �¹ú ÿ�^�� ! íHK ðôJI í ���Øò��ô ÿ E- � ò � 8 PB�¸ù ^ î`ï`ï9ïQî��°t
a t���;"FH?@G+:nFH7 - � ì :MJ�p 7:8� ì ?@J®� ^�cK� 8bU¨G�7³FH=�B|pÈBML¡G�BCGI79JKF>;�79;"F>?[G�:<FH?@BCJ,P�q�;>?@J�]ÄFH=�7°79;)FH? m

G+:nFH79;�BML - � ò :MJ�p 7 8� ò L¹E>BMGÞ;"F>79D ^ t

� t���;"FH?@G+:nFH7+� - ò î - � î - ! � P5� õ%! î õ � � :MJ�p´� 7:8ò î 7:8! î 7:8� � 8bUWF>=�7v�¡X :Mx@]CBCE"?@FH=�G$¯�=�7QE>7ØF>=�7
à"p�:<FH:MáI:ME>7��

E- � ò î E- � ì � PH�°ù ^ î`ï`ï`ïQî��It
^�c

http://biostats.bepress.com/umichbiostat/paper22



_ t���;"FH?@G+:nFH7$@ ò :<J�pL@ ì 8KUÚF>=�7+7QG�D�?[E>?@O`:Mx5p�?[;)FHE>?@8�q�F>?[BCJ�;�B<L�FH=�7I79;)FH?@G+:<F>BCE>;%BML 7:8� ò :MJ�p7 8� ì L¹E>BMGÞ;"F>79D�; ^ :MJ�p a PH�°ù ^ î`ï`ï9ï9î��°t
��BCE�FH=�7%D�:M?@E>7Qpf;)FHq�p�UWp�79;"?[]CJ±�Å7Q§|q�:<FH?@BCJ�;Ø� ^�~M�Vm � aMcK�"� PbFH=�7�L¹BCx@x[B�¯�?[J�]v:Mx[]CBME>?@F>=�G�?[;�q�;"79p,r

^ t���;"FH?@G+:nFH7 - ô 8KU E- ô ù � a � � ! í �G �MI í ��� ò��ô � � ì��ô � Â
;>q�8�FHEH:<OQF

E- ô L¹E>BCGÙF>=�7+]M79J�7�7���D�E>7Q;>;>?@BCJ£GI7`:M;"q�E>7QG�7QJbF>;ØL¹BCE¥FH=�7�ö�F>=´?[J�p�?@T|?[p�q�:MxÖP ö�ù
^ î`ï`ï9ï9îHú�t

a t���;"FH?@G+:nFH7 - � ì :MJ�p 7:8� ì ?@J®� ^�~C� 8bU¨G�7³FH=�B|pÈBML¡G�BCGI79JKF>;�79;"F>?[G�:<FH?@BCJ,P�q�;>?@J�]ÄFH=�7°79;)FH? m
G+:nFH79;�BML - � ò :MJ�p - � ì L¹E"BCGþ;)FH79D ^ t

� t���;"FH?@G+:nFH7+� - ò î - � î - ! � P5� õ%! î õ � � :MJ�p´� 7:8ò î 7:8! î 7:8� � 8bUWF>=�7v�¡X :Mx@]CBCE"?@FH=�G$¯�=�7QE>7ØF>=�7
à"p�:<FH:MáI:ME>7��

E- � ò î E- � ì � PH�°ù ^ î`ï`ï`ïQî��It
_ t���;"FH?@G+:nFH7�F>=�7(p�?[;"F>E>?@8�q�FH?@BCJ'B<L�FH=�7¡TM:<E>?·:<J�O97�D�:MEH:<G�7³FH79E";5?@JÄ� ^��C�Vm � ^�lK� 8KUØF>=�7�7QG�D�?@E>?@O`:Mx

p�?[;)FHE"?[8�q�F>?[BCJÄB<L�F>=�7%79;"F>?[G�:<FH7QpÄTM:<E>?·:<J�O97�OQBCG�DhBCJ�7QJKFH;9t

g ]C79J�7QEH:Mx�p�79;"O9E"?[D�F>?[BCJ�B<L3FH=�7��¡XÙ:Mx@]CBCE"?@FH=�GÆ?[J�J�BCE>G�:MxhG�?À�|FHq�E"7SGIB�p�79x[;�O`:MJ+8�7.L¹BMq�J�p
?@J�A�=�BC;"=Ä:MJ�p o =�?[J�J�:M?@UC:MJ¤� aMcCcKaM� t5¢�=�7	G�7³FH=�B|p�;¡=�79E"7.=�:`TM7	8�7Q79J�?@G�D�x[79GI79JKF>79p°q�;>?@J�]ØF>=�7
{ x·:MJ�]Mq�:M]C7W�¹jV=�:M¾n:f:MJ�p¶A%7QJKFHx[7QG+:<J,P ^�lClC�C� tvj�L�¯(7°p�7³©�J�7°FH=�7°EH:<J�p�BCG1TM:<E>?·:<8�x[7Q;ON/ù ^ P
a :MJ�p � :<J�p´O9BME>E>7Q;>DhBCJ�p�?@J�]¨FHBfFH=�7+D�BCD�q�x·:<F>?[BCJ�;ØBML�q�J�p�79E"7³��D�E"79;>;"79p,P�B�TC79E"7³��D�E"79;>;"79p¿:MJ�p
J�BCJ m p�?@²�79E>7QJKFH?·:<x[x@U.7³��D�E"79;>;"79p°]C7QJ�79;Y?@JØF>q�G�BME�E"79x·:nFH?@TM7¡F>B	=�79:Mx@F>=bU%F>?[;>;"q�7MP<FH=�7QJ'L¹BCE579:MO\=v]C7QJ�7
¯�7�¯�?@x[xY=�:�TM7�:fG�79:M;>q�E"7�B<L�FH=�7IDhBC;"F>79E>?@BCE%D�E>BM8�:M8�?@x[?@FVUZFH=�:nFPN ù ^ PQN ù a :MJ�pRN ù � P
OQBCJ�p�?zFH?@BCJ�:Mx|BCJ¸FH=�7�BM8�;>7QE"TC7Qp�p�:<FH:�t�A�79J�79;�¯�?@F>=¸x·:ME"]C7�DhBC;"F>79E>?@BCEYD�E"BC8�:M8�?[x[?zFH?@79;5B<L%N$ù ^ :ME"7
x@?[¾<79x@UIFHB°8h7�q�J�p�7QE>E"79]Cq�x[:<FH7QpZ]M79J�7Q;9Âi;>?@G�?@x·:ME¡?[JKFH7QE>D�E"7QFH:<FH?@BCJ�;�=�BMx[pÄ¯�?@F>=SN�ù a :MJ�pSN$ù � t

g GI7QF>=�B�pvL¹BMEYG�B|p�7Qx[x[?@J�].OQ79x@x�FVU|D�7�OQBCG�DhBC;"?@FH?@BCJ'=�7QFH7QE>BC]M79J�7Q?@FVUv¯(:M;*D�E>BMD�BC;"79p°8KUvÔ*79J�7QF
7³F¥:MxÖtÄ� aMcCc�^�� t¸R�J�x[?@¾M7¸BCq�E�G�7³FH=�B|p,P,FH=�7QUÈp�BWJ�BWG�:M¾M7I:MJKUÈ:M;";>q�GID�F>?[BCJ�;�BMJÚF>=�7°J|q�Gv8�7QE
B<L�O9BCGIDhBCJ�79JKFSO97Qx[x�D�BCD�q�x·:<F>?[BCJ�;9Â�FH=�7³UfO9BCJ�;"?[p�7QE.p�?z²y7QE>7QJbF.Jbq�Gv8h79E>;.BML�O9BMG�DhBCJ�7QJbF>;9t�¢�=�79?@E
]MBK:Mxy?@;�FHB�:<F>F>79GID�F�F>B�E"79O9BMJ�;"F>E>q�O³F�F>=�7%G�79:M;>q�E>79GI79JKF�L¹BCE�F>=�7%O9BCGID�BMJ�79JKF�O97Qx[x,DhBCD�q�x[:<FH?@BCJ,t
jVJØFH=�?@;Y:ME)FH?[OQx[7<Pn¯�7(¯�?[x@xK8�7(D�q�E>;"q�?[J�]�:Sp�?z²y7QE>7QJbFY]CBK:Mx�Â<©�J�p�?[J�]Sp�?@²�79E"79JKFH?[:Mx[xzU�7³��D�E"79;>;"79pI]C79J�79;
7���D�x[?@O9?@F>x@UI?[J�O9BCE"D�BCE>:<FH?@J�]¸;H:<G�D�x@7	=�7³FH79E"BC]C7QJ�79?zFVUCt

^C^

Hosted by The Berkeley Electronic Press



T ��½Å� »ªæ �Å�`� � � » � ÑÁº ��� » �   � � ��½ Ñ ���Å�C��½�Ï �häR� ���n��� ��� �
N�7QL¹BCE"7Zp�7Q;>OQE>?[8�?[J�]ÈFH=�7ª:MD�D�x@?[O9:<FH?@BCJ£BML	F>=�7ZD�E>BCDhBC;>7Qp�GI7QFH=�B�p�;°FHBÈFH=�7ªE>79:Mx�p�:<FH:M;>7³FH;9P�¯�7
8�E>?[7³ß�UØp�?[;"O9q�;";*F>=�7�E>7Qx·:<F>?[BCJ�;>=�?@D'8h7QFV¯�7979JIFH=�7�GI7QF>=�B|p�;YD�E"BCD�BM;>79p°=�7QE>7�¯�?zFH=¸p�?z²y7QE>79JKF>?·:Mx�7³� m
D�E>79;";>?@BCJØGI7QF>=�B|p�;3FH=�:<F�O9BMJbF>E>BCxCF>=�7*LÅ:Mx[;"7¡p�?[;>OQB�TC79E)U%EH:<F>7	�Å�Y6�{ � ��N(7QJnµ>:MGI?[J�?K:<J�p'e�B�O\=b8h79E"]�P
^`lClK~C� t.Ç37QF.q�;	E"7QFHq�E>J¨FHB+O`:M;"7vBML�ü ô ù ^ L¹BCE.ö¡ù ^ î`ï`ï`ïQîHú5t	Xª:MJKUZG�7³FH=�B|p�;.=�:�TM7¸8�7Q79J¤p�7 m
TM79x@BCD�7QpZ?@JÄ¯�=�?[O\=fq�J�?zTM:<E>?·:nFH7	FH7Q;"F>?[J�]°?[;�p�BMJ�7��Å?ÖtÌ7MtzP � FH7Q;"F>;.:ME"7%D�7QE"L¹BCE"G�7Qp � P�:<J�pfF>=�7�LÅ:Mx[;"7
p�?[;>OQB�TC79E)U±E>:<FH7ª��N�79Jnµ>:MGI?[J�?*:MJ�p£e�B�O\=b8h79E>]�P ^�lClK~M� ?@;ØOQBCJKFHE"BCx[x@79p,t d 7+J�B�¯É]C?zTC7�:fL¹BCE"G+:Mx
p�7Q©�J�?zFH?@BCJ,t d 7%O9BCJ�;"?[p�7QE�FH=�7�L¹BCx@x[B�¯�?[J�] a�U¨a OQBCJKFH?[J�]C79J�O³U�F\:<8�x[7<r

¢�=bq�;QP�L¹E>BMGÊ¢�:M8�x[7 ^ P BML¡FH=�7$�þ=KU|DhBMFH=�7Q;>7Q;'8h79?[J�]WF>79;)FH79pyP�L¹BCEV� = B<L(FH=�79GfP,FH=�7IJbq�x[xY?@;
F>E>q�7<t�¢�=�7¥p�7Q©�J�?@FH?@BCJWBML5�Y6�{ :M;�D�q�F�L¹BME"¯(:ME>pW8KUfN(79J�µ>:MG�?@J�?,:<J�pªe�B�O\=b8h79E"]¨� ^�lClK~C� ?@;@1NXW ýZY[.]\^ + ^`_ c /ba � ^c_ cC� ï

¢�=�7¤O9BCJ�p�?@FH?@BCJ�?@J�]¶BMJ�FH=�7¤7³TC79JKFRd ^ _ c
e ?@;+J�7Q79p�7Qp 8h79O9:Mq�;>7¨F>=�7¨L¹EH:<OQFH?@BCJ \gf WÙ?[;�J�BMF
¯�79x@x m p�7Q©�J�79pW¯�=�79J ^ ù c t w FHBCE"7QU¶� a<cCcKaC� DhBC?[JKFH;�BCq�FSF>=�7ØD�E>BC8�x@79GI;�¯�?@FH=fO9BMJbF>E>BCx@x[?@J�]vFH=�?@;
§bq�:<JbF>?@FVUW:<J�pW;>q�]C]M79;"F>;Sq�;>7¥BML�F>=�7%D�BM;>?@F>?@TM7	LÅ:Mx[;"7�p�?[;"O9B�TC7QE"UWEH:nFH7��ÅD��56�{ � P�p�7³©�J�79pª:M;

õ @1NXW ýhY . \^ + ^`_ c / ï
o BMJ�p�?@F>?[BCJ�:Mx�BMJ¸E>7�µ"7QOQF>?[J�]%:<FYx[7`:<;"F�BCJ�7�=bU|DhBMFH=�79;>?@;9PKFH=�7�D��Y6�{Á?[;Yp�7³©�J�7QpIF>B¥8h7(F>=�7�L¹EH:MO³FH?@BCJ
B<L5E"7�µ"79O³FH7Qpª=KU|D�BMF>=�79;"79;�FH=�:<FS:ME"7%?[JÄFHE"q�FH=fJbq�x[x,=KU|DhBMFH=�7Q;>7Q;9t�jVJfBMFH=�79E�¯(BME>p�;QPiF>=�7%D��Y6�{ ?@;
F>=�7%EH:<F>7%:<F�¯�=�?@O\=Zp�?@;>OQB�TM79E"?[79;S:ME"7%LÅ:<x[;>7<t

w q�D�D�BM;>7+¯�7Ä=�:`TC7Ä?@J�p�79Dh79J�p�79JKFvF>79;"Fv;"F\:nFH?[;)FH?@O9;ji í î`ï`ï9ï9î�i � L¹BCE¥FH79;)FH?@J�]k�Û=bU|DhBMFH=�79;>7Q;9t
6	7³©�J�7¥O9BCE"E>7Q;>DhBCJ�p�?@J�]+?@J�p�?[O9:<FHBME�TM:<E>?·:<8�x[7Q;ml í î9ï`ï`ï9î�l � ¯�=�79E"7Pl ô ù c ?@L�FH=�7ØJ|q�x[x =KU�DhBMF>= m
7Q;>?@;vBML�J�B¤p�?z²y7QE>79JKF>?·:Mx¡?[;'F>E>q�7�:MJ�pnl ô ù ^ ?zL�FH=�7W:MxzFH7QE>J�:<F>?@TM7+=KU|D�BMF>=�79;"?[;¸BML�p�?z²y7QE>7QJbF>?·:Mx
7���D�E>7Q;>;>?@BCJ¤?[;�FHE"q�7MP,8hBMF>=ªL¹BCE�FH=�7vöÅFH=¤]C7QJ�7Mt	¦SBMF>7'FH=�:nFOl ô ù ^ OQBCE>E"79;>DhBCJ�p�;.FHBoN ô ù ^ BCEN ô ù a L¹E>BCGÛFH=�7¸D�E>7³T�?@BCq�;�;"79OQF>?[BCJyt d 7°:M;>;"q�GI7vFH=�:<F1l í î9ï`ï`ï9î�l � :<E>7¸:�E>:MJ�p�BCG4;H:MGID�x@7
L¹E"BCGÉ:vN(7QE>J�BMq�x[x@?hp�?[;"F>E>?@8�q�FH?@BCJ°¯�=�79E"7.L¹BCE¡ö5ù ^ î`ï`ï`ï³î��°P a �Cl ô ù cC� ù ü = t d 7�:M;>;"q�GI7SFH=�:<Fi ô + l ô ù c Íp� = :<J�pSi ô + l ô ù ^ Íp� í L¹BCE�p�7QJ�;>?zFH?@79;2� = :<J�pk� í �ÅöYù ^ î`ï`ï`ïQî�� � t w q�D�D�BM;>7Ø¯�7
q�;>7¸FH=�7I;H:<G�7¸E"7�µ"79O³FH?@BCJ¶E"79]C?@BCJqWÉL¹BME%F>79;)FH?[J�]f79:MO\=±B<L�F>=�7r�þ=bU|DhBMFH=�79;>7Q;9t+N�UÚ:�FH=�7QBCE>7QG

^�a

http://biostats.bepress.com/umichbiostat/paper22



L¹E"BCG w FHBCE"7QUÚ� aMcCcKaC� P�¯�7¥=�:�TM7¥F>=�:<F

õ @1NXW°�CW � ù a �Cl1ù c + itskW �
ù ü = a ��iusvW + l1ù cK�a ��itskW � ï

¢�=bq�;QP�FH=�7Ú?[JKFH7QE>D�E"7QFH:<FH?@BCJ«BMLvD��56�{Ù?[;f:M;ÄFH=�7ÚDhBC;"F>79E>?@BCEWD�E>BM8�:M8�?@x[?@FVU®BML'J�B¿p�?z²y7QE>7QJbF>?·:Mx
7���D�E>7Q;>;>?@BCJ,P�OQBCJ�p�?zFH?[BMJ�:MxyBMJfF>=�7�FH79;)F�;"F\:nFH?[;)FH?@O	8�7Q?[J�]°?@JWF>=�7�E>7Vµ"79O³FH?[BMJZE"79]C?@BCJ,t�N�U�O9BCJKFHE>:M;"F9P
¯�7�O9:Mx[OQq�x·:<F>7 a �CN ù �C� PYBCEØ79§bq�?zTM:<x[79JKF>x@UCP a ��l ù cK� ]C?zTC7QJ±FH=�7�L¹q�x[x*p�:<FH:�tª¢�=bq�;QP�FH=�7QE>7
?@;°:ÚD�:ME"F>?·:Mx�O9BCJ�p�?@FH?@BCJ�?@J�]¤?[J£FH=�7fp�7Q©�J�?zFH?@BCJÁBML	D��56�{þ:M;°D�q�F°L¹BCE)¯�:ME"p®8KU w F>BCE>7³UCP¡¯�=�?[x@7
BMq�E.DhBC;"F>79E"?[BCESD�E>BC8�:M8�?[x@?@FVUWGI7`:M;"q�E>7'BML¡p�?@²�79E"79JKFH?[:Mx�7���D�E>7Q;>;>?@BCJÈ?[;�L¹q�x[xzUWO9BCJ�p�?@FH?@BCJ�:Mx�BCJªF>=�7
BM8�;>7QE"TC7Qp±p�:nF\:�t°e�B�¯�7QTM79EQP5BCq�E�GI7`:<;>q�E"7IB<L(p�?z²y7QE>7QJbF>?·:Mx57³��D�E>7Q;>;"?[BCJ¶=�:M;¥:MJÈ?[JKFH7QE>D�E"7QFH:<FH?@BCJ
;"?[GI?[x[:ME¡F>B¸FH=�:<F�B<L�:vLÅ:Mx[;"7�p�?[;"O9B�TC7QE"UWE>:<FH7<tw�
 �����V���

d 7%J�B�¯ p�?@;>OQq�;>;�FH=�7¥:MD�D�x[?@O`:<F>?[BCJ�B<L�F>=�7%D�E>BCDhBC;"79pfG�7³FH=�B|p�BCx@BC]MUIFHB¸FV¯(BIp�:<FH:M;>7³FH;Qt

Ï � ½ ��� �C� � � » ��Ó����`�

­	q�E°©�E>;)F+7���:MG�D�x[7fO9BCGI79;°L¹E>BCG :ÚE>7QO979JKF>x@U¬E>7QD�BCE)FH7Qp¿;"F>q�p�U®8KU g x[BCJ¬7QF+:Mx�t � ^�lMlClK� P
?@Jf¯�=�?[O\= g ²�U|GI7QFHE"?z�fe�qiA�79J�79�YÇ£BCx[?@]CBCJbq�O9x@79BMF>?[p�7.G�?@O9E>BC:ME>E>:�U|;�¯�79E>7'q�;>7QpªFHB�D�E>BC8h7¥O9BCx@BCJ
:<p�79J�B|O`:<E>O9?@J�BCG�:f;>:MGID�x[7Q;9t d =�?@x[7°FH=�7�?[J�?zFH?[:Mx�;"F>q�p�U¶E>79DhBCE)FH79p£BMJ´p�?@²�79E"79JKFH?[:Mx¡7³��D�E>7Q;>;"?[BCJ
8h7QFV¯�797QJ _Cc O`:MJ�OQ79E"BCq�;¥:MJ�p aCa J�BCE>G�:Mx�;H:MGID�x[7Q;9Py¯�7¸L¹B�OQq�;	BCJÚ:�;"q�8�]CE"BCq�DÈBML ^�k D�:<F>?[7QJbF>;
BMJª¯�=�?[O\=ªD�:M?[E"79p¨J�BCE>G�:Mx�:MJ�p¤O9:MJ�O97QE	;H:<G�D�x@79;Qt.¢�=�7vD�:M?[E"?[J�]°¯�:<;	J�BMFSF\:M¾<79JÈ?[JKFHB+:MO9OQBCq�JKF
?@J´FH=�7W:<J�:Mx@U|;"?[;vDh79E)L¹BCE>GI79p£8KU g x[BCJ£7³FI:MxÖt®� ^`lClClK� t¶jVJ®:Mp�p�?zFH?@BCJ,P5F>=�7Ä;H:MGID�x@79;v?@JbTMBCx@TM79p
OQBCJKF\:MGI?[J�:<FH?@BCJ�¯�?@F>=ZJ�BME>G�:Mx :Mpnµ>:MOQ79JKF.F>?[;";>q�7<t�N�:M;"79p¨BCJfFH=�7%L¹EH:<G�7³¯(BCE"¾Äp�79;"O9E"?[8h79pª?@JfF>=�7
D�:MD�7QE9P�F>=�?[;�OQBCE>E"79;>DhBCJ�p�;�F>BIü3xù ^ Â�=�B�¯(7³TC7QE9PiFH=�7%;H:<G�D�x@79;�¯�79E"7':MJ�:Mx@U|Ã97Qpª:<;�?zL ü¤ù ^ t

N(7³L¹BCE>7Øp�79;"O9E"?[8�?@J�]�F>=�7v:MJ�:Mx@U|;>?@;9P�¯�7vp�79;"O9E"?[8h7ØFH=�7'p�:<FH:�D�E"79D�E"B�OQ79;";>?[J�]�;"F>79D�;.F>=�:<FS¯(7QE>7
FH:M¾M7QJ,t%¢�=�79E"7v¯(7QE>7 �<_b�|^ ]C79J�79;�?[JZFH=�7vBME>?[]M?[J�:Mx p�:nF\:M;"7QF`Pyp�B�¯�J�x[BK:<p�79p¤L¹E>BMGÛF>=�7vL¹BCx@x[B�¯�?[J�]
RS{SÇ�r

=KF>F>D,r ËMËn¯�¯�¯%t�GIBCx@8�?[B�tÌD�E"?[J�OQ7QFHBMJ,t�7Qp�qiË<BMJ�O9BCx@BC]MUiï

^��

Hosted by The Berkeley Electronic Press



N(:M;>7Qp'BCJ%FH=�7¡p�:<FH:�L¹E"BCG F>=�79E"7MPM]M79J�7Q;�¯�?@F>=':<JbU%GI?[;";>?@J�]�TM:<x[q�7Q;�BME ¯�?zFH=¥J�79]C:<FH?zTC7¡7³��D�E>7Q;>;"?[BCJ
¯�79E"7%7³��O9x@q�p�79pfL¹E>BCG�L¹q�E"F>=�79E�OQBCJ�;>?@p�79E>:<FH?@BCJ,tY¢�=�?[;�x[7³L�F�:¸F>BMF\:<x,BML aMkKa<_ ]C7QJ�79;Qt g L�FH7QE"¯(:ME>p�;QP
x@BC]K:ME"?@F>=�G�;¡BML58�:M;>7�FV¯�BI¯�79E"7¥FH:M¾M7QJ,P�¯�=�?[O\=f?[;�F>=�7%p�:<FH:¸¯�7%¯(BCE"¾+¯�?@F>=,t

¢�=�7¨©�E>;"Ff:<J�:Mx@U|;"?[;�OQBCJ�;>?@;"F>79p«BMLØ:M;>;"q�GI?[J�]±F>=�:<F�ü$ù ^ L¹BCEÄ:<x[x�FHq�GIBCE�;>:MG�D�x[79;�:MJ�p
Dh79E)L¹BCE>GI?[J�]¶:¶q�J�?@T<:ME"?·:<F>7f:MJ�:MxzU�;"?[;Iq�;>?@J�]´D m T<:Mx[q�7Q;�8�:M;>7Qp�BCJ�:¶F m p�?@;"F>E>?[8�q�FH?@BCJ£¯�?@FH=¿:±§ m
T<:Mx@q�7	O9:Mx[OQq�x·:<F>?[BCJ�8�:M;"79pWBCJ�FH=�7%�Y6�{ GI7QF>=�B�pÄB<L w FHBCE"7QUÈ� aMcCcKaM� t g ;"q�G�G�:ME)U�?@;�D�E"B�T|?@p�79p
?@JÁ�5?[]Mq�E>7 ^ t d 7�©�J�p¬F>=�:<F¸F>=�7Äq�J�p�7QE¸FH=�7WJbq�x[x�p�?[;)FHE"?[8�q�F>?[BCJyPY¯(7Ä¯�BCq�x[pÁ7���Dh79O³F�F>B¨©�J�p
:<D�D�E>B`��?[G�:<F>79x@U ^�kzy BML�]M79J�7Q;.FHB�8�7Øp�?@²�79E"79JKFH?[:Mx[xzU�7³��D�E"79;";>79pyt g FH:M8�x[7¥x[?@;"F>?[J�]°Jbq�Gv8h79E";.BML
]M79J�7Q;.O`:<x[x[7QpZ;"?[]CJ�?@©�O9:MJKF	:<F�T<:ME"?[BCq�;�§ m T<:Mx@q�79;�?[;�L¹BCq�J�pZ?[JZ¢5:M8�x[7 a t�¢�=�7'Jbq�G'8�7QE>;.B<L�]C79J�79;
O9:Mx[x@79pÄ;"?[]CJ�?z©�O`:<JbF�O9:MJZ:Mx[;"B¸8�7%?[J�L¹79E>E"79pfq�;>?@J�]I�5?[]Mq�E>7 ^ t

g ;>79OQBCJ�p«:MJ�:Mx@U|;>?@;+OQBCJ�;>?@;"F>79p�BML�?@J�O9BME>DhBCEH:<F>?[J�]ÈFH=�7ªFH?@;>;>q�7ªO9BMG�DhBC;>?zFH?@BCJ®?@J�L¹BCE"G+:<F>?[BCJ
?@JKFHBvFH=�7Ø:<J�:Mx@U|;"?[;�q�;"?[J�]°FH=�7�L¹BCx@x[B�¯�?[J�]'GI7QFH=�B�p,r

^ t���;"FH?@G+:nFH7 - ô 8KU E- ô ù � a � � ! í �G �MI í ��� ò��ô � �¨ì��ô � Â
;>q�8�FHEH:<OQF

E- ô L¹E>BCGÙF>=�7+]M79J�7�7���D�E>7Q;>;>?@BCJ£GI7`:M;"q�E>7QG�7QJbF>;ØL¹BCE¥FH=�7�ö�F>=´?[J�p�?@T|?[p�q�:MxÖP ö�ù
^ î`ï`ï9ï9îHú�t

a t - � ò î 7:8� ò :<J�p - ì ò î 7:8ì ò :ME"7�79;)FH?[G�:<F>79pWq�;>?@J�]°G�7³FH=�B|p�;�BML�G�BMG�7QJbF>;9Â
� t g FH79;)F�;"F\:nFH?[;)FH?@O i � ù E- � ò ÿ E- ì ò�

E7 8� ò � E7 8ì ò � íC{ 8 î�°ù ^ î`ï`ï`ïQî��IP�?[;�O9BMJ�;"F>E>q�O³FH79pyt
_ t�¢�=�7f§ m T<:Mx[q�7Q;°:ME>7WO9:Mx[OQq�x·:<F>79p£8�:<;>79p®BCJ ��i í î`ï`ï`ïQî�i � � q�;>?@J�]¤FH=�7WGI7QF>=�B�pÁBML w F>BCE>7³U

� aMcMcKaC� t

N¡U	?[J�O9BCE"D�BCE>:<FH?@J�]�F>=�7YFH?@;>;"q�7*?[J�L¹BCE"G+:nFH?[BMJS?@J	FH=�?@;,¯�:`UCP�¯�7�E>79p�q�O97�FH=�7¡E>:<FH75BML�J�BCJ m p�?@²�79E>7QJKFH?·:<x[x@U
7���D�E>7Q;>;>7Qp¸]C79J�79;�L¹E"BCG ^�l|y ?[JØ�5?[]Cq�E>7 ^ F>B ^`czy ?[JØ�5?@]Cq�E>7 a t�N�:M;"79pvBMJØ¢�:M8�x@7 a P�¯�7�:Mx@;>B�©�J�p
F>=�:<FØFH=�7�J|q�Gv8�7QEvBML�]M79J�7Q;¸8�7Q?[J�]ZO9BCq�JKF>79pÁ:M;vp�?@²�79E>7QJKFH?·:<x[x@U¨7³��D�E>7Q;>;"79p¬?[J�OQE>7`:<;>79;';>=�:ME"D�x@U
¯�=�79JW¯(7¥?[J�OQBCE>DhBCE>:<FH7.F>=�7�FH?@;>;>q�7Ø?@J�L¹BCE>G�:<F>?[BCJ�8�:M;>7QpZBMJfF>=�7¥:M8�B�TM7Ø:<x[]CBCE"?@F>=�GZt

^`_

http://biostats.bepress.com/umichbiostat/paper22



d 7�J�B�¯¬:<D�D�x@U.FH=�7¡G�7³FH=�B|p¥D�E>BCDhBC;"79pv?@J w 7QOQF>?[BCJ � F>B�F>=�7(p�:nF\:�P�F\:M¾b?@J�]S?@JKFHBS:MO9OQBCq�JKF�F>=�7
D�:M?[E"79p'J�:<FHq�E"7(BML�F>=�7(p�:<F\:�t5N�:M;"79pvBCJØFH=�7(©�F>FH?@J�].D�E>B|O979p�q�E>7<PM¯(7�©�J�pvFH=�:<F �Mczy BML�FH=�7�]C79J�79;
:<E>7'L¹BCq�J�p¨FHBÄ8h7vJ�BCJ m p�?z²y7QE>79JKF>?·:Mx@x@UÄ7���D�E>79;";>7Qp,tvj�L*¯(7¸q�;>7°:�DhBC;"F>79E>?@BCE.D�E>BC8�:<8�?[x@?@FVUfBML lK~|y
L¹BME5p�7³FH79E"G�?@J�?[J�].p�?z²y7QE>79JKF>?·:Mx@x@U%7³��D�E"79;";>79pI]C7QJ�79;QPC¯(7�©�J�p°F>=�:<F lCk ]C79J�79;�:ME"7�q�J�p�79E>7���D�E>7Q;>;>7Qp
?@J�O`:<J�O97QE�E"79x[:<FH?zTC7.F>B¸J�BCE>G�:Mx�P|¯�=�?@x[7<P lC�Cl ]C79J�7Q;�:ME>7�OQBCE>E"79;>DhBCJ�p�?[J�]CxzU+B�TM79E>7���D�E>7Q;>;>7Qp,t�¢�=�?@;
OQBCE>E"79;"D�BCJ�p�;�FHBIq�;>?@J�]I:¸LÅ:<x[;>7�p�?[;>OQB�TC79E)UfEH:<F>7�BML ~}y ?[JÄFH=�7%L¹E>:MGI7Q¯�BCE>¾�BML w FHBCE"7QUÚ� aMcCcKaC� t

jVJ�OQBCG�D�:ME>?@J�]±FH=�7¨D�E>BMD�BC;"79p�GI7QF>=�B�p�F>B´FH=�7ªBMFH=�7QE�GI7QFH=�B�p�;QP�FH=�7QE>7È:ME"7¨]C79J�79;�FH=�:<F
:<E>7%O`:Mx@x[7QpZp�?z²y7QE>7QJbF>?·:Mx@x@U+7³��D�E>7Q;>;"79p¤8KUfBCq�E�G�7³FH=�B|pZF>=�:<FS:ME"7ØJ�B<F.8h79?@J�]�p�7QFH7QE>GI?[J�7QpfF>B+8h7
p�?@²�79E>7QJKFH?·:<x[x@Uv7³��D�E>7Q;>;"79pª8KU��Y6�{ GI7QF>=�B|p�;9t�¢�=�7�OQBCGID�:ME>?@;>BCJ�;�¯�?@F>=�FH=�7S©�E>;)F�FV¯(BI:MJ�:<x@U|;>?@;
GI7QF>=�B|p�;+:<E>7ª]M?@TC7QJ�]CEH:<D�=�?[O9:Mx[xzU´?@J��5?[]Mq�E>7Q; _ :<J�p ~ t j�F�?@;+O9x@7`:ME°FH=�:<F+F>=�79E"7¤:ME>7Z]C79J�79;
F>=�:<F(BCq�E(GI7QF>=�B|p+p�7³FH79E"G�?@J�79;�FHB'8h7	p�?z²y7QE>7QJbF>?·:Mx@x@U¸7���D�E>7Q;>;>7QpfF>=�:<F(=�:`TC7	GIBCE>7SO9BCJ�;>79E)T<:<FH?zTC7
§ m TM:<x[q�7Q;9t´��BCE'7³��:MGID�x[7<P¡?@J£O9BCGID�:ME"?[;"BCJ´¯�?@F>=ÁF>=�7�©�E";"FIG�7³FH=�B|p£BML.:MJ�:MxzU|;>?[;QPY¯�=�79E"7fü«?@;
:<;>;>q�G�7Qp«F>BÁ8�7 ^ L¹BCE�:Mx[x�FHq�GIBCE�;>:MG�D�x[79;QP�F>=�79E"7Ú:ME>7 _b~<k ]C79J�7Q;Ä¯�?@FH=«:£§ m T<:Mx@q�7¨8�?@]C]C7QE
F>=�:MJ c t cK~ F>=�:<F�:<E>7	p�7³FH7QE>GI?[J�7Qp�FHB¸=�:`TC7�]ME>7`:nFH79E�F>=�:MJ lK~}y DhBC;"F>79E"?[BCE�D�E>BC8�:M8�?[x@?@FVU°BML�8h79?@J�]
p�?@²�79E>7QJKFH?·:<x[x@UI7���D�E>79;";>7Qp,t&¥� � �Q����� » �C� � � » �ÄÓ������

¢�=�7¤;"79OQBCJ�p p�:<F\:´7���:MG�D�x[7¨?@;+L¹E>BCG :£E>7QO979JKFfD�E"BC;"FH:<FH7¨O9:MJ�OQ79EW;"F>q�p�U�8KU�Ç3q�B£7³Ff:MxÖt
� aMcCc�^�� t�jVJIF>=�79?@E�7³��D�7QE>?@G�7QJbF>;9PbD�E"BC;"FH:<FH7�O`:<J�O97QE(:MJ�p l J�BCE"G+:<x�;H:<G�D�x@79;Y¯�79E"7SD�E"BM©�x@79p°q�;>?@J�]
;"D�B<F>FH7Qp±O96�¦ g G�?@O9E>BC:ME>E>:�U|;QtW¦SBMF>7IF>=�:<F¥FH=�?@;Ø?@;Ø:<J±q�J�D�:M?[E"79p±p�79;>?@]CJ,t d =�?@x[7¸FH=�7QE>7I¯(7QE>7
�C~McCc BCE>?@]C?[J�:<xM]C7QJ�79;�BCJØF>=�7�GI?[OQE>BK:<E>EH:`U�?@J'Ç3q�BS7QF5:MxÖt�� aMcCc�^�� PnF>=�7¡]C79J�7�p�:<FH:�¯�7�:ME"7¡¯�BCE"¾|?@J�]
¯�?zFH=Ä?@;�L¹E>BCGÉFH=�7%;)FHq�p�U�BMLY{�=�B|p�79;�7³F�:MxÖt�� aMcCcCaC� t*6	7³F\:M?@x[;(BMJfD�E>79D�E>B|O979;";>?@J�]°O`:MJf8�7	L¹BMq�J�p
F>=�79E"7MtYjVJI:Mp�p�?@F>?[BCJ,P<¯(7�7³��OQx[q�p�7Qp�]M79J�7Q;*¯�?zFH=¸GI?[;";>?[J�]	TM:<x[q�7Q;9ÂCFH=�?[;�x[7³L�F*:	FHBMFH:Mx�B<L:��ù ~M�C�M_ t

­	q�E.©�E>;"F�:MJ�:MxzU�;"?[;	?@JKTCBCxzTC79;	F>E>79:<FH?@J�]�O`:<J�O97QE�;H:MGID�x[7Q;	:M;�8h79?@J�]+ü£ù ^ :MJ�p¤OQBCG�D�q�FH?@J�]
~<�C�M_ F m FH7Q;"F>;¸:MJ�p£7Q;"FH?@G+:nFH?[J�]ª§ m T<:Mx@q�79;v8KU¶FH=�7ÄGI7QF>=�B�p±BML w FHBCE"7QU�� aMcCcCaC� t¨¢�=�?[;°:MJ�:<x@U|;>?@;
L¹BMq�J�p�J�B±p�?@²�79E"79JKFH?[:Mx[xzU£7³��D�E"79;>;"79p ]C79J�79;9t d 7f¯�?[x[x�?@J�;"F>7`:Mp¿¯�BCE"¾¬¯�?zFH=¿F>=�7¨q�J�:<pnµ"q�;"F>79p
D m T<:Mx[q�7v=�79E"7Mt d 7�:<D�D�x@UªFH=�7°D�E"BCD�BM;>79pÚGI7QFH=�B�p¤L¹E>BMG ã�Ñ �Q� »|ä �W� � Ó ��» ��å � Ó�� L¹BCE	F>=�7
q�J�D�:M?@E>79pZp�79;"?[]CJytSN(:M;>7Qp¨BCJZF>=�7'p�:<F\:�P ^C^ t _~y B<L�]C79J�79;�:ME"7Ø7Q;"F>?[G�:<FH7QpZFHB�8�7¥p�?z²y7QE>79JKF>?·:Mx@x@U
B�TM79E>7���D�E>7Q;>;>7Qp£?[J¨F>q�G�BME	E>7Qx·:<F>?@TC7vF>BWJ�BCE>G�:Mx�P�¯�=�?@x[7 aC~}y :ME"7Ip�7QFH7QE>GI?[J�7Qp¤FHBÄ8h7Iq�J�p�79E"7³� m

^�~

Hosted by The Berkeley Electronic Press



D�E>79;";>7Qp,t(Ç3B|BC¾b?[J�]v:<F��5?@]Cq�E>7 � P�F>=�7	D m TM:<x[q�7Q;�:MJ�pÄDhBC;"F>79E>?@BCE�D�E"BC8�:M8�?[x[?zFH?@79;¡:ME>7�]M?@T|?[J�]ØGvq�O\=
p�?@²�79E>7QJKF�E>79;"q�x@F>;�:M;�FHB¸¯�=�?[O\=f]C7QJ�79;S:ME>7%p�?z²y7QE>7QJbF>?·:Mx@x@UI7³��D�E"79;";>79pyt

ã � ä ¼�½¹����� ��� �Q��¼�Ó�� » �

¢�B�:M;";>7Q;>;YFH=�7(©�J�?zFH7 m ;H:MGID�x@7�D�E"BCDh79E"F>?[7Q;YBML�FH=�7(D�E"BCD�BM;>79p¸GI7QF>=�B|p�BCx[BM]MUCPn¯(7�OQBCJ�p�q�OQFH7Qp°;>BCGI7
;"?[Gvq�x·:<F>?[BCJZ;"FHq�p�?[7Q;9t d 7°OQBCG�D�:ME>7QpÈF>=�7°G�?À�|FHq�E"7vG�B|p�7Qx m BME>?[7QJKFH79p¤D�E>B|O979p�q�E>7Q;¥¯�?zFH=¤FH=�7¸F m
F>79;)F�:MJ�:<x@U|;>?@;�F>=�:<F	?@]CJ�BCE"79;�FHq�GIBCE�=�7QF>79E"BC]C79J�79?@FVUMt	N(B<FH=ZF>=�7vD�:<?[E>7Qp¨:MJ�p¨q�J�D�:<?[E>7Qpªp�7Q;>?@]CJ�;
¯�79E"7�O9BMJ�;>?@p�79E"79p,tÚ6�:<FH:f¯�79E>7Ä]M79J�7QEH:<F>79pÁq�;>?@J�]ªF>=�7�D�:M?@E>7Qp£:MJ�p£q�J�D�:M?[E"79p´GIB|p�79x@;9PY7Q§|q�: m
F>?[BCJ�;�� ^�~�m)a<cK� :<J�p«� lC�Vm � ^`_b� P5E>7Q;>Dh79O³FH?@TM79xzUCt d 7�F>B�BC¾ ; ù ^�cMc :MJ�p ; ù �Mc L¹BCEØF>=�7+q�J m
D�:M?[E"79pÚp�79;"?[]CJ,Â�ü í î`ï`ï`ïQî>ü<�Ê:<E>7I:ZE>:MJ�p�BCGÊ;H:MGID�x[7¸L¹E"BCGÊFH=�7+q�J�?zL¹BCE>Gª� c t � P ^�� p�?[;"F>E>?@8�q�FH?@BCJ,P
¯�=�79E>7k0 ù ; f a t d 7fFHB|BC¾¬:Mx[x�T<:ME"?·:MJ�OQ7ZOQBCGID�BCJ�79JKFH;+F>B±8h7 ^ t d 7Z;>7³F - ò ù c :MJ�p
7���:MG�?@J�79p±� - � î - ! � ùÉ� ^ ï a î ÿØ^ ï aC� î�� c ï k î ÿSc ï kK� î�:MJ�p£� c ï _ î ÿSc ï _K� t���BCE�D�E"BCDhBCE"F>?[BCJWBML5p�?@²�79E m
7QJKFH?·:<x[x@U+7³��D�E"79;>;"79p¤]C7QJ�79;QP�¯�7'OQBCJ�;>?@p�79E"79pÁ� õ � î õ%! � ùÉ� c ï cC~ î c ï cK~C� Â�;>?[GI?[x[:ME(E"79;"q�x@F>;.=�7Qx[pWL¹BCE
� õ � î õ%! � ùþ� c ï a î c ï aC� î�� c ï ^ î c ï aM� :MJ�p¬� c ï a î c ï ^�� �Åp�:<FH:+J�BMF	;>=�B�¯�J � t'�5?@J�:Mx@x@UCP�L¹BCESFH=�7vD�:M?[E"79p
p�79;>?@]CJ,P5¯�7+F>B�BC¾�0 F>B¨8�7�:ªJ�BCE"G+:Mx*p�?@;"F>E>?[8�q�FH?@BCJÚ¯�?zFH=´GI7`:<J ^ t a :MJ�p±T<:ME"?·:MJ�O97 ^ tÈ­	J�7
F>=�BCq�;>:MJ�pf;>?@Gvq�x·:nFH?[BMJ�;H:MGID�x@79;�¯�79E>7¥O9BMJ�;>?@p�79E"79pWL¹BCE�7`:MO\=Z;>7³F>FH?@J�]�t

N(7QO`:Mq�;>7ª¯�7ª=�:`TM7ZFH=�E>797ZD�BMD�q�x·:nFH?[BMJ�;¸BML�]C7QJ�79;¨�ÅB�TC7QE>7���D�E>79;";>7Qp,P.q�J�p�79E"7³��D�E>7Q;>;"79p :MJ�p
J�B�p�?@²�79E"79JKFH?[:Mx57���D�E>7Q;>;>?@BCJ � P,¯(7¸q�;"79pÈ;>7QJ�;>?zFH?zT�?zFVU¨:<J�p¤;>Dh79OQ?@©�OQ?@FVUfFHBW:M;";>79;";�FH=�7vD�E>BCDh79E)FH?[7Q;
B<L�FH=�7¨D�E>BCDhBC;>7Qp«G�7³FH=�B|p�;Ä:MJ�p�FH=�7ªF m F>79;"FÄ:MD�D�E"BK:MO\=,t
��BCE�F>=�7¨D�E"BCDhBC;>7Qp GI7QF>=�B|p�BCx[BM]MUCP
¯�7Wp�7Q©�J�79p¬;>7QJ�;>?zFH?@T|?zFVU£:M;¸DhBC;"F>79E"?[BCE¸D�E"BC8�:M8�?[x[?zFVUÚBML�p�?@²�79E"79JKFH?[:Mx(7���D�E>79;";>?@BCJ¿]CE"7`:<F>79EvF>=�:MJ
c ï lClMlClClClCl :MGIBCJ�]°FH=�7'p�?z²y7QE>79JKF>?·:Mx@x@U�7���D�E>7Q;>;>7QpÈ]C79J�7Q;	:MJ�pª;>Dh79OQ?@©�OQ?@FVUZ:M;�D�BM;"FH7QE>?@BCESD�E>BC8�: m
8�?[x[?zFVUvBMLyJ�BCJ�p�?@²�79E>7QJKFH?·:<x�7³��D�E>7Q;>;"?[BCJ�]ME>7`:nFH79E*FH=�:MJ c ï lClClMlClClCl :MGIBCJ�]%FH=�7�J�BCJ m p�?z²y7QE>79JKF>?·:Mx@x@U
7���D�E>7Q;>;>7Qp¨]C7QJ�79;Qt���BCE�F>=�7�F m FH79;)F`P�¯�7¥p�7Q©�J�79pf;>79J�;>?@F>?@T|?@FVUÄ:M;�:¸G+:M]MJ�?@F>q�p�7�BML F m FH7Q;"F�]CE>79:<FH7QE
F>=�:MJ ~ :MGIBCJ�]�p�?@²�79E>7QJKFH?·:<x[x@UW7���D�E>7Q;>;>7Qp´]C7QJ�79;%:MJ�pÚ;"D�7QO9?z©�O9?zFVU¤:�G�:M]CJ�?zFHq�p�7'BML*F m F>79;)F%x[79;";
F>=�:MJ ~ :MGIBCJ�]¸J�BMJ�p�?@²�79E"79JKFH?[:Mx[xzUI7³��D�E>7Q;>;"79pª]M79J�7Q;9t¡¢�=�7%E>79;"q�x@F>;�:ME>7�]M?@TC7QJW?[JÄ¢�:M8�x[7Q; a :MJ�p
� t£N�:M;"79p¬BCJ¬F>=�7Ä;>?zFHq�:nFH?[BMJ�;¸O9BCJ�;>?[p�79E>7Qp,P�¯�7Ä©�J�pÁFH=�:nF¸FH=�7WD�E"BCD�BM;>79p¬GI7QFH=�B�pÁDh79E"L¹BME>GI;
;"q�8�;)F\:MJKFH?[:Mx[xzU+8h7QF"FH7QE�F>=�:MJWFH=�7�F m FH7Q;"F�:MJ�:Mx@U|;>?@;�FH=�:nFS?@]CJ�BCE"79;�F>?[;>;"q�7%=�7QF>79E"BC]C79J�79?@FVUMt

^��

http://biostats.bepress.com/umichbiostat/paper22



� �)� 0 �	�����)��!

jVJÁFH=�?[;I:ME"F>?[OQx[7MP*¯�7Z=�:`TM7ZD�E"BCDhBC;>7Qp�:È]C79J�7QEH:Mx�GIB�p�79x m 8�:M;"79p£L¹EH:MGI7Q¯�BCE"¾±L¹BCE¸FH=�7Z:MJ�:<x@U|;>?@;
B<L�O9BCGID�x@7³�®O97Qx[x�D�BCD�q�x·:<F>?[BCJ�;�q�;"?[J�]±G�?@O9E>BC:ME>E>:�UÁp�:<F\:�t ¢�=�7¨GI7QF>=�B�p�;+?[J®FH=�7¨D�:MD�7QE�:ME"7
D�E>?[G�:ME"?[x@U�G�BMF>?@T<:<F>79p¨8KU¤O9:MJ�O97QE�;"F>q�p�?[7Q;9P3¯�=�7QE>7¸GI?z�|FHq�E"7vBML¡O`:<J�O97QEØ:<J�pÈJ�BCE>G�:Mx�:Mpnµ>:MOQ79JKF
OQ79x@x[;�?[JÄF>=�7ØO9:MJ�OQ79E�;H:MGID�x[7Q;�:ME>7¥O9BMG�GIBCJ,t*e�B�¯�7QTM79EQP�FH=�7¥D�E>BCDhBC;>7QpZL¹E>:MG�7³¯(BME>¾�p�7³TC7Qx[BCDh79p
?@JZF>=�7'D�:<D�7QE.O9BMq�x[pª:MD�D�xzUfF>B+BMF>=�79ES;>7³F>FH?@J�]C;S?[JZ¯�=�?[O\=¨Gvq�x@FH?@D�x[7	FVU|Dh79;�BMLYO979x@x�DhBCD�q�x·:<F>?[BCJ�;
7���?[;"F9t d =�?[x@7°G�7³FH=�B|p�;ØL¹BMEØ:<;>;>7Q;>;"?[J�]¨p�?@²�79E>7QJKFH?·:<x[x@Uª7³��D�E"79;>;"79pÁ]C7QJ�79;¸:<E>7I8�7QO9BCGI?[J�]f§bq�?@F>7
OQBCGIG�BCJ�D�x·:MOQ7Ø?@J¨FH=�7¸GI?[OQE>BK:<E>EH:`Ufx[?zFH7QEH:<F>q�E>7<P�FH=�7¸?[;>;"q�7¸BML�:Mpnµ"q�;"FH?@J�]�L¹BCESG�?À��7Qp¤O97Qx[x5FVU|Dh79;
?@;	J�BMF¥:<;�79;"FH:M8�x@?[;>=�79p,tIXZBME>7¸]C7QJ�79E>:Mx[xzUCP,?zF�?[;�?@G�DhBCE"FH:MJKF.F>BZ:<pnµ"q�;"F�L¹BME%:Mx[x�?[GID�BCE)F\:MJKF	:MJ�p
:`T<:M?@x·:M8�x@7.OQB�T<:ME"?·:<F>79;�?[JWp�7³FH7QE>GI?[J�?@J�]¸p�?@²�79E"79JKFH?[:Mx[xzUI7³��D�E>7Q;>;"79p¤]C7QJ�79;�;>B°FH=�:nFSp�?@²�79E>7QJ�O97Q;S?@J
]M79J�7%7³��D�E"79;";>?[BMJZ¯�?[x@xyJ�B<F�8�7%O9BMJ�L¹BCq�J�p�79p,t

¢�=�7QE>7¤:<E>7ª;"7QTM79EH:<x.7³�|F>79J�;"?[BCJ�;�F>B¶F>=�7ªGI7QF>=�B�p®¯(7Z=�:`TC7¤D�E"BCD�BM;>79p¿=�79E"7Mt�­	J�7ZO9BCq�x[p
7QJKT�?@;>?@BCJÈ:Mx@F>79E"J�:<FH?zTC7vD�E>BC8�:<8�?[x@?[;"F>?[O¥;>Dh79OQ?@©�O9:<FH?@BCJ�;	L¹BCE.F>=�7¸GI?z�|FHq�E"7vGIB�p�7Qx[;QtØ��BCE.7³��:MGID�x[7<P
;"BCGI7�:Mq�F>=�BCE>;5=�:`TC7�E>7QD�BCE)FH7Qp¸7³�|FHE"79GI7�BCq�FHx@?[7QE>;5?@J¸G�?@O9E"BK:ME>E>:`U%p�:<F\:�t d =�?@x[7(¯�7�=�:`TC7�;"BCq�]C=KF
F>BWE>79GIB�TC7IBCq�F>x[?[7QE>;	?@JÈBCq�E%D�E>7QD�E>B|O97Q;>;"?[J�]�P�BCJ�7°OQBCq�x[p¶:Mx@;>BWq�;>7°GI?z�|FHq�E>7°G�B|p�7Qx[;	8�:<;>79p¶BCJ
F>=�7%F m p�?[;"F>E>?@8�q�FH?@BCJÚ��Ç :MJ�]C7%7QF.:MxÖtzP ^�lCkClC� t(jVJfFH=�?@;S?@J�;"FH:MJ�OQ7MPiBCJ�7%¯(BMq�x[pZ:Mx[;"B�=�:�TM7ØF>B+E>7Q;>BCE)F
F>B�G�BME>7(OQBCGID�x[?@O`:<F>79pvGIB�p�79x�©�F>FH?@J�]�D�E"B�OQ79p�q�E"79;*8�:M;"79p°BCJ¸7���F>79J�;"?[BCJ�;¡B<LhF>=�7��¡X}:Mx[]CBME>?@F>=�G
��XZO`Ç :MO\=�x·:MJ+:MJ�pÄ×�E>?@;>=�J�:MJ,P aMcCcCcK� t g J�BMFH=�7QE(;"D�7QO9?@©�O`:<F>?[BCJ�BML,FH=�7.GIB�p�7Qxi?[;�F>B'?@J�O9BCE"D�BMEH:<F>7
D�:MEH:MGI7QF>E>?@O5p�?@;"FHE"?[8�q�FH?[BMJ�;�L¹BCE,F>=�7�p�?@;"FHE"?[8�q�FH?[BMJ�;,BMLbFH=�7�G�79:MJ¥:MJ�p�T<:ME>?[:MJ�O975D�:MEH:<G�7³FH79E";9t5­	q�E
7Q;"F>?[G�:<FH?@BCJ°D�E>B|O97Qp�q�E>7Q;(¯�79E>7S8�:M;"79pÄBCJIFH=�7.��X4:Mx[]CBME>?@F>=�GfPC8�q�F�BCJ�7SO9BCq�x@p�:Mx@;>B¥D�B<FH79JKF>?·:Mx@x@U
q�;>7¥N�:`UC7Q;>?·:<JZGI?z�|FHq�E>7�GIB�p�7Qx[x@?[J�]ØG�7³FH=�B|p�;Ø��6	?@798hBCx@F�:MJ�pZ{�BC8h79E)F`P ^`lClM_b� L¹BME�7Q;"F>?[G�:<FH?@BCJ,t

jVJ±F>79E"G�;¥BML�p�79:Mx[?@J�]f¯�?zFH=¶G�?À��F>q�E>7Q;ØB<L�O97Qx[x¡D�BCD�q�x·:<F>?[BCJ�;¥?@J±;>:MG�D�x[79;QP58�?@BCx[BM]C?[;)FH;�BML�F>79J
;"D�79:M¾±B<LSGI7QF>=�B|p�;'FH=�:<F�Ü�;>q�8�F>EH:MO³F`ÝYBMq�FvFH=�7Ä7Q²�79OQF>;¸BML�FH=�7ÄOQBCJKF\:MGI?[J�:<FH?@J�]ªGI?z�|FHq�E>7+OQBCG m
DhBCJ�7QJKFH;9tÄ¢�=�7IF>79O\=�J�?@§bq�7�BML(x·:M;"79E%O`:MD�FHq�E"7+GI?[O9E"B�p�?[;>;"79O³FH?[BMJ¬����79J�p±:MJ�p±{S:<²�79x@p,P aMcCcCcK� ?@;
:¨x[:M8 m 8�:M;>7Qp´GI7QFH=�B�p´F>=�:<F¸p�B|79;vF>=�?[;Qt d 7Ä=�:`TM7Äp�79GIBCJ�;)FHEH:nFH79p£F>=�:<FvF>=�E>BCq�]C=´FH=�7Äq�;>7ÄBML
;)F\:<F>?[;)FH?[O9:Mx�GI7QFH=�B�p�;QP�?zF(?@;�DhBC;";>?[8�x[7�FHB'p�7QTC7Qx[BCD�:MJ�:MxzU�;"?[;¡D�E>B|O97Qp�q�E"79;(F>=�:<F�:<x[;>B¥O`:<J�;>q�8�FHEH:<OQF
BMq�F�FH=�7%7³²y7QOQFH;�BML�?[J�p�?@T|?[p�q�:MxyGI?z�|FHq�E>7�O9BMG�DhBCJ�7QJbF>;9t

^��

Hosted by The Berkeley Electronic Press



�Ä��� � ��Ò ½ » Ó ê »|ä±»|� ���

¢�=�7+:Mq�FH=�BCE%¯�BCq�x[p¶x[?@¾M7¸FHBWFH=�:<J�¾¤FH=�7IE>7³L¹79E>7Q79;¥L¹BCE¥F>=�79?@E%O9BCGIG�7QJKFH;9P�¯�=�?[O\=¶;>q�8�;"F\:<JbF>?·:Mx@x@U
?@G�D�E>B�TC7QpWF>=�7%D�E>7Q;>7QJbFH:<FH?@BCJ,t¡eS7�¯�BCq�x@pª:Mx@;>B°x[?@¾M7	F>B°F>=�:MJ�¾�{�BCJ�]Cx·:M? w =�7QJZL¹BCE�8�E"?[J�]M?[J�]'F>=�7
p�:<F\:M;"7QF�BML5Ç3q�B°7QFS:MxÖt�� aMcCc�^�� FHB°=�?@;�:<F>F>79JKFH?@BCJ,t

� ����»|� Ó���������#���*���}�C�����#���k���|�����5���}�������A�C���$�'�}� �¡��¢�����£¡�
Ç37³F,Ñ í î`ï`ï9ï9î>Ñ ð p�79J�BMFH7�FH=�7�BC8�;>7QE"T<:<F>?[BCJ�;QP�¯�=�79E"7*Ñ ô ?[;3: õ m p�?[GI79J�;"?[BCJ�:Mx�TC79O³FHBCE��¹ö5ù ^ î`ï`ï`ï³îHú � t
g ;>;"q�G�7�F>=�:<FYF>=�7�BC8�;"79E)TC79pIp�:<FH:�:ME>7�?@J�p�7QD�7QJ�p�79JKF¡:MJ�pI?@p�79JKF>?[O`:<x[x@U%p�?[;"F>E>?@8�q�FH7Qp¸E>79:Mx[?@Ã`:<F>?[BCJ�;
L¹E"BCG$F>=�7%p�79J�;>?@FVU

�5�¹Ñ í î9ï`ï`ï9î"Ñ ð � ý ð¤
ôJI íL¥G ¦ I í ü ¦ � ¦ �¹Ñ ô + - ¦ î�§ ¦ � î ��¨ ^��

¯�=�79E>7Äü
¦

��©®ù ^ î`ï9ï`ï9î�ª � ?[;vFH=�7ÄD�E>BC8�:M8�?[x@?@FVUÈFH=�:<F°:MJÁBC8�;"79E)TM:nFH?[BMJ¬8h79x@BCJ�]C;ØFHB¨FH=�7?©bFH=
]ME>BCq�DyP�:MJ�p � ¦ �¹Ñ ô + - ¦ î�§ ¦ � ý + a ü�§ ¦ + !�« { 8 7³��D:¬ ÿ ��Ñ ô ÿ - ¦ �®­ § ! í¦ �¹Ñ ô ÿ - ¦ ��¯ ��¨ aC�
?@;°:¤Gvq�x@F>?@T<:ME"?·:<F>7�J�BME>G�:Mx�p�7QJ�;>?zFVU£¯�?@FH=ÁGI7`:MJ - ¦ :<J�p®OQB�TM:<E>?·:<J�O97ÄG�:<FHE"?z�°§ ¦ tÁ¢�=bq�;�?@J
� g ^�� P�¯(7f=�:`TC7WL¹BCE>G'q�x·:<F>79p´F>=�:<F¸FH=�7f]M79J�7W7³��D�E"79;";>?[BMJ¿p�:<FH:È:ME>?@;>7�L¹E>BMG :¤G�?À��F>q�E>7ÄB<LVª
G'q�x@F>?@T<:ME>?[:<FH7�J�BCE"G+:<x,D�BMD�q�x·:nFH?[BMJ�;9t

¢�=�7Úp�?@;"FHE"?[8�q�FH?[BMJ�;�BML¥FH=�7qª O9BCGID�BMJ�79JKFH;Z:ME"7¨L¹q�x[xzU�;>Dh79OQ?@©�7Qp 8KU - ¦ :<J�pZ§ ¦ PO© ù
^ î`ï`ï`ï³î�ª´tWÇ37QF²± ¦ ùè� - ¦ î�§ ¦ � P³©Úù ^ î`ï`ï9ïQî�ª´t d 7�:MD�D�xzU¤FH=�7I7³��Dh79OQFH:<FH?@BCJ m G+:n��?@G�?@Ã`:<F>?[BCJ
�Å�¡X � :<x[]CBCE"?@F>=�G �Å6	79GID�;"F>79E9P%Ç :M?@E>p :MJ�p {�q�8�?[J,P ^�lC�C�C� L¹BCEf79;"F>?[G�:<FH?@J�]°± í î`ï`ï9ï9î�± ¥ :MJ�p
ü í î`ï`ï`ïQî>ü ¥ t d 7v8h79]C?@J¨8KUZL¹BME>Gvq�x[:<FH?@J�]¸FH=�7'79;"F>?[G�:<FH?@BCJfD�E>BC8�x[79G1:M;	:+G�?@;>;"?[J�]Ip�:<FH:+D�E>BM8 m
x@79GftÙ��BCEfFH=�?@;¨;>7³F>FH?@J�]�P%FH=�7±O9BCGID�x[7³FH7¶p�:<F\:�:<E>7 � ô ù ��Ñ ô î�´ ô � �¹ö´ù ^ î9ï`ï`ï³îHú � PØ¯�=�7QE>7´ ô ù �Cµ ô í î9ï`ï`ï9î�µ ô ¥ � ?[;�p�7Q©�J�7Qpª8KUµ ô ¦ ù·¶ ^ ?zL�Ñ ô 8h79x@BCJ�]C;�F>B°]CE>BCq�D¸©

c BMF>=�79E)¯�?[;"7Mt

^�k

http://biostats.bepress.com/umichbiostat/paper22



¢�=�7¸´ ô �¹öÄù ^ î`ï9ï`ï9îHú � E"79D�E"79;>7QJKFÄFH=�7¨OQx[q�;)FH7QE�:M;";>?[]MJ�G�7QJKFH;9t d 7¤:<;>;>q�G�7ªF>=�:<F'´ ô P�öÄù
^ î`ï`ï`ï³îHú5Pn:ME"7�?[?@p	E>79:Mx[?@Ã`:<F>?[BCJ�;iL¹E>BMG :�Gvq�xzFH?@J�BCGI?·:Mx�p�?@;"F>E>?[8�q�FH?@BCJ.¯�?@F>=�D�E>BM8�:M8�?@x[?@F>?[7Q;hü í î`ï9ï`ï9î>ü ¥� K ¥¦ I í ü

¦
ù ^�� :MJ�pWF>=�:<F�FH=�7¥p�79J�;"?@FVUÄBML�Ñ ô ]C?zTC79J�´ ô ?[;

ð¤
ôJI í � ¦ ��Ñ ô + ± ¦ �º¹C»�¼ ï

¢�=�79Jf?@F�?[;�79:M;"UÄF>B¸FH=�7QJZp�7QE>?zTC7�FH=�7%x@?[¾M7Qx[?@=�B�B|pÄ:MJ�pfx@BC]¸x[?@¾M7Qx[?[=�B�B|p+L¹BCE�F>=�7%O9BCGID�x[7³FH7�p�:nF\:�r½�¾#¿��C± í î`ï9ï`ïQî�± ¥ î>ü í î`ï9ï`ï9î>ü ¥ + � í î9ï`ï`ï9î � ð � ù
ð¤
ô�I í ¥¤¦ I í ¬�ü ¦ � ¦ ��Ñ ô + ± ¦ ��¯ ¹ »À¼ î

:<J�p Á ¾#¿ �C± í î`ï9ï`ï9î�± ¥ î>ü í î`ï`ï9ï9î>ü ¥ + � í î`ï9ï`ïQî � ð � ù
ðG
ôJI íÂ¥G ¦ I í µ ô ¦ x[BC]B¬�ü ¦ � ¦ �¹Ñ ô + ± ¦ ��¯ ï ��¨ �K�

A�?@TM79JI79;"F>?[G�:<FH7Q;³Ãü í î`ï`ï`ïQîMÃ ü ¥ :MJ�p Ã± í î`ï`ï`ï³î Ã± ¥ PKF>=�7�� m ;"F>79DIBMLyF>=�7���X1:Mx[]MBCE>?zFH=�G ?[JKTMBCx@TM79;
7Q;"F>?[G�:<FH?@J�]9´ ô 8KU'YXdÄ´ ô + Ñ ô îMÃ ü í î9ï`ï`ï9îMÃü ¥ î Ã± í î`ï9ï`ï9î Ã± ¥ e t�¢�=�7.79;)FH?@G+:<F>BCE*=�79E"7.=�:<;�:Ø;"?[GID�x[7�L¹BCE"GZrÃ µ ô ¦ ù Ãü ¦ � ¦ �¹Ñ ô + Ã± ¦ �K ¥÷ I í Ãü ÷ � ÷ �¹Ñ ô + Ã± ÷ � �¹ö5ù ^ î`ï`ï9ï9îHú�Â�©°ù ^ î`ï`ï9ï9î�ª � ï

¢�=�7%7Q;"FH?@G+:nFH79pÅ´ ô �¹ö5ù ^ î`ï`ï`ï³îHú � :<E>7	FH=�79JfD�x[q�]M]C79pW?[JKF>Bª� g �K� P�:MJ�pWFH=�7¥OQBCGID�x[7³FH7	p�:nF\:
x@BC] m x[?[¾<79x@?[=�B|B�pI?[;�F>=�79JZG+:n��?@G�?@Ã979pW:<;.:¸L¹q�J�O³FH?[BMJZBMLÆ± ¦ :<J�pfü ¦ P"©+ù ^ î`ï9ï`ï9î�ª´t�¢�=�?[;�?[;�F>=�7
X m ;"F>79DØBML�F>=�7(�¡X�:Mx[]CBME>?@F>=�Gft �*;)FH?@G+:<F>79; BML�ü

¦
:<J�pP± ¦ ��©°ù ^ î9ï`ï`ï9î�ª � :<E>7*BCq�F>D�q�F�L¹E>BCG F>=�7

X m ;"F>79DI:MJ�p°:<E>7(F>=�79J°?[J�D�q�FY?@JKFHB	FH=�7�� m ;"F>79D,t�¢�=�7�FV¯(B%;"F>79D�;��Å� m ;"F>79DI:MJ�pIX m ;"F>79D � :<E>7(F>=�79J
?zFH7QEH:<F>79pÚq�JKFH?[x*OQBCJKTC79E"]C79J�O97Ä?[;%E"7`:MO\=�7Qp,tªXª:MJKU¶:Mq�FH=�BCE>;¥=�:`TC7�;"=�B�¯�J«� d q,P ^�lCkC� Â5N(B�U|x[79;QP
^`lCkC�K� FH=�:<Fvq�J�p�7QE¸]C79J�7QEH:Mx(E>79]Mq�x·:ME"?@FVUÚO9BMJ�p�?@F>?[BCJ�;9PYFH=�7�;>BCx@q�FH?@BCJ±L¹E"BCG F>=�7W�¡X :Mx[]CBME>?@F>=�G
¯�?@x[x�O9BCJKTM79E>]M7°F>BÄ:�x[B|O`:<x5G�:n��?[Gvq�Gft	jVJ¤D�E>:MOQF>?[OQ7MP,FH=�7vE>7Q;>q�xzFH;	L¹E>BMG1©�F"FH?@J�]+FH=�7°:Mx[]CBME>?@F>=�G
=�:M;�D�E>B�TC7QJZF>BI8h7¥:MO9OQ79D�FH:M8�x@7Mt�­	J�7%BML�F>=�7%D�B<FH79JKF>?·:Mx,D�E>BC8�x@79GI;(¯�?@F>=fF>=�7¥�¡X :Mx@]CBCE"?@FH=�G�?@;
?zFH;�EH:<F>7�BML O9BCJKTM79E>]M79J�OQ7Ø?@JÄD�EH:MO³FH?@O97Mt d 7	q�;"79pWFH=�7�¾ m G�79:MJ�;�:Mx@]CBCE"?@FH=�G1�ÖXª:MO�Ç	q�797QJ,P ^�lC�K�M�
L¹BME�p�7QF>79E>GI?[J�?[J�]¸?@J�?@F>?·:Mx�T<:Mx[q�79;9t

º+» � » � »|� � » �
g x@?[Ã`:<p�79=,P g t g P {�BM;>;9P56vt,¢�tzPYs�7QE>BCqyP o t�X¶t�:MJ�pÈT<:MJ±p�7�{�? µ"JyP5XÚt(� aMcCc�^�� t°¢�B�¯(:ME>p�;v:

J�B�TC7Qx3O9x·:<;>;>?z©�O`:nFH?[BMJ+BML =bq�G�:MJÄG�:Mx[?@]CJ�:MJ�OQ?[7Q;¡8�:M;>7QpfBMJÄ]C79J�7.7³��D�E>7Q;>;"?[BCJWD�:<F"FH7QE>J�;QtÉÈBÊË
�}��£#���Ì���}ÍnP�Î¡Ï<Ð,P _�^2ÑÄ~Ca t
^�l

Hosted by The Berkeley Electronic Press



g x@BCJ,P�RØtzPyN�:<E>¾n:M?ÖPh¦¥t@Py¦SBMF"FH79E"G+:<J,Ph6vt g t@P,A%?@;>=,Ph×¸tzP Ò	8�:ME>E>:�P w t@P,Xª:MO\¾iP,6vt�:MJ�pªÇ37QT|?[J�7<P
g t�Ó�t¡� ^�lClClK� tvN(E"BK:MpÈD�:<F"FH7QE>J�;¥BML¡]C79J�7I7���D�E>7Q;>;>?@BCJ±E"7QTM7`:Mx@79pÚ8bUÈOQx[q�;)FH7QE>?[J�]W:MJ�x·:`U|;>?@;
BMLYF>q�G�BMES:<J�pªJ�BME>G�:Mx3O9BCx@BCJWFH?[;";>q�7Q;SD�E>BC8h79p¨8KUWBCx@?[]CBMJ|q�O9x[7QBMFH?@p�7�:ME"EH:`U|;9t2Ëg¢����]ÊOÔO�}�ÕÊÖ ���z×zÊmØ:�*��Ê$Ù�Ø Ö P"Ï<Ú,P �C�<_b~1Ñ��K�C~Mc t

N�:M]C]M79E>xzUCP�×¸t g tzP o B�BMGv8�7Q;9P�×¸t5{¥tzP�eS7Q;>;QP�×¸t�{¥tzP w F>?@TC7QE>;QP*6vt5¦¥t@P g 8�E>q�Ã9Ã9B�P�Ç�t Ôvt5:MJ�pÛy=�:MJ�]�P d th� aMcCc�^�� t5jVp�79JKFH?zL�U�?@J�]¥p�?@²�79E"79JKFH?[:Mx[xzUØ7���D�E>7Q;>;>7QpÄ]C79J�79;¡?[J°O`6�¦ g GI?[OQE>BK:<E>EH:`U
7³��Dh79E>?@G�7QJKFH;9tÉÈBÊÝÜg���2�<Þ¡�ÕÊbßÉ�����5Ê[P#à3P �C�CljÑ��K~Ml t

N(79J�µ>:MG�?@J�?ÖP~Ò¸t�:<J�pªe�B�O\=b8h79E"]�PBÒ¸t�� ^�lClK~C� t o BCJKFHE"BCx[x@?[J�]ØFH=�7�LÅ:Mx@;>7�p�?@;>O9B�TM79E"UWE>:<FH7<r*:¸D�EH:MO m
FH?@O`:Mx�:MJ�pZD�B�¯�79E)L¹q�x5:<D�D�E>BC:MO\=ªFHB�Gvq�xzFH?[D�x[7	FH7Q;"F>?[J�]�tVÈBÊQáÉ��Í|ÊjØ ���}��Ê1Ø:���]Ê1Ø:�*¢�Ê9ß�P"Ð"â�P
aMkCl�Ñ|�CcCc t

N(?[;";>7Qx[xÖP,X¶t�Ó�t3:<J�pÈ{S:<p�?[;"¾bUMP 6vt�� aMcCc�^�� t¥s*q�F>FH?@J�]�FHq�G�BCq�E>;	?@J¨O9BCJKF>7³�|F`t$ÔO�}��Þã¢��PáÉ�*ä����*å�æÜ��}�%���*¢�P�Î�P _K�jÑW~n_ t
6	=�:MJ�:<;>79¾n:ME>:MJ,P w tiX¶tzPiN�:ME>E"7QF"FH7MP�¢�t�{¥tzPiA�=�BC;"=,Pi6vt@P w =�:M=yP�{¥tzP�Ô¡:ME>:MGv8�:<x[x@UMP w t@P�×�q�E>:MO\=�?�P

×¸t@P�s�?[79JKFH:�P�×°t�Ó�tzP�{�q�8�?[J,P�X¶t g t :MJ�p o =�?[J�J�:M?@UC:MJ,P g t�X¶t�� aMcCc�^�� t°6	79x@?[J�79:<FH?@BCJ¨BML
D�E>BM]CJ�BC;)FH?[O�8�?[BCG�:ME>¾<79E";�?@JÄD�E>BM;"F\:nFH7%O`:MJ�O979EQtÉÔO�}��Þã¢��³P#ç�Î¡è3P kCaCa�Ñ�kKa<� t

6	?[7Q8�BCxzF`P9Ó�t�:MJ�p�{�BM8�7QE"F`P o tSs�t'� ^`lClM_b� tÛ�*;)FH?@G+:<F>?[BCJ«BML'©�J�?@F>7±GI?z�|FHq�E>7Èp�?[;)FHE"?[8�q�F>?[BCJ�;
FH=�E"BCq�]C=ZN�:`UC7Q;>?[:MJZ;>:MGID�x[?@J�]�tÝÈBÊ�áÉ��Í|ÊmØ ���}��ÊmØ:���]ÊbØ:�*¢�ÊÉß�P Ð Ú,P �C�C�jÑ��K�C~ t

6	q�p�BC?zF`P w t@P�Ò�:<J�]�PQÒvtYeØtzP o :Mx@x[B�¯%P*X¶tÆÓ�t5:<J�p w Dh7979pyP�¢�tYs�t�� aMcMcKaC� t w F\:nFH?[;)FH?@O`:Mx*GI7QFH= m
B�p�;.L¹BCE�?[p�7QJbF>?@L�U|?[J�]�p�?z²y7QE>7QJbF>?·:Mx@x@UÄ7���D�E>7Q;>;>7Qp¶]M79J�7Q;	?[JZE>79D�x[?[O9:<FH7QpªO96�¦ g GI?[OQE>BK:<E>EH:`U
7³��Dh79E>?@G�7QJKFH;9t[Ø ���}���Ìæ*�C�����$Ø ���#�����MP%Îãè,P ^C^M^VÑª^`_Cc t

�YL¹E>BCJ,P.N.tzP	¢�?[8�;"=�?[E>:MJ�?�PS{%tzP w F>BCE>7³UCP9Ó�t�6vt�:MJ�p«¢�q�;>=�7QE9P	Ôvt�� aMcCc�^�� tâ��GID�?[E"?[O9:Mx.N(:�UM79;
:MJ�:MxzU|;>?[;�B<LY:°G�?@O9E"BK:ME>E>:`U+7���Dh79E"?[GI79JKF`téÈBÊ Ö �'�*¢�ÊmØ ���}�ÕÊ Ö æ�æ����]Ê[P Ï Ú,P ^C^�~�^mÑ¨^C^��Cc t

��79J�p,P��(tb:MJ�p�{�:<²y7Qx[p,P|XÚty� aMcCcCcC� tYÇ :M;"79E¡O`:MD�FHq�E"7SGI?[OQE>B|p�?[;";>79O³FH?@BCJ°?[JID�:<FH=�BCx[BC]<UCtgÈBÊ³ÜÆ�����<ÊË
�}��£#���5Ê[P<Ð ê,P �C�C�jÑÄ�K�Ca t
A%=�BC;>=,P�6vt�:<J�p o =�?@J�J�:M?zUK:MJ,P g t�X¶ty� aMcCcCaC� t*Xf?z�|FHq�E"7.GIB�p�79x[x@?[J�]%BML,]C79J�7.7³��D�E>7Q;>;"?[BCJÄp�:nF\:

L¹E>BCGÞG�?@O9E>BC:ME>E>:�U�7³��Dh79E"?[GI79JKFH;Qtéßé��������ë���¢*�r�}������æ2Î¡à3P aM�C~9Ñfa<kC� t
aMc

http://biostats.bepress.com/umichbiostat/paper22



jV8�EH:<=�?[GfPVÓ�t�A¸tzP o =�7QJ,P%X¶t m e¥t@P	:MJ�p A%E>:`UCP	{%tÉÓ�t¥� aMcCcKaC� tÆN�:`UM79;>?[:MJ G�B|p�79x@;�L¹BCE�]C7QJ�7
7³��D�E"79;>;"?[BCJf¯�?@F>=ª6�¦ g G�?@O9E>BC:ME>E>:�U�p�:<FH:�t
ÈBÊ Ö �'�*¢�ÊbØ �Õ�}��Ê Ö æ�æ����]Ê[P<Ï%â�P kMk�Ñ�lCl t

jVp�79¾<79EQPh¢�tzP�¢�=�BCE";>;"BCJ,P�ÔvtzP w ?@79]C7QxÖP g t��(t�:<J�pfeSB|B�p,P�Ç�t � aMcMcCcK� t�¢�79;)FH?@J�]¸L¹BCE�p�?z²y7QE>79JKF>?·:Mx@x@U
7³��D�E"79;>;"79pf]C79J�79;�8KUIG+:���?@Gvq�Gâx@?[¾M7Qx[?@=�B�B|p°:MJ�:<x@U|;>?@;�BML GI?[OQE>BK:<E>EH:`U¸p�:<F\:�tgÈHÊ�Üg���2�<Þ¡�ÕÊßÉ�����5Ê[P"â�P kCcK~1Ñ�k�^�� t

jV=�:M¾n:�P|{%tb:MJ�p+A%7QJbF>x[7QG+:MJyPb{¥th� ^�lClC�K� tY{%r g Ç�:<J�]Cq�:M]M7�L¹BCE¡6�:<F\: g J�:Mx@U|;>?@;*:MJ�p+A%E>:MD�=�?@O9;QtÈBÊ
Üg���2�<Þã��ÊPì
¢M�*�#£BÊbØ �Õ�}��Ê[P<Ð,P aMlCljÑ���^`_ t
×�=�:MJ,P|Ó�t@P d 7Q?ÖP}Ó�t w t@PM{�?@J�]CJ�7QE9PMX¶t@P w :C:Mx�PnÇ*tne¥t@PMÇ�:<p�:MJKU|?ÖPKXÚt@P d 7Q;"FH7QE>G�:MJ�J,PM�(tzPMN(7QE"F>=�BCx[pyP

�(tzP w O\=K¯�:M8yP,X¶tzP g JKF>BCJ�79;"O9q,P o ti{%t@P�s�7QF>79E>;"BCJ,P o ti:MJ�pªXZ79xzFHÃQ79E9Pis�t w t�� a<cCc�^�� t o x·:M; m
;>?z©�O`:<F>?[BCJI:MJ�p�p�?[:M]CJ�BM;"FH?@O�D�E"79p�?@OQFH?@BCJ°BML�O`:MJ�OQ79E";�q�;"?[J�]¥]C7QJ�7�7³��D�E>7Q;>;"?[BCJ�D�E>BM©�x[?[J�]%:MJ�p
:ME"F>?@©�OQ?·:Mx�J�79q�EH:Mx3J�7³FV¯(BME>¾b;9tÉÔ9�}��Þã¢��9�q��×}���*���%�³P"â�P �K�M�jÑ��K�Ml t

Ç :MJ�]C7<Pb×°tMÇ�t@PbÇ3?@F"FHx@7MPC{%tzÓ�t g tC:<J�p°¢5:`U|x[BCEQP~Ó�tKXÚtbA°t�� ^�lMkClK� t5{�BM8�q�;"FY;"F\:nFH?[;)FH?@O`:Mx|G�B|p�7Qx[?[J�]
q�;>?@J�]°FH=�7�F�p�?@;"FHE"?[8�q�FH?[BMJ,tÝÈBÊ Ö �'�*¢�ÊbØ �Õ�}��Ê Ö æ�æ����]Ê[P àHç�P kMk�^2ÑÄkMlC� t

Ç3BCJ�J�7Q;"FH7Qp�F`P|j\tC:<J�p w D�7Q79p,Pb¢�tKs�ti� a<cCcKaC� t5{�79D�x@?[O9:<FH7Qp¸G�?@O9E>BC:ME>E>:�U¥p�:nF\:�t	Ø �Õ�}���Ìæ*�C�����jØ ���#�����MPÎ¡è3P ��^*Ñ|_K� t
Ç3q�B�P#Ó�tzP�6	q�]C]K:MJ,P|6vtBÓ�t@P o =�7QJ,PãÒ¸tzP w :Mq�T<:M]C7QBMF`PBÓ�t@P��Y¯�?[J�]�P o t�XÚt@P�N(?@F"FHJ�7QE9P�X¶t�Ç�tzP�¢�E>7QJbF9PÓ�t�X¶t@P5:MJ�p¶jV;H:C:MOQ;9P d t�N.t�� aMcCc�^�� t�e�q�G+:<J¶D�E"BC;"FH:<FH7�O`:MJ�O979EØ:MJ�p¶8�7QJ�?[]MJ¶D�E"BC;"FH:<FH?@O

=KU�Dh79E"D�x·:<;>?·:�r�G�BCx@79OQq�x·:ME*p�?@;>;"79OQF>?[BCJÄ8KU+]C79J�7.7³��D�E>7Q;>;"?[BCJWD�E"BM©�x[?@J�]�t2Ü��}�%���*¢máÉ��æ����}¢���£|PÚ�ÎiP _C�CkC�jÑ+_K�CkCk t
XZO`Ç :MO\=�x·:MJ,PyA¸t<Ó�t�:<J�p¨×�E>?@;>=�J�:MJ,Pi¢�t�� aMcCcMcK�'í £#�O�	� Ö � �¡��¢*����£¡�î�}�<×$���|�ï�*�Bæ*�����Bæ³t(¦S7Q¯Ò¡BCE>¾irgÓMBC=�J d ?[x@7QU�:MJ�p w BCJ�;Qt

XZO`Ç :MO\=�x·:MJ,P�A°tBÓ�t�:MJ�pWs�797QxÖP�6vt,� aMcCcKaC�
ð ���#���®�m�?�J�|�CÞ¡¢��V�q�]×¡�*��æ³t*¦S7Q¯ñÒ¡BCE"¾ir	ÓMBC=�J d ?[x@7QU
:MJ�p w BCJ�;Qt

¦S7³¯�FHBCJ,P�X¶t g t@P�×�79J�p�Ã9?@BCE>;"¾|?�P o t X¶tzP�{�?@O\=�G�BMJ�p,P o t w tzP�N(x·:nF>FHJ�79E9P,�(t3{%t3:MJ�pÚ¢�;>q�?�P ×¸t
d t�� aMcCc�^�� t¥­	J¨p�?@²�79E"79JKFH?[:Mx TM:<E>?·:<8�?[x@?@FVUÄBML*7���D�E>7Q;>;>?@BCJÈEH:<F>?[BC;Qr�?[GID�E>B�T|?[J�]�;"FH:<FH?@;"FH?@O`:Mx

a�^

Hosted by The Berkeley Electronic Press



?[J�L¹7QE>7QJ�O97�:<8�BCq�FY]C7QJ�7�7³��D�E"79;";>?[BMJIO\=�:MJ�]C7Q;YL¹E>BCG GI?[O9E"BK:ME"EH:`U%p�:<FH:�t	ÈBÊ�Üg���2�<Þ¡��Ê
ßÉ�����5Ê[Pà,P �K�1ÑW~Ma t
s5:M]M7QF`P w t%� ^`lCkClK� t ¢�=�7Úp�?[;)FHE"?[8�q�F>?[BCJ¿BML';"79OQBCJ�p�:ME)U�]CE"B�¯�F>=�;W?[J«O`:<J�O97QEfB<LØF>=�7¤8�E>79:M;"F9tÜ��}�%���*¢2���*����æ*����æ*�ÌæOáb�*ä����*å�æ³P#à3P lMk²Ñª^�c�^ t
s5:MJyP d ty� aMcCcCaC� t g O9BMG�D�:<EH:<F>?@TC7�E>7³T|?[7Q¯«B<L3;"FH:<FH?@;"FH?@O`:MxiGI7QF>=�B�p�;¡L¹BCE�p�?[;"O9B�TC7QE>?@J�]'p�?z²y7QE>7QJ m

FH?[:Mx[xzU�7���D�E>7Q;>;>7Qp¨]C7QJ�79;�?[JÄE"79D�x@?[O`:nFH79pWGI?[OQE>BK:ME"EH:`U�7³��D�7QE>?@G�7QJbF>;9t
ßÉ��������ë���¢��r�}������æ³P:Î¡è,P
~<_K�jÑW~C~<_ t

s5:ME"G�?@]C?·:<J�?ÖP�A°tzP�A¥:ME"E>7³F>F`Ph��t w t@P g J|8�:MÃ9=�:<]K:MJ,P�{¥th:MJ�p¤A%:M8�E>?@79x@;>BCJ,Pi��t�� a<cCcKaC� t g ;)F\:<F>?[; m
FH?@O`:Mx�L¹EH:MGI7Q¯�BCE>¾WL¹BCE	GIBCx@79O9q�x·:ME m 8�:M;"79p¨OQx·:M;";>?z©�O`:<F>?[BCJª?[J¨O9:MJ�O97QE9trÈHÊ³áb��Í}Ê$Ø ���}�ÕÊ'Ø:���]ÊØ:�*¢�Êbß�P ÚHç P ��^��1ÑÄ�M�C� t

{�=�B�p�7Q;9P(6vt�{¥tzP�N�:ME>E"7QF"FH7MP�¢�t*{¥tzP�{�q�8�?[J,P�X¶t g t@P�A%=�BM;>=,P�6vt�:MJ�p o =�?@J�J�:M?zUK:MJ,P g t�X¶t
� aMcMcKaC� t¤XZ7QFH: m :MJ�:Mx@U|;>?@;ØB<L�G�?@O9E>BC:ME>E>:�U|;QrI?@JKFH79E";"F>q�p�UÚTM:<x[?[p�:<FH?@BCJ¶B<L�]C79J�7+7³��D�E>7Q;>;"?[BCJ
D�E>B<©�x[7Q;.E>7³TC79:Mx[;	D�:<FH=K¯(:�UZp�U|;>E"79]Cq�x·:<F>?[BCJZ?[J¨D�E"BC;"FH:<FH7ØO`:MJ�O979EQtXÜ��}�%���*¢OáÉ��æ����}¢���£|P%Ú è,P
_C_baC�1Ñ+_C_K�M� t

w O\=�7QJ�:�P�X¶t�� a<cCcCcK� tÝ�¸���*¢��]�}¢�¢M�}Í�ßÉ������£¡��� í ����£¡�%���Ì���}Ínt w q�J�JbUbT<:Mx@7MP o g rh�*:<F>BCJ,t
w FHBME>7QUMPQÓ�t,6vt*� aMcCcKaC� t g p�?[E"79OQF�:MD�D�E"BK:MO\=ÈFHB�LÅ:Mx@;>7vp�?@;>OQB�TM79E)U¤EH:<F>79;Qt$ÈBÊ�áÉ��Í|Ê'Ø ���}�ÕÊXØ:���]ÊØ:�*¢�Êbß�P ÚHç P _b�MljÑ+_KlCk t

aCa

http://biostats.bepress.com/umichbiostat/paper22



0.0 0.2 0.4 0.6 0.8

0
.2

0
.4

0
.6

0
.8

1
.0

λ

π̂ 0
(λ

)
π̂0 = 0.189

0.0 0.1 0.2 0.3 0.4

0
.0

0
0

.0
4

0
.0

8

p−value

q
−

va
lu

e

0.00 0.02 0.04 0.06 0.08 0.10

0
5

0
0

1
5

0
0

2
5

0
0

q−value cut−off

si
g

n
ifi

ca
n

t 
te

st
s

0 500 1000 1500 2000 2500

0
5

0
1

0
0

1
5

0
2

0
0

2
5

0

significant tests

e
xp

e
ct

e
d

 f
a

ls
e

 p
o

si
tiv

e
s

��?[]Cq�E"7 ^ r	­	q�FHD�q�F%BML w g X :MJ�:MxzU|;>?[;v� w F>BCE>7³UCP aMcCcCaC� L¹BCE	:M;>;"79;>;"?[J�]fp�?z²y7QE>79JKF>?·:Mx�7³��D�E>7Q;>;"?[BCJ
8h7QFV¯�797QJZD�:M?[E"79p�J�BME>G�:Mxy:<J�pÄO9BCx@BCJ�O9:MJ�O97QE�FH?@;>;>q�7.L¹E>BCG g x@BCJ�7³F�:MxÖt�� ^�lMlClK� ;)FHq�p�U�?[J�¯�=�?[O\=
F>q�GIBCE�?[;�:<;>;>q�G�7QpZFHB°8h7%=�BCGIBC]C79J�79BCq�;Qt

aM�

Hosted by The Berkeley Electronic Press



0.0 0.2 0.4 0.6 0.8

0
.2

0
.4

0
.6

0
.8

1
.0

λ

π̂ 0
(λ

)
π̂0 = 0.104

0.0 0.2 0.4 0.6 0.8

0
.0

0
0

.0
4

0
.0

8

p−value

q
−

va
lu

e

0.00 0.02 0.04 0.06 0.08 0.10

0
5

0
0

1
5

0
0

2
5

0
0

q−value cut−off

si
g

n
ifi

ca
n

t 
te

st
s

0 500 1000 2000

0
5

0
1

0
0

2
0

0

significant tests

e
xp

e
ct

e
d

 f
a

ls
e

 p
o

si
tiv

e
s

��?[]Cq�E"7 a r	­	q�FHD�q�F%BML w g X :MJ�:MxzU|;>?[;v� w F>BCE>7³UCP aMcCcCaC� L¹BCE	:M;>;"79;>;"?[J�]fp�?z²y7QE>79JKF>?·:Mx�7³��D�E>7Q;>;"?[BCJ
8h7QFV¯�797QJZD�:M?[E"79p�J�BME>G�:Mxy:<J�pÄO9BCx@BCJ�O9:MJ�O97QE�FH?@;>;>q�7.L¹E>BCG g x@BCJ�7³F�:MxÖt�� ^�lMlClK� ;)FHq�p�U�?[J�¯�=�?[O\=
F>q�GIBCE�?[;�:<;>;>q�G�7QpZFHB°8h7%J�BCJ�=�BMG�BC]M79J�7QBCq�;9t

a<_

http://biostats.bepress.com/umichbiostat/paper22



0.00 0.02 0.04 0.06 0.08 0.10 0.12

0
.0

0
0

.0
2

0
.0

4
0

.0
6

0
.0

8
0

.1
0

Unadjusted q−values

A
d

ju
st

e
d

 q
−

va
lu

e
s

��?[]Cq�E"7 � r o BCGID�:ME>?@;>BCJ¤B<L�q�J�:<pnµ"q�;"F>79p±:MJ�p¶:Mpnµ"q�;)FH79p¶D m T<:Mx@q�79;�L¹E"BCGÊD�:<?[E>7Qp¶OQBCx[BMJÚO9:MJ�OQ79E
p�:<F\:¸BML g x@BCJW7QF�:Mx�t�� ^�lClMlK� t

aC~

Hosted by The Berkeley Electronic Press



0.00 0.02 0.04 0.06 0.08 0.10 0.12

0
.2

0
.4

0
.6

0
.8

1
.0

Q−value 1

P
ro

p
o

se
d

 M
e

th
o

d

��?[]Cq�E"7 _ r o BCGID�:ME"?[;>BMJÚB<L�79;)FH?@G+:<F>79pÈ]C7QJ�7 m ;>Dh79O9?z©�O°LÅ:Mx[;"7¸p�?[;"O9B�TC7QE"UÚEH:<F>7¸L¹E>BCG4G�7³FH=�B|p¶?@J
��?[]Cq�E"7 ^ ¯�?zFH=´DhBC;)FH79E"?[BCEØD�E>BM8�:M8�?@x[?@FVU¨BML�p�?@²�79E"79JKFH?[:Mx¡7³��D�E>7Q;>;"?[BCJÁq�;"?[J�]¨D�E>BCDhBC;>7QpÁG�7³FH=�B|p
L¹BME�O9BCx@BCJÄO`:MJ�O979E�p�:<FH:¸BML g x[BCJW7³F.:<xÖt�� ^�lClClK� t

aM�

http://biostats.bepress.com/umichbiostat/paper22



0.2 0.4 0.6 0.8 1.0

0
.0

0
.2

0
.4

0
.6

0
.8

1
.0

P−value

P
o

st
e

ri
o

r 
P

ro
b

.

��?[]Cq�E"7 ~ r o BCGID�:ME"?[;"BCJÆBMLW7Q;"FH?@G+:nFH79p ]C79J�7 m ;"D�7QO9?@©�O�LÅ:Mx[;"7¿p�?@;>O9B�TM79E"UÆEH:<F>7¿q�;"?[J�] LÅ:Mx@;>7 m
p�?[;>OQB�TC79E)UÈEH:<F>7°G�7³FH=�B|pÚ¯�?zFH=ÈDhBC;"F>79E>?@BCE%D�E>BM8�:M8�?@x[?@FVUZBML�p�?@²�79E"79JKFH?[:MxY7���D�E>79;";>?@BCJ´q�;"?[J�]fD�E>B m
DhBC;"79pfG�7³FH=�B|pÄL¹BCE�q�J�D�:<?[E>7QpWD�E>BC;)F\:<F>7%O`:MJ�OQ79E�p�:<FH:°B<LYÇ3q�B°7QFS:Mx�t�� aMcMc�^�� t

aC�

Hosted by The Berkeley Electronic Press



¢�:M8�x@7 ^ r¡­�q�FHO9BMG�7Q;�B<LÆ� F>79;)FH;�BML5=KU|DhBMFH=�7Q;>7Q;

g O9O97QD�F {�7�µ"7QOQF ¢�BMFH:Mx
¢�E>q�7Ø¦�q�x[x R Ô � =

¢�E>q�7 g x@FH7QE>J�:nFH?@TM7 ¢ w � í
d Ç �

¢�:M8�x@7 a rY¦�q�Gv8h79E*BML,]M79J�7Q;�O9:Mx[x@79pI;>?[]MJ�?@©�O9:MJKFS�

E© � L¹BCEYT<:ME"?[BCq�;�T<:Mx@q�79;*BML%ò}ó¡8�:M;>7Qp+BCJ w F>BCE>7³U
� aMcCcKaM� D�E>B|O97Qp�q�E"7¥L¹BCE�D�:M?[E"79pWJ�BCE"G+:Mxy:MJ�pfO9BCx@BCJWO`:MJ�O979E�p�:nF\:vL¹E>BCG g x[BMJÄ7QFS:MxÖt�� ^�lClClC�ò}ó ¦SB�:Mpnµ"q�;)FHGI79JKF g pnµ"q�;"F>G�7QJKF

c t a aMkKa<_ aMkKa<_
c t ^ aC�McM_ aMkCcCl
c t cK~ aM�C�Cc aM�CcM_
c t cKa ^�lCcC� aM�K�C~
c t c�^ ^��C�K~ aCa�^�c
c t cCcK~ ^`_C_�^ aMcC��^
c t cCc�^ lC�C� ^��ClC�

¢�:M8�x@7 � r w q�GIG�:ME"U.BML�;"?[Gvq�x·:<F>?[BCJ	E"79;"q�x@F>; L¹BME3q�J�D�:M?@E>7QpØp�7Q;>?@]CJ,t�s*E"BCDhBCE"F>?[BCJ�BML�p�?z²y7QE>79JKF>?·:Mx@x@U
7���D�E>7Q;>;>7Qp±]C7QJ�79;%]C?zTC7QJÚ8KU¬� õ � î õ"! � ùÛ� c ï cC~ î c ï cK~C� t g x[x�TM:<E>?·:<J�O97Q;%:ME>7¸;"7QF�FHBWBCJ�7Mt'¢ m FH7Q;"F
GI7QF>=�B|pfp�79J�BMF>79;�F m FH7Q;"FS:MJ�:MxzU|;>?[;�F>E>79:<FH?@J�]vFHq�GIBCE�;>:MG�D�x[79;�:<;�=�BCG�BM]C79J�7QBCq�;Qt

s�E>BMD�BC;"79p¨XZ7QF>=�B�p ¢ m F>79;"F�GI7QF>=�B�p; � - ! î - � � R�J�p�7QE m ;"79J�;Qt ­.TC7QE m ;>79J�;9t w Dh79O<t R�J�p�7QE m ;"79J�;Qt ­.TC7QE m ;"79J�;Qt w Dh79O<t

�Cc � m�c t _ P c t _b� c t �M_ c t �Ka c t �Mk c t cKa c t cKa c t �K~
�Cc � m�c t k P c t kK� c t �K� c t �Cl c t kCc c t cM_ c t cM_ c t �K�
�Cc � m\^ t a P ^ t aC� c t ��^ c t ��^ c t kC� c t cC� c t cC� c t �<_
^�cCc � m�c t _ P c t _b� c t kKa c t k�^ c t lK~ c t ~Mc c t ~Mc c t �Ka
^�cCc � m�c t k P c t kK� c t kCk c t kCl c t lCk c t ~C~ c t ~M� c t �K�
^�cCc � m\^ t a P ^ t aC� c t lK� c t lK� c t lCl c t ~Ml c t ~Ml c t �Mc

aMk

http://biostats.bepress.com/umichbiostat/paper22



¢�:M8�x@7 _ r w q�GIG+:ME)UÄBML5;>?[G'q�x·:<F>?[BCJ+E>79;"q�x@F>;�L¹BME�D�:M?[E"79pfp�79;"?[]CJ,t�s�E>BCDhBCE)FH?[BMJfB<LYp�?z²y7QE>79JKF>?·:Mx@x@U
7���D�E>7Q;>;>7Qp±]C7QJ�79;%]C?zTC7QJÚ8KU¬� õ � î õ"! � ùÛ� c ï cC~ î c ï cK~C� t g x[x�TM:<E>?·:<J�O97Q;%:ME>7¸;"7QF�FHBWBCJ�7Mt'¢ m FH7Q;"F
GI7QF>=�B|pfp�79J�BMF>79;�F m FH7Q;"FS:MJ�:MxzU|;>?[;�F>E>79:<FH?@J�]vFHq�GIBCE�;>:MG�D�x[79;�:<;�=�BCG�BM]C79J�7QBCq�;Qt

s�E>BMD�BC;"79p¨XZ7QF>=�B�p ¢ m F>79;"F�GI7QF>=�B�p; � - ! î - � � R�J�p�7QE m ;"79J�;Qt ­.TC7QE m ;>79J�;9t w Dh79O<t R�J�p�7QE m ;"79J�;Qt ­.TC7QE m ;"79J�;Qt w Dh79O<t

�Cc � m�c t _ P c t _b� c t ~<_ c t ~Ca c t �Ck c t ^�a c t ^C^ c t �K~
�Cc � m�c t k P c t kK� c t �K� c t �Cl c t �M� c t ^`_ c t cM_ c t �K�
�Cc � m\^ t a P ^ t aC� c t �Ca c t ��^ c t �Mk c t ^�� c t ^�� c t �<_
^�cCc � m�c t _ P c t _b� c t �<_ c t �M� c t ~�^ c t ^�l c t ^�k c t ��^
^�cCc � m�c t k P c t kK� c t �C� c t �Ml c t ~C~ c t aM� c t a<_ c t �C�
^�cCc � m\^ t a P ^ t aC� c t kKa c t kKa c t ~Mk c t �Ka c t �C� c t k�^

aMl

Hosted by The Berkeley Electronic Press


