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A B S T R A C T   

For premium grades (and rail surface treatments such as ‘laser cladding’) there is little plastic damage expected 
during typical operating conditions, and smooth surface contact models predict a long life. However, damage still 
develops, including rolling contact fatigue, affecting premium steels from multiple suppliers. A model is 
described predicting stress intensity factors and indicative crack growth rates for cracks driven by surface 
roughness stresses. Accompanying field data quantify the asperity separation and tip radii for rails from metro, 
mixed traffic and a freight line in ground or unground conditions. The results predict that in rough surface 
contact small surface cracks (50–100 μm, exceeding microstructural dimensions) can grow faster than crack 
removal by wear, even when smooth surface models predict no growth. The model has application in identifying 
how rail grinding marks or wheel roughness may be an important factor in determining rail life through raised 
stresses at the rail surface (leading to wear), and increased stress intensities and growth rates for incipient cracks.   

1. Introduction 

Rolling contact fatigue (RCF) cracks in railway rails continue to be a 
failure mode in rails deployed worldwide. The first understanding of 
their growth mechanisms was developed in the 1930s and more recent 
improvement in their understanding has assisted in controlling the 
problem through methods including rail surface grinding [1], use of 
harder rail steels [2–4], friction management at the rail-wheel interface 
[5,6], and better programming of rail inspection [7,8]. Unmanaged rail 
cracks can be a serious safety issue but while their management reduces 
safety risks it is also an ongoing cost in running a rail network. 

This paper explores a particular case of crack growth in “premium” 

rail steels (with increased hardness and material strength) that are 
subject to rough surface contact. This may be due to wheel roughness (e. 
g. post turning) or rail roughness from rail grinding (Fig. 1). While 
harder steels aim to slow or prevent RCF initiation it has been observed 
that cracks still occur in steels from multiple suppliers [9–12]. To guard 
against this it is therefore reasonable that grinding is deployed to 
reprofile the rails, redistribute stress and remove any damaged surface 
material. However, the modelling presented here highlights a sensitivity 
of crack growth to surface roughness for harder steels in which plastic 
flow and wear is reduced, and where grinding marks remain on the 

contact surface for longer than with softer rail steels conventionally used 
in European passenger rail operations. 

The model developed combines established approaches to modelling 
rough contacts and to calculating stress intensity factors to describe the 
growth of incipient defects. Considerable research in the rail-wheel 
contact field has been put into modelling plastic damage [13–15] but 
here advantage is taken of the minimal plastic flow that is found in 
modern premium rail steels to simplify the modelling task. Although the 
material may undergo some very near surface plastic damage this is not 
usually an ongoing accumulation of strain, it is self-limited as strain 
hardening and shakedown [16] allow it to reach a quasi-elastic state. 
Without significant or ongoing plastic flow present there can be much 
greater confidence in applying elastic contact solutions. Moreover, when 
looking at surface roughness due to rail grinding this has a distinct 
surface form which is more easily described than truly random rough 
surfaces. While fractal based models offer advantages for more complex 
surfaces [17,18] here an approach using a multi-Hertzian contact 
developed specifically for ground surfaces is applied [19]. Conversion of 
the surface pressure distribution from the contact model is undertaken 
using the crack line Green’s functions originally developed by Rooke 
et al. [20] and previously integrated into rolling contact fatigue fracture 
mechanics models for smooth surface contact [21–24]. The result is a 
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fast running model through which parameters relevant to grinding 
operation can be analysed (i.e. grinding mark sharpness and separation, 
these being determined by stone composition, stone and vehicle speed 
during grinding). The aim is to develop a model to explore how grinding 
may be applied to harder premium steels to safeguard against the rough 
ground surface itself becoming a driver of rail failure. 

To set the context for the modelling, data were gathered on previous 
measurements of contact surface roughness in rolling contact testing, 
and also on rail grinding materials from which estimates can be made of 
ground rail roughness. Additional data are also collected from the field 
and presented in Section 3 to aid discussion of the stress intensity factor 
results. In the laboratory wear testing of rail steels under water lubri-
cated conditions Kapoor et al. [25] identified asperity tip radii around 
130 μm, falling to 92 μm after testing. Pre-test asperity separation (i.e. 
wavelength) was 20 μm, falling to 12 μm after testing. Recent work by 
the authors on dry wear lab testing of 260 grade rail steels has identified 
pre-test asperity tip radii in the order of 200 μm and separation of 55 μm, 
rising marginally to around 250 μm tip radius and 70 μm separation 
after testing. Focusing on much harder steels Clarke et al. [26] con-
ducting mineral oil lubricated tests on 800-840Hv surface hardness gear 
steel observing asperity tip radii in the order of 16 μm prior to testing 
and 75–80 μm after testing. Zhang et al. [27] developed rail grinding 
wheels using grit sizes of F10, F16 and F30, which convert to sizes of 
600, 1180 and 2000 μm. Although the grinding marks left will depend 
on the action of multiple non-aligned grit particles and the stone 
traversal speed it’s clear that surfaces produced could never approach 
the smooth surfaces typical of most laboratory tests. Fig. 1 shows a 
typical rail surface after industrial in-situ grinding with around 25 
prominent grinding marks per 10 mm length, i.e. an asperity separation 
of around 400 μm. On the wheel side of the contact interface data from 
Lundmark [28] shows that post turning train wheels have a surface 
wavelength in the 1–2 mm range, with peak to trough variation in 
surface height of 30–100 μm depending on the wheel material and how 
aggressive the turning operation was. How long this severe level of 
roughness persists will depend on the wheel materials and operating 
conditions, and as for rails there are clearly many variables. However, 
the aim here is not to choose specific values for modelling but to ensure 
that the model developed considers values in the right range. Fig. 2 
shows a typical roughness trace from a recently ground rail to further 
support estimation of the roughness characteristic of industrial rail 
grinding. 

2. Contact model and stress intensity factor calculation 

2.1. Contact model 

The contact model is fully described by Nowell and Hills [19] and 
only a summary is present here. The model idealises the contact pair as a 
perfectly smooth 2D wheel in contact with a rough rail (realistically both 

surfaces will be rough, especially if wheels have recently been turned, 
but numerically the combined roughness can be represented in this 
form). Asperity contacts (i.e. at peaks in ground surface form) are rep-
resented by an asperity tip radius (ρ) and wavelength (λ) as shown in 
Fig. 3. The number of asperities in contact is estimated initially from the 
smooth surface Hertzian contact patch size, and applied load divided to 
establish initial values of pressure and contact size at each asperity. 
Surface deformation due to each asperity will affect its neighbours and 
an iterative procedure is followed to achieve compatibility of load dis-
tribution and surface deformation across the contact. Key factors in 
application of this model for harder rail steels are (i) surface form and 
grinding marks persist because of high yield strength and very limited 
plastic flow, and (ii) the high yield point makes use of an elastic model a 
reasonable assumption. 

Once convergence is achieved there is a known list of asperity loads 
(and hence contact sizes and pressures) representing the rough surface 
contact. These transmit the same total surface load as the corresponding 
smooth surface Hertzian contact. With the array of asperity loads and 
sizes on the contact surface established the interior sub-surface stresses 
can be calculated by superposition of standard Hertzian stress calcula-
tions [29] applied to each asperity. 

2.2. Stress intensity factor calculation 

Green’s functions are a means to capture the results of a stress in-
tensity factor calculation and apply them to a range of load cases. 
Functions developed by Rooke et al. [20] convert a point force on the 
line of an inclined surface breaking crack onto a stress intensity factor 
for that crack. By integration any arbitrary load distributed along the 
crack line can be treated as a summation of point forces for calculation of 
the combined stress intensity factor for the total applied load. Both 
normal and shear loads along the line of the crack can be considered 
providing calculation of mode I and II stress intensity factors. In all cases 
the method uses the stresses present in the uncracked body to calculate 
the stress intensity factors, agreement with Bueckner’s principle [30]. 

Fig. 1. Rail head surface after in-situ industrial rail grinding.  

Fig. 2. Surface profile from recently ground premium rail. Note unequal scales 
exaggerate surface gradients. 

Fig. 3. Multi-Hertzian contact between a smooth wheel and ground surface 
represented by grinding mark wavelength λ, and surface peaks of radius ρ. 
Equivalent radius for the contact pair is R. After [19]. 

D.I. Fletcher et al.                                                                                                                                                                                                                               
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Equations (1) and (2) summarise the process for a normal (σ) and shear 
(τ) stress distributions along a crack line of length s. The axis along the 
crack direction is η, and θ is the crack angle defined in Fig. 4. Separate 
Green’s functions (g) are used for normal and shear stress contributions 
to KI and KII at the crack tip. The stress present on the crack line is also 
dependent on the offset (e) between the origin at the crack mouth and 
the centre of the contact patch. 

KI =
1
̅̅̅̅̅

πs
√

(
∫ s

0

σ(η, θ, e)gσI
(η)dη+

∫ s

0

τ(η, θ, e)gτI
(η)dη

)

(1)  

KII =
1
̅̅̅̅̅

πs
√

(
∫ s

0

σ(η, θ, e)gσII
(η)dη+

∫ s

0

τ(η, θ, e)gτII
(η)dη

)

(2) 

A complication with rolling contact fatigue cracks is that they are 
frequently loaded in compression and account must be taken of crack 
face interaction and crack face friction forces (τcff) which will act to 
oppose sliding of the crack faces. As in previous models [21,23] the 
assumption is made that where crack faces meet, the normal stress 
contribution to crack opening is set to zero (the crack cannot be more 
than closed). Where crack faces meet the normal load multiplied by a 
crack face friction coefficient (μcrack) must be overcome to produce crack 
face shear. The stress within the body from the multi-Hertzian solution 
(σnom, τnom) is therefore modified according to Equations (3)–(5). 

σ(η, θ, e)=max[σnom(η, θ, e), 0] (3)  

τcff (η, θ, e)= − μcrack • σnom(η, θ, e) • sgn(τnom(η, θ, e)) (4)  

τ(η, θ, e)=

⎧

⎨

⎩

0

τnom(η, θ, e) + τcff (η, θ, e)
τnom(η, θ, e)

(5)  

if |τnom(η, θ, e)| ≤
⃒

⃒τcff (η, θ, e)
⃒

⃒ and σnom(η, θ, e) < 0

if |τnom(η, θ, e)| >
⃒

⃒τcff (η, θ, e)
⃒

⃒ and σnom(η, θ, e) < 0

if σnom(η, θ, e) ≥ 0 

The crack growth mechanism is assumed to be primarily by shear 
crack growth and fluid is considered only as a crack face lubricant, not as 
a fluid pressurising the crack. This follows previous investigation [31] 
which explored the three-dimensional nature of typical RCF cracks 
showing the complete sealing and pressurisation of fluid in the cracks is 
unlikely, and that if such fluid pressurisation was achieved the predicted 
growth rates become unrealistically high. The modelling concept is 
shown schematically in Fig. 4 where the previous approach (part a) is 
replaced by the multi-Hertzian approach (part b). To obtain the full 
range of stress intensity factor variation during the passage of a contact 
over the crack the analysis must be performed at increments of contact 

Fig. 4. Modelling concept and axis definitions: (a) nominal smooth Hertzian contact, (b) replacement by a multi-Hertzian representation of a ground surface contact.  
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movement relative to the crack. For smooth surface contact a typical 
contact movement increment of 0.05 times the contact half width (a) is 
fully sufficient to capture peaks in stress intensity factor as the contact 
passes the crack. For the rough surface contact much finer movement 
increments are needed to capture the highly localised stress fields from 
the asperities, especially when studying near surface cracks. A factor of 
0.001a was used for near surface cracks with relaxation to 0.01a being 
sufficient for longer cracks for which the tip is more distant from the 
localised stress peaks. The longitudinal region explored covered the 

range e = ±15a. 
In making the transition to a rough surface contact it’s crucial to note 

that superposition of stress on the crack from all the asperities must 
always be considered ahead of integration of the resultant stress with the 
Green’s function to find the stress intensity factor. Calculation of the 
stress intensity factors from individual asperities followed by super-
position of the stress intensity factors would fail to correctly capture the 
crack opening and sliding behaviour which is dependent on the super-
posed stress. Taking the crack mouth as the origin, examples of the crack 

Fig. 5. Stress distributions from Equations (3) and (5) along the line of a 50 μm crack 30◦ below a full-size rail-wheel contact of nominal contact pressure 900 MPa. 
Roughness wavelength 0.4 mm, asperity tip radius 0.25 mm. The position origin is the crack mouth. (a) Normal (sigma) and shear (tau) stress for rough surface 
contact resolved along the line of the crack. Contact is at position e = −2.96 mm (0.49a to the left of the crack mouth in Fig. 4). (b) Comparison of shear stress for 
rough and smooth contact models. Contact at e = −5.96 mm (0.98a left of the crack mouth). 

D.I. Fletcher et al.                                                                                                                                                                                                                               
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line stresses from Equations (3) and (5) are shown in Fig. 5 for both the 
smooth and rough surface models at identical contact positions. Fig. 5a 
indicates that for the position modelled the normal stress is zero at the 
crack tip, but that the crack is open closer to the rail surface. The shear 
stress changes sign part way along the crack with a short region of zero 
stress indicating a locked region of the crack which makes no contri-
bution to crack growth. These values are for the rough surface contact 
whereas the corresponding data for a smooth contact are zero 
throughout (crack closed, no crack sliding). Fig. 5b compares rough and 
smooth solutions directly, considering only the resolved shear stress 
driving crack growth only (the crack was closed throughout so sigma 
values were all zero for both cases). Smooth contact has a low constant 
(non-zero) resolved shear stress driving crack growth. The rough surface 
model shows higher values, and a switch from negative to positive shear 
with movement along the crack line, i.e. with movement through the 
stress field. The zero region at the mid crack location for the rough 
surface contact is the location of reversal in shear stress sign. This region 
is locked (i.e. the applied stress cannot overcome crack face friction) so 
there is no contribution to driving crack growth in this region. 

3. Results 

3.1. Modelling runs undertaken at full scale 

Table 1 summarises the parameters used in the modelling. These are 
used to describe a manufactured surface (ground rail or turned wheel), 
so can include some combinations that would be unlikely in naturally 
worn surfaces. For example, widely spaced asperities of tip radius much 
smaller than their separation would be unlikely to occur naturally, but 
can be generated by grinding or turning operations. Although it would 
be possible to nondimensionalise the analysis the ground surface pa-
rameters (surface wavelength and asperity tip radius) are lengths that do 
not scale with the contact size so a dimensional approach was taken. The 
friction coefficients chosen are representative of water lubricated rail- 
wheel contact during which fluid assisted crack growth becomes 
possible, and are applicable across metro, mixed traffic, and freight 
railways. Modelling for dry contact conditions (friction coefficient 0.4) 
was also undertaken but extensive contact fatigue cracking does not 
develop under these conditions so results for this case are restricted to 
some comments in Section 3.3.2. 

Results are presented first of stress on the rail cross-section below the 
contact. This provides context on the depth of rail material affected by 
roughness stress and confirmation that the aggregate effect of the mul-
tiple asperity contacts is equivalent to the smooth surface case sup-
porting the same load. Further results are in terms of stress intensity 
factors for growth of an inclined surface breaking crack at 30◦ below the 
contact surface, corresponding to a typical rolling contact fatigue crack 
orientation. The method is equally applicable to steeper or vertical 
cracks using alternative Green’s functions which are available for angle 
θ to the surface normal of 0, 5, 10, 15, 30, 45, 50, 55, 60◦ [20]. 

Calculation of stress intensity factors requires that a crack exists, but 
no attempt is made to model the initiation of the cracks here. This 
initiation is usually ascribed to plastic ratcheting and ductility exhaus-
tion, and although harder steels usually display very little plastic dam-
age the raised stress caused by the rough surface may drive this very 
locally to the contact surface. Early stage plastic damage and the 
extension of its experimental investigation to include the effect of 
roughness is the subject of a separate paper [32]. 

While the main focus of the results is on mode II stress intensity 
factors which are especially significant for shear mode crack growth it is 
also useful to convert these to a crack growth rate. A mixed mode crack 
growth law was developed by Bold and Brown et al. [33,34] and this is 
applied with the caveat that it was developed for older normal grade rail 
steel. Its output is therefore only indicative of how the crack will respond 
to the applied stresses. For a more comprehensive assessment of crack 
growth the wear of the rail surface which takes place with passing 
contacts should also be considered and this is discussed alongside the 
crack growth data. Equation (6) shows the crack growth law used to 
predict crack tip advance rate. Stress intensity factor ranges are in MPa. 
m0.5 and crack growth rate is predicted in nm/cycle. The equivalent 
stress intensity factor range ΔKeq is defined in Equation (7) and used to 
combine the mode I and II factors. Net crack growth (crack tip advance 
minus cut back of the crack mouth by wear) can be estimated from the 
results plots through a shift of the vertical axis. Equation (6) contains a 
threshold stress intensity ΔKth below which no crack growth would be 
predicted for which a value of 4 MPa m0.5 was used [34]. 
ds

dN
= 0.000507

(

ΔK3.74
eq − ΔK3.74

th

)

(6)  

ΔKeq =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

ΔK2
I +

[(

614

507

)

ΔK3.21
II

]2 /

3.74

√

(7) 

Rooke’s Green’s functions were developed for a crack of infinite 
width (corresponding to a 2D contact system) but in the current work a 
geometry factor of 0.59 [22,23] is applied prior to crack growth rate 
calculation to convert the stress intensity factors to those for a 
semi-circular crack more representative of the cracks found in a rail. 

3.2. Stress data 

Fig. 6 shows data on sub-surface shear stress in example cases of 
smooth and rough surface contact. In combination with the vertical and 
longitudinal direct stress this is the primary driver of mode II shear crack 
growth. It can be seen that the rough surface contact in Fig. 6a has the 
aggregate effect producing stress identical to the smooth surface model 
(Fig. 6b) once below around 1 mm from the rail surface. Fig. 6c shows 
the detail of some of the rough surface contacts illustrating that each is 
represented by its own micro-contact of similar stress distribution but 
higher pressure than the macro contact. 

While plots such as these are well established for rough surface 
contact they illustrate an important issue when approaching crack 
modelling. For very small near surface cracks (up to 100–200 μm in the 
current case) the crack will be unaware of the macro contact formed by 
superposition of the micro contacts, and instead experience distinct 
stress cycles produced by the individual micro contacts. While the 
roughness modelled is attached to the rail and therefore stationary 
relative to a rail crack, it is useful to recall that the roughness represents 
the combination of wheel and rail roughness. For a real system with a 
rough wheel and high degree of sliding a near surface rail crack will 
experience multiple stress cycles as the micro contacts slide past. For a 
rail coarsely ground a rail surface crack will experience primarily the 
stress field of prominent asperities (grinding marks) whose asperity 
stress fields will dominate the local material to produce high peak 
stresses as a wheel moves past. This will give a roughness driven stress 
cycle even as a wheel passes without significant slip in the contact. The 

Table 1 
Parameters used for modelling runs.  

Parameter Values 
Nominal smooth surface contact pressure, MPa 900, 1500 
Surface coefficient of friction 0.15 
Internal crack face friction coefficient 0.15 
Wheel radius, mm 390 
Contact loads, N/mm 8601.1, 23892.0 
Nominal smooth surface contact half width (a)/ 

mm 
6.08, 10.14 

Crack sizes 0.001a to 5a 
Crack angle 30◦ below the surface (θ = 60◦) 
Asperity tip radius (ρ), microns 50, 150, 250, 350, 550, 750 
Asperity separation/wavelength (λ), microns 100, 200, 400, 600 
Young’s modulus, GPa 210 
Poisson’s ratio (plane strain model) 0.3  

D.I. Fletcher et al.                                                                                                                                                                                                                               
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analysis could also be reapplied to consider cracks in the wheel surface. 
As cracks extend the superposition of multiple micro-contacts smooths 
out the changes in stress and the crack begins to see a single cycle of 
stress during the macro contact pass. This complexity over the number of 
stress cycles seen at a particular depth raises a question in converting 

stress intensity factors to crack growth rates. Near surface cracks will see 
both high stress intensity factors (not predicted in smooth surface 
models) and potentially multiple stress cycles, producing a particularly 
damaging combination. 

Fig. 6. Orthogonal shear stress (MPa) on a longitudinal cross-section below the rail surface for a nominal smooth surface contact pressure of 900 MPa with a 0.6 mm 
roughness wavelength of asperities of 0.25 mm tip radius. (a) Rough surface model. (b) Equivalent smooth surface case transmitting the same load. (c) Detail 
extracted close to the surface of the rough surface case. 

D.I. Fletcher et al.                                                                                                                                                                                                                               
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3.3. Stress intensity factors 

3.3.1. Variation of position within the contact patch 
Prior to considering the change of stress intensity factor with crack 

length it is useful to look at the detail of how stress intensity factor varies 
with contact position (e) relative to the crack. Considering a crack with 
its mouth at the origin (as in Fig. 4b) Fig. 7 shows the stress intensity 
cycle produced as a contact patch approaches the crack, moving over it 
and moving away. As discussed above the combined wheel and rail 
roughness modelled is mapped to the rail surface and so is necessarily 
stationary relative to the crack. However, in the real contact there will 
be an element stationary relative to the crack (rail roughness), and an 
element which could also slide relative to the crack (wheel roughness). 
For a 50 μm long crack there is very high sensitivity to the roughness 
either through potential to be exposed to a very high individual peak in 
stress intensity (i.e. for a crack growing close to an asperity location on 
the rail), or to experience a series of high and reversing stress intensity 
peaks (for the case of a rough wheel passing with rolling-sliding motion). 
In the case of rail roughness dominating the combined roughness a stress 
intensity factor range would be defined by transition from stress free 
(prior to contact arrival) to a positive or negative peak value very close 
to those that would define this range for the sliding passage of a similarly 
rough surface wheel. But while a sliding rough contact passage would 
produce multiple stress cycles there would be only one cycle for a crack 
stationary relative to the rail roughness. 

For a 2 mm long crack the effect of individual asperities is still 
evident with variation of e, but the overall stress intensity cycle is much 
more significantly dependant on the superposition of all asperities to 
form a macro contact. For a 6 mm long crack the stress intensity cycle 
has greater magnitude (the crack is reaching sub-surface peaks of 
reversing shear stress, Fig. 6a) but still contains a minor ripple which 
would not be present in a smooth surface solution. Although the crack 
tips for 2 mm and 6 mm long cases are well away from the localised 
asperity stresses they are still influenced by them as the crack mouth 
remains at the surface and subject to individual asperity loads. As 
described by Equation (1) the crack tip stress intensity factor is depen-
dent on the stress distribution along the full length of the crack. 

The results in Fig. 7 are non-symmetrical about the origin as the 
crack is inclined at 30◦ below the surface, and shear traction is applied at 
the surface giving a non-symmetrical system. The results for mode I 
follow a similar pattern, but are of low magnitude given the compressive 
nature of the contact. 

3.3.2. Variation of asperity separation wavelength 
Fig. 8a shows results for mode II stress intensity factor range 

assuming the full passage of the contact over a crack. The data is for a 
nominal 900 MPa contact and asperity tip radius ρ = 0.25 mm. The 
smooth surface case is provided as a baseline, indicating that very low 
stress intensity factors would be present for short cracks, with a high 
possibility that they would not exceed the threshold stress intensity 
factor (Equation (6)) and therefore experience no crack tip advance. 
This is indicated in Fig. 8b for which the smooth surface growth rate is 
zero until cracks exceed around 0.25 mm in length. 

When roughness is introduced a peak in mode II stress intensity 
factor develops at short crack lengths at which cracks are highly influ-
enced by the near surface stress field. The increase is dependent on the 
asperity separation (λ), and with other factors held constant the short 
crack peak in stress intensity factor range during the passage of the 
contact increases approximately linearly with λ (the same is true if 
considering just a single peak in stress due to a rail surface roughness 
stationary relative to the crack during passage of a smooth wheel). The 
nature of the crack growth law means this maps to a non-linear increase 
in the predicted crack growth rate (Fig. 8b). This highlights a particular 
sensitivity to roughness wavelength which may be influenced by 
grinding stone choices and operation. 

To fully assess crack growth the removal of the rail surface by wear 
(or grinding) and its effect in shortening cracks should be considered to 
find the net change of crack length. Rail wear rates could be raised by 
rough surface contact stress peaks but are typically below 1 nm per 

Fig. 7. Predicted variation of mode II stress intensity factor for a range of 
contact positions (e) for a crack at the origin for crack lengths 50 μm, 2 mm, and 
6 mm. Nominal contact pressure 900 MPa, λ = 0.4 mm, ρ = 0.25 mm. 

Fig. 8. Effect of asperity separation (wavelength, λ) on (a) mode II stress in-
tensity factor range and (b) indicative crack growth tip advance rates. All cases 
are nominal 900 MPa contact and asperity tip radius ρ = 0.25 mm. 
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wheel pass, and from Fig. 8b it can be seen that this rate is comparable 
with the predicted growth rates. If wear (also taking into account crack 
inclination) shortens a crack faster than the crack tip advances into the 
rail then the crack will eventually disappear. From the curves plotted it’s 
clear that a wear rate in the order of 1nm/cycle could exceed the pre-
dicted crack tip advance for the smooth surface model at the range of 
crack lengths plotted. It would therefore be predicted that any small 
cracks would be safely worn away. However, for the models considering 
roughness, especially at wider asperity separations, it’s unlikely that the 
developing crack would be removed by wear. The fall back in crack 
growth rate at around 0.5 mm length may offer a point for cracks to 
stabilise in a dynamic equilibrium of surface wear and crack tip advance. 
However, it’s unlikely the rail would naturally become crack free by 
wear if crack growth remains driven by surface roughness. 

As crack length extends it can be seen that all the cases modelled tend 

back towards the smooth surface solution, becoming almost identical by 
5 mm length. It’s not expected that they become fully identical as the 
crack mouth of even long cracks remains exposed to the roughness 
derived near surface stresses. The results in Fig. 8 are for surface and 
crack face friction coefficients of 0.15, representing water lubricated 
contact which is a typical condition for contact fatigue crack growth. 
Modelling for surface and crack face friction coefficients of 0.4, repre-
senting dry contact conditions, also showed an increase in stress in-
tensity factor and growth rates at short crack sizes (<300 μm). However, 
even with this roughness derived increase the near surface values and 
those for large cracks remained lower than those for water lubrication. 
While roughness has potential to create shallow surface damage under 
dry conditions the conventional understanding that extensive crack 
propagation does not occur in completely dry conditions remains un-
changed by its inclusion in the model. 

Fig. 9. Effect of asperity rip radius (ρ) on (a) mode II stress intensity factor range and (b) indicative crack growth tip advance rates. All cases are nominal 900 MPa 
contact and asperity separation λ = 0.40 mm. 
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3.3.3. Variation of asperity tip radius 
Fig. 9 shows plots of data to explore the effect of asperity tip radius 

on mode II stress intensity factor range and predicted crack growth rates. 
The data is for a nominal 900 MPa contact and asperity separation λ of 
0.40 mm. It can be seen that sharper smaller radius asperity tips lead to 
increased stress intensity factor ranges for short cracks. But sensitivity to 
the asperity tip radius is confined to cracks up to around 0.15 mm long. 
Beyond this crack length the inclusion of roughness in the model in-
creases stress intensity factor range relative to the smooth surface 
baseline case, but values are very little affected by the tip radius. 

Translating the stress intensity factors to crack tip advance estimates 
Fig. 9b shows that the smallest radius asperities are predicted to drive 
rapid advance of short cracks. But for a wide range of larger radius as-
perities there’s much reduced sensitivity of crack advance rates to the 
exact radius modelled. The tip radius is a difficult quantity to define, 
even for a manufactured surface, so it is reassuring that the sensitivity of 
the results to this parameter is low over a wide range of values relevant 
to industrial grinding. 

3.3.4. Effect of nominal contact pressure 
Fig. 10 summarises data to show the impact of nominal smooth 

surface contact pressure on stress intensity factor and estimated crack 
growth rate. As would be expected for an elastic system the stress in-
tensity factors rise for the higher pressure contact, but the non-linear 
nature of the crack growth law gives significant increases in the pre-
dicted crack tip advance rates. Overall patterns of behaviour are un-
changed from the 900 MPa cases explored in the previous sections, but 
crack advance is significantly more likely to exceed the order of 1 nm 
typical wear rate with little opportunity for stabilisation at the 0.5 mm 
crack length ‘dip’ between roughness driven and bulk behaviour driven 
crack growth. 

3.3.5. Field data on roughness 
While some data on surface roughness are available and were briefly 

summarised in Section 1, these are primarily from laboratory test 
specimens which are smoother than the ground rail surface shown in 
Fig. 1. To aid interpretation of the results for field application additional 
data were collected from two ground and two as-used service rails. 
These covered metro, mixed traffic passenger/freight and a freight only 
line, these being selected based on their availability for measurement. 
The ground rails could not be measured immediately post-grind but 
profiles were taken from outside the running band to quantify the 
ground surface unmodified by traffic. An Alicona PortableRF infinite 

focus microscope with a ×10 objective lens was used to make 3D scans 
of the rail head surface from which data were extracted with a cut-off 
length of 250 μm for 2D line profiles orientated parallel to the rail 
longitudinal direction. Significant asperities were identified as those 
standing above 30 % of the mean roughness profile peak to valley height 
(Rz), an adaption of the procedure in BS EN ISO 4287:1998 [35] for 
identifying significant profile peaks and troughs when measuring the 
mean separation of profile irregularities (Rsm). A circular relationship 
was fitted to the profile data at each asperity identified, pinned sym-
metrically at the two nearest mean line crossings, and with maximum 
height equal to the maximum height of that asperity (see Fig. 11). The 
asperity separation was determined by the profile length between the 
centres of each fitted circular relationship. The data generated are 
summarised in Fig. 12 where it can be seen that for both asperity sep-
aration and tip radius the distribution of readings was skewed towards 
the lower end of the range observed, as indicated by median lines 
positioned towards the lower end of each box. The medians rather than 
means therefore gives a more representative single number with which 
to compare the quantities (Table 2). 

From the collected field data it can be seen that the ground rails had 
significantly reduced asperity tip radii than were found on the naturally 
worn rails. Cross-referencing this to the results in Fig. 9 indicates that 
any initiated crack in the ground rail is likely to experience greatly 
increased mode II stress intensity factors relative to the same crack in a 
natural condition rail, with much higher indicative crack growth rates. 
Asperity separation was found to be larger for the ground rails, although 
there was greater cross-over with the range of separations seen on the 
naturally worn rails. From Fig. 8 it can be seen that the wider asperity 
separation is also predicted to lead to higher stress intensity factors (and 
indicative growth rates) than for the unground rails. 

4. Conclusions 

A rapid method of assessing stress intensity factors for growth of 
cracks under rough surface rail-wheel contact has been developed. This 
combines an established rough surface contact model with a crack line 
Green’s function approach to stress intensity factor calculation. The 
simple rough surface description used is suited to ground or otherwise 
manufactured surfaces, using an asperity separation and tip radius to 
quantify the surface. The combined model is fast and demands little 
computing power allowing wide exploration of how rough surface pa-
rameters affect crack growth predictions. Rail-wheel contact roughness 
may exist as a result of rail grinding or due to contact with (for example) 
recently turned wheels. The combined models are particularly suited to 
application for modern harder “premium” rail steels in which grinding 
marks can persist over an extended period of time as very little wear or 
plastic flow is experienced in service (dependent on the type of traffic). 

Example cases have been explored for a range of conditions appli-
cable to the rail-wheel case and surfaces characteristic of industrial 
grinding operations. It is identified that near surface roughness derived 
stress can raise stress intensity factors for embryonic cracks. This raises 

Fig. 10. Effect of nominal contact pressure on mode II stress intensity factor 
range and crack tip advance rate for 900 and 1500 MPa cases, both for asperity 
tip radius ρ = 0.25 mm and asperity separation λ = 0.40 mm. 

Fig. 11. Schematic representation of determining significant 
asperity dimensions. 
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the potential for even very small cracks (50–100 μm, exceeding micro-
structural dimensions) to grow in cases where smooth surface models 
predict sub-threshold stress intensity factors. Growth rates are estimated 
through an existing crack growth law for rail steels indicating crack tip 
advance rates comparable and often exceeding typical rail surface wear 
rates. 

Sensitivity of stress intensity factors for a range of crack sizes to the 
parameters quantifying the surface is explored. It is found that asperity 
separation has a significant impact on the predictions, whereas asperity 
tip radius has a highly localised effect which drops away very quickly 
with distance below the surface. 

The model has been developed through consideration of full-size rail 
wheel contacts, but has the benefit of being equally applicable to labo-
ratory twin disc contact simulations. These typically have a much 
smaller contact area and there have been persistent questions about 
scaling between laboratory and real-world cases. Scaling the effects of 
roughness on contact pressure was previously possible using the contact 
model alone, but here the comparison can be extended to understanding 
the effect of scaling on the growth of cracks. 

For industrial application the model has particular application in 
identifying how rail grinding or wheel roughness may drive damage in 
rails. Newly collected field data shows that ground rails are charac-
terised by reduced asperity tip radii and increased asperity separations 
relative to unground worn rails. It is now possible to predict how these 
rough surfaces may drive growth of an embryonic crack, and predict the 
reduction of growth possible through selection and operation of a finer 
grade grindstone capable of avoiding damaging widely separated 
grinding marks on the rail. Consideration of a wider range of operating 
conditions (particularly different rail friction levels) can be conducted in 
future to expand understanding of crack transition from roughness to 
bulk stress driven growth. Extension to the work is possible through 
superposition of additional stresses to better understand their effect in 
combination with the contact stress, particularly thermal stress local to 
the contact. 
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