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ABSTRACT

Implementing general moment equations for parallel closures in NIMROD

by

Hankyu Lee, Doctor of Philosophy

Utah State University, 2024

Major Professor: Jeong-Young Ji, Ph.D.
Department: Physics

Implementing an advanced closure module significantly extends the capability of magne-
tohydrodynamics (MHD) fluid codes such as NIMROD. This module solves non-Maxwellian
parallel moment equations to obtain parallel closures. These equations are derived by tak-
ing moments of the first-order drift kinetic equation with orthogonal velocity polynomials.
We solve the system of parallel moment equations using two-dimensional finite elements in
the poloidal plane, considering an axisymmetric magnetic field. The results indicate that
high-resolution meshes and substantial memory capacity are essential. To address this, a
hybrid method is implemented to solve the system in Fourier space over the poloidal angle
of a tokamak and transforms results back to finite element space. The closures demonstrate
convergence with an increasing number of moments and accurately solve the drift kinetic
equation, making this approach suitable for studying kinetic effects in fluid simulations for

nuclear fusion devices.

(77 pages)
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PUBLIC ABSTRACT

Implementing general moment equations for parallel closures in NIMROD

Hankyu Lee

Understanding how magnetic fields impact plasma transport is essential for improving
the efficiency of thermonuclear fusion power plants. To address the transport problem, both
plasma fluid equations and Maxwell’s equations must be solved. To solve these equations,
it is necessary to derive closure relations that allow the system to be closed. Previous
closure models are useful for describing the behavior of high-collisionality plasma but are
not effective at low collisionality. To obtain closure relations valid for low collisionality, the
first-order drift kinetic equation must be solved.

This study presents methods for numerically obtaining parallel closures for NIMROD
code by deriving a system of parallel moment equations from the drift kinetic equation in an
axisymmetric magnetic field. Two methods are introduced: one uses two-dimensional finite
elements in the poloidal plane of a tokamak. The other is a hybrid method that reduces
memory burden by using the Fourier method over the poloidal angle of the tokamak to
obtain closures, and then converting them back to the finite element basis. The obtained
closures show convergence with an increasing number of moments and accurately resolve the
drift kinetic equation, making this approach effective for incorporating kinetic effects into

fluid simulations for nuclear fusion devices.
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INTRODUCTION

The distribution function of a plasma plays a pivotal role in the study of plasma physics,
serving as a fundamental descriptor of the statistical properties of plasma particles in phase
space. This function, typically denoted as f (¢,x,Vv), represents the probability density
of finding a particle at a position x with velocity v at time ¢. By integrating over this
distribution, one can derive macroscopic plasma properties such as density, velocity, and
temperature, thereby linking microscopic particle dynamics to observable plasma behavior.
Understanding the distribution function and its evolution in phase space is essential for an-
alyzing various plasma phenomena, from basic wave-particle interactions to complex kinetic
behaviors in thermonuclear devices such as tokamaks.

In tokamaks, neoclassical transport theory provides a framework for understanding the
transport and confinement of plasmas with inhomogeneous magnetic fields. This theory,
which considers the effects of collisions and magnetic field configurations on particle motion,
is essential for studying the physical properties of plasmas and improving the efficiency of
thermonuclear fusion reactions. One objective of neoclassical transport theory is to develop
advanced methods for obtaining parallel closures aligned with magnetic field directions.
These closures, such as heat flux and viscosity, are essential for solving fluid equations
related to number density, temperature, and flow velocity; thus named because they "close"
these equations. Traditional models like Braginskii’s (Braginskii, 1965) fail to capture kinetic
effects in low-collisional plasmas. Solving the drift kinetic equation (DKE) is essential to
obtain closures that accurately describe kinetic effects even in such plasmas.

Many previous studies have attempted to solve the DKE. Helander and Sigmar summa-
rized a framework for analytically solving the DKE (Helander & Sigmar, 2005). Numerous
computational codes have been developed for this purpose, and Held et al. solved it on ve-
locity grids using the finite element method (Held et al., 2015). However, obtaining parallel
closures using the DKE still requires considerable research.

Ji et al. proposed using the parallel moment approach (Ji et al., 2023) to solve the
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DKE, aiming to obtain parallel closures. This method involves decomposing the gyro-
averaged distribution function into moments and solving for these moments, allowing for
a more nuanced understanding of plasma behavior under the influence of electromagnetic
forces. The parallel moment approach promises a more robust and scalable solution to the
complexities of the DKE, potentially leading to more accurate simulations that can inform
both theoretical research and practical applications in plasma physics.

This work focuses on providing the advanced closure module based on the parallel
moment approach into the NIMROD code (Sovinec et al., 2003), a well-regarded computa-
tional tool used in the study of magnetohydrodynamic (MHD) stability and the evolution
of plasmas. The simulation tool enables detailed analysis by allowing adjustments and
enhancements to meet specific research needs, such as investigating fluid dynamics under
varying magnetic field conditions.

In the following chapters, we delve into the numerical implementation of parallel mo-
ment equations designed to apply the advanced closure model for plasma transport. In
chapter 2, we introduce the kinetic theory of a plasma. In chapter 3, we overview a frame-
work by solving the first-order drift kinetic equation in an axisymmetric magnetic field by
using the moment approach. In chapter 4, we introduce the finite element method and
describe the numerical framework for implementing this method in the NIMROD code. We
present the closure results calculated by NIMROD and discuss some numerical challenges
encountered. In chapter 5, we introduce the moment-Fourier equation, which is numerically
beneficial for solving the parallel moment equations, and show calculated closure results. In
chapter 6, we discuss time advance scheme of fluid equations and parallelism to enhance the

time efficiency of the simulation. In chapter 7, we conclude and discuss future plans.



KINETIC DESCRIPTION OF A PLASMA

Kinetic and fluid equations
A distribution function f(¢,x,v) contains the necessary information to describe trans-
port phenomena of a plasma. In a given electric E (¢,x) and magnetic field B (¢,x), the
distribution function for a plasma species a with mass m, and charge ¢, is governed by the
kinetic equation:
0 J | qa

0
a—i_v.aix—’—mia(E—i_VXB).aiV fa:C(fa)7 (1)

where C' (f,) is the collision operator. Using this equation, we can derive equations for fluid

quantities such as number density n,(t,x), temperature T, (¢, x), and flow velocity V, (¢, x):

ong
5 TV (maVa) =0, (2)
3 o7y,
§na ot + Vo - VI, | +n4,V-Vo+V-h,+VV,:7m, = Qo (3)
oV,
MaMa | — +V,-VVy | —n4qo(E+V,xB)+Vp,+V-m, = R,. (4)

These fluid quantities can be considered as moments of the distribution function. The

number density, temperature, and flow velocity are defined as follows:

ne (t,x) = /dvfa (t,x,v), (5)
ne Ve (t,x) = /dvvfa (t,x,v), (6)

1
pralu(tx) = [ dvimauls (tx,v), ©

where the random velocity w, = v — V,. By multiplying 1, m,w,, %mawg to the kinetic

equation and integrating it over the velocity space, we can obtain (2-4). Equations (2-4)
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are considered open (incomplete for solving) due to closure quantities such as heat flux h,
and viscosity 7., highlighted in red. To close the set of equations, these quantities must be
expressed in terms of n, T, and V.

When deriving moments of the kinetic equation, we need to calculate the moments of
the collision operator. These collisional moments can be considered as rates of change due

to collisions. For example, the integral

/ dvC (fa) = 0 (3)

indicates that the collisional effects are assumed not to change the density (Gurnett &

Bhattacharjee, 2017). Other collisional moments, such as

/dvmawaC(fa) = R,, (9)
/dvémawg(?(fa) = Qa, (10)

are considered as the collisional momentum exchange rate and collisional heat exchange rate,
respectively.

In local thermodynamic equilibrium, the lowest order terms of collisional moments
vanish when all plasma species share the same flow velocity and temperature (Helander
& Sigmar, 2005). Subsequently, the distribution function is described by the Maxwellian

distribution function,

a0 —((V—= Vg Va, 2
Mt x,v) = 773/21)306 (v=Va0)/va)” (11)

where subscript 0 denotes the equilibrium quantity and the thermal speed veg = /2La2.

m

Here, ng, T,, V4, which are included in (11), are often referred to as Maxwellian moments.

Collision operator
The Boltzmann collision operator describes the binary collisions between plasma species

a and b:



Cfur fo) = / av' / 000 |v — V| [fa(va) Fo(v)) — ful¥)o(v)] | (12)

where v, denotes the velocity after the collision, €2 is the solid angle, and ¢ is the differen-
tial cross section. However, a simpler form of the collision operator is required for analytic
methods in neoclassical transport theory. Previous studies have developed simplified forms
of operators based on observations from binary elastic collisions involving Coulomb inter-
actions, known as Rutherford scattering. In these interactions, most collisions result in
particles being deflected at small angles. The Rutherford scattering angle 6 is determined

by an impact parameter p as follows (Goldstein et al., 2017):

1
0 1
sin 5 - =) (13)
1+ (;)
where
o
= 14
£0 mabu2 ) ( )
4aqb
= 15
a! dmeg’ (15)
mgmy
= — 16
Mab Ma n mb7 ( )
and u = v — v'. The differential cross section o is
dx
= -~ 17
pdpdyp (18)
sin 0dOdyp |’
2
Po
’ 19
4 sin? (g) (19)

where d¥ = pdpdy and d) = sinfdfdy. Fig. 1 illustrates a diagram for understanding
the differential cross section. A small impact parameter p results in the solid angle €
encompassing nearly all directions, leading to a minimal differential cross section o. On the

other hand, a large p means ) encompasses only a narrow range of directions, causing o to
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increase. Fig. 2 illustrates that in the majority of the cross section, most collisions between
between deuterium and tritium deflect particles at small angles, with the moving deuterium
having a kinetic energy of 10 keV.
Therefore, the distribution function after the collision can be approximated using a
Taylor series
of 1 0% f

fvi) = f(v)+ Av- v + §AVAV ) (20)

where Av = v, — v. By using the center-of-mass frame, Av can be changed to:

Av = Tab Au, (21)

Mg

where Au = u, — u. Then, equation (12) can be expressed as (Ji, 2014a):

0
fa <Au>2 ) 87{71;

Map 0fa Map
e <Au>2 ov Jo — Wb
L9 9
2 9v ov
Suduy o2

Mg My 27 9v Ov/

1, (ma)’ 0 9
+2fa<ma> \Budt)y 5 gv

Clnt) = [avu]

2
+éfb <Tn‘;b> (AuAu) fa

_ Mab Map

Jo;

where (Au)y, = [dX(Au) and (AuAu)y, = [dE (AuAu). In calculating (Au)y, and
(AuAu)y,, it is necessary to apply a cutoff at the lower bound of the integrals to avoid
divergent values. This cutoff occurs at the angle 0, where pmax equals the Debye length
Ap (Gurnett & Bhattacharjee, 2017). During this process, we also have defined a parameter
Awp = Ap/po , where In Ay is called the Coulomb logarithm.
Consequently, by introducing the Landau tensor (Landau, 1936):
u?l —uu

U= w3 ’ (23>

the collision operator (22) is transformed into the Landau collision operator:
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Figure 1: Diagram of differential cross section.
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Yab 0 / 1 afa 1 afb
@ = =" | — — fo—=— ], 24
C (fa: fo) 2 Ov v <ma ov o= my OV’ (24)
where
2 2

4.4y lnAab
ap = 20— 25
Tab 4776(2)ma (25)

Additionally, it is convenient to introduce the Rosenbluth potentials (Rosenbluth et al.,

1957):

to express (24) in a simpler form:

my

C(faafb) _ Tab 10 0f, . 0 0Gy (1 ma) Ofa OHy

mq
= |29v oy v ov ov oy T el (28)

Many analytic studies employ a linearized collision operator. When the distribution function
is separated into Maxwellian ( fM) and non-Maxwellian ( fN) components, the collision
operator C ( w fg\I ) can often be disregarded when f is very close to fM. This form of
the collision operator has been used to calculate the collisional moments in the moment

approach (Ji & Held, 2006) which we discuss in the next chapter.
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NEOCLASSICAL TRANSPORT AND PARALLEL MOMENT EQUATIONS

Axisymmetric magnetic field

Neoclassical transport theory was developed under the condition of an axisymmetric
magnetic field. To describe a plasma in such a field, we introduce a cylindrical coordinate
system (R, Z, ). The toroidal direction is defined as clockwise, with ¢ = R x Z. The

magnetic field can be expressed in poloidal and toroidal directions as

B =1Vyp+ Ve x Vi, (29)

where ¢ is the toroidal angle and ) is referred to as the poloidal flux function (Helander &
Sigmar, 2005). The function I can be understood by applying Ampere’s law in the toroidal

direction,

j{B -dl, = jé(IVgo —l—W) ~dly, (30)
2wl

= /-LOIpv (31)

where I, is the poloidal current passing through the area enclosed by the loop of df, (Ji,
2014b).

A flux surface is a hypothetical surface on which the magnetic field vector lies. The
poloidal flux function v serves as a label for these flux surfaces, where each value of v
corresponds to a different flux surface. In an axisymmetric magnetic field, the nesting of
these surfaces forms a toroidal structure, with each surface being toroidally symmetric. The
innermost line of this structure is called the magnetic axis. Fig. 3 presents a diagram of the
tokamak, which is the focus of this work. Within a poloidal plane, green concentric circles
depict various flux surfaces, each can be labeled by a constant ¢ (R, Z). In this thesis, the

configuration of the magnetic field is modeled as a circular field on a flux surface v, given
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Figure 3: Tokamak model used in this study, featuring a major radius of 5 m and a minor
radius of 0.5 m. Nested flux surfaces are indicated as the green circles in the poloidal cross
section at the right. The magnetic axis is indicated by the blue line with the arrow.
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By (v)
B(0,9) = 14 €ecosf’

(32)
where 6 is the poloidal angle, By represents the constant reference field, € is the inverse

aspect ratio, defined as the ratio of the minor radius r to the major radius R of the the flux

surface .

Diamagnetic flow in an axisymmetric magnetic field

In neoclassical transport theory, a plasma is assumed to be in a strong magnetic field.
Particles in this magnetized plasma have very fast gyro-frequencies, as exemplified by elec-
trons and ions with their respective frequencies Qe = goB/m, for electrons and ; = ¢;B/m;
for ions. Consequently, 1n,q,(Va X B) in (4) can be considered the dominant term in the
equation. Many analytic studies assume a negligible electric field, a distribution function
that is very close to the Maxwellian, and V < vg. They calculate the perpendicular flow

velocity as follow:

Ve — 1n4qa(Va x B) =0, (33)
B x Vp,

Vo = —+ 4

al naang ) (3 )

where V; = —b x (b x V) and b =B/B.
The perpendicular heat flux can be calculated in a similar manner. From the heat flux

equation, which can be derived by taking the $m,w,w? moment of (1), we have:

by Ga
vT,— — (h B) = 0 35
ey, o, xB) = 0, )

resulting in:

h, = B x VT,. (36)
q
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Taking the parallel component of (33,35), the parallel gradients of pressure and temperature

are zero

a”pa = 0, (37)

L. = 0, (38)

where J) = b - V. Since magnetic field lines lie on flux surfaces, pressure p (¢) and temper-
ature 7' (1) are constant on a flux surface. It is notable that the perpendicular heat flux,
as described in equation (36) is not related to the collisionality of the plasma. In this work,
we are interested in calculating the parallel component of closure quantities. The parallel
closures are strongly related to the collisionality of the plasma.

Since V.=V +V, and h =hj + h, it is useful to calculate V-V, and V -h, for

(2-3) in the axisymmetric magnetic field (29):

B xVp
.V, = .
V-V, \Y < g’ > , (39)
B x Vv dp
- S =T 4
v ( ngB? dw> 1)
Using (29), one can derive another form of the equation (40):
BxVy = IVexVi+ (Ve x Vi) x Vi, (41)
= IV x Vi) — Vo V[, (42)
where |V¢]2 can be expressed using the magnitude of B:
B-B = (IVe+VexVy) - (IVp+ Ve x V), (43)
= (Vo) +|Vel* V9, (44)

IVy|* = R?2B? — I2. (45)
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Using (42) and (45), (40) becomes:

BxVy I .
B x V¢ dp 1 (16 dp
< nqB? d¢> ng (B %) dw] ’ (48)
B 21 dp

In a similar manner, the divergence of the perpendicular heat flux becomes:

V.h, = _z’ga” lnBZi. (50)

Drift kinetic equation
In a strong magnetic field, the gyro-frequency of each charged species Q, = o B/m, is
significantly faster than other frequencies in the system. To derive the DKE, one can average
the kinetic equation (1) over the rapidly changing gyroangle using new coordinates for the
phase space (z,y,2,U, u,vy). Here, U = 1/2mv? + q®, where ® is the electric potential,
w= mvi /2B is the magnetic moment and -~y is the gyroangle in the velocity space, which

will be averaged out. By introducing a small parameter § which represents the ratio of

another frequency to €2,, we express the distribution function expansion as:

f=fot+dfi+8%fa+---, (51)

to solve the gyro-averaged kinetic equation with the perturbation method. The gyro-

averaging operator is defined as

B 1 27

A(v)= o /) A(v)dy. (52)
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The zeroth-order solution of the distribution function fy is the Maxwellian distribution

function,

- Ny e

fO (wv 8) - WTQUSe ) (53)
where s = 2. Note that fy is independent to the gyro-angle and fy = fo.

vo

Previous studies have employed the perturbation method to solve the §'-order equation

as follows:

V- Vfl 4+vp-Vfo=C (fl) , (54)

where the drift velocity vp is defined by (Hazeltine & Meiss, 2003):

2
_ 1 2, 1 9\VB ¢ Ul pod L
Vp = QbX |:<’U| +2UL> B +mV<I) + Q B s (55)

with ® representing the electric potential and J indicating the current density. The vp -V fy

term in (54) can be expressed by using the relation as below:

1
U = §mvﬁ + uB + q®, (56)

moyV (o), = —#(VB)y, —a(Ve)y,, (57)

where the subscript U, u denotes the partial differentiation at fixed U and pu. With equation

(57), vp - V foy is written as:
dfo

vp - Vfo = (vp - V1) ' (58)
Y| o oy
vVp = ’U”V <§>U”u X b+ O B (59)
2
VD'VTZJ = 7 |:v (Q)Uﬂu Xb:| Vw'i‘z;)MO(JLBwa (60)
= v (bx V)V (g)w. (61)
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Using the relation (46), vp - V4 becomes,

oo =y (1), -

The final form of the first-order ion drift kinetic equation is expressed as

vy (i =F),,=C(h), (63)

w,w

where we introduce a new coordinate (z,y,z,w,u,7y) and w = U — q®. The neoclassical

driving term F'is given by

_ _Typdfo Iy [dlnpo N <32 5> dInTy
2

Qdb Q| av 2 dw]fo’ (64)

with pg, Ty the equilibrium pressure and temperature. In this work, ion-electron collisions

are ignored when calculating the ion parallel closures.

Parallel moment equations
This section presents an overview of the moment approach employed to solve Eq. (63),
introduced in (Ji et al., 2023). In this approach, the first order distribution function f; is

expanded in terms of the orthogonal velocity polynomials Plk(v”,v)

filt,x,v) = fo Z Plk(v“,v)Mlk(t, X). (65)

lk

The polynomial Plk(v”,v) is given by

P (y v) = ——p* 66
(v 0) = (66)
P (up,0) = SREOLET (), (67)

where P} (§) is a Legendre polynomial of the variable { = v)|/v, and L,(CZH/Q) (32) is an as-

sociated Laguerre polynomial of the variable s = v/vy. The normalization constants ;; are
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’ (7,p) ‘ MIP ‘ Fluid quantity
(0,0 m Number density
g
3T
0,1) | — 5?(1) Temperature
2
(1,0) V2u Parallel flow velocity (u = V1||)
(2]
(L,1) | =/ =—— Parallel heat flux
5 Povo
37| ..
(2,0) -— Parallel viscosity
4 po

Table 1: Several lowest order moments

introduced through the orthogonality relations of the polynomials

Ok = Ok, (68)
1 1/2)!
where o; = N1 and Ay = W Here, 6; and \;; denote the normalization
constants of P, and L,(CZH/ 2) polynomials as
1
| ar©one = 2w, (69)
1 2 i 172 .
W/dve SQ]L%—FI/QL‘I]C / = 5])]6)\% (70)

The coefficient of the expansion M is called the parallel moment. Several lowest order
moments are listed in the Table 1. The (0,0), (0,1) ,and (1,0) moments are called the fluid

moments.

o) (IU”) % ’UT8|| In B

The neoclassical drive in (63) can also be expanded in the polynomials as
Q = BB

R 2 . 1 .
2P0 _ 2\[1301 +——P% |5 71
o 0 B/By ( 30 s ) )

2 4 10 - 1 . 7 .
_5 *PO]' 2 7P02 7P20 o \/>P21 T
+< \[3 5P ; b
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where

. I dpo

Posy quoBong di’ (72)
N I dIy

T = e 73
0. quo By dv (73)

By taking the P3P moment of (63), we can obtain a parallel moment equation for the

(j, p) moment

/dvf’j” ()0 fr = v 9 F) = /dvﬁj”C (£1), (74)

A R ol R 1 . R oylnB , . L
> Ptk M 4 2 (9 In B) M = Ec”””“M““ - —E”; 7B, (g;ppo,¢ + g#’To,w) , (75)
Lk
where A\c = wvg7; denotes the ion mean free path and 7 is the ion collision time. The

constant coefficients ¢/PtF, wg’lk, cIPk (Ji & Held, 2014) are defined by

/dVU||Pijlkf0 = novoibjp’lk, (76)

/dvv||Pjp (8”Plk> f() = Novg ((9” In B) w%p,lkj (77)
~ . ~ no .

/dV’UP]pC (foplk) = ?11 J'lc;];k' (78)

Note that the collision coefficients c;k are applied to M7* moments which share the same 7
index. The coefficients ¥7P** and 1/1%0 I are applied to M moments which have | = j+1

or | = j — 1. Nonvanishing coefficients ¢’P for the neoclassical drive are

2 1
00 __ 01 __ 20 _
gp - 27.gp - _2\/;7 gp - \/g (79>

01 02 / 20 21
——5 - —2 —_— = — = —
gl \/;,gl 3’91 \/g?gl

and

[N I
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A system of equations for j =0,1,--- ,L—1and p=0,1,--- , K — 1 as given by (75)
can be expressed in matrix form as:

]9 [M} + [¥8] (9 n B) [M} - Alc €] [M} + (9,10 B/B/By) [gpﬁo,¢, +grToy| . (81)

Equation (81) has a solution that depends on the dimensions of the system (L, K). The
validity of this solution can be verified by checking the convergence of solutions with an
increasing size of the system. The converged solution can be considered as the solution of

(63).

Obtaining ion closure relations

In this work, we implement a set of moment equations to obtain ion parallel closures for
fluid equations in the NIMROD code. For this purpose, the rows and columns corresponding
to fluid moments in (81) must be removed. When some rows and columns are removed from
a system of equations, the corresponding columns become drives in the system. For example,

when we remove the first row and column of (82), the equivalent system should be (83):

app @o1 -+ GON To bo
alp  a 1 b1
= , (82)
ano aNnN TN by
ai 1 b1 aio
= — x0 . (83)
aGNN TN by aNoQ

Therefore, the system of equations for obtaining closure relations can be expressed as follows:

W0+ (9 In B) — )\100/] (00'] = [g)] + [ (ghpo + 9 To) (Bo/B) (9 B)|  (84)

where / denotes the removal of rows and columns of fluid moments from their original form
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in (111). Only rows correspond to (1,1) and (2,0) moments in the driving term g, are

nonvanishing as

1,1 VG
2.0 V3 4 3 X
g9 = 3 MpWi=3 <f9| + 501 B) U (86)

where T' = T, /Ty and 4 = u/vy.
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IMPLEMENTING PARALLEL MOMENT EQUATIONS USING FINITE ELEMENT
METHOD

Finite Element Method

The finite element method (FEM) is a powerful numerical technique widely used in
engineering and mathematical modeling to approximate solutions to complex problems. It
is closely linked to the method of weighted residuals, a fundamental concept that minimizes
the residuals of differential equations across the entire domain to enhance the accuracy of
approximations. A popular variant of this is the Galerkin method, which specifically chooses
weight functions that are the same as the trial functions in the finite element formulation.
This selection simplifies the integration process and often enhances the stability and con-
vergence of the solution, making the Galerkin method a preferred approach in many FEM
applications (Karniadakis & Sherwin, 2005). In this chapter, we introduce the Galerkin
method as used in NIMROD and discuss our results from implementing the parallel mo-

ment equations using this method.

Basis functions
In this study, we use the NIMROD code to solve (75) and the plasma fluid equations
on a grid using the finite element method. A scalar physical field on the grid is represented

by using polynomial basis functions «;(R, Z),

AR, Z) =) Aici(R, Z). (87)

In (87), the ¢ index is summed over the nodes of the grid, and the «; are referred to as trial
basis functions. Multiplying a differential equation by test basis functions and integrating
over the domain converts the differential equation to a matrix equation for the coefficients

of the trial basis functions. If the trial and test basis functions are chosen from the same set,
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as they are in NIMROD, the finite element method is referred to as the Galerkin approach.
For example, to solve a simple equation for A (R, Z)

L (R2)

OR (88)

we need to multiply test basis functions o to the equation and integrate it over the entire

domain
0
/ deZozjzi:Aiai = / dRdZ o~ zi:( fiai) . (89)

Here the index j runs over the entire set of basis functions. Equation (88) converts to an

matrix equation for coefficients A; such that

> ( / deZozjozi) A; / deZozj@iz S (fiew), (90)

% %

MjiAi = Fj. (91)

A two-dimensional basis function «; (R, Z) consists of two one-dimensional basis func-

tions. For example, a linear one-dimensional basis function «; (x) is shown in (92)

0 T < Ti—1
;__?:1 Ti-1 ST ST
ai(z) = (92)
Ti41—T . .
Tip1i—w; Vi <o < Tyl
0 Tit1 < T

where z; denotes the i node of the one-dimension grid. Higher order basis functions are

defined not only on a vertex x;, but also at interior points of a finite element cell. A quadratic
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basis function, as shown in Fig. 4, can have two types «; () and (; (x) where

0 r < Tj—1

(e, )

) Ti—1 < T <X

(wi—mi_l) mi—xii%

(z—xit1) mfa:i_‘_%

Ty S x < Titl

(zi—xiy1) (xifxi+%)
0 ZTit1 < @,
0 xT S Ti—1
(z—zi1)(z—mi) < <
Bi (l’) = Ti-1 ST S5 (94)
(xl_ 1—zi-1 ) (2, 1 —xi)
0 z; < x.

Note that 3; (x) has a maximum at the interior point x = x, 1. Therefore, two-dimensional
basis functions can be defined at interior points which are located in grid cells.

In the NIMROD code, the coefficients of basis functions are saved in four different
lagr_quad (Lagrange quadrilateral) type arrays called fs, fsh, fsv, fsi. Fig. 6 and 7
illustrate examples of elements stored in the arrays for the case of quadratic basis functions.
The £fs(iv,ix,1y) array stores coefficients for grid-vertex nodes, where the index iv denotes
the index of the vector component. The fsh(iv,ib,ix,iy) array stores coefficients for
horizontal-side nodes. In fsh, a basis index ib is introduced for pointing basis functions on
the horizontal side nodes from left to right. The fsv(iv,ib,ix,iy) array stores coefficients
for vertical-side nodes from bottom to top. The fsi(iv,ib,ix,iy) array stores coefficients

for internal nodes from bottom-left to top-right.

Numerical differentiation and integration on the logical coordinates
The physical coordinates (R, Z) which set nodes on a poloidal cross section can be
transformed to the logical coordinates (£,7n) for various conveniences in numerical imple-

mentation. Figs. 5-7 depict the physical and logical grids used in this study. The colored
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Figure 4: Quadratic basis functions for 1-D finite element with nodes at vertices and interior

points.
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blocks indicate that the block numbering progresses first in the n(poloidal angle)-direction
then &(perpendicular to the flux surface)-direction within the logical coordinate system.
These sub-grids in the logical coordinates are called the rblocks (Sovinec et al., 2003),
which are rectangular blocks in the logical coordinates. The Jacobian of this transformation
must be calculated to express results in the physical coordinates.

Differentiating a function is performed over the logical coordinates. NIMROD uses the
chain rule to calculate differentiation over a physical coordinate. This involves using the

derivative of the basis function with respect to the logical coordinates. The equations are

given by:
dao d§ da  dnda
dR ~ dRd 4R dn’ (95)
d d¢ do  dnd
do-_ deda dndo (96)
dz dz d¢ ' dZ dn

The metric related derivatives d§/dR, dn/dR, d¢/dZ, dn/dZ can be calculated from the
mapping functions R (£,7n) and Z (£,n) where R and Z are expanded using the same set of
basis functions as the fields. This process is referred to as an iso-parametric mapping of the
coordinates.

Integrating a function over the domain is essential for constructing the matrix and the
right-hand side as shown in (90). The integration over a specific interval [z, 23] can be

approximated by a weighted sum of n function values at Gaussian quadrature points x;
xo n
| f@yis =3 wif ), (97)
1 i=1

where the weights w; are given by the Gauss-Legendre integration method (Press, 2007).
Thus, the basis function information at Guassian quadrature points are stored as an array
a (wg, g,yy) Where x4, y, denote the Gaussian quadrature points in the logical coordinates
and wy for the weights. The function value at the quadrature point f (z;) is saved in an

rb_gp_type (rblock quadrature point type) array.
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Rblocks in Logical coordinates
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Figure 6: Logical coordinates used in this study with ix (£), moving across constant-1)
surfaces, and iy (1), moving around in the periodic, poloidal angle.
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X coordinate

Figure 7: lagr_quad type arrays over the red square on Fig. 6.
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Implementing parallel moment equations using finite element method
~ Lk
In the system of equation (84), the moment variable M’ is expanded using the basis
functions

M"™(R,Z) = M"a,(R, 2). (98)

The dimensions of the variable can be determined by the input parameters numL, numK where

the index [ runs from 0 to numL — 1 and the k index is defined as follows:

(

2,3, ,numK+1 [ =0,
k= 1,2,.-- ' numK =1,

0,1,--- ,numK — 1 [ > 1.

\

The operator terms on the left side are constructed by multiplying a test basis function «;

into the equation, resulting in:
1 .
/ dRdZa {w’a,, +9p (9 In B) — Accl] > M"™oy(R, Z). (99)

The dimension of the equation is number of total nodes in the poloidal plane times numL

times numK. The right side of the equation becomes
/deZaj > [(gu)l- + (g; (Po.w); + 97 (Tmp)) (Bo/B); (9 mB)J : (100)
where A; denotes the value of physical quantity A(R, Z) at the i*" node.

Benchmarking integral closures in slab geometry
In unsheared slab geometry, the magnetic field does not change in its direction. Under

this condition, where ) In B = 0, the solution of (115) can be expressed as follow

[w’an - )\106'] '] = [g)) (101)
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The solution of the equation (101) can be calculated analytically using the eigenvector
method, and the closures obtained from the results are referred to as the integral closures
(Ji et al., 2017).

Thermodynamic drives in (116,117) are applied in g without the effect of 9 In B.

Assuming sinusoidal thermodynamic drives in this system,

T = Ty+Tisinep, (102)

Vi = Vising, (103)

where ¢ = 27¢/X and ¢ denotes the length measured along the magnetic field, ion closure

quantities can be expressed as follows:

1 A ~
hy(6) = —inTthh cos o —nToVihy sin p, (104)
m(€) = —nTifysing — ’H,T()Eﬁ'ﬂ COS (. (105)
Vo

The dimensionless closures Ap represent the effect of closure A from drive B, where the
drive h denotes the temperature gradient and 7 denotes the velocity gradient drives. Figs.
8 and 9 show the results of kj, and #, calculated by solving (101) in NIMROD. In the
graph, the green, blue, and black solid lines depict analytical results derived from solving
moment equations of varying sizes. As the normalized mean free path k = 2w \¢/\ increases,
the model requires a greater number of moments to reach a converged solution. At the
collisionless limit, an infinite number of moments is required to obtain a convergent solution.
This solution can be derived by solving a linearized kinetic equation (Ji et al., 2013). The
known asymptotic behavior of these moment solutions is illustrated by a red solid line,

incorporating both the moment solutions and their asymptotic tendencies (Ji et al., 2017).

Implementing parallel moment equations in the circular magnetic field
We tested the results of our implementation of (84) in the high-aspect-ratio tokamak

grid depicted in Fig. 5 using the finite element method. Fig. 10 illustrates the equilibrium
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Figure 8: Ion ﬁh closure. The green, blue, black squares represent results calculated in
NIMROD by solving the systems with (numL,numK) = (4,4), (8,8), and (16,16) moment
equations, respectively.
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Figure 9: Ion 7, closure. The green, blue, black squares represent results calculated in
NIMROD by solving the systems with (numL,numK) = (4,4), (8,8), and (16,16) moment
equations, respectively.
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Figure 10: Equilibrium ion temperature and number density across flux surfaces at 6 = 7.

profiles for ng and Ty for this simulation. The equilibrium ion velocity is set to zero. Added
on the equilibrium quantities, we structured the drives 9)T" and W) as three types: constant,
cos and sinf. The outcomes from these simulations were then rigorously compared with
calculations performed purely in Fourier space, which will be introduced in the next section.
This comparison was essential to validate the FEM simulations against a well-established
method, ensuring that the FEM approach produced consistent and reliable results.

It is crucial that the implemented 0|71 drive functioned as intended, and was not
adversely affected by the equilibrium temperature Ty. Fig. 11 illustrates the change of T
around a flux surface in poloidal angle, 6. To satisfy equation (38), the ion temperature
should be constant on a flux surface. When we use the quadratic basis functions, the change

of the ion temperature is negligible compared to the case when using linear basis functions.
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Figure 11: Equilibrium ion temperature around a flux

and quadratic basis functions.

surface calculated by using linear
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Figure 12: Ion parallel heat flux (left) and viscosity (right) closures driven by constant 0T
(top) and W) (bottom). Results are calculated by using linear (blue), quadratic (red), and
cubic (black) basis functions.

Fig. 12 illustrates the results of parallel ion closures obtained by solving the (numL, numK) =
(4,8) system, driven by constant drives. For testing purposes, only the collision operator is

included in the moment equations as follows:

[_;Cc’} (7] = [g)]. (106)

Since the collision coefficient c;k is applied to M7% moments, the 9T drive affects only the
heat flux, and the W) drive affects only the parallel viscosity. Due to the long mean free
path A¢ in the simulation, a constant effect of the drives can have a significant impact on
parallel closures.

Fig. 13 and 14 illustrate the closure results tested by sin 6 and cos € drives. In this test,
both the collision operator and the parallel gradient operators are included in the moment

equation as follows:

[w’a” - Alcc’] [M’} = [g]. (107)
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Figure 13: Ion parallel heat flux (left) and viscosity (right) closures driven by 9T = sin 6
(top) and W) = sin@ (bottom). Results are calculated by using linear (blue), quadratic
(red), and cubic (black) basis functions.

Since the coefficients /P applied to M moments which have [ = j+1orl=j —1, T
can affect the viscosity and W) can affect the heat flux. As the polynomial degree of the
basis functions increases, the results from the finite element method for closures more closely
approximate those from solving the moment-Fourier equations. However, using polynomial
basis functions of cubic or higher degrees proves inefficient for time-advance simulations,
particularly when numerous moments are required to achieve a convergent solution. The
next chapter will introduce the moment-Fourier method, which is advantageous for lowering

memory costs.
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IMPLEMENTING MOMENT-FOURIER EQUATIONS

Fourier method of solving moment equations and obtaining closures

In the circular magnetic field (32), the parallel moment equation (75) can be expressed

B-Vo 0
with respect to the poloidal angle §. Using the relation d; = Bv 20’ (75) can be con-
verted to (108)
, . . . B ...
Zw]ﬁ,lkaeMlk + WBp’lk (09 1n B) Ak — =% Ptk otk (108)
C
lk
OgInB / .
P v )
B/BO (gp Do,y + 9gr Lo )

where B? = B- V6. Every physical quantity in (108) is periodic with respect to the poloidal
angle 6 on a given flux surface. Using the Fourier method in the poloidal direction, we
can convert the differential equations into an algebraic equation. In the Fourier method, a
physical quantity A (0) is expanded in Fourier series A () = >, A(;)¢(m), Where the basis
functions are defined as ¢(g,_1) = sin(nf) for odd terms, and ¢(9,) = cos (nf) for even

terms. An operator is expressed as matrices in the Fourier representation by

Ofi) = /dQSO(i)OsD(j), (109)

(i)

where 0(g) = 27 and o(; = 7 for @ > 0. Then the parallel moment equation (108) can be

expressed as a system of algebraic equations:

P () (o y ME) + " (99 In B) ) M{E) = (110)

' B ¢ OpIln B o o
o <Be/\0>( )M(lﬁ) i ( B/By >( ) <gg’pp07¢ +9JTpTo,w> :




The system of algebraic equations which includes j =0,1,--- ,L—1land p=0,1,--- ,K—1

as described by (110) can be expressed in matrix form,

[¥:9] [[Mﬂ + [0, In B] [[Mﬂ - [[c (B/Be)\cﬂ] [[M]] + (111)

[Kgpﬁo + gTTo> (Bo/B) (09 In B)]] .

The dimension of the linear system is numL X numK X ng, where nr denotes the number of
Fourier modes. The operators applied to [[M ﬂ are tensor products of the corresponding

operators from (81) and (110) such as

[v0] = [¥]@ (9, (112)
[YgdeIn B] = [vp]® (9pln B)g, (113)

Hc(B/BGAC)ﬂ - [c]®<B/Be)\C)F, (114)

where the Fourier matrix(O); has a component in the ith row and jth column as described
in (109). The structure of the system of equations (111) indicates that the matrix is non-
invertible. The solution can be derived using singular value decomposition (Ji et al., 2023).

The system of equations for obtaining closure relations is given by

[4/0%] [[M’]] + [ In B [[M’]] - [[c’ (B/B")\c)ﬂ [[M']] + 9] (115)

* [[(9;’750 + Q%TO) (Bo/B) (95 In B)]]

where / denotes the removal of rows and columns of fluid moments from their original form

in (111). The nonvanishing driving terms in gy are

3 1 3
T —{Wm Wy = 3 (69 + 539 hlB) u. (117)

Obtaining Fourier coefficients of fields for implementing the equations



40

To solve (115), it is necessary to obtain the Fourier coefficients of certain fields, such
as OpIn B, B/B?\c, By/BdyIn B. The magnetic field on a flux surface is used to represents
the poloidal angle. To obtain the Fourier coefficients of these fields, the values of each field
are sampled at equal magnetic field length intervals.

The rblock may be separated in the poloidal angle direction for a simulation. In this
case, a single processor cannot obtain the Fourier coefficients of the fields for the entire
poloidal angle region from 0 to 2w. Therefore, the fields needed to calculate the Fourier
coefficients must be gathered from the separated rblock values into one block. The collected
fields in this mapping process are stored in the global rb_cel block.

After obtaining the field values along the same magnetic field interval, they are subjected
to a Fast Fourier Transform (FFT) to obtain the Fourier coefficients. Since the FFT library
provides coefficients of exp [if], it is converted to represent the coefficients for sinnf and

cosnb.

Obtaining the closure matrix
To solve (115) on a given flux surface ix, we employ LU decomposition. Equation (118)

illustrates an example of decomposing the system of equations when numlL = 4:

-3 ¥ 0 0 R3 1 A3
P2t —c?2 v U2+ Ry 1 A
= . (118)
0 vt ¢t yl- vt Ry 1 A
0 0 WOt 0 o+ Ry 1
Rs3 A3R3
P2t \I’2+A3 + Ro AoRo
_ ) (119)
Plt \I/1+A2 + R ARy
PO+ ‘1/0+A1+R0

By comparing this system (as shown in (118)) with (119), we can determine the values of R

and A. Each problem in the process has a size of numK x ng, which reduces both the time and
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memory required compared to solving the full system. The code then solves (120), where G

denotes the drive terms, and finally obtains the moment solution by solving (121)

Rs3 y3 0

U2+ Ry y2 G2
= , (120)

Ut Ry yl cl

\IJO+ R'O yo GO

1 A3 1013 y3

1 A M2 2
=T (121)

1 A M! y!

- 1 - - P?[O - - yO -

By using the relation between closure quantities and parallel moments in Table (1), we
can obtain a closure matrix. The structure of the closure matrix for parallel heat flux is

illustrated in (122):

pro | pTo | KhhD KDy |- (122)

The number of rows in this matrix is fmax and the number of column is 2fmax + 2. The
number of column can be extended when considering ion-electron collisions. The first two
columns represents the parallel heat flux driven by dpg/dy and dTy/di) drives, respectively.
Note that one column is sufficient to describe the heat flux closure since these drives are
assumed to be constant on a flux surface.

The next part of the matrix is K" D, which means the heat flux driven by 95T drive.

The matrix already incorporates the effect of the parallel gradient operator D. Therefore,
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multiplying the Fourier coeflicient of the perturbed temperature by the matrix is sufficient

to obtain the closure, as shown in (123):

- - Ty
hg() T h‘l[},fmax ~
T
(123)
L h‘]flmax,O h?max,fmax | T
fmax

The last part of the matrix, K™Dy, indicates the heat flux driven by the Wy drive. Like
the previous part, this matrix already includes the effect of parallel gradient operator Dy
(see Equation (117)). Thus, multiplying the Fourier coefficient of the perturbed parallel
velocity by the matrix is sufficient to obtain the closure. The closure matrix for parallel

viscosity has a similar structure.

Representing closures with finite element basis

The closure obtained through the process described in the above section is expressed in
Fourier coefficients. To apply this to NIMROD fluid equations, it needs to be expressed in
the coefficients of FEM basis functions. That is, the jth column of the closure matrix must

be transformed as follows:

= , (124)

hfmax,j

| Hupy,j |
where the mpy denotes the total nodes in the poloidal angle direction.

The transformation matrix I' from vector hj to Hj is shown in 125:
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— - HO]
h()j o
1j
ha; .
1—‘0 Pl te I1fmax . : (125)
| hfmax,j |
L ] L Hmpy,j ]

Each column in matrix I'; represents the finite element representation of jth Fourier mode.
For example, I'g represents a constant function over the poloidal angle, and I'; represents
sin # over the poloidal angle.

When I'1 represents sin sy for every iy node, we need to determine ¢;y. This can be
achieved by calculating

BG
df = —dt. (126)

In cases where BY/B is uniform over the flux surface, it simplifies to

ls
0= 27rfy, (127)

where /3 is the length of the magnetic field to a specific iy node, with £y = 0 and fppy = L.
The detailed algorithm for calculating /3, is provided in Appendix A.
After converting the closure matrix to the finite element space, the Fourier coefficients

of drives are multiplied by the matrix as shown in (128):

h h h h
HOO U HO,fmax S HOO HO,fmax
0
Ty . .
=40 + -+ Tfmax
h h Tenax h h
Hmpy,(] Hmpy,fmax i | Hmpy,[] i L Hmpy,fmax h

(128)
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The closures driven by dpg/di, dTy/dy, 0pT, and Wy are summed together to construct
the final form of the closure. After obtaining the closure values at every node from 0 to mpy
on every flux surfaces from 0 to mpx, the data are saved in the lagr_quad type arrays for
representing the data as coefficients of basis functions in the fluid simulation.

Fig. 15 illustrates the ion parallel closures due to dTp/dvy as the number of Fourier
modes in equation (115) is increased. For each nfo, np = 142 xnfo, which means the system
of equations includes the constant mode and nfo modes of sine and cosine functions. To
represent the Fourier coefficients of the closures using the finite element method, quadratic
basis functions are used over mpx = 128, mpy = 64 nodes in the poloidal plane. Hereafter,
all results are represented on the same finite element grid. The sufficient number of Fourier
modes in a problem is typically determined by the behavior of JygIn B. Fig. 15 shows that
including constant, sinf and cos§ modes seems sufficient to solve the given system. Figs.
16 and 17 illustrates the ion closures due to 717 sinf and T} cos € drives while increasing the
number of Fourier modes. The more significant the effects of higher modes are, the more
Fourier modes should be included in the system of equations. As the number of moments in

the system increases, the closure approaches the convergent solution as shown in Fig. 18.



%1073 €=0.03
ﬂ N ya
\\hmj//
0 2 6
0
<1074 €=0.06
N 7
\\\ ,//
\\
\\
N\
L~ S .
0 2 6
0
<1074 €=0.09
L -
\\\ -
\\ ’
N |
\\\x./'//. !
0 2 6
0

45

%1076 €=0.03 | |
/ AN
// i
\\ ,/
\\\\ /
0 2
0
%1076 €=0.06
// : nfo=\f\\
,,// 2
\\ / 3
\ J/ 4
\\\;M —-5
2
0
%1076 €=0.09
/,, - ,\\
AN //
\‘\\ /
— e 7
2

Figure 15: Ion parallel closures due to dTp/diy for (numL,numK) = (4,8), and nfo = 1
(red,dotted), 2 (greed, solid), 3 (blue, solid), 4 (cyan, solid), 5 (black, dash-dotted).
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(red, dotted), 2 (greed, solid), 3 (blue, solid), 4 (cyan, solid), 5 (black, dash-dotted).
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Figure 17: Ion parallel closures due to T3 = cosf for (numL,numK) = (4,8), and nfo =1
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Figure 18: Ion closures including all drives in (115) using nfo = 4, calculated by solving
(numL, numK) = (10, 20), (20, 40), (40, 80), (80, 160) system at € = 0.03,0.06,0.09.



49

FLUID EQUATIONS AND TIME ADVANCE IN NIMROD

Linear fluid equations and closures
By solving (111), we can obtain the Fourier coefficients of perturbed number density

(n)g, temperature (T) , and parallel velocity (). These solutions satisfy the fluid equa-
F

tions below:

Opln B
0+ - 4
—9 12
89 u poﬂ/}B/BO, ( 9)
R - . . Opln B
o0 i+ 90T h = <2p0,¢ + 5T0,¢,) %, (130)
Oy 40y T+ 095 7 =0, (131)

where h = h) /vopo and T = 7 /po.
Using (40) and (50), equations (129-131) are equivalent to the steady-state, linear fluid

equations:

V- (non) = 0, (132)
pV-Vi+V-h = 0, (133)
n08||T1 + Toé)“m +b-V.-my = 0, (134)

where the subscript 0 stands for the equilibrium field and 1 stands for the perturbed field.

The parallel component of the divergence of ion viscosity can be calculated as follows (Ji &
Held, 2014):
3
b-V.m = <8|| - 5(’“)H In B> ustp (135)

Figs. 19-23 demonstrate that the implemented fluid quantities satisfy (132-134). In this
implementation, quadratic basis functions are used over mpx = 128, mpy = 64 nodes in the

poloidal plane. To verify the numerical convergence of the error in future studies, it will be
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necessary to either increase the polynomial degree of the basis functions or the number of

nodes in the poloidal plane.

Time advance of fluid equations

To test the time advance of the closure implementation so far, we use these Fourier
coeflicients (ﬁ,T , fL)FWhich satisfy (129-131). These coefficients are then converted into
finite element space to set them as the initial condition. Subsequently, NIMROD calculates
Vi, and h;; using (34,36) and solves (115) to obtain ion parallel closures. Next, NIMROD
advances fluid quantities starting with the parallel ion velocity, ion number density, and ion

temperature as follows:

AV
An
<At1> +V-(ngVy) = 0, (137)
3 (AT
2" ( At1> +pV Vi+V-h = 0, (138)

where Vi = V) + Vy and hy = hy + h;;. During the simulation, Vi and hy; remain
unchanged since they are constructed from the equilibrium fields. The detailed flow of the
entire closure module is shown in Appendix B.

To enhance time efficiency for the time loop solving (136-138), we have implemented
parallelism over flux surface indices. Since solving (119) for all ix indices is time-consuming,
we have divided the range of ix so that multiple processors can solve the divided problems
in parallel. Next, during the process described in (128), we gather the divided results to
enable all processors to construct the closure, allowing each processor to utilize the closure
information within its assigned rblock. Fig. 24 illustrates the computation times for solv-
ing the systems with (numL,numK) = (10,20),(20,40) and (40,80) using both serial and
parallel algorithms. In the parallel implementation, we divide a (mpx,mpy) = (128,64) grid

using quadratic basis functions into 16 sub-grids in the ix direction. Utilizing the NERSC



Re dvp vs.i Re pdvpv vs. i
&: By
s E =003
2 “ &=0.06
g < —  &0.09
0.0 02 04 0.6 08 10 00 02 04 0.6 08 10
iy/my iy/my
Re dvr vs. i Re pdvrv vs. i
0.0 02 04 06 08 10 ! 00 02 04 0.6 08 10
iy/my iy/my
Re dvtvs.i - Re pdvt vs. i
5o AAHAHHHMAJMMAMMM M| 2o AAHAHHMMAJAMAMAMM A
) v | I v | I
s e = oA
00 02 04 06 038 10 § 00 02 04 0.6 08 10
iy/my iy/my

51

Figure 19: Fluid quantities V-V, V-V, V. (VH + VJ_) (left), poV -V, poV-V1, poV-

(V|| + V1) (xight) calculated by solving (numL,numK) = (4,8) system at € = 0.03 (blue),

0.06 (purple), 0.09 (red).
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calculated by solving (numL, numK) = (4, 8) (left) and (numL, numK) = (40, 80) (right) systems

at € = 0.03 (blue), 0.06 (purple), 0.09 (red).
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the sum of all terms (bottom right) calculated by solving the system (numL,numK) = (4, 8)
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Figure 24: Computation time in minutes for solving the systems with (numL,numK) =
(10,20), (20, 40), and (40, 80) using serial (blue) and parallel (orange) algorithms.

Perlmutter supercomputing system with 16 processors, each processor solves a divided sub-
problem.

As shown in the figures above, the initial conditions ny,77 ,u; and parallel closures
hy, m; satisfy (132-134) well. However, it is essential to address the errors that have arisen
during the numerical implementation. Fig. 25 displays the time evolution of n; and V-V
on a flux surface, where the numerical error in V - V1 potentially distort the ny profile as
dictated by (137) unless mitigated in the code. To manage this, an error-diffusion approach
(Sovinec, 2001) was adopted, incorporating an artificial diffusion term into the parallel

velocity equation

AV
e ( At1”> = - bV m 4RV (V- V). (139)

This approach has demonstrated a reduction in the error of V - Vi and the stabilization

of ny over time. Further investigation into the validity and impact of this diffusion term is



required for future studies.

o7



o8

- Re n Along Slice
. =
E
=<
)
o
=3
)
<
=)
" 00 0.2 04 0.6 0.8 1.0
iy/my
Re dvt Along Slice
o
=
"t

a
b
0.0 0.2 04 0.6 0.8 1.0
iy/my
Re dvt Along Slice
o
-
<o /A\
/// \\\
// \\
(q / \\
[\l // \\
/ \
‘; // \\
/) A\

SIS y \

(o} / \\

// \\\
y \
— / \\\
N // \\
/// \\\
y \
2.960 2.965 2970 2975
B
iy/my x10
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V - Vi (middle), and an enlarged image of V - Vi (bottom, inside the black circle) at
e = 0.03. A diffusion term is added to stabilize the simulation.
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CONCLUSION AND FUTURE WORK

We have implemented the non-Maxwellian moment-Fourier equations in NIMROD and
obtained parallel closures that can be used with a finite element basis. The convergence of
the closure solution indicates that we have successfully solved the DKE using the parallel
moment method. In the near future, we expect to compare the results obtained from this
code with those from other numerical DKE solvers.

Further investigation into the numerical stability of this code is required when the
fluid equations are influenced by the parallel closures. Discussing the implementation of a
semi-implicit operator for parallel closures within the fluid equations could be beneficial.
Starting from arbitrary initial conditions, such as n; = 0,77 = 0, and v = 0, the simulation
is expected to reach the steady state as obtained by solving (81). Incorporating the parallel
closure module into the perpendicular component of fluid equations and non-linear terms
such as V- VV could enhance the simulation by capturing the non-linear effects that cannot
be analyzed solely through the DKE.

By implementing the moment-Fourier equations for electron closures, more realistic
plasma simulations can be achieved. In NIMROD’s extended MHD equations, electron

closures play a key role in the parallel component of Ohm’s law:
1
E” =~ ReH ——b-V- Te (140)
ne

where the 7 is the electron viscosity tensor and R is the electron collisional momentum

exchange closure. The R, closure includes the effect of electron parallel moments as

MeVUTe VeH - Vi|| 1 10k p71k
R, = — — E PN 141
el Tei e UTe " V2 — fei” el (141)
where aéiOk is a collision coefficient (Ji et al., 2016). With these closures, the bootstrap cur-

rent can be calculated and compared to the analytic results for large aspect ratio (Hirshman

& Sigmar, 1976).
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APPENDIX A

Algorithm for measuring magnetic field length between two nodes on a flux surface

This algorithm is designed for calculating the magnetic field length ¢ = ¢; + Al at the
final point (R, Z¢, pf) measured from an initial point on a flux surface (R, Zi, ;). Using the
LSODE library (Hindmarsh, 1980), we can calculate the change in position along a certain

magnetic field length:

R¢ le B
/ dR = / “Eae, (A.1)
R; o B

Zs le B
/ z = / =2 qe, (A.2)
7 ¢ B

This algorithm makes an initial guess for ¢ and employs a trial and error method to find
the best ¢¢ within the range of tolerance.

Categorizing initial points is useful when assessing the status of a trial point, as illus-
trated in Fig. A.1. The initial point (marked by a black square) is located in the first zone.
In this zone, the code compares the Z-coordinate of the trial point (blue square) Z, with the
final point (red circle) Z;. If Z, > Z;, the code determines that the trial point has surpassed
the final point, leading to halving the guess for ;. Conversely, if Z, < Z, it sets the trial
point as the new initial point and halves the guess again.

In the second zone, the code assesses whether the trial point has passed the final point,
based on its R-coordinate. A result of R, < Ry implies it has passed, while R, > Ry suggests
it has not. The third and fourth zones employ similar methodologies to evaluate the position

of the trial point relative to the final one.



Figure A.1: Zones for determining the status of a trial point.
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APPENDIX B
Data flow for the closure module in NIMROD

FGNIMEQ

1. Retrieve 9, By, Tp, ng from an input file
2. Identify the perturbed fields ny, 71,V

3. Generate an initial dump file

NIMROD

Closure Module

1. Compute fields for parallel moment equations from the initial dump file

2. Sample field values at the same B interval

3. Obtain Fourier coefficients of the fields

4. Solve the system of parallel moment equations and generate the closure matrix (122)
5. Transform the matrix from Fourier space to real space

6. Obtain closures | and 7 by applying the Fourier coefficients of drives

7. Store the closure data in the lagr_quad type arrays

8. Compute V| and h
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Fluid Advance Module

1. Advance ion parallel velocity V| with the 7 closure
2. Advance ion number density n

3. Advance ion temperature 7} with the h closure. Return to step 1 of the Closure

Module for the next loop.
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