OPEN () ACCESS

University of Dundee

Tuning the total displacement of membranes
Kao, Chiu-Yen; Mohammadi, Seyyed Abbas

DOI:
10.1016/j.cnsns.2021.105706

Publication date:
2021

Licence:
CC BY-NC-ND

Document Version _
Early version, also known as pre-print

Link to publication in Discovery Research Portal

Citation for published version (APA):

3

University
of Dundee

Kao, C.-Y., & Mohammadi, S. A. (2021). Tuning the total displacement of membranes. Communications in
Nonlinear Science and Numerical Simulation, 96(2), Article 105706. https://doi.org/10.1016/j.cnsns.2021.105706

General rights

Copyright and moral rights for the publications made accessible in Discovery Research Portal are retained by the authors and/or other
copyright owners and it is a condition of accessing publications that users recognise and abide by the legal requirements associated with

these rights.

Take down policy

If you believe that this document breaches copyright please contact us providing details, and we will remove access to the work immediately

and investigate your claim.

Download date: 09. Jul. 2024


https://doi.org/10.1016/j.cnsns.2021.105706
https://discovery.dundee.ac.uk/en/publications/db57998e-2869-4cc4-8ebe-e5c966ab802a
https://doi.org/10.1016/j.cnsns.2021.105706

Submitted manuscript: Kao, C-Y & Mohammadi, SA 2021, 'Tuning the total displacement of membranes’,
Communications in Nonlinear Science and Numerical Simulation, vol. 96, no. 2, 105706.
https://doi.org/10.1016/j.cnsns.2021.105706

Licence: CC-BY-NC-ND

Tuning the Total Displacement of Membranes

Chiu-Yen Kao!

Department of Mathematical Sciences, Claremont McKenna College, Claremont, CA 91711;
e-mail: Chiu- Yen. Kao@claremontmckenna.edu
Seyyed Abbas Mohammadi

Department of Mathematics, College of Sciences, Yasouj University, Yasouj, 75918-74934, Iran; e-mail:
mohammadi@yu.ac.ir

Abstract

In this paper we study a design problem to tune the robustness of a membrane by changing its vulnerabil-
ity. Consider an energy functional corresponding to solutions of Poisson’s equation with Robin boundary
conditions. The aim is to find functions in a rearrangement class such that their energies would be a
given specific value. We prove that this design problem has a solution and also we propose a way to
find it. Furthermore, we derive some topological and geometrical properties of the configuration of the
vulnerability. In addition, some explicit solutions are found analytically when the domain is an /N-ball.
For general domain we develop a numerical algorithm based on rearrangements to find the solution.
The algorithm evolves both minimization and maximization processes over two different rearrangement
classes. Our algorithm works efficiently for various domains and the numerical results obtained coincide
with our analytical findings.

Keywords: Laplacian Operator, Robin Boundary Condition, Rearrangement, Design Problem
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1. Introduction

Rearrangement design problems arise naturally in many applications such as fluid mechanics and
mechanical vibrations, just to name a few [1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18]. In
many of these problems we consider an energy functional depending on solutions of a partial differential
equation where its design coefficients are in a rearrangement class of functions. For example, in the
design of mechanical vibration that explore the possibility to control the total displacement we have
an energy functional which depends on the solution of a Poisson’s equation where the right-hand side
function is in a rearrangement class. Moreover, to find a stationary and stable flow in the planar motion
under an irrotational body force of an incompressible, inviscid fluid contained in an infinite cylinder of
uniform cross-section we should find the extremizer of an energy functional corresponding the solutions
of a Poisson’s equation [1, 2, 3, 16].

In this article, we study an intermediate problem arising in the design of mechanical vibration that
explore the possibility to control the total displacement. The governing elliptic partial differential equation
(PDE) is

{ —Au(x)=f(x) in Q,

1.1
aqé(nx) +Bu(x)=0 on 09, (1.1)

where A is the Laplace operator acting on the function u (x) defined on a bounded smooth domain
QC RN, feL*9Q), B is a given positive constant, and 8% is the outward normal derivative along the
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boundary 9. As the solution u depends on f, we use the notation uy to emphasize this dependence.
For a given f € L%(Q), u=uy; € H'(Q) is a (weak) solution of (1.1) if and only if we have

/Vuf-v¢dx+/3/ Uf¢dS:/f¢dx, Vo € HY(Q). (1.2)
Q o0 Q

It is noteworthy that the solution uy of (1.1) corresponding to f is the unique maximizer of the following
problem

sup G(f,u,p), (1.3)

uweH(Q)

where

Q(f,u,ﬂ):2/qudx—/Q|Vu|2dx—B/aQu2dS,

and the maximum value is J(f) = [, fusdx.

In mechanical vibration, (1.1) models the steady state of a vibrating membrane with a constant force,
e.g. the gravity force of earth, applied to it. Moreover, let the magnitude of the tension be a constant.
Accordingly, the function f(x) in (1.1) can be considered as an external force such that the quantity

f(x)dx,
Q

measures the mass of the membrane. The Robin condition would be considered to imagine that the
membrane at its boundary points are free to move along a track but are attached to a coiled spring or
rubber band obeying Hooke’s law which tends to pull it back to the equilibrium position. In that case
the membrane would exchange some of its energy with the coiled spring [19].

The objective function

J(f):/ﬂfufdx, (1.4)

which is called the total displacement, measures the robustness of the membrane from the physical point of
view. The following shape optimization problem has been considered by several authors [1, 2, 3, 16, 20, 21]:
Assume that we want to build a membrane with a prescribed total mass «v > 0 and consists of two given
materials with densities M and m (M > m > 0). The aim is to distribute these materials in such a
way that the total displacement of the resulting membrane is optimal or desired. This means that the
function f(x) should be considered in the following admissible set

Aty ={f | f(x) = Mxp +mxpe where D C Q,|D| = A < |Q]},

where A is a prescribed constant. The set A, a7, which is called a rearrangement class of function is a
subset of L2(£2) and its weak closure is

By = {f | m < f(x) < M, / F(x)dx =7},

where v 1= MA+ m(|Q] — A), see [1, 2, 22]. The difference between functions in two sets A, ar,, and
By, M,y is whether f takes values between m and M.
The following shape optimization problems have been studied

Ja=min{J(f) : f€ Annn}- (1.5)
Ja=max{J(f) : f € Amnrr} (1.6)

previously in [20, 21] and the optimal forces are found from all possible external forces in A,, s, which
minimize or maximize the total displacement, correspondingly. The distribution of materials in the
membrane which leads to external forces with minimum and maximum vulnerability are obtained. For
the minimization problem Liu and Emamizadeh have established the existence and uniqueness of the



solution and showed that the solution is a non-decreasing function when the domain is an N-ball [20].
Kao and Mohammadi studied both minimization and maximization problems and obtained analytical
solutions for N-balls. In addition, the properties of the extremizers on general domains including topology
and geometry of the optimizers have been derived. Moreover, efficient algorithms based on finite element
methods and rearrangement techniques are proposed to determine the extremizers in just a few iterations
on general domains [21].

In this paper we consider the following design problem

Je=A{J(f) = ¢ f € Amara}, (1.7)

where ¢ € (j A, J 4). Instead of searching for external forces with minimum and maximum vulnerability,
we address the question whether it is possible to tune the robustness of the membrane by changing its
vulnerability in ¢ € (j A, J 4). It is noteworthy that an intermediate value problem has been considered
in [20] for a linear energy functional.

In this paper, we first prove an existence result for (1.7). After that we provide a formula to derive
a solution of (1.7) by dividing it into two separate rearrangement optimization problems. This formula
allows us to determine an analytical solution to (1.7) when the domain is an N-ball. Moreover, we prove
that the solution inherits some kind of Steiner symmetry while our domain is Steiner symmetric with
respect to hyperplanes. For general domains, a numerical algorithm based on rearrangement techniques
and the formula is developed to determine the solution of (1.7). The algorithm is capable to obtain
the solution efficiently for domains with different geometries. The numerical results coincide with our
analytical findings.

The paper is organized in the following way. In section 2, we report the analytical results including
existence of a solution (1.7) and some geometrical and topological properties of our solutions. Moreover,
the explicit solutions of N-balls are provided. Section 3 is devoted to our numerical method and we
illustrate several numerical examples.

2. Analytical Results

2 () NnCH? where 6 € (0,1). Moreover,
function uy attains its minimum only on 02 and its maximum at an interior point of Q.

As we will see later, Problem (1.7) does not have a unique solution in general. Here, we address the
question of existence for Problem (1.7). Without loss of generality in this section we can assume that
m =1 and set € = (M —1). Then, a function f in A, ar is of the form f =1+ exp such that |[D| = A.

Considering f € By, .+, we have us(x) > 0 and uy € H

Theorem 1. Problem (1.7) has a solution f. € Am -

Proof. In view of Theorem 5.1 in [20] and Theorem 3 in [21], we know that Problems (1.5) and (1.6)

have solutions f and f in Ay, m 4 respectively. It is known that the set Ay, a4 is path connected using
Lemma 2.11 in [2]. Hence, there is a continuous function n € C([0,1], Am, ar,y) such that

aw:ﬂmmzlj@%mw.

Recall that functional J(-) is continuous, see [20, Lemma 5.2], and so ¢ is a continuous function. Employing
the intermediate value theorem one can find ¢ € [0, 1] such that £(f) = ¢ and then f. = n(#) is a solution
for (1.7). O

In what follows, we determine a solution of (1.7) by using solutions of two rearrangement optimization
problems. To do so, we need the following lemma.



Lemma 2.1. Let Dy be a measurable subset of Q. Then mazimization problem

max J(14+exp, +€exn),
DCDg¢, |D|=t

has a solution Do. Moreover, this solution is uniquely defined by

Dy ={x € Df: Uiteyp +exp, (X) >0}, with 0 =sup{s: {x € DI Uiteyp, +exp, (X) > s}t > t}.
(2.1)

Proof. Let us recall here that

| fugix = [ gugax. (29)

for all f,g € L?*(Q), [20]. Setting f = 1 + exp,, this symmetry property and the fact that D is a subset
of Df yields

Xpugdx + 62/ X DUy pdX
Dy

J(f+6XD):/qufdere/quXDdx+6/D

c
1

= / fupdx + 26/ Xpurdx + 62/ X DUy dX. (2.3)
Q D¢ D¢
Hence, J(f +€exp) can be considered as a functional where x p belongs to the rearrangement set Ag 1+ C
L?(D$) and our maximization problem is an optimization of this functional over Ag 1 ;. In order to prove
the existence of a maximizer let consider the maximization problem over the weak closure set By 1 ¢. It is
well-known that By 1, C L*(Df) is a convex weakly sequentially compact set with A1+ as its extreme
points [1, 2]. Due to the weak continuity of the functional J(f + exp), see [20, Lemma 5.2], we deduce
that there is a maximum for the functional over the weakly compact set By ;. Moreover, the maximum
have to be in Ag 1,4 in view of the convexity of the functional, see [20, Lemma 5.2]. So far, we have shown
that the maximization problem has a solution Ds.
In order to establish the next assertion in the theorem, we claim that

/ XDy Uf+exp,dX > / XD Uf+exp,d%, forevery D C Df, with |D|=t. (2.4)
Dy Dy

To prove the claim, we argue by contradiction. Assume there is a set D C D$ with |D| = t such that

/ XDz Uftexp, dx < / XD Uf+exp, dx. (25)
D¢ D¢
This inequality reveals that
[+ e ussonn,dx < [ (74 explurro,dx (26)
Q Q

in view of (2.3). Then, using (2.6) we have

A(f+€XD2)uf+€XD2dx = g(f+€XD27uf+€XD27B) < g(f+€XD7uf+EXD27ﬁ) S S;ilp(Q)g(f_FGXDau76)
u€H?

- [+ s

which contradicts the maximality of f 4+ exp, and the claim is proven.

From (2.4) we deduce that fo XD, Uf +ex p, X is a maximizer for the functional L(xp) := fo XDUf +ex p, dX
over the rearrangement class Ag 1, C L*(D$). On the other hand, due to Lemma 2.1 in [21], we infer
that wyy ey, satisfies —Au = f + exp, almost everywhere in Q2 and so employing Lemma 7.7 in [23] we



observe that its level sets have measure zero. Now, Lemma 2.9 in [2] yields that there is a non-decreasing
function 7 : R — R such that n(useyp,) is in the rearrangement class Ag 1. Moreover, Lemma 2.4 in
[2] reveals that 7(tsteyp,) is the unique maximizer of the functional L(xp) = ng XD Uftexp,dX Over

Ao1c € L*(Df) and s0 xp, = 1(Ufteyp, ). This yields the second assertion of the theorem and (2.1).
O

Theorem 2. There is a solution f =1+ exp, + €xp, for (1.7) such that

l+exp, = argmin J(1+exp), l+exp, +exp, = argmax J(1+exp, +exn),  (2.7)
DCQ, |D|=A—t DCDg, |D|=t

where t is a number in (0, A).

Proof. Recall that the minimization problem in (2.7) is a rearrangement optimization problem on rear-
rangement classes Aq 14e~, with 7 = |Q] + €(A —t). Then applying Theorem 5.1 in [20], we observe
that minimization problem in (2.7) is uniquely solvable. Moreover, using Lemma 2.1, we know that the
maximization problem in (2.7) has a solution. Let us define £(t) = J(1+exp, +€exp,) for ¢t € (0, A) then
it is inferred that £(t) is well-defined. Moreover, it is easy to check that

€0)=Ja &(A) = Ja.

In order to employ the intermediate value theorem, we show that £ is continuous.

Consider {t,}$° in (0, A) such that ¢, — ¢ as n — co. We establish that £(¢,) — £(¥) when n — co.
At first, we show that the solution of the minimization problem in (2.7) corresponding to ¢, converge
to the solution corresponding to . It is noteworthy to mention here that a similar question has been
investigated in [24].

For each t,,, problems in (2.7) have solutions 1+ey py and 1+expr +expp respectively. Furthermore,
1+ exp, and 1+ exp, + €xp, are the solutions of the problems in (2.7) corresponding to . There are
sub-sequences (still denoted by {xpr}7°, {Xpy }1°) such that

XDy — M, XDy — N2, in LQ(Q)a (28)

as n — 00. It is easy to check that 1+ en; belongs to Bi 14e,4;. Consider an arbitrary function 1+¢exp in
the rearrangement class Aj 14¢,. We claim that there is a sequence of functions {xg, }7° where E, C Q
with |E,| = A —t, and xg, — xp in L*(Q). The sets {E,}$° can be constructed in the following way.
If A—t, > A—t, then set E, = DUF, where F,, C D with |F,,| =t —t,. If A—t, <= A—1, then we
set E, = D\ F,, where F,, C D with |F,| =t, —t. Now in view of weak continuity of J and (2.7), we
observe that

J(1+exp) = nh_{r;OJ(l +exg,) > nli_}rr;oJ(l +expr) = J(1 4 em). (2.9)

Let us recall here that due to the weak continuity and strict convexity of the functional .J, see [20, Lemma
5.2] , the minimizer in (2.7) is uniquely solvable even considering the minimization problem over the weak
closure of the rearrangement class, B1 14c~,. This fact and (2.9) reveal that 1+ en; is the unique solution
of the minimization problem in (2.7) when ¢t = ¢ and so we have 11 = xp, .

So far, we have shown that the solution of the minimization problems in (2.7) corresponding to t,
converge to 1+ex p, , the solution of the minimization corresponding to ¢. Since [|xpr[|2(0) = x5, 22(@)
and in view of (2.8), we have

XDp = XDy» in LZ(Q)a (210)

invoking a special case of the Radon-Riesz theorem. This yields that

xpr(x) = xp, (%), ae. (2.11)

Next, we show that the support of function 7, is a subset of D$. Consider an entire point xo € D;.
Then applying (2.11), we observe that xo € D7 for large n and so xpy(xo) = 0 for such n since
Dy C (D7)°. Hence, we obtain

Xz (X)xp, (x) = 0, ae. (2.12)



Then we see that
/ N2Xp,dx = lim / XDy Xp,dx =0, (2.13)
Q n—oo O

employing (2.8), (2.12). Therefore, we observe that the support of 1, is a subset of Df.

Consider an arbitrary set D C D¢ with |D| = £. One can find a sequence of sets {D,,}5° where
D,, C (D})¢ with |D,| = t, and also xp, — xp in L?*(2). The sequence of sets {D,,}5° is constructed
in the following way. For each n, set E, = (D7)°N D. Remember that X(pr)e — X(p,)- a-e. applying
(2.11) and so xg, — xp in L?(2). But, the problem is that may be |E,| = 6,, # t,. If 6, > t,, then we
consider a set F,, C F,, with |F,| =0, —t, and D,, = E, \ F,,. If 6, < t,, then set D,, = E,, U F,, with
|F| = t,, — 0, such that F,, C (D})¢ and |F,, N D| = 0. Now it is easy to check that xp, — xp in L*(Q).
Using this, the weak continuity of J, (2.7) and (2.10), we have

J(1+exp, +exp) = ILm J(1+expr +€exp,) < ILm J(1+expr +expy) = J(1 +exp, +en). (2.14)

Let us recall here that the maximizer in the maximization problem of (2.7) is also a solution when
considering the problem over the weak closure of the rearrangement class due to the weak continuity
of J. We have shown that the support of 7, is a subset of D§ and so it belongs to Bo1i C L2(DY).
Expression (2.14) reveals that indeed 7 is a solution of the maximization problem in (2.7) considering it
over the weak closure of the corresponding rearrangement class and so we have

J(1+exp, +ene) =J(1+exp, +€xp,)-
In summary, we have shown

lim £(t,) = lim J(1+expr +expy) = J(1 +exp, +en2) = J(1 +exp, +exp,) = £®).
n—oQ n—oQ

Consequently, we obtain that & : [0, A] — [J4,.J4] is a continuous function and the intermediate value

theorem yields that (1.7) has a solution in the form asserted in this theorem. O

Remark 2.2. In view of Theorem 1 in [21], it is noteworthy that the minimizer in (2.7) has the following
form

Dy ={x€Q: Utiexp, (x) <7}, 7=1inf{s: {X € Q: Urteyp, (X) < s} > A1} (2.15)

Also, there is a connected component Dy of the interior of Dy hits the boundary, i.e., Dy N O # ().
Moreover, if A —t is large enough then D1 contains a tubular neighborhood of the boundary 02 and
0Q C OD,. In particular, if Q@ C R? is simply connected, then Dy is connected when A —t is large
enough.

The next two theorems determine a geometrical property of a solution of (1.7).

Theorem 3. Let f =1+ exp, +€xp, be a solution of (1.7) derived from Theorem 2 and uitexp, +exp,
is not constant on 0N). If t is large enough, then both D1 and Ds touch the boundary OS).

Proof. In view of Remark 2.2 we know that D; touches the boundary. When t is large enough then due
to (2.1) we infer that Do touches the boundary using a method similar to that for proof of Theorem
4-(iv) in [21]. O

Theorem 4. Let f =1+ exp, + €xp, be a solution of (1.7) obtained in Theorem 2 when B = oo, the
Dirichlet boundary conditions. If Q) is a simply connected subset of R?, then Dy is a connected tubular

neighborhood of the boundary OS).

Proof. In view of Remark 2.2 and the Dirichlet boundary conditions we see that Q) C dD;. This shows
that D; contains a tubular neighborhood of the boundary 9f2. In order to establish that D; is connected
we argue by contradiction. Assume there is an open subset Dy of D1 = {x € Q : u14eyp, (x) < 7} such



that 9Dy C {x € Q@ Uiyeyp, (X) > 7} Then we see 0Dy C {x € Q1 Uiteyp, (X) = 7}. Consequently,
Ultexp, has a minimum in Dy and also

—AUitexp, (x)=14+€¢ in Dy,
{ Uitexp, (X) =T on 9Dy, (2.16)
which contradicts the maximum principle [25]. O

Next theorem reveals a symmetry property for solutions of problems in (2.7).

Theorem 5. Let Q be a Steiner symmetric domain with respect to a hyperplane T and B = oo, the
Dirichlet boundary conditions. Assume 1+ exp, s the unique solution of the minimization problem in
(2.7). Then, DS is a Steiner symmetric domain with respect to hyperplane T. Moreover, the mazimization
problem in (2.7) has a solution 1+ exp, + €xp, where Do is Steiner symmetric with respect to T'.

Proof. Let w = u14eyp, - Then it is known that w is the unique minimizer of the following functional
over H}(Q)

I(u) = %/Q|Vu|2dx+/gg(u)dx, (2.17)

where ( : R — R is a convex and so continuous function [20]. Assume that w* is a Steiner symmetrization
of function w with respect to the hyperplane T. It is known that w* € H}(Q), and also

2 * |2 _ *
/Q|Vw| de/Q|Vw |“dx, /QC(w)dX—/QC(w )dx, (2.18)

see [2, 26, 27]. Consequently, we observe that
1 1
I(w) = 7/ |Vw|2dx+/ C(w)dx > 7/ |Vw*|2dx+/ C(w)dx
2 Ja Q 2 Jo Q
= I(w*)

using (2.18). This shows that w = w* since w is the unique minimizer of I(u). Employing (2.15), we
know that there is 7 > 0 such that D§ = {x € Q: w(x) > 7}. This yields that D{ is Steiner symmetric
since w is Steiner symmetric with respect to T'.

Now we turn to the second assertion of the theorem. Using (2.3), we see that

J(f+exD2):/fchdx+2e/ XDQufdx+e2/ XD, Uy p, A%, (2.19)
Q D§ D§

1

where indeed f =1+ exp, and uy is w. Then, uy is Steiner symmetric. In the second integral of (2.19),
invoking (2.2) and Hardy-Littlewood inequality we have

J,

where D3 is the Steiner symmetrization of the set Dy. In the last equality we have used the fact that
D; C Df since DY is Steiner symmetric with respect to 7'
For the third integral of (2.19), let us recall that we have

7AUXD2 =Xp, in
Uyp, =0 on 01,

XDQdex:/XD2ufdx§/XD;ude:/ XDz uypdX, (2.20)
Q Q D¢

c
1

and by using a method similar to that in the proof of Theorem 5 in [21] one can say

/ XDZuXD2dx:/XD2uXD2dx§/xpgugdx, (2.21)
DS Q Q



where u3 is the solution of (1.1) corresponding to xp;. Applying (2.20) and (2.21), we deduce that
J(f+exp,) < / fupdx + 26/ XD;ufdx—l—/ Xp3uzdx = J(f +exps),
Q D¢ Q

and hence Dj is a solution of the maximization problem in (2.7). O
Due to the Steiner symmetry property of D{ and its subset Dy we obtain the following theorem.

Theorem 6. Let Q C RN be Steiner symmetric with respect to a family of N mutually perpendicular
hyperplanes {T;}Y, B = oo and f = 1+ exp, +€xp, be a solution of (1.7) derived by (2.7) such that D
and Dy are Steiner symmetric with respect to those hyperplanes. Then,

i) both functions uitex,, (X) and witexp +xp, (X) have a unique mazimum point which is the intersection
point of {T;} 1.

ii) The sets D§ and Dy are star-shaped domains.

Proof. The proof of (i)-(ii) can be done using a method similar to that for the proof of Theorem 6 in
[21]. O

One can determine a solution for (1.7) when € is an N-ball. Define B(0,a) as a ball in RY centered
at the origin with radius a. Set D = B(0,r2) such that |D}| = ¢ and D} = B(0,a) \ B(0,r1) where the
radius 71 is chosen such that |D!| = A —t. It is easy to check that

t onaN — A+t
ry=(—)¥, r=("—T)"¥, (2.22)
ON ON

2~
2|

where oy is the volume of unit ball B(0,1).

Theorem 7. Let Q = B(0,a) and 3 = oco. Then there is t in (0, A) such that f. =1+ €Xpi + €Xpi s a
solution for (1.7).

Proof. We know that ) is symmetric with respect to all hyper-planes 1" which pass through the origin.
Employing Theorem 5, D} which is a ring around the boundary is the unique solution of the minimization
problem in (2.7). Moreover, D} is a solution of the maximization problem in (2.7).

O

Remark 2.3. Indeed, the solution provided by Theorem 2 is one of solutions for (1.7). Although the
minimization problem in (2.7) has a unique solution, the mazimization problem may have different solu-
tions. Even for the case that Q = B(0,a), we do not have a proof that the maximization problem in (2.7)
has a unique solution. However, it has been established that a ball is the only radial mazimizer for the
mazximization problem in (2.7) [21].

2.1. Explicit Solutions for (1.7)

The explicit solutions for design problem like (1.7) are rare due the fact that we do not have so much
information on the topology or geometry of the solution. This section is devoted for explicit solution of
(1.7) when the domain is a ball.

First we consider the one-dimensional case = (0,1). In this case we can find a solution for (1.7) for
general (.

Theorem 8. Let Q= (0,1). There ist € (0, A) such that
F=14expape) +expige rp +expoagt s

is a solution of (1.7).



Proof. Recall that there is t € (0, A) where (1.7) has a solution in the form (2.7). For one-dimensional
domain Q = (0, 1), the solution of the minimization problem in (2.7) is available explicitly [21]. Indeed in
the minimization problem we have D; = [0, 2] U [1 — 4=t 1] and Ulteyp, IS symmetric around z = 1
and increasing in [0, 1].

Now setting f = 1+ exp,, recall that

J(f—|—eXD):/fufdx—|—2e/ XDde.TZ+€2/ XDUypd,
Q D D

c
1

where

{ —Auy, = XD in  Q,

agff + Buy, =0 on 05

For D C Q with |D| = ¢, it is inferred by using a method similar to that in the proof of Theorem 5 in

[21] that
J,

XDuXDdxg/ X D5 Uy p, A2,

i Df
where Dy = [%, %] Invoking Hardy-Littlewood inequality and the symmetry of uy, it is observed
that
/ Xpupdr < / (xp)” u;dx = / XD, Uyde.
Dy Dy Dy
Therefore, we can conclude that Do is a maximizer for the maximization problem in (2.7). O

In view of Theorem 8§, let
F=14expaze) +expige 1o +expoagt s

and it is easy to check that f € A,, ar. Inserting this f into (1.1), we obtain

—(49)2? + (45 )2 + 4, 0<z <A,
2 gp(ltet) |, Be(A—t)’+4(Aet1) A—t 1—t
A 57 : Trsrs S

uf(ac) — 7(1;E)x2 + (%)I + Be(A—l)(A—§t+1)+4(Ae+1), % <z< %, (2.23)
2 z(1—et) Be(A—t)?+48 e t+4(Ae+1) 1+t A—t
Tt 56 ) o osrsl-S,
—(He)a? 4 (FAGRH g - PAApEACL - At <a <L

Using this formula, we derive

L (=3Be(e+1) (A—1)12 +3B8e(A—1)>t+ A2 (AB+6) > + A (—A2B + 348 +12) e + S +6).

- 128
(2.24)
In order to find a solution for (1.7), we should solve quadratic equation J(f) = ¢ with respect to ¢.
Applying Theorem 8 we know that this equation has a solution ¢ in (0, A). It is noteworthy that (2.24)
is increasing with respect to ¢ in (0, A) since A < 1 and the minimum point of this quadratic equation is

ﬁ. Therefore, ¢ is unique and we have just one solution for (1.7) in the form mentioned in Theorem
8.

J(f)

Remark 2.4. We do not have the uniqueness property for the solutions of (1.7). Here, we calculate two
other solutions for (1.7) when @ = (0,1).
Consider the following function

J, (2.25)

N | =
v

9t = Xo, + (1 + E)X[t,w%] T Xj+41-@+4y T (1+ G)X[lf(t+§),17t] +Xji-t1, t €10,



in the rearrangement class Apm ni~. Theorem 5.1 in [20] and Theorem 4 in [21] tell us that

F=1texp e texp-40p f=1+exp-s144)

are the unique minimizer and mazimizer of J(f) over the set Ay, . corresponding to the cases go and

gi_a respectively. Hence, g; is a continuous path in Ay, v~ connecting f to f Consider

70 = [ grgdx
Q

then, we have
1

T =125

(6ABet (—2t+2— A+ Ae)t + A*(AB+6)e* + A(—A°B+3AB+12) e+ B+6). (2.26)

Since t € [0,% — 2], we have (=2t +2 — A+ Ae) > 0. Then J(t) is a monotone function in t. This
shows that the equation J(t) = ¢ has a unique solution t € [0, % — 4]. This yields that problem (1.7) has
a solution in form (2.25).

The solution in form (2.25) has a symmetry around point x = L and one can find an asymmetric

2
solution as well. Consider

A A
gl =(1+ X[, 4] + X4+ L+ Xy epa) + Xpgrayy, TE [5’ 1- <] (2.27)

2
this is a path connecting the decreasing rearrangement of f which is f» = (1 + €)X[0,4] + X[a,1) and f.
On the other hand, set

Al
9t2 = X[o,t—4] T (1+ €)X[t—§,t+g] + Xje+4 1) te [§a 5}7 (2.28)

which defines a path connecting f* and f Consequently, if ¢ € (J 4, jA) then (1.7) has a solution which
is in the form g or g? where none of them are symmetric.

Now we derive a solution for (1.7) when Q = B(0,a) and 8 = co. In view of Theorem 7, we know that
[fe is aradial function such that f.(r) = 1+ex(o,r,](r) +€X[ry,a) (1), 0 <7 < awith 7y < rp. This explicit
formula allows to determine the value of J. and the solution of (1.1) corresponding to f.(r). Although
Theorem 7 is valid when 8 = oo, we derive uy, and J(f.) for the general Robin boundary condition. This
is because of the fact that our numerical experiments suggest that f.(r) is also the solution of (1.7) when
B < oo.

Since f. is radial, uy, should be a radial function and indeed it satisfies the following boundary value
problem

—er_l (PN = fo(r), W/(0) =0, /(a)+ Bula)=0. (2.29)

Now, integrating this equation we obtain

1 a a 1 t
qu(r):W/o sNﬁlfc(s)der/T tN—l/O sV f.(s)dsdt. (2.30)

Then, one can calculate uy, (1) explicitly for different N. Using integration in polar coordinates, we have

Jeo = /chufcdx = Noy /Oa N () uy, (r)dr (2.31)

Let us set N = 2 and derive the explicit formula for f. when 2 is a circle. Indeed, we only should
calculate the parameter ¢ in the formula of f. mentioned in Theorem 7. Consider fc(r) = 1+ ex(o,r](r) +

10



€X[r,a] () Where ¢ in formula (2.22) is an arbitrary number in (0, A). Now employing formulas (2.22) and
(2.30) for this f., we obtain

3
47Téa’ 0 S r S 1,
up(r) =19 Tha, T ST <7 (2.32)
4:%,1’ ] S r S a,

where

uy =€ ((ma® — A+ t)In(ra® — A +1t) — (7a® — A) In(ra®) — In(t)t) af + ma® (af + 2) + (—r®(e + 1)m + €A)a + 2€A,
uy = B((ma® — A+ t)In((ma® — A +t)/7) — 2(wa® — A)In(a) — 2In(r)t)ea + 7a® (af + 2) 4+ ((A — t)e — mr?)af + 2€A,
us = 2afeln (2) (ﬂ'a2 - A) +a ([3 (e+1) (a2 - r2) + 2a) T+ 2€A.

Now, employing formula (2.31), it is obtained that

J(t) )(—2aB€e* (A —ma®)* — t*) In (ma® — A +t) + 2aB¢* (A — 7ra2)2 In (ma®) — 21n (t) aBe’t

1
(87ra5
+ 7120t (aB +4) — 2 ((A —t) e — 2t) mBea® + 8eAma® + ((3A — 2t) € + 2A — 4t) eAaf + 4A%E?).
(2.33)

Solving non-linear equation J(t) = ¢ with respect to t, we derive .

Now we assume N = 3 and derive the explicit formula for f. when 2 is a sphere. Again, we only
should calculate the parameter £ in the formula of f. mentioned in Theorem 7. Similar to that of N = 2,
we consider fe(r) = 14 €x[o,r,](7) 4 €X[ry,q) (1) Where ¢ in formula (2.22) is an arbitrary number in (0, A).
Then using formulas (2.22) and (2.30), we have

Ggﬁa OSTSTh
V2 _ <r<r
6a2 ’ Tl =TS 25
up(ry =4 0 (2.34)
a®+r13—ry?)eta’
(@i orgt et 13/5(1; ) +e2, mn<r<l,

where
vi=B(1+ea'+2(e+1)a®—B((r* —3rm>+3r?) e+ 1) a® +2¢ (r* — %) (af — 1),
vy =a’r (1+¢€) (aB+2) —a’B (r® + 3erry — 2er?) + 2¢ (r2® — %) (aB — 1),
vs=(a—r)(ar(a+7)(1+€) +2e (7“13 —7‘23)) .

Now, applying formula (2.31), it is obtained that

4 5
J = ﬁ(cﬁ (aB+5)(1+€)?+5e(1+¢) (af +2) (r® —ra®) a® + 3€® (2r1° — 5r1°r2” + 3r5°) Ba’
+3a%eB (r2” — ri®) — 5> (r2® — r13)2 (aff —1)).

Substituting the values of 1 and 7y according to formula (2.22) into J we arrive at J(¢) which is
non-linear with respect to ¢. Solving J(t) = ¢ we obtain ¢.

3. Numerical Discretization, Rearrangement Algorithms, and Numerical Results

As analytical solutions of the intermediate value problem (1.7) can be found only on domains with very
simple geometry such as an interval, a disk, and a sphere, we propose an iterative algorithm to compute

11



Algorithm 1 A pseudo code to find the solution f of Problem (1.7)

Given Q,m, M, A and c.

(1) Find J4 := min{J(f) : f € Amar} and Ja := max{J(f) : f € A~}
(2) If ¢ < J4 or ¢ > J4 then stop and report that no such f exists;

else
use bisection algorithm to find ¢ € [0, A] which satisfies J(f) —c¢=0
where f =14 exp, + exp, and
l+exp, = argmin J(l+4+exp), 1+exp, +exp, = argmax J(1+exp, +exn).
DCQ, |D|=A—t DCD¢, |D|=t
end

solutions on general domains. The algorithm consists of several essential calculations: the forward solver,
the minimum solver, and the maximum solver. Here we will discuss each one in detail.

The forward solver is to find the solution u of Poisson’s equation (1.1) when f, 3, and § are specified.
We use a finite element approach which is based on the variational form of (1.1) and approximate u by a
piecewise polynomial function. For simplicity, we use polynomial of degree one which leads to a second
order convergence for the solution u. Our calculation is implemented by MATLAB partial differential
equation toolbox.

We have shown in Theorem 2 that there exists a t € (0, A) such that f can be found to satisfies the
conditions (2.7). We use a bisection algorithm to find this particular ¢. Thus, we just need to focus on
how to determine D; and Ds such that conditions (2.7) are satisfied for a given ¢.

The minimum solver is to determined D; such that

1+exp, = argmin J(1+exp), (3.1)
DCQ, |D|=A—t

for given Q, ¢, and A. We use the rearrangement approach, Algorithm 2, proposed in [21] to find the
optimal set D;. The maximum solver is to determined D5 such that

1+exp, +exp, = argmax J(1+exp, +€xp), (3.2)
DCD¢, |D|=t

for given 2, D, and ¢. Similarly, we use the rearrangement approach, Algorithm 1, proposed in [21] to
find the optimal set Ds. A pseudo code is given in Algorithm 1.

In the following numerical simulations, we choose m = 1 and M = 2 for all examples. The mesh
size will be reported for each individual cases. The stopping criterion is that the absolute value of the
difference between the numerical value of .J and c is less that 1076.

In Figure 1, we show the results on a circle with 2,097,152 triangular elements. The radius of the
circle is @ = 2, |D| = m and 8 = 1. The theoretical minimal and maximal values are J4 ~ 26.7735
and J4 ~ 32.8974 as provided by Formula (2.33) when t — 0 and ¢t = A. The minimizer is achieved
when ¢ = 0 and the set D is a ring which attaches to the boundary while the maximizer is achieved
when ¢ = |A| and the set D is a disk in the center of the domain, as shown in Figure 1 (a) and (b).
We then solve the intermediate value problem (1.7) and choose J to be the mean value of J 4 and J A,
ie. J = 29.8355. A solution f. of (1.7) is a radial function such that D consists of two regions. One
region is a ring attached to the boundary of the circle while the other region is a disk in the center of
the domain. In Figure 2, we show the f. which achieves (1 — c)jA + ¢y for ¢ = 0.25,0.5, and ¢ = 0.75,
respectively, with the parameter § = 1 in the Robin boundary condition. When ¢ increases, we observe
that the area of the light gray disk gets larger while the ring becomes thinner. This results match the
analytical radial solution given in Formula (2.32) with r; and r9 given in Formula (2.22) where t needs
to be determined numerically. Similar results are obtained for § = 10 and § approaching to the infinity
(Dirichlet boundary condition) in Figures 3 and 4, respectively.

In Figures 5, 6, and 7, the f. which achieves (1 —c)jA—l—ch for ¢ = 0.25,0.5, and ¢ = 0.75 with 5 =1,
B = 10, and Dirichlet boundary conditions are shown on a unit square, respectively. These calculations
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Figure 1: The solutions f and their corresponding u. 8 =1 (a) J4 (b)J4 (¢) J =0.5(J4 + J4)

1

)

S}

are performed on a triangular mesh with 1,048, 576 elements and |D| = 0.25. The set D of the minimizer
f contains a tubular neighborhood of the boundary and is connected while the set D of the maximizer
f is a disk in the center [21]. When one seeks for f. which takes an intermediate value between JA
and J 4, one can achieve this by interleaving D and D¢. We see that the solutions have D¢ (dark gray
region) which looks like a ring. This ring may or may not touch the boundary of the domain. When the
boundary condition is Dirichlet and J # J 4, this ring does not touch the boundary as shown in Figure 7.

In Figures 8, 9, and 10, the f. which achieves (1 — ¢).J4 + cJa for ¢ = 0.25,0.5, and ¢ = 0.75 with
B =1, 8 =10, and Dirichlet boundary conditions are shown on a cross-shaped domain which is Steiner
symmetric with respect to z- and y-axis, respectively. These calculations are performed on a triangular
mesh with 1,835,008 elements and |D| = 0.3|Q2|. As discussed in Theorem 5, assuming 1 + exp, is the
unique solution of the minimization problem in (2.7), DS is a Steiner symmetric domain with respect to
x- and y-axis. Moreover, the maximization problem in (2.7) has a solution 1+ exp, + €xp, where Ds
is Steiner symmetric with respect to z- and y-axis. These D; and Dy are the light gray regions in the
figures. Furthermore, as discussed in Theorem 6, the sets D{ and D are star-shaped domains.

In Figures 11, 12, and 13, the f. which achieves (1 — ¢)J4 + cJ 4 for ¢ = 0.25,0.5, and ¢ = 0.75
with 8 = 1, 8 = 10, and Dirichlet boundary conditions are shown on an ellipse with two circular
holes, respectively. These calculations are performed on a triangular mesh with 2,506,752 elements and
|D| = 0.37|€2|. One can see how the topology of dark gray region changes with respect to different
and c. It is interesting to see that the dark gray region could have one or two holes in these simulation
results. It is likely to expect that the dark gray region could even have three holes when J is chosen to
be very close to Ja.

The results on an annulus with 2,752,512 elements and |D| = 0.5|Q] are shown in Figures 14, 15,
and 16. These results are interesting as they demonstrate that it is possible to have D; and Ds being
connected with each other as shown in Figures 14. On an annulus, the set D of the minimizer f contains
two concentric rings with one attached the inner boundary and the other attached the outer boundary
while the set D of the maximizer f is either an interior ring for large 8 or forms a connected region
which stays on one side of the domain for small 8 [21]. We see that, when S is small, D; and Dy are
connected as shown in Figures 14 although they are disjoint sets. When f is large enough, D and D are
disconnected from each other. The set D; consists of two concentric rings with one attached the inner
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Figure 2: The solutions f and their corresponding u. 8 = 1 (a) J = 0.75J4 + 0.25J4 (b) J = 0.5(J4 + J4) (c)
J=0.25J4 +0.75] 4.
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Figure 3: The solutions f and their corresponding u. 8 = 10 (a) J = 0.75J4 + 0.25J4 (b) J = 0.5(J4 + J4) (c)
J =0.25J4 +0.75J 4.
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Figure 4: The solutions f and their corresponding u. Dirichlet boundary condition (a) J = 0.75J4 + 0.25J4 (b) J =
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Figure 7: The solutions f and their corresponding u. Dirichlet boundary condition. (a) J = 0.75J4 + 0.25J4 (b)
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Figure 8: The solutions f and their corresponding u. 8 = 1 (a) J = 0.75J4 + 0.25J4 (b) J = 0.5(J4 + J4) (c)
J=0.25J4 +0.75J 4.

boundary and the other attached the outer boundary. The set Dy could be a simply connected domain
(Figures 15 (a-c) and 16 (a)) or an interior ring (Figures 16 (b) and (c)) depending on the choice of 8 and
c. It is noteworthy that for the annulus we do not have uniqueness obviously in view of our numerical
results. This is due to the fact that in Figures 14, 15, and 16 (a) a rotation of the light gray domain
about the origin by any degree yields another solution.
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Figure 11: The solutions f and their corresponding u. 8 = 1 (a) J = 0.75J4 + 0.25J4 (b) J = 0.5(J4 + J4) (c)
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Figure 13: The solutions f and their corresponding u. Dirichlet boundary condition (a) J = 0.75J4 + 0.25J4 (b) J =
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