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K-STABILITY OF FANO 3-FOLDS OF PICARD RANK 3 AND DEGREE 20

ELENA DENISOVA

ABSTRACT. We prove K-stability of smooth Fano 3-folds of Picard rank 3 and degree 20 that satisfy
very explicit generality condition.
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1. INTRODUCTION

(G200 NI

23
25

Let S = P! x P!, let C be a smooth curve in S of degree (5,1), and let : C' — P! be the morphism
induced by the projection S — P! to the first factor. Then 7 is a finite morphism of degree five, and
we may assume that the points ([1: 0],[0 : 1]) and ([0 : 1], [1 : 0]) are among its ramifications points.

This assumption implies that the curve C' is given by

u(2® + a1ty + axr®y® + azz’y®) = v(y® + bizyt + bor®y? + bszy?)

for some ay, as, ag, by, by, by, where ([u : v], [z : y]) are coordinates on S. Note that the ramification

index of the point ([1:0],[0: 1]) can be computed as follows:
2if a3 # 0,
3if a3 =0 and ay # 0,
4 if a3 = ay, =0 and ay # 0,

5ifa3:a2:a1:0.

Likewise, we can compute the ramification index of the point ([0 : 1],[1 : 0]). We may assume that

e ([1:0],[0:1]) has the largest ramification index among all ramifications points of 7
e the ramification index of the point ([0 : 1],[1 : 0]) is the second largest index.

If both these indices are 5, then a; = ay = a3 = by = by = by = 0, the morphism 7 does not have

other ramification points, and the equation of the curve C' simplifies as

ur’® = vy’.

In this case, we have Aut(S, () = C* x Z/27. In all other cases, this group is finite [6, Corollary 2.7].

Now, we consider embedding S < P! x P? given by

([u v, [z y]) — ([u o), 2%y y2]),

Throughout this paper, all varieties are assumed to be projective and defined over C.
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and identify S and C with their images in P! x P2, Let 7: X — P! xP? be the blow up of the curve C.
Then X is a smooth Fano threefold in the deformation family Ne 3.5 in the Mori—-Mukai list and every
smooth member of this family can be obtained in this way. We know from [2 Section 5.14], that

e X is K-stable if the numbers a1, as, as, by, bs, bs are general enough,

e X is K-polystable if a; = as = a3 = by = by = b3 = 0.
However, for some ay, aq, as, by, ba, b, the threefold X is not K-polystable.
Example 1. If (a1, a9,a3) = (0,0,0) # (b, by, b3), then X is not K-polystable [2l Lemma 7.6].
Note also that it follows from the proof of [0, Lemma 8.7] that Aut(X) = Aut(S,C'). In particular,

we conclude the group Aut(X) is finite if and only if (aq, az, as, b1, b, b3) # (0,0,0,0,0,0). In this
case, the threefold X is K-polystable if and only if it is K-stable. Moreover, we have

Conjecture 1 ([2]). The Fano threefold X is K-stable if and only if (a1, asz,as) # (0,0,0).

Geometrically, this conjecture says that the following two conditions are equivalent:

(1) the threefold X is K-stable,
(2) the morphism 7: C' — P! does not have ramification points of ramification index five.

The goal of this paper is to prove the following (slightly weaker) result:
Theorem. If all ramification points of n have ramification index two, then X is K-stable.

Let pry : P! x P? — P! be the projection to the first factor and ¢, = pr,; o w. Then ¢, is a fibration
into del Pezzo surfaces of degree four, and Theorem and Conjecture [1| can be restated as follows:

Main Theorem. If every singular fiber of ¢1 has only singular points of type Ay, then X is K-stable.

Conjecture 2. The Fano threefold X s K-stable if and only if every singular fiber of ¢1 has only
singular points of type Ay, Ay or As.

Acknowledgments: [ am grateful to my supervisor Professor Ivan Cheltsov for the introduction to
the topic and his continuous support.

2. THE PROOF

To prove Main Theorem, we suppose that each singular fiber of the fibration ¢; has one or two
singular points of type A;. Note that this fiber is a del Pezzo surface of degree 4 with Du Val
singularities. We know ([8, 10]) that the Fano threefold X is K-stable if and only if for every prime
divisor F' over X we have

B(F)=Ax(F)— Sx(F) >0
where Ax(F) is the log discrepancy of the divisor F, and

1 [e.e]
Sx(F) = ——— I( — Kx — uF)du.
«(F) (_KX)SO/VO( x — UF) du
To show this, we fix a prime divisor F over X. Then we set Z = Cx(F). If Z is an irreducible surface,
then it follows from [9] that 8(F) > 0, see also [2 Theorem 3.17]. Therefore, we may assume that
e cither Z is an irreducible curve in X,

e or Z is a point in X.

In both cases, we fix a point O € Z. Let T be the fiber of ¢, which contains O. Then T is a del
Pezzo surface with at most Du Val singularities. Set

7(T) = sup{u € ]R>0’ the divisor — Kx — uT is pseudo—effective}
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For u € [0, 7(T)] let P(u) be the positive part of the Zariski decomposition of the divisor —Kx —uT,
and let N(u) be its negative part. Then we have

— Kx —uT ifuel0,1],
P(u) = _ -
—Kx —ul —(u—1)S ifuell,2],

0 if uwe[0,1],

and N(u) = {(u— 1)§ if u € [1,2],

which gives

Sx(T) =

2
1 69
%0 / P(u)du=— <1
0
Now, for every prime divisor F' over the surface T, we set

S(WI,;F) = (_;—X)g/ordF(N(uﬂT)( (w)lz)? du—|— 3//vol )| — vF)dvdu.

Then, following [Il, 2], we let

oy A(F)
50 (T7 W,v.) - }:I/l% S(W.Tw F)
OeCH(F)

where the infimum is taken by all prime divisors over the surface T whose center on T contains O.
Then it follows from [1, 2] that

AX(F) . 1 T
Sx(F) 2mm{sX(T> o(T.WW. )}

Therefore, if 8(F) < 0, then do(T, W,T.) <1
Let’s prove that o (T, W/[,) > 1. To estimate do (T, W[,), we set D = P(u)|z. We have

_ _KT 1fu€[0,1},
— Ky —(u—1)Cy ifue(l,2],

where Cy := S|7. Then D is ample for u € [0,2), and
5 {4 if ue[0,1],

5—u® ifuell,2]

We denote S to be the proper transform on X of the surface S. By Lemma [2, 5.68] and Lemmal2,
5.69] we have

Lemma 1. IfO € S then 6o(X) > 1.
Lemma 2. If T is smooth then 5o(X) > 1.

Thus, to prove Main Theorem, we may assume that O ¢ S and T is singular. Recall that

T

60(T,D) = inf Ar(F) where S5(F) = % /VOl(b —vF)dv
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where 7 = 7(F) is the pseudo-effective threshold of F' with respect to D. Usually 6o(T, —K7) is
denoted by 0o(T).
Note that since O ¢ S then for any divisor ' over T then we get

SWIF) = s ( / (P T)-ordo (V| )au+ [ [ Oovol(P(u)|T—vF)dvdu> _
/ / vol(P(u) |, — vF ) dvdu =
= 23—0 /0 /0 Vol(— *—UF dvdu—i—/ / VOl (U_l)CQ_UF)dUdu> =

=35 / VOl(—KT—UF)dU+/ vol( KT—(u—l)C’Q—vF)dv>§
0 0

= — / vol(—KT—vF)dv—I—/ vol(—KT—vF)dv>:
20 0 0

3 > 6(1 [~
=10 /o VOI(_KT_UF)dv):5<Z/O Vol(—KT—vF)dv>:

_ 6 6 Agp(F)
=g =g 60(T)

Thus, if 6o(T) > 6/5, then 6o(T, W,T,) > 1. To estimate 0o (T, WZ, ) in the case when 5o(T) < 6/5,
we define the following positive continuous function on [1, 2]:

15 — 3u?

—if u € [1,al,
Flu) == 16+3u—9u2+2u51u 1,0
' 15 — 3u? .
mlfﬂ;é[&,2}

where a is a root of 3u® — 9u® + 3u + 5 on [1, 2] More precisely, a € [1.355,1.356]. In the appendix
we prove that for each O such that 6o(T) < £ we have 6o(T, D) > f(u) for every u € [1,2]. So we
obtain

S(W,T,, = vol (P ——UF)dvdu—i— (_; )3//VOI(P(U)}T—UF)dvdu§
X 0 0
2
3 (5—u2) 3 4AR(F) 3 /(5—u2) 3
1 1
s (' 16 + 3u — 9u® + 2u? / 11 — B 3
< = — 2 U Iu T e ) _ S A(F) <
—20</(5 V) s gt | By adu [AR(E) £ AR <
1 1.355
99
< 7 A
- 100AT(F)

Thus % > % for every prime divisor F over T whose support on F contains O, so that

So(WT,F) > 55> which implies 5(F) > 0 and X is K-stable.
4



Remark 1. If O were a singular point of type A,, this approach would not work, because as is shown

in Appendix |A.3| there exists a curve C on T containing O such that (T, D) = % so we get
that
(5 — 3 = 83 =
S C)+ -A5(C) = =A5(C
(w 20( g A(©) + £45(0) = G A(©)
SO & < 1 and we do not get a contradiction.
s(wlo)

APPENDIX A. POLARIZED §-INVARIANT VIA KENTO FUJITA’S FORMULAS

Let us use notations from Section 2. Recall that T is a Du Val del Pezzo surface, and the blow up
7 induces a birational morphism v : T — P2. We assume that T is singular so v is a weighted blow
up. We have the following commutative diagram

T
T ? P2

Suppose that u € [1,2]. Recall that D = —Kz — (1 —u)Cjy. Observe that_ég is contained in the
smooth locus of the surface T'. Let Cy be the strict transform of the curve C'y on the surface T', set
D = —Kp — (1 —u)Cy. Note that D = 0*(D) so the divisor D is big and nef for u € [1,2]. Recall
that

S AR
oo(T, D) = f T
o(T’, D) BT Sp(F)

OECH(F)

where the infimum is run over all prime divisor F over T such that O € C#(F). For every point
P €T, we also define

Ar(E
5p(T,D) = inf r(E)
E/T SD(E)

PeCr(E)

where the infimum is run over all prime divisor £ over T such that P € Cp(E). Since D = o*(D)
and Kr = o*(K7), we have
50(?, E) = inf 5P(T, D)

P:0=0(P)

So, to estimate do(T, D) it is enough to estimate dp(T, D) for P all points P such that o(P) = O.
Let C be a smooth curve on T containing P. Set

7(C) = sup{v € Rz | the divisor —Ky — oC is pseudo—effective}.

For v € [0, 7], let P(v) be the positive part of the Zariski decomposition of the divisor —Kr —C, and
let N(v) be its negative part. Then we set

SOV P) = o [ bt
where 2
ho(v) = (P(v)-C) x (N(v)-C) , + (P(v;.c)

It follows from [I}, 2] that:




We will estimate dp(7, D) in the following using the notations above for a suitable choice of the
curve C, 7(C), P(v) and N(v) later in special cases.
A similar approach was taken in [3] and [5].

A.1. Polarized ¢-invariant on Del Pezzo surface of degree 4 with A; singularity. Suppose
that T has one singular point and this point is a singular point of type A;. Then 7 is a blow up of
P? at points Py, P,, P; and P, in general position and a point Ps which belongs to the exceptional
divisor corresponding to P; and no other negative curve. Suppose E := L1y U Loy U Loy U E5. By [7,
Section 6.2] we have:

(1if P € Ey4,

6/5 it P € E\E,,

§p(T) = < 4/3 if P belongs to two curves in {E1, Ey, E3, L1a, L3, Las, Lys, Ca},

18/13 if P belongs to exactly one curve in {Ey, By, E3, L1a, L3, Las, L5, Co}\E,
| 3/2, otherwise

where Fy, F,, F3, F4, E5 are exceptional divisors corresponding to Py, P, P3, Py, P5 respectively,
(4 is a strict transform of a (—1)-curve coming from the conic on P?| L;; are strict transforms of the
lines passing through P, and P; for (i,7) € {(1,2),(1,3),(1,4),(2,3),(2,4),(3,4)} and Lys a strict
transform of a (—1)-curve coming from a line on P2, The dual graph of (—1) and (—2)-curves is
given in the following picture:

Dual Graph

Ly

E,




Lemma A.1. Suppose P is a point on T and D = —Kg — (u — 1)Cy with D* =5 — u? then

( 15 — 3u?
16730 — 902 7 208 for P € E\E5 and u € [1,2]
15 — 3u?
op(T, D) = T for P € Es\E4 and u € [1, 2]
15 — 3u?
(3% — 1202 + 6u - 13 for P € Liy\(EyUEsUEy) andu € [1,2]

and )
15 — 3u
P=FE,NE;5 and 1
3ud — 12u2 + 6u + 13 for 4 5 and u € [1,a]
6P(T7D)2 15 3 2
— 3u
11 — 3 fOTP:E4mE5 andUE[CL72]
and ,
( 15— 3u
P="Ly,NE; and 1,b
3ud — 12u? + 6u + 13 for 14N Ey and u € [1,0]
2(15 — 3u?)
op(T, D) 2 BUECER for P=LyyNEy and u € [b,3/2
15 — 3u?
37 — 18wz 1 o7u — 1 /0 P = L 0 By and u € [3/2,2

where a is a root of 3u® —9u® +3u+5 on [1,2], b is a root of 8u® — 24u* +12u+ 7 on [1,3/2]. Note
that a € [1.355,1.356], b € [1.261,1.262].

Proof. Step 1. Suppose P € E,. In this case we set C = E;. Then 7(C) = 3 — u. The Zariski
Decomposition of the divisor D — vFE, is given by:
—Kp — (u—1)Cy —vE, for v € [0,2 — u]
P(w) = —Kr—(u—1)Cy —vE; — (u+v —2)E5 for v € [2 — u, 1]
—Kr—(u—1)Cy —vEy — (u+v—2)E5 — (v — 1)(L14 + Loy + Lsy) for v € [1,3 — u]

and
0 for v € [0,2 — u]
N(v) =< (u+v—2)E; for v € [2 — u,1]
(w+v—2)E5+ (v —1)(L1g + Log + Lay) for v € [1,3 — v
Moreover,
5—u?—20v? for v € [0,2 — u]
Pw)* =<9+ 2uv — 4u — 4v —v? for v € [2 — u, 1]
22—v)(3—u—w) forve[l,3—u]
and
20 for v € [0,2 — uj
Pw)-C=<¢2—u+vforve2—u,l]
5—u—2vforvel[l,3—u
Thus,

1 2—u 1
SD(C):5—u2</O 5—u2—202dv+/2 9+ 2uv — 4u — 4v — vdv+

—Uu

3-u 16 + 3u — 9u? + 2u?
2(2 — v)(3 — u — v)d ) -
+/1 (2—-v)(3—u—v)dv 30
7




Thus, dp(T, D) < % for P € E,. Note that we have:

o if Pc E4\(E5 ULy U Loy U L34)
202 for v € [0,2 — ]
ho(v) = § S5 for v € 2~ u, 1]
5—u—2v
% for v € [1,3 — u]
o if P=FE,NE;
202 for v € [0,2 — u]
hp(v) = { C2ldiv=2) g ) € [2 — u, 1]
w for v € [1,3 — u]
o if Pc Ei N (L14 U Loy U L34)
202 for v € [0,2 — u]
hp(v) = W for v € [2 — u, 1]
3—u)(b—u—2v
% for v € [1,3 — u]
So we have
o if P e Ey\(E5U Ly U Ly, U Lyy) then

2 2—u 1 92— 2 3—u —u— )2
Sp Wi P) = ([ 2t [ By [TOSEER )
0 2—u 1

5 —u? 2 2
_9+6u—9u2—|—2u3<16—|—3u—9u2+2u3
- 15 — 3u?2 - 15 — 3u?2
e if P = [, N Es then
2 _ 3u—2
Sp(WeiP) = 2 2(/ 2v2dv+/ “”(““ ) dor
— U
+/3“ (u+1)( —u—QU)d> 11—l
V) = ——
15 — 3u?

e if Pe ExN (L14 U Log U L34) then

9 2—u 1 (9 _ 2
Sp(We,; P) = ( / 202dv + / @outvf .
0 2 2

5—u?

3—u
3 — 5—u—2
+/ =6 —n=2),y
1 2
_13+3u3—12u2+6u<16+3u—9u2+2u3
n 15 — 3u2 - 15 — 3u?

We obtain that

15 — 3u?
op(T, D for P ENE q .
(T.D) = 16730 o 7 2 O P € Ea\Es and v € [1,2]
and
15 — 3u?
U forP:E4ﬂE5andue[17a]
16 + 3u — 9u? + 2u3
op(T,D) > ,
15 — 3u

for P=E,N E5 and u € [a, 2]
8
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where a is a root of 3u® — 9u? + 3u + 5 on [1,2]. Note that a € [1.355,1.356].
Step 2. Suppose P € Ej5. In this case we set C = F5. Then 7(C) = 2. The Zariski Decomposition
of the divisor D — vFEj5 is given by:

—KT — (U — ].)CQ — UE5 — %E4 forv € [O, ]_]
Pw) =< —Kr—(u—1)Cy —vE5 — §E; — (v — 1)Lys for v € [1,4]
—Kp —(u—1)Cy —vEs — §E4 — (v — 1) Lys — (v — u)C; for v € [u, 2]

and
sE, for v € [0,1]
N(v) =< $E;+ (v —1)Lys for v € [1,u]
5E; 4 (v —1)Lys + (v — u)Cs for v € [u, 2]
Moreover,
5—4v + 2uv — u? — v%/2 for v € [0, 1]
P(v)* =<6 — 60 +v?/2 + 2uv — u? for v € [1, ]
M for v € [u, 2]
and
2 —u+wv/2 for v e|0,]1]
P(w)-C=4¢3—u—v/2forve[l,u
3 —3v/2 for v € [u, 2]
Thus,
1 1 u
SD(C):E)—UQ(/O 5—4v+2uv—u2—v2/2dv—|—/l 6 — 6v + v*/2 + 2uv — uidv+

23(2 —v)? 11—
+/u 3 d”)_15—3u2

Thus, 6p(T, D) < 1151_73;”32 for P € E5. Note that we have:
o if Pe E5\(E4 uUCyU L45) then

% for v € [0, 1]
hp(v) = M for v € [1, u]

_34/2)2
%forve[u,ﬂ
e if P = FE5N (5 then

—(2_1”2'”/2)2 for v € [0, 1]
hp(v) = § B2 for 4 € 1,4

3(2—v)(6—4utv

% for v € [u, 2]

o if P= E5 N L45 then

M for v € [0, 1]
hD(U) — (6—2u—v)é2—2u+3v) for v € [LU]
w for v € [u, 2]

So we have



o if Pe E5\(E4 U 02 U L45) then
2 Y2 —u+v/2)? “(B3—u—wv/2)?
Sp(WE.: P) = ( d d
D( .7.’ ) 5_u2 A 2 U+/1 2 U+
2 _ 2 _ 2 3 -
+/ (3 —3v/2) dv>:21+6u 18u” + bu < 11 —u
u 2 2(15 — 3u?) 15 — 3u?

e if P = E5N (5 then
2 Y2 —u+v/2)? (3 —u—v/2)
Sp(WE.: P) = ( d d
D( .707 ) 5_u2 A 2 /U_'_ 1 2 /U+
2 _ _ . 3 .3
+/ 3(2 — v)(6 4u+v)dv> _ 45— 30u+2u - 11 —u
. 8 2(15 — 3u?) 15 — 3u?2

o if P= E5 N L45 then

Sp(IVC.. P) — 2 </1(2—u+v/2)2dv+/“(6—2u—v)é?—2u+3v)dv+

R Gy 2
L 32=0)(wt2) U) 26— 120 + 3u? - 11 — 3
2(15 — 3u?) 15 — 3u?

We obtain that
15 — 3u?
—u3 for P € E5\E, and u € [1,2].

Step 3.1. Suppose P € Lyq4 U Loy U Lgy and u € [1,3/2]. In this case we set C = L14. Then
7(C) = 3 — u. Without loss of generality, we can assume that P € Ly4. The Zariski Decomposition
of the divisor D — vLq4 is given by:

D —vLy — §E, for v € [0,2 — u

D—vlyy—3E;— (u+v—2)E forve[2—u,l]

Pv) =
D —vly —§E;— (u+v—2)E; — (v —1)Los for v € [1,4 — 2u]
D—vlyy— (u+v—2)(E1+ Ey) — (v—1)Loz — (2u+v — 4)E5 for v € [4 — 2u, 3 — u]
and
sEy for v € [0,2 — u
N(v) = SEy+ (u+v—2)E forve 2 —u,l]
SE + (u+v—2)E; + (v —1)Log for v € [1,4 — 2u]
(u+v—2)(E1+ Ey) + (v—1)Las + (2u+v —4)E5 for v € [4 — 2u, 3 — u]
Moreover
5—20—0v?/2 —u?for v e€[0,2— ]
P(v)? = 9 — 4u — 6v + v?/2 + 2uv for v € [2 — u, 1]
wfmve[lﬂl—%&]
2(u+v —3)% for v € [4 — 2u,3 — u]
and
v/2+ 1 forv € [0,2 — ul
P()-C = 3—u—wv/2forve2—u,l]

4 —u—3v/2forvel,4—2u
23—u—v) forve[d—2u,3—u
10



1 2—u 1
Sp(C) = (/0 5—2@—1}2/2—u2dv+/2 9 — 4u — 6v + v*/2 + 2uvdv+

.2
d—u —u

4-2u 3—u 3 2
(v —2)(3v + 4u — 10) / 5 3u? — 12u” + 6u + 13
d 2 ~3)%dv) =
+/1 2 vt (u+v=3)dv 15 — 3u2

Thus, §p(T, D) < % for P € Ly4. Note that we have:
o if Pc L14\<E4 UFk U L23 U E5) then

MforvE[O,Q—u]
Mforvé[?—u,l]
Mforvé (1,4 — 2u]

23 —u—wv)? forv e [4—2u,3 —uj

hp(v) =

o if P= L14 N E1 then

Wforve[o 2 — u

(6—2u— v)(2u+3v 2) fOI'UE [2—16 1]
Mforve[l 4 — 2uj
(B3—u—w)forve[d—2u,3—u

hD(U) =

o if P= L14 N L23 then

for v € [0,2 — o]

MTU/Q) for v e [2 —u, 1]
(8—2u—3v§(4—2u+’u) for v € [1’ 4 — QU]
22—u)(3—u—w) forve[d—2u,3—ul

(v/2+1)2
2

hD(U) =

So we have

o if Pe L14\<E4 U FE U Lys U Eg,) then

Sp(We P) = & </2‘“(u/2—+1)2dv+/i Bou=v/2f, .

5 — u? 2 2
4—2u 2 3—u
4 —u—3v/2
+/ (4= u—3v/2) dv—l—/ 2(3—u—v)2dv) =
1 2 4-2u
_21—u3—6u<3u3—12u2+6u+13
~2(15 —3u?) 15 — 3u?
.ifP:L14ﬂE1 then
2 2 6 —2u—v)(2 3v—2
Sp (W.C.;P)—5 2(/ "/ + dv+/ = U)éu+ ! )dv—i—

+/4‘2“(8 2u — 30) (2u+v) | +/3 v d) 19 — 2u3
v 3—u—v)dv) = 70—~
. 8 2(15 — 3u?)



o if P= L14 N L23 then
2 27U (p)2 +1)? L (3—u—v/2)?
Sp(WE,; P) = (/ WET / d
D( () ) 5 — 2 0 ) v+ ; 2 Cha
/4—2“ (8 —2u —3v)(4 — 2u +v)
1 8
26— 12u? + 3u®  3u® — 12u® + 6u + 13

—Uu

+

dv + /43_u2<2 —u)(3—u— v)d) =

—2u

<

2(15 — 3u?) — 15 — 3u2
We obtain that

15 — 3u?

op(T, D) = 5 12 Gu T 13 for P € Li,\(F4U E5U Ey) and u € [1,3/2]
and )
15— 3u
5w~ 2wty oug 13 O P LN Eranduelly)
op(T, D) >
2(15 — 3u?)

19 — e for P = L14 N E1 and u € [b, 3/2]

where b is a root of 8u® — 24u? + 12u + 7 on [1,3/2]. Note that b € [1.261, 1.262].

Step 3.2. Suppose P € Lyq4 U Ly U Lgy and w € [3/2,2]. In this case we set C = Li4. Then
7(C) = 3 — u. Without loss of generality, we can assume that P € L4. The Zariski Decomposition
of the divisor D — vL44 is given by:

D —vLyy — $E, for v € [0,2 — u
D—UL14—%E4—<U+U—2)E1 forv € [2-’&,4-2@6]

P(v) =
(v) D—vlyy—(u+v—2)(E1+ Ey) — (2u+v—4)E; for v € [4 — 2u, 1]
D—UL14—<U+U—2)(E1—|—E4)—(U—l)L23—(2u+U—4)E5fOI"UG[1,3—’&]
and
sEy for v € [0,2 — uj
N(v) SEy+ (u+v—2)E for v e [2 —u,4— 2u
v) =
(u+v—2)(Ey+ Ey) + 2u+v—4)E;5 for v € [4 —2u, 1]
(ut+v—2)(Ey+Ey)+ (v—1)Lazs + 2u+v —4)E;5 for v € [1,3 — u]
Moreover
5—2v—v?2/2 —u? forv € [0,2 —u
P(o)? = 9 — 4u — 6v + v?/2 + 2uv for v € [2 — u, 4 — 2u]
© ) 2u? + duw + 0? — 12u — 10v + 17 for v € [4 — 2u, 1]
2(u+wv—3)% forv e [1,3 —u
and
14+ v/2 for v € [0,2 — u
P(v)-C = 3—u—wv/2forve2—u,4—2u
5—2u—vforve[4—2u,l]
2(3—u—w) forv e [l,3—ul
Thus,
1 2—u 4—2u
Sp(C) = - 2(/ 5—21}—1}2/2—u2dv—|—/ 9 — du — 6v + v*/2 + 2uvdv+
—u 0 2-u

3ud — 12u? + 6u + 13
15 — 3u?

1 3—u
+/ 2u? + duw + 0% — 12u—10v+17dv+/ 2(u+v—3)2dv> =
4—2u 1

12



Thus, dp(T, D) < % for P € Li4. Note that we have:

o if Pc L14\<E4 UFU L23 U E5) then

%forvE[O,Z—u]

(3—u—v/2)? . .
hp(v) = —5_2 5 for v € [2 — u,4 — 2u]
% for v € [4 — 2u, 1]

23 —u—wv)? forv € [1,3 —uj
® 1fP:L14ﬂE1 then

for v € [0,2 — u]
(6—2u—v)(2u+3v—2) . o
i () = S forv e [2 —u,4 — 2u]
LADG=2u=0) for 4 € [4 — 2u, 1]
2 )

2(3—u—v) forve[l,3—u]

(1+v/2)*
2

o if P= L14 N L23 then

% for v € [0,2 — u]
(Sfufv/Z)2 o N

hp (v) = —(5_2 : for v € [2 — u,4 — 2u]
= for v € [4 — 2u, 1]

22—u)(3—u—w) forvell,3—u
o if Pe L14\(E4 U F U Ly U E5) then

SD(W-C,.; P) = L(/zu Mdv + /42u B-u- U/2)2dv+

B — u2 > . 2
L (5—2u—w)? o
+/ —dv—i—/ 2(3—u—v)2dv) =
4-2u 2 1
_Tu —36u® 4+ 48u—6 _ 3u® — 12u® + 6u + 13
2015 — 32) - 15 — 3u?

o if P= L14 N E1 then

SD(WC P) _ 2 (/QU Mdv . /42U (6 — 2u — U)é2u + 3v — 2) do+

e.0) 5 _ u2 2 u

! (5 —2u — 3-u 3ud — 18u? +27u — 4
+/ 0+ 1 “ U)dv+/ 2(3—u—v)dv> =2 uteru
2w 2 . 15 — 3u?

o if P= L14 N L23 then

Sp(Wie; P) = & (/Q_UMdH/HU (3_“_”/2>2dv+

5 —u? 2 Y 2
L5 —2u—w)? 3-u
—l—/ —dv—l—/ 2(2—u)(3—u—v)dv> =
4-2u 2 1
B 3u® — 12u® + 26 < 3u? — 12u® + 6u + 13
o 2(15—3u?) 15 — 3u?
We obtain that
15 — 3u?

6P(T, D) = for P € L14\(E1 UEkyU E5) and u € [3/2, 2]

13
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and
15 — 3u?

5P(T, D) Z 3u3 — 18“2 T oTu_4 for P = L14 N E1 and u € [3/2, 2]
O
Corollary A.1. Let P be a point in T that is contained in Lis U Loy U L3y U By U Ex then
15 — 3u?
65 309w o 0T E L
15— 3u
11—_u3 fO?" u e [Cl, 2]
Corollary A.2. Suppose O is a point on a del Pezzo surface T with A, singularity and 5o (T) < g
then 15 32
— 3u
= 16 + 3u — 9u? + 2u3 foru € 1,4,
15— 3u
m fOT u € [(l, 2]

A.2. Polarized /-invariant on Del Pezzo surface of degree 4 with two A; singularities.
Suppose that T has two singular points and these points are singular point of type A;. Then 7 is
a blow up of P? at points P, P, and P, in general position and after that blowing up a point P3
which belongs to the exceptional divisor corresponding to P, and a point Ps; which belongs to the
exceptional divisor corresponding to P, and no other negative curve. By [7, Section 6.2] we have:

(1if P € (FEyU Ey U Lyy),

6/5 if P € (E3U Es U Ly U Lyy)\(Ey U Ey),
6p(T) = 4/3if P € (Con Ey) U (Laz N Lys),

18/13if P € (CoU Ey U Lag U Lus)\ ((Co N Ey) U (Lag N Las) U (E3 U E5 U Lo U L)),
(3/2, otherwise

where Ei, Fs, E3, F,, E5 are exceptional divisors corresponding to P, P, P3, P, Ps respectively,
(4 is a strict transform of a (—1)-curve coming from the conic on P?| L;; are strict transforms of the
lines passing through P; and P; for (i,5) € {(1,2),(1,4)} and Ly5 and Log are strict transforms of a
(—1)-curve coming from lines passing through P, and P respectively on P2, The dual graph of (—1)
and (—2)-curves is given in the following picture:

Dual Graph




Lemma A.2. Suppose P is a point on T and D = —Kg — (u — 1)Cy with D* =5 — u? then

( 15 — 3u?
16 + 3u — 9u? + 2u3 for P € (Ea U Ey)\(E3 U E5) and u € [1,2],
15 — 3u?
11— &3 for P € (E3U E5)\(E2 U Ey) and u € [1,2],
WIDI=0 g
G out s ours €L\ E U E andu € [1,2]
15 — 3u?

5uf — 1202 + 6u = 13 for P € Liy\(E4U Es U Ey) and u € [1, 2],
| 3u® —

and
15— S for P {E;NEs, EyN Es} and u € [1,d]
— 0,2 3 JOT 2 3, £y N Bsy and u ,al,
5p(T, D) > 1§+§u2 9u? + 2u
11_53 for P € {EyN E3, Es N Es} and u € [a, 2]
and
( 15 — 3u?
3 — 2wty oug 13 or D bun By andu € (11,
2(15 — 3u?
15 — 3u?
305 — 18z p o7 —1 Jor P = LN By and u € [3/2,2],

where a is a root of 3u® —9u®+3u+5 on [1,2], b is a root of 8u® — 24u* + 12u+7 on [1,3/2]. Note
that a € [1.355,1.356], b € [1.261,1.262)].

Proof. Step 1. Suppose P € E, U E4. Without loss of generality we can assume that P € F;. In
this case we set C = Ey. Then 7(C) = 3 — u. The Zariski Decomposition of the divisor D — vE, is
given by:

—Kp — (u—1)Cy —vE, for v € [0,2 — u]
P(v)=¢—-Kr—(u—1)Cy —vE; — (u+v —2)FE5 for v € [2 — u, 1]
—KT — (U— 1)02 —UE4 — (U—l—’U — 2)E5 — (U — 1)(L14—|—2L24—|—E2) forv e [1,3 —U]

and
0 for v € [0,2 — u]
N(w) =< (u+v—2)E; for v € [2 —u,1]
(u+v—2)Es+ (v—1)(L14 + 2Loy + E5) for v € [1,3 — u]
Moreover,
5—u?—20v? for v € [0,2 — u]
P()? =< 94 2uv — 4u — 4v — v? for v € [2 — u, 1]
22—-v)(3—u—w) forve[l,3—u
and

2v for v € [0,2 — o
Pw)-C=4¢2—u+wvforve|2—ul]
5—u—2vforvell,3—u
15



1 2—u 1
SD(C):5_u2</O 5—u2—2”020lv—|—/2 9 + 2uv — 4u — 4v — vidv+

ou 16 + 3u — 9u? + 2u?
202 — v)(3 —u — d>:
+/1 (2—-v)(3—u—v)dv 32

Thus, p(T, D) < % for P € E,. Note that we have:

o if P € Ey\(E5U Ly U Loy U Lyy)

20% for v € 0,2 — u]
hp(v) = w for v € [2 — u, 1]

—u—2v)2
%forve 1,3 — ul

o if P=FE,NE;5
202 for v € 0,2 — u]
hp(v) = mevep—u,u
Lt DBu=20) for € [1,3 — 4

o if Pe EyN(L14U Loy)

202 for v € [0,2 — u]
hp(v) < W for v € [2 — u, 1]

(5_u_21))2(1—u+2v) for v e [1, 3 — U]

So we have
o if Pe E4\(E5 U Lqg U Lgs U L34) then

2 2—u 1 9 _ 2 3—u —u— )2
Sp Wi P) = ([ 2t [ B [TOSEER )
0 2 1

5 —u? Y 2 2
_9+6u—9u2—|—2u3 - 16 + 3u — 9u? + 2u?
N 15 — 3u2 - 15 — 3u2

° 1fP:E4ﬂE5 then

2 2w Y (2—-u+v)(u+3v—2)
C.py_ 2
Sp(We e P) = — (/O 2v dv—l—/Q_u 5 dv+

+/3“ (u+1)(5—u—2@)dv> 11—

9 = 15— 32

o if Pe ExN (L14 U L24) then

2—u 1 _ 2 3—u _ _ _
SD(W.C,.;P) = 2 (/ 21)2dv+/ —(2 u+tv) dv +/ G-u-20)(l—u+ 2U)dv> =
0 2 1

5 — u2 w 2 2
_ 2u® — 6u® + 8 < 16 + 3u — 9u2 + 2u3
15 —3u2  — 15 — 3u2
We obtain that
15 — 3u2
5p(T, D) = 4 for P € E,\E5 and u € [1,2]

16+ 3u — 9u? + 2u3
16



and

15 — 3u?
5p(T, D) > { 10+ 3u = 9u? +2u? o 4N Es and u € [1, 4]
=) 15 — 3u?
H—lgforP:E4ﬂE5andue[a,2]
—u

where a is a root of 3u® — 9u? 4+ 3u + 5 on [1,2]. Note that a € [1.355,1.356].
Step 2. Suppose P € E3UEj5. In this case we set C = E5. Then 7(C) = 2. Without loss of generality
we can assume that P € E5. The Zariski Decomposition of the divisor D — v FEj5 is given by:
—Kp — (u—1)Cy —vE; — $E, for v € [0,1]
Pw)=({ —Kr—(u—1)Cy —vE5 — $E; — (v — 1) Lys5 for v € [1, 4]
—Kp — (u—1)Cy —vE; — §E; — (v —1)Lys — (v — u)Cy for v € [u, 2]

and
sE, for v € [0,1]
N(v) =< $E;+ (v —1)Lys for v € [1,u]
s5E 4 (v —1)Lys + (v — u)Cs for v € [u, 2]
Moreover,
5—4v + 2uv — u? —v?/2 for v € [0,1]
P(v)? = {6 —6v+v?/2 + 2uv — u? for v € [1, ]
)2
% for v € [u, 2]
and
2 —u+wv/2 forvel01]
P(w)-C=4¢3—u—v/2forve[l,u
3 —3v/2 for v € [u,2]
Thus,
1 1 u
SD(C):5 2(/ 5—4v+2uv—u2—v2/2dv—|—/ 6 — 6v + v*/2 + 2uv — uldv+
— U 0 1

23(2 —v)? 11 —u?
T3 15 — 3u?
Thus, §p(T, D) < 1151__37%2 for P € E5. Note that we have:
o if Pc E5\(E4 U CQ U L45) then

% for v € [0, 1]
hp(v) = M for v € [1, u]
_30/2)2
% for v € [u, 2]
e if P = FE5N (5 then
M for v € [0, 1]
hp(v) = M for v € [1, u]
w for v € [u, 2]
o if P= E5 N L45 then
M for v € [0, 1]
hD<U) — (6—2u—v)é(32—2u+3v) for v € [LU]

w for v € [u, 2]
17




So we have
o if Pe E5\(E4 uUCyU L45) then

SD(W.C,.;P)_ 2 (/1(2—u+v/2)2dv+/“(3—u—v/2)2dv+

5 — w2 2 2
+/2 (3—31}/2)2d > 214 6u — 18u® + 5u? _ 11 —u?
u 2 B 2(15 — 3u?) = 15 — 3u?

e if P = E5NC(C5 then
2 Y2 —u+v/2)? “(3—u—wv/2)?
Sp(WE,; P) = (/ d d
2 _ _ _ 3 .3
+/ 3(2—v)(6 4u+v)dv> _ 45-30u+2u < 11—
u 8 2(15 — 3u?) 15 — 3u?

o if P= E5 ﬂL45 then
2 Y (2 —u+v/2)? Y (6 —2u —v)(2 — 2u + 3v)
Sp(We,; P) = ( d d
D( e 0 ) 5_u2 /0 2 /U"'_\/l 8 v+
+3(2—’U)(U+2) U):26—12u2+3u3§ 11—
2(15 — 3u?) 15 — 3u?

We obtain that
15 — 3u?

5P(T7D) = 11_u3

for P € (E3U E5)\(E2 U Ey) and u € [1,2].

Step 3. Suppose P € Lgs. In this case we set C = Lgg. Then 7(C) = 3 — u. The Zariski
Decomposition of the divisor D — vLyy is given by:
P(’U)— D—’UL24—§(E2—|—E4) fOI'UG[O,4-2U]
| D—vLlyy— (u+v—2)(Ey+ Ey) — (2u+v—4)(Es+ Es) forv € [4—2u,3 —

and
N(w) = 5(Es + Ey) for v € (0,4 — 2u
(u+v—=2)(Ey+ Ey) + 2u+v—4)(Es + E;) for v € [4—2u,3 — u]
Moreover,
P(o)? = —u? —2v+5 for v € [0,4 — 2u]
) (wtv—=3)Bu+v—7) forv e [4—2u,3— v
and
P(v).-C = 1 for v € [0,4 — 2u]
|5 —2u—wforve[d—2u,3 -]
Thus,
1 4—2u 3—uu
Sp(C) = 2(/ —u2—2v+5dv+/ (u+v—3)(3u+v—7)dv> =
S—u 0 4-2u

B Aud — 15u? + 6u + 17
15 — 3u?

Thus, 0p(T, D) < 723 for P € Lyy. If P € Lyi\(E> U Ey) then

L for v € [0,4 — 24
ho(v) =1 2 ’
p(v) {Wforve[zl—Zu,fi—u]
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So for P € Lo\ (E2 U Ey) we have

4—2u 3—u o _ 2
SD(WS.;P) — 2 (/ ldv—i—/ Mdv =
0 4

5—u? 2 —ou 2
_ u? — 6u? +6u+5 < 4ud — 15u? + 6u + 17
15 — 3u? - 15 — 3u?
We obtain that
15 — 3u?

(SP(TY7 D) = for P € L24\(E2 U E4) and u € [17 2]

ud — 6u? +6u—+5

Step 4.1. Suppose P € L1o U L4 and u € [1,3/2]. In this case we set C = L14. Then 7(C) = 3 — w.
Without loss of generality, we can assume that P € Ly4. The Zariski Decomposition of the divisor
D — vl is given by:

D—’UL14—%E4 fOI‘UG[O,Q—U]
D—vlyy—3E;— (u+v—2)E; forve[2—u,lj

Pv) =
D—vlyy— 3B — (u+v—2)E; — (v—1)Ly3 for v € [1,4 — 2u]
D—vliyy—(u+v—2)(E+ Ey) — (v—1)Las — (2u+ v — 4)E5 for v € [4 — 2u, 3 — u]
and
sEy for v e [0,2 — u
N(v) sE 4+ (u+v—2)E) forve 2 —u,l]
v) =
sE 4+ (u+v—2)E) 4 (v — 1) Lo for v € [1,4 — 24
(u+v—2)(Ey+ Ey) + (v—1)Las + (2u+v — 4)E5 for v € [4 — 2u, 3 — u]
Moreover
5—2v—v?%/2 —u? forv e (0,2 —u
P(o)? 9 — du — 6v + v?/2 + 2uv for v € [2 — u, 1]
V)¢ =
wforve[l,él—md
2(u+v —3)% for v € [4 — 2u,3 — u]
and
v/2+1 for v € 0,2 — uj
P(v)-C = 3—u—v/2forvel2—u,/l]
4 —u—3v/2forve[l,4—2u
2(3—u—wv) forve[d—2u,3—u
Thus,

1 2—u 1
Sp(C) = </0 5—2v—v2/2—u2dv—|—/2 9 — 4u — 6v + v*/2 + 2uvdv+

5—u?

—Uu

4—2u 3—u 3 2

(v —2)(3v + 4u — 10) / 9 3u® — 12u” 4 6u + 13
d 2u+ v - 3)%dv) =

+ /1 5 v+ . (u+ v —3)dv T

_ 2,2
Thus, 0p(T, D) < 3m—15m 25tz for P € Lus. Note that we have:
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o if Pe L14\(E4 U FE U Lys U Eg,) then

W for v € [0,2 — u]
hp (v) = % for v € [2 —u, 1]
Lforvé[l 4 — 2uj
2(3 —u—w)? for v € [4—2u,3 —u
o if P=Li,N E; then
W for v € [0,2 — u]
(S=2u—0)ukdv=2) g0 ) e 9 — g, 1]

hD(U) = 8—2u—3v8 2u4-v
% for v € [1,4 — 2u]

(B3—u—w)forvel[d—2u,3—u

o if P= L14 N L23 then

(”/iforve[O 2 — u
Mforvep—u 1]
hp(v) = (8_2u2 30)(

S A2040) for ¢ € [1,4 — 2u]
22—u)(3—u—w) forv e [4—2u,3 — u
So we have
o if P € Ly,\(E;UE, ULy U Es) then

Sp (W.C.;P)ZL</2H(U/Q—;l)zdm/1 <3_U_v/2)2dv+

5 —u? —u 2
4—2u 4_ _3 22 3—u
+/ (4—u U/>dv+/ 2(3—u—v)2dv):
1 2 4—2u
21 —w® —6u _ 3u® —12u® + 6u + 13
—2(15 — 3u?) — 15 — 3u?
L] lfP:L14ﬂE1 then
U (p/2 4 1) V(6 —2u—v)(2u+3v—2
Sp(Wis; P) 2(/ (v/ + dv—l—/ (6—2u-v)Qutdv-2),
—u 0 2—u 8
4— 2u 3—u
—2u — 3v)(2
+/ u U)(u+v)dv+/ (3—U—U>d’l}):
1 8 4—2u
B 19 — 2u?
—2(15 — 3u?)

o if P= L14 N ng then
2 2—u 2 1 2 1 o D) 2
Sp(WE,: P) = (/ (w2 1) )dv+/ Bou—v/2) gy
0 2—u

5 — u? 2 2
+/4 2 (8 —2u — 3v)(4 — 2u—|—v)dv+/3 u2<2 G _u_v)dv) _
1 8 4-2u
26— 12u” + 3u° < 3u® — 12u® + 6u + 13
2(15 — 3u2)  — 15 — 3u2
We obtain that
15 — 3u?

6P(T, D) = for P € L14\(E4 U FEs U El) and u € []., 3/2]
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and

15 — 3u?
for P = L14 ﬂEl and u € [1,6]
5p(T, D) > 3ud — 12u? + 6u + 13
PYTI=) 215 — 3u6?)

9 23 for P=LiyNE; and u € [b,3/2]
— 2u

where b is a root of 8u® — 24u? + 12u + 7 on [1,3/2]. Note that b € [1.261,1.262].

Step 4.2. Suppose P € L5 U L4 and u € [3/2,2]. In this case we set C = L14. Then 7(C) = 3 — u.
Without loss of generality, we can assume that P € Ly4. The Zariski Decomposition of the divisor
D — vl is given by:

D—UL14— %E4 forv e [0,2—11,]

D—UL14—§E4—<U+U—2)E1 forv € [2-’&,4-2@6]

Plo) = D—vlyy—(ut+v—2)(E+ Ey) — (2u+v —4)E;5 for v € [4 — 2u, 1]
D—vlyy—(ut+v—2)(E1+ Ey) — (v—1)Log — (2u+v —4)E;5 for v € [1,3 — u]
and
sEy for v € (0,2 — u
N(v) = SEy+ (u+v—2)E forve [2—u,4—2u
(u+v—2)(E1+ Ey) + (2u+v—4)E;5 for v € [4 — 2u, 1]
(u4+v—2)(Ey+Ey)+ (v—1)Las+ 2u+v—4)E;5 for v € [1,3 — u]
Moreover
5—2v—v%/2 —u? for v € [0,2 — u]
Pw)? = 9 — du — 6v + v?/2 + 2uv for v € [2 — u, 4 — 2u]
2u? + 4uv + v* — 12u — 10v + 17 for v € [4 — 2u, 1]
2(u+v—3)* forv e [1,3 —u
and
14+ v/2 for v € 0,2 — u
P(v)-C = 3—u—v/2forvel2—u4—2u
5—2u—wv forv € [4—2u,l]
23 —u—w) for v e[l,3—uj
Thus,

1 2—u 4—2u
SD(C>:5—u2</O 5—21}—@2/2—u2dv+/2 9 — 4u — 6v + v*/2 + 2uvdv+

1
+ / 22 + duv + v% — 12u — 100 + 17dv+
4—2u
3ud — 12u2 + 6u + 13
15 — 3u?

3—u
+ / 2(u+v — 3)2dv> =
1

a2
Thus, 6p(T, D) < % for P € Ly4. Note that we have:

o if Pe L14\<E4 U Fi U Ly U E5) then

% for v € [0,2 — u]

(3—u—v/2)? . .
hip(v) = —5_2 - for v € [2 — u,4 — 2u]

% for v € [4 — 2u, 1]

23 —u—wv)? forv e [1,3 —uj
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o if P= L14 N El then

W for v € [0,2 — u]
(6-2uv)@us=2) oy € [2— y, 4 — 2
w for v € [4 — 2u, 1]
2(3—u—w) forv e [1,3 —ul

hD(U) =

o if P= L14 N L23 then

%forvE[O,Q—u]
Mforvep—u,él—?u]
WforvéH—Qu,l}

22—u)(3—u—w) forve[l,3—u

hD(U> =

o if P € L14\<E4 U El U L23 U E5) then

Sp(WE,; P) = L(/%“ (v/2 4+ 1)2dv+ /4—2u (3—u~— v/2)2dv+

5 u? 2 » 2
1 5 - 2 o 2 3—u
+/ udv%—/ 2(3—u—v)2dv> =
4-2u 2 1
_Tu? — 36u® 4 48u — 6 - 3ud — 12u? + 6u + 13
2(15 — 3u?) - 15 — 3u?

o if P= L14 N E1 then

(Ve P) = -2 </2—u (v/2+1)? /4—2“ (6 —2u — v)éZu +3v-2),

o) - 5 - U2 2 Y
+/ (v + 1)( 5 “ U)dv—l—/ 2(3—u—v)dv>:
4—2u 1
_ 3u® —18u® 4 2Tu —4
15 — 3u?

o if P= L14 N L23 then

Sp(WE,; P) = & (/MMCJU+/42u(3_“_”/2>2dv+

5 u? 2 » 2
1 2 3—u
5—2u —
+/ udv—l—/ 2(2—u)(3—u—v)dv> =
4-2u 2 1
_3u® —12u* 4 26 - 3ud — 12u? + 6u + 13
2(15 —3u?) — 15 — 3u?
We obtain that
3p(T, D) 15— 3u” for P € Li\(Ey U Ey U Es) and u € [3/2,2]
= or and u
A 3ud — 1202 + 6u + 13 AR ’
and
5 15 — 3u? ¢ B
p(T, D) > 30% — 1802 T oTu_4 or P = L14 N E1 and u € [3/2, 2]
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Corollary A.3. Let P be a point in T that is contained in Lis U L4 U Loy U Fy U B3 U Ey U Ey then

15 — 3u? s 6[1]

or u a

5p(T, D) > 16 + 3u — 9u2 + 2u3 Y
PRI =) 15 - g

m fO’l" u € [CL,Q]

Corollary A.4. Suppose O is a point on a del Pezzo surface T with two Ay singularities and nine
lines such that 6o(T) < 2 then

15 — 3u? foru e [1.d]
or u a
T 15 - 3w
WfOT’UG[a,Q]

A.3. Polarized d/-invariant on Del Pezzo surface of degree 4 with A, singularity. Now, let
us use the notations and assumptions of Section 2 with a minor difference: we assume that T has a
singular point of type Ay. Let us show that in the case when O is the singular point of the surface
T we have
u? — 6u? + 19

15 — 3u?
which immediately implies that §o(7T, W.T.) < %. In this case, the morphism 7 is a blow up of P?
at points P, P, and P in general position; after that blowing up a point P; which belongs to the
exceptional divisor corresponding to P; and no other negative curve and after that a point Ps which
belongs to the exceptional divisor corresponding to Py and no other negative curve. By [7, Section
6.5] we have:

5o(T, D) =

(6/7if P € E5U Ey,

8/7if P € (Ly3 U Log U Lyy U E5)\(E3 U Ey),
op(T) = 4/3if P € (L12UCy) N (£ U Ey),

18/13 if P € (L1 U Cy U By U E9)\((L12 U Cy) N (Ey U Ey)),
| 3/2, otherwise

where Ey, Fs, E5, F,, Fs5 are exceptional divisors corresponding to Py, P, P3, P, Ps respectively,
Cy is a strict transform of a (—1)-curve coming from the conic on P?, L;; are strict transforms of
the lines passing through P, and P; for (,7) € {(1,2),(1,3),(2,3)} and Ls, is a strict transform of
a (—1)-curve coming from a line passing through P3 on P?. The dual graph of (—1) and (—2)-curves
is given in the following picture:

Dual Graph
Lo E, L, L3y
E; Ey
L3 E, Cy Ej
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Now let’s prove that:
u? — 6u® + 19
15 — 3u?

Proof. Suppose P € E,\(L3s U E5). In this case we set C = E;. Then 7(C) = 2. The Zariski
Decomposition of the divisor D — vFEj is given by:

(SP(T, D) = for P € E4\(L34 U E5)

—Kp — (u—1)Cy —vEy — 55 for v € 0,2 —
Pw)=<{—Kr—(u—1)Cy —vE;— FE5— (u+v—2)E; for v € 2 — u, 1]
—KT - (U - 1)02 — UE4 — %Eg — (u—|— v — 2)E5 — (U — 1)L34 forv € [1,2]

and
5B for v € [0,2 — u
N(v) =4 5E5+ (u+v —2)E;5 for v € [2 — u, 1]
YF3 4 (u+v—2)Es + (v — 1)Ly for v € [1,2]
Moreover,
5 —u?—3v?/2 for v € (0,2 — u
P(v)? =9 —4u—4v+2uw — 1/20? for v € [2 — u, 1]
—(’U—2)(v-21—4u—10) for v € [1, 2]
and
3v/2 for v € [0,2 — u]
Pw)-C=q2—u+v/2forve2—u,/l]
3—u—wv/2forvell,2
Thus,

1 2—u 1
Sp(C) = (/0 5—u2—3v2/2dv+/2 9 — du — 4dv + 2uv — 1/20dv+

5 —u?

—Uu

+/2 (U_Q)(U+4u_10)dv> _ 19 + u3 — 6u?
! 2 15 — 302

Thus, dp(T, D) < 1;5’;),—3_“62“2 for P € E,. Note that for P € E,\(E5 U L3y) we have:

%forve[()ﬂ—u]
hp(v) = berve [2 —u, 1]
Bouv27 for € 1,2

So we have
2 27U gy? L2 —utv/2)? 2 (3 —u—uv/2)?
Sp(WE.: P) = ( 2 d d ) -
D( .,0? ) 5_u2 /0\ 8 U+/2_u 2 U+[ 2 v

21+ 6u — 18u* 4 5u’ < 19 + u? — 6u?

B 2(15 — 3u?) ~ 15— 3u?
So we obtain that

ud — 6u® + 19
(5P(T, D) = W for P € E4\(L34 U E5)
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