Commun. Math. Phys. (2024) 405:77
Digital Object Identifier (DOI) https://doi.org/10.1007/s00220-023-04916-1

Communications in
Mathematical
Physics

®

Check for
updates

Global Finite-Energy Solutions of the Compressible
Euler-Poisson Equations for General Pressure Laws
with Large Initial Data of Spherical Symmetry

Gui-Qiang G. Chen!?*@®), Feimin Huang>3, Tianhong Li?>, Weigiang Wang?,
Yong Wang?>3

I Mathematical Institute, University of Oxford, Oxford OX2 6GG, UK.
E-mail: chengq @maths.ox.ac.uk
2 Academy of Mathematics and Systems Science, Chinese Academy of Sciences, Beijing 100190, China.
E-mail: fhuang @amt.ac.cn; thli@math.ac.cn; wangweigiang @amss.ac.cn; yongwang @amss.ac.cn
3 School of Mathematical Sciences, University of Chinese Academy of Sciences, Beijing 100049, China
4 School of Mathematical Sciences, Fudan University, Shanghai 200433, China

Received: 21 May 2023 / Accepted: 15 November 2023
© The Author(s) 2024

Abstract: We are concerned with global finite-energy solutions of the three-dimensional
compressible Euler—Poisson equations with gravitational potential and general pres-
sure law, especially including the constitutive equation of white dwarf stars. In this
paper, we construct global finite-energy solutions of the Cauchy problem for the Euler—
Poisson equations with large initial data of spherical symmetry as the inviscid limit
of the solutions of the corresponding Cauchy problem for the compressible Navier—
Stokes—Poisson equations. The strong convergence of the vanishing viscosity solutions
is achieved through entropy analysis, uniform estimates in L”, and a more general com-
pensated compactness framework via several new ingredients. A key estimate is first
established for the integrability of the density over unbounded domains independent of
the vanishing viscosity coefficient. Then a special entropy pair is carefully designed via
solving a Goursat problem for the entropy equation such that a higher integrability of the
velocity is established, which is a crucial step. Moreover, the weak entropy kernel for
the general pressure law and its fractional derivatives of the required order near vacuum
(p = 0) and far-field (p = oo) are carefully analyzed. Owing to the generality of the
pressure law, only the ngcl P _compactness of weak entropy dissipation measures with
p € [1, 2) can be obtained; this is rescued by the equi-integrability of weak entropy pairs
which can be established by the estimates obtained above, so that the div-curl lemma still
applies. Finally, based on the above analysis of weak entropy pairs, the L” compensated
compactness framework for the compressible Euler equations with general pressure law
is established. This new compensated compactness framework and the techniques devel-
oped in this paper should be useful for solving further nonlinear problems with similar
features.
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1. Introduction

We are concerned with global finite-energy solutions of the three-dimensional (3-D)
compressible Euler—Poisson equations (CEPEs) that take the form:

31,0+V - M =0,
B,M+V-(M>+VP+,0VG>=O, (1.1)
AD =k,p,

for (t,x) := (¢, x1, X2, x3) € Ri =R, x R3 = (0, 00) x R3. System (1.1) is used to
model the motion of compressible gaseous stars under a self-consistent gravitational field
(cf: [7]), where p is the density, P = P(p) is the pressure, M € R is the momentum,
® represents the gravitational potential of gaseous stars as kg > 0, V = (3y,, 0x,, x3),
and A = 0y,x; + Ox,x, + Ox3x3. Without loss of generality, by scaling, we take k, = 1
throughout this paper.

The constitutive pressure-density relation P (o) depends on the types of gaseous stars.
The class of polytropic gases, i.e.,

P(p) = kp” fork >0 and y € (1, 3), (1.2)

has been widely investigated in mathematics. From the point view of astronomy, the
constitutive pressure P(p) for certain gaseous stars is not of the polytropic form. For
example, the pressure law of a white dwarf star takes the following form (cf. [7,66]):

1
Cop3 S4
—ds
0 VC3 + 52

.. 5
where C1, Co, and C3 are positive constants. It can be checked that P(p) = k1p3 as

P(p) =C forp > 0, (1.3)

4
p — 0and P(p) = kyp3 as p — oo for some positive constants «1 and «3.

In this paper, we consider a general pressure law in which any pressure function P (p)
satisfies the following conditions:

(i) The pressure function P (p) is in C'([0, 00)) N C 4(R,) and satisfies the hyperbolic
and genuinely nonlinear conditions:

P'(p) >0, 2P (p)+pP"(p) >0  forp > 0. (1.4)
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(i) There exists a constant p, > 0 such that
P(p) = k1p" (1+P1(p))  forp € [0, ps), (1.5)

with some constants y; € (1,3) and x; > 0, and a function P;(p) € C*(R,)

satisfying that |P(])(,o)| < Cyp" ' for p € (0,py) and j = 0, --- , 4, where
C. > 0 is a constant depending only on p,.
(iii) There exists a constant p* > p, > 0 such that

P(p) = k20" (1+Pa(p))  forp € [p*, 00), (1.6)

with some constants 3, € (g, y1] and ko > 0, and a function P>(p) € C4(R+)
satisfying that |P§”(p)| < C*p~J for p € [p*,00) and j = 0, --- , 4, where
€ > 0, and C* > 0 is a constant depending only on p*.

It is direct to see that the polytropic gases in (1.2) satisfy assumptions (1.4)—(1.6).
Moreover, the white dwarf star (1.3) is also included with

5 4

> €103, ==,

3 T 5J‘12 273
6

The restriction: y2 > 3 is necessary to ensure the global existence of finite-energy
solutions with finite total mass. Such a condition is also needed for the existence of the
Lane-Emden solutions; see [7,47].

We consider the Cauchy problem of (1.1) with the initial data:

1 2
Y= Ky = chc;‘, €=73 (1.7)

(0, M)(©0,x) = (po, Mo)(x) — (0, 0) as [x| — oo, (1.8)
subject to the far field condition:
o, x) > 0 as |x| — oo. (1.9)

The global existence of solutions of the Cauchy problem (1.1) and (1.8)—(1.9) is a
longstanding open problem. Many efforts have been made for the polytropic gas case
(1.2). Considerable progress has been made on the smooth or special solutions under
some restrictions on the initial data. Among the most famous solutions of CEPEs (1.1)
are the Lane—-Emden steady solutions (cf. [47]), which describe spherically symmetric
gaseous stars in equilibrium and minimize the energy among all possible configurations
(cf. [46]). There exist expanding solutions for the non-steady CEPEs (1.1). Hadzi¢—Jang
[34] proved the nonlinear stability of the affine solution (which is linearly expanding)
under small spherically symmetric perturbations for y = ‘3—‘, while the stability problem

fory # 4 3 is still widely open A class of linearly expanding solutions for y = 1 + %
with k € N\{1}, or y € (1, 13) was further constructed in [35]. Forl <y < —, the

concentration (collapse) phenomena may happen. Indeed, as y = 3, there exists an
homologous concentration solution; see [28,30,55]. More recently, Guo—Hadzi¢-Jang
[31] observed a continued concentration solution for 1 < y < ‘—3‘, see also [37]. A kind
of smooth radlally symmetric self-similar solutions exhibiting gravitational collapse for
1<y< 3 can be found in [32,33]. We refer to [51,54] for the local well-posedness of
smooth solutions.

Owing to the strong nonlinearity and hyperbolicity, the smooth solutions of (1.1)

with (1.2) may break down in a finite time, especially when the initial data are large
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(cf- [16,55]). Therefore, weak solutions have to be considered for large initial data. For
gaseous stars surrounding a solid ball, Makino [56] obtained the local existence of weak
solutions for y € (1, %] with spherical symmetry; also see Xiao [69] for global weak
solutions with a class of initial data. For this case, the possible singularity at the origin is
prevented since the domain was considered outside a ball. Luo—Smoller [50] proved the
conditional stability of rotating and non-rotating white dwarfs and rotating supermassive
stars; see also Rein [61] for the conditional nonlinear stability of the Lane-Emden steady
solutions.

Another fundamental question is whether global solutions can be constructed via the
vanishing viscosity limit of the solutions of the compressible Navier—Stokes—Poisson
equations (CNSPEs):

hp+V-M=0,
M+ V- (@) +VP+pVd =gV . (,u(,o)D(%)) + gv(x(p)v : (%)),
AD =p,

(1.10)
where D(%) = %(V(%) + (V(%))J—) is the stress tensor, the Lamé (shear and bulk)
viscosity coefficients u(p) and A(p) depend on the density (that may vanish on the
vacuum) and satisfy

u(p) =0, wu(p)+3r(p) >0 forp > 0, (1.11)

and parameter ¢ > 0 is the inverse of the Reynolds number. Formally, as ¢ — 0, the
sequence of the solutions of CNSPEs (1.10) converges to a corresponding solution of
CEPE:s (1.1). However, the rigorous proof has been one of the most challenging problems
in mathematical fluid dynamics; see Chen-Feldman [9] and Dafermos [21].

The limit problem with vanishing physical viscosity dates back to the pioneering
paper by Stokes [65]. Most of the known results were around the inviscid limit from
the compressible Navier—Stokes to the Euler equations for the polytropic gas case (1.2).
The first rigorous proof of the vanishing viscosity limit from the Navier—Stokes to the
Euler equations was provided by Gilbarg [29], in which he established the existence
and inviscid limit of the Navier—Stokes shock layers. For the case of large data, due
to the lack of L* uniform estimate, the L°° compensated compactness framework
[22-24,36,48,49] fails to work directly in the inviscid limit of the compressible Navier—
Stokes equations. An L?” compensated compactness framework was first studied by
LeFloch—Westdickenberg [43] for the isentropic Euler equations for the case y € (1, %)
in (1.2), and was further developed by Chen—Perepelitsa [13] toall y > 1 for (1.2) witha
simplified proof; see also [17] for spherically symmetric solutions of the M-D isentropic
Euler equations. We also refer to [63,64] for the 1-D case of asymptotically isothermal
gas, i.e., Y2 = 1 in (1.6). More recently, Chen—He—Wang—Yuan [10] established both the
strong inviscid limit of CNSPEs (1.10) and the global existence of spherically symmetric
solutions of CEPEs (1.1) with large data for polytropic gases (1.2).

The main purpose of this paper is to establish the global existence of spherically
symmetric finite-energy solutions of (1.1) with general pressure law (1.4)—(1.6):

X
p(t,x) =p(t,r), MEx)=m(,r)—, @PE,x)=@,r) forr = |x|, (1.12)
r
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subject to the initial condition:
X
(0, M)(0,x) = (po, Mo)(x) = (po(r), mo(r);) — (0,0) asr— o0, (1.13)
and the asymptotic boundary condition:
O, x) =d(t,r) > 0 asr — 00. (1.14)

Systems (1.1) and (1.10) for spherically symmetric solutions take the following respec-
tive forms:

2
pr+my+—-m=0,
r

2 2
2
m, + (’"_+p(p)) + 200, =0, (1.15)
o rorop
2
D,y + -0, = p,
r

and
2
or+my+—-m =0,
r

m? 2 m?
m[+(—+P(p)) +-——+pd,
P rore ) 5 (1.16)

m m & m
= (e +20((5), +27)) = T,

2
q)rr + ;q:)r = p.

The study of spherically symmetric solutions is motivated by many important physical
problems such as stellar dynamics including gaseous stars and supernovae formation [7,
60,68]. Animportant question is how the waves behave as they move radially inward near
the origin, especially under the self-gravitational force for gaseous stars. The spherically
symmetric solutions of the compressible Euler equations may blow up near the origin
[20,44,57,68] at certain time in some situations. Considering the effect of gravitation,
a fundamental problem for CEPEs (1.1) is whether a concentration (delta-measure) is
formed at the origin. This problem was answered in [10] for polytropic gases in (1.2)
when the initial total-energy is finite that no delta-measure is formed for the density at
the origin for the two cases: (i) y > %; @)y € (%, %] and the initial total-energy is
finite and the total mass is less than a critical mass.

In this paper, we establish the global existence of finite-energy solutions of the Cauchy
problem (1.1) and (1.13)—(1.14) with spherical symmetry as the inviscid limits of global
weak solutions of CNSPEs (1.10) with general pressure law (1.4)—(1.6), especially in-
cluding the white dwarf star (1.3). The L? compensated compactness framework for
the general pressure is also established. Moreover, it is proved that no delta-measure is
formed for the density at the origin in the limit, and the critical mass for the white dwarf
star is the same as the Chandrasekhar limit for the polytropic gas (1.2) with y = %. The
precise statements of the main results are given in Sect. 2. )

To achieve these, the main strategy is to develop entropy analysis, uniform estimates
in L?, and a more general compensated compactness framework to prove that there
exists a strongly convergent subsequence of solutions of CNSPEs (1.10) and show that
the limit is the finite-energy weak solution of CEPEs (1.1) with general pressure law.
This consists of the following three steps:
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e Establish the uniform L? estimates of the solutions of CNSPEs (1.10) independent
of ¢ for some p > 1;

e Show the compactness for weak entropy dissipation measures;

e Prove that the associated Young measure v ) is the delta measure almost ev-
erywhere which leads to a subsequence of solutions of CNSPEs (1.10) strongly
converging to the global finite-energy solution of CEPEs (1.1).

The generality of pressure P (p) causes essential difficulties in the analysis for all of
the above steps. We now describe these difficulties and show how they can be overcome:
(1) The crucial step in the L? estimates is to show that plul® (u = % is the velocity)

is uniformly bounded in Llloc' This estimate might be obtained through constructing

appropriate entropy 7, which is a solution of (p, u) to the entropy equation:

P'(p)
o =~ =0, (1.17)

with corresponding entropy flux . If (o, u) is the solution of (1.16), any entropy-entropy
flux pair (entropy pair, for short) (7, ¢) satisfies

(%) +(GrP)y +2r (=G + puilp + pu*iim)

,
=¢ l’z((,Our)r + zp(g)r)ﬁm —p / P Z2dz N
a

see (5.68) below. For the polytropic gas case (1.2), there is an explicit formula of the
entropy kernel x (p, u) so that x v is the entropy, where * denotes the convolution and
¥ (s) is any smooth function. By choosing 1 (s) = %s|s| as in [10], the corresponding
entropy flux § satisfies that § > cop|u|® and —§ + puf ot o, < 0. Then the uniform
bound of plu|*r? in L}, follows (cf. [10]).

However, there is no explicit formula of the entropy kernel x for the general pressure
satisfying (1.4)—(1.6). Even for the special entropy pair generated by ¥ (s) = %s Is|, itis
difficult to prove that§ > cop|u|® and —§ +puil, +pu’f,, < 0,due to the lack of explicit
formula of the entropy kernel yx. Hence, the above approach does not apply directly, so
we have to seek a new method to establish the uniform local integrability of p|u|3. One of
the novelties of this paper is that a special entropy 7 is constructed by solving a Goursat
problem of the entropy equation (1.17) in the domain: |u| < k(p) := fop VP (y)/ydy,
so that 7 is chosen as the mechanical energy n* (see (2.13)) when u > k(p), —n*
when u < —k(p), and the boundary condition for the Goursat problem is given on the
characteristics curves: u + k(p) = 0. One advantage of such a special entropy pair
(1. G) is that § > coplul? as |u| = k(p), and |G| < Cp?*! for large p as u| < k(p)
via careful analysis for the Goursat problem; see Lemma 5.8 for details. Moreover,
—q +pun, + pu’f,, vanishes as [u| > k(p). Similarly, | — ¢ +puil, + pufy,| < Cpr2t!
for large p as |u| < k(p).

To show plul? is uniformly bounded in Llloc, it remains to prove that

T 00
/ / ot rdrds (1.18)
0 d

is uniformly bounded for any 7 > 0 and d > 0. It should be noted that the local
integrability fOT / dD p?*ldrdr < C was obtained in [10], but it is not enough yet to
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obtain the uniform LllOc estimate for p|u|3. Fortunately, we can obtain even stronger

estimate than (1.18), i.e.,
T 00
/ / >t Fdrdr < C, (1.19)
0 d

by an elaborate analysis; see Lemma 5.6 and Corollary 5.7 for details.

(i1) For the polytropic gas case in (1.2), Chen—Perepelitsa [13,14] and Chen—He—
Wang—Yuan [10] proved the ngcl —compactness for weak entropy dissipation measures
via the explicit formula of the weak entropy kernel x by convolution with any test

function of compact support, which also implies that the entropy pair (1, ¢)isin L{ ., r >

2. However, it is not clear how the ngcl —compactness for the general pressure satisfying
(1.4)—(1.6) can be shown by using the expansions of the weak entropy kernel established

in [11,12]. Motivated by [64], we instead show the ngcl P —compactness for 1 < p < 2,
so that an improved div-curl lemma (cf. [19]) applies, which leads to the commutation

identity for the entropy pairs. In fact, we can show that the entropy flux function ¢ is

bounded by ,oszH (see (4.81)) as p is large by careful analysis on the expansion of the

entropy pair so that g € leoc. Then the interpolation compactness yields the W~1»
compactness for 1 < p < 2; see Lemma 7.1 for details.

(iii) The argument for the reduction of the associated Young measure v (0, u),
introduced in [10, 13,14], for the polytropic gas case in (1.2), can be roughly stated as
follows: Show first that every connected subset of the support of the Young measure is
a bounded interval; then use the L* reduction technique introduced in [8,22,24,48] for
a bounded supported Young measure to show that the Young measure is either a delta
measure or supported on the vacuum line. This method essentially relies on the explicit
formula of the weak entropy kernel x . For the general pressure law satisfying (1.4)—(1.6),
the above method does not apply directly, since it is difficult to show that every connected
subset of the support of the Young measure is a bounded interval. Motivated by [11,12,

48,63,64], we carefully analyze the singularities of 3*1*! y with A = % for large p

and fully exploit the property: (p?2*!, p|u|?) € L! (dvg,ry) so that the M+ _derivatives
can be operated in the commutation relation; see Lemmas 4.11-4.14 for details. Then we
prove that the Young measure is either a delta measure or supported on the vacuum line by
similar arguments as in [11,12,48,64]. This new compensated compactness framework
and the techniques developed in this paper should be useful for solving further nonlinear
problems with similar features.

Finally, we remark that there are some related results on CNSPEs (1.10) and the
compressible Euler equations. For weak solutions of CNSPEs (1.10), we refer to [26,
38,40,41] with constant viscosity, and [25,27,70] with density-dependent viscosity.
Recently, Luo-Xin-Zeng [51-53] proved the large-time stability of the Lane-Emden
solution for y € (%, 2). We also refer to the BD entropy developed in [2-5], which
provides a new estimate for the gradient of the density. For the compressible Euler
equations, we refer to [8,15,39,44,62] and the references cited therein.

The rest of this paper is organized as follows: In Sect. 2, the finite-energy solutions of
the Cauchy problem (1.1) and (1.8)—(1.9) for CEPEs are introduced, and the main theo-
rems of this paper are given. In Sect. 3, some elementary quantities and basic properties
about the pressure and related internal energy are provided, and then some remarks on
M. are also given. The entropy analysis for weak entropy pairs for the general pres-
sure satisfying (1.4)—(1.6) is presented in Sect. 4, especially a special entropy pair is
constructed by solving a Goursat problem for the entropy equation (2.14). In Sect. 5, a
free boundary problem (5.1)—(5.6) for (1.16) is analyzed, and some uniform estimates
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of solutions are derived, including the basic energy estimate, the BD-type entropy esti-
mate, and the higher integrabilities of the density and the velocity. In Sect. 6, the global
existence of weak solutions of CNSPEs (1.10) is established, and some uniform L? es-
timates in Theorem 2.1 are also obtained. In Sect. 7, we prove the ngcl P _compactness
of the entropy dissipation measures for the weak solutions of (1.16) and complete the
proof of Theorem 2.1. In Sect. 8, the L”—compensated compactness framework for the
general pressure law (1.4)—(1.6) (Theorem 2.2) is established, which leads to the proof of
Theorem 2.3 by taking the inviscid limit of weak solutions of CNSPEs (1.10) in Sect. 9.
Appendix A is devoted to the presentation of both the sharp Sobolev inequality that is
used in Sect. 5 and some variants of Gronwall’s inequality which are used in the proof
of several estimates in Sect. 4.

Notations: Throughout this paper, we denote C%(2), L? (), W*P (), and H*(Q2)
as the standard Holder space, and the corresponding Sobolev spaces, respectively, on
domain €2 for « € (0, 1) and p € [1, oo]. C5(£2) represents the space of continuously
differentiable functions up to the kth order with compact support over €2, and D(R2) :=
C5°(£2). We also use LP(I; r2dr) or LP([0, T) x I; r*>drdt) for an open interval I C
R, with measure r2dr or r2drds correspondingly, and Lf;c([O, 0); r2dr) to represent
LP([0, R]; r2dr) for any fixed R > 0.

2. Mathematical Problem and Main Theorems

The spherically symmetric initial data function (pg, Mg)(x) given in (1.13) is assumed
to be of both finite initial total-energy:

E / (1‘M0‘2+ ( ))()d /‘Oo(lm(2)+ ( ))()2d
0= =|—=| +poe(po) )(x)dx = w3 =— + poe(po) ) (r) redr < oo,
R3 2 m 0 2 £0
(2.1)
and initial total-mass:
(e.¢]
M :=/ po(x) dx = w3/ po(r) ridr < oo, (2.2)
R3 0
where the internal energy e(p) is related to the pressure by
P
e(p) = %, e(0) =0, (2.3)

and w, = 1%7(’—5) denotes the surface area of the unit sphere in R". The initial potential
2
®p(x) is determined by

A®(X) = pox),  Tim Bo(x) = 0. (2.4)

For y» € (g, %], we define the critical mass M, as follows:
(1) When y, = %,

M. := M, (2.5)
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where M.y, is the Chandrasekhar limit that is the total mass of the Lane—Emden steady

solution (ps(|x]), 0) for P(p) = sz%i ps(1x|) has compact support and is determined
by the equations:

Ve P (s (1XD) + 05 (XD VaP(x) = 0, Ax®(x) = ps(Ix).  P(pslx]) = ka(ps (X)),

with the center density p;(0) = p. It is well-known that My, is a uniform constant with
respect to the center density o (cf. [7]).
(ii) When y2 € (£, $),

Me := sup Mc(B) (2.6)
>0
with
B e e Eo
4 - 3)/2)<_ B 4-31 M.(B) ¥ — w; IIBMC(,B) = =0 Q2.7
32— 1) P
and
-3 ;:731/21) Sr=6
Bg = §w4 30, 27D (Crax (B)) 30271
1 Iyl (2.8)
Cnax (B) = sup (07 (B +e(p)) ') 76 > 0.
p=0

It is clear in (2.6)—(2.8) that M.(B) is well determined for 8 > 0 and y» € (g, %).
Some useful properties of Mc := supg. o Mc(B) will be presented in Proposition 3.3
below. We also goint out that M, in (2.5) is strictly larger than the one obtained in [10,
(2.8)] for yo = 3 (c¢f. [18]).

For the spherically symmetric initial data (pq, mo, ®o)(r) imposed in (1.12)—(1.14)
satisfying (2.1)—(2.2), using similar arguments as in [10, Appendix A], we can construct
a sequence of approximate initial data functions (pg, m(, ®g)(r) satisfying

*© 2 M 1 " 2
/(; por)r dr:aTg’ ®8r=r—2/0 po(2) z7dz,
/‘X’ 1 mg
o [ (Gl
0 2 )

o 2
Ef = 82&)3/ |8,/ 05 ()| r¥dr < Ce(M +1) < o0.
0

Moreover, as ¢ — 0, (Eg, E]) — (Ep, 0) and

2
ES = +pbe(p)) r2dr = C(Eg+1) <00, (29)

(=)

(06> PGuE) () = (po, pouo) () in LI([0, 00); rdr) x L'(0, 00); rdr),
@5, — Po, in L?([0, 00); r2dr),
where g € {1, y»}. Furthermore, there exists g9 € (0, 1] such that, for any ¢ € (0, &],
e
3
where M¢ is defined in (2.5)—(2.8) by replacing Eo with Eg.

6
M < M; fory, e (g, (2.10)



77 Page 10 of 85 G.-Q. G. Chen, F. Huang, T. Li, W. Wang, Y. Wang

Now we introduce the weak entropy pairs of the 1-D isentropic Euler system (cf.
[11,42]):
pt + my = 05

2 2.11
m; + (m7 + P(p)), =0. 1D

A pair of functions (n(p, m), g(p, m)) is called an entropy pair of (2.11) if

m
Vq(p,m) = Vn(p,rn)V(m2

=, P(p)). (2.12)

Moreover, n(p, m) is called a weak entropy if (o, m)|,—0 = 0, and a convex entropy
if V25(p, m) > 0. The mechanical energy and energy flux pair is defined as

2 3

" Im " Im ,
n (p,m) = 3, +pe(p), g (p,m)=-—+m(pe(p)), (2.13)
p 2p

which is a convex weak entropy pair. From (2.12), any entropy satisfies

P'(p)
Npp — Tnuu =0 (2.14)

withu = %. Itisknownin [11,12,48,49] that any regular weak entropy can be generated
by the convolution of a smooth function v (x) with the fundamental solution x (p, u, s)
of the entropy equation (2.14), i.e.,

0¥ (pou) = /H;x(p,u,sws)ds. 2.15)

The corresponding entropy flux is generated from the flux kernel o (p, u, s) (see (4.56)),
i.e.,

q"(p,u) = fRo(p,u,sW(s)ds. (2.16)

We first consider the Cauchy problem of CNSPEs (1.10) with approximate initial
data:

X
(o, M, ®)|i=0 = (pg, M5, PG (X) := (o5 (1), mS(V);, o), 2.17)
subject to the far field condition:
®E(t,x) — 0 as |x| = oo. (2.18)

For concreteness, we take ¢ € (0, 1] and the viscosity coefficients (1 (p), A(p)) = (p, 0)
in (1.10).

Definition 2.1. A triple (p®, M?, ®¢)(¢, x) is said to be a weak solution of the Cauchy
problem (1.10) and (2.17) if
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@) p%(t,x) > 0, and (M?, y,;)(t’ X) = 0 a.e. on {(t,x) : p®(t,x) = 0} (vacuum),

p° € L®(0, T; L"(RY), V/pf € L0, T; L*RY)),

ME

NG

(ii) For any # > t; > 0 and any ¢ (¢, x) € C(%([O, 00) x R?), the mass equation (1.10);
holds in the sense:

e L™, T; L*(R?), ®f e L™, T:L°(R?), V@& e L™, T: L*(R>)).

5]
f(,OE{)(tz,X)dX—/ <p8;)(r1,x>dx=/ f(pmeS-V;)(r,x)dxdr.
R3 R3 1 R3

(iii) For any W = (¥, Wy, U3)(,X) € (Cg([O, 00) X R3))3, the momentum equations
(1.10)7 hold in the sense:

& &
/R4 (./\/lg-\I/,+ 34’07 . (%-v)w+P(p€)v.w) dxdt+/R3 My(x) - W (0, x) dx

= —s/ (EMS AV w)+ M (v V)W) dxds
R4 \2 N

M’ & e
_gfléiv\//?-(ﬁ.V)\I}dxdt+/15{4 (p AVZ) -‘I’)(t,x)dx.

+

(iv) For any r > 0 and £(x) € C}(RY),

/ V&e(t,x) - VE(X)dx = —/ pE(t, x)E(x) dx.
R3 R3

Then we have

Theorem 2.1 (Global existence of spherically symmetric solutions for CNSPEs). As-
sume that the initial data function (o5, Mg, ®G)(X) is given in (2.17)-(2.18) with
(G, mg, @) (r) satisfying (2.9)~(2.10). Then, for each fixed ¢ € (0, 1], there exists
a global weak solution (p¢, M?, ®°)(t, X) of the Cauchy problem (1.10) and (2.17)-
(2.18) in the sense of Definition 2.1 with following spherically symmetric form:

(pf, M, ®°)(t,x) = (p°(t, r), m®(t, r)é, ®°(t,r)) forr = |x| (2.19)

such that, fort > 0,
LGl
RS \21/p?

Furthermore, for (p€, m®, ®°)(t, r), there exists a measurable function u®(t, r) with

2 1 1) M2 1
+pfe(ph) = IV ) dxs/ (5722 + ppeton) — 51V oG dx.
R3 2 /po 2

(2.20)

_m*(t,r)
©pe(tr)

and ut(t,r) = 0 a.e.on {(t,r) : pf(t,r) = Oorr = 0} such that mé(t,r) =
(pu®)(t,r) a.e. on R% = Ry x Ry. Moreover, the following properties hold:

ut(t,r): ae.on{(t,r): p°(t,r) #0},

o0 o0
: e 2 3 2 M
@) p(t,r)yr-dr = por)rdr=— fort >0, 2.21)
0 0 w3
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oo
(ii)/ n*(ps,mf)(t,r)rzdr+e/2(p8|u8|2)(r,r)r2drdt+||V¢8||L2(R3)
0 Ry

o r
+ 1Dl Lo r) +/0 (/0 pe(t, 2) zzdz>pg(h")rdr <C(M,Eyp) fort=>0,

(2.22)
00 2 T proo pli,e
(i) sup & / ’(ﬁ/pa) P2dr+e / / (o )|pf|2 r2drd
refo,71  Jo r o Jo Jo
<C(M,EyT), (2.23)
T D 3
(iv) / f of [uf|” r*drdt < C(d, D, M, Eo, T), (2.24)
0 d
T o)
v) f f (p)"?* r2drdt < Cd, M, Eo, T), (2.25)
0 d

for any T € R, and interval [d, D] € (0, 00), where C(M, Epy), C(M, Ey, T), and
C(d, D, M, Ey, T) are positive constants independent of ¢. In addition, for ¢ € (0, 1],

an? (,05, mg) +0.q7 (ps, ms) is compact in ngcl’p(Rf_) (2.26)

for any p € [1, 2), where r(s) is any smooth function with compact support on R.

Remark 2.1. In this paper, we require the density-dependent viscosity coefficients (o)
and A(p) to satisfy the BD entropy relation (cf. [2-5]):

i (p) = (p) + A(p), (2.27)

which is important for us to derive the estimate for the derivative of the density. Under the
physical restriction (1.11) and the BD entropy relation (2.27), A(p) cannot be a non-zero
constant. Since we focus mainly on the global existence of weak solutions for CEPEs
by the vanishing viscosity limit of weak solutions of CNSPEs which means the viscous
terms will vanish eventually, we consider only the special case (i (p), A(p)) = (p,0) in
the present paper, which corresponds to the well-known Saint-Venant model of shallow
water.

Recently, in [6,27], the global existence of weak solutions was established for the
compressible Navier—Stokes equations and CNSPEs for a class of general density-
dependent viscous coefficients satisfying the BD entropy relation, respectively. Moti-
vated by [6,27], it should be able to extend our results to a class of more general viscous
coefficients. However, for such general viscous coefficients u(p) and A(p) satisfying
the BD relation, we have to check the uniform estimates of the solutions and the validity
of vanishing viscosity limit ¢ — 0 so that major modifications to our present paper are
required, which is out of scope of this paper.

Now we introduce the notion of finite-energy solutions of CEPEs (1.1).

Definition 2.2. A measurable vector function (p, M, ®) is said to be a finite-energy
solution of the Cauchy problem (1.1) and (1.8)—(1.9) provided that

() p(t,x) > 0 ae., and (M, %)(r,x) = 0 ae on {(t,x) € R : p(t,x) = 0}
(vacuum).
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(i1) For a.e. t > 0, the total energy is finite:
1 M2 1
/ (-’ﬂ’ + pe(p) + —|V<I>|2>(t, x)dx < C(Eq, M),
1N 2
1 M2 1
/ (-‘ﬂ‘ + pe(p) — —|V<I>|2>(t,x) dx (2.28)
R3 2 \/ﬁ 2

< /R (%\y—p_z(z + poe(po) — %IV%IZ)(X) dx.

(iii) For any ¢ (¢, x) € C} ([0, 00) x R?),

/ (pgr + M - V) dxdr + /3(,00{)(0, x) dx = 0. (2.29)
R? R
(iv) For any W (t,x) = (W1, U2, U3)(t, X) € (C}([0, 00) x R?))3,
M M
fm (M-a,w+ﬁ : (ﬁ V)W + P(p) V- \I/)dxdt+/R3./\/lo(x) - W(0, x) dx
= / (V@ - W)(z, x) dx. (2.30)
R}

(v) For any £(x) € C}(R?),

/ Vo(t,x) - VEXX)dx = —/ p(t,x)E(x) dx for a.e. t > 0. (2.31)
R3 R3

Remark 2.2. In the spherically symmetric form, Definition 2.2 becomes the following:
A measurable vector function (p, M, ®)(¢t,x) = (p(t,r), m(t, r)’r—‘, (1, r)) is said
to be a spherically symmetric finite-energy solution of the Cauchy problem (1.1) and
(1.13)—(1.14) provided that

@) p(t,r) > 0a.e.,and (m, %)(r, r)y=0aeon{(t,r) e R% : p(t, r) = 0} (vacuum).
(i1) For a.e. t > 0, the total energy is finite:

© 1) m |2 1 2 2
/ (31751 +petor+ 510 P ) rar < o,

fooo (%’%‘2 + pe(p) — %|Cl>r|2>(t, ) r2dr (2.32)
< [ G+ metoo = 3100 ) v

(iii) For any ¢ (¢, 7) € C4([0, 00) x R),

/Rz (per +mey)(t,r) r2drdt+f0 00(r) (0, r) r’dr = 0. (2.33)
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(iv) For any ¥ (¢, r) € Cé([O, 00) x R) with y(¢,0) =0 forallr > 0,
2

/ m(t, )y (t,r) r2drdz+f (m—)(t, P e (t, r) rrdrds
R2 R P
+/2 P(o(t,r)) (Yr + %w)(t, r) rdrde +/oo mo(r) ¥ (0, r) r’dr
R2 r 0
=/2(p<1>r)(t,r)1/f(t,r)r2drdt. (2.34)
R2
(v) For any £(r) € CJ(R) and a.e. t > 0,

/oo O, (t,r) & (r) ridr = — foo o(t, r)E(r) ridr. (2.35)
0 0

To establish the strong convergence of the inviscid limit of solutions
(0%, ME?, ®%)(¢,x) of CNSPEs (1.10) obtained in Theorem 2.1 as ¢ — 0, we estab-
lish the following L” compensated compactness framework for the 1-D Euler equations
(2.11) with general pressure law (1.4)—(1.6), in which restriction y» € (g, y1]in (1.6)
can be relaxed to y» € (1, y1].

Theorem 2.2 (L? compensated compactness framework). Let
(p*.m*) (. r) = (p°, p°u®)(t, 1)

be a sequence of measurable functions with p¢ > 0 a.e. on Ri satisfying the following
two conditions:

(i) Forany T > 0 and K € R4, there exists C(K, T) > 0 independent of ¢ such that

T
f f (7! + o) drdr < C(K, T).
0 K

(ii) For any entropy pair (nV, q¥) defined in (2.15)—(2.16) with any smooth function
¥ (s) of compact support on R,

an¥ (o, m®) +0.q¥ (p°, m®)  is compact in ngcl’l (Ri).
Then there exists a subsequence (still denoted) (p®, m®)(t,r) and a vector function
(p,m)(t, r) such that, as ¢ — 0,
(RY)  forgi e[l yp+1),
3gn+ 1) (2.36)

: q 2
ms([’ r) — m(t, r) n Ll(?c(R+) for q2 € [1, W),

p°(t,r) = p(t,r) in L

loc

P
where Lj

(Ri) represents LP ([0, T] x K) for any T > 0 and compact set K € R,.
Now, we are ready to state our main theorem.

Theorem 2.3 (Global existence of finite-energy solutions). Let the pressure function
P (p) satisfy (1.4)—(1.6), and let the spherically symmetric initial data (pg, Mo, o) (X)
be given in (1.13)—(1.14) with (po, mo, ®o)(r) satisfying (2.1)—-(2.2) and (2.4). Assume
that y) > %, orM < M.asy, € (g, %]. Then there exists a global finite-energy solution
(o, M, ®)(t,x) of (1.1) and (1.13)—(1.14) with spherical symmetry form (1.12) in the
sense of Definition 2.2.
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Remark 2.3. For the steady gaseous star problem, there is no white dwarf star if the
total mass is larger than the so-called Chandrasekhar limit when y € (g, ‘—3‘]; see [7].

Theorem 2.3 requires similar restriction on the total mass when y» € (g, %] for non-
steady gaseous stars. Moreover, in view of (2.5), for the non-steady white dwarf star, the

critical mass is exactly the Chandrasekhar limit in the case that P(p) = «3 p%. It would
be interesting to analyze whether the critical mass defined in (2.6)—(2.8) for y» € (g, %‘)
is optimal.

Remark 2.4. Theorem 2.3 can be extended to the 3-D compressible Euler equations, i.e.,
(1.1) with & = 0. Moreover, the inviscid limit from the compressible Navier—Stokes
equations to Euler equations with far-field vacuum can also be justified.

Remark 2.5. Theorem 2.3 also holds for the plasmas case, i.e., kg = —1in (1.1), by
a similar proof. In this case, the restriction: M < M, can be removed, and condition

Y2 > g can be relaxed to y» > 1 if the additional assumption: py € LS (R3) is imposed.
We omit the proof in this paper for brevity and, instead, refer the reader to [10] for
details.

3. Properties of the General Pressure Law and Related Internal Energy

In this section, we present some useful estimates involving the general pressure P (p)
with (1.4)—(1.6) and the corresponding internal energy e(p), which are used in the
subsequent development.

Denote c(p) := +/ P’(p) as the speed of sound, and

fp —pr/(y) dy. 3.1)
0

k(p) :=
By direct calculation, we can obtain the following asymptotic behaviors of P(p), e(p),
and k(p).

Lemma 3.1. Assume that p, given in (1.5) is small enough and p* given in (1.6) is large
enough such that the following estimates hold:

(i) When p € (0, p«],

k1p" < P(p) <iip”,

ke’ = Plp) s fnp” (3.2)
ki = DV 77 < P(p) <@y — Dp”' 2,

and when p € [p*, 00),

k,p"? < P(p) < k2p”?,

k272077 < Pl(p) < eayap?” !, (3.3)
Kv2(ya = Dp" 7% < P"(p) < Rayalys — Dp?* 72,

3=y

where we have denoted «; := (1 —ap)k; and k; := (1+ag)k; with ag = 307+D and
i=1,2
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(ii) For e(p) and k(p), there exists C > 0 depending on (y1, y2, k1, kK2, Px, p*) such that
C ot <e(p) = Cp"!, CTpN TR < (p) < Cp"' P forp € (0, pul.,
(3.4)

C'o" ! <e(p) < Cp”l, CTpE < (p) < Cp 2 for p € [p*, ),
(3.5)

and, fori =0, 1,

01—i ) ) 1091 -2
< kD (p) < Cp,

< |K"(p)| < Cp"" ™% for p € (0, psl,

(3.6)
6r—i ) ) p92—2
<k(p) = Cp™7,

< |K"(p)| < Cp™™% for p € [p*, 00),
(3.7)

where 0 = le—l and 0 = n;l.

It follows from (3.2)—(3.3) that

Gr—-Doyn -1 , P G+yDiyi—1D
— P(p) < pP (P)§—3y1_1

P'(p) <2P'(p), (3.8)

when p € [0, p.] U [p*, 00). For later use, we denote
_,_Grn-bn-D
=1- <
25 +y1)
Then it follows from (3.8) that
PK"(P) | _ L pP"(p) _
k'(p) 2P (p) ~
Motivated by [64], we have

pk” (p)
K'(p)

I, dp):=2+ (3.9)

v<1 forpe(0,p]U[p* 00). (3.10)

Lemma 3.2. 0 < d(p) < C forall p > 0, and
|d(p) — (1 +62)| < Cp™  for p > 1. (3.11)

Proof. Tt follows from (1.4) thatd(p) = 1+ gff,/((/f)) > 0. Moreover, by (3.10), it is direct

to see that d(p) is bounded. Using (1.6), we see that, for p > p*,

{ P'(p) = yak20" (1L +Pa2(p) + pP5(p)).
P"(p) = y2(y2 — D2p” (1 + Pa(p) +30P5(p) + p*P5 (0)).

Then, for p > max{p*, (8C*)V/¢},

pP"(p) ‘ 02(2pP5(p) + p* P4 (p))

40—+ 0| = |55

- | <@,
: 1+P2(P)+3p7’2(,0)+,027’2(p)‘ 2 CP

where we have used that |73§j)(p)| < C*p~¢J for j =0, 1,2, in the last inequality. O
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Hereafter, for simplicity of notation, we assume that (3.11) holds for p > p*. Fur-
thermore, using (1.6) and ¢'(p) = P p(p ) we obtain that, for p > p*,

5)

p " p
e(p) = %(pw—l _(p*)yz—1)+,<2f sVHPz(s)dH/ - ds, (3.12)
0

_ o
which, with ¢(0) = 0 and |P2(p)| < C*p~*¢, yields that, for any parameter 8 > 0,

yo—1 1 -l 1 1

hrn p5V2 S(B+e(p)) 7 ° =0, l1m P 1
Then we see that
Cmax(B) = SHPPSVZ 6(/3+e(p)) ™ e [(—) e °, 00), (3.13)
6(2=D =
p 275 (Bp + pe(p)) s < Cnmax(B)p  forp > 0. (3.14)

With a careful analysis of Cpax (8), we obtain some estimates of M, defined in (2.6).

Proposition 3.3. Let h(p) = P(p)p~' — (y» — De(p), and let M_ be the critical mass
obtained in [10, (2.8)] for the polytropic gases in (1.2) with y € (g, %). Then M.

defined in (2.6)—(2.8) satisfies that M, < M. in particular, M. < M. when n(p) >
0 for all p > 0. For example,

% st 4
Ps(p) := —=d 8>0andey € (0, - 3.15
s () v JiisTw s ford >0 andeg € ( 5) (3.15)

satisfies conditions (1.4)—(1.6). ~If M (8) is the critical mass defined in (2.6)—(2.8) for
pressure Ps(p), then M.(8) < M, for any § > 0.

Proof. For y, € (g, %), it follows from (2.6)—(2.8) and (3.13) that, for any fixed 8 > 0,

> oase g g Mel Eoror! BMA(B) - 52
M.(B)= (—(Cmax(ﬁ)) 2D wy " ! 3) ’ (—)
9(n—1) o
<( 2 ( K2 )—mw*%w—% o = A ) i
9m —D\pm 1 ’ ! 43
i (3.16)

which yields that M. < M..

-l __ 1
Let g(p) := p7275 (B +e(p))” 7275. Then Cinax(B) = max =0 g(p). Since €’ (p) =

( , a direct calculation shows that

p?
5=

p5_4V2(IB+e(,0))_W((V2 - Dp —h(P))' (3.17)

4 j—
g(p)—5y2_6

If W' (p) > O forall p > 0, then h(p) > h(0) = 0. Let Ko := max,~0 h(p) > 0. For
B small enough such that 0 < g <

g'(pp) = 0. ice.,

- 0+, there exists a unique point pg > 0 such that

h(pp) = (y2 — DB, (3.18)
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1 _ _ 1
and Crnax (B) = g(0p) = (2 — D275 (P(pp)py"*) 7275. Moreover, it follows from
(3.18) that limg_, o+ pg = 0. Thus, we see from (1.5) that

1

1
. _ Tz 1: —Y2\"35,"6 _
,gll?(}+ Crmax(B) = (y2 — 1)778 plﬂ}gO(P(pﬁ)pﬁ ) 7276 = oo,

which, with (3.161), implies that limg_, o+ M:(8) = 0.

On the other hand, it follows directly from (3.13) and (3.16); that limg_, oo Mc(B) =
0. Therefore, the maximum value M. of M.(8) must be attained at some point By €
(0, 00) with M. = M.(Bo) < MC due to (3.16);.

For the pressure function P(s(p) in (3. 15) it is direct to check that conditions (1.4)—
(1.6) are satisfied and y» = 3 — 6—0 € (5 3) Let es(p) be the corresponding internal
energy with ¢5(p) = £ and 65(0) = 0,and h5(p) := Ps(p)p" — (y2 — Des(p). It
follows from a direct calculation that

hs(p) = p~2(— 12 Ps(p) + pPi(p)) =: p T (p),

75(0) = 0, and T{(p) = —(y2 — DP{(p) + pP{ (p) = D803 (5 +p 3)"F > O for
o > 0. Thus, T5(p) > 0 for p > 0, which implies that /] s(p) > 0 for p > 0, so that
M. (5) < MC for any § > O. |

4. Entropy Analysis: Weak Entropy Pairs

Compared with the polytropic gas case in [10], there is no explicit formula of the entropy
kernel for the general pressure law (1.4)—(1.6) so that we have to analyze the entropy
equation (2.14) carefully to obtain several desired estimates.

4.1. A special entropy pair. In order to obtain the higher integrability of the velocity,
we are going to construct a special entropy pair such that p|u|? can be controlled by the
entropy flux. Indeed, such a special entropy 7(p, u) is constructed as

Lpu® + pe(p)  foru > k(p),

4.1
—3pu’ — pe(p) foru < —k(p), 1)

np,u) =

for k(p) = fo Vas)} dy and, in the intermediate region —k(p) < u < k(p), 71(p, u) is
the unique solutlon of the Goursat problem of the entropy equation (2.14):

Npp — k/(P)zriuu =0,

1, 4.2)
(0, ) lu=tk(p) = i(ipu +pe(p));
see Fig. 1. Set
1% ! ——(np + k' (P)nu). V—;( — k' (p)nu) (4.3)
1= 2 (p) Np P)Nu 2 = 2% (p) NMp PINu)- .
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u

Ly
02(ﬂo+vu+
B(p1,2 o
4 N O1(po, o)
O p
Alp,u
7 (p,u)
by
C(p2,ug
Os(py - ug)
0

Fig. 1. The schematic diagram of the characteristic curves of (4.4)

Then (4.2) can be rewritten as

A% IV %

KT = - D)y, vy,
p 2k’ (p) (4.4)
vz Ko )3V2 k" (p) Vi + V) :
. u  2(p) T

The corresponding characteristic boundary conditions become

1

1 1
Vilu=tk(p) = T()(Zu +e(p) +pe'(p)) £ P
4.5)
1 1 1
Valu=+k(p) = i2k’( )(ZM +e(p) + pe' (p)) F 3P

Since # has the singularity at vacuum p = 0, the Goursat problem (4.4)—(4.5) is

singular, Wthh requires a careful analysis.
It follows from (4.4) that there exist two characteristic curves originating from origin
0(0, 0) in the (p, u)—plane:

Lo={(p,u) s u=k(p)}, € :={(p,u) : u=—k(p)} (4.6)

For any ilven point O1(pg, ug) with ug = 0, we can draw two backward characteristic
curves £, through O1(po, uo); see Fig. 1. Let O2(pg, u{)) be the intersection point of £;
and £, and let O3(py , uy ) be the intersection point of £, and £_. Let X be the region

surrounded by arc O 0/2-0\1 03, and let ¥ be the closure of X.

Lemma 4.1. The Goursat problem (4.2) admits a unique solutionn € C 2(Ry x R) such
that

() 1o, w)| < C(plul* + p¥®) for (p, u) € Ry x R, where y(p) = y1 if p € [0, px]
andy(p) = y2 if p € (px, 00).
(ii) If 7 is regarded as a function of (p, u),

fp(0, w)] < C>Jul? + p*P), 1hu(p, )| < C(plul + p* P for (o, u) € Ry x R,
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and, if 1) is regarded as a function of (p, m),

(0, m)| < C(lul* + p*®), | (p, m)| < Clul +p"*)  for(p,m) € Ry x R,

where 0(p) 1= %.
(iii) If Ny, is regarded as a function of (p, u),
[fimp(ps )] < Co" P71 (o, w)] < C,

and, if 0y, is regarded as a function of (p, m),

1

9('0)71’ |ﬁmm(,0, m)| < Cp~".

[mp (0, m)| < Cp

(iv) If § is the corresponding entropy flux determined by (2.12), then § € C*(R, x R)

and
g(p,u) = %plul3 + pu(e(p) + pe' (p)) for £u > k(p),
1G(p. w)] < Cp?P*® for |u] < k(p),
G(p,u) > %muP for lul = k(p),
1§ —uill < C(p"P|u] + p7P1*P) for (p,u) € Ry x R.

Proof. To prove that (4.2) has a unique C?—solution 7 in R, x R, it suffices to prove that
(4.4)—(4.5) admits a unique Cl-solution (V;, V») in X for any given point O (pg, uo)-
We use the Picard iteration and divide the proof into six steps.

1. For any point A(p, u) € %, there are two backward characteristic curves through

A(p,u):

€= {(s, uP(s)) 1 uV(s) = —k(s) +u+k(p), 0 <s < p},

4.7

6= {Gs, uP(5)) 1 uP(s) = —k(p) +u+k(s), 0 <s < p}.
Let B(p1, u1) be the intersection point of £ and €1, and let C (7, u;) be the intersection
point of £_ and ¢;. It follows from (4.6)—(4.7) that

k —k
w=kon = "2y = ko = T

5 (4.8)

Using (4.4) and integrating V; and V, along the characteristic curves £; and ¢, respec-
tively, we have

Pk (s)
Vilp,u) = Vi(/)iaui)_[

2
() J;Vj (s uds fori=12. @49

Denote Vi(())(p, u) := Vi(pi, u;). It follows from (4.5) and (4.8) that

©) (L TR (e e(oi) + pie (pi) L
Vit (p,u) = (=D (zp,k(pl)+4k/(pl_)+ oD ) fori = 1,2. (4.10)
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We define the iterated scheme:

(n+1)
Vi (o, u) == Vi(pi, ui) —/
i 1 \Mi 1 ) 2k/(S) -

i

P 2 )
() S VO uD(s)ds  fori =1,2.
j=1

4.11)
Then we obtain two sequences {Vi(")}fjio fori = 1, 2. We now prove that {Vl.(n)};’lozo are
uniformly convergent in X, which is equivalent to proving that

o0
Vw3 (Vi =V ) ew, =12, @12

n=1

are uniformly convergent in X.

From Lemma 3.1 and (4.10), we know that Vi(o), i = 1,2, are continuous in  and
there exists a constant C; > 0 depending only on p, and p* such that

0 Cip; for pi < ps, :
|V,-”(p,u)|s{clp’1+ez T =12,

which, with the fact that p; < p, yields that

Cip™  for p < py,
VOl < 1Cip™M forp <p<pt.  i=12 413
Cip'*®  for p > p*,

where C‘l > C (p*)92’M 1, C 1 > C1, and M are positive constants to be chosen later.
It follows from (3.9) and (3.10) that there exist a constant v < 1 and a constant
Co > 1 depending on p, and p* such that

" —1 *
k" (p) v y forO < p < pyx and p > p*, 4.14)
k' (p) Cop forpx < p < p*.
For the estimate of |Vi(1) — Vi(o) |, we divide it into six cases:
Case 1. p;j < p < py: It follows from (4.11) and (4.13)—(4.14) that
P
=V O] = [T ewstas < cip e, (4.15)
pi
where @ = ﬁ € (0, 1).

Case 2. p; < py < p < p*: Then

’(V<(l) _ V(()))(p, l;t)‘ - (/p* +/‘/’) k//(S) ‘ i ’V(O)(S, u(l)(s))’ ds
;=Y =/ W)l =

Ps

P P C -
5/ i(zcls“@l)dH/ =0 26, s1M1y g
0 2s O 2s

i

< Ci(p"™™ — (p) "My, + C1(p) ey < Cip"™M oy, (4.16)
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where @y, 1= 1+C_1311 and, in the last inequality of (4.16), we have chosen

Ci = Cip)" Moy, (4.17)

b
Case 3. px < p; < p < p*: Itis direct to see that
P ~
0 =V O] = [ EicosMas < Cip My @as)
pi

Case 4. p; < px < p* < p: Then

1 1,0 PP PNTKS) e o)
00 vl ([ [ [ me] L1 e ol

Py 146 7 Co ox tem P
5] — (2Cys 1)ds+/ — (2Cys 1)ds+f
0 2s Px 2s ¥

< Ci ("% = (09" %) @a + Ci((0HM = (o)™ )y, + Ci(p0) ey

Ci1p"% (4.19)

% 26,514%2) ds

i

IA

where @y 1= ﬁ € (0, 1) and, in the last inequality of (4.19), we have used (4.17) and

chosen ~
C1 = GO oy ;! (4.20)

Case 5. py < pi < p* < p: It follows similarly that

‘(V(l) _V(O))( I,[)| - (/p*+/p) k//(s) ‘ i|v(0)(s u(i)(s))|ds
i 0 ML= ) ) k) =

< Ci(p"" = (0" *)ar + C1(0") My, < Cip" @, 4.21)

where we have used (4.20) in the last inequality of (4.21).
Case 6. p* < p; < p: We see that

LN N
=V O] = [ s ds < 1! e (4.22)
pi

Combining (4.15)—(4.22), we obtain

Cip" e forp < ps,
(VD =V, w| < { Cp™* My, forp, <p<p* i=12 (423
Cip"2wy,  forp > p*,

if (4.17) and (4.20) hold.
To utilize the induction arguments, we make the induction assumption for n = k:

Cip""wf  forp < ps,
(VO —vE D, < {Cip M, forp.<p <ot i=1,2. (424)
Cip"*2 ok forp = p*,
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We now make the estimate for n = k + 1. To estimate |Vi(k+l)(,o, u) — Vl-(k) (p,u)|, it
suffices to consider the case: p; < px < p* < p, since the other cases can be done by
similar arguments as in (4.15)—(4.22). Noting (4.24) and p; < p, < p* < p, and using
similar arguments in (4.19), we have

|(vED v o, w)

Px p* P k”(s) 2 © i “n i
S(/p +/p* +/p*>2k’(s)‘j§|‘/j (5,12 = Vi Vs, w5 ds

i
P k.0 P kM Poa ke
5/ vCioys 1ds+/ Coclels 1ds+f vCim, s ds
pi N p*

S él (p1+92 _ (p*)1+92)w.£€+1 + él ((p*)1+M1 _ (p*)1+M|)w1]‘<;;1 + Cl(p*)1+9] w{{+1
< é],OHeleZkH,
where we have chosen 6‘1 and 6‘1 such that
> _ — 1\ k+1 A = _ —1yk+1
C1 = Clp)" M(@wy, ). Gz )" P (mywy )T (425)
Therefore, under assumption (4.25), we obtain

Cip"* ot forp < ps,
(VD — v, < Cip M all forp. <p <p¥, i=1,2
C1p1+02 w£<+l for p > p*.

Recalling that ; > 6;, we can take Co and M large enough such that
O<w oy, <o < 1. (4.26)
Combining (4.13) with (4.23)—(4.26), and taking
oy =2, Ci=Cip)? ™M, Ci=Ci(pH" ™, @2
by induction, we conclude that, for any n > 1,

Cip™ @i forp < ps,
(V" =V D0, w] < { Cip* My, forp. < p < pt, i=1,2. (428)
Cip* 2w} forp = p*,

Noting that (4.26) and p < pg for (p, u) € =, we have proved that the two sequences
in (4.12), i = 1,2, are uniformly convergent in ¥ so that sequence {(Vl("), VZ(") )} is
uniformly convergent in X. Let (V;, V3) be the limit function of sequence (Vl("), VZ(”)).
Noting the continuity and the uniform convergence of (Vl("), VZ(")), (V1, V) is continu-
ousin x. Taking the limit: n — oo in (4.11), we conclude that (Vi, V;) is the continuous
solution of (4.9).

2. It follows from (4.13) and (4.28) that, for (p,u) € {p > 0, |u| < k(p)} and
i=1,2,

o0
Vitp.w)| < [V .|+ > |V = v D), w)]

n=1
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Cp'*  for p < py,
< 1 Cp"*M for p, < p < p*, (4.29)
Cp'*%2  for p > p*.

On the other hand, we see from (4.3) that, for |u| < k(p),

fip(0, )| = |K'(0)(Vi(p, u) + Va(p, u))| < Cp? 1,

(4.30)
(. )| = [Vi(p. 1) = Va(p, )| < Cp"*¥).
Hence, for |u| < k(p), it holds that
A p A ~ _
(o, u)| < / [1,(s, u)|ds + (o, u)] < pr(p)’
P 431)

im0, m)| = 10~ (0, )] < Cp%P,

where (p, u) is the point satisfying k(p) = |u|, and we have used the boundary data in
4.2).

3. We now show that V; and V, have continuous first-order derivatives with respect
to (p, u). Using (4.7)—(4.8) and Lemma 3.1, we have

ouD (s) dp;i 1 1—6(p;
=1, |Z o <y, 432
u ou | = 2] = *32)

Applying 9, to (4.11) and using (4.32) yield that, fori = 1, 2,

(n+1) ) 2
av; aVioi,u;)  k"(p;) ) ap;
) = V iy Ui) —
ou P w2k (o) jz_:l (i ui) 50
)
K)o Y]
— (s, u(s)) ds. (4.33)
/p,. 26/ (s) ]Z

It follows from (4.10), (4.32), Lemma 3.1, and a direct calculation that, fori =1, 2,

Cap for p < py.
dVi(pi, u;) d ~
‘—(p u)‘ = ‘Ma_"; < Capi < {Cap™™M2 for p, < p < p*, (4.34)
Cop for p > p*,

where C; is chosen to be a common, fixed, and large enough constant in (4.32) and
(4.34) depending only on p, and p*, and C, > Cy, Cr > Cz(p*)_Mz, Cy > C, and

M, are some large positive constants to be chosen later.
)

)
To estimate ](ag"u Yo, u) — (8‘3/’;4 )(p, u)|, we divide it into six cases:
Case 1. p;i < p < py: It follows from (4.13)—(4.14) and (4.33)—(4.34) that

o] = [ ] |

K" (pi) Vo dpi
2k’(,0)‘z| (”u)”

ds
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oy B Y -
< / — (2Cas)ds + — (2C1p*) (Cap} ™)
i 2s 2p;

= Covp — Cavpy + C1Cavp; < Cavp, (4.35)
where, in the last inequality of (4.35), we have chosen
Cy > C1Cs. (4.36)
Case 2. p; < px < p < p*: Then, similarly, we have
ou

= (/pp /p ) ;C;'((i))‘ Z‘( >(s’”(i)(s))‘ds

(]

(p,u)‘

K" (pi) v dpi
Mp)\zw (i up)| |5

< C2(p"™M2 = (0.0 "™M2)epg, + Cov(ps — pi) + C1Covp; < Cap gy, (4.37)

where wy, 1= 1+C_1?42 and, in the last inequality of (4.37), we have used (4.36) and chosen
Cr = Calp) M vy, (4.38)

2
Case 3. px < p; < p < p*: It follows that

‘3(‘6(1) —vO)

™ (p,u)‘
(0)
p k”(S) 2 aVl . k//(p
< _J (i) ‘d + i) ‘ (()) ‘ i
—/Pi 2k’(s)‘ ;‘( ou )(s,u ()| ds 2K (pi) Z| (pi> uj )| o
< Cvz(p1+M2 _pi1+M2)w'M2 +C~'1C2C0,0il+M'792 < Cz,O e (4.39)

where, in the last inequality of (4.39), we have chosen
My >My+6:, Gy = CiCa(l+ My)(p*)M =Mt (4.40)

Case 4. p; < px < p* < p: For this case, similarly, we have

1) 0)
aov — vy
S

ou

([ L S e

1

ds

K" (pi) v© dpi
2k,(p)( Z| (i up)| |5

Calp = p )v +Co (0™ — (0.0 "M ) pt, + Calps — pi)v + C1Copiv
S 6210 v, (441)
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where, in the last inequality of (4.41), we have used (4.36) and (4.38) and chosen
Cr = G v . (4.42)
Case 5. py < p; < p* < p: Then

‘B(V(l) v (. u)‘

ou
" ©0)
/p / ;(k’((i))‘i‘(az—;)(s,u(i)(s))‘ds

K" (pi) ©) dpi
2k’(,0)‘ ZW (pi, ’)”

<Cp—p )V +Co ()M — p M)y, 4 C1C2Cop! ™M™ < Cap,
(4.43)
where we have used (4.40) and (4.42) in the last inequality of (4.43).
Case 6. p* < p; < p: It follows similarly that
‘—(:01 M)‘
au
(0)
P K (s) 2 an . k" (p;)
< Kk {s) i 0} ‘d + i) ‘ (0) ) i
< /p et 12_2 () a6 |ds + | 5505 Z| (or. )| | 12
< Capv — Copiv + C1Capiv < Capv, (4.44)
where, in the last inequality of (4.44), we have chosen
Gy > C1Ca. (4.45)
Combining (4.35)—(4.45), we conclude that, fori = 1, 2,
a(Vl(l) _ Vl(O)) C:Z/Ol\)M for p < py,
a—(p, u)| < 1 Cap "y,  for pe < p < ps, (4.46)
u -
Crpv for p > ps,

provided (4.36), (4.38), (4.40), (4.42), and (4.45) hold.
To use the induction arguments, we make the induction assumption for n = k: For
i=1,2,

* _ k=1 Cap vk for p < ps,
Vi —Vie ) A 1+M
T(p, w| < {Cop"*™™wy,  for pe < p < p, (4.47)
Corp vk for p > ps.
av kD _y®)
To estimate | ——;,——(p, u)|, it suffices to consider the case: p; < px < p* < p for

simplicity of presentation, since the other cases can be estimated by similar arguments
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in (4.35)—(4.45). In fact, for the case: p; < ps < p* < p, it follows from (4.28) and
(4.47) that

(k+1) (k)
20480 v

(0. )|
ou
o K (s) 3(‘/() .
5(/p,- +/* /)Zk/(s)‘z‘ (s, u® (s))]ds
K'Cpi) | 190 W _ kD)
2k/(p)H |(V =V )i, ui)

Px _ p* ~ P,
< / Covk*l ds +/ CoczwjszsJ'Mz ds +/ Cov*lds + pri—@l Clw}f,lzpilw‘
Pi P p*
< Colp — p) VT + Co (092 — (p) "M fE T+ Cops — pi)V*H + C1 O

< CZ,O 1)k-f-l

where we have chosen

My > M) +0,, Cy > C1Cy,

—1\k+1
- - vt (L MoK (V)
¢ > {cc 1+ My)(pH)Mi—M2 92(—) —2}
2 = max {C1Ca( 2)(p7) T+ M, (on) M2
C, > max [élCz, Co(p*)M2 (V71ZU_M2)](+] } (4.48)

Thus, under assumption (4.48), we conclude that, fori = 1, 2,

Cop vkH! for p < p,
(0, u)’ < {Cop! M it

Cop vk+! for p > ps.

B(Vi(k”) _ Vi(k))
‘— for pyx < p < px,

ou
Combining (4.27) with (4.46)—(4.48) and taking

oy, =v, Cy=max{C,, C1Cy},
5 - My F s\ M —Mr—0 o — Co(p*YM2 6
Cr=max {Ca(p) 2, C1C2(14 M) (") Jo Co=max{Co(0")™, €1 G,

we have proved that, foranyn > l andi =1, 2,

V™ _ yD) Cap " for p < pa.
i i ~_ 14+My . n
— @, w)| = {Cp vt for py < p < s, (4.49)
ou A "
Capv for p > px.

yo
Noting that v < 1 and p < pg for (p,u) € X, we know that { —} is uniformly

convergent in X. It is direct to check that the limit function i is 2Vt Due to the continuity
v

and uniform convergence of { —}, itis clear that 2 Za 1s continuous in 3.
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On the other hand, it follows from (4.9) that

() (n) ”
aV A% k _ _
L k(o (p) (Vl(n D4y 1))’
ap du 2K (p)
(n) (n) ”
IV, V. ko) (=1 | =D
=k 2 _ v Dy,
dp (p) Ju 2k’(,0)( 1 2 )

which, with (4.14), (4.28), and (4.49), yields that, for k > Oand i = 1, 2,

(n) (n—=1)
‘a(Vin_Vin )

= (0w

B(Vi(n) _ Vi(nfl)) ‘ k//(p)

=k ('0)‘ o 2%

Cp’tv" - for p < ps,
=< CPMI V" for pye < p < ps,
Cp%2v*  for p > py,

()
for some large constant C > 0. Thus,

2
21V =V .|
j=1

(4.50)

V. . v .. = .
i L
gp~ converges uniformly to T In . Itis clear

that %—‘g is continuous. Therefore, (Vi (p, u), Va(p, u)) is a C!-solution of the Goursat

problem (4.4)—(4.5), which implies that 7 is a C 2_solution of 4.2).
4. From (4.34) and (4.49), we obtain that, fori =1, 2,

u)| +

(p,u)| < Cp

Wi pow =
7u J—
u p

for p > 0 and |u| < k(p). Similarly, using (4.50), we see that, fori =1, 2,
%
ap
Therefore, for |u| < k(p), it follows from (4.3) and (4.51) that
1l (o, w)| = 104 Vi (p, u) — 3 Va(p, u)] < Cp,
pu (0, )] = K (p)@ Vi (p, 1) + 8, Va(p, u))| < Cp’P.

If 7, is regarded as a function of (p, u), we have

< Cp?®  forp >0 and |u| < k(p).

fimp (0, w)| < Cp? P71 i (p,u) < C - for [u] < k(p).

If 7, is regarded as a function of (p, m), we see that, for |u| < k(p),

fimp (0, m)| = |Aimp (0, 1) + Uiy (0, )| < Cp? O~

B (0 )| = 10~ (0, w)| < Cp™ "

4.51)

5. We now prove the uniqueness of 7, which is equivalent to the uniqueness of
solutions of (4.4)—(4.5) in the class of C 1_golutions satisfying (4.29). Suppose that
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there exist two C! solutions (V;, V») and (‘71, ‘72) of (4.4)—(4.5) satisfying the uniform
estimate (4.29). Then it follows from (4.9) that, fori = 1, 2,

N Pk 2 . N .
Vip.u) = Vi(p.u) = — f O S Vi, uD ) = Vi, uD () ds. 452)
o 2K () =

Applying the uniform estimates (4.29) and similar arguments as in (4.28)—(4.52) yields

Co"* " wl  forp < py,
max | ViGp, u) - Vitp.w)| < { Cp""™Mapl,  for p, < p < p*,
Jul<k(p) Cpl*®2 ol for p > p*

for any n > 0, where C > 1 is independent of n. Taking n — oo, we obtain that
Vilp,u) = \7i(p, u) for |u| < k(p) which, with (4.3) and 7(0,u) = 0, yields the
uniqueness of 7.
6. We now estimate the entropy flux g. It follows from (2.12) that, for all entropy
pairs,
ap =unp+pk' (D), qu = pnp+un.. (4.53)

Then there exists an entropy flux §(p, u) € C>(R; x R) corresponding to the special
entropy 7:

1
q(p,u) = §p|u|3 + pu(e(p) + pe'(p))  for £u > k(p).

It follows from (4.30) and (4.53) that |G, (p, u)| = |ufi, + pk'(0)*fiu| < Cp¥ PIH0(P)=1
for |u| < k(p), which implies

P
3o, 0] = | / Go(s.w) ds +q(pow)]| < Co7 OO forju] <k(p), (454
p

where (p, u) is the point satisfying k(p) = |u|.

For |u| < k(p), it follows from (4.31) and (4.54) that |§ — un| < |g| + |ul||n] <
Cp? P+ Tnregion {(p, u) : [u| > k(p)}, it is direct to check that all the estimates in
Lemma 4.1 hold by using (4.1). Therefore, the proof of Lemma 4.1 is now complete. O

4.2. Estimates of the weak entropy pairs. In order to show the compactness of the weak
entropy dissipation measures below, we now derive some estimates of the weak entropy
pairs. To achieve this, from (2.15)—(2.16), it requires to analyze the entropy kernel and
entropy flux kernel, respectively.

The entropy kernel x = x(p, u, s) is a fundamental solution of the entropy equation
(2.14):

P'(p)
Xpp — ,02 Xuu = 0,

(4.55)
X|p=0 =0, X,o|,o=0 = Sy=s.

As pointed out in [11] that equation (4.55) is invariant under the Galilean transformation,
which implies that x (o, u,s) = x(p,u —s5,0) = x(p,0,s — u). For simplicity, we
write it as x (o, u, s) = x(p, u — s) below when no confusion arises.
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The corresponding entropy flux kernel o (p, u, s) satisfies the Cauchy problem for
o —ux:

P'(p) P"(p)
(U_MX)pp_ ,02 (0 —ux)uu = Xu>s

(4.56)
(o — uX)|,o=0 =0, (o— uX),o|,o=0 =0.

We recall from [11] that o — uy is also Galilean invariant. From (1.4)—(1.6), P(p)
satisfies all the conditions in [11,12].

For later use, we introduce the definition of fractional derivatives (cf. [8,11,48]). For
any real o > 0, the fractional derivative 9 f of a function f = f(s) is

I f(s) =T (—a) f *[s1;7",

where I'(x) is the Gamma function and the convolution should be understood in the
sense of distributions. The following formula:

3% (sg(s)) = s g+ (@ + 1)3%g

holds for fractional derivatives. We now present two useful lemmas for the entropy kernel
X (p, u) and the entropy flux kernel o (p, #) when p is bounded.

Lemma 4.2 ([11, Theorems 2.1-2.2]). The entropy kernel x (p, u) admits the expansion:

x(p,u) = ar(p)Gay (p,u) +az(p)Goy+1(p, u) + g1(p, u)  forp € [0,00), (4.57)

where k(p) = [ ¥ (y dy and

2]}~1 _ 3 - 14!

G (p. u) = [k(p)* — u?];!, M=5oTh >

—1
21
ar(p) = My k(p) ™MK (p)" 2, My, = ( lel+ / (1— de) , (4.58)

1
@p) = =k () /0 KK () bl (5) ds.

Moreover, supp x (p,u) C {(p,u) : |u| < k(p)}, and x(p,u) > 0in{(p,u) : |u| <
k(p)}. The remainder term g1(p, -) and its fractional derivative B,i‘lﬂg] (p, -) are Holder

continuous. Furthermore, for any fixed pmax > 0, there exists C(pmax) > 0 depending
only on pmax such that

1g1(p. 1t = 5)| < Coma0)[k(p)? — (u — )2 ]; 70, (4.59)
forany 0 < p < pmax and some o € (0, 1). In addition, for any 0 < p < pmax,

lar(p)| + p' 21 |d} ()| + p* 2 a] ()| + laa ()| + plds ()| + p2la5 (p)] < C(Pmax)-
(4.60)
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Proof. Since (4.57)—(4.59) have been derived in [11, Theorem 2.2], it suffices to prove
(4.60). From (3.6), we find that |a;(p)| < C(omax) for 0 < p < pmax. For |a§ (p)], a
direct calculation shows that

g 11 _ 3
di(p) = =M, k(p) M (p)2 — 5 M, k(p) ME(p)T2K (p).

It follows from (1.5) that k(p) = C; ,0(9l (1 +0 (,0291 )) as p € [0, pmax] for some constant
C1 > 0 that may depend on x| and y;. Then, by direct calculation, we observe that the
term involving p~! in aj(p) vanishes so that |a|(p)| < C(pmax) 2?11, Similarly, we
obtain that |a] ()| < C(pmax) p2h =2, Finally, using (4.58)3, we can obtain the estimates
of a2 (p) in (4.60) by a direct calculation. This completes the proof. |

Lemma 4.3 ([11, Theorem 2.3]). The entropy flux kernel o (p, u) admits the expansion

(0—ux)(p,u) = —u(b1(p)Gr, (o, wW+b2(p) G +1(p, w))+g2(p, u)  forp € [0, 00),
where

1
bi(p) = My, pk(p) ™1k (p)2 > 0,

1 P "
ba(p) = —mpk/(p)%k(p)—“””/o k(s)llk/(s)—%al(s)ds

(4.61)

: g / —5 1,/
- mk(p)_(kﬁ—z)k/(p)_ffo k(S)M+lk (s) ibl (s) ds

" mk(p 7T ) fop sk(s)' 1K (s) 2 al (s) ds.

The remainder term g, (p, -) and its fractional derivative 83,‘1+lg2 (p, -) are Holder con-
tinuous. Moreover, for any fixed pmax > 0, there exists C(pmax) > 0 depending only on
Pmax Such that

18200, u — $)] < CPma)[k(p)* — (u — 5)?]3 70,
forany 0 < p < pmax and some ag € (0, 1). Furthermore, similar to the proof of (4.60),
forany 0 < p < pmax

1b1(p)| + p' =21 1B) ()| + P> 2B (0)] + 1b2(p)| + Iy ()| + P2 1b5 ()] < C(Pimax)-
(4.62)

Remark 4.1. In [11, Theorem 2.2], it is proved that a;(p) and b>(p) satisfy |ax(p)| +
1b2(p)| < Cpk(p)~2 for the pressure law given in [11, (2.1)]. In this paper, we have
improved them to be (4.60) and (4.62) under conditions (1.4)—(1.6).

For later use, we recall a useful representation formula for x (p, u).

Lemma 4.4 (First representation formula, [64, Lemma 3.4]). Given any (p, u) with
lul < k(p) and 0 < po < p,

1 P
X0 = 5y | K O AOx (s ur k(o) = k) ds
1 P
" 20 = pk () . K'(s)d(s)x (s, u —k(p) +k(s))ds
1 k(p)—=k(po) .
" 200 — po)k(p) /_(k(p)_k(po)) x(po, u —s)ds,

K" (p)

where d(p) =2+ (p — po) o) -
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Remark 4.2. In the statement of [64, Lemma 3.4], pg is positive. However, the proof of
[64, Lemma 3.4] is also valid for pp = 0 without modification; see also [11, (3.38)].

Given any ¥ € Cg (R), a regular weak entropy pair (n¥, ¢¥) can be given by

n‘”(p,u)=/Rw(S)x(p,u,S)ds, q”’(p,u>=/Rw<s>a<p,u,s)ds. 4.63)
It follows from (4.55) that

{ 77%)0 — K (p)*ni, =0,

(4.64)
N’ 1p=0=0, nYlp=0 =Y.

Using Lemmas 4.2-4.4, we obtain the following lemma for the weak entropy pair
M. q").

Lemma 4.5. For any weak entropy (nV, qV) defined in (4.63), there exists a constant
Cy > 0depending only on p* and v such that, for all p € [0, 2p*],

" (p. W) +1g" (b, w)] < Cyp.
IfnV is regarded as a function of (p, m), then
s (o, m) + om0, M) < Cy Il (o, m) < Cy (14 p™).

Moreover, if n% is regarded as a function of (p, u), then

1-6;

i (o) + 10" (o 1)] < Cy.

Proof. All the estimates can be found in [63, Lemma 3.8] or [64, Lemma 4.13] except
the estimate of nK (p, m). In fact, applying Lemma 4.4 to (4.64) and using d(p) :=

pk" (p)

———, we have
K (p)
1 P
0 o) =5 [ K6 )0 s ko) k) s
2pk’(p) Jo
P
+ ! / K'(s)d(s)n¥ (s,u —k(p) +k(s))ds :=I; + [. (4.65)
2pk' (p) Jo

We regard n¥ as a function of (p, m). Then we have
u
30" (p,m) = d,m" (p, u) — ;aurf” (p, u). (4.66)

Without loss of generality, we assume that supp i C [—L, L] for some L > 0. Then
a direct calculation shows that n¥ (o, u) = 0 if |u| > k(p) + L. Noticing nu‘/’ (p,u) =
i (p, m), we have

u
;aun‘/%p, w| < lullnh(p,m)| < Cy(1+p")  for0<p<2p*  (4.67)



Global Finite-Energy Solutions of the Compressible Euler—Poisson Equations Page 33 0f 85 77

Thus, it suffices to calculate Bpn‘/’(p, u). It follows from (4.65) that Bpn‘/’(p, u) =
0,11 + 9, I>. A direct calculation shows that

1
dph =5(~ p 2K (p) ™ = p7 K (p) 2K ()
x /p K (s)d(s)n¥ (s, u +k(p) — k(s))ds
0

1 [° 1
+ = f K (s)d(s)nY (s, u+k(p) — k(s))ds + —d(p)n" (p,u).  (4.68)
2p Jo 2p
Using (3.6) and Lemma 3.2, we obtain that
0,11 < Cy(1+p™)  for 0<p<2p".

Similarly, we obtain that [0, 12| < Cy (1 + o). Thus, we conclude that |8pn'/’ (p,u)| <
[0p 11| +10,2] < Cy(1+ p%), which, with (4.66)—(4.67), implies that |3,n" (p, m)| <
Cy(1+p). O

We notice that all the above estimates for the weak entropy pairs in Lemmas 4.2—
4.5 hold when the density is bounded. To establish the L”-compensated compactness
framework, we need the entropy pair estimates when the density is large, namely p > p*.

From now on in this subsection, we use the representation formula of Lemma 4.4 to
estimate (n¥, ¢¥) in the large density region p > p*.

Lemma 4.6. There exists a positive constant C > 0 depending only on p* such that
x(0. )Lz <Cp  forp = p*.
Proof. For p > p*, x(p, u) satisfies
Xpo =K (0)* Xuu = 0,
X0, Wlp=p = x (0" ), Xp(p, Wlp=pr = Xp(p™, u).

where x (p*, u) and x,(p*, u) are given in Lemma 4.2. Then, applying Lemma 4.4, we
obtain that, for p > p*,

1 4
K" (P x (0, Hlzge < " f di (K ($)x (s, ) llLge ds
pP—=p p*

1 /-k(p)—k(p*) .
—— 1 x (0", e ds
2(p = p*) J-k(p)—k(p*))

1

P
<L / du()IK' ()% (5. I ze ds + Cp 1,
pP—p p*

+

where dy(p) :==2+ (o — p*) k///(%. By a similar proof to that for Lemma A.3, we have

K" () x (o, L < Cp”  forp > 2p*,

which, with (3.7), yields that || x (o, -)l[Lze < Cp for p > 2p*. For p* < p < 2p*, it
follows from Lemma 4.2 that || x (0, )l < C < Cp. |
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Lemma 4.7. Let p > p* and € Cé (R). Then, in the (p, u)—coordinates,
1Y (o w+nY (p. w+n, (0. W] < Cyp. 0¥ (0. wl+p" ", (0, w)| < Cyp™.

In the (p. m)~coordinates, [n} (p. m)| + p® | (0. m)| + p™*% n (0. m)| < Cy p.
Ifn,'f; (p, m) is regarded as a function of (p, u), then |nn'/§u| + p1*92|n;/,/,p| < Cy.
All the above constants Cy, > 0 depend only on || ¥ || -2 and supp .

Proof. We divide the proof into five steps.
1. Using (4.63) and Lemma 4.6, we obtain that, for p > p*,

¥ (o, )l +nY (0. W + Inf, (o, )] < llx (0, M@ I, ¥ ¥l 1wy < Cyp.

(4.69)
2. For the estimate of ng (p, u), the proof is similar to Lemma 4.5. Indeed, r/‘” satisfies

npp k (P)ZUW - 07

(4.70)
Y (0, 1)l p=p =0V (0%, w), 0 (p, W)l p=p =Y (p*, u).
It follows from (4.70) and Lemma 4.4 that
v - ¥
(o) = 7= p*)k,(p) / di (K ($)n? (s, u +k(p) — k(s)) ds
1
- - ¥ _
T p*)k,(p) / di()K' ($)n” (s, u — k(p) + k(s)) ds
k(p)—k(p*) "
_ * u—s)ds, 4.71
T2 - p*)k/ (,,)f iy OIS 7D

where d,(p) = 2+ (p — p*)% and 0 < d.(p) < 3 for p > p* from (3.10).

Then, following the similar arguments as in the proof of Lemma 4.5, we can obtain that
|ng(p, u)| < Cw,o@2 for p > 2p*. Moreover, from Lemma 4.5, Inﬁ(p, u)l < Cy <
CI/,,OGZ for p € [p*, 2p*] so that

InY (p.u)] < Cyp™  forp > p*. (4.72)
3. For nfp (p, u), it follows from (4.69)—(4.70) that
Y, (o, )l < K (0)] Ity (p. )| < Cyp?®~" = Cyp™2  forp = p*.

4. In the (p, m)—coordinates, it is clear that

ny(o.m) = p~ "0 (p. u) N (p.m) = p ™20l (0, w),

m ’ u mm uu
nY (p.m)=n"(p.u)— ;nu Y (p.u).
On the other hand, if n% is regarded as a function (p, u), it is direct to obtain

oo ) =3, (p~ "0l (o, w) = p~ "0l (0. w).



Global Finite-Energy Solutions of the Compressible Euler—Poisson Equations Page 350f 85 77

Thus, using (4.69) and (4.72),

Ind (o, m)| + Inth, (p. u)|+p|nmm(p m)| < Cyp~ !,
Y (p.m)| < 0¥ (p. w)| Nl In,, (p.w)| = Cyp® + Cy (L +k(p)) < Cyp™,

where we have used that supp ¢ C [—L, L] and n;p (p,u) = pnn'l; (p, m).
5. For the estimates of )y, (p, u) = 3, (p, ), it follows from (4.71) that

i (p,m) = —nu Y(p,u) = (p)/ di(s) K (s) nYf (s, u+k(p) — k(s)) ds

20(p — p*)k/
| du()K () n) (5, u — k() +k(s)) ds
T 2000 — p*)k/(p) / * “
/k(p) k(p*) -
= ny (0", u—s)ds
" 2p(p — P*)k/(,o) k()= (p*))
=J1+h+ I3, “4.73)

and d,ms (. u) = 0,0y + 0,02 + 0, 3.
A direct calculation shows that

|
9, J1 =ap(m)/ d(5) K () 1Y (s, u + k(p) — k(s)) ds
S / du() K () 1l (5, 1+ K(p) — k(s)) s
Zp(p— ")
—d* )
20t = o7 () (o, u)
=Ja+J12+ 713, 4.74)
I
O S Vo oy
80y =0 (2,0(,0 p*)k,(p))/ dy(5) K () 1Y (s, u — k(p) +k(s)) ds

_ / dy () K () ¥, (5. 1 — k(p) + k(s)) ds
Zp(p £*)

1
+————d.(p)n) (p, )
20(p—p*)
=D+ ha+ 3. 4.75)

Clearly, we have

‘a ( 1 )\zl‘ p—p* N k" (p)
P\2p(p — p¥)K'(p) 212p2(p — p*)2K'(p)  p(p — p*) K'(p)?
C
TS

which, with (4.69) and 0 < di(p) < 3 for p > p*, yields

1

sl = (55—

) / K (5) ds () 0 (s, 1+ k(p) — k(s)) ds
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1

+‘3 (m>f K (s)di(s) nY (s, u — k(p) +k(s)) ds
Cw fp 92d Cw 4.76

S—(p—p*)2p02 p*s SE;O—,O*. (4.76)

It follows from (4.69) and 0 < d,(p) < 3 for p > p* that

12l + [ J22] = —)/ d(s) K () 1l (s, +k(p) — k(s) ds|

b

e / 4ol K (5) 0l (5.1 — k(p) + k(s)) ds|
2p(p — p*)

C L C
< —’/’*/ s ds < —w*p‘b(p —p*) < Cyp.
p(p—p*) Jp p(p — p*)
4.77)
For Jy 3 + J23, it is direct to see that

[J13+ 23] < ‘ "

1 C
—d(p)nf (p,w)| = ——. (4.78)
—p%) p—p

For 9, J3, we notice that

1 Kok
dpJ3 =—0 (—)/ ny (", u—s)ds
g PX\2p (0 — 09 K (D) J_kipy—k(ory) "

_—2p(p_p*)( (0%, u — k(p) +k(p™)) + 1Y (0, u+k(p) — k(p*))),

which, with 0 < 6, < 1, yields

(& * C ,0* C C
10, /3] = w—z k(p) — k(p™)| + —L — < ‘” 1+ < Sy
(o —p*) plp—p*) ~ p— o —p*

(4.79)

Combining (4.74)—(4.79) with (4.73) yields that In;ﬁp (p,u)| < C,/,,oé)z_l for p > 2p*.
For p* < p < 2p*, it follows from Lemma 4.5 that |n,ﬁp(,o, u)| < pr&—l < Cy for
p* < p < 2p*. Thus, we conclude that |an(p, u)| < C¢p92_1 for p > p*. O

We now estimate ¢V for p > p*. It follows from (4.56) that h := o — ux satisfies
q p=p X

P (p)

hpp _k/(/))zhuu = Xus
h(p*,u) = (o —uy)(p*,u), hy(p*,u) = (0 —ux),(p*, u),

where (0 — ux)(p*,u) and (o — ux),(p*, u) are given by Lemma 4.3. Similar to
Lemma 4.4, we have the following representation formula for 4.
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Lemma 4.8 (Second representation formula [64, Lemmas 3.4 and 3.9]). For any (p, u)
with |u| < k(p) and p > p*,

’ k’(s)d*(s)(h(s, u+k(p)—k(s))+h(s,u—k(p)+ k(s))) ds

1
h(pu) = —————
0 = = W) /p

! P P
+ m/ﬂ (s = P == x(s,u+k(p) — k(5)) ds
i 6=k ke
YUY Y7 s — — (s, u — ) ds
20— ) 0 TP TT p

k(p)—k(p*)

ol
- h(p*, u—s)ds, 4.80
2(p — PN (0) J—k(p)—k(p*)) P E (4.80)

where dy(p) =2+ (p — p*)%.

Lemma 4.9. There exists a constant C > 0 depending only on p* such that

(6 —ux)(p,w)lle < Co™*  forp > p*.

Proof. 1t follows from (3.3), (4.80), and Lemma 4.6 that

1 P
IK (0)h(p, e < —— / d (1K () (s, )= ds
P =P Jp*

C
p—p*

1 14
= [ OO g ds + o,
P — P Jp*

P
+ / sl ds + cp?!
p*

which, with (3.7) and a similar proof to that for Lemma A.3, yields

1K (0)h(p. ML < Co** = h(p. )L < Cp'™*  for p = 2p*.
For p* < p < 2p*, it follow from Lemma 4.3 that [|2(p, )l < C < Cpltoa, ]
Lemma 4.10. For p > p* and ¢ € Cg(R),

g (p, w)| < Cyp"*. (4.81)
Proof. Recall that

000 = [ (@009 =ux (o= ) ds+u [ xo.u= 5w

i=h"(p,uw) +un? (p,u).
(4.82)
It follows from Lemma 4.9 that

I (p, )l < Cli(o —ux)(o. M@V < Cpp'™. (4.83)

Since there exists L > 0 such that supp s C [—L, L], then it follows from Lemma 4.7
that |un? (p, )] < (k(p) + L)n" (p, u)| < Cyp'*® for p > p*, which, with (4.82)-
(4.83), yields (4.81). O
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4.3. Singularities of the entropy kernel and the entropy flux kernel. As indicated in
[11,63,64], understanding the singularities of the entropy kernel and the entropy flux
kernel is essential for the reduction of the Young measure. Thus, it requires some detailed
estimates of the singularities of the entropy kernel and the entropy flux kernel. The
arguments in this subsection are similar to [64, Sect.6], the main difference is that
a more subtle Gronwall inequality (see Lemma A.3) is needed to obtain the desired
estimates of the singularities.

Lemma 4.11. For p > p*, the coefficient functions a|(p) and az(p) and the remainder
term g1(p, u) in Lemma 4.2 satisfy

1_B C if 6 <6
6, 373 o 2 1

+ <C [ , o(R) < ;
lai(p)| + p7*|az(p)| < Cp llg1(o, wlLeem) Colnp if 6 =0,

A+1+ap
au

18ug1 (o, )|l Loy + 118, g1 (0, )|l Loy + |l g1(p, wlLem® < Cp,
where oo € (0, 1) is the Holder exponent.

Proof. We divide the proof into five steps.
1. It follows from (4.60) that, for p € [0, p4],

lai(p)| + p' 72 a) (p)| + p> 21} (p)| +az ()| + plas(p)| + p*las (p)| < C. (4.84)

For p > p*, it follows from (3.7), (4.58), and a direct calculation that

1_6
lai(p)| + pld} (p)| + p*la] (p)| < Cp? ™ 71, (4.85)
1 i _1 [P 1
ax(p)] = | T T T (o) fo k()M TK (5)"2af (5) ds
1_6 P 1L _p_ b0
<Cp 92(p§1+1+/ s—l—ezds)gc;ﬂ 2=y (4.86)
,0*

Moreover, calculating the derivatives explicitly, we conclude

L g 0
lax(p)| + plas(p)| + P21y (p)| < Cp2 2721 forp > p*.

2. For the remainder term g1 (p, u), it follows from [11, Proof of Theorem 2.1] that

' pp1 (02 1) — K (0)2 g1 (0. 1) = A(p)k(0) ™" frys1 (——),

k(p)
81(07 ) = Oa apgl(()? ) = 07

where f3, (y) = [1-yI;' and A(p) = —a} (p)k(p)***3. By (4.84), A(p) ~ O(p~1+?)

_3 1
as p — 0and |A(p)| < p~ 272130 for p > p*. Similar to Lemma 4.4, we have the

following representation formula for g1 (p, u):
1 [P
K'(p)g1(p,u) = % /0 d(s)K'(s) (g1(s, u+k(p) — k(s)) + g1 (s, u — k(p) +k(s))) ds

1 [P . u+k(p)—k(s) y
+ E /0 s A(S) k(S) (/u f)hl‘*'l (T) dy) dS, (487)

—k(p)+k(s) )
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where d(p) = 2 + ,0]:,/(% satisfying (3.11). Since pA(p)k(p)~! ~ O(p") as p — 0,
the second integral is well-defined. Then it follows directly from (3.6)—(3.7) and (4.87)

that

k' (0)g1 (0, )Lz m®)
1 [° 2k Px p* p
= [Taomwene e a2 ([T [T [Dsaske e
P Jo P 0 P p*

%

1 [° 16
= P / d($)[IK'()g1(s, )l Leew) ds + Co” M (pl + 1+ 2" )
0
! P —l+9—2+62
= ;/ d($)|IK'()g1(s, HlLeew ds + Co™ 27 for p > p*. (4.88)
0

Since g1(p, u) is Holder continuous and supp g1(p, ) C [—k(p), k(p)], it follows from
(3.6)—~(3.7) that ||k'(p)g1(p, Lo (w) is locally integrable with respect to p € [0, 00).
Applying Lemma A.3 to (4.88), we obtain that, for p > p*,

, Cp” if 6, <6y,
Ik (p)g1(ps MiLem < {Cp92 np if 6 =6
which, with (3.7), yields that, for p > p*,

Cp if6, < 6,
g1 (o, Mrgem =< {C,o np iff =6

3. Applying 9, to (4.87), we have
k' (0)dug1 (o, u)

1 P
= 5 [ AR E) (B .1 ko) ~ KD + 8,105, k(o) + k(5D s
P Jo

| +k(p) —k
5 /0 sA(s)k(srlfm(%)ds
1 p 1 u—k(p)+k(s)
- 5/0 SA(s)k(s) fMH(T) ds. (4.89)

Since | f3,,+1(s)| < 1, by similar arguments as in Step 2, we can obtain
18ug1(0, Mizee®) < Cp  forp = p*.
4. Applying the fractional derivative 8,? ' to (4.89), we have
K (), g1(p, u)

_ i P / A+l _ A+l _
=3 d(s)k (S)<(3u gu(s, u+k(p) —k(s)) + (3" g1)(s, u k(,O)+k(S))) ds
P Jo

i P —1=x A M
+ 2p /o sA(s)k(s) L3 ) k(s) Y

1r —1-h (g U~ klp) +k(s)
-2 /0 SAWKS ™ @ Sy () s,
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where we have taken into account the homogeneity of the factional derivative in the last
term. Using the Fourier transform relation as in [48, (1.26)—(1.27)], we can obtain

Cii+1
1+&2

| F (@7 frsD@) @) = Crpstl6172 19,3 (D] =

for some positive constants Cj,4+1 and C~’M+1 depending only on A| + 1, where we have
used the asymptotic relations for the first kind of Bessel functions J. htd (]€]) to obtain the

final inequality. Since (1 +|£|?)~! is integrable, applying the Fourier inversion theorem,

we see that (8,? ' fo,+1)(u) is uniformly bounded. Hence, by similar arguments as in Step
2, we have

(3 g1) (0. lLemy < Cp forp = p*.

5.ByLemma4.2, we assume thatog € (0, 1) is the Holder exponent of (8;" +l )g1(p, u).
Then, applying the fractional derivative B,i“ to (4.89), we have

K (p)ap 1+ g (p, u)

- % /Op d($)K' ()@ g1) (s, 1+ k(p) — k() ds

N / ' d(s)k' ()10 g ) (s, u — k(p) + k(s)) ds
2p Jo

L 1A —ag pahta u+k(p) —k(s)
+5/0 SAGK(s) T Sy () ds
_ L 1 —a u —k(p) +k(s)
2,0/0 sA(s)k(s) 0(3” Of)x1+l)( k—(S) ) ds.
Noting
o
(@ @) = Cornlél 31, 3 (D] = 57

and using the Fourier inversion theorem, we find that (3,2‘ 1+ Sr+1) () is uniformly

bounded. By similar arguments as in Step 2, we obtain that || (831““’0 g1 ) (0, Mrzem <
Cp for p > p*. This completes the proof. O

From Lemmas 4.2 and 4.11, we conclude

Corollary 4.12. x (p, -) is Holder continuous and
X0, )lea = CA+plnpl)  for &€ (0, min{iy, 1}] and p = 0.

Lemma 4.13. For p > p*, the coefficient functions by (p) and by (p) and the remainder
term g>(p, u) in Lemma 4.3 satisfy

]

15 Cp'+t if 6 < 61,
b1(p)| + p?|b2(p)| < Cp? ™ 71, g2(p, Iireem) = { )

0
Cp*%2Inp if 6, =0,

a}»]+1+0{0 1462
u 4

18ug2(ps Loy + 1135+ 2) (os Mooy + II( 82)(p, lem® < Cp

where ag € (0, 1) is the Holder exponent.
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Proof. We divide the proof into five steps.
1. It follows from (4.62) that, for p € [0, p4],

1b1(p)|+ p" 21BL ()| + p2 2B (p)| + 1b2(0)| + pIbb ()| + p* |5 ()| < C. (4.90)
From (4.61) and (3.7), we have

)

1
1b1(0)| + 0B ()] + 10°b} ()] < Cp> "1 forp = p*. (4.91)
Using (4.84)—(4.85) and (4.90)—(4.91), we obtain that, for p > p*,

p p* p
‘/ k(s))“k’(s)_%ai’(s) ds‘ < C/ s_1+9‘ds+Cf sT1702 45 < C,
0 0 »
o o
‘/ k(s))‘l”k’(s)’%b/l’(s)ds’+‘/ sk(s)**lk’(s)%ai’(s)ds‘ <Clnp,
0 0

1 1
which, with (4.61), yields that [b2(p)| < Cp? "2 for p > p*. Moreover, by
calculating the derivatives explicitly, we obtain

1_ 1
plby (o) + P2 165 (p)] < Cp2 ) forp > p*. (4.92)

2. For the remainder term g (p, u), recalling from [11, Proof of Theorem 2.2], g»
satisfies

u P"(p)
3pp82(p0, 1) — k' (0)Buug2(p, u) = uby (P)k (D) ¥ fo 41 () + i (e, u),

k(p)
8200,u) =0, 9,8200,u) =0,
where f3,(y) =[1 — yz]ﬁ‘. Similar to the arguments for Lemma 4.8, we obtain
kK (0)g2(p, )
Y ,
=5 /0 d(IK () (8205, 1+ k(p) = k() + g2(5. 1 = k(p) +K(s))) ds

1 /p u+k(p)—k(s) y
+— | sbY(s)k(s)P1+? / Yfi+1(==)dy)ds
200 "2 ( u—k(p)+k(s) Tk (s) )

1 p
b5 [P g6 k0) — K6 = g165.0 = k() +k6D) ds, - (493)
o Jo
which yields
K" (0)g2(0, )l 2o )

1 14 C P
= - / d(s)[IK'(5)g2(s, M ooy ds + — / 51D (5) |k (s)?*1*4 ds
P Jo P Jo
c (°_,
+— | PT)gils, e ds
P Jo

1 P
= ;/ d($)IIK'()g2(s, MLgp ds + 11 + Io. (.94
0
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It follows from (3.2)—(3.3), (3.6)—(3.7), (4.90), (4.92), and Lemma 4.11 that, for p > p*

|11|—‘— /,,* / / s|b’2’(s)|k(s)ﬂl+4ds}

<= (1+ / e ds) < Cp T EE (4.95)
=50+

C Px p* PN

=[S [T [ [P at e o

P 0 P p*

C P o1 Cp** if 0, < 0
<—(1+ 2= ~ d) (496
= (0 [ e e as) = H P e O @)

Substituting (4.95)—(4.96) into (4.94), applying Lemma A.3 and Corollary A.4, and
using (3.7), we obtain that, for p > p*,

Cp'*t ifo, < 6y,

. 00 <
lg2(0, ILem) < {Cpl+92 np if6 =6

3. Denoting f~(s) = 5f3,+1(s) and applying 9, to (4.93), we have
k' (0)ug2(p, u)

1 o
== f d(5K () (Dug2(s. 1+ K(p) = K(5)) + 0,82(s, u = k(p) +K(s))) ds

L / by (s)k(s) %143 (- i k(,f () : ko)) Fu k](fzz; k) )) ds

Y / P(5) (80815, 1+ K(p) = k(5)) = g (s, u = k(p) +K(s)) ) ds.
P Jo
(4.97)

Since | ]7 (s)| < 1, by similar arguments as in Step 2, we obtain

18ug2(p, lLeem) < Cp'*%

forp > p*.
4. Applying 97! to (4.97), we have
k’<p)a“”gz<p )
o / d()K () (@ 2G5, 1+ k() = k() + O g2) (5,1 = k(p) + k(s) ) ds

1 % a3 (70 UK — k() sy 4= k(o) +k(s)
+2p/0 B ()k(s) 143 (71 e R ey ))ds

1 [P
o /0 P) (@ g5, u+ k(o) = k() = 0 g1) (5, w = k(o) +K(s))) ds,
where f(M) = a‘? ! f (s). Since f 1) is uniformly bounded, similar arguments as in Step
2 yield
107" 22) (0, Vo) < Cp"™**  forp = p*.
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5. Applying 9" to (4.97), we have
K ()3, 41083 (p, u)

- % /op d($)K (5)(35 10 g2) (5, u + k(p) — k(s)) ds

+ 2i /" d(s)K () (@) 10 g2) (s, u — k(p) +k(s)) ds
o Jo
o) k) )

M) _ Fon

L L Wi AM+3—« Z(x)
‘o /0 sh (ke (O (EE ko)

+ L /p P ()@} 1) gy (s, u +k(p) — k(s)) ds
2p Jo
o
- i/ P ()@} 1) g1 (s, u — k(p) +k(s)) ds.
2p Jo

Noting that f (1+20) (5 is uniformly bounded, by similar arguments as in Step 2, we

have

||alinl+l+()to 1+92

82(p, IllLeemw) < Cp forp > p*.
This completes the proof. O

The following lemma provides the explicit singularities of x (o, u — s) and (o —
ux)(p,u—s).

Lemma 4.14. The fractional derivatives B,i‘ 1+l X and 3,;” 1+l (o — uy) admit the expan-
sions:
N x(p.u—s)

=3 (A1L£(0)8(s — u £ k(p) + A2, 2(p) H(s — u £ k()
+

+ 37 (A3400) PV(s = u £ k(p)) + Ag 2(p) Cils — u % k(p))
+

+ry(p,u—s), (4.98)
O (o —ux)(p,u—s)
= (- u)(Bl,i(m 8(s —uk(p) +By(p) H(s —u = k(p)))
+

+ (6 = w)(Bs£(p) PV (s —u £ k(p) + Bax Cils —u £ k(p)))
+

+ 7 (Bse(p) Hs — u£ k(o)) + Bo.x(p) Cils = u £ k(p)))
+

+r0'(107u _S), (499)

where § is the Dirac measure, H is the Heaviside function, PV is the principle value
distribution, and Ci is the Cosine integral:

00 Is| -1
Ci(s) :=—/ COsydy=10g|s|+/ %dy+C0 fors e R
\ y 0 Yy

s|
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for some constant Cy > 0. The remainder terms r, and r, are Hélder continuous
functions. Moreover, there exists a positive constant C = C(y1, y2, Px, p*) such that,
for p = p*,

4 6
1_9
D 1Ajx)l+ Y IBjxl <CpiTT,
Jj=1=* j=1,+
lry (o, ey < Co, Il (o, ey < Co'™*2,
where ay € (0, ag] is the common Holder exponent of ry and r,.
Proof. From [64, Lemma 6.4], we obtain (4.98)—(4.99), where the coefficients are given
by
A1£(p) = ar(p)k(p)™ A}
Az(p) = Far(P)k(p) ™ A5 + ax(p)k(p)**! AT,
A3.2(p) = %a1(p)k(p)* A

Ag2(p) = +a1(0)k(p)" VAL £ ar (p)k(p)1H ASH,

A+~
Ko ))+az(p)k(p) ! r(k( ))

— A k()" logk (p))? + 821 g1 (o, u — 5),

re(pou —5) = ar(Pk(p)1 G

where A?“ ,i =1,...,4,are constants depending only on A, and 7 and g are uniformly
bounded Holder continuous functions. Thus, using Lemma 4.11, we see that, for p > p*,

1_ 6 11
1Ai(p)] < Cp2 T p2 ™D < cp3=i® for i=1,3,

Aj2 (o) < Cot=F 4 Cpd H 2D < pb-% por j=2,4,
l7x (o5 ey = llry (o, L@ + [ry (0, e mw)
< C(p%—%z + p%_%eﬂ Inpl*+ p) < Cp.
Similarly, we have
Bi.+(p) = bi(0k(p)M A, By x(p) = £b1(0)k(0)" T AL + by (p)k (o) AT
B3.1(p) = £b1(p)k(0)"1 A5, Bys(p) = £b1(0)k(p)"1 7 A} £ ba(p)k(p)* 1 A,
Bs1(p) = (1 + Dbi(0)k(p)1 AT, Be+(p) = £(h1 + b1 (p)k(p)* AS',
ro(p,u —$)

=(S—M)k(P)M_l<bl(/0)(—Aﬁl(logk(p))z"'q(ﬁ))+b2(/0)k(/0)2r( )

D)+ (oK L) + 8 g2 ),

+ 0+ DR (b1 (07 s

where £ is also a uniformly bounded Hélder continuous function. Using Lemma 4.13,
we conclude that, for p > p*,

1_ 60 11 0
B +(p)| < Cp? 7 p" 07D < cp21=F  fori =1,3.5,6.
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3 11 ! 0
IBjs(p)l < Cp2~ 2 + Cp2~ TR pR W) < 0p3mF for j=2,4,
7o (o, dlcemy == llrs (0, )lLem®) + [Fo (0, )]ca(®)
1 6
< C(p2" % |Inp2 +p'*%) < Cp'*=.

This completes the proof. O

5. Uniform Estimates of Approximate Solutions

As in [10], we construct the approximate solutions via the following approximate free
boundary problem for CNSPEs:

2
pr + (pu)r + —pu = 0,

2 2 5 o p 7 2 2 2¢
()i + (ou? + P(o)) + =pu? + 15 [ p(t, ) y2dy = e(ptu + Zw)) = =ppu,
r r* Ja r Jr r
(5.1)
for (¢, r) € Q7 with
Qr ={(t,r)e[0,00) xR :a<r<b@), 0<t<T}, (5.2)
where {r = b(t) : 0 <t < T} is a free boundary determined by
b'(t) =u(t, b(t)) fort >0, b(0) = b, (5.3)

and a = b~! with b > 1. On the free boundary r = b(r), we impose the stress-free
boundary condition:

(P(p) — ep(uy + %u))(t, b)) =0 forr > 0. (5.4)

On the fixed boundary r = a = b~!, we impose the Dirichlet boundary condition:
u(t,r))y=« =0 fort > 0. (5.5)
The initial condition is

(0. pw)li=0 = (o, p§"uG”)  forr € [a,bl. (5.6)

5.1. Basic estimates. Denote

b 1 b
ES’b = w3 / pg’b(i}ug’b|2 + e(pé’b)) rzdr, Ef’b = a)382/ r2dr.
a a

Wi, [

For given total energy Eg’b > 0, the critical mass M is defined in (2.5)~(2.8) by

replacing E( with ES’b.
For the approximate initial data (o, mg) imposed in (2.17) satisfying (2.9)~(2.10),
using similar arguments in [10, Appendix A], we can construct a sequence of smooth

functions ( pg’b, uf)’b) defined on [a, b], which is compatible with the boundary conditions
(5.4)—(5.5), such that
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(i) There exists a constant C, , > 0 depending on (g, b) so that, for all ¢ € (0, 1] and
b>1,
0<Cp<pi’(r) < Ceyp < 0. (5.7)

(i1) Foralle € (0,1]and b > 1,

b
M
/ Pl ryrtdr = —,  ESP <C(+Ep), E"<Cl+Me, (58
w3

a
1 3 —1
PSP () =Y witha = min{z,—(yl )}. (5.9)
Y1

(iii) For each fixed & € (0, 1], as b — oo, (EE”, ES?) — (E§, EY) and
(05" Py ug") —> (oG, mG)  inL9(a, b); rPdr) x L' ([a, bl; r*dr)
for g € {1, »»}. (5.10)

(iv) For each fixed ¢ € (0, gg], there exists a large constant B(g) > 0 such that
e.b 6 4
M <M forb > B(e) and y2 € (575], (5.11)

where ME? is defined in (2.5)~(2.8) by replacing Eo with E5”.

We point out that (5.9) is important for us to close the BD-type entropy estimate in
Lemma 5.4 and to obtain the higher integrability of the density in Lemma 5.6 below.

Once the free boundary problem (5.1)—(5.6) is solved, we define the potential function
® to be the solution of the Poisson equation:

A = plg,, IXl‘i_1>nC><> P (x) =0,

with Q; := {x € R? : a < |x| < b(r)}, for which p has been extended to be zero
outside €2;. In fact, we can show that ® (¢, x) = ® (¢, r) with

0 forO <r <a,
®,(t,r)={ & [ pt,y) y*dy fora <r < b(), (5.12)
P for r > b(t),

so that ®(¢, ) can be recovered by integrating (5.12).
]

In this section, parameters (g, b) are fixed with ¢ € (0, 5] and b > max{p, > , B(e)}
such that (5.11) holds and ,og’b(b) < p«. The global existence of smooth solutions of
our approximate problem (5.1)—(5.6) whose initial data satisfy (5.7)—(5.11) and pressure
satisfies (1.4)—(1.6) can be obtained by using similar arguments in [25, Sect. 3] with
Yy € (%, o), or with y» € (g—’, %] and M < Mf’b(yg), so the details are omitted here for
simplicity.

Noting that the upper and lower bounds of p®? in [25] depend on parameters (g, b),
we now establish some uniform estimates, independent of b, such that the limit: » — oo
can be taken to obtain the global weak solutions of problem (1.10) and (2.17)—(2.18) in
Sect. 6 below as approximate solutions of problem (1.1) and (1.13)—(1.14). Throughout
this section, we drop the superscript in both the approximate solutions (p®”, u®?)(r)

and the approximate initial data (pg’b, ug’b) for simplicity.
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For smooth solutions, it is convenient to analyze (5.1)—(5.6) in the Lagrangian coor-
dinates. It follows from (5.3) that
d [bo 5 , o
T p(t,r)redr = (pu)(t, b(1))b(t)” — / (pur?),(t,r)ydr =0,
a a

which implies

b(t) b M

2 2

f p(t,ryr<dr = / po(r)r<dr = — forallr > 0. (5.13)
a a w3

Forr € [a, b(t)] and ¢ € [0, T], the Lagrangian coordinates (7, x) are defined by

.
T=t, X(t,r)=/ o(t, y) y*dy,
a

which translate [0, T'] x [a, b(t)] into a fixed domain [0, 7] x [0, a%]. By direct calcu-

lation, we see that V(; »yx = (—pur?, pr?), Voot = (1,0), Veor = W, p~'r=2),
and V(; )t = (1, 0). In the Lagrangian coordinates, the initial-boundary value problem
(5.1)—(5.6) becomes

pe+ P2 (rPu)x =0,

5.14
Ug +r2Pe = —12 +er?(p2(rPu)) . — 2erpyu, ( )
r
for (,x) € [0, T x [0, w%], and
2.2 M
u(t,00=0, (P—ep’(r*u)y)(x,—)=0 forte[0,T], (5.15)
w3

where r = r(t, x) is defined by (%r(t, x) = u(r, x) for (r, x) € [0, T] x [O, (%], and
the fixed boundary x = a% corresponds to the free boundary: b(t) = r(z, wM}) in the
Eulerian coordinates.

Lemma 5.1 (Basic energy estimate). The smooth solution (p, u)(t, r) of problem (5.1)—
(5.6) satisfies

b 1 (1, (" 2
- 2 2 _ - 2
/a (zpu +,oe(,o))r dr 2/{; rz(/ pt,2)z dz) dr

a

t rb(s) 2 t
+ 8/ / (puf + 2%) r2drds + 28[ (puz)(s, b(s))b(s)ds
0 Ja r 0

b 1 [ 1 r 2
_ - 2 2 _ - . 2
—/a (2pouo+poe(po)>r dr 2/a rz(/a po(t, 2)z dz) dr,

where p(t, r) has been understood to be 0 forr € [0, a]U(b(t), 00) in the second term of
the left-hand side (LHS) and the second term of the right-hand side (RHS). In particular,
there exists a positive constant C (Eqy, M) depending only on the total initial energy E
and initial-mass M such that the following estimates hold for the two separate cases:
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6 4 eb
Case l. y € (g, g]andM < M:":

b 1 t pb(s) 242
/ p(—u2 + e(p)) r2dr+e / / p(uf + —2>(t, r) r2drds
a 2 0 Ja r

t
+ 28/ (puz)(s, b(s))b(s)ds < C(Eog, M). (5.16)
0
Case 2 4
ase 2.y > 3
b(t) t rb(s) 2
/a %p (u2 + e(p)) r2dr + ¢ /O /a p(uf + %)(t, r) r2drds
t
+28/ (pu2)(s, b(s))b(s)ds < C(Eop, M). (5.17)
0

Proof. We divide the proof into three steps.
1. Using (2.3) and similar calculations as in the proof [10, Lemma 3.1], we have

b b(1) r
2 2 2
ol=u”+e(p))r dr—/ / p(t,z)z°dz)prdr

t pb(s) uz t
+e/ [ (pu$+zp—2) rzdrds+28/ (pu®)(s, b(s)) b(s)ds  (5.18)
0 Ja r 0

b 1 b r
= / po(5ud+e (po) ) rPdr - f ( / po(2)22 d2) po(r) rdr.

a a
2. We now control the second term on the LHS of (5.18) and the second term on the
RHS of (5.18) to close the estimates. By similar calculations as in [10, Lemma 3.1], one
can obtain

by , pr 1 1 [ 1, [r 2
/ (/ p22)prdr = VI =—/ —(/ p2) dr, (5.19)
a a 2(1)3 L (R) 2 a ,,2 a

where we have understood p to be zero for r € [0, a) U (b(t), 00) in (5.19).

3. Now we use the internal energy to control the gravitational potential term. First,
we obtain from (3.12) that there exist two constants C1, C; > 0 depending only on p*
such that

) v
|pe(p) — 22 e C1p™ =<0 for p > p* | pe(p) — —22 [l = Cop” forp < p”.
V2= -

Thus, we have

b(t) %

2
/ (pe(p) — ——p") rzdr‘
a Y2 — 1

r2dr

b(t)
K2
= / ‘pe(p) - / o
p(t,r)=K v—1/J,

b(t)
K2
+ / ‘pe(p) - / o
p(t,r)<K n-1J)

_ b(t)
< ClK_m‘“{VZ'E}f P rdr + G0y 'K M, (5.20)

a

r2dr

where K > p* is some large constant to be chosen later.
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Multiplying (5.11) by ® and integrating by parts yield

||V(D||L2(R%) = [ ®llzs@s ol s )= \/A3|IV<I>||L2(R3)IIPIILg(Qt), (5.21)

N

where we have used the positive constant A3 := §w4 * > 0 that s the sharp constant for

the Sobolev inequality in R? (see Lemma A.1). Then it follows from (5.19) and (5.21)
that

b® 2 1 2 2 -3
dz) rdr = —||V® < —a)
/ ( / p2dz)prdr = 2 IVOI g0, < 3oy ol

2 6(r2=1) 72 =6

2 2 i y+
- 43<‘/;2 p 26 (,3,0+pe(p)) Sy2 GdX)WZ )(/Q (,3p+p6(p)) dx)a(z 1)

3w

2 2 4*352 Sy—6 b(t)
Wy BCUXS(V2 l)(/ Cmax(ﬁ)pd )30/2 1) (/

3 ) Q a

Syp—6

T 24\ D
= BgM>*» ( (,Bp + pe(p)) r dr) , (5.22)
a

IA

| /\

1
(Bo + pe(p)) r2dr> 32=D

where Bg is the constant defined in (2.8).

When y» > ‘—3‘, i.e < 1, it follows from (5.22) by taking 8 = 1 that

1
7 30n2—D

b(r) b(t) r
/ pe(p) ridr —/ (/ pzzdz)p rdr
a a a

b(t) 5/7—6 | 2(1771) b(t) ﬁ
z/ pe(p) ridr — B (w3 m) ™7 (f pe(p) rdr) )
a

a

b(t)
> 5/ pe(p) ridr — C(M), (5.23)

which, with (5.18), yields (5.17).
When y, = %, i.e., m = 1. It has been proved in [18, Theorem 3.1] that there

_3
exists an optimal constant Cpnin = 6k M ch2 such that

by e 1 5 Cmm 3
Z dz) rdr = —||V®
/a ( / pPde)prdr = 5 VO ||p|| @lells

a
len

B 2 b(t) 4,
= M3 p3ridr,  (5.24)
a

| /\

2

which, with (5.20), yields

b(t) b(1) r
/ pe(p) r2dr — f (/ 0 zzdz>p rdr
a

a a

Chin , 2 i b 4 9
> (3/(2 — 2 M5 - CIK*“"“{W})/ 03 r2dr — C(M, K).  (5.25)

a



77 Page 50 of 85 G.-Q. G. Chen, F. Huang, T. Li, W. Wang, Y. Wang

Since M < M.p, we can always choose K > p* large enough such that

3Ky — C‘;‘“Mx — C K~ Mintr2€l S 0,

Then one can deduce (5.16) for y, = ‘—3‘ from (5.18), (5.25), and the fact that p"? >
Cpe(p).
When y, € (g, %), we define

5y2-6 1
F(s;B) =5 — BﬁM%yz 0 (a) BM + )3(”_1) for s > 0 and any fixed 8 > 0.
A direct calculation shows that
. 5y,—6 4=3y,
M: _;Bﬁng ”(w IBM.,.S)WQV])
ds 3n—D

2 . _ 51,—6 767>
d F;l(sza B) _ _9?’ 3)/12)2 BﬁM3(V2 1)( ,BM +S) 3(y2y1)
s Y2 —

which yields that ¢? Fis B - 0 for s > 0 since y, < j. Thus, F(s; B) is concave with
respect to s > 0. We denote

Bg o) 5y,-6

_(_ = 4=3y2 7
5u(B) = (3(;/2 - M5 — o' M, (5.26)

which is the critical point of F(s) satisfying dF(S dFs:f) (sx(B)) = 0. The maximum of
F(s; p) with respectto s > 0 is

30n=b 5yr—6

F(s«(B); B) = (4 — 3)’2)(%) T wy 'gM. (5.27)

It follows from the definition of M b that, if M < M¢ ’b, there exists Bgp > 0 such
that M < Mg’b(ﬂo). Then, from (5.26)—(5.27), we have

e,b

EO
F(sx(Bo); Po) > a)_3’ (5.28)
B _ (szl) . _6
selBo) > (50.2055) T (M6 B o5 foMET (Bo)
1 .. . . Eeb
= 55y, (0" o3 BoME (Bo)) — w3 BoMEY (Bo) > e (5.29)

where we have used that m > % > 1 foryy € (g, ‘3—‘). Then, combining (5.18) and
(5.22) with (5.28)—(5.29), we obtain

b(t) Ea,b
F( f pe(p) r*dr; Bo) < w% < F(5+(Bo); Bo),

o (5.30)

b E
/ (puepo)) 1) 107 = =2 < 5, (.

a
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Hence, due to the continuity of f b® (pe(p))(t, r) r2dr with respect to ¢, the strict

inequality: ¢
b(t)
/ (pe(p)) (2. r) r¥dr < s.(Bo) (5.31)

must hold. Otherwise, there exists 7y > 0 such that fab(m) (pe(p))(to, r) rdr = s.(Bo),
which yields

&b

b(to) 5 EO
F(/ (0e(p)) (10, ) r*dr; o) = F(s«(Bo); Bo) > oy

This contradicts (5.30). Thus, we prove (5.31) under condition (5.11).
Therefore, under condition (5.11), it follows from (5.26) and (5.31) that

b(t)
F( / pe(p) r2dr; fo)

b()
> / pe(p) rdr
a

S5yp—6 4-3y»

b(t)
= B M (s + 5 poM) 2 ([ o) P+ 03 o)
a
b(t) 5 1 ;
a

Combining (5.18) and (5.25) with (5.32), we conclude (5.16). |

Corollary 5.2. Under the assumptions of Lemma 5.1 and noting (3.5),

b(t) b(t)
/ "2 (1, r) ridr < c/ (p + pe(p))(t,r)r*dr < C(M, Eg)  fort > 0.
a a

Corollary 5.3. Under the assumptions of Lemma 5.1, it follows from (5.12), (5.16)—
(5.17), and (5.19) that, fort > 0 andr > 0,

2 M
‘r q>r(t7r)‘§_’
w3
bty |, pr )
[ ([ pany2ar)otnrar 10l + 19002, < CM. Eo).
a a

For later use, we analyze the boundary value of density p. Using (5.14); and (5.15),
we have

M 1 M
pe(t,—)=—=P(r,—) <0, (5.33)
w3 & 3

w
which yields that p(t, L%) < po( wM}). In the Eulerian coordinates, it is equivalent to

p(t, b)) = po(b). (5.34)
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Moreover, noting (5.8) and b > (p*)_yl/3, we see that p(z, b(t)) < po(b) < p4 for
all 7 > 0. From (3.2); and (5.33), there exists a positive constant C depending only on

(y1, k1) such that p, (7, wM3) =-1P(, w%) > —S(p(x, %))V‘, which implies

M M Cy1 — 1 M 1\t
p(r, =) = po(—) 1+ == (po(—)" 7).
w3 w3 & w3
Therefore, in the Eulerian coordinates,
Cyi— 1
£

.
P b(1) = pob) (1 + (@) 'e) T for 1z 0. (535)

Lemma 5.4. (BD-type entropy estimate). Under the conditions of Lemma 5.1, for any
given T > 0,

b(t) t rbls) pr
¢’ f |(vP), [ rdr+e / / #mz ridrds + % P(p(t, b)) b(t)’
a 0 Ja

t
+%/ (P(0)P'(p))(s,b(s)) b(s)*ds < C(Eg, M, T)  for t €[0,T]. (5.36)
0

Proof. We divide the proof into three steps.
1. Using (2.3) and similar calculations as in the proof [10, Lemma 3.3], we have

b 1 b(t) r
/ (E(“ re2)p 4 pe(p)) ridr — / (/ p(t, y) yzdy)p rdr
a a a

P

t pb(s) p’
+s// Mprzrzdrds+lP(p(t,b(t)))b(t)3
0 Ja 1Y 3
1 t
* 3 / (P(0)P'(0) (s, b(5)) b(s)ds
€ Jo

b 1 . b r
= [ Gl 2w ectom)mrar = [ ([ o525 )ooe rar

a a
1 t rb(s) M t
+ =P (po (b))b3 +8/ / p2 r2drds — —8/ p(s,b(s))ds,
3 0 Ja w3 Jo

which, with Lemma 5.1, yields

b(t) t b(s) P/(p)
82/a |(ﬁ)r |2r2dr+8/0 /a T|,0r|2 r2drds

1 3 1 ! / 3
+§P(p(t,b(t)))b(t) +§/O (P(p)P'(0))(s, b(s)) b(s) ds

1 t b(s) Me t
< C(Eo, M) + = P(po(b))b> +8/ / p? rldrds — —/ o(s, b(s))ds.
3 0 Ja w3 Jo
(5.37)

2. For the second term on the RHS of (5.37), it follows from (5.8) and (3.2); that

%P(po(b»zﬁ <C. (5.38)
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For the last term on the RHS of (5.37), using (5.34), we have

Me (!
‘w_3/0 P(S,b(s))ds) < C(M)po()T < C(M, T).

77

(5.39)

3. To close the estimates, we need to control the third term on the RHS of (5.37), that

is,

t pb(s) 5 £ t )
: p2r drds=—/ loGs, )20 ds.
|/ = .

We divide the estimate of the above term into the following two cases:
Case 1. For y» > 2, it follows from Corollary 5.2 that

t pb(s) t rb(s)
sf / ,o2 r2drds < 8/ f (p+p") r2drds < C(Eg, M, T).
0 Ja 0 Ja

6
Case 2. For y» € (5, 2), then 3y» > 2. A direct calculation shows that

t pb(s) t rb(s)
s/ / pzl{pfzp*} r2drds < 28p*/ / pridrds < C(M, p*).
0 Ja 0 Ja

Denote /F(p) := fop @ ds. Then it follows from (3.3), that

JF@) = (1 -2~ )= an

V2

. . L 5 — 3C-y)
which, with Corollary 5.2, implies that, for ¢ = Tz,

B3 -9
”pl{pz2p*} ”LZ(Q,) =< ”/OI{p22p*} I L372(Q)) ||pI{p22p*} I L72()
20 _
< CODIVFO [ 1P 110,
For Bg(0) C R, the following Sobolev’s inequality holds:
1A s sron < CUNV Fll2eapon + R L28h000)-
It follows from (5.13) and Corollary 5.2 that

M b(t) b(t) 1 b(t) 1—L
— :/ o(t,r)ridr < (/ o rzdr> 2 (/ rzdr) 2
w3 a a a

1

3(n—1 b(t) 1
<Cbh@t) » ( f P r2dr)y2,
a

which yields

1 2 [P0 2, \ 75D
bt)” <CM 3%‘”([ pr dr)' * < C(M,Ep).
a

_n »n
p? :=C(n) wp? forpe[2p*

(5.40)

(5.41)

, 00),

(5.42)

(5.43)

(5.44)
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Using (3.2),—(3.3); leads to F(p) < C(p + p'?), which, with (5.43)—(5.44) and
Corollary 5.2, implies

IVF® 60, = € (IVWF@D) 2, + 6O IVF P 120,)

b(t) P’ 1 b(t) 1
< C(/ (p)|p,|2r2dr) +CM, EO)(/ F(p)rzdrdr)2
a 1Y a

1

b(t) pr
<C(M, Eo)(l +(/ %”)mrﬁﬂdr)f). (5.45)

Substituting (5.45) into (5.42), we obtain

b(s) b(s) P’
/ / p?2r? X p>2,%y drds < C(M, Ey, T)s / / (p)| pr|? 2drds) )
b(s) P
<cwm, Eo,T)+f// ﬂm,ﬁrzdrds, (5.46)
2 Jo Ja o

where we have used i—f € (0,1) for y» > g. Finally, substituting (5.38)—(5.41) and
(5.46) into (5.37), we conclude (5.36). |
In order to take the limit: b — o0, we need to make sure that domain Q7 can be
expanded to [0, T] x R for fixed ¢ > O: blim b(t) = o0
—> 00

Lemma 5.5 (Expanding of domain Q7). Given T > 0 and ¢ € (0, &), there exists
Ci1(M, Ey,T,e) > 0suchthat, ifb> C1(M, Ey, T, ¢),

b(t) > %b fort €0, T]. (5.47)
Proof. Noting b(0) = b and the continuity of b(r), we first make the a priori assumption:
b= b, (5.48)

Integrating (5.3) over [0, ] yields
b(t) =b+ /Ot u(s, b(s))ds. (5.49)

It follows from (5.35), (5.48), and Lemma 5.1 that

t C t ) % t 1
/0 lu(s, b(s))|ds < %(/0 e(pusr)(s, b(s)) ds) (/0 mds)

1
t 1 6 -1 -1 n-1 yi—1
gC(M,EO)g*%(/ A+Cn—Depe 97 ds)
0 po(b)b

< C(M,Eq. T, py. y1. y2. )po(b) " 2b 2. (5.50)

Bl—

=

V
Wetake C1(M, Eo, T, ¢) := max {p, * , (4C(M, Eo, T, p*,yl,yz,s))a B(e)}, which,
with (5.8) and (5.50), implies that

(5.51)

‘/ u(s, b(s))ds / |u(s, b(s))|ds < % ,



Global Finite-Energy Solutions of the Compressible Euler—Poisson Equations Page 550f 85 77

provided that b > C{(M, Eo, T, ¢). Combining (5.51) with (5.49), we have
3
b(t) > Zb' (5.52)

Thus, we have closed the a priori assumption (5.48). Finally, using (5.52) and the
continuity argument, we can conclude (5.47). O

5.2. Higher integrability of the density and the velocity. As implied in [13], the higher
integrabilities of the density and the velocity are important for the L” compensated
compactness framework. However, for the general pressure law, due to the lack of an
explicit formula for the entropy kernel, for the special entropy pair (n¥, ¢¥) by taking
the test function ¥ = %s|s| in (2.15)—(2.16), we can not obtain that ¢¥ pe plul’ + pr+?
in general. To derive the higher integrability of the velocity, we use the special entropy
pair constructed in Lemma 4.1, at the cost of the higher integrability of the density over
domain [0, T'] x [d, b(t)] for some d > 0. Since b(t) — oo as b — o0, we indeed need
the higher integrability of the density on the unbounded domain. We point out that this
is different from the case of [10] in which only the higher integrability on the bounded
domain [0, T'] x [d, D] for any given 0 < d < D < o0 is needed.

Lemma 5.6 (Higher integrability on the density). Let (p, u) be a smooth solution of
(5.1)—(5.6). Then, under the assumption of Lemma 5.1, for any given d > 2b™' > 0,

T pb(t)
/ / pP(p)r’drdr < C(d, M, Ey, T). (5.53)
0 d

Proof. Let w(r) be a smooth function with suppw C (£, 00) and w(r) =1forr €
[d, 00). Multiplying (5.1)2 by w(y)y?, we have

,
(V2 puw); + (2 putw)y + (Y’ P(p)w)y — wy (y2pu® + y*P(p)) + pw/ peidz
a
=2yP(p)w+ e(yzpuya))y — 8wyy2puy —2epu . (5.54)

Integrating (5.54) with respect to y from % to r and then multiplying the equation by
po(t,r) yield

2o, r)P(o(t, r)o(r)

d r r
= —paﬁ puwyzdy—rzpzuza)(r)+,0/; a)y,ouyzdy
2 2
r

r r y
+'O/d wy P(p) yzdy+2p/; P(p) wydy —p/; pw(/ pzzdz) dr
d g a

5 4
r

,
+ 8r2p2u,a)(r) - epﬁ wypUy yzdy — 28pﬁ puwdy. (5.55)

2 2

Using (5.1)1, we have

d ' 2 ' 2 ' 2
paé puw y“dy = (pﬁé puw y dy)t+ (pu/g puwy dy)r

2 r
— ,ozuza)(r)r2 + —pu/ ouUw yzdy,
r

S
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which, with (5.55), yields that

r2p(t, r)P(p(t, r)w(r)

r r
= —(pﬁ puwyzdy)t — (pufd puwyzdy)r
2 2

r

2 2 ' 2.2
—;pu , puwy dy+p , @ypu y-dy

2 2

,
w0 [ 0,P@) vy 420 [
’ .

2

r r y 2
—ZEpL puwdy —p/; ,oa)(/ pz dz) dy. (5.56)
2 2

r

-
P(p)w ydy + 8,0214ra)(r)r2 — 8,0/; Pllywy yzdy
7

a

Multiplying (5.56) by w(r) leads to

rp(t, r)P(p(t, )’ (r)

r

r r
= —(pw(r)[I puw(y) yzdy)t - (puw(r)ﬁ puw(y) yzdy)r+wrpu/d puw y*dy
2 2 2

r

2 r r
— —puw(r) [[ puw y*dy + pw(r) | puwy y*dy + po(r) ﬁ P(p) wy y*dy
2 2

RSN

r y r
+2pw(r) [[ P(p)wydy — pw(r)ﬁ pw(/ pzzdz) dy — epw(r)ﬁ plty wy yzdy
7 7 a 7
. 11
22 2. :
- 28,0a)(r)/g puwdy +er-p u,w(r) = ;I,. (5.57)
Using Lemma 5.1 and (5.13), we have

[, (us P@o0) +cpu,,) 7))
2

b(t)
< C/ (pu +p + p)w (y) y*dy
a

b(t)
ve [ pd+ Dioy vy £ CM. Eo. o,
a
which yields
T b(t)
‘/ ﬁ Iidrdr}sc(M,Eo, T, lolle)d 2 +d™) fori=34,-- 10,
0 Jg

(5.58)

T ,b() b(t) r
‘/0 ﬁ I drdr( = )ﬁ p(T, r)w(r)(ﬁ y2o(T, »)u(T, y)o(y) dy>dr(
2 2 2

b(t) r 5
+| / p (0. () / ¥20(0. Y)u(0, Yo (y) dy )dr |

< C(M, Ey, |o|lc1)d > (5.59)
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For I, using (5.8), (5.34), (5.51), and b > 1, we have

)/()T[Ib(t) I drdl’ _ ’/OT/:ib(l) <puw(r) ir puw(y) yzdy>r drdt‘
2 T i bz(t) 5
< ‘/0 (,Ou)(t,b(t))(ﬁé puw(y)y dy) dt‘

< C(Eo, M)b~3*2b < C(Eg, M). (5.60)

For 17, we obtain

T rb(t) T pb(t)
’/ f 1 drdt‘ = 8‘/ / ,0214,602 r2drdt
0 d 0 d
2 2

b(t)
< 8/ ﬁ ,O3wz r2drdt + C(M, Eo, T’ ”a)Hcl) (561)
0 J3

We divide the estimate of [ f 1) gp3w? r2drdr into two cases:

Casel.yy € (5, 2):Fort € [0, T1,denoting A(t) := {r € 4, b()] : p(t,r) > p*},
then it follows from (5.13) that |A(¢)| < C(d, p*)M. For any r € A(t), let ro be the
closest point to r so that p (¢, ro) = p* with |r — rg] < |A(@t)| < C(d, p*)M. Then, for
any smooth function f(p),

sup (f(p(t,r)w*(r) < f(p(t, ro))w*(ro) +

reA(t)

/ 0 (f (Pt »)&? () dy |

0

= Cl@lienlf (M) +/A( : |0y (F (02, YD ()] dy.
t

Recalling (3.3) and (3.5), we notice that P(p) = p"2 and e(p) = p”2~ ! forany r € A(r).
Then

T prb(t)
8/ ﬁ ,030)2 r2drds
b(t) b(t)
—s/ / I{p<,O w*r drdt+£/ ﬁ 3I{pz,o*}a)zrzdrdt
2
2

b(r)
2 ()
<C(M, Ey, p*,T)+C(M, Eo)s/(; </§ pe(p)r dr) rzlj%) (T,O)w )dt

2

< C(M, Eg, p*,T) + C(M, Eo)s/ / £
A() e(,O)

2p P(p) p*
C(M, E . L olo])drd
=« 0)‘9/0 /Am w) e ek ) dres
+C(M, Ey, p*, T). (5.62)

2)r(t, r)‘ drdt
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A direct calculation shows that

T
20 P(p) 2

. drd

/0 /A(t) e(p) e(p)2>|p|w e

T P r 2 P 2
S/ / sﬁlprlzw2 rzdrdt+[ [ 8( L _ (pz) /’O o r~2drdt
o Jawy P o Jaw ‘e(p) e(p)*/ P'(p)

T
<C(M,Ey,T)+ / / g0 0?2 drde
A1)

<C(M,Ey,T)+eC(M, Ep)~" / / 30 r? drde
A(t)

_3n
+C(M. E)e / / D) 5 o drdr
AQ)

b(t)
<C(M,Ey,T)+eC(M, Eg)~ 1/ / p3w? rldrdt. (5.63)

r e
/ f e—a)|a)r|drdt </ (8 sup (pw)(t,r) |a)r|dr)
Ay €(p) 0 reA(r) Ay €(p)

< C(p") / & sup (o) (1, r) p|wr|dr)dt
0

reA;

T
<C(p*. M, Ilelcn)d‘zf € sup (pw)(t,r)ds
0 reA@)

T
< C(o*\ M, [wllr, TYA™ + C(p*, M, ||€0||c1)d_2/0 /A( ellorko+ ploy) ard
I3

P
< C(p*, M, w1, T)d 1+/ / ﬁ|pr| W+ plw, |+,o2 V2a)) drdt)
A(t)
< C(p* M, ||ollc1. T)d™* + C(p*, M, Eqo. T, ||w||c1>d*4. (5.64)
Combining (5.62)—(5.64), we obtain that, for y, € (g, 2),

b(t)
e/ /; plw? r¥drdr < C(M, Eo, p*, T, |ollc)(1 +d™%). (5.65)
0 J3

Case 2. y> € [2, 3): Using (5.13) and the same argument as for (5.64), we have

T ,b(t) T
& / ﬁ p o’ r’drdt < C(M) / e sup (p*w)(t,r)dt
0 J3 ]

rel.b()

T
<CWM, p*, wlct, T)+C(M)/ & sup (p*w)(t,r)dt
0 reA()
<CWM, p*, lwlct, T)+C(M, Eo, p*, ol 1, T)d 2.
(5.66)

Finally, integrating (5.57) over [0, T'] x [%, b(t)] and using (5.58)—(5.61) and (5.65)-
(5.66), we conclude (5.53). |
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Corollary 5.7. It follows from (3.3) and Lemma 5.6 that

T bt T rb()
f / 0" (¢, )y ridrdr < C/ / (p+pP(p))(t, r)ridrdt
0 Ja 0 Jd
<Cd,M,EyT). (5.67)
In order to use the L? compensated compactness framework, we still need to obtain

the higher integrability of the velocity (see [13]). With the help of Lemma 5.6, we use
the special entropy pair constructed in Lemma 4.1 to achieve this.

Lemma 5.8 (Higher integrability of the velocity). Let (p, u) be the smooth solution of
(5.1)—(5.6). Then, under the assumption of Lemma 5.1,

T D
/ f (plul®)(t,r)r*drdt < C(d, D, p*, M, Eo, T)  forany(d, D) € [a, b(1)].
0 Jd
Proof. Considering (5.1)1 x ﬁpr2 +(5.1)2 X f,,r?, we can obtain
) +(@r?)y +2r(— G + puiip + pu*im)

2 Uy \a ST PR

= er2((our); +20(%), Jiim = p [ p¥2AV il (5.68)
r

a

Using (5.3), a direct calculation yields
d b

()
S vy = @i b b2 + / A ) Yy, (5.69)

Integrating (5.68) over [r, b(t)) and using (5.69), we have
b(t) b(1)
gt ryr* = —8/ Am (&, ¥) (puyy?)y dy +28/ fMm (2, y) pudy
r r
b(t)
+( / () y?dy) +@ = ui) e, b)) b®)?
R

b(t) ) ) . b(t) Yo, R
+2/ (—61+Pu77p+/0u ﬂm)ydy+/ (/ Pz dz)pnmdy.
r r a
(5.70)

We now control the terms on the RHS of (5.70). For the third term on the RHS of
(5.70), it follows from (5.9), (5.34), (5.44), and Lemmas 4.1, 5.1, and 5.4-5.5 that

T
/0 (G — uf) (@, b)) [b(t)* dr

T

= C/ ((o (e, bON* + (o7 |u]) (2, b(2))) b(1)* dt
0
r 1T |

= C(/ 8(p|u|2)(t’ b(t))b(t)dt)z(f l(p(l‘7b([)))2)/]—1b(t)3 dl)z

0 0 &

T
+C(M, Eo, T) f (p(t, b)b(1)~" dr < C(M, Eo, T). (5.71)
0
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For the first term on the RHS of (5.70), integrating by parts yields

b(t)
8/ Am (. ¥) (puyy?)y dy = e (2, b(1)) (pu) (1, b(1)) b(1)*
.
— &l (2, 1) (pu,) (2, 1) °
b(t) )
- 8f puy(ﬁmuuy + ﬁmpp)') yody.
-
It follows from (5.4) and Lemma 4.1 that

e (£, (1)) (pu, ) (t, b(1)) b(1)?]
. 2 —1 2
(t, b(t))(S,O(Mr + ;M)(t, b(t)) —2eb(t)” (pu)(t, b(f))>b(t) ‘

i (£, b(2)) p() (2, b(£)) b(1)* — &R (2, b(1)) (ou)(t, b(1)) b(r)\
< C((p" ul)(t, b)) + (p(t, b)) b(1)?
+Ce((plul®) (2, b(0)) + (o(t, b(1))")b().

which, with similar arguments as in (5.71), yields

[

Hence, using (5.36), (5.72)—(5.73), and Lemma 4.1, we have

T D b(t)
[ [l [ i, arfara
0 d r

T D
=< / / |efim (2, b(1)) (pu,) (2, b(1))| b(t)* drd
0o Ja

efm (1, b(1)) (pur)(t, b(t))bz(t)’ dr < C(M, Eo. T).

T D
+/ / |8ﬁm(l,l") (puy)(t, r)|r2drdl

b(t)

§C(D,M,E0,T)+C/ / elpur|(lul + o) r2drdt
0 d

T D rb() I )
ey [* [ [T eolusl(ul 400 1py) yayaras
r

T D
< C(D, M, Ey, T)+C/ / e(plul® + plus|* + p?P) r2drdt
0 d

pluy] 77mu|”y|+77mp|p) y d)”drdt

(5.72)

(5.73)

T ,b(t) T rb@t)
+ C(D)/ / epluy|® y*dyd: + C(D)/ / eo” P72 py|? y2dydt
0 d 0 d

=C(D, M, Ey, T).

(5.74)
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For the second term, third term, and sixth term on the RHS of (5.70), using (3.4)-(3.5)
and Lemmas 4.1 and 5.1, we obtain

‘ /OT /dD (28 /rb(t) m(t, y)pu dy) drdt‘

T »D bQ)
sca [ [ [ et ") plul y2avaras
0 d r

T b(t)
=c@.D) [ [ elolul + p+ pe(e) YAyt = €. DML Eo 7). (575)
0 d

T D b(t) )
‘/ / (/ n,y)y dy) drdt‘
0 d r t
D rb(0) ) D b ,
s/ / ATy dydr+/ / 17(0, )| y>dydr

b(1)
< C sup / / py(p)+,0|u| ) y2dydr
1€[0,T]

b(t)
< C sup / / ,oe(,o) + 0+ plu| ) 2dydr <C(D,M,EyT), (5.76)
te[0,T]

b(t)
’ / / / / P szz)p Nm dy) drdt)
b(t)
/ / ,ozzdz>pﬁm dy‘ drdt
a

b(t)
<Cd,D, M)/ f p(jul + p? P r*drd:
0 d

b(t)
<Cd, D, M)/ / (plul* + p + pe(p)) r*drdt < C(d, D, M, Eo, T).
0 d
(5.77)

For the fifth term on the RHS of (5.70), we note from (3.6)—(3.7) and Lemma 4.1
that

— G+ puflp+pui =0 if|u] = k(p), (5.78)
| =G+ pufly + puin| < Co? WD < Cp+p%) it lul <k(p).  (5.79)

Then it follows from (5.78)—(5.79) and Corollary 5.7 that

A

b(t)
< CW, D)/ / (p +p?**) y2dydr < C(d, D, M, Eo, T), (5.80)
0 d

b(t)
— G+ pufp + pu*iin) ydy‘ drdr

where we have used 6, € (0, 1) since y» € (g, 3). Combining (5.70)—(5.71), (5.74)—
(5.77), and (5.80), we obtain that [ [ ¢ r2drdt < C(d, D, M, Eg, T), which, along



77 Page 62 of 85 G.-Q. G. Chen, F. Huang, T. Li, W. Wang, Y. Wang

with (5.67) and Lemma 4.1, gives

T
f / ,0|u|3 r2drdt
0 Jld,DInfr:|u|=k(p)}

T
< 2/ / q r2drdt
0 JId,DIN{r:lul=k(p)}

T D T
= 2/ / G ridrdr — 2/ / G rldrdt
0 d 0 [d,DIN{r:|u|<k(p)}

T D
<C(d,D,M,Ey,T)+ C/ / (o + p??*Y) r2drde
0 d

<C(d,D,M,EyT). (5.81)

On the other hand, we have

T
/ / ,o|u|3 r2drds
0 JId,DIN{r: |ul<k(p)}

T D
- c/ f p7O0) 24,4
0 d

T D
= C/ / (p+pp(p)) r*drdt < C(M, Eo, T). (5.82)
0 d

Combining (5.81) with (5.82), we obtain that fOT de /o|u|3 r2drdt < C(d, D, M, Ey, T).
This completes the proof of Lemma 5.8. O

6. Existence of Global Weak Solutions of CNSPEs

In this section, for fixed ¢ > 0, we take the limit: » — oo to obtain the global existence
of solutions of the Cauchy problem for (1.10). Meanwhile, some uniform estimates in
Theorem 2.1 are obtained. To take the limit, some careful attention is required, since
the weak solutions may involve the vacuum. We use similar compactness arguments as
in [10,17] to handle the limit: » — oo. Throughout this section, we denote the smooth
solutions of (5.1)—(5.6) as (p®?, u®?) for simplicity.

First of all, we extend our solutions (pg'h, u&?) to be zero on ([0, T x [0, o0))\R27.
It follows from Lemma 5.5 that

li in b(r) = oo, 6.1
P B O = 20 o

which implies that domain [0, 7'] x [a, b(¢)] expands to [0, T'] x (0, c0) as b — oo.

That is, for any set K € (0, 0o), when b > 1, K & (a, b(t)) forallt € [0, T]. Now we
define

X
(052, MEP, @) (1, x) == (p°P(t, r), m®P(t, r);, ol (1, r))  forr = |x|,
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where m®? := p®Pu®?. Then it is direct to check that the corresponding functions

(p&b, M&P, &) (1, x) are classical solutions of
atps,b + V . MS,b — O,
Ms,b ® Ms,b
ps,b

Me,b
) +VP(p*) + pt Vel = eV . (,os’bD( )),

&b
atM + V N < ps,b

A@E’b — Ioé‘,b

for (t, %) € [0, 00) x ; with M*®|3p @) = 0.
Based on the estimates obtained in Sect. 5, by the same arguments as in [10, Sect.
4], we have

Lemma 6.1. For fixed ¢ > 0, as b — oo (up to a subsequence), there exists a vector
Sfunction (pf, m®)(t, r)) such that

@) (\/ﬁ, ,os*h) — (/PF, p°) a.e. and strongly in C(0, T} L{:)C)for any p € [1, 00),
where Lf;c denotes LP (K) for any compact set K € (0, 00). In particular, p* > 0
a.e. on Ri.

(ii) The pressure function sequence P(p®P") is uniformly bounded in L*(0, T’; L{;C (R))
forall p € [1, 00], and

P(p") — P(p°) strongly in L?(0, T; Lloc(R)) for p € [1, 00).

&b

(iii) The momentum function sequence m®® converges strongly in L*(0, T’ Ll':)c (R)) to

m¢ for all p € [1, 00). In particular,
m®(t,r) = (p°Put)t, r) — mE(t,r)  a.e. in[0, T] x (0, 00).

@iv) mé(t,r) = O a.e. on {(t,r) : p°(t,r) = O}. Furthermore, there exists a function
ut(t,r) such that mé(t,r) = p°(t,r)u,r) a.e, u®(t,r) = 0 a.e. on {(t,r) :
p®(t,r) =0}, and

m®? — m® = p*u®  strongly in L? (0,T; L .(R)) for p €1, 00),

ms,b
\/77 \/—_ = /ptu’ strongly inL*(0, T; LIOC(R)).

Let (p®, m®)(z, r) be the limit function obtained above. Using (5.13), (6.1), Lem-
mas 5.1-5.6, 5.8, and 6.1, Corollaries 5.2-5.3 and 5.7, Fatou’s lemma, and the lower
semicontinuity, we conclude the proof of (2.22)—(2.25).

Now we show the convergence of the potential functions ®¢”. Using the similar
arguments as in [10, Lemma 4.6], we have

Lemma 6.2. For fixed ¢ > 0, there exists a function ®°(t,x) = ®°(¢, r) such that, as
b — o0 (up to a subsequence),

o5 ~ ®° weak-star in L*(0, T Hll)c(]I@)) and weakly in L*(0, T; HILC(R3)),
6.2)

.
DL, r)r? - Dt )t = / pf(t, y) y*dy  inCioce([0, T1 x [0, 00)), (6.3)
0
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15Dl o3y + IV (Dl 23y < C(M, Eo)  for t = 0. 6.4)

Moreover, since yy > g,
*© e.b e 2 2
/ ’(CD/ — CI>r)(t, r)’ redr — 0 asb — oo (up to a subsequence).  (6.5)
0

Using (6.5), Fatou’s lemma, and Lemmas 5.1 and 6.1, we obtain the following energy
inequality:

[ Gl

</°°(1‘m_8
“Jo \21/pg

2 2 1 o 2.2
+,oge(,08))(t,r)r dr — 5/ 1% (¢, )| r2dr
0

2 1 [o©
+ pge(p3)>(r) ridr — 5/0 |D5(r)12ridr. (6.6)

We denote
(p87M89 Is)(tax) = (pg(tvr)v”la(tsr) ) Is(tar))'
r

Then (2.20) follows directly from (6.6). Moreover, we can prove that (p®, M*, &%)
is a global weak solution of the Cauchy problem (1.10) and (2.17)—(2.18) in the sense of
Definition 2.1. In fact, by the same arguments in [ 10, Remark 4.7 and Lemmas 4.9—4.11],
we have

Lemma 6.3. Let 0 < t; < tp < T, and let {(t,x) € C}([0, T] x R®) be any smooth
Sfunction with compact support. Then

n
/PE(fZ,X)C(f27X)dX=/ pa(n,X)C(r],X)dX+/ /(p£§z+MS'VC)dxdt-
R3 R3 n JR3 67)

Moreover, (2.21) holds, and the total mass is conserved:
/ pf(t,x)dx = / pox)dx =M  for 1t >0. (6.8)
R3 R3
Lemma 6.4. Let ¥(t,X) € (Cg([O, T1 x R3)3 be any smooth function with compact
support so that V(T ,x) = 0. Then

& Me Ms & & &
R4IM -at\y+ﬁ.(\/?.v)w+1>(p WU — VD .\y}dxdt

+/3M8(X)~‘~Il(0, x) dx
R
:-e/ ilM5~(A\I/+V(V-\I'))+K-(Vw/pS-V)\IJ
R4 12 v p°
& Ma
+Vp -(ﬁ-V)\I’}dxdt

B X®X £m5 _X®X\]
_ﬁ/[Ri/,?{v Y W(IM — )}.V\I/dxdt (6.9)
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with VE(t,x) € L*(0, T; L>(R3)) as a function satisfying

T
/ / Ve, x)|* dxdr < C(Eo, M),
0 R3

where C (Eog, M) > 0 is a constant independent of T > 0.

Lemma 6.5. It follows from (6.3) that ®¢ satisfies Poisson’s equation in the classical
sense except for the origin: (t,x) € [0, 00) x (R3\{0}). Moreover, for any smooth
Sfunction §(x) € Cé (R3) with compact support,

/ VOE(r, x) - VE(X) dx = —/ P51, X) E(X)dx  fort > 0. (6.10)
R3 R3

7. Wlo_cl’p —Compactness of Weak Entropy Dissipation Measures

In this section, using the estimates of the weak entropy pairs obtained in Lemmas 4.5, 4.7,
and 4.10, we establish the compactness of weak entropy dissipation measures:
3nY (p°, m®) + d,q¥ (p°, m®) for each weak entropy pair (7, g¥). Unfortunately, we
fail to obtain the same ngcl -compactness as in [10,17], since we only obtain that ¢° is
uniformly bounded in leoc from Lemma 4.10 and Corollary 5.7. Instead, using similar

arguments as in [10, Lemma 4.2], we can obtain the compactness in W]gcl P for any
p €[1,2).

Lemma 7.1 (Compactness of the entropy dissipation measures). Let (¥, g¥') be a weak
entropy pair defined in (4.63) for any smooth and compactly supported function ¥ (s)
on R. Then, for ¢ € (0, &),

Y (0, m®) +0,q¥ (p°, m®) is compact in ngcl’p(Ri) forany p € [1,2). (7.1)

Proof. Toestablish (7.1), we first need to study the equation: 3;n¥ (p¢, m®)+d,q (p®, m®)
in the distributional sense, which is more complicated than thatin [13, 14]. For simplicity,
wedenote (7%, ¢*) = (0¥ (=P, m*?), ¢V (p=P, m*P)) and (0, ¢*) = (¥ (p*, m"),
gV (p, m®)). We divide it into four steps.

1. Considering (5.1)1 x ngp'b +(5.1); x n,i;b, we obtain

2
(o= m*) + 8rq(p°’, m*P) + ;me’b(ﬂffb +unP)
b r
P& 2 2
= —nf,;b—rz A p=P(t, y) y*dy + Snf,;b{(p"’"’b(uf’b + ;ua’b))r - ;pf’bus’b},

(7.2)

where pg'b is understood to be zero in domain [0, T'] x [0, a) so that far ps’b(t, Z) 722dz
can be written as for 0% (t, 7) z2dz in the potential term. Let ¢ (1, r) € Cy° (]Ri) and
b > 1 sothat supp ¢ (t, -) € (a, b(t)). Multiplying (7.2) by ¢ and integrating by parts
yield
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/ L@m™" +0,q%")¢ drdr
R}

2 2
= —/ —ms’b(nf;b +utPnEbye drdr — 5/ oS D), (uf’b + —ug’b)qﬁ drdt
R 2 r

2
+r Ry

2 2
—e | o PnEl (it + Zutt) g, drdt —e | =g pStutPe drdt
R2 r R T

2
pé‘,b b r ) 5 5 i
&,
_/R2 2 M (/0 Pt y)y dy>¢drdt ::Z[l. .
" i=1

2. From Lemmas 4.2 and 6.1, it is clear to see that

n° — n®  ae. in{(t,r) : p° #£0} asb— oo.

In {(z,r) : p®(t, r) = 0}, it follows from Lemmas 4.5 and 4.7 that
In®?] < Cp®? — 0=1n° asb — oo.

Combining (7.4)—(7.5), we obtain

ot — nf a.e. asb — oo.

Similarly, it follows from Lemmas 4.3, 4.10, and 6.1 that

5" — ¢°  a.e. asb — oo.

(7.3)

(7.4)

(7.5)

(7.6)

(7.7)

For y» € (1, 3) and any subset K € (0, 00), it follows from Lemmas 4.5, 4.7, 4.10,

and Corollary 5.7 that

T T
/ / (In*22* 4 1g%01%) drdt§C¢(K)/ / (1+|p6’b|7’2+1)drdt
0 K 0 K

<Cy(K,M, Ey,T),

which implies that (7*?, ¢*?) is uniformly bounded in L2 _(R?2). This, with (7.6)—(7.7),

loc
yields that, up to a subsequence,

b, ¢%") =~ (f,¢%) inL} . (R%)asbh — oo.

loc

Thus, for any ¢ € C}(R2), as b — oo (up to a subsequence),

/Rz (Blng’h + 8rq£’b)¢) drdr = — /}Rz (n‘g’ba,(l) + qg’hard)) drdr

¥

— —/2 (n°0:¢ +q°0,¢) drdt.
R

Furthermore, (n°, ¢°) is uniformly bounded in leOC (Ri), which implies that

9;n° + 0,q° is uniformly bounded in ¢ > 0 in ngcl’z(]Ri).

(7.8)

(7.9)
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Since ¢®” is only uniformly bounded in L (R ) in view of Lemma 4.10 and Corol-

loc
lary 5.7, we cannot conclude that 9, n°+9, ¢° is uniformly bounded in e > Oin Wloc P (R )
with p > 2, which is different from [10].

3. For the terms on the RHS of (7.3), using Lemmas 4.5, 4.7, and 4.10, and similar
calculations as in [10, Lemma 5.11], we obtain that

2
I b —/2 —m*(n}, +u’n,, )¢ drdt  up to a subsequence asb — oo,
R3

; (7.10)
// =|m® (@} +un;)|® drds < Cy (K, M, Eo, T),

and there exist local bounded Radon measures (41, 5, i3) on R% such that, as b — oo
(up to a subsequence),

-1

by eby (eb , 2 eby 28 neb byl sbp "o 2
- (Ep (nm )r(ur + ;I/l )’ P m pr nm 1Y (t’ Z) Z dZ)
0
— (1], 15, 13).
In addition, fori =1, 2, 3,
ui((0,T) x V) < Cy(K, T, Eo) for any open subset V C K. (7.11)
Then, up to a subsequence, we have
EP v P+ 150 — (u§ +us+ 05, ¢)  ash — oo. (7.12)

Moreover, there exists a function f¢ such that, as b — oo (up to a subsequence),

2
et (4 Sty fe weaklylnL (R2),
I"

loc

4 (7.13)
/O /KWP drdt < Cy(K, M, Eo, T).

Then it follows from (7.13) that

T
138’17 — ﬁ/o /K e, drdt asb — oo (up to a subsequence). (7.14)

4. Taking b — oo (up to a subsequence) on both sides of (7.3), it follows from (7.8),
(7.10), (7.12), and (7.14) that

2
On® +0rq° = ——p U (nf, + um) + ui +pg + s = Vefs
in the distributional sense. It follows from (7.10)—(7.11) that
2
—;pgug (nz+u8n;)+uf+u§+u§ (7.15)
is a locally uniformly bounded Radon measure sequence. From (7.13), we know that

VEff >0 W (®) ase — 0. (7.16)
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Then it follows from (7.15)—(7.16) that the sequence:

dn° +9,q° is confined in a compact subset of W, . Lp2 (Rz) for some p; € (1, 2),
(7.17)
which also implies that

9n° +0,q°  is compact in ngcl’p(Rz) withl < p < p;. (7.18)

On the other hand, the interpolation compactness theorem (cf. [8,22]) indicates that,
for po > 1, p1 € (p2, 00, and pg € [p2, p1),

(compact set of ngcl’p 2 (Ri)) N (bounded set of ngcl’p ! (Ri))
C (compact set of ngcl PO (Ri)),

which is a generalization of Murat’s lemma in [58,67]. Combining this theorem for
1 < p2 <2 and p; = 2 with the facts in (7.9) and (7.17), we conclude that

3:n° +9,q°  is compact in Wloc P(R2) withpy < p < 2. (7.19)

Combining (7.19) with (7.18), we conclude (7.1). O

8. L? Compensated Compactness Framework

In this section, with the help of our understanding of the singularities of the entropy kernel

and entropy flux kernel obtained in Lemma 4.14, we now establish the L” compensated

compactness framework and complete the proof of Theorem 2.2. The key ingredient is

to prove the reduction of the Young measure. The arguments are similar to [63, Sect. 4]

and [64, Sect. 7], based on [11,13], so we only sketch the proof for self-containedness.
We denote the upper half-plane by

H::{(p,u)eRz: o > 0}

and consider the following subset of continuous functions:

_ — ¢ (p, u) is constant on the vacuum states {p = 0} and

CH) =19 e CEH) : the map: (p, u) — lim ¢ (sp, su) belongs to C(S' N H)
§—>00

where S! ¢ R? is the unit circle. Since C(H) is a complete sub-ring of the continuous
functions on H containing the constant functions, there exists a compactification H
of H such that C(H) is isometrically isomorphic to C(H) (cf. [43]) written C(H) =
C(H). The topology of H is the weak-star topology induced by C(H), i.e., a sequence
{Vn)nen in H converges to v € H if |¢(v,) — @(v)| — 0 for all ¢ € C(H), which is
separable and metrizable (cf. [43]). Denote by V the weak-star closure of the vacuum
states {(p, u) e R?: p = = 0} and define H := H U V. In view of the functions that lie
in C (H), the topology of H does not distinguish points in V. Since 7 is homeomorphic
to a compact metric space, we may apply the fundamental theorem of Young measures
in Alberti-Miiller [1, Theorem 2.4].
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Lemma 8.1 ([1, Theorem 2.4]). Given any sequence of measurable functions (p®, p°u®) :
R% — H, there exists a subsequence (still denoted) (p*, pu®) generating a Young mea-

sure v ) € Prob(H) in the sense that, forany ¢ € C(H),
G (p° (1, r), Ul (1, 7)) — /WL(@(p, W) dv(p,u)  in L°(R3),

wheret : C(H) — C(H)isan isometrically isomorphism. Moreover, sequence (o, p®u®)
converges to (p, pu) : R% — H a.e. if and only if

Vi (s ) = 8oy ae (t,r) € RZ,
in the phase coordinates (p, m) with m = pu.

From now on, we often use the same letter v(; ) for an element of @(H))* or
(C (ﬂ))*, and use the same letter for ((¢) and ¢ for simplicity, when no confusion
arises.

The following lemma shows that the Young measure v ), generated by the se-
quence of measurable approximate solutions (p?, pu®) satisfying the assumptions of
Theorem 2.2, is only supported on the interior of . Moreover, the Young measure v, )
can be extended to a larger class of test functions than just C (H). This is proved in [13,
Proposition 5.1]; also see [43, Proposition 2.3].

Lemma 8.2 ([13, Proposition 5.1]). The following statements hold:

(1) For the Young measure v ) generated by the sequence of measurable approximate
solutions (p%, pu®) satisfying the assumptions in Theorem 2.2,

(t,r) > /H (0" + pluP) v (o 1) € L (R2).

(ii) Let ¢ (p, u) be a function such that
(a) ¢ is continuous on H and ¢ = 0 on 0H],
(b) there exists a constant a > 0 such that supp¢ C {u +k(p) > —a,u —k(p) < a},
©) |¢(p, w)| < pP2*D for all (p, u) with large p and some B € (0, 1).
Then @ is v ry—integrable for (t,r) € R? a.e. and

P (p°(t, 1), u"(t, 1)) —‘/Hfﬁ(/),u)dwz,r)(p,u) in Lig.(R3).

(iii) v(,r) € Prob(H) for (t,r) € R} a.e., that is, v (H\(HU V)) = 0.

We now prove the commutation relation. Since we only have the ngcl 'P_compactness
of the entropy dissipation measures for p € [1, 2), the classical div-curl lemma in [58]
fails to obtain the commutation relation. Thus, we adopt an improved version of the
div-curl lemma.

Lemma 8.3 ([19, Theorem]). Let @ C R" be an open bounded set, and p, q € (1, 00)
with % + é = 1. Let V¢ and w*® are sequences of vector fields such that

ve ~v inLP(; R", wP—=w inL1(Q;R")  ase — 0.
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Suppose that v¢ - W° is equi-integrable uniformly in &, and

divv®  is(pre-)compactin W),

curl W is (pre-)compact in W11 (€; RV,
Then v¢ - w8 — v-winD'(Q).

Lemma 8.4 (Commutation relation). Let {(p, p°u®)}e~0 be the measurable approx-
imate solutions satisfying the assumptions of Theorem 2.2, and let v ) be a Young
measure generated by the family {(p®, pu®)}c.~0 in Lemma 8.2. Then

X (s1)o(s2) — x(s2)o(s1) = x(s1) o(s2) — x(52) o (s51) (3.1
forallsy, sy € R, where f := / vy, xGi) = x (G, -—si), ando(s;) = o (-, -—s;).
Proof. For any ¢ € C%(R), it follows from Lemmas 4.5, 4.7, and 4.10 that

Y (0, m)| < Cyp, 1g"(p,m)| < Cy(p+p"**). (82)
It is clear that the support of (n“’, q'/’) is contained in {k(p) +u > —L,u — k(p) < L}
for some L > 0 depending only on supp ¥ . For any v1, ¥ € Cg (R), we consider the
sequences of vector fields:
V=" (0%, pfu). gV (0f. pFut)). W = (@Y (pF, pfuf). =V (pF. pfu)).

Noting p® € L1+y2 (R? +) and (8.2), we see that both v and w® are uniformly bounded

sequences in L2 (R%). Moreover, by Lemma 8.2 and the uniqueness of weak limits, we
obtain

loc

Vo= 7 gT) inLi (R, W= (g7, —n'2) in L (RY).
By direct calculation, we see that

divve = a,nV" (0%, p°u’) + 8,¢¥1 (%, p°u®)  are compact in Wioe L l(R ),
curl w8 = 9,7V2 (0%, p°u’) + 3,qV2(p°, p°u’) are compact in WIOC1 1(Ri).

Using (8.2), we obtain that |v¢ - w| < C((,o"g)2 + (,08)2+92) for p > 0 which, with

1+yy
2+60)

loc
> 1. It follows from Lemma 8.3 that

(2.25), yields that v¢ - w® € L
Y2

(]R ) uniformly in €. Thus, v* - w® is equi-integrable
uniformly in & since ;J'

veew' — W q% — W q7 in the sense of distributions in Ri. (8.3)
On the other hand, using (8.2) and Lemma 8.2, we find that
v .w' — n\blqw2 — nWZq‘//I in LIOC(R )

which, with (8.3), yields that

nVighr — plagin = i g¥2 — 2 g, (8.4)
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It follows from (8.4) and Fubini’s theorem that

[, (X076 = 260G = 050 7620+ X620 o0 51)2(52) drd =0

Since Y1, Y € Cg (R) are arbitrary, we conclude

x(s1)o (s2) — x(s2)o(s1) = x(s1) o(s2) — x(s2) o(s1)  forany sy, s> € R.
This completes the proof. O

Theorem 8.5 (Reduction of the Young measure). Let v,y € Prob(H) be the Young
measure generated by sequence {(p°, p°u®)}e~o in Lemma 8.2. Then either v ) is
contained in 'V or the support of v,y is a single point in H.

Proof. The proof is similar to [11,48,63,64]. Since the estimates of the entropy kernel
and entropy flux kernel are different, we sketch the proof for self-containedness.
Taking s1, 52, s3 € R and multiplying (8.1) by x (s3), one obtains

x(s3) x(s1) o (s2) — x(s2) o (s1) = x(53) x(s1) 0(s52) — x(53) x(s52) 0(s51).

Cyclically permuting index s; and adding the resultant equations together, we have

x(s1) x(s2)0(s3) — x(s3)0(52)
= x(s3) x(s2)o(s1) — x(s1)0(s2) — x(52) x(s3)0(s1) — ) (51)0 (53).

Applying the fractional derivative operators P, := E)S)‘ZIJrl and P; := 8?31“ in the sense

of distributions to obtain

x(s1) P2x(s2) P3o(s3) — P3x(s3) P2o(s2)

= P3x(s3) P2x(s2) o(s1) — x(s1) P2o(s2)
— Py (s2) P3x(s3)o(s1) — x(s1) P3o(s3), (8.5)

where, for example, distribution P;x (s2) is defined by

(P2x(s2), ¥) = _/Ra?zl)((SZ) ¥'(s2)dsy  for ¥ € D(R).

We take two standard but different functions ¢;, ¢3 € C 80 (—1, 1) such that / @i(s))
R

dsj = 1 with¢; > 0 for j =2, 3. For r > 0, denote ¢7(s;) := %d)j(%). As indicated
in [43], we can always choose ¢, and ¢3 such that

00 ps
Y(da, ¢3) = / / (¢2(52)3(53) — 2(s3)¢h3(s2)) dis3dsz > 0. (3.6)

Multiplying (8.5) by ¢3 (s1 — s2)¢5 (s1 — 53) and integrating the resultant equation with
respect to (sz, s3) yield

x(s1) P2x; Pso5 — P3x3 Pro;

= P3x3 Pax; 01 — x1 P20y — Pax; Pix3 o1 — x1 P3oy, (8.7
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where we have used the notion: P; X; =Py * ¢]f. (s) = [ agjx (sj)rl—zqﬁ;.(sl;sj )ds;
for j =2,3.

Multiplying (8.7) by ¥ (s1) € D(R), integrating the resultant equation with respect
to s1, then taking limit  — 0 and applying Lemmas 8.8-8.9 below, we obtain

Y (2, $3) /H Z(p) Xz(Ki)2 xw £k(p)) ¥(uxk(p) dvi(p,u) =0.  (8.8)
+

Noting that Z(p) > 0 for p > 0 from Lemma 8.7 below, Y (¢2, ¢3) > 0 from (8.6), and
¥ (s) is an arbitrary test function, we deduce from (8.8) that

fH Z(p) x (£ k(p)) dvi,r (o, u) = 0. (8.9)

WedefineS = {s € R: x(s) > 0}. It follows from [63] that S admits the representation:

S = {s eR:u—k(p) <s <u+k(p) with(p,u) € suppv(”)}.

For the case: S = @, it is clear that m = O forall s € R so that suppvy ) C V,
since x(s) > Oforall p > 0ands € (u —k(p), u +k(p)).

For the case: S # @, it follows from (8.15) below that s — m is a continuous map.
Then S is an open set so that S is at most a countable union of open intervals. Thus, we
may write

S= LkJ({k, &k)
for at most countably many numbers ¢ := ux — k(px) and & = ug + k(pr) with
(px, ux) € suppv,,) in the extended real line R U {f=00} such that §x < & < x4
for all k. For later use, we denote the Riemann invariants z(p, u) := u — k(p) and

w(p, u) :=u+k(p). Thus, noting that supp x(s) = {(p,u) : z(p,u) <s < w(p,u)},
we obtain

supp vy © Ullo,w) € H: e < 2p,w) < wip, ) < &)U V.

If ¢ and & are both finite, due to the fact that k(p) is a strictly monotone increasing
and unbounded function of p, it is clear that {(p, u) : & < z(p,u) < w(p,u) < &}is
bounded. Now we deduce from (8.9) that

supp v,y N{(p,u) e H: & < z(p,u) <w(p,u) <&} =90 forallk.

Thus, the support of measure v, ) must be contained in the vacuum set V' and at most
a countable union of points Py (pok, ur):

supp v,y C VU ( Pi(pre, ui))-

U
{k:Ck & are finite}

Therefore, we may write

Vi) = vy + Z“k‘SPk for all a € [0, 1] (8.10)
I
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with measure vy supported on the vacuum set V. For later use, we denote
X (P, s) = x(px, uk,s), o(Px,s):=o(px,ur,s) forseR.

We claim that, if x (P, s) > 0, then x (P, s) = 0 for all k # k’. Indeed, recall that
supp x(s) = {(p,u) : z(p,u) <s < w(p,u)} and that x (p, u, s) > 0 if and only if
z(p,u) <s <w(p,u).If x(Pr,s) > 0,then { < s < &.If, in addition, x (P, s) > 0
for some k # k', it must hold that ¢y < s < &. However, since §,_1 < & < & < Cials
this is impossible for any Py with k" # k.

Thus, taking s1,s2 € R such that x (Px, s1) x (P, s2) > 0, we deduce from the
commutation relation (8.1) and (8.10) that

(ax — ) (X (Pe, s1)0 (Pe, 52) — X (Pi, 52)0 (Py, 51)) = 0.

Now, choosing s and s such that the second factor in this expression is non-zero, we
obtain that oy = 0 or 1 for all k. This completes the proof. O
Combining Theorem 8.5 with Lemma 8.1, we conclude that (p®, m®) converges to

3+
(p, m) almost everywhere. Moreover, noting that [m®| 723 < C((,o Y2+ 4 ot )

forany 7,d, D > 0, we have

3(yp+D) r rD
/ / |m®| 2% drdt < Cf / ((,08)7”2+1 +,08|u8|3) drdt < C(d,D,T),
d

3(n+h
which implies that m® is uniformly bounded in LIO?J'3 (RE) with respect to . This
implies that (2.36) holds. Therefore, the proof of Theorem 2.2 is complete.
Now, we are going to prove the auxiliary lemmas, Lemmas 8.8-8.9, which are used

in the proof of Theorem 8.5. We first recall two useful lemmas in [11,43].

Lemma 8.6 ([43, Lemmas 3.8-3.9]). Let R € C{ .(R) be a Holder continuous function
for some a € (0, 1), and let g € C§(R) be a Holder continuous function with compact
support. Assume Lo > 2 such that supp g C Br,—2(0).

(1) For any pair of distributions T, T3 € D'(R) from the following collection:

(T2, T3) = (8, Q3), (PV,Q3), (Q2, 03)

with Q2, Q3 € {H, Ci, R}, there exists a constant C > 0 independent of (p, u) such
that

sup | [~ gts0{(Tato2 =t ko)) T3 — k(o)
7€(0,1) ' J—o0

— Ta(s3 —u £ k(O)T3(s2 = u £ k(o)) * 95 * 95 | (51) |

2
< Cliglcaw (1 + ||5R||Ca(m)) :
(1) For any pair of distributions from
(T2, 13) = (8,6), (PV,PV), (Q2,03), (6, PV), (PV,Q3),
with Q2, Q3 € {H, Ci, R}, there exists C > 0 independent of (p, u) such that

sup )/ [(52 = 57252 = uw £ k(EDT3(53 = w k(o)) 63 % 85 | 51 ds |
7€(0,1)

2
< Cliglca (1 + 1%l ce 50y)
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Motivated by [11], it follows from Lemmas 4.2—4.3, (1.4), and a direct calculation
that

D(p) := ai(p)bi1(p)
2

=2 -2
2(/\+1)k(p) K'(p) 2 (K'(p) + (pk'(p))) > 0 for p>0. (8.11)

— 2k(p)*(a1(p)ba(p) — a2(p)b1(p))

Lemma 8.7 ([11, Lemmas 4.2-4.3]). The mollified fractional derivatives of the entropy
kernel and the entropy flux kernel satisfy the following convergence properties:

(i) When 0 < p < 00,

Pry; P3o5 — P3x3 Proy —> Y (o, ¢3)Z(p) Z(Ki)zfssl:uik(p)
T

as T — 0 weakly-star in measures in s1 and locally uniformly in (p,u), where

Y (g2, ¢3) sattsﬁes (8.6), Z(p) := (A1 + 1)M_2k(p)2)‘D(p) > 0 with D(p) defined
in (8.11), and K* # 0 are some constants.

(i) For j = 2,3, x1 P; a/ — 0] PJX are Holder continuous in (p, u, s1), uniformly in

7, and there exists a Holder continuous function X = X (p, u, s1), independent of
the mollifying sequence ¢;, such that

)((sl)Pjajr — Pj)(}a(sl) — X(p,u,s1) ast—0

uniformly in (p, u, s1) on the sets on which p is bounded.

Lemma 8.8. For any test function ¥ € D(R),

Th_rg})/ x(s1) Paxy P3o5 — P3x3 Pros (s1)¥(s1) dsy

=Y (¢, $3) /H Z(p) Y (K*)* X E£k(p) ¥ +k(p)) dviry(p,u),  (8.12)
+

where Y (¢, ¢3) is defined by (8.6) and Z(p) is given in Lemma 8.7.

Proof. Tt follows from Lemma 8.7 that, when p is bounded,

Pax3 P3of — Pyxi Paog — Y (2, $3)Z(p) ) (K
+

2
) avl:uj:k(p) ast — 0

locally uniform in (p, u) and hence pointwise for all (p, u). Therefore, we have
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o0

lim X(SD{(v@r, (Pax; P3o35 — P3x3 P20y )jp<pe)) ¥ (s1) dsy
[o)e]

T—0

o0
= Tli_f)r})( V(t,r)s / X (s1)(Pax3 P305 — P3x3 Proy )Y (s1) dsiIjp<pr})

—0o0

(Vi Y($2,$3)Z(p) Y (KF) 5w £ k(o)) (% k(p) (p=p7))
+

=Y($2.¢3) Y (K (vi.r), Z(p)x £ k(D)W (£ k(p)jpzprp).  (8.13)
+

For p > p*, we notice that
Pyx; P3o3 — P3x3 Paos = Payy P3(05 —ux3) — P3x3 Pa(o; —uxs). (8.14)
Using Lemma 4.14, we see that (8.14) consists of a sum of terms of the form:

Aj£(p)Bj+(p)(s3 — 52)Ta(s2 — u £ k(p))T3(s3 — u £ k(p))

with 15, T3 € {6, PV, H, Ci}, the terms of the form:

Ai+(p)Bj +(p)(Tals2 — u £ k(p)T3(s3 — u £ k(p))
—Ts(s3 — u £ k(p) T3(s2 — u £ k(p))),

and the terms of the form:

Ai£(0)Bj+(p)(s3 — u)(Ta(s2 — u £ k(p) T3(s3 — u £ k(p))
—Ta(s3 — u £ k(p) T3(s2 — u £ k(p)))

with T, € {8, H,PV,Ci,r,} and T3 € {H, Ci, r,}. We emphasize that, in the last two
cases, when 1>, T3 € {ry, 75}, Ai +(p)Bj +(p) or A; +(p)B;j +(p)(sx — u) should be
replaced by 1.

Before applying Lemma 8.6, we now show that x(s) is Holder continuous. In
fact, it follows from Corollary 4.12 and Lemma 8.2 that, for any s, s’ € R and @ €
(0, min{A 1, 1}],

KO - X [ X&) = x5
s5,s’eR s —s/|* H |s — s/|¥

dvg,ry < /H C(l +p|In ,o|) dv .y < 00,

(8.15)
which implies that x (s) is Holder continuous. Hence, using Lemma 8.6 and the fact that
|s; —u| < k(p) for j =2, 3, we obtain

o0
)/ X (1) (P2x; P305 — P3x3 P2oy )Y (s1) dsiIip= %)
—0o0

< A; B, . 2 (B, )
—C}T}f}i[' 5k () (1Bl + 175 (0, o (37

1700 )l oy (1B + 170 (0. Dl o ) |
<C(1 +p2+92) = C(pﬁ(}’”l) +1)  for p = p*,
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with Lo := |supp | +2and B = f;—ﬁ € (0, 1). Thus, using Lemmas 8.2 and 8.7, and
Lebesgue’s dominated convergence theorem, we obtain

o0

lim XDV, ry, (Paxy P3os — P3x3 Proy)jps>p+) ¥(s1) dsy
o

=0 J_

=Y($2,¢3) Y (K (vir), Z(p) x £ k(p) (e £+ k(0)Tipz ),
+

which, with (8.13), yields (8.12). This completes the proof. |
Lemma 8.9. For any test function € D(R),

lim/ <P3x3’ Prxy o(s1) — x(s1) Proy
=0 Jp

— Pyxy P3x3 o(s1) + x(s1) P3U3T) Y (s1)ds; = 0. (8.16)
Proof. Fix (p, u) € H. It follows from Lemma 8.7 that
(X(s1) Pso; — P3x3 0(51))(,0, u,sy) — X(p,u,s;) uniformlyins; as T — 0.

It is clear that

/Rsz; (x(s1) Pso? — Pyxd o(s0)) (s1) dsy

=/H/R(sz{)(ﬁ,ﬁ,so(x(S1)P30§—P3x3’a(s1))(p,u,sl)w(sl)dsldv(m(/s,,;),
It follows from Lemma 4.14 that P; x}, Jj = 2, 3, are measures in s1 such that
IP;xj (P, i, lona < Cap  forlarge p,
where [|llone = sup {I(i, £)| : f € C§R) and || flicer) < 1} with @ € (0, 1).

Then we use Lemma 8.2 and Lebesgue’s dominated convergence theorem to pass the
limit inside the Young measure to obtain

/R Paxk (x(s1) Psof — Psx¥ os1)) w(s)dsy

— [ P0G 50X s v G
R
pointwise in (p, u) as T — 0. Now we are going to prove
| [P (e Pt = P o 0) wisnds| = (PP w1
R

for some constants C > 0 and 8 € (0, 1], which are both independent of t. Once (8.17)
is proved, it follows from Lebesgue’s dominated convergence theorem that

lim f a3 (s1) XG0 ProT — Paxd o) v (s1) dsy
i R

— lim /H /R Pox (s1) (x(s1) Pyt — Psxd o(s0) (o it 1) (s1) dsydvgey (o, )

=0

=/ / /(PlX)(la»ﬂasl)X(pau»sl)‘ﬁ(sl)dsldv(t,r)('aaﬁ)dv(t,r)(;oa“)-
HJIHIR
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Since X (p, u, s1) is independent of the choice of the mollifying functions ¢; and ¢35
from Lemma 8.7, we may interchange the roles of s and s3 to conclude the proof of
(8.16).

To see the validity of (8.17), we begin by observing that, for j = 2, 3, P; xl? (s1) and
¥ (s1) are independent of (p, u). Then it suffices to estimate the function: '

x(s1) Pjoj — Pjxjo(si) = x(s1) Pj(o] —uxj) — (o(s1) —ux(s) Pjxj. (8.18)
It follows from Lemmas 4.2-4.3 and 4.14 (also see [11, Proof of Lemma 4.2]) that
RHS of (8.18) = E'"" + E*T + E>T + E*7,

with

E'T =" (A1L£(p)b1(p)Gy, (1) + AL+ (0)b2(p) Gy (51))
+

x ((s) = $1)8(s; — 1 £ k(p))) % ¢
+ Z (A3,£(P)b1(p) G, (s1) + A3+ (p)b2(p) Gy 41(s1))
+

X ((Sj —S)PV(sj —u :l:k(,o))) *q&;
=E"+E)",

EX == " A +(p)g2(s1) (8(s; — u £ k(p)) * ¢7)
+

=Y Az x(P)g2(s1)(PV(sj — u £ k(p)) * ¢7)
+

=E7T 4 E)T,
E3T = Z (B1+(p)ar(p) — A1 +(p)b1(0)) Gy, (s1)((sj — u)d(s; — u £ k(p))) * ¢}
T
+ Z (Brx(p)az(p) — A1,£(p)b2(0)) a1 (s)((s5 — w)d(sj — u £ k(p))) * o]
T

+ 3" Bia(gi(s1)((s) — wd(sj — u£k(p)) * 7
+

+ Z (B3, £(p)ai(p) — A3+ (p)b1(p)) G, (s1)((s; —u) PV (sj —u £ k(p))) * ¢;

T
+ Z (B3, £(p)az(p) = A3 +(0)b2(0)) Gy 41 (s1)((s; — W) PV (s — u £ k(p))) * ¢}
T
+ Z B3 +(p)g1(s)((sj —w)PV(sj —u£k(p))) * ®;
T

3T 3,7 3,7 3,7 3,7 3,7
=E]"+Ey +E] +E; +E5 +Eg,

and E*7 is the remainder term which consists of the mollification of continuous func-
tions, where we have used the notation: G, (s1) = [k(p)? — (u — s1)*1*', and gi (s1) =
gi(p,u—s1)fori =1,2.
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We first demonstrate the uniform bound on the term involving the delta measures.
By direct calculation, we have

! —u+k
5(sj —u+k(p)) >|<¢; = ;(ﬁj(w)»

((sj —s)3(sj —u+k(p))) * g7 = S uT+ (p)¢j(s1 uT+ (,0))’
((sj —w)d(sj — u+k(p))) * 5
= (5] = 008055 = u+ k(o)) * 9 + (51 = w3(s; = u+ k(o)) ¢}

_ si—u+k(p) — si—u+k(p), s1—u+k(p)
= (s1 — )T ') ( ) — ¢ ( ). (8.19)
T T T
Noting that
Gry+1(51) = G, (s1) (k(p) — u + 1) (k(p) +u — s1), (8.20)
lgi(SDI < 10u8i (o, HlLemlst —u £ k(p)]  fori=1,2, ’
using (8.19)—(8.20) and Lemmas 4.2-4.3 and 4.11-4.14, we obtain
6
EXT =0, |ENTI+|EXT 4 |EXT+ |EFT] < Cy(1+p2%0). (8.21)

For the term involving with the principal value distribution, a direct calculation shows
that

P;(x —y) —¢j(x+y) q
y

L R AN
| [ e e w),

|PV*¢,’-<x>|=\/O°° y|

If |x| < 27, we have
47 1
Iyl

On the other hand, if |x| > 27, we can obtain

_ 1, C
6, =) — 0, A5 dy <o lghle = 12 (8.22)
T T T

. 1
[PV #¢;(x)| < f/
T Jo |x]

2 |x|+T o C
PV %7 ()] < ?/| 19l 4, < Co (8.23)

x|—t x| —7 N |x|
Notice that

((sj =s)PV(sj —u—k(p))) * o]
= ((sj —u+k(p)PV(sj —u+k(p))) = 5
+((u = k(p) = s1)PV (sj — u+k(p))) * ¢,
((sj —u)PV(sj —u— k(,o))) * ¢jr-

= ((sj —u+k(p)PV(sj —u+k(p))) * ¢; —k(P)PV(sj —u+k(p)) * 7,
(8.24)
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which, with (8.20), (8.22)—(8.24), and Lemmas 4.2-4.3 and 4.11-4.14, yields

0
EXT =0, |EVTI+|ERTI+|EXT 4 |EXT] < Cy(1+p7% 7). (8.25)
Combining (8.21) with (8.25) yields that there exists fi = 32225 € (0, 1) such that
3.6
|ENT 4 E2T 4 E3T| < Cy(1+ p3*F) < Cy(1+ pPr2¥D)y, (8.26)

For E+T consisting of the mollification of continuous functions, direct calculations
show that

|E*T| < Cy (1+p*2|Inpl) < Cy (1 +p202*D), (8.27)
with g = 522 € (0, 1). Combining (8.27) with (8.26), we conclude the proof of
(8.17). O

9. Existence of Global Finite-Energy Solutions of CEPEs

In this section, we complete the proof of Theorem 2.3. Since the proof is similar to [10],
we sketch the proof for the self-containedness of this paper. We divide the proof into
four steps.

1. Since (p®, m®)(t, r) obtained in Theorem 2.1 satisfies all the assumptions of Theo-
rem 2.2, then it follows from Theorem 2.2 that there exists a vector function (p, m)(t, r)
such that, up to a subsequence as ¢ — 0,

(¢, m®) —> (p,m) a.e.(t,r) € R2, 9.1)

(pf,m) — (p,m) inLl(R%) x LP2(R?) (9.2)

loc loc

for p1 € [1, 72+ 1) and p; € [1, 3;22:3”) where L7
forany 7T > 0and K € (0,00), j =1, 2.
Noting (9.1) and p® > 0 a.e. from Lemma 6.1, it is direct to show that p(¢,r) > 0

a.e. on R%. Moreover, it follows from (2.22) that \/pfu®r = \’/"—;Tr is uniformly bounded
in L®°(0, T; L2(R)). Then using Fatou’s lemma yields
00 t 2 00 & t 2
/ / |m( 2l rdrde < 11m1nf/ / |m @)l r2drdt < oo.
o) Cptr)

Thus, m(t,r) = 0 a.e. on {(t,r) : p(t,r) = 0}, and we can define the limit velocity
u(t,r) as

(]R ) represents LPi ([0, T] x K)

loc

mET) e on{(t.r)  p(t.r) £ 0},
p(,r)

u(t,ry=0 a.e. on{(t,r) : p(t,r) =0o0rr =0}.

u(t,r) =

Therefore, m(t,r) = p(t, r)u(t,r) a.e. on Ri. Also, we can define (%)(t, r) =

o, r)u(t,r), whichis zero a.e. on {(t,r) : p(t,r) = 0}. Moreover, using (2.24) and
Fatou’s lemma, we obtain

T
f f p|u|3drdt<11m1nf/ / pfluf)Pdrdr < C(d, D, M, Ey, T) < 00
0 d

for any [d, D] € (0, 00).
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By similar calculations as in [10, Sect. 5], we obtain that, as ¢ — 0,

mé m . 1
— = /pfu® — — = /pu  strongly in L°([0, T1x[d, D]; r"~" drdr) (9.3)
N p* JP

forany T > 0 and [d, D] € (0, 00).
From (9.2)-(9.3), we also obtain the convergence of the mechanical energy as ¢ — 0:

n*(pf, m) —> n*(p,m)  in L} (R2). (9.4)

Using (9.2), (9.4), and Fatou’s lemma, and taking limit ¢ — 01in (2.21)—(2.22), we have

1) o0
/ f (*(o.m)(t, r) + p” (&, 1) + p(t, ) rPdrdt < C(M, Eo)(t2 — 1), (9.5
1 0
which implies

sup /OO (n*(p, m)(t, 1) + p"(t, 1) + p(t, 1)) r’dr < C(M, Ey). (9.6)
0

0<t<T

This indicates that p(r, r) € L*([0, T]; L7 (R; r2dr)), which implies that p (7, X) is a
functionin L ([0, T']; L2(R?)) withy» > 1 (rather than a measure in (¢, x)). Therefore,
no delta measure (i.e., concentration) is formed in the density in the time interval [0, T'],
especially at the origin: » = 0.

2. For the convergence of the gravitational potential functions ®° (¢, r), by similar
calculation in [10, Sect. 5], we obtain that, as ¢ — 0 (up to a subsequence),

r r
E(t, r)r? = /0 p°(t, y) yPdy —> /0 p(t.y)y*dy ae.(t.r)eR:. (97

Thus, using (6.3), (9.1), (9.7), Fatou’s lemma, and similar arguments as in (9.5)—(9.6),
we have

o0 r
f (/ o(t, y) y2dy>,o(t, ryrdr < C(M, Ey)  for a.e. t > 0.
0 0

On the other hand, it follows from (6.4) that there exists a function ® (¢, x) = ® (¢, r)
such that, as ¢ — 0 (up to a subsequence),

Pf ~ P weak-star in L>°(0, T'; HILC(R3)) and weakly in L2(0, T’; HILC(R%,
1P o) + VOO 283y < C(M. Eg)  a.e.t = 0.

Thus, by (9.7) and the uniqueness of limit, we obtain that @, (¢, r = for p(t, )72 dz

ae. (t,r) € Ri. By similar arguments in [10, Sect. 5], we also have the strong conver-
gence of the potential functions:

) T 00 . 2, 6
lim |(@ — @) (t,r)[r*drdt =0 for y, > 5 9.8)
0 0

e—0

3. Now we define

(o, M, ®)(t,x) := (p(t,r), m(t, r); O(t,r)).
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Then it follows from (2.20), (9.8), and Fatou’s lemma that

/,[2 /Rg (%)%\2 + pe(p) — %IV@Z)(L x) dxdr
== ./R3 (%)/}A_p_?)lz + poe(po) — %|V®0|2)(X) dx,

which implies that, for a.e. t > 0,

1| M2 1 5
/]1%3 <§‘ﬁ‘ + pe(p) — §|VCD| )(l‘,X)dX
11 Mp |2 1 2
5/}1@ (3l T+ pvetow = 51v @R ) ax 9.9)
On the other hand, using (2.22), (9.6), and (9.8), we obtain
1y M2 1 5
/R3 (E‘ﬁ) + pe(p) + 5IVP| )(t,x)dXSC(M, Ey). (9.10)

Combining (9.9) with (9.10), we complete the proof of (2.28).

4. Using (6.7), (6.9)—(6.10), and similar arguments as in [17, Sect. 5], we conclude the
proof of (2.29)—(2.31) which, along with Steps 1-3, shows that (p, M, ®)(z, x) is indeed
a global weak solution of problem (1.1) and (1.13)—(1.14) in sense of Definition 2.2.
This completes the proof. O
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Appendix A. Some Inequalities

A.l. A sharp Sobolev inequality. In this subsection, we recall a sharp Sobolev inequality,
which is used in Sect. 5.1. The proof can be found in [45, Sect. 8.3].
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Lemma A.1 (Sobolev inequality). Let n > 3 and V f € L>(R") with limjx) o0 f(X) =
0. Then
IIfIIi% < AnlV £l

n

k
where A, = ﬁwn | s the best constant and wy, = % is the surface area of the
2

+ r

unit sphere in R¥.

A.2. Some variants of the Gronwall inequality. In this subsection, we introduce some
variants of the Gronwall inequality, which plays an essential role in identifying the
singularities of the entropy kernel and entropy flux kernel; see also [64].

Lemma A.2 (A variant of Gronwall inequality [59, Theorem 1.2.4]). Let x (t), y(¢), z(t),
and w(t) be non-negative continuous functions on J = [to, t1] with ty > 0. If

t
x(t) < y() +Z(t)/ w(s)x(s)ds fort e,
1o
then
t t
x(t) < y(1) +z(t)/ w(s)y(s)exp (/ w(r)z(r) dr) ds fortel.
fo N

Lemma A.3. Let 0 > 0, and let d(s) be defined in (3.9). Assume that x(t) > 0 is
measurable and locally integrable, and satisfies

t
x(t) < ct? + %[ d(s)x(s)ds for t > p* (A1)
0

for some constant C > 0. Then there exists a possibly larger constant C>0 independent
of t such that, fort > p*,

Ct if0<6 <6,
x(1) < {Ct%2Int if 6 = 6,,
Ct? if 0 > 6.

Proof. Since x(t) is positive and locally integrable, then, using Lemma 3.2, there exists
a constant C > 0 that may depend on p*, but independent of #, such that

*

1 1P
;/ d(s)x(s)ds < Ct~'  for 1 > p*.
0

This, with (A1), yields that x(r) < Ct/ + 1 [ ; d(s)x(s)ds for t > p*. Applying
Lemma A.2, we obtain

o 1
x(t) < Ct +;

P

t t
d
cs"d(s)exp< f ) dr) ds  fort>p*.  (A2)
* r

N

It is clear that

r

t t t _
f d(r) dr‘ < / 1+6, dr +/ |d(r) — (1 +63)| dr (A3)
K s r s r
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It follows from Lemma 3.2 tha

¢ MO—WDL < cp=e=1 for r > p* which, with (A3),

yields

\
ke
T

exp(/: dir) dr) < C(E)Hé)2 fort > s >

Combining (A2) with |d(s)| < 3, we obtain that, for t > p*,

9 l
x() <€+ -

! £\ 140 6
CS‘)(-) *ds < ¥ + C1® / IR0 s (Ad)
p* N

p*

Case 1.1f 0 < 6 < 0,, it follows from (A4) that

o0
x(t) < Cct? + Cte;(/

s 10240 ds) <Ci” fort>p*.
¥

Case 2. 1If 0 = 6,, it follows from (A4) that

t
x(t) < Ct” +Ct92</ 571 ds) <Cit”Int fort > p*.
p*

Case 3.1f 6 > 6,, then it follows from (A4) that

t
x(t) < ct? + Ct92</ s 1020 ds) <Ci’  fort> p*.
p*

This completes the proof. O
Corollary A 4. If x(t) satisfies

1 t
x(r) < Ct? lnt+;/ d(s)x(s)ds  for t > p*,
0

with 0 > 0, then x(t) < Ct?Int fort > p*.
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