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Component Analysis and Accuracy Improvement of
Linear Power Flow Equation based on Legendre
Polynomial Expansion

Zhexin Fan, Zhifang Yang, Juan Yu, and Thomas Morstyn

Abstract—The linearization of the power flow equation is
widely used in power industry. Existing linearization approaches
are generally regarded as nonlinear state variable space trans-
formation, where the original power flow equation can be
approximately reformulated as the linear forms in transformed
state variable spaces. However, the optimality of linear power flow
equations cannot be theoretically compared in different spaces
and is only verified based on case studies. In this paper, based
on Legendre polynomial expansion, power flow equations are
uniformly transformed into a single state variable space, where
dimensions correspond to certain orders of Legendre expansion.
Through component analysis of power flow equations on each
dimension, we find that the accuracy of the linear power flow
equation can be improved by formulating an appropriate state
variable space transformation to reduce Legendre component
loss. Based on this, a linearization method minimizing Legendre
component loss is formulated. Compared with the regular case-
based linearization, the proposed method does not depend on
empirical data, and can theoretically guide the selection of the
linear power flow equation within the specified operating bound.
The accuracy performance is verified in OPF calculation based
on numerous IEEE and Polish test systems.

Index Terms—Power flow equation, linearization method, Tay-
lor series expansion, Legendre polynomial expansion, operating
bound.

NOMENCLATURE

Symbols:

A5 AT, Afj;‘l n-order magnitude of Legendre polynomi-
als

AL s AQ o , Mingngz-order magnitude of ternary Legen-
dre polynomials of branch active/reactive
power flow

AADk=12 Error of the magnitude of A” when

1J,M1M2n3 nina2ns

k =1,2 on branch {ij}

P Q Active/reactive power

Pf;’ss, ﬁg“ Branch active/reactive power loss from ¢ to

PZ.’;., Q{j Branch active/reactive power in trans-
formed state variable space

T, () n-order Legendre polynomial

Vi, ®sj Normalized voltage magnitude and angle
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Gij> bij, Tij Conductance/Susceptance/Inductance  on
branch {ij}

v, 0 Voltage magnitude and angle, state vari-
ables

Av, Af Maximum variation of state variables

General function form of transformed state
variables
Derivative of ¢;(v;), ¢;(6:;)

wi(vi), dij(0iz)

@5 (vi), ¢ (0i5)

Vector/Matrix:

fij, fij0 (Initial) functional state variables

Xij Vector of state variables

x; Normalized vector of state variables

Index/Sets/Number:

i, ] Bus indexes

n,n;,m Order indexes of Legendre polynomials,! =
1,2,3

J Bus set

B Branch set, B=J x J

N Set of component index of Legendre poly-
nomials

Symbol Derivation Rule: Bold symbols represent vectors
of corresponding symbols. The symbol “—” represents the
transformation flow. The superscript “L” represents the linear
approximation of the corresponding function. The symbol «f'”
represents the derivative of f.

I. INTRODUCTION
A. Research Motivation

OWER flow equation is the basic law that determines
the power flow distribution in the power system [1]. It is
modeled as the nonlinear projection from state variable x;; =
(vi,v,0:;)T to branch power flow (P;;, Q;;) [2], as shown in

Pij (Xij) = gij’Ul-2 — U,j’()j (g” COS Hij —+ bij Sin 97',]')7 (1)
Qij (Xij) = —bijv? + Uin(bij COS Gij — gij sin 9”) (2)

The nonlinearity of the power flow equation makes power
dispatching is a nonconvex optimization problem, where the
global optimal solution cannot be guaranteed in finite time, i.e.,
non-deterministic polynomial-time (NP) hard [3], [4]. Consid-
ering the development of commercial linear programming (LP)
solvers, the linear approximation of the power flow equation is
widely used to satisfy the demand of computational efficiency
in the power industry [5]. With the increasing stochasticity and
flexibility in modern power system, such as renewable energy

Xplore. Restrictions apply.



This article has been accepted for publication in IEEE Transactions on Power Systems. This is the author's version which has not been fully edited and
content may change prior to final publication. Citation information: DOI 10.1109/TPWRS.2022.3211397

JOURNAL OF KTEX CLASS FILES, VOL. 14, NO. 8, MARCH 2022

[6], [7], flexible transmission [8], [9], and demand response
[10], [11], the improvement of linear power flow equations
will bring potential economic benefits [12].

Existing linearization approaches generally employ empiri-
cal operating data to ensure the accuracy. The basic idea of the
general linear power flow model is 1) to regard power flow
equations (1)-(2) as the function of (P;;,Q;;) with respect
to general functlon form f;; = (pi(vs), p;(v;),0;;), denoted
as (Pf (i), Q ( f;;)) and 2) to derive the first-order Taylor

expansion of P L (£i7), Q{]( fi;) at the empirical operating point
£i70 = (91(010). 95 (170 615(0:30)) [13], as shown in

Pij(xi;) = Pij(£i; 7 (£i(xi5)) = PLi(£;)) 3
~ Pl(£.0) + (B — £3.0) VL (Bi0) "B PL(E),

Qij(xi;) = Qij(Fi; (i (xij) Qz(d‘;}me ) @

( )=
zQ{J( £i50) + (£ — £i50)7 Q (’L] o) = Qj;(fij),

where transformation “Pj;(x;;) — P/, L(fi;) — PL(fy)”
and “Q;j(xi;) — Qf (fij) — Q”( w)” represent that the
original power flow equation is transformed from state variable
space (xX;j, P;j,Qi;) to state variable space (f;;,Pi;, Qij)
(The two space is denoted as in x;;-space and f;;-space in
the following part). It is worth noting that the nonlinearity
transfers from the power flow equation to state variable
space transformation “x;; — f;;”7, which is defined by
£; = (pi(vi), 0j(vj), $ij(0i;))T. The specific formulation of
f;; corresponds to a certain linear power flow equation. The
commonly-used linear power flow equations are reviewed in
section I-B.

However, the performance of these empirical-data-based
approaches is not stable under accidental operating states
of the power system [14]. Also, the optimality of linear
power flow equations in different state variable spaces cannot
be theoretically proven. The linearization error is generally
compared based on case studies [15]. In fact, the dispatch
accuracy in the power system with wide operating bound is
guaranteed by iterative modifying the formulation of the linear
power equation, where the frequently remodeling might cost
more computational resources than the solving stage [16].
Hence, there is an urgent need to propose a high-accuracy
linear power flow equation within the entire operating bound.

To tackle this issue, we uniformly transform power flow
equations into a single state variable space based on Legendre
polynomial expansion within the specific operation bound
of the power system. Through component analysis in each
dimension of the state variable space, power flow equations
are theoretically compared without empirical data. In addi-
tion, a linear power flow equation minimizing the component
loss within the specified operating bound is formulated. The
performance is verified in OPF calculation based on numerous
IEEE and Polish test systems.

B. Literature Review

The specifical linear power flow equation corresponds to the
linear power flow equation (3)-(4) with the certain form of f;;.
The commonly used methods are reviewed as follows.
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1) DC power flow equation with f;; = (vz,v?ﬁ ): Tt is
based on the empirical knowledge that the ratio of ;;/x;; is
approximately 0 and the power system operates around the

initial point (v; o = vj0 = 1 p.u.,8;; = 0), as shown in

%

Pij = —.
Tij

4)
This MW-only approach ignores reactive power () and voltage
magnitude v. It cannot adapt to the scenarios when @ or v are
the primary concern. The derivation and application can be
respectively found in [17] and [18].

2) Linear power flow equation with f;; = (v} ,v},@ ):
It is the basic first-order Taylor expansion of the power flow
equation under the assumption that the initial point (v; o =
vj0 =1 p.u.,0;50 = 0), as shown in

Py = gij(vi —v;) — b0, (6)

Qij = —bij(vi —vj) — gij0ij- @)

The derivation and application can be respectively found in
[19] and [20].

3) Linear power flow equation with f;; = (v? ,07,9 ) It
considers the component of voltage magnitude in the original
power flow equation is quadratic [21]. Hence, the quadratic

form of fi; = (vZ, vj ,0;;) is employed to improve the
accuracy. The linear power flow equation is shown as
02 w2
P = gij(? - %) — bijbij, ®)
vi2 w2
Qij = _bij(é - %) — 9izij- 9)

The derivation and improvement discussion can be respec-
tively found in [22]. In conclusion, according to (3)-(4), the
detailed formulation of the commonly-used linear power flow
can be unified as

PL(fi5) = gij[(@i(vi) — i(vin)) /¢’ (vio)
—(p;j(v;) = i(v5,0)) /¥ (vj0)] (10)
—bij(¢ij(0:5) — 0:5(0ij,0))/ 915 (0ij,0),

F(fi5) = —bij[(pi(vi) — @i(vi0)) /@i (Vi)
—(pj(v;) — p; (UJ 0))/90 (v5.0)] (11)
_gij(¢lj( ) qbl]( i3, 0) /(b ’L]( 7, 0

with £, = (pi(vi) = of,0;(v;) = Ufa@j(@ij) =

0;;)T,k € Ny under the cold-start condition (v; o = v;0 =
1 pu.,8;j0 = 0). In addition, the form of f;; can be not
only selected as power function v¥. Reference [23] proposed
a logarithmic linear power flow model with f;; = (¢;(v;) =
Invi, @;(v;) = Invy, ¢y (0i5) = 0i;)"

To further improve the linear power flow equation, several
data-driven methods are proposed. Our previous work [24]
guides the selection of f;; by minimizing the linearization
error of several historical scenarios. Reference [25] linearizes
the power flow equation based on least squares regression.
Reference [26] presents that the DC power flow model could
be improved based on data-driven neural networks, but in-
dicates that the black-box characteristic leads that neural-
network-based approaches are hard to guarantee the security
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of power system operation. Besides, reference [27] clarifies
that the linear power equation is a lossless network model
where the power losses should be compensated by considering
the linearized quadratic components of v or 6. Reference
[28] proposes a measurement of the maximum error of the
linear power flow equations based on a volume of historical
scenarios.

In addition, in practical solvers such as CPLEX, the piece-
wise linearization technique [29] and the iterative manner
[30] are adopted to improve the accuracy at the expense of
introducing integer variables or iterative steps. In a single
piece or stage, these methods are still regarded as search-
ing the more effective state space transformation f;; =
(0i(vi), 0j(vj), ¢ij(0;;))" based on empirical data.

Regarding the mathematical theory of linearization, Taylor
series expansion is one of polynomial expansion techniques,
which can only guarantee local accuracy around the initial
point. To reduce errors within a specific range, we introduce
the orthogonal polynomial expansion, which is derived based
on minimizing the sum of squared errors of all feasible points
in the operating bound [31]. The n-order Legendre polynomial
on bound interval [—1, 1] is shown as

1 d7l

Tn(@) = 5 dTn(xz ~1)",ze[-1,1,n € N.

Legendre series is so-called orthogonal among the components
of each order as shown in

/ 1 T ()T (z)de = {

-1

(12)

2 _
nrp M ="

0.m £ n ; (13)

Orthogonality reflects that the different components are
integral-independent in the bound interval while the integral
of the same component product is constant. It provides conve-
nience for transforming any functions into the single Legendre
variable space without empirical data. The arbitrary function
g(x) on interval [—1, 1] can be easily expanded into Legendre
polynomial series as shown in

glx) =Y AIT,(x), (14)
n=0

where A9 is the magnitude of the n-order Legendre com-

ponent. Based on orthogonality (13), AY9 can be calculated

according to
1
A9 — 2n+1 /

g 5 B g(x)Ty (x)dx.

15)
So far, the arbitrary function g(z) is transferred to Legendre
independent variable space, where n-th dimension corresponds
to the n-order Legendre component. It is a infinite polyno-
mial series. Considering the limited computational source in
practice, the components of all orders cannot be completely
analyzed. Hence, the second-order Legendre series are em-
ployed to replace the infinite Legendre series in the following
discussion. In fact, the component over second-order in power
flow equations is extremely small and negligible, which is
verified in case studies of section IV-A.

The characteristics of Taylor and Legendre polynomial
expansions are compared in Fig. 1. The mathematical meaning
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of two expansion approaches is to transform the function
into respective polynomial state spaces, where each dimen-
sion corresponds to a certain order component of Taylor or
Legendre expansion. However, Taylor polynomial does not
possess orthogonality like (13), whose magnitude of a certain
order component cannot be conveniently derived according to
(15) and is usually approximated through the expansion at the
empirical operating point. Hence, Legendre polynomial expan-
sion according to (14)-(15) has advantages in computational
efficiency and accuracy within the entire operating bound.

High-order
Component 1;1(2() Power Flow

Taylor Series Expansion ’1 Equation F(x)
1
1 .
First-order

(Based on operating point)
_—
Component L(x)

The components interfere with
each other.

Power Flow

JtHE) L) =0
Equation

State variable
space transform

High-order
Componexltflﬁx) Power Flow

The components is independent,
which is  convenient  for
component analysis.

J(H()- L(x)) = 0 independent
- J'(F x)»L(x — Magnitude of

(41‘ ) High-order

Component

_ 5 1 Equation F(x)
Orthogonal Polynomial !
Expansion
(Based on operating bound)
Orth

First-order
Cq[nponent L(x)
Y

Fig. 1. Comparison of orthogonality of Taylor and Legendre polynomial
expansions

In fact, there are several forms of orthogonal series. Without
loss of generality, the commonly-used orthogonal polynomial
series, Legendre polynomial series, are employed in the fol-
lowing discussion [32].

Taking the key nonlinear components in power flow equa-
tion (1)-(2), sinf;; and cosf;;, as examples, the accura-
cies of their second-order Taylor and Legendre polynomial
expansions (The derivation is shown in section II-A) are
compared in Fig. 2. Considering the branch voltage angle
difference in practical power systems satisfies 6,; € [—5°,5°],
Legendre polynomial expansion can well control the error
within the entire operating bound. By comparison, Taylor
series expansion might cause errors of more than three times
when the operating state deviates from the initial point. In
actual power dispatch where the security is the first priority,
although the local error may be slightly worse than Taylor
expansion, Legendre polynomial expansion guarantees that the
global error of the scheduling result is within a secure range.
It is worth noting, although the Legendre series is not linear,
this does not prevent us from proposing a linear OPF model
as shown in section III.

sin Ojj - cos Oif
L2E-04 Taylor Legendre 2.8E-06 Taylor Legendre|
> 2.4E-06
1.0E-04!
8.0E-05 2.0E-06
el 1.6E-06
6.0E-05 1.2E-06
4.0E-05 8.0E-07
2.0E-0: 4.0E-07
0.0E+00 0.0E+00

(a) sin 0;; (b) cosO;;

Fig. 2. Comparison of second-order Taylor and Legendre polynomial expan-
sions of sin 0;; and cos 0;;

C. Contributions

The contributions are summarized as follows:
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1) A component analysis method to theoretically compare
power flow equations in accuracy is proposed: The power flow
equation (1)-(2) and its linear formulation (3)-(4) are expanded
as Legendre polynomial series based on the operating bound.
i.e., power flow equations are uniformly transformed into a
single state variable space, where each dimension corresponds
to a certain order component of Legendre expansion. Through
comparing the magnitude of each order Legendre component,
the improvement of linear power flow equations is revealed
as the formulation of an appropriate state variable space
transformation f;; = (pi(vi),j(vj),¢i;j(0i;))T to reduce
Legendre component loss. Based on this, the accuracy of the
commonly used linear power flow equations are theoretically
measured without historical knowledge.

2) The linear power flow equation minimizing Legendre
component loss is proposed: An optimization model to obtain
the linear power flow equation minimizing Legendre com-
ponent loss is proposed. Considering the limited computing
resources in practice, only finite-order components can be
optimized. For compensating the inevitable component loss,
we further derive the second-order component of the solved
linear power flow equation. Based on the relaxation technique
considering the operating bound, the second-order component
is successfully modeled as linear constraints. The formulation
of the solved linear power flow equation is only determined by
network parameters, the operating bound rather than empirical
operating data.

This paper is organized as follows. The component analysis
of power flow equations is proposed in section II. The linear
power flow equation minimizing Legendre component loss is
proposed in section III. Case studies are presented in section
IV, and section V concludes the paper.

II. COMPONENT ANALYSIS OF POWER FLOW EQUATIONS

The power flow equation (1)-(2) and its linear formulation
(3)-(4) are transformed into a single state variable space based
on Legendre polynomial expansion. Then, their accuracies are
theoretically compared through component analysis in each
dimension.

A. Legendre Polynomial Transformation of Power Flow Equa-
tions

In order to compare the power flow equations in the same
state variable space, Legendre polynomial expansions of power
flow equations are derived. Considering Legendre polynomials
used in section I-B are defined on interval [—1, 1], power
flow equations is normalized by translating and scaling state
variable Xij = (Uz‘, Vyj, Hij)T

Firstly, the operating bound of power system can be directly
constrained by a set of the box constraints as shown in

v; € [vi,O - AUZ‘,’UZ"O —+ Avi},ﬁij S [ A91]7A0 ] (16)

where ¢, € J, Av; and Af;; are the maximum variation of
state variables. The normalized state variable can be formu-
lated as

i = (V;a V}a Gij)7 Vvia ‘Ga @ij € [71, 1]3

)

7)
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where

U0 g bsj
A’Ui B AG” '
Then, we derive Legendre expansions of the original power
flow equation (1)-(2) and its general linear formulation (3)-(4)
as follows.

1) Legendre polynomial expansion of original power flow
equation: Taking (18) into (1)-(2), the original power flow
equation can be normalized as

P (Xzorm) = gij (A’UQVQ + ’U o+ 2A1}l 0, OV)

(18)

(AvZV +;,0) (A, V; + vj, 0)[92] cos(A0;;0;;)  (19)
+b;; sin(A6;;0;5)],
Qij (xXFT™) = =bij (A VE + 07 o + 240, 0v; 0 Vi)
(A'U,LV + ’Uiy())(A'Uj‘/j + 'Uj,())[bij COS(A&Z']' @Zj) (20)

_gij sin(AOij'@ij)}.

For obtaining Legendre polynomial expansion of the original
power flow equation, the basic terms in (19)-(20) is firstly
derived as Legendre polynomials according to (12) as shown
as

Vi =T1(V;), V; = T (Vj), 2D

1 2
V2= 3To(Vi) + 3Ta(Va), (22)
cos(Ab;;0;;) Z Af5Tn(O45), (23)
sin(A6,;0;;) = Z AR T (045), 24)

where ACJOS and Asj’" are the magnitudes of the n-order com-
ponents in cos(A6;;0;;) and sin(Af;;0;;). The derivation of
Ag75, and A‘”” can be found in Appendix A. Taking (21)-(24)
mto (19) (20) Legendre polynomial expansion of the power
flow equation can be obtained. The second-order Legendre
expansion of the power flow equation is written as

P (anm”m) = A57n1n2n3

ni+n2+n3<2,
ni,nz,ng€EN

QU( norm) = Ain,anLQ?’L3

ni+nz+nz<2,
ni,n2,n3EN

Tnl (V;)TTLQ (‘/})Tng (61])7 (25)

Tn1 (Vi)Tﬂq (‘/J)Tﬂs( ) (26)

where AL i7minans (M1 + M2 +n3 < 2) is the magnitude of
the ninong-order Legendre component of the original active
power flow equation, as show in

Azg 000 = gijAUiz + gij03 0 — 9ijVi,005,045%, (27)
Ag‘,mo = 29;;Av;v; 0 — 9ijAv;v;,0A57, (28)
AT 010 = —9ijAvji 0 AG, (29)
Aiom = —b;;vi 0v;0AT", (30)
2
Af 200 = ggi]‘AU?, (31)
AZ,llO = 7gijAUiA’UjAgos, (32)
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Ag,lm = —b;j Avjv; 0 A", (33)
AZ‘,OH = —b;; Av;v; g AT™, (34)
Af';,ooz = —gi;Vi,005,045%. 35)

Ag_’nmwg_ can be obtained by replacing g;; and b;; with —b;;
and g;; in (27)-(35).

2) Legendre polynomial expansion of linear power flow
equations: The detailed formulation of the commonly-used
linear power flow equation reviewed in section I-B can be
written as (10)-(11) where the specific value of k represents
the corresponding linear power flow equation based on the
certain state space transformation f;;. Firstly, the basic terms

©0i(vi), ¢;(vj), i (0;;) are firstly normalized and expanded as

pi(vi) = vf = (AviVi +v;0)" =D AL, T (Vi),  (36)
n=0

i(v)) = vF = (Av;Vj +v50)" = Y A7 Tu(V;),  (37)
n=0

$ij(0i5) = 0i5 = A0;;0;5 = Ab;;T1(045), (38)

where Af , A¥  are the magnitudes of the n-order Legendre
components in ¢;(v;) and ¢;(v;). Their derivation is presented
in Appendix B. Taking (36)-(38) into (10)-(11), Legendre
polynomial expansion of general linear power flow equation
is obtained as shown in

L/ normy _\ P,L
Pij (Xij )= Az’j,nlnzng
N

L

L norm)i Q,L
ij

(Xij - ij,nlngng,Tn (V2>Tn2 (V])Tns (Gij)7 (40)

N

where A is the set of component index of Legendre polyno-
mials, m is the order number that can be considered under
limited computation resource. It is worth noting, there is no
cross-multiplied component of v;, v;, 8;; in linear power flow
equation (10)-(11). Thus, only when at least two of 11, ne and
ng is zero, the nynasns-th Legendre component is non-zero.
In addition, there only exists the first-order component of §;;
in (10)-(11), i.e., Legendre component with ng > 2 is zero.
The set of (n,ns,n3) with non-zero Legendre components
is written as

N = {(n17n27n3) |(n17n27n3) = (an,l) 7(ha070)

or (0,h,0),h € Ny, h <m}, 41)
P,L
Aij,mnzng’

component in . A;7n

AL

ijmnang are the magnitudes of the njnong-order

is written as

A? A¥
PL 4,0 0

Aij,ooo = Gij 4]€ — Gij ‘]i_ s (42)
A5’710101 = *bijAei]H (43)

P,L - ﬁnl 44
ig,m00 = 9i T (44)

ARL _ }0777/1

i7,0n20 = ~9i5 . (45)
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Ain:ﬁmws can be obtained by replacing g;; and b;; with —b;;

and g;; in (42)-(45).
So far, power flow equations are transformed into the same
Legendre state variable space.

B. Component Analysis of Power Flow Equations

Power flow equations are compared in Legendre state vari-
able space based on component analysis. The conclusion will
draw that the improvement of linear power flow equations is
to formulate an appropriate state variable space transformation
f;; to reduce Legendre component loss.

Firstly, we focus on comparing the original power flow
equation, its basic linearized formulation (10)-(11) with k = 1,
and the improved linear model (10)-(11) with £ = 2, where
the latter two are the widely-used linear power flow models
in power industry. The DC power flow equation can be regard
as a special formulation of (10)-(11) with & = 1 under the
assumption that r;; /x;; ~ 0.

Taking active power as an example, the active power flow
equation (39) with £ = 1,2 is written as

PENxe™) = g1 Avi Ty (Vi) — gi Av; T1 (V)
—bij A0 T (dij),

P2 (xim™) = g1 Avivi o Ta (Vi) — g1 Avjv;,0T1 (V)

—bij A0 Ti(bij) + 39i Avi*Ta (Vi) — %gijA%QTz(ijh)

Comparing models (46)-(47) with transformed original
power flow equation (25), model (46) approximates the first-
order component of the original power flow equation, i.e.,
the magnitudes of first-order dimensions 77 (V;), 771(V;) and
Ti(¢;;) are approximately remained in the Legendre state
variable space; model (47) approximates not only the first-
order but also the second-order components, where the second-
order dimensions are T5(V;) and T5(V;). Compared with the
magnitude of each order component in original power flow
equation (25), the absolute errors when k£ = 1 in second-order
dimensions T5(V;) and T5(V;) are shown as

P k=
AATSSY =2 gi5] Av} /3,

(40)

(48)

AA] G =0, (49)

The absolute errors when £ = 2 in second-order dimensions
T>(V;) and T5(V;) are shown as
Pk=
AA‘yzoo2 = |gij‘ AU%/&

)

(50)

AATG = lgig| Avs? /3, 51)

The operating bound of voltage magnitude on adjacent buses
i and j are usually set equal ( Av; = Aw;). Thus, it is easy to
derived, in the second-order dimensions of the state variable
space, the module variance when k = 2 is smaller than that
when k£ = 1 as shown in

2 2 2 2
(A455530) + (aafiz) > (2453) + (a4l
(52)

Since the reactive power equation can be formulated only by
replacing g;; and b;; with —b;; and g;; in the active power flow
equation according to (1)-(2), the reactive and active power
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have similar formulations and holds same conclusions. Hence,
compared with the situation with k& = 1, the improvement
of linear power flow equations is to select an appropriate
state variable space transformation f;; = (vF , V5 k 0;;)T with
k = 2 to reduce the second-order Legendre component loss. In
addition, there exists linear power flow models with different
form of f;;, such as the mentioned logarithmic form in section
I-B. They can be analyzed and compared based on the above
process. In the following discussion, we focus on the situation
with f;; = (vF ,vJ,H )T, Further, we extend the value of
k from positive integers set N4 to positive real number set
R . Theoretically, the optimal formulation of the power flow
equation corresponds to the form of f;; minimizing Legendre

component loss.

III. LINEAR POWER FLOW EQUATION MINIMIZING
LEGENDRE COMPONENT LOSS

An optimization model is proposed to solve the linear power
flow equation minimizing Legendre component loss under the
specific operating bound Av;, Av; and A#f;;, as shown as

min Z
B

where B is the set of all branches in the power system.
We assume that the losses of all Legendre components have
same weight. F;;(k, Av;, Av;, Ab;;) are the sum of quadratic
magnitude deviations on branch {ij} as

=3 (AAF 2
5 % ( zj,’rL1n2n3)
F3 (845 ) (i € B

P . . .
in which AA; . and AA” nynan, are the linearization
deviation of the magnitude of njngongz-order Legendre com-
ponent, i.e., the nynsns-th order Legendre component losses,

which is written as

Flj(ki,A’Ui,A’Uj,Aeij), (53)

Fij(k‘, A’Ui, A’Uj, AQU)
(54

P,L

P P
AAL] ninang Azy ninaens  “Yij,ninans’ (55)

Q _AQ Q,L
AAZJ ninang Aij,nlnzns ij,m1nang’ (56)
f;nmm and A} fmng are written as (27)-(35) and (42)-
(45). AZj . and Aw’mwn3 is derived by replacing g;;

and b;; with —b;; and g;; in the formulations of AP
P,L
and Alj ninz2ng’

k is the decision variable. The solved value of % is deter-
mined by the operating bound Aw;, Av;, Af;; and physical
parameter b;;, g;; in the certain power system. It is indepen-
dent with history operating data. In practice, the optimization
process can be executed offline. When the operating state
changes dramatically, the linear power flow model can be
updated by re-executing the optimization model (53). In
this paper, we consider problem (53) is an unconstrained
optimization problem, which can be solved based on CPLEX.
The objective is piecewise linearized into 5000 segments based
on the default piecewise linearization function. The solution
and performance of the proposed linear power flow model
is verified in case studies of section IV. In addition, noting

Zj nina2ng
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that k can be also selected based on historical data. For
example, reference [24] proposes an approach for solving
the value of k by minimizing the sum of squared errors of
the branch power flow in historical OPF scenarios. However,
practical statistical information might be insufficient. Even if
sufficient, the method proposed in this paper can also more
precisely determine the operating bound based on historical
data to improve the accuracy of the solved linear power flow
model. Thus, the proposed method is suitable for more general
practical scenarios.

For further discussion, we donate the solved value of £ as
k. Taking f;; = (vf V5 %.0;;)7 into (10)-(11), the solved linear
power flow equation is formulated as

P = gii (i — ¢5) /5
Q% = ©j)/K

where ¢;, ¢; are transformed state variables, v; and v; can be
solved through v; = (p;)~". Hence, the nonlinearity of the
state-space transformation f;; = (vf’, v, 6;;)" is not included
in the OPF model, but only appears in the simple inverse
operation of the OPF result.

However, considering the computational efficiency in prac-
tice, the optional form of f;; is limited. This will cause
some state-space transformation cannot be selectable, resulting
in the inevitable loss of high-order components. Noting
that Legendre polynomial expansion employs operating bound
information, we further provide an operating-bound-based ap-
proach for compensating the second-order components, which
is easy to be extended to higher order.

Firstly, it is observed that the solved linear power flow
equation (57)-(58) is the first-order Taylor expansion of the
original power flow equation (1)-(2) with state variable trans-
formation f;; = (vf, v, 0;;)". The lost Legendre components
are included in the high- order Taylor expansion. The second-
order Taylor expansion of (1)-(2) with f;; = (v NN 0T
under the cold-start condition can be formulated as

— bi;055, (57

—bij(pi — — 9ijbij, (58)

Pi% = (52 — o)9iHin — (5 — )96 Hij 2o
+59iHij 33 — 29 Hijaz — tbijHijas — 2bijHyjos
—(3z — é)gij@i + (% - %)gu‘%ﬁ (59)
Q% = —(522 — )i Hijar + (522 — 5= )bijHijzo
*gbinij,:s = b H; 12 — lginij,llS - %ginz’j,QB
+(% - %)bw% = (& = Dbije;,

(60)
where H;j,1,(li,la = 1,2,3) are the product of two state
variables as shown in

fZJ lrfl] l2

defzne

1Jlrlz =

(llal2 = 1a273§fz’j = (‘Pu@]v 17) (fzyJafz] Q;fzj 3))1)

Regarding H;j;,;, as relaxed state variables, the second-
order component (59)-(60) is still linear. The nonlinearity is
only presented in (61). We employ reformulation linearization
technique (RLT) [33] to linearize (61) based on the operating

bound of f;;,. Taking (16) into f;; = (vf,v},0;; OT, the
operating bound of f;;;, can be easily defined as
figan € LG FH) 0= 1,2,3, (62)
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The basic idea of RLT is to envelope H;;;,;, with a set of
linear constraints. Taking H;j,;, = v; (monotonic) and 67
(non-monotonic) as examples, the envelopes of monotonic and
non-monotonic functions can be constructed as the yellow area
in Fig. 3. Besides, considering H;; ;,;, are quadratic functions,
we further tighten the envelope of non-monotonic quadratic
functions as the shaded area in Fig. 3(b).

0 fmm f;/mlu —AOQ 0 AO

Jij

(a) v2
Fig. 3. RLT process on v? and G?j

Hence, regarding the monotonic functions in the set of
Hijq.1, (I # 13), constraint (61) can be relaxed as

i . i . min fmin
Hiji,1, 2 fj llfzj l2 fg zzfm,ll ij, 017,02
max max f, max fmax

HU l1l2 = 1jl1 fl] l2 f]lz fZJ,ll ig,01 7 ig,l2 (63)
H. f f + f f mm max
i, lale = Jij.0, Jig,l2 5,02 i3l T Jagly ij,l2
ma: . max fmin
HUl Iz = fzgll fl] l2 +f7,j lzf'LJ»ll ij,01 Jij,la

Regarding the non-monotonic quadratic functions in the set of
H;ji,1,(l1 = l2), constraint (61) can be relaxed as

. min £, . min £, . min £min
Hlj,l1l2 fl] llfzg lo +f” 12f2] L= JigiJigi,

B max ax max fmax
Hl],lllQ fjll flj la +f” ls f’L]ll 7,01 Jig,la
Hijp,1, 2

Hor < (f;‘;?;ﬁ )’ (Fisan — friny 4 (fmin)2
1g,lale = max _ fin 15,01 i3,01 ij,01
VELN Jil1
(64)

It is worth noting, the n-order Taylor components can be
constructed as the product of two (n — 1)-order components.
Hence, the constraints (61) of the higher-order components
and its RLT constraints can be iteratively formulated based
on the RLT model of lower-order components. In this paper,
the second-order component loss compensation is adopted and
verified in case studies.

So far, we summarize the algorithm for solving the linear
power flow model minimizing the component loss and the
application in OPF calculation, as shown in the following
steps:

Stepl: Operating bound Av;, Av;, Ab;; is determined ac-
cording to accuracy and operating demand. Model (53)-(56)
is executed to solve the value of k. Equation (57)-(58) with
the solved « is the proposed linear power flow equation before
component compensation.

Step2: The second-order component is compensated into the
solved linear power flow equation. The power flow equation
is reformulated as shown in

PRL PL,S PH’S
iy T T + [
RL L,S H,S
ij —Qij +Qij ’

where Pi?’s and QiLj’S is shown as (57)-(58), Pfj’s and QZ’S
is shown as (59)-(60).

(65)
(66)
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Step3: The linear power flow equation (65)-(66) and the
corresponding constraints (63) or (64) caused by the relaxation
variable H;;;,;, are added into OPF model. The linear OPF
model is obtained.

IV. CASE STUDIES

3000 OPF results (1000 for each system) of IEEE 30, 118
and Polish 2383 benchmark systems with 20% load fluctuation
are used to verify the proposed method, where the basic
scenario with 0% load fluctuation are based on the default
operating data of Matpower 6.0. The load dataset of the 3000
samples is provide in [34]. The computations are performed
using GAMS on a computer with a Core i5-9300H CPU. The
linear power flow equations (6)-(7) (kK = 1), (8)-(9) (k = 2),
proposed (57)-(58) (k = k before component compensation)
and proposed (57)-(58) (k = k after component compensation
(63)-(64)) are compared with original AC power flow equation
(1)-(2), where the solved value of k is k = 1.74 in IEEE 30
test system, x = 2.15 in IEEE 118 test system and x = 1.97
in Polish 2383 test system. It is worth noting, the MW-only
DC power flow equation is a simplified version with & = 1
(as shown in section I-B) so that it is not listed separately in
case studies.

A. Legendre Component Loss of Linear Power Flow Equations

For accurately calculating the Legendre component loss in
each OPF scenario, we ideally set that the operating bound
is around the OPF result, ie., Av; = |v; — v, 0], Al;; =
|6;; — 0ij.0] where v;,0;; represent the solved state variable
in OPF results. Although this ideal bound setting cannot be
actually implemented in practice, it can be used to improve the
accuracy of component loss evaluation after the OPF model
is solved due that the bounds of the Legendre polynomial
expansion are more precise. The initial state is under cold-
start condition (v; 0 = 1 p.u. and 6;;0 = 0). Since Legendre
component loss of the linear power flow equation is uniformly
the deviation of the branch power flow, they take the same
weight. The n-order component loss can be measured as the
sum of the n-order absolute error, as shown in

APZ‘:” = Z |AA1]77L1712713| (67)
ni+nas+nz=n
AQr = S ‘AAg — (68)

ni+nstnz=n

The proportion of the n-order Legendre component loss in the
branch power flow can be formulated as

> AP
el = BZ|7P--| x 100%, (69)
ij
B
> AQYT™
@ = BZTI x 100%. (70)
]
B

The average proportion of the n-order Legendre component
loss, el and €%, in 3000 OPF samples are shown in Fig.

n?
4. Comparlng the different order components in each model,
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TABLE I
AVERAGE AND MAXIMUM ERROR OF POWER GENERATION IN 3000 STAGES
IEEE (P; — P; 1)/ P;| x 100% (Unit: %) (Qi — Qi,1)/Qi| X 100% (Unit: %)
& Polish k=kr k=kr k=kr k=kr
Test System k= k=2 . . . . k= k=2 . .
Y before compensation before compensation before compensation before compensation

Avg Max Avg Max Avg Max Avg Max Avg Max Avg Max Avg Max Avg Max

30 6.8 13.1 438 12.9 31 8.0 1.3 34 422 | 475 | 428 | 478 | 265 337 8.7 9.7
118 45 4.6 2.6 2.7 1.2 32 0.5 1.4 303 | 304 | 298 | 300 | 276 27.7 9.7 11.0

2383 9.3 135 9.1 13.1 4.4 7.4 4.0 7.0 193 | 220 | 134 | 156 | 133 15.4 5.6 6.6

okt k=2 TABLE II

proposed model before compensation

proposed model after compensation

PROPORTIONS OF INFEASIBLE SAMPLES

6P 18711°
IEEE & Polish Proportions of Infeasible Samples (Unit: %)
00T 0000 ogoos oSy k=1 k=2 before }ccor;p:nsation before }ccor;p:nsation
A | e 30 21.0% | 14.8% 9.2% 33%
3rd 4 118 150% | 12.1% 9.5% 3.4%
2383 164% | 114% 7.5% 5.9%
A | J e four models almost produced the similar component loss; in
3rd 4th the second order, the model with k = 2, x before component
30 compensation and £ = « after component compensation can
e’ e reduce the component loss with & = 1 by about 30%, over
65% and over 90%, respectively. Hence, the proposed linear
power flow model notably reduces the loss of the second-order
B LTI Legendre component. It will improve the accuracy of the linear
\ A power flow equation, which is verified in section IV-B.
3rd 4th
B. Real Time OPF Solutions in 3000 Stages
s The Real Time OPF (RTOPF) results of the four power
o\ e\ flow models in 3000 stages (1000 for each system) with 20%
3rd 4th load fluctuation is compared. The computational time interval
(b) IEEE 118 of each stage is set as 1.0 seconds to meet the demand in
- second-level power dispatch. The average error of active and
10.00% reactive power generation in each stage is present in Fig. 5.
ggg:’; Compared with the model with £ = 1 and 2, the model with
4.00% T k = k before and after compensation reduces the active power
Py A | e error by about 50%, 80% and the reactive power error by 40%,
Order: 3rd 4th 80%. The average and maximum errors of the active and
el ) ey reactive power generation in 3000 stages are shown in Table
fgg:" I. Compared with the model with k¥ = 1 and 2, the model
o0 with k& = x before and after compensation reduces the average
0.50% error of the active power by 53.6%, 72.7%, the average error
(0)-0‘;1% Lt h/ of the reactive power by 29.6%, 60.0%, the maximum error of

(c) Polish 2383

Fig. 4. The proportion of the n-order (n = 1,2, 3,4) Legendre component
loss eX’ and e,? in 3000 OPF results

el and €% present a rapid downward trend as the number of
orders rises. In practical calculation scenarios, the components
of the third and fourth orders can be neglected, whose losses
are less than 5% of the first and second orders. Comparing
the different models in each component, in the first order, the

© 2022 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission. See https://www.ieee.or

the active power by 20.6%, 70.6% and the maximum error of
the reactive power by 17.7%, 69.0%. Noting the conclusion in
section IV-A, the accuracy of the OPF model present a positive
correlation with the second-order component loss.

Besides, in these 3000 stages, several samples are unable
to converge within the required computation time (1s), which
are denoted as infeasible samples. These samples are marked
as the point with corresponding colors on the curve in Fig.
5. The proportions of the infeasible points in four models are
shown in Table II. The convergence performance improves by
31.1% before compensation and 65.9% after compensation.

/pul
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— k=1 — k=2

Proposed model before compensation

‘ ®° Infeasible sample

Proposed model after compensation
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Fig. 5. The average error of active and reactive power generation in 3000
OPF results

V. CONCLUSION

In this paper, a linear power flow equation minimizing
Legendre component loss is proposed. It provides a theoretical
guidance for the linearization of the power flow equation
without empirical data. The accuracy performance of the
proposed model notably outperforms typical linear power flow
models (with & = 1 and k = 2). However, this paper just

i . ©2022 IEEE. Personal use is permitted, but republication/redistribution requires IEEEé)ermission. See https://www.ieee.or
Authorized licensed use limited to: University of Edinburgh. Downloaded on February 16,2

employs one of orthogonal polynomials, Legendre series, as
the modeling basis. Other orthogonal polynomials such as
Chebyshev polynomial is worth compared in future study.
Besides, the component analysis of general linear power flow
models with more form of f;; or under the complex operating
region also deserves further discussion.

APPENDIX A
LEGENDRE POLYNOMIAL EXPANSION
OF cos(Af;;0;;) AND sin(A;;0;;)

In (23)-(24), A59% and A3 are the magnitudes of the n-

17,m
order Legendre polynomials. Taking n» = 0, 1,2 as examples,
Afjofz and Afg”% can be derived based on (14), as shown in

cos 1
Aij,O T %f—l COS(AGZJ(‘)”)T‘()(G)X‘%CIQU (71)
= %f—l COS(Agij@ij)d@ij = SIZTJU’

COS 1
AGe =5 |7, cos(A0;;0,5)T1(045)dOy;
0,

(72)
=3 f—11 cos(A0;;0;;)0;;dO;;

parity
AT " 3 [ cos(A0;;0,5)T5(0;)dO
=3 |, cos(A8;;0;;)(56,,% — 3)dO;;
=15 [1) cos(A0;;0,)0;;%d0,; — FAG®
15 - f—ll @Zj2d SIH(AQZJ@”) — gABOs

4A0;
15 /sin Afy; 2cos A 2sin A 5 Acos
7( + - ) - §A0 )

A0, 70,2 A0;;°

(73)

sin 1.
Aij,o = %f—l Sln(Aeij@ij)To(@ij)d@ij
0,

c a2 (74)
= 5 f_lsln(Aei]‘@ij)d@ij

parity

sin L
AT n 3 [, sin(A0;;0:5)T1(0:;)dO;;
= %ffl sin(A@ijGij)@ijd(%ij

3 cos AQU 3sin AGU
- AHU + Aoi]‘Q ’

(75)

sin 1.
Aij,Q = %f—l sm(AGij@ij)Tg(@ij)d@ij
parity

(76)
1 .
= %f—l 81n(A9ij®ij)(%@ij2 — %)d@” =

A§9s and A5 (n > 2) can be obtained in a similar way.

APPENDIX B

LEGENDRE POLYNOMIAL EXPANSION OF ¢;(v;) = v

In (36)-(37), A7, and Afm are the magnitudes of the n-
order Legendre components in ¢;(v;) and ¢;(v,). Taking n =
0,1,2 as examples, A7, and A¥ can be derived based on
(14), as shown in

ALy =3 [1, (AvV; + v )"V

(77
= Wb@-‘rl) {(U@O + A’Ui)k—H — (Ui,O — Avi)kﬂ}

ALk, Avg) = o2 1 (A V; + 030)
—(Av;V; + Uz’,O)kUi,O]dVi

= m{i(&zo +34w
—(vi0 — Av) 7] = Tt Ao}

e+2 (78)

A7, (n > 2) can be obtained in a similar way. AY, can be
obtained by replacing index ‘4 with index “j”.
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