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Abstract

We introduce a notion of duality solution for a single or a system of transport equations
in spaces of probability measures reminiscent of the viscosity solution notion for nonlinear
parabolic equations. Our notion of solution by duality is, under suitable assumptions, equiv-
alent to gradient flow solutions in case the single/system of equations has this structure. In
contrast, we can deal with a quite general system of nonlinear non-local, diffusive or not,
system of PDEs without any variational structure.
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1 Introduction

Many PDE modelling instances of applied analysis lead to transport equations for a density
function p of the form d;p = V - (pv), where r > 0, x € R4, and v is the velocity field.
In many of these applications, there is a ubiquitous choice of convolutional-type velocities
depending on the density well motivated by applications in mathematical biology, social
sciences and neural networks, see for instance [4, 18, 21, 36, 43, 44, 48]. Moreover, in many
of these applications, v is given by a function of p itself, and it may happen that the density
p is not an integrable function, but rather a measure. Since the mathematical treatment of
these problems is rather tricky, and indeed many “non-physical” solutions may appear, the
natural way to approach these problems is the so-called vanishing-viscosity method. With
this method linear diffusion D Ap is included to the right-hand side, leading to the problem

9p =V -(pv[p]) + DAp.

The “physical” or entropic solution is the one obtained in the limit D \ 0. In this work,
we deal with systems of such equations, where several species inhabit a domain. We will
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consider that the evolution of these species is coupled only by the velocity field. We are
interested in systems of n aggregation—diffusion equations of the form

dpl =V - (;,LiK;[[L,]) +DAp, =1, .nand (t.x) € (0,00) x R  (L.1)

where D! > 0and K ,‘ are velocity-fields depending non-locally on the full vector of densities
w = (u',---, ") and possibly in the spatial or time variables, under some hypotheses
described below. In fact, we are to work with a generalisation allowing K; to depend on
the previous time states see (P). Notice that we cover the cases with and without diffusion
(D; > 0 and D; = 0) in a unified framework. We will introduce a new notion of solution,
which we call dual-viscosity solution, with well-posedness, and that is able to detect this
vanishing-viscosity limit.

A particularly interesting case is when the problem (1.1) has a 2-Wasserstein gradient-flow
structure. For example, in the scalar setting (n = 1) without diffusion (D = 0) and with an
interaction potential energy functional of the form

8F

Klul =V

(1], Flul= % / / W(x — y)du(x)du(y),
R4 JRY

the classical gradient flow theory developed in [2, 3] applies when W is A-convex and smooth,
and this later generalised to different settings [6, 8, 13, 14,26, 27, 29, 32, 33, 38] for instance.
This can also be applied to (1.1) with D > 0 by including the Boltzmann entropy in the free
energy functional, see [7, 15, 20, 22, 23, 42, 49, 51]. We refer to [19] for a recent survey of
results in aggregation—diffusion equations. We show in Sect. 6 that our new notion of dual
viscosity solutions is equivalent, in some examples, to the notion of gradient flow solutions.

In many situations, a theory of entropy solutions in the sense of Kruzkov (see [16, 40])
is possible, when we have initial data and solutions in L' (R?) N L®(R¢) N BV (R?). For
example, the work [30] deals withd =n =1,D =0and K = 0(u)W' % where (M) = 0
for some M > 0, and W very regular. Then, clearly initial data 0 < pyp < M lead to solutions
0 < p; < M. The authors prove uniqueness of entropy solutions in the sense of Kruzkov in the
space L*°(0, T; LY (RY)NL®(RY) N BV (RY)), by using the continuous dependence results
in [39] and a fixed point argument. This requires fairly strict hypothesis on the regularity of
the initial data (namely bounded variation). They also introduce an interesting constructive
method based on sums of characteristics of domains evolving in time. A recent extension
of [30] to related problems can be seen in [35].

However, in the diffusion-less regime D = 0, these models based on transport equations
can describe particle systems described by Dirac deltas, which interact through an ODE. The
idea of working with Dirac deltas leads to numerical methods for general integrable data
by approximating the initial datum by a sum of Diracs and regularizing the entropy [17, 24,
25]. Kruzkov’s notion of entropy solutions cannot be extended to measures. Furthermore,
for less regular W (or K[u] = VV(x) known), the finite-time formation of Dirac deltas
even for smooth initial data is not known. The paper [32] studies uniqueness of distributional
solutions for n = 2, when D! = 0,

K'pl=VHxp' +VKixp/,  {j}={1,2}\{i} (1.2)

where H;, K; € W*%° . The authors indicate that any distributional solution is a push-forward
solution (pointing to [2, Chapter 8]) of the flow that solves

dx!

=KX, X0 =y, (13)
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This push-forward structure is not available for problems with diffusion. The main goal of
this work is to construct a notion of well-posed solutions that works for the case

n
K'pl=V Y Wij*u, (1.4)
j=1

d,n > 1, D > 0, and measure initial data. We will work in 1-Wasserstein space, and
recover continuous dependence estimates by discussing the “dual” problem, for which we
use viscosity solutions by studying the corresponding Lipschitz estimates. We show also how
our results can be adapted to different spaces (e.g., H~! and H').

So far, the velocity field depends only on ¢ and u,. We can consider a generalisation of K,
denoted £, that depends also on the past. We denote this extended notation by £[1¢];. By saying
that £ depends only on the past we mean that 0 <t <s < T and p € C([0, T]; P, (RTYm)
then A A

(R [ieljo,s1De = (R [0, Ds- (H)

To simplify the notation, when it will not lead to confusion, we simply write &[u];. For
example, we cover the case

Rlulr = /Ot VW * pgds,
where W; are a family of convolution kernels. Hence, we extend the (1.1) to the more general
i =V (M;'(ﬁ"[u]),) +DAR,  i=1,---,nand (1,x) € (0,00) x RY.  (P)
This covers the previous setting by defining

(RlpD! = Kl [p,].

The structure of the paper is as follows. Section 2 is devoted to the main results and
methods. We begin in Sect. 2.1 by motivating and introducing a new notion of solution in
1-Wasserstein space, motivated by the duality with viscosity solution of the dual problem,
which we call dual viscosity solution. In Sect. 2.2 we present well-posedness results for K
regular enough. In Sect. 2.3 we present a result of stability under passage to the limit. In
Sect. 2.4 we discuss a limit case of the regularity assumptions of the well-posedness theory,
given by the Newtonian potential. We close the presentation of the main results with Sect. 2.5
on open problems our current results do not cover, mainly non-linear diffusion and non-linear
mobility. The full proofs are postponed to the next sections. First, in Sect. 3 we prove well-
posedness and estimates for the dual problem of (1.1), where we assume K|[u] is replaced
by a known field. Then, in Sect. 4 we prove well-posedness of (1.1) when K[u] is again
replaced by a known field. In Sect. 5 we prove the results stated in Sect. 2.2 by a fixed-point
argument based on the previous estimates.

We conclude the paper with two sections on comments and extensions of our main results.
First, in Sect. 6, we show that, where a gradient-flow structure is available, our solutions
coincide with the steepest descent solutions, under some assumptions. In Sect. 7 we extend
our main results from the 1-Wasserstein framework to the negative homogeneous Sobolev
space H~'. We recall that H ! is related to the 2-Wasserstein space (see below).
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2 Main results and methods
2.1 A new notion of solution via duality

Considering first the case n = 1, let E; = —£&[u];, so that we are looking at the problem
Oty = =V - (Erpy) + DAy (Pr)

Furthermore, if we naively assume the equation to be satisfied pointwise, we can multiply
by a test function ¢ and assume we can integrate by parts integrate by parts, we recover

1%
/ wrderf /Rd (——’—Etwr DA@) dutdt=/Rd @odiLo. (2.1

To cancel the double integral, we take ¢; = Yr_; and v a solution of
Yy
as
and v, Lipschitz in x. Using ¢; = ¥7_; we reduce (2.1) to the equivalent formulation

= E7r_sVys + DAY, sel0,T], Py

/l/fodMTZ/ Yrdug. (DE)
Rd Ra’

This is an interesting formulation because it will allow us to exploit the duality properties
of the spaces for u and .

Hence, we are exploiting the well-known duality between the continuity problem (Pg)
and its dual (Pp).

When D = 0, this connects with the push-forward formulation for first order problems.
Problem (P};) can be solved by a generalised characteristics field X; (e.g., [34, Sect. 3.2,
p-97]), and (Dg) means precisely that ;o7 is the push-forward by the same field (see, e.g., [2,
Sect. 5.2, p.118]).

Notice that in the general setting we have n equations, and ¥ depends on 7. Hence, we
denote our test functions ¥ 7/, We consider the system of n dual problems

yl ‘ . . .
5 = —(® o - D7 V¥ + D'AY[ foralls €[0,T],y € RY &
i
Vo =i
We also recover n duality conditions
/ on’duT_/ ylidud, i=1,--n. (D)

Remark 2.1 Notice that we have not introduced a condition as |x| — oo for ¥. In the formal
derivation of the notion of solution, we have required that we can formally integrate by parts.
This is also the standard argument to define distributional solutions. As with distributional
solutions, we set (D;) as our definition and prove that this is mathematically sound in terms
well-posedness. We do not claim the PDE is satisfied in any stronger sense. We will make a
comment on gradient flow solutions. Furthermore, we will not rigorously integrate by parts
at any point in this manuscript. We will actually discuss in detail the precise admissible initial
data o for (P%;). When we study solutions in 1-Wasserstein space we will only assume that
¥ are Lipschitz (but not bounded). The uniqueness of solutions of (P},) in that setting is
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discussed in Sect. 3. In Sect. 7 we extend the results to negative Sobolev spaces, and thus we
will use some decay (see Remark 7.3).

Remark 2.2 Notice that the problems for the different ! are de-coupled from each other.

It is well-known that classical solutions of (P%) may not exist, specially in the case
D = 0. The approach developed by Crandall, Ishii and Lions to deal with limit is the notion
of viscosity solution (see, e.g., [28]), which we introduce below. Since the theory of viscosity
solutions is usually well-posed for Lipschitz functions v, a natural metric for u is the 1-
Wasserstein distance (see, e.g., [50, p. 207]). We recall that the space Py (R¥) is the space of
the probability measures p such that

/ [x|du(x) < oo.
R4

The distance d; that makes it a complete metric space is usually constructed by a Kantorovich
optimal transport problem. The reason we can exploit the duality between (Pg) and (P7;) is the
following well-known duality characterisation (see [50, Theorem 1.14)): if u, & € Py (RY)
then

dy(j, &) = sup {/ I Yd(uw—m): ¥ € C(Rd) such that Lip(yr) < 1} , 2.2)
]R(
where, here and below
Lip(#/) = sup [y (x) — W(y)l.
X#£y lx — ¥l

We recall the notion of viscosity solution.
Definition 2.3 We say that € C([0, T] x Rd) is a viscosity sub-solution of
s¥s = ET_sVirs + DAY, (2.3)
if, for every zg = (so, x0) € [0, T]x R and U neighbourhood of zgp and ¢ € C () touching
Y from above (i.e., ¢ > ¥ on U and ¢(z9) = ¥ (z0)) we have that
2% a0) = Bry(20)Vo(zo) + DA(0)

Conversely, we say that ¢ € C([0, T] x RY)isa super-solution if the inequalities above are
reversed for functions touching from below. We say that ¥ € C([0, T] x R¥) is a viscosity
solution if it is both a viscosity sub and super solution.

Thus, we introduce the following notion of solution of (1.1):

Definition 2.4 We say that (u, {\IIT}TZ()) is an entropy pair if:
1. Forevery T > 0,
W7 (Yo Vo € LXRY)
Wi
T+ Ix]

is a linear map with the following property: for every Yo and i = 1,--- ,n we have
YT h = wTi[yy] is a viscosity solution of (P¥).
2. Foreachi =1,---,nand T > 0, MiT € P (RY) and satisfies the duality condition (D;).

— {w‘,--- Y™ e C([0, T] x RY)" - e L0, T)de)}
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Remark 2.5 Notice that in our definition we are not assuming that vy are bounded or decay
at infinity, only that they are Lipschitz continuous. This means that they are bounded by
C (1 + |x]), so they can be integrated against functions in P (R9).

For convenience, we will simply denote ¥ = {\IIT}TZ().

Definition 2.6 We say that p is a dual viscosity solution if there exists W so that (u, ¥) is
an entropy pair.

These definitions can be extended to other norms where a duality characterisation exists.
The 2-Wasserstein distance, which is natural for many problems because of the gradient-flow
structure, does not have any known such characterisation. However, other spaces like H™!
do. We present extension of our results to this setting in Sect. 7.

Remark 2.7 Notice that this duality characterisation is somewhat in the spirit of the Benamou—
Brenier formula for the 2-Wasserstein distance between two measures, where the optimality
conditions involve viscosity solutions of a Hamilton—Jacobi equation.

Remark 2.8 Notice that we have not requested the time continuity of w, so the notion of
initial trace is not clear. However, it will follow from the continuity of ¥T. Under some
assumptions on K we will show that u € C([0, T]; Py (R9)). However, in more general
settings, the definition guarantees that the initial trace is satisfied in the weak-* sense. Notice
that if {9 € C. and  is continuous in time then

/ Yodu, :/ Wzduoﬁ/ Yoduo.
R4 R4 R4

Remark 2.9 (General linear diffusions). Our definitions, methods, and results can be extended
to the case where D Au is replaced by any other linear operator that commutes with d,, and
that satisfies the maximum principle, e.g., the fractional Laplacian D(—A)*.

2.2 Well-posedness when K is regularising

So far, E; = —K;[n;], i.e., we assume that at every time ¢ the convection comes from a
function K, : u — E. This covers, for example, non-local operators in space. However, our
arguments extend to much broader arguments, where K could be non-local in time as well.
We will consider the more general case of

R:C(0,7; X) — C([0,t];Y), Vtel[0,T].
The results in this section correspond to X = P;(R%)" and Y the space
Lipy®R";RY) = [ E € Cloe R R 1 [VE| € 12®RY)] 2.4)

However, the scheme of the proof is general and can be extended to other X, Y. In Sect. 7
we work on the negative homogeneous Sobolev space.

Notice that Lipo(R?; RY) is very similar W12, but we avoid this terminology to endow
it with the following special norm

IElLip, = IVE|L> + H

L+ ]x] || oo
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The reason for the Lip, nomenclature is that
IEO)| + IVE|L~ < |EllLip, = 2(E0)] + [VE]L*),

so it guarantees the bound of E (0). It is not difficult to see that this is a Banach space. In this
setting, we prove the following well-posedness result

Theorem 2.10 Let D > 0, T > 0, and assume that for all t > 0
& ([0, 11; PLRD™) — C ([0, 1]; Lipy(RY; RY)), 2.5)

with the property (H), maps bounded sets into bounded sets, and satisfies the following
Lipschitz condition

R[] — KR, e
- <L sup di(u,7h). (2.6)
I+ x| 1€[0,T] e
i=1,-,n

sup
t€[0,T]
i=1,-.n

Loo(Rd)

Then, for each py € Pi R there exists a unique dual viscosity solution of (P), u €
C ([0, T1; P1(RH™), and it depends continuously on the initial datum with respect to the d;
distance. This solution . also satisfies (P) in distributional sense. Furthermore, if & [n]; =
Ki[,), then the map St : o € P (R > nr € Py (R is a continuous semigroup.

Going back to (2.2) we have that

‘ fR B2 ﬁ)‘ <di(u, D Lip(y), Vi such that Lip(¥) < oo.

Thus, we can use the duality relation (D;) to get the following upper bound

di(ur, i) = sup Yod(ur — Ir)
Lip(y9)<1 /R4

— wp ( o~ [ Wdfm)
Lip(y)<1 R4 R4

= sup (/R Ui d(uo — o) + [Rd(vf% - @%)d%)

Lip(¥o)<1

<di(po, o) sup Lip(yf)+ sup / (w%—@%)dﬁo. Q2.7)
Lip(yo)<1 Lip(y0)<1 JR?

To exploit this fact we take advantage of the following, rather obvious, estimate

L4 <1 +/ |x|du(x)>.
Lo® R4

1+ |x|
In fact, we show that, on the second supremum in (2.7), we can focus on functions such that
Y (0) = 0. The reason for this election will be made clearer later.

‘/ Y (x)du(x)

Lemma2.11 Let u and [ two dual viscosity solutions of (Pg) such that E,E S
C([0, T']; Lipg R, RY)). Then, letting T and ¥ be the corresponding solutions of the
dual problems (P’g), we have that

di(ur, ir) < di(mo, o) sup  Lip(yr)
Lip(y0) =<1
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~ v I
+ f (1 + [xDdAot) sup | L —YT 2.8)
RY Lipwo)<t | LHIxl
Yo (0)=0

Proof Notice that T = W [y], by linearity
Wyl = W [y — Yo (0)] + Yo ()W [1]

By the uniqueness in Proposition 3.1, which we will prove below, since the problem does
not contain a zero-order term W7 [1] = 1 = WT[1]. Therefore, we can write

W yol — T [yl = W [y — vo(0)] — U7 [y — Yo (0)].

Thus, we can take the second supremum of (2.7) exclusively on functions such that ¥y (0) =
0. O

Remark 2.12 We recall a basic property of the 1-Wasserstein distance. It turns out that the
first moment is precisely the distance to the Dirac delta, i.e.,

/ rldu(x) = di (. So).
Rd

Hence, our fixed point argument will be performed in the balls

Bp,(R) = {M e PIRY) : /Rd lxldp(x) < R} . (2.9
This explains that it is natural to work with the metric of (1 + |x|)L*°.

We will devote Sect. 3 to the estimates of i/ that allow us to control each term of (2.8).
The estimates are recovered by standard, albeit involved, arguments.

The first term in (2.8), which corresponds to continuous dependence respect to the initial
datum, requires only the estimation of a coefficient. If & is well-behaved, we expect to obtain
an estimate of the type

sup  Lip(y]) < C(T, &, o).
Lip(¥o)<1
For the well-posedness theorem 1y = 11, we can avoid the first term in (2.8) and this constant
is not relevant.

The second term in (2.8), which represents continuous dependence on E for the dual
problem, is harder to estimate. We prove first that even if o ¢ L* butis Lipschitz and E, E
are bounded, then 1//s 17;ST L>®(R?). A second, more elaborate, argument will allow
us to work of the case where E grows no-more-than linearly at infinity. If (P%) has good
continuous dependence on E, we can expect

’,,,T s

L+ x|
where we leave the second norm unspecified for now. So, if £ is Lipschitz in this suitable
norm, then we will be able to use Banach’s fixed point theorem.

< Co(T)|RIp] — RIAIl,
LOC

Remark 2.13 Karlsen and Risebro [39] prove that if pg, po € L' " L® N BV and p, p €
L*°(0,T1; Ll) are entropy solutions of

ot +V - (F(PEX) = AA(p), 95+ V-(F(DHEWX) = AA®D)
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where E, E : R? — R?, and we have an a priori estimates p, 5 : R? — I C R with /
bounded and
[pt]BV(Rd)a [ﬁt]Bv(Rd) <Cp, vt € (0,T).

Then,
lor = Billr < oo = Boll s + Ct(NE = Bl +(E = Bl + 1/ = Flwicrim))

where p,p : R - | ¢ Rand C depends on C, and the norms of f, f e whoo,
E.E € L*NBV.In [30] the authors use the fixed-point argument of entropy solutions only
to prove uniqueness. Existence is done by proving the convergence of the particle systems,
which is their main aim. They use [39] which deals directly with the conservation law in L,
we obtain simple estimates for the Hamilton—Jacobi dual problem in L using the maximum
principle. Our duality argument is not directly extensible to L!(R?). Applying the duality
characterisation of L! and (D;) we can compute

lur —irlp = SUP/ Yod(n — 1) < sup (/ ¥1-d(po — Ho)
[Yol<1 JRY [ol<1 \JR4

+ [ W - 7o)
R4
Due to the maximum principle we will show that WST | <1 and hence

Il =Bzl < o = ol + 1Zollr sup w7 — V7l
[Yol<I1
There is no apparent way to bound the second supremum with a quantity related only to
|E — E|. A quantity depending on |Vg| appears, and there is no available bound of its
supremum over functions such that || < 1.

2.3 Stability theorem

We conclude the main results by stating a stability theorem. This allows to prove existence
of solutions by approximation, in more general settings that the well-posedness theory. We
will use it below for several applications.

Theorem 2.14 Ler (uk, WX) be a sequence of entropy pairs in the sense of Definition 2.4

corresponding to some operators & under the assumptions of Theorem 2.10. Assume that

1. D* — D>,

2. Foreveryt > 0, u’f—*\u;’o in M(RY).

3. For every Y € CSO(R") and T > 0 we have \IIT*k[lpo] — \IIT*OO[wO] uniformly over
compacts of [0, T] x R4. This allows to pass to the limit in estimate (3.3) below.

4. g* [uF] — R[] uniformly over compacts of [0, T] x R9.

5. Forevery Yo € C° (RY) we have that

[ worraut > [ w7 tlrang
Rd Rd
Then (u°°, W) is an entropy pair of the limit problem.

The result follows directly from the definition and the following classical result of stability
of viscosity solutions (see, e.g., [28]).
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Theorem 2.15 Ler DX > 0, ¥ € C([0, T] x RY), E*¥ € C([0, T] x R?)? be viscosity
solutions of
osvy = E7_, Vi + DF Ay

and assume that D¥ — D® and y* — ¢, EK — E uniformly over compacts of
[0, T x RY. Then, > is a viscosity solution of

WY = EF VY + DX AyL.

2.4 The limits of the theory: the diffusive Newtonian potential ind = 1

Let us consider the case n = d = 1 with K coming from the gradient-flow structure (1.4) and
the Newtonian potential W(x) = —|x|. Then VW (x) = sign(x). This W falls outside the
theory developed in Theorem 2.10, but can be approximated by solutions in this framework.
It was proved in [11] that for ng = ¢ then the gradient flow solution is not given by particles
but rather

1
Kt = ZX[—I,I]-
Naturally, any smooth approximation of W (for example Wj, = — (x> + %) %) yields ;Lf = do.

However, solving with g’ = ﬁ X[—m,m) gives the expected reasonable solution. We therefore
have the following diagram

uo ———put = 4
lk—)oo \Lk—)oo
wn m—0 w £ .

Clearly, /Lf — §p in any conceivable topology. Checking whether &g is or is not a distri-
butional solution for W is not totally trivial. Notice that sign (as a distributional derivative of
|x) is not pointwise defined at 0, so the meaning of [ ¢ sign *3pddp is not completely clear.
With the choice sign(0) = 0 one could be convinced that u; = § is a distributional solution.
But this seems arbitrary.

In fact, if one takes the approximating entropy pairs (¥, WX), it is not difficult to show
that a discontinuity appears in 1//3/,‘ ‘T as k — 0. Hence, we do not have uniform convergence
of wk’T. To show this fact, let EX = —3, (W * u*). Since ik = 8y, we have that

X
e+ b’

Since EX does not depend on ¢, ¥*7 does not depend on T. Therefore, we drop the T to
simplify the notation. We have to solve the equation

EF(x) = -, W) =

QY (y) = %aﬂ/ﬁk-
(2 +7)°

This equation can be solved by characteristics Wtk (Y, ,k (y0)) = Yo(yo) given by

Yk
1 o —

1

(Y2 +1)?
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As k — 00 we recover Ytk (yo) = Y;(yo) = yo — sign(yp)? or, equivalently, that

YE) = Y (y) = Yo(y + sign(y)1).

Therefore, ¥, (07) = ¥o(—t) and ¥, (0") = ¥ (¢). Thus, ¥, is not continuous in general.
So we cannot pass to the limit 4¥ — . in terms of entropy pairs.

The gradient flow solution is recovered by the entropy pairs if one approximates §p by
ny = ﬁ X[—m,m] and passes to the limit. It is also not difficult to show that the entropy
pairs of twice regularised problem, (X", W5™) do converge in the sense of entropy pairs
ask — oo to (u™, ¥™). And then we can also pass to the limit in the sense of entropy pairs
asm — o0.

Thus, the stable semigroup solutions are entropy pairs, and this notion of solution is
powerful enough to discard the wrong order of the limits.

2.5 Open problems

We finally briefly discuss the key difficulties for some related problems that our duality theory
cannot cover.

2.5.1 Nonlinear diffusion

We could deal, in general, with problems of the form

oy =V WRRD + V- (M 1V ). (2.10)
Going back to (2.10), the dual problem can be written in the form
oY,
Bss =E7 Vi + V- (A; V).
We have not been able to estimates of ||V (¥ — )|z of ||y — ¥|| g1 Withrespectto E — E
and A — A using the techniques below. The main difficulty is that letting v = % and

v = g—z, the reasonable extension of (3.11) contains a term —V - ((A — A)V7). Controlling

these terms requires estimates of D2y, which are not in principle present for the initial data
we discuss. However, smarter estimates and choices of space for i and v may lead to a
successful extension of our results.

2.5.2 Coupling in the dual problem

Another possible extension is the analysis of more general systems of the form

< - N0
;; =ZV'<MJ§”[IL]> - Z @(MJQII()’ i=1,---,n. 2.11)
j=1 jk=1

The dual problem is now not decoupled, and we have to solve it a system

d
o ¥ = V¥ Ryl
This kind of problems does not have a comparison principle in general, for example

it = 0y 0,
0;V = Oy U
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leads to the wave equation d,u = 0;(dxv) = 0xd;v = dxyu. Some examples of equations
resembling this structure appear in mathematical biology models, e.g., [47].

2.5.3 Problems with saturation

Some authors have studied the case K;[u] = %Hi [m] where 6(0) = (M) = 0. This
problem was studied for n = 1 and D = 0 by [30] using a fixed point argument with the
estimates by [39]. In this setting the solutions with initial datum O < pp < M remain bounded.
Therefore, we expect bounded (even continuous) solutions p. So the natural duality would
be ¥ integrable. We point the reader to [1], where the authors study the duality between L
estimates for entropy solutions of conservation laws and L' bounds for viscosity solutions
of Hamilton—Jacobi equations.

3 Viscosity solutions of (P7;)

The aim of this section is to prove the following existence, uniqueness, regularity and con-
tinuous dependence result for (P%;) which is one of the key tools in this paper. The usefulness
of the estimates obtained is clear going back to Lemma 2.11.

Proposition 3.1 Let D > 0, E € C([0, T1; Lipy(R%)) and vy be such that Vg € L>®°(R?).
Then, there exists a unique viscosity solution of (Py) such that %IX\ € L®((0,T) x RY).
Furthermore, it satisfies the following estimates

lVsllLoe < IWollLoe, 3.1
T
Vs oo ll < VAo llzoe [l exp (C/O IVET |l dU) (3.2)
, T\ Er_
H L < CH Yo exp (DT—I—/ I do), (3.3)
NPT N Fp] N o T+ |

where C = C(d) depends only on the dimension, and ||[V|| ¥ |||l = sup; |I%||Loo. If
Yo > 0 then > 0. Moreover, we obtain the following time-regularity estimate
)

‘ Ws+h — Yy
(3.4)

Er_51n — Er—0
1+ |x|

< C(h +D? (h% +h%) + sup
Lo° o€l0,s]

I+ |x]

where C = C(T, D, ||¢0||Lip0 ,sup, | Eq |l Lipy)- Lastly, given 1///\0 = Yo and E in the same
hypotheses above, there exists a corresponding solution of (2.3), denoted by {/7, and we have
the continuous dependence estimate

_ T
‘% Vs SC/
Le® 0

ETfa - Echr
where C = C (d, D, 1Yol Lipg fOT lET—_o ||Lip0) is monotone non-decreasing in each entry.

do 35
I+ |x] (3-5)

L>®

1+ x|

We will prove this result in Sect. 3.2. The uniqueness of viscosity solutions leads to the
following
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Corollary 3.2 Assume that & : C([0, T]; P1(RY)) — C(I0, T1; Lipg(RY; RY)), and let
(u, V) and (u, lIJ) be entropy pairs of (1.1), then ¥ = 0.

There are some immediate consequences that come from the linearity of equation.

Remark 3.3 Notice that the properties above imply a comparison principle. Given two solu-
tions, we have that ¥/ < v, then !bg = Yo — Yo > 0. Then, by linearity, uniqueness, and
preservation of positivity ¢ — ¢ = ¢ > 0.

Notice that the generic initial datum Lip(¥p) < 1, need not be bounded. This can initially
seem like a problem for uniqueness, since we cannot prescribe conditions at infinity. However,
following Aronson [5, Theorem 2 and 3], existence and uniqueness are obtained under the
assumption that e"”x‘zu, € L2((0, T) x RY) if the coefficients are bounded. We tackle this
issue by studying weighted versions of our solutions vy (x) = ¥ (x)/n(x), which solve the
following problem

Er_s-Vn+4+ DAn Er_s+2DVn

05V =V +Vv. ——— 4+ DAv. (3.6)
n n

Notice that, if n(x) = (1 + |x|*)*/? with k > 1, then Vi/n ~ |x|~" at infinity. If E is
Lipschitz, then all the coefficients of the equation above are bounded. And, if k > 1, then
lvo(x)| < C + |x])!~% — 0 as |x| — oco.

Remark 3.4 A similar argument can be adapted to initial data which are weighted with respect
to 1 + |x|? for any p > 1, if this is satisfied by the initial datum. However, this escapes the
interest of this work.

3.1 A priori estimates in L™
3.1.1 General linear problem

For the dual problem we are interested in the existence and uniqueness of the linear parabolic
problem in non-divergence form

i‘)”s—fs—i—asus—i—b Vus + DAug  foralls > 0, x € R? 3.7)

ug — 0 as [x| — oo forall s > 0.

The theory of existence and uniqueness of classical solutions dates back to [41]. When the
coefficients are smooth, the linear problem can be rewritten in divergence form as

Osuy = fy + (as — V - by)us + V - (ushs + DVuy). (3.8)

We focus on obtaining suitable a priori estimates assuming that the data and solutions
are smooth enough, and these estimates pass to the limit to the unique viscosity solution by
approximation of the coefficients.

By studying (3.7) at the point of maximum/minimum, we formally have that

T lsllioe = fslieee 4 llas oo llusll oo

This intuition can be made precise by the following result
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Lemma3.5 Ifa, f € C(R?) and bounded, b € C(RYY, and u is a classical solution of
(3.7) such that sup g 1y« g, | — 0 as R — oo for each T, then

) s S
lluslizee < lluoll Lo exp (/ lae ||L°°d0') + / | fo ll Lo exp </ llae ||L°°dK) do.
0 0 o

(3.9)

Proof Define

K s s
g (x) = [lugllp> exp (/ lao ||L°°d(7> + / | fo Il exp (/ ||aK||L°°dK> do.
0 0 o

This is a classical super-solution of (3.7) and ©y < ug. Using the weak maximum principle
on a ball Br and the initial condition we get

min (u—u)= min (¥ —u) > min {O, min  (u — u)} .
(0,T)x Br {0}x Bg (0,T)xdBg
U0, T)xdBg

As R — oo this tends to 0 by hypothesis. We conclude that # < u. Similarly, we prove that
—u <u. O

Now we compute estimates on the solution formally assuming thatyr € C([0, T']; C é (R?Y),

and that E is smooth and satisfies all necessary bounds. Later, we will justify this formal
computations.

3.1.2 L estimates of ', Vy' and ¥/ /(1 + |x])

Going to (P;) when we have suitable decay of ¥ we deduce (3.1) by Lemma 3.5. When

i ol
we define Ug = -, we recover that
Ui dET_g ; ;
W = V'l/fs . ax- + VUY . ET—S + DAL}Y
L
4 OE]_ . .
=> U} —I=+4+VU!-Er_; + DAU..

Since this is a system, we cannot directly apply Lemma 3.5. Nevertheless, we compute

1d i\p i\p—277i d j8E§—s i
;a ]Rd'U'Yl = ]Rd'U‘Yl U, E Uy . +VU; - Er_s+ DAU
j=1 '

d J
. . L0EL 1 .
=3 :/|U;|"*ZU;U;—T ; +7/V|U;|”-Er-s
j—l 3)6; p

+D/|U§|P—2U§AU§

J
0ET_,
i

d
_ igp—1 J
—HMMPE?WJU e
J:

1 .
—*fIWWVEns
o PJRY

—w—anlmW”WWF
Rd
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J
ET—s
0X;

d
o .
<N Y MU e
j=1

Loiye
+ — Ul IV - E7—sll o
e P

Using the norm equivalence of norms of RY, we have

d d d
d ; .
52 ||U;||£,,s<§ ||U;||Zp) pC(d)sup )
i=1 i=1 boj=1

Eventually, we have that

i NP 4 \F s d
(ZHU;H’;,,) s(ZnUén’L’p) exp | C(d) fo sup y
i=1 i=1 Loj=1

J
0E;_,

axi

+IV-Er—ll =
L

J
0Er_,
8xi

do
LOC

1 s
+—/ ||V-ET_(,||Looda). (3.10)
P Jo

As p — oo, we obtain (3.2). Take n(x) = (1 + |x|2)%. Recalling (3.6) and applying

Lemma 3.5, we deduce
exp (DIIAnllLooT + / dcr) .
L>® 0 L

T T
1//T C H WO
Since 7 is regular we eventually deduce (3.3) where C is such that C~! < 129 < ¢ and it

n

ET—U

14 x| Lo 14 |x|
1+[x] —

does not depend even on the dimension. For the continuous dependence, we write (dropping
s and T — s from the subindex for convenience)

E—-E E—-E D-Vn+ DA
s —70)=v V4 Vu- +(v_ﬁ)w
n
E +2DV
F V-1 2PV L A —). 3.11)
Then we have
v-Vnp .
Ias|=‘ <Ca+v)
and
v ~ E-E E—-E
|fsl=|=((E—E)-Vn)+Vv- < (v + [V)).
n n n
Notice that

© 1 1 v
Vo=V==5OVYy —yVn) =—-Vy+ -V
n n n n

Hence, we can deduce using Lemma 3.5 that

. -
Er o —E7 o

do 3.12
1+ |x| 612

L>®

s — Bl ooqaty < Cillvo — Tollz + Cz/
0
where

Ci=C (T, D, Iy/(+[xDllge s |1 EllLe),
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Cy= sup (flusllLeIlValiLee + [VugllLee), (3.13)
5€[0,T]

which can be estimated usmg (3 2) and (3.3).

Eventually, since ‘po wo = 0, we recover (3.5). Notice that C cannot be uniformly
bounded over the set Lip(¢9) < 1, where we can bound C,. Here is where the assumptions
that K; satisfies (2.5) and (2.6) will come into play in Sect. 5.

3.1.3 Time continuity
Taking vy = ¥,/n" and Ty = ¥s1p/nV where nV = (1 + |x|2)%, we similarly deduce

going back to (3.12) that
‘ Ysth — Ys

1+ |x|
Therefore, ¥ inherits the time continuity of E. Then the only remaining difficulty is the time
continuity at 0.
For D > 0 we use Duhamel’s formula for the heat equation u;, — DAu = f, where we
denote the heat kernel K p. Notice that K p(t, z) = K1(Dt, 7). For the first term we have that

() = o) _ 1
1+ |x| 1+ |x|

+// Kp(s—a,x—y)Er_a(y)-V%(y)dyM)
0 JRI

:/ Kp(t.x — )Iﬁo(y)—lﬂo(x)dy

Y — Yo

1 ‘ Er_+n — Er—6
s 1+ |x|

1+ |x|

+ Cy sup (3.14)

0€[0,T]

L

( f K (s, x — y)¥o()dy — Yo(x)
R‘]

1+ x|
14+ 1yl Er—o ()
K ——— . Vs (y)dydo .
// (s =003 = ) ST Ve ()dy

We estimate as follows

Yo(y) — Yo(x) /
Kp(s,x —y)————dy| < IV oo (Rd Kp(s,x — —y|d
/Rd p(s,x —y) T+ x| Y| < VYol poo ey - p(s,x — y)lx — y|dy

L2
37%

= |V ¥oll oy f f——dz
RY (47 Ds)2

—lz?

1 e
= ClIVYoll g (4Ds)? / Ry
R

d
T2

Now since E(y)/(1 4 |y|) and Vi are bounded, it leaves to integrate

2
// KD(Gx—y) —|—|y| // ‘gal+|x|+|z|dzda
R (471D<7)2 1+ x|

[z
:/ / ﬁe’m(lﬁ-lzl)dzdo
R (471D0)7
2
f/ —e “”;‘TdZdO’
R4 (471D0)2

lz12
+// ﬁefﬁlzldzda
0 JR! (4r Do)2
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s
1
:// —de_‘“’lzdwda
Re 7172
/ / (2Da)2—e lwl? |w|dwdo

< §‘—|—CD2§‘%

Eventually, we recover using (3.2) that

ET—O’
1+ |x|

H s (x) — Yo(x)
1+ |x|

<c@ | (Ds)? + (s + D2s?) sup
Lo [0.5]

) Vol
L>®
(3.15)

This result can also be deduced for D = 0 without involving any convolution. Also, it is
recovered as a limit D N\ 0. Joining (3.14) and (3.15) we recover (3.4).

Remark 3.6 (Time continuity at s = 0 if Ay is bounded or D = 0). To estimate the time
derivative at time 0, we consider the candidate sub and super-solutions

¥, =v0—Cos, ¥ = 1o+ Cos.

‘We have that

oy —Er—s-Vy — DAY =—Co— Er—s-Vipo — DAy,
3s$x - ET—s : Vlﬁs - DAWX = CO - ET—s : VWO - DAWO-
So we need
Co> sup |E7r—s-Vio+ DAYyl.
[0,T]xR4
Then

H Ilfs - WO

< N E7—s - Vo + DAYoll oo (0,71 Rd) -
Lo(RY)

As s — 0, we get an estimate of the time derivative at s = 0. A similar computation can be
done for v/(1 4 |x|). This kind of result is useful for the case D = 0, since even as Dy \ 0,
one can take approximate initial data l/f(k) so that the constant is uniformly bounded.

3.2 Proof of Proposition 3.1

First we prove uniqueness. Take v®@ = v/ n® where n® (x) = (1 + |x|>)*/2. We observe
s € L then v € L%(RY), with decay 1/|x| at infinity. By dividing viscosity

test functions by 1, we observe that v is a viscosity solution of (3.6). Notice since v®

remains bounded, sup o 7)xrd\g, ¥/(1 + |x]) is bounded by R™2. The uniqueness of ¥
follows from the uniqueness of v@ (see, e.g., [45, Theorem 3.1]).

Let us now construct the solution and prove its properties. If D > 0, ¥ € WC2 R,
and E is very regular, then existence is simple by standard arguments. For the problem in
R, regularity and decays as |x| — oo for compactly supported initial data follow as in [34]
and hence all the estimates above are justified. If ¥o > 0 we can proceed like in Lemma 3.5
to prove ¥ > 0.
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Now we consider the general setting, and we argue by approximation. Consider an approx-
imating sequence 0 < D — D, satisfying

(k)
WERRY) s o o i [oRY),
(1+x]2)2 (1+x]2)2

W2([0, TIx RHY 5 E® — E  inC((0, T) x RY)4.

We have the uniform continuity estimates (3.2) and (3.4). Due to the Ascoli—Arzel4 theo-
rem and a diagonal argument, ¥ ®> — 4 uniformly over compacts of [0, T'] x R?. Applying
Lemma 2.15, the limit is a viscosity solution with the limit coefficients. By the uniqueness
above this is the solution we are studying. All estimates are stable by convergence uniformly
over compact sets. O

4 Dual-viscosity solutions of problem (Pf)

Now we focus on showing well-posedness and estimates for (Pg). We construct the solutions
as the duals of those in Sect. 3.

Proposition 4.1 For every D, T > 0 and E € C([0, T1; Lipy(RY, RY), and 119 € Py (R?)
there exists exactly one dual viscosity solution u € C([0, T]; Py (Rd)) of (Pg). It is also a
distributional solution. Furthermore, the map

St : (o, E) € P1(RY) x C([0, T1; Lipy(RY, RY)) —> ur € P1(R?)

da)
LOO

T
where C = C (d, D,/ IVEs| dcr,/ |x|du0>
0 R4

depends monotonically on each entry. The semigroup property holds in the sense that

is continuous with the following estimate
T Ea - Ea

di (Stlpo, E1, Stlfio, E]) < C (dlwo, o) + f
o | 1+1x]

A.1)

Stilino, E] = S?[Sr [Mo, El[o,r]], Elj 7 — 1)]-

Therefore, we have constructed a continuous flow
St (o, E) € PIRY) x C([0, 00); LipgR?, RY) —> w1 € € ([0, 00): P1(RY).

Proof of Proposition 4.1 We begin by proving uniqueness and continuous dependence. For
D > 0 and any two weak dual viscosity solutions p and 7& corresponding to (g, E) and
(J1o, E) we have, applying Lemma 2.11, (3.3), and (3.5), that

di(ur, ir) < di(uo, o) sup  Lip(¥F)
Lip()<1

+ (1 +/ |x|dﬁ0(x)) sup
R4 Lip(¥9)=<1
Y0(0)=0

vl -yl

I+ |x]

LOC
T
< C(d)d) (po, [to) exp (/0 (D + IIVEollLoo)d0>
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T
+C (d, D,/ ||VET70||LOO> (1 +/ ledﬁo(x)>
0 Rd

/T ET—O’ - ET—U
0

14 |x|
The second constant obtained from (3.13) by taking the supremum when Lip(¢p) < 1.
Eventually, we can simplify this expression to (4.1). Therefore, we have uniqueness of dual
viscosity solutions for any D > 0.

For D > 0, ug € Hl(]Rd) and E, € C([0,T]; W2’°°(]Rd; Rd)), the theory of existence
and regularity of weak solutions is nowadays well known (see, e.g., [9, 10] and the references
therein). The dual problem is decoupled from (Pg), and we have already constructed the
unique viscosity solutions of the dual problem (see Proposition 3.1), that are also weak
solutions when E is regular. For regular enough datum vy, we can use ¥ as test function in
the weak formulation of (Pg) to deduce (D;). Hence, any weak solution of (Pg) is a dual
viscosity solution.

Let us now show the time continuity with respect to the P; (R?) distance in space. We
take ¥ such that Lip(¢9) < 1, and we estimate

L

t+h
1//erh lljt

d — <
‘/}Rdlﬁo (Mpan — )| < 1+ x|

/R W = whdug

5/ (1 + | Dduo
]Rd

Lo (Rd)

This last quantlty is controlled by continuous dependence on E and time continuity of (P%,).
First, letting % = w;*h with 1#6“’ = Y9, which corresponds to E s = E;4p—g, we have that

H I+h w
t

<C sup ||Et+h70' - Etfo' ||Lip0~

1+ |x] oel0,1]

Lo (R4)

The right-hand side of this equation is a modulus of continuity, which we denote wg. Now
we use the time continuity of (P%;) given by (3.4) to deduce that

gith
H Fith L < wp(h),
1+ |x| Lo (®d)

where C and wp are given by the right-hand side of (3.4). The constants are uniform for
with Lip(y9) < 1. Eventually, taking the supremum on v and applying (2.2) we deduce

dy(ysn, ue) < wp(h) + wg(h).

Let us now consider the general case for D > 0, uo and Ep. The uniform esti-
mates (4.1) shows that, if 0 < D" — D,H'R?Y) > u? — po in Pi(R?) and
C([0, T]; W2 (R4; R?)) 5 E" — E in C([0, T]; Lipy(RY, RY)), then the sequence 11"
is Cauchy in the metric space C ([0, T]; P; (R?)). Since this is a Banach space, the sequence
u* converges to a unique limit ©. Due to the stability of the dual problem, we can pass to
the limit in (D;) to check that x is a dual viscosity solution. We have already shown the
uniqueness at the beginning of the proof. Due to the approximation, the solution constructed
is also a distributional solution.

The semigroup property holds in the regular setting, so we can pass to the limit. This
completes the proof. |
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5 Existence and uniqueness for (1.1). Proof of Theorem 2.10

We prove the existence by using Banach’s fixed-point contraction theorem. We construct the
map
7, : €10, 1]; Py RD") — P1(RY)" (5.1)

by
Selpd. &' pel]
Tl = :
Selpg, &' pll

We must work on the bounded cubes Q(R) = Bp, (R)" where we recall the definition of
ball in Wasserstein space given by (2.9). Hence, we take

R > max d1 (ih, 80)-
i=1,---,n

To get a very rough estimate of d; (77[p], o) we first indicate that when E = 0 we recover
the heat kernel at time Dt

Si[80, 01(x) = H ()—; L
100, VI(x) = Hps(x _(471Dt)7% eXp<_4Dt).

Hence, using the triangle inequality
di (o, Stlpo, E1) =< di (80, ST[80, 01) + di(ST[80. 01, ST100, ET).
For the first term, we simply write
d1 (80, St[do, O1) = d1 (80, Hps) < w(D1).
To get a uniform constant in (4.1) define

Cr() = max VAL ) < 00 (5.2)

=1,-n
neC([0,T]: Q(R))

by the assumptions. As a consequence, for any p such thatd; (,ui, §o) < Rforalli =1,---,n

and r < Ty, then d; (8, 7;[p]') < Rforalli =1,--- ,nandt < Ty, i.e.,

7:c(10.711: 2(R)) — (10, ik O(R)).

Notice that, since we are constructing solutions using S, the constructed solution is also a
distributional solution.
Applying again (4.1) we have that foreveryi =1,--- ,n

sup di(T;[n], T'[R]) = sup d (St[ué,ﬁi[u]],Sz[%ﬁﬁﬁ]])

t€l[0,7T] t€[0,T]

fplo — K'[Al,
1+ x|

do
LOC

T
< C(Tl,R)/
0

<C(T,, ATL sup di(ul,ii)),
o€l0,T]
j=l,.n
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where C(Ty, R) is recovered again through (4.1). Given that R is fixed, we can find 7> < Tj
so that the map 77, is contracting with the norm
AP, ) = sup di, 7).

te[0,77]
; 0

i=l1,

Therefore, we can apply Banach’s fixed-point theorem to proof existence and uniqueness
for short times. Since £ is uniformly Lipschitz, we can extend the existence time to infinity
applying the classical argument. To prove the continuous dependence on pg, we apply (2.8),
(3.5) and (2.6). This completes the proof of existence and uniqueness. ]

Remark 5.1 Following the non-explicit constant in (3.5), it would be possible to recover
quantitative dependence estimates.

Remark 5.2 (Numerical analysis when D = 0: the particle method). Our notion of solution
justifies the convergence of the particle method when D = 0. The aim of the particle method
is to consider an approximation of the initial datum given by finitely many isolated particles

N
i\N __ § ijN¢
MKy = a' (SX:)jN.
j=1

Then, it is not difficult to see that, for D = 0 the solution is given by particles

N
M;N = Zal]N(SijN.
j=1
The evolution of these particles is given by a system of ODE:s for the particles
oX7" == a VK10
J

This system is well posed. Due to the continuous dependence

sup di(py. 1) < C(T, po)di (o, 1)
t€[0,T]
Itis easy to see that the finite combinations of Dirac deltas is dense in 1-Wasserstein distance,
and estimates for convergence are well known (see, e.g., [37]).

6 Gradient flows of convex interaction potentialsand D = 0

The aim of this section is to give an application of our results to the classical aggregation
equation
Opy =V (W VW o5 ). (6.1

This problem falls into the well-posedness theory developed in Theorem 2.10 provided that
D2W e L®(R?)*4 for the P; (RY) theory. In the context of gradient-flow solutions (see,
e.g., [2]) we are able to weaken the hypothesis on &.

Theorem 6.1 Let jg € P>(R?) be compactly supported. Assume W is convex and that
W e Cl]o’j (RY). Then, the gradient flow solution nu € C([0, T]; P> (RY)) is a dual-viscosity
solution.
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We can approximate W by a sequence of convex functions W¥, so that VWX — VW
uniformly over compacts but satisfies D2W* e L>°(R?). We construct Mi‘ through Theo-
rem 2.10. Since o is compactly supported and W* is convex, if we pick Ay the convex
envelope of supp 1o, then

supp p,],‘ C Ao, vt > 0.

This is easy to see, for example, looking at the solution by characteristics. We set ourselves
in the hypothesis of Theorem 2.14 by proving below that

1. wk*T for every o € C° (RY) are uniformly equicontinuous.
2. wh = pin C([0, T]; Po(R).
3. Wk % X — W x u uniformly over compacts.

Remark 6.2 We point that the result in Theorem 6.1 can be extended from (6.1) to a system
of equations coming from the gradient flow of interaction potentials between the different
components. To fix ideas, we can treat systems of two species like

0rp1 =V - (p1V(Hy % p1 + K * p3)
o2 =V - (02V(Hy % p2 + K * p1)

See, e.g., [31].

6.1 Regularity in space

Constructing solutions by characteristics it is well known that

(Er—s(x) — E7—s(y)) - (x —y) = 0,

then characteristics grow apart. Then, the solution of (2.3) satisfies

Vsl oo may < VY0l oo ray- (6.2)

We check that this holds for E = VW % u. Since W is convex, then
(VW) = VW) - (x —y) = (x — y) - D*W(E(x, y)(x — ) = 0.
Then, the convolution with a non-negative measure is also convex
(VW « u(x) — VW % ,u(y)) : (x _ y) - / <VW(x ) - VW(y — z))
R
(=== 9)duo)
>0,

and so (6.2) holds.

6.2 Regularity in time

First, we look at the evolution of the support. When E7_; is locally bounded, we can construct
a super-solutions by characteristics. We define

AGo,s) = |J supp¥s.

s€lso,s1]
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If we assume that A(s, 0) C B(xg, Ry) then

OsRy < sup |Er—g].
B(x0,Ry)

So we end up with an estimate
A(s, 0) C supp Yo + Bg, . (6.3)

Assume that ¥y € CSO(R‘I) with | Vol oo rey < 1. Take 5o < s. Consider

¥ =15 —Cols =50), V5= Vs + Cols —s0).
We have that
Y —Er—s- Vi =—Co— Er—s- Vi, ¥y — Er_sViyrg = Co — Er_s V.
They are a sub and super-solution in [sq, s1] if

Co = Vgl oo sup  |E|.

[s0.s11x A(s0,51)

Hence, we deduce that

’ Wsl - 1pso

This implies that a uniform bound on the time continuity based on 7', local bounds of E and

= IV llLee sup |E]. (6.4)
§1 — S0
the support of .

Lo (R4) [s0,511x A(s0,51)

6.3 Convergence of the convolution

Following [2, Theorem 11.2.1] the I'-convergence of uniformly A-convex interaction free
energy functionals is sufficient so that

sup dz(,uf, ;) — 0, as k — oo. (6.5)
[0,T]
In particular, if W € C* is convex and WX (x)(1 + |x[)™% — W(x)(1 + |x|)~2 uniformly,
(6.5) holds. It follows that the sequence uk s uniformly continuous, i.e., the function

w(h) =sup sup dz(,u]t‘+h, ,uf)
k 1€[0,T—h]

is a modulus of continuity.
On the other hand, for the convergence of VW* % 1 we prove the following result.

Lemma 6.3 Assume that

VW eCj.

VW* — VW uniformly over compacts of RY.

uf, w; € P(RY), and, foreveryt > 0, ;L],‘A,ut weak-x in M(R9)

There exists Ag C RY convex bounded such that forallt > 0, supp ,uf C Agp
uk e C([0, T); Po(RY)) are uniformly continuous.

SR W~

Then
VWK« [,Lk — VW s w uniformly over compacts of [0, T] x RY.
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Proof We use the intermediate element VW # u*. First, for A ¢ R? compact

sup / (VWA(x —2) = VW (x — 2))dut| < sup |[VWK —vw|.
xeA |JRd A+Ag
Hence, we have that
sup (VW s uf () = VW (0| = sup [VWE = 9w, 6.6)
1e[0,T] A+Ag
xeA

Due to weak-+ convergence, ift VW € C fo . then

VW s uX(x) = VW %, (x) for each (7, x) € [0, T] x R?
Now we prove uniform continuity. First in space. Let A C R? be compact. Take
VW (x) = VW (y)]

x,yeA—Agp |.X - Y|5
xFy

Ck =

Now, for x, y € A we can compute
VW s pk(x) — vw *uk(y)\ < / VW (x —2) = VW(y — 2)|du* (2) < Calx — yl".
Ao

So VW s p* is uniformly continuous in x over compacts of [0, T'] x R<.
Lastly, let = be optimal plan between uf and /L’;. Due to assumption 4, the optimal plan
can be selected so that suppr C Ag X Ag. Let z € A. We have that

‘/ VW(z—y)duf<x>—/ VW(z—y)duli(y)‘
R‘l Rd

= ‘/ (VW(z —x) = VW(z — y))dn (x, y)‘

<Cy // I — yPdm(x. )
%
<Cy (/ |x—y|2dn(x,y)>

= Cada (s, 1b)" < Caw(h)’.
Hence, we have the uniform estimate of continuity in time

sup [VW s uk — VW s k| < Ca(|r — 7])*.
xek

And we finally deduce that

sup VW 1 (x) = VW % iy ()] < Callx =yl + o (It = 7))
1,7€[0,T]
x,yek
In particular, by the Ascoli—Arzeld theorem, there is a subsequence converging uniformly in
[0, T']. Since we have characterised the point-wise limit, every convergent subsequence does
so to VW % u. Hence, the whole sequence converges uniformly over compacts, i.e.,

sup [VW s pk(x) = VW s, (x)| = 0,  ask — oo. (6.7)

t€[0,T]
xeA
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Using the triangular inequality, (6.6), and (6.7) the result is proven. |

Proof of Theorem 6.1 When W¥ is C2, we can construct a unique classical solution as the
push-forward of regular characteristics. This solution is well-known to be the gradient flow
solution. By construction, it coincides with the unique dual viscosity solution that exists by
Theorem 2.10.

First, we showed in (6.5) that p* converges to the gradient flow solution in C ([0, T']; P>
(R%)), and let us denote it by 7z. Now we apply Theorem 2.14 where the hypothesis have
been check in (6.4) (using (6.3)), and Lemma 6.3 to show that 1z is a dual viscosity solution.
This completes the proof. |

7 A H1 and 2-Wasserstein theory when D > 0
7.1 Notion of solution and well-posedness theorem

Many of cases of (1.1) studied in the literature are 2-Wasserstein gradient flow. Our situa-
tion is more general. Unfortunately, the 2-Wasserstein distance, d, does not have a duality
characterisation similar to d;. It is known (see, e.g., [46]) that it can be one-side compared
with the H~1(RY)

do(, D) < 201 = 1) g1 gy (7.

where, for u € D’ (R?) we define the norm

Il -1 ey = sup ().
feCX(RY)
V£l 2=t

The converse inequality to (7.1) only holds for absolutely continuous measures, and the
constant depends strongly on the uniform continuity.

We consider the Sobolev semi-norm [ f]g1 = ||V fll;2. The space (CSO(R‘I), [[1g1) is
a normed space. Notice that, if [ f];1 = O then f is constant. But since it has compact
supported, the value of the constant is 0. This allows to define the dual space

H™'®RY) = (CXRY), [y gay) -
Since it is the dual of a normed space, H ' (R) is a Banach space.

Remark 7.1 The space H'(R?) is defined as the completion of (C.RD, [1] 11 (Rdy)> Which
is easy to see is not complete itself. This completion can be complicated (see, e.g., [12]).
Hence, with our construction H ! (R?) is not the dual of H!(R9).

Similarly to above, we define
Definition 7.2 We say that (u, {\IIT}TZQ) isan H! entropy pair if:
1. Forevery T > 0,
T X = (o € Cc(RY) : Vg € L*(RY)} — C([0, TT; X)"

is a linear map with the following property: for every Yo and i = 1,--- ,n we have
Wi [4g] is a viscosity solution of (P¥).
2. Foreachiand T > 0, MT eH —1(R9) and satisfies the duality condition (D;)
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Remark 7.3 Notice that in this section we require that v is compactly supported, and thus
the unique viscosity solutions will satisfy ¥ (x) — 0 as x| — oo.

The main result of this section is

Theorem 7.4 Let D > 0, o € H~'(R?) and assume that

& C(0. 71, A ®Y) — €(0. T]L W (R 1.2)
is Lipschitz with data in H~Y(R?) in the sense that, for any p and @ in C([0, T); H-1(R?))
sup | #/1ul - 1721 <L sup lluj—Rillgoge.  (73)
t€(0,T] ! wloo(Rd) re[0.7] t t I H=1(Rd)
i=1,.n B R

Then there exists exacjly one dual viscosity solution IS C ([0, T1, H! (R,
_ Furthermore, if & is autonomous (i.e., 8'[pl; = K'[p,]), then the map St : pg €
H YR > T € H~Y(RYY" is a continuous semigroup.

We point that we can only get the H~(RY) theory when diffusion is present (i.e., D > 0).
When D = 0 we cannot get an estimate of ||V || ;2.

Proof of Theorem 7.4 The proof follows the blueprint of the proof of Theorem 2.10 using a
fixed-point argument. We need an adapted version of (2.8) given by

lwr = Arl g1y < lliwo — Aol g-1gey — sup VYL | 2ga)
YoeCE (RY)
IV¥oll 2 gd) =<1
ol i@, s |V - D) (7.4)
YoeC (RY)
VY0l 2 ga),<1

L2(Rd)

This is shown by a suitable modification of the argument in (2.7). Lastly, we use the bounds
and continuous dependence proved below in Propositions 7.6 and 7.9. |

Lastly, due to (7.1) we have the following partial result in 2-Wasserstein space.

Corollary 7.5 Let D > 0, py € HYRY" N PR, then the unique solution constructed
in Theorem 7.4 is C([0, TT; P2(RY)™).

Proof Due to the previous theorem, we only need to show that probability distributions
stay probability distributions. The non-negativity is trivial, since by Proposition 3.1 the test
functions preserve the non-negativity. Hence, we get

/Rd Yodur = /Rd Yrdpg >0,  forall0 <y € C°(RY).

Thus w7y > Oforall T > 0.

‘We now prove the conservation of total mass. Consider a sequence of 0 < wék) € X point-
wise increasing k and converging uniformly over compacts to 1. Then, by the comparison
principle, 0 < ¥® < 1 are point-wise increasing in k. By Dini’s theorem, functions )
converges uniformly over compacts. Let 1> be its limit. By stability of viscosity solutions
(% solves the same equation. By the uniform convergence 1//800) = lim, wo(k) = 1. Then

¥ (%) = . By definition
k k
fR Vo dpr = /R V.
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We can apply the monotone convergence theorem on both sides to deduce

/dMTZ/ dpo = 1.
R R

7.2 Study of (P};)

To deal with the H~! (R?) estimates, we must get L2(RY) of Vir.

Proposition 7.6 Under the hypothesis of Proposition 3.1 together with Yy € C.(R?), then
the unique viscosity solution of (2.3) constructed in Proposition 3.1 also satisfies

s
IV¥slli2®ay < IVoll L2 ray exp (C(d)/o ”VET—(THLOO(Rd)dO')' (71.5)

Lastly, given @0 = Yo and E in the same hypotheses above, there exists a corresponding
solution of (2.3), denoted by v, and we have the continuous dependence estimate

—~ 1 S ~
IV = T2 za, < C1e (1 + 5) /0 IEr—o — Er—o | yroaydo.  (1.6)

Remark 7.7 Notice that for Vi, € L2(R?) we do not use that E € L (R?), or the ellipticity
constant.

Proof We begin with the L?(R?) estimates for smooth 9 € C°(R?) and E € C>°([0, T] x
R9), where the solutions are classical and differentiable. For our duality characterisation in
H™! (R?) we do not need L2(R?) estimates on ¥, only on V. Notice that (7.5) is simply
(3.10) when p = 2.

For the continuous dependence, we note that

0u(U} = 01 = VU~ TDEr-c + V0~ T
+V0iBr—, ~ Br- + V5 (Br— ~ By
+ DAWU! - UY).
Multiplying by U! — U’ and integrating, we get
O IUf = Ul agay =T+ + Is.
We estimate term by term the integrals /;,i = 1,...,5, as

. 2
< EH vl — O IV - Er—y oo g »

Sl L2y

J

1 L
Ihl=3 '/(U; —U)’V - Er_

’
L>®

i i IE/
Us - Us

0x;

5 ‘

Y A
|| SZ‘/(USJ—USJ)T)Q(US’ -0 )
J

~i 0 ; ~i . ~
ITEDY ‘ / Uf 5By, = Ep_)(U{ = U)
. l
J

S a i ~j ~j
<10} = Tl HE(EL; - Ef_,) IL 107 12
X i e
J

@ Springer



127 Page 28 of 31 J. A. Carrillo, D. Gémez-Castro

2

||U$] ”LZ(]R") s
)

I 1 d (i B
< §||Us = Usliz2gay + ) XJ: TM(ET’S B ET*J) LRI

and
Is=—-D / V(Ui - UH.
There is only one problematic term that requires the use of the ellipticity condition

|13]

IA

[ viwi-0v - @ - B

+ ‘ / Ul(Er—s — Er—)V(U{ = U))

Lo 5o L & 2

< E”Us - Us ”L2(Rd) + EHU_y ”LZ(Rd)”V : (ETfs - ET*S)”LOO(RLI)
1 : ~ S

+ 5 1Us W22y | BT s = B0ty + PIVUS = UD 7 o (7.7)
Notice that /5 cancels out the last term in |/3]. Arguing as above we recover
oIV = U7 2gay < C@D( A+ IVET—sll o) IV = I
LZ(Rd) = T—s L®(R4) s B L2(]Rd)

1 ) _
+ <1 + B) <I|V¢S||L2(Rd) + ”VwS”LZ(Rd))“ET—s

- ET*S ”%Vloo(Rd)) .

Eventually, since WOT — JOT = 0 werecover (7.6) where the constants depend ond, || Vgl 2,
||V1’ﬁo||Lz and fOT IE7—o |lw1.eodo. This completes the L? estimates.

When v is a general initial datum in C..(R?) we proceed by an approximation argument as
in Proposition 3.1. As for the L™ (R?) estimates, we can first assume that E € C>([0, T] %
R%) and yg € C 0 (R?) are smooth, recover the L? estimates for the gradient, and then pass
to the limit. O

Remark 7.8 Notice that in (7.7) we use strongly the fact that D > 0, and the estimates are

not uniform as D \ 0.

7.3 Study of (Pg)

Similarly, applying (7.4), (7.5) and (7.6), we deduce that

Proposition 7.9 For every D,T > 0, E € C((0, T]; W' (R4, RY)) and o € H(RY)
there exists exactly one HYRY) dual viscosity solution u € C([0, T]; H (R of (Pg).
Furthermore, the map

Sy H'RY) x €([0, T]; W2 RY, RY)) — ur € H™H(RY)

is continuous with the following estimate
T
| srUE wol - sr1B. 7o), < (d, L T,f IVEr_, ||Locda)
0

T
/ |Es — Ey|lyy1.00do, (7.8)
0
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where C depends monotonically on each entry. Lastly, the semigroup property holds, i.e.,

Sttelmo, E] = S?|:Sz [MO’ E|[0,z]]7 E|[t,t+?]j|-

Remark 7.10 (Solutions by characteristics when D = 0). For D = 0 our notion of solution

is u; = Xi#uo where X; is the unique solution of the flow equation
X
Ttr = _Et(Xl‘)v (79)
Xo(x) = x.

A unique solution of this pointwise-decoupled problem exists via the Picard-Lindelof theo-
rem. Since we have forwards and backwards uniqueness, for each ¢ > 0 we know that X, is
a bijection. It is easy to show that the unique viscosity solution is given by

vl =00 X, o X7

And the duality condition (D;) is trivially satisfied. The problem is that we do not have
suitable H'! in this theory.
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