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Abstract

We present some results in the union and sometimes in the intersection of combi-
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Chapter 1

Introduction

This thesis comprises a collection of results in the fields of extremal graph theory,
combinatorial number theory, combinatorics of strings, hypothesis testing, additive
number theory, equidistribution, elementary number theory, and combinatorics of

sets.

We hope this thesis supports the notion that “different” areas of math are not
actually different, and that working on fundamental problems leads one to various

interesting areas of mathematics.

In Chapter 2, we study the following question: what is the maximum number of
triangles that a graph on n vertices can have, provided each vertex is adjacent to at
most d others? It is not too difficult to see that if n is a multiple of d + 1, then a
disjoint union of K41’s (i.e., cliques on d + 1 vertices) is optimal. When n is not a
multiple of d + 1, however, the question was wide open, with the conjectured optimal
graph being a disjoint union of as many K;.1’s as possible, and then a clique on the
remaining vertices. The conjecture, due to Gan, Loh, and Sudakov, received some
attention with several interesting partial results. We resolve the conjecture. We do
so by establishing a general identity, valid for all graphs, that concerns the number
of triangles that a closed neighborhood intersects.

The answer resolves a conjecture of Gan, Loh, and Sudakov.

In Chapter 3, we study a random analogue of a conjecture of Gilbreath about the

prime numbers.

2 3 5 7 11 13 17
1 2 2 4 2 4

1 0 2 2 2



To formulate Gilbreath’s conjecture, consider the sequence of prime numbers, in
increasing order. As the figure above indicates, we define a new sequence, where the
7' entry is the difference between the j+1* prime and the j*® prime. In general, given

any sequence, we obtain a new one by replacing consecutive terms by the absolute

o0

value of their difference: i.e., given (z,)%, we obtain (y,)5%; := (|Tpi1 — Tnl)22q,

and analogously with finite sequences (whereby the length decreases by 1).

Gilbreath’s conjecture is that, beginning with the sequence of prime numbers, if
we repeatedly look at the sequence obtained by computing the absolute value of the
difference of consecutive terms of the previous sequence, then the first term is always

1 (beginning with the sequence of consecutive prime differences).

Gilbreath’s conjecture is rather old. Many have speculated throughout the years
that the primes don’t have much to do with the conjecture, that it should hold for
any initial sequence that is “sufficiently random” and has small gaps. We prove such

a random analogue.

A model problem whose solution will allow us to deduce a “random analogue” of

Gilbreath’s conjecture is the following.

Form an (initial) sequence of length M by letting each term be a uniformly ran-
domly chosen element of {1,2,...,100}. Is it true that after M /2 iterations of this
consecutive differencing procedure, with high probability the obtained sequence con-

sists solely of Os and 1s?

We solve the model problem, with & loglog M in place of 100, in part by deriving

a new result for bootstrapping monochromatic random walks on colored graphs.

In Chapter 4, we improve the upper bound on the “separating words problem”.
This problem concerns the ability of a deterministic finite automaton, one of the most
basic models for computation, to distinguish between two given 0-1 strings of length
n, one of the most basic computational tasks. In 1989, Robson showed that, for any

distinct x,y € {0,1}", there is a deterministic finite automaton with at most Cn?°+¢



states that accepts « but not y. We improve the upper bound to Cn'/3*¢. We note

that the lower bound still remains at clogn.

In order to obtain the improvement, we solve a number-theoretic problem. As a

warmup, one can show that, for any distinct sets A, B C [n], there is some prime
p < Cy/nlogn and some i € [p] with

#{a € A:a=1imod p} ##{be B:b=imod p}.

The bound Cv/nlogn is tight up to logarithms (and constants). However, if we are
additionally given that A and B are sufficiently sparse sets, then this upper bound
can be improved. Specifically, we show that if A, B C [n] are distinct sets that are
each n'/3-separated (meaning every distinct a,a’ € A satisfy |a’ — a| > n'/?), then

there is some prime p < Cn'/**¢ and some i € [p] so that
#{a € A:a=imod p} ##{be B:b=imod p}.

We obtain this number-theoretic result by complex analytic methods, showing
it suffices to prove that any distinct “separated” subsets of [n] have a different m'™
moment for a small m, which in turn is equivalent to a statement about the behavior
of sparse Littlewood polynomials near 1, for which complex analytic tools can indeed

be employed.

In Chapter 5, we improve the upper bound on the “trace reconstruction problem”.
In this problem, there’s an unknown 0-1 string z € {0,1}" of length n. We see T
independently generated “traces” of x, where a trace is a random string, formed by
deleting each bit of x i.i.d. with probability 1/2. The question is to determine the
smallest positive integer T, as a function of n, so that one can reconstruct x with high
probability. The gaps between the lower and upper bounds on 1" are rather large,
standing at cn®?7¢ and exp (Cn'/?) before our work. We improve the upper bound

to exp (Cn'/>*¢). A large gap remains.

In Chapter 6, we show the sumset A + B contains a perfect square if A, B C [N]
have |A|, [B] > (£ + €)N, where the constant 3/8 is optimal. In the early 2000s, the
analogous constant for the problem of A + A containing a perfect square was proven
to be :1,)—; We establish our “bipartite” result by first solving the “modular” version
of the problem, namely when A + B contains a quadratic residue mod ¢ for two sets
A, B C Z4, and then using basic fourier analysis to bootstrap the result to the natural
numbers. We solve the modular problem via fourier analysis, quickly reducing to a

quadratic optimization problem, that is solved by a mixture of hand and computer.



In Chapter 7, we improve the upper bound on the number of steps that a variant
of the Euclidean algorithm lasts for. Specifically, we show that the process a +— n
(mod a) reaches 0 after at most Cn3~ 17T iterations, no matter the starting value

a = ag. The work in this chapter is joint with Mayank Pandey.

In Chapter 8, we build on a recent breakthrough of Gilmer to show that for any
union-closed family of sets F C P([n]), there is some x € [n] that is in at least %5
proportion of sets F' € F. We show that this result is optimal amongst families that
are “approximately union-closed”. The work in this chapter is joint with Shachar
Lovett.

1.1 Notation

For functions f, g, we say f = O(g) if there exists a constant C so that |f(z)| <
Clg(z)| for all z in the (common) domain of f and g. We write f = Q(g) if there
exists a constant ¢ > 0 so that | f(z)] > ¢|g(z)| for all z. We write f = O(g) if there
exists a constant C' so that |f(z)| < C|g(x)|log® |g(x)| for all z. We write f = Q(g)
if there exist constants ¢, C' > 0 so that |f(z)| > c|g(z)|log™ |g(x)| for all z. If f, g
are defined on an ordered domain, we write f = o(g) if, for every e > 0, it holds for
all large z that |f(x)| < €|g(z)].

We use the standard [N] := {1,..., N} and e(0) := €™ for 6 € R.



Chapter 2

A proof of the GGan-Loh-Sudakov
conjecture

2.1 Summary

We prove that any graph on n vertices with max degree d has at most q(d;:l) + (g)
triangles, where n = q(d+ 1) + 7, 0 < r < d. This resolves a conjecture of Gan, Loh,

and Sudakov.

2.2 Introduction

Fix positive integers d and n with d+1 < n < 2d+1. Galvin [24] conjectured that the
maximum number of cliques in an n-vertex graph with maximum degree d comes from
a disjoint union K41 LI K, of a clique on d + 1 vertices and a clique on r :=n—d—1
vertices. Cutler and Radcliffe [16] proved this conjecture. Engbers and Galvin [21]
then conjectured that, for any fixed ¢t > 3, the same graph K,,; U K, maximizes the
number of cliques of size t, over all (d + 1 + r)-vertex graphs with maximum degree
d. Engbers and Galvin [21]; Alexander, Cutler, and Mink [1]; Law and McDiarmid
[40]; and Alexander and Mink [2] all made progress on this conjecture before Gan,
Loh, and Sudakov [26] resolved it in the affirmative. Gan, Loh, and Sudakov then

extended the conjecture to arbitrary n > 1 (for any d).

Conjecture (Gan-Loh-Sudakov Conjecture). Any graph on n vertices with mazimum

degree d has at most q(d;rl) -+ (g) triangles, where n = q(d+ 1) +r, 0 <r <d.

They showed their conjecture implies that, for any fixed ¢t > 4, any max-degree

d+1) + (}) cliques of size ¢. In

d graph on n = ¢q(d + 1) + r vertices has at most q( . ;



other words, considering triangles is enough to resolve the general problem of cliques

of any fixed size.

The Gan-Loh-Sudakov conjecture (GLS conjecture) has attracted substantial at-
tention. Cutler and Radcliffe [17] proved the conjecture for d < 6 and showed that a
minimal counterexample, in terms of number of vertices, must have ¢ = O(d). Gan
[25] proved the conjecture if d + 1 — @d < r < d (there are some errors in his
proof, but they can be mended). Using fourier analysis, the author [11] proved the
conjecture for Cayley graphs with ¢ > 7. Kirsch and Radcliffe [36] investigated a
variant of the GLS conjecture in which the number of edges is fixed instead of the

number of vertices (with still a maximum degree condition).
In this chapter, we fully resolve the Gan-Loh-Sudakov conjecture.

Theorem 2.2.1. For any positive integers n,d > 1, any graph on n wvertices with

mazimum degree d has at most q(d?gl)—l— (g) triangles, wheren = q(d+1)4r, 0 < r < d.
Analyzing the proof shows that ¢K 4,1 L K, is the unique extremal graph if r» > 3,

and that ¢Ky.1 U H, for any H on r vertices, are the extremal graphs if 0 < r < 2.

The heart of the proof is the following Lemma, of independent interest, which
says that, in any graph, we can find a closed neighborhood whose removal from the

graph removes few triangles. Theorem 2.2.1 will follow from its repeated application.

Lemma 2.2.2. In any graph G, there is a verter v whose closed neighborhood meets
d(v)+1

at most( 3 ) triangles.
As mentioned above, Theorem 2.2.1, together with the work of Gan, Loh, and
Sudakov [26], yields the general result, for cliques of any fixed size.

Theorem 2.2.3. Fix t > 3. For any positive integers n,d > 1, any graph on n

T

t) cliques of size t, where

vertices with maximum degree d has at most q(dtl) + (
n=qd+1)+r, 0<r<d.

Theorem 2.2.3 gives another proof of (the generalization of) Galvin’s conjecture
(to n > 2d +2) that a disjoint union of cliques maximizes the total number of cliques

in a graph with prescribed number of vertices and maximum degree.

Finally, the author would like to point out a connection to a related problem,

that of determining the minimum number of triangles that a graph of fixed number



of vertices n and prescribed minimum degree ¢ can have. The connection stems from
a relation, reiterated in [2] and [26], between the number of triangles in a graph and

the number of triangles in its complement:

(G >|+|T<GC|—()——Zd o — 1 - d(o)].

Lo [41] resolved this “dual” problem when § < %”. His results resolve the GLS
conjecture for regular graphs for ¢ = 2, 3, and the GLS conjecture implies his results,
up to an additive factor of O(6?), for ¢ = 2,3, and yields an extension of his results
for ¢ > 4 — these are the optimal results asymptotically, in the natural regime of %

fixed, and n — oo.

2.3 Notation

Denote by E the edge set of GG; for two vertices u, v, we write “uv € E” if there is an
edge between u and v and “uv € E” otherwise — in particular, for any u, uu &€ E.
For a vertex v, let |Typ,| denote the number of triangles with at least one vertex in
the closed neighborhood N[v] := {u : wv € E} U{v}, and let |T'(G — N[v])| denote
the number of triangles with all vertices in the graph G — N[v] (the subgraph induced
by the vertices not in N[v]). Finally, d(v) denotes the degree of v.

2.4 Proof of Gan-Loh-Sudakov conjecture
For a graph G, let W(G) = {(z,u,v,w) : ux,ve,wzr € E,uv,uw,vw ¢ E}.
Lemma 2.4.1. For any graph G, 6>, [T + [W(G)| = >, d(v).

Proof. Let Q = {(z,u,v,w) : uwv,uw,vw € E and [zu € E or zv € E or zw € E|},
Y ={(z,u,v,w) : ux,vz,wr € E}, and W = W(G). Note that repeated vertices in
the 4-tuples are allowed. Since there are 6 ways to order the vertices of a triangle,
we have ) 6|Tnp| = [2]. Any 4-tuple in X, W, or €2 gives rise to one of the induced

subgraphs shown below, since one vertex must be adjacent to all the others.

AAARER
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Since |X| = >, d(v)?, it thus suffices to show that for each of the induced sub-
graphs above, the number of times it comes from a 4-tuple in ¥ is the sum of the
number of times it comes from 4-tuples in 2 and W. Any fixed copy of A, say on
vertices u and v, comes 0 times from a 4-tuple in € (since it has no triangles), and
2 times from each of W and ¥ ((u,v,v,v), (v,u,u,u)). Any fixed copy of B, say
on vertices u,v,w with vu,vw € E, comes 0 times from 2, and 6 times from each
of W and ¥ ((v,u,u,w), (v,u,w,u), (v,u,w,w), (v,w, u,u), (v,w uw), (v,wwu)).
Any fixed copy of C' comes 18 times from each of ©Q and X (3 choices for the first
vertex and then 6 for the ordered triangle), and 0 times from W. Similarly, any fixed
copy of D comes 6 times from each of W and ¥, and 0 times from 2; finally, F, H, I

come 6, 12,24 times, respectively, from each of €2 and ¥, and 0 times from W. O

We now prove Lemma 2.2.2, repeated below for the reader’s convenience.

Lemma 2.2.2: In any graph G, there is a vertex v whose closed neighborhood meets
at most (d(”:;“) triangles, i.e. [Tpy| < (d(”?)’ﬂ).

Proof. By Lemma 2.4.1, since |W(G)| > [{(z,u,u,u) : ux € E}| =) _d(z), we have
> o Tyl < 30, #ld(v)® — d(v)]. By the pigeonhole principle, there is some v with

ey — o) = (")),

Tl < 5

| =

]

Lemma 2.4.2. For any positive integers a > b > 1, it holds that (g) - (g) < (agl) +

(bgl). Consequently, for any positive integers a,b and any positive integer ¢ with

max(a,b) < ¢ < a+b, it holds that (2) + (%) < (§) + (“*7).

Proof. (“;1) — (g) = (;), and (g) — (bgl) = (b;). Iterate to get the consequence. [
We now finish the proof of Theorem 2.2.1. With a fixed d, we induct on n. For
n = 1, the result is obvious. Take some n > 2, and suppose the theorem holds for all
smaller values of n. Let G be a max-degree d graph on n vertices. By Lemma 2.2.2,
we may take v with |T| < (d(”§+1). Write n = ¢(d+ 1) + r for 0 < r < d. Note
T(G)| = |T(G — N[v])| + |Tnp|- Since G — N[v] has maximum degree (at most) d,
if d(v) + 1 <r, then induction and Lemma 2.4.2 give

o) (U () <) )



and if d(v) + 1 > r, then induction and Lemma 2.4.2 give

T(G)| < (q—1)(d§1) N (d+1+r—3<d(v)+1)) .\ (d(v)3+ 1>

<o("31) ()

The maximum degree condition ensured d+1+4r—(d(v)+1) > 0 and d(v)+1 < d+1.



Chapter 3

A random analogue of Gilbreath’s
conjecture

3.1 Summary

A well-known conjecture of Gilbreath, and independently Proth from the 1800s, states
that if ag,, = p, denotes the n'" prime number and a;,, = |a;_1,—a;_1n41| fori,n > 1,
then a;; = 1 for all « > 1. It has been postulated repeatedly that the property of
having a;; = 1 for i large enough should hold for any choice of initial (ag,)n>1
provided that the gaps ag,+1 — ao,, are not too large and are sufficiently random. We

prove (a precise form of) this postulate.

3.2 Introduction

Given any sequence of non-negative integers (a,)n>1, we can form the sequence of
non-negative integers (|a, — an41|)n>1. Start with the primes as the initial sequence
and iterate this consecutive differencing procedure. Gilbreath’s conjecture is that
the first term in every sequence, starting with the first iteration, is a 1. Precisely, if
aon = pp for n > 1 and a;, = |aj—1, — @i—1n41| for i,m > 1, then @;; = 1 for all
7 > 1. Below are the first few terms of the first few iterations.

2 3 5 7 11 13 17

1 2 2 4 2 4
1 0 2 2 2
1 2 0 0



Proth [54] conjectured (what later became known as) Gilbreath’s conjecture in
1878, and Gilbreath independently made the same conjecture. Many sources claim
Proth asserted he had a proof of the conjecture, and that his proof was wrong. How-
ever, we believe this claim is baseless. See Section 3.8 for more details. Odlyzko [49]
verified Gilbreath’s conjecture for 1 <4 < 7(10'3) & 3.34 x 10*. One is led to won-
der how special the primes are in Gilbreath’s conjecture and whether any sequence
beginning with 2 followed by an increasing sequence of odd numbers with small and

“random” gaps between them will have first term 1 from some iteration onwards.

Odlyzko, at the end of Section 2 of [49], speculates that such a random sequence
indeed will have first term 1 from some iteration onwards. Additionally, Problem 68
of [45] asks what gap or density properties of an initial sequence suffices to ensure the
conclusion of Gilbreath’s conjecture. Despite Gilbreath’s conjecture being around for
over a decade and several additional sources postulating that the conjecture should
hold for initial sequences with small and random gaps, as of date, nothing has actually

been proven along these lines, nor about Gilbreath’s conjecture specifically.

In this chapter, we initiate a rigorous study of Gilbreath’s conjecture by proving

a random analogue of it.

Theorem 3.2.1. Let f : N — N be an increasing function with f(n) < ﬁblgil%
for n large and f(n) > 2 for alln > 1. Let ay,as,... be a random infinite sequence
formed as follows. Let a1 = 2,ay = 3, and forn > 2, ap+1 = a, + 2u,, where u,, is
drawn uniformly at random from {0,1,..., f(n) — 1}, independent of the other u;’s.
Then, with probability 1, there is some My so that for all M > My, after M iterations

of consecutive differencing, the first term of the sequence is a 1.

Computations suggest that Gilbreath’s conjecture holds because 0s and 2s form
to the right of the leading 1 early on. We prove Theorem 3.2.1 by showing that
our random initial sequence indeed has that property almost surely. Since the first
iteration is 1, 2us, 2us, ..., if we ignore the leading 1 and divide by 2, what we wish

to show is encapsulated by the following theorem, which is the heart of the chapter.

Theorem 3.2.2. For M large, for any C with 2 < C < W%%? if we form an

initial sequence of length M by choosing numbers from {0,...,C — 1} independently
20/ To5 7T

and uniformly at random, then, with probability at least 1 — e™° ot after e Viog M

iterations of consecutive differencing, everything is a 0 or 1.

11



The randomness in Theorem 3.2.2 is certainly necessary. For example, if the initial
sequence consists of only 0Os and 3s, then after any number of iterations, everything

is still a 0 or 3. However, there are more exotic examples of initial sequences

206 02 26 50061322306 0 5
2 6 6 2041506 5 210136 6 5
4 0 42 43 45 6 1 3 1112 3 01
4 42 211115 2 2 001131
0o 2010004302010 2 2
221 100413 2211220
0101043 210101 2
1 111411111111
000 3 3 00000 O0O0

for which all future iterations have only Os and 3s (say). These exotic examples!

suggest that we are far away from a proof of Gilbreath’s conjecture.

3.3 A general bootstrapping argument

In this section, we prove a result about random walks on regular directed graphs that

will be of use to proving Theorem 3.2.2.

Definition 3.3.1. A directed graph is reqular if there is a positive integer d such that
each vertex has in-degree and out-degree equal to d. We allow our graphs to have
self-loops (but no multiple edges). For our discussion, a simple random walk on a
regular directed graph of degree d is formed by choosing a starting point uniformly at
random, and then walking along the directed edges, with each out-edge chosen with

probability 1/d, independent of the previous steps.

Proposition 3.3.2. Let G = (V, E) be a regular directed graph. Suppose V is red-
blue colored such that the probability a simple random walk on G of length L consists
entirely of red vertices is at least c. Then the probability a simple random walk on G

of length | (1 + {5¢)L] consists entirely of red vertices is at least s5¢*.

ITo clarify, in the setting in which the primes are the initial sequence, the analogous situation to
having only 0s and 3s is having only Os and 6s past the first index, making the first index very likely
to repeatedly change from 1 to 5 (see Lemma 3.4.5), thereby violating Gilbreath’s conjecture.

12



Proof. Let X1, Xy, ... denote the steps of a simple random walk. Define functions
wy,...,wg on V by w;(v) :=Pr(Xy,..., X, all red|X; = v). Note (by, e.g., induction

on the number of steps) the regularity assumption implies
wj(v) = |V|Pr(Xy,..., X all red, X; = v).

Thus, setting
p:=Pr(Xy,..., Xy all red),

we have by assumption for any j that

ij(v) = Z V| Pr(Xy,..., X all red, X; = v) = p|V].

Let K = (%1, and let ki, ..., kx be k; := £ L|. By Cauchy-Schwarz,
<ZZwkj(v)> < (Z 12> : (Z (Zwkj(v)>2> (3.1)
~ V] (Zzwk 4SS g (o, (0 )

J#j v

Note

33w ) = 3w, (v) = KplV

also, since ||w;||s < 1, we have

;;wk <ZZwk = Kp|V|.

So (3.1) implies
E*p*|VI* < |V (K0|V| + Zzwkj(v)wkjl(v)) :
J#j v

and thus, since K2p?|V| — Kp|V| is increasing in K for (in particular) K > 3/p,

6IVI<D ) wy (v)wg, (v

J#j v

By the pigeonhole principle, there are j # j' with
1
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Using

w; (v) < Pr(Xp;q1,..., X all red| Xy, = v) = Pr(ij/H, oo Xihy —ky all red]ij/ =),

which is true merely due to translation invariance of the random walk, and the trivial

wy, (v) < Pr(Xy, ..., X, all red| X}, , = v),
we obtain
%G\V\ < ZPr(Xl, R ij, all red|ij, =) Pr(ij/Jrl, coos Xtk -k, all red|ij, =)

= V| Z Pr(Xy,... 7ij, all red, ij, =) Pr(ij,+1, e ,XLH%,,;CJ. all red|ij, =)
= VY Pr(X1,..., XLy, -k, all red, Xy, = v)
=|V] P:r(Xl, . ,XL-ch,—kJ all red),

yielding

1
Pr(Xh e 7XL+kj/—k]' all I'ed) 2 FG
Note K < %‘1' I < %, s0 756 > Zp? > {52 Since the proposition is trivial if

L < 10/¢, we may assume L > 10/c to obtain kj — k; > % —1>4L-1>GL. O

Remark. Tt is natural to think that Proposition 3.3.2 can be extended, in some form,
to arbitrary length increases. However, such an extension is not possible in general
(note that iterating Proposition 3.3.2 results in only a summable geometric series of

length increases). For example, consider V ={1,...,n},E={(1—2),...,(n—1+—

n), (n+— 1)} with the vertices {1,...,s5n} colored red and the rest blue. Then with
L = %n and ¢ = %, it holds that a simple random walk on G of length L will hit

only red vertices with probability at least ¢. However, of course no simple (random)

walk on G of length 5L = %n will hit only red vertices.

Examples of such “bad” colorings also exist on the graph we apply Proposition
3.3.2 to, namely a Debrujin graph. We don’t think these colorings are actually the

ones we need to address in our proof of Theorem 3.2.2, but we couldn’t prove that.

3.4 A lower bound for ending with 0

We begin by exploiting the main property of the “dynamical system” of taking con-
secutive differences: the supremum never increases. In fact, we use that it quickly

decreases provided there is no trivial obstruction to it doing so (Lemma 3.4.2).
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Definition 3.4.1. We say non-negative integers ai,...,a; come from ay,...,a;;1 if

|a; —@;j41| = a;j for each 1 < j <1i. Given ay,...,a; and a subset E C Z, an E-block
is a contiguous set of terms aj, 1, ..., a; such that a; € E for each j; +1 < j < ji;

the length of the block is ji — ji.

Lemma 3.4.2. Let ay,...,a; be non-negative integers with d := max;a;. Let L
denote the length of the longest {0,d}-block containing at least one d. If L < i —1,

then, after L iterations of consecutive differencing, the largest number is at most d—1.

Proof. We induct on L. For L = 1, the result is clear. Assume L > 2 and the result
is true for all L' < L. It is easy to see that, since d is the maximum, any {0, d}-block
containing a d after an iteration would have had to have come from a {0, d}-block
of greater length containing a d, so the longest {0, d}-block containing a d after one
iteration is at most L — 1, say L’. By induction, after L’ more iterations, the largest
number is at most d — 1. It follows that after L (total) iterations, the largest number
is at most d — 1. O

So, to prove Theorem 3.2.2, “all” we need to do is argue that long {0, d}-blocks
are unlikely to exist. In this next lemma, we observe that any large {0, d}-block

essentially must have come from a block with no Os.

Lemma 3.4.3. Suppose that after i iterations, there is a dZ-block of length L. Then
either there was a dZ-block of length L + i in the initial sequence, or there is some 7',
0 < <i—1, such that after i’ iterations, there is a block of length L + i — i’ with

no 0s.

Proof. We prove by induction on i the statement for all L. For ¢ = 0, the result is
tautological. Take ¢ > 1, and suppose the result holds for ¢ — 1. The dZ-block of
length L had to come from either a dZ-block of length L+ 1 or a block of length L+1
with no 0Os (since everything will have the same residue modulo d), so we are done by

the induction hypothesis. O]

Another nice property of the consecutive differencing operation is that it “com-
mutes” with reducing mod 2. This allows for a decently explicit formula for the parity
of a term after a given number of iterations, merely in terms of the parities of the

initial terms.

Definition 3.4.4. For non-negative integers ay, as, define fi(aq,as) = |a; —as|, and for
any i > 2 and non-negative ay,...,a;y1, define fi(ai,...,a;11) = |[fi1(ar,...,a;) —

fici(ag, ... a;1)|. Wesay aq, ..., a;11 ultimately iterate to fi(aq,...,ai11).

15



Lemma 3.4.5. For any i > 1, there is a subset J; C [i + 1] containing 1 and i+ 1 so

that for any non-negative integers ai, ..., a;41, fi(a,...,a;41) = EjeJi a; mod 2.

Proof. We induct on i. Fori = 1, the result follows from |a; —as| = a;+as mod 2. As-
sume i > 2 and the result is true for i—1. Note that fi(ai,...,a;11) = |fic1(a1, ..., a;)—
fici(ag, ... ai1)| = fici(ar, ... a;) + fisi(ag, ... a,41) =

djedis G e Gt =i A +1) @ mod 2. By induction, J;_; contains 1
and 7, and so J; := J;_1A(J;_1 + 1) contains 1 and i + 1, as desired. O

We take a moment to note a useful immediate corollary of Lemma 3.4.5 which
tells us that the parity of what aq, ..., a;;; ultimately iterate to depends linearly on

each of the parities of a; and a;;.

Corollary 3.4.6. Let ay,...,a;41 be drawn independently, uniformly at random from

{0,...,C —1}. Then, the probability ai, ..., a;+1 ultimately iterate to an even integer

1
3

filae, ... aij) are even for T consecutive values of t is exponentially small in T

. 2 . . o7 .
is between 3 and 5. Furthermore, for any applicable j, T, the probability that all of

Let [Clo ={0,...,C —1}.

The following proposition shows that Os are never too rare, which will be useful

in conjuction with Lemma 3.4.3. Before the proof, we introduce some notation for a

Totse] for 0< j < C—3. For1 < j < (-2,

let E; denote the event that after ¢ — i;_; iterations there’s a {0,C' — j}-block of

length (at least) i;_; —i;. For example, E; is the event that after 0 iterations, there’s

a {0,C — 1}-block of length ¢ — 71, and E, is the event that after ¢ — ¢; iterations,
there’s a {0, C' — 2}-block of length i; — is.

given C and i. Define iy =i and ;14 = |

Proposition 3.4.7. For any C > 2 and any i > (2000C)%, if a1, ..., a; are chosen
independently and uniformly at random from {0, ..., C — 1}, then the probability they

ultimately iterate to 0 s at least m.

Proof. Fix C > 2 and i > (2000C)%¢. If C' = 2, then Corollary 3.4.6 gives the result,
so assume C' > 3. We may suppose that the desired probability is at most 0.01.
Let By denote all i-tuples in [C]) that ultimately iterate to something 0 mod 2; we
say “conditional probability” when speaking of the conditional probability that B,
induces. Then, by Corollary 3.4.6, the conditional probability of ultimately iterating
to 0 is at most 0.03, and so the conditional probability of not having only Os and 1s

after some iteration is at least 0.97.

16



Therefore, with notation as defined above Proposition 7.2.2, with conditional prob-
ability at least 0.97 some £ occurs. Indeed, otherwise, repeated use of Lemma 3.4.2
shows that after i —ic_o iterations, everything is a 0 or 1: after ¢ — 4, iterations, there
are no more (C'— 1)s and thus no (C' — 1)s ever again; after i — iy iterations, there

are no more (C' — 2)s and thus no (C' — 2)s ever again, etc..

Consequently, by the pigeonhole principle, there is some 7, 1 < j < C' — 2, such
that F; occurs with conditional probability at least %. Clearly j cannot be 1, since
we have the uniform distribution after 0 iterations. Also, j must be such that C' — j
is odd, since by Corollary 3.4.6, the probability of having i;_; —4; evens in a row is at
most (2)%-17% which is at most (2)3(20000)
and that ¢ > (2000C)%¢ implies i; > ic_o > (2000C) for each j. Since after i —i;_;

iterations, there are only ;_; indices, a block of length ;1 — i; must contain the

since, as are easy to verify, i;_1 —1; > 2i;

block [i; + 1,i;-1 — i;] (see Figure 1). So, with conditional probability at least 22,
all indices i; + A, for 1 <A <41 — 2i;, will be 0 or C' — j.

With a4, ..., a; denoting the initial sequence, note that after ¢ —4;_; iterations,
none of the indices i; + A, 1 < A < i,y — 2i;, depend on a; or a; (only the first
and last indices do). Therefore, by Corollary 3.4.6, we see that with (unconditional)
probability at least %g—% > %, all 2; + A will be 0 or C' — 5. Note that after
ii=17— i;_1 iterations, the integer at any index r is equal to f;(ar, ari1,. .., a,43)-

1= (ij—1 — 1)

14 tj—1 =45 ij-1 L | 1 t—dj

14 e
Figure 1: Indicates which initial indices (in [i]) a particular index after i iterations depends on.

Define a (regular) directed graph on [C]5H! by (a1, . .. i) = (T2, ..., 35,0, Y)
for any z1,..., 77,1,y € [Clo. Color a tuple (z1,...,27,,) € [C]gT" “red” if and only
if it ultimately iterates to 0 or C'— j. The fact that, with probability at least %, all

fi(ar, arga, ... a,,;), for i; +1 <r <i; 4 —ij, are 0 or C'— j corresponds exactly to:

17



with probability at least %23, a simple random walk in [C]5+ of length L := Qi1 — 21,

consists entirely of red Vertlces.

Proposition 3.3.2 now tells us that with probability at least a simple random
walk of length? (1 + 35) sooc) L >

. 1 - 1 . . .
(1+ m)lj—h since it is equivalent to g55%-1 > (2+ 550¢ )15, Which is true since 4; <

O
L consists entirely of red vertices. Note (1 4

123'0‘010. We have thus shown that, if ay, ..., aq oo ip g ATe chosen independently and
uniformly at random from [CJo, then with probability at least 5=, all fi(ay, ..., a,.3)

for 1 <r < (1+ m)ij_l are either 0 or C' — j.

We are nearly done, as, for ¢ := i;_4, we have that (f;(a,,...,a,,5))1<r<¢ is the
whole sequence after 7 iterations; since a {0, C' — j}-block ultimately iterates to either
0 or C'—7 and since C'—j is odd, we just need to additionally ensure that the ultimate

iterate is even.

We now deduce that, if a,...,a; are chosen independently and uniformly at
m, they ultimately iterate to
something 0 mod 2 and each f;(a,,...,a,,;), for 1 <r </, is either 0 or C' — j. Let
0 = m. By Corollary 3.4.6, the proportion of walks (Xi,..., X4s)) in [C’]g of
length (1+6)¢ that have at most % values of j € [0¢] with® (X411, Xj4a, ..., Xj4e) € Bo

is at most % (5@/8) (2/3)%. Note that

%(5258) (2/3)* < 40302; (3:2)

random from [C]o, then with probability at least

indeed, the general

implies

%(5258) (2/3)" < % (%)m (2/3)""
%

< —(0.98)%
8( ) Y

which gives (3.2) since 60 > 55 (400C%)¢. Therefore, since the proportion of walks
(X1,..., Xtoye) with Xy, ..., X144y all red is at least 20002, if we let A denote the
walks (X1,..., X(14s)¢) such that Xi,..., X146y are all red and such that there are

2To be light on notation, we suppress ceiling and floor functions in the rest of this section.
3Here we have abused notation, by associating the i-tuple that Xj+1,---,Xjqp¢ form with

(Xjg1- oo Xjgr)-
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at least ‘;—é values of j with (X1, Xj40,..., X 4e) € By, then the density of A is at

1

000z - S0 on one hand,

bYi
SR SRR
(X1 X100 €80 = "¢ 602 7

(X1, X(146)0)€EA 7=1

least

while on another hand,

Y4
§ : E :1(Xj+17~~~:Xj+Z)€BO

(X153 X (145)0)€EA J=1

DD SN

7=l (Xjq1,m0Xj40)€B0 X150 X5, X o415, X (146)e
(X1, X (145)0) €A

5t
< E C% 1x, 01, X 40 all red

J=1 (Xjt1,--Xj4+0)€Bo

=50C™ Y Iy, X allrea

(X1,..,X¢)EBo

We deduce that

1 al red > ciot,
Z X;,...X¢ all ted = 3200072
(Xl,...,Xg)EBo

which is what we wanted to deduce. O

Corollary 3.4.8. ForanyC > 2 and anyi > 1, if aq,...,a; are chosen independently
and uniformly at random from {0,...,C — 1}, then the probability they ultimately

iterate to 0 is at least (&)@0009*,

Proof. For i > (2000C)2¢, Proposition 7.2.2 yields a lower bound of m, and for

1 <4 < (2000C)2¢, we use the trivial lower bound coming from a; = 0 for all j. [

3.5 Finishing the proof of main theorem

We now finish the proof of Theorem 3.2.2, copied below for the reader’s convenience.

Theorem 3.2.2: For M large, for any C with2 < C < ﬁ%, if we form an

initial sequence of length M by choosing numbers from {0,...,C — 1} independently
20Toe M

and uniformly at random, then, with probability at least 1 —e¢ l gM, after e Viee M

iterations of consecutive differencing, everything is a 0 or 1.

19



Fix M large and C in the range [3, ﬁ%] (the case C' = 2 is trivial).
Let F; denote* the event that after 0 iterations, there is a {0, C' — 1}-block of length
R := e VI8 M Tt E, be the event that after 2R iterations, there is a {0, C'—2}-block
of length R?. Let Fj3 be the event that after 2R? iterations, there is a {0, C' — 3}-block
of length R®. In general, for 2 < j < C'—2, Ej is the event that after 2R~! iterations,
there is a {0, C'—j}-block of length R7. Since 2R7~! > 2R/ 2+ Ri"1 for 3 < j < C'—1,
we see that, as before, by Lemma 3.4.2, if no E; occurs, then after 2RE~? iterations,
everything is a 0 or a 1. Note that 2RC~2 < ¢l°8"°M 5o it suffices to show that the

probability that some E; occurs is at most exp (—elogl/QOM ) By the union bound, it

suffices to show Pr(E;) < exp <—elogl/13M>, say, for each 1 < j < C — 2.

Clearly, Pr(F;) < M(%)R < exp <—elogl/13 M), so fix some j with 2 < j < C — 2.
By Lemma 3.4.3, if E; occurs, either there is a (C' — j)Z-block of length R’/ in
the initial sequence or there is a block of length R/ in the first 2R7~! — 1 itera-
tions containing no 0s. Once again, the first option holds with probability at most

M(%)Rj < %exp <—elog1/13M), so by the union bound, it suffices to show that for each

0 <4 < 2R~! —1, the probability that there is a block of length L := RJ = ¢ilos'/'* M

without Os after ¢ iterations is at most exp (—elogl/m M >, say.

So fix some i € [0,2R"' — 1]. Let by,...,by—; denote the sequence after i
iterations. Let’s first focus on the block by,...,br. Say the initial sequence is
ar,...,apn. Note that byir1)+1 = fil@r@t1)+1s-- -, Apsn+n)) for 0 <k < %R — 1.
Since (%R —D+1)+1< %R(z +1) < L and the sets {ax(it1)+1, - - - > Gkt1)(+1) ) are
disjoint as k ranges, by independence the probability that by, ..., b;, are all nonzero
is at most (1 — (%)(40002)QC>R/2 by Corollary 3.4.8. Using the standard inequality

1—2 < e ™, we see that

R/2
(1 _ (i)(40002)2c)
C

IN
@
»
T
SIS =SR] RV AL Rav

)(40002)20)

_ 5C log C
e (log C)e >

o=

IA
o

>

o]

1 oo los
ef(log log log M )e 15 18108 M)

< exp

[\

0]

]

o}
/—\/'l\\/_\/_\

e~ 1¥/Tog M)

< exp <—e v logM> :

4To be light on notation, we suppress ceiling and floor functions in this section.
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Therefore, by the union bound, the probability that there is some block of length L
after 7 iterations containing no 0s is at most M exp ( elog!/M! ) < exp < elog'/* M )

The proof is thus complete. O

3.6 Proof of random analogue of Gilbreath’s con-
jecture

In this section we deduce Theorem 3.2.1 from Theorem 3.2.2. We start with a lemma.

Lemma 3.6.1. Take M large. Let f : [M] — {2,3,..., Lﬁb?lﬂ;%

ing function. Form a random initial sequence by, ..., by by choosing b, uniformly
at random from {0,1,. f( ) — 1}, mdependently of the other b;’s. Then, with

probability at least 1 — e~ 50 log” M after 31 Y iterations of consecutive differencing,

|} be an increas-

everything is a 0 or 1.

Before proving Lemma 3.6.1, let’s prove Theorem 3.2.1, copied below, assuming
it.

Theorem 3.2.1: Let f : N — N be an increasing function with f(n) < 1—&]%
for n large and f(n) > 2 for all n > 1. Let aq,as,... be a random infinite sequence
formed as follows. Let a; = 2,a, = 3, and for n > 2, a,+1 = a, + 2u,, where u, is
drawn uniformly at random from {0, 1,..., f(n) — 1}, independent of the other wu;’s
Then, with probability 1, there is some M, so that for all M > M,, after M iterations

of consecutive differencing, the first term of the sequence is a 1.

Proof of Theorem 3.2.1. Let Aj; denote the event that after M iterations, the first
term is not a 1. We wish to show that, with probability 1, only finitely many A;’s
occur. By Borel-Cantelli, it suffices to show that for all M large, the probability of
Ajps occurring is at most e~ 198° M Note that Ay is equivalent to ay, ..., ap41 not
ultimately iterating to 1. For M large enough, by Lemma 3.6.1, with probability at
least 1 — e 2 08" M , after 31 T
initial sequence us, ..., uys, everything is a 0 or 1. Therefore, with probability at least
1—e20lo8® M , after 31 gy
sequence 2us, . . ., 2uy, everything is a 0 or 2. It follows that with probability at least
1— e 208" M after 1+ 310524

initial sequence aq,...,ap 41, the obtained sequence starts off with an odd number

1 loglog M
100 log log log M

at least 3, decreases by 2 at each iteration in which the second (and adjacent) term

iterations of consecutive differencing beginning with

iterations of consecutive differencing beginning with initial

5 iterations of consecutive differencing beginning with

at most followed by only 0s and 2s. Since this odd number, whenever
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of the sequence is 2, we wish to show that there are many 2s amongst the (only) 0Os
and 2s that follow; indeed, then the first term will become a 1 and consequently stay
a 1 throughout the remaining iterations, since everything that follows is either a 0 or
a 2.

By Corollary 3.4.6, with probability at least 1 — e~ 10 108” M , the second term of

the sequence is congruent to 2 mod 4 at least élog2 M times out of the log® M it-
M _yth
1 1 2 1 1 2 10g2M 1 1 2 . .
1 —emloe M __emggloe™™ > 1 e=5l8" M gtarting with ay, ..., a4, after 1 +
3_M
log? M
all the way until the final (i.e., M) iteration, since everything else is a 0 or 2. [

erations following the (1 + 3 iteration. Therefore, with probability at least

+ log? M iterations, the first term will be a 1, and therefore will remain a 1

We finish by proving Lemma 3.6.1. We begin with a definition.

Definition 3.6.2. Let aq,...,ap 1 be non-negative integers. We say that an index
i € [M + 1] influenced the index j € [M + 1 — ] after ¢ iterations if 0 < i —j < t.
Recall that fi(a;,...,a;j4) is the value at index j after ¢ iterations.

The idea of the proof of Lemma 3.6.1 is as follows. By Theorem 3.2.2, the blocks on
which f is constant will become all Os and 1s after not too many iterations. Although
there are some indices that were influenced by initial indices on which f took different
values, these indices are contained in not too many not too large intervals (since f
is increasing), so we can let all the Os and 1s drop the values at these “bad indices”

with a few extra iterations.

We start by proving a lemma that allows us to isolate these “bad indices”. For
an interval I C N, let L(/) and R(I) denote its left and right endpoints, respectively.

Lemma 3.6.3. Suppose M 1is large, and let Cy; be a positive integer with Cy; <
loglog M. LetI,...,I. C [M] be disjoint intervals withr < Cy and |I;] < Cye Viog M
for eacht. Then there are pairwise disjoint intervals Jy, ..., Js C [M], each containing

some Iy, such that the following two hold.
e Forallt, 1 <t <r, there is some m with I; C J,,.

o foranym, 1 <m <s, if we let B, denote the smallest interval containing all
of the I, ’s in J,, then we have that either L(B,,) — L(J,,) > (log? M)™|B,,| or
R(Jy) — R(By,) > (log® M)“™|B,,|, with both being true if J,, contains neither
1 nor M.
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Proof. For a subset A of [r], let B4 denote the smallest interval containing Useal,
and let J(A) denote the smallest interval containing U;e 41; such that either L(B,) —
L(J(A)) > (log> M)™|By| or R(J(A)) — R(Ba) > (log® M)“™|B,|, with both re-
quired to be true if J(A) contains neither 1 nor M; if no such interval exists, we
let J(A) = (). We construct a finite sequence of sets Cy,Cy,... in an iterative man-
ner as follows. Let Cp = {J({t}) : 1 <t < r}. Assume we have defined C; for
0 < j <. If C; contains distinct intervals J(A;), J(Az) that intersect, we define®
Ci11 to be the same as C;, except we replace J(A;) and J(As) with J(A; U Ay); oth-
erwise, we terminate the construction (of the C;’s). It is clear that the construction
will terminate after at most r steps, say after k steps. Let Cp,...,Cy_1 be the con-
structed collections. It is clear that if each element of C,_; is non-empty, then the
elements of C,_; satisfy the conditions of Lemma 3.6.3. The largest diameter of an
interval in Cy is at most (2(log? M)™ + 1)Che V198 M < 3(log? M)OMCye V18 M - 1f
J(A;) and J(As) each have diameter at most D and intersect, then the diameter of
J(A; U Ay) is at most (2(log? M)“™ +1)(2D) < 6(log®> M)®™ D. Therefore, each in-
terval in any C;_; has diameter at most 6/~ (log? M)~ 3(log? M)Cm ) e Vios M <
6" (log? M) Cm Cre V108 M < o VIogM T finish the proof, it just remains to note that
J(A) # 0 if the diameter of Uyc4l; is at most e Vioe M O

Proof of Lemma 3.6.1. Do eV1oe M jterations of consecutive differencing. For 2 <

1 loglog M
c < 100 log log log M

at all indices in the initial sequence that influenced j (after e Viog M iterations). Let

=: Cy, we say that an index j is C'-pure if f took the value C'

I denote the indices that are not C-pure for any C'. Write I = Uj_,I; as a disjoint
union of intervals with r minimal. Clearly r < Cy;. Also, crudely, |[;| < CreVios M
for each t; indeed, since f is increasing and is always between 2 and C}, there are
at most (' indices at which f strictly increased, and after ¢ Viog M iterations, there
are thus at most Cyze V8™ indices which were influenced by two indices at which f

took different values.

Let Ji,...,Js be the intervals guaranteed® by Lemma 3.6.3, and let By, ..., B, be
as in Lemma 3.6.3. For any C, by” Theorem 3.2.2 applied to the (interval of) C-pure

°Tt does not matter, but C;y; thus could depend on the choice of intersecting intervals.

SWe are applying Lemma 3.6.3 with M — e VIes M ingtead of M , but all bounds are essentially
the same.

"As stated, Theorem 3.2.2 only applies to initial sequences of length M. However, given any
shorter initial sequence, we can independently add elements uniformly chosen from {0,...,C'—1} to
obtain a sequence of length M, then do e Viog M iterations, and then truncate the sequence to keep
only indices influenced by the original initial sequence.
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Y

indices, the probability that all C-pure indices are 0 or 1 is at least 1 — ¢
and therefore the probability that all indices that are C-pure for some C' are 0 or 1
is at least 1 — Cje™° Vst >1— ¢ VisM [y particular, with probability at least
1— e VeM gl indices in US,_, (J,, \ By) are 0 or 1; going forward, we condition on
this being the case. For 1 <m < sand 1 <j < Cy — 1, let J,Zl denote the interval
(of length |.J,,| — 2(log” M)7|B,,|) whose indices after 2(log® M)7|B,,| iterations past
the e Vs Mth are influenced by indices only in J,, and let BJ, denote the interval (of
length | B,,| + 2(log* M )?| B,,|) whose indices after 2(log® M)7|B,,| iterations past the
eVIosMth are influenced by at least one index in B,,. Note that Lemma 3.6.3 implies
B C JJ for each 1 < j < Cy — 1 (since 2(log®> M)~ B,,| < (log® M)“™|B,,|).

For 1 < m < s, let EY denote the event that there is a {0, Cys}-block in J,, of
length (log® M)|B,,| containing a Cy;. For 1 <m < sand 1 < j < Cy — 2, let EJ,
denote the event that, after 2(log? M)I|B,,| iterations (past the eV8Mth)  there is
a {0,Cy; — j}-block in JJ of length (log® M)7*1|B,,| containing a Cy; — j. Fix m
with 1 < m < s. As in the proofs of Proposition 7.2.2 and Theorem 3.2.2, since
2(log® M)+ B,,| > (log? M)™*|B,,| +2(log® M)!|B,,|, if none of E° | E} ... ESm—2

occur, then after 2(log® M)®™~! iterations, the largest number in JS¥~!is a 1.

We claim first that the probability E° occurs is at most 2(%)% log® M Indeed, if Jp,
contains a {0, Cy}-block of length (log® M)|B,,|, then at least (log* M — 1)|B,,| of
that {0, C'ys }-block must lie outside of B,,, and thus in J,, \ B,,, where everything is 0
or 1. Therefore, either to the left or to the right of B, must be at least log® M|B,,|

consecutive 0’s, so our claim follows from Corollary 3.4.6.

Similarly, the length of the longest {0, Cy; — j}-block in JJ is at most the whole
of BJ and 0Os surrounding it, so the probability EJ occurs is at most 2(%)5%2]\4 .
Therefore, the probability that at least one of EC, ..., ES™~% occurs is at most
2(%)%10*‘52]” + (Cum — 2)2(%)5%2]” < e 108’ M Gince BOM—1 C JO%—L if none of
E° ..., ES"=2 occur, then the elements of (the growing) B,, became 0 and 1 quickly
enough to not affect anything outside of (the shrinking) J,,,. In particular, if for each
m, none of E°,, ..., ESM~2 occur, then® after 2(log® M)“™ ' max; << | Bn| < QM%
iterations past the emth, everything is a 0 or 1. Since the probability at least
one EJ (over all j,m) occurs is at most se"10108" M < emaglog” M Temma 3.6.1 is
established. 0

81t is clear from Lemma 3.6.3 that |B,,| <

M
(Toa? MO for each m.
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3.7 Additional mathematical remarks

The proof of Theorem 3.2.2 can be relatively easily adapted to handle any distribution
(not just the uniform distribution) on {0, ..., — 1} that gives not too large, positive
weight to each of 0,...,C' —1 (one should create duplicate vertices in [C] so that the

obtained simple random walk models this different probability distribution).

In Theorem 3.2.2 we did not try to optimize e~ Vet nor e Vs M A proof allowing
C to go all the way up to log? M, or even a power of M, would be interesting. We
expect that, in reality, the highest C' can go is M, in that if C' = o(M), then with
probability 1 — o(1), after & iterations, everything is a 0 or 1, while if C' = w(M),

with probability o(1), after & iterations, everything is a 0 or 1.

3.8 A historical remark

Various sources (websites, blog posts, etc.) have claimed that Proth believed he had

proven Gilbreath’s conjecture, and that his proof turned out to be wrong.

Not only do we currently have no evidence for this claim, the apparent source of

this claim has retracted it.

The claim seemed plausible, for Proth did publish a paper [54] on (what later
became known as) Gilbreath’s conjecture and did, admittedly confusingly, call it a
“theorem”. However, a reading through the paper shows he did not seriously claim
a proof. Indeed, Hugh Williams who made the claim about Proth without reference
(61, p. 123], said “On rereading his actual paper ... I can find no support for my

assertion. ... My apologies for seeming to have started a myth” [60].

We also take this time to correct another historical error, which actually is com-
posed of two suberrors. The first suberror is that many sources incorrectly cited [53]
when referring to Proth’s discussion of Gilbreath’s conjecture, referring to the correct
title “Théoremes sur les nombres premiers” but citing Comp. Rend. Acad. Sci. Paris,
85 (1877) instead of Comp. Rend. Acad. Sci. Paris, 87 (1877). The former actually
corresponds to a completely unrelated paper of Pepin [50]. The second suberror is
that, the intended reference, [53], didn’t even discuss Gilbreath’s conjecture! We were

only able to find Proth discussing Gilbreath’s conjecture in [54].

We refer the reader to [4] for more information concerning this situation.
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Chapter 4

A new upper bound for separating
words

4.1 Summary

We prove that for any distinct =,y € {0, 1}", there is a deterministic finite automaton
with O(n!/3) states that accepts = but not y. This improves Robson’s 1989 upper
bound of O(n*?).

4.2 Introduction

Given a positive integer n and two distinct 0-1 strings z,y € {0,1}", let f,(z,y)
denote the smallest positive integer m such that there exists a deterministic finite
automaton with m states that accepts x but not y (of course, f,.(z,y) = f.(y,x)).
Define f(n) := max,.ycr0,13» fn(2,y). The “separating words problem” is to deter-
mine the asymptotic behavior of f(n). An easy example [28] shows f(n) = Q(logn),
which is the best lower bound known to date. Goralcik and Koubek [28] in 1986
proved an upper bound of f(n) = o(n), and Robson [55] in 1989 proved an upper
bound of f(n) = O(n?*log®®n). Despite much attempt, there has been no further

improvement to the upper bound to date.

In this chapter, we improve the upper bound on the separating words problem to

f(n) = O(n'?).

Theorem 4.2.1. For any distinct x,y € {0,1}", there is a deterministic finite au-

tomaton with O(n'/3log" n) states that accepts x but not y.

We made no effort to optimize the (power of the) logarithmic term log” n.
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4.3 Definitions and Notation

A deterministic finite automaton (DFA) M is a 4-tuple (Q, 0, ¢, F) consisting of a
finite set @, a function 6 : @ x {0,1} — @, an element ¢; € @, and a subset F' C Q.
We call elements ¢ € () “states”. We call ¢; the “initial state” and the elements of F'
the “accept states”. We say M accepts a string © = x1,..., 2, € {0,1}" if (and only
if) the sequence defined by r = ¢y, 711 = 6(r;, x;) for 1 <i <n, hasr, 4, € F.

We say a set A C [n] is d-separated if a,a’ € A,a # o' implies |a — da’| > d. For a
set A C [n], a prime p, and a residue i € [p] :={1,...,p}, let

Aip={a€A:a=1i (modp)}.

For a string = 21, ..., 2, € {0,1}" and a (sub)string w = wy,...,w, € {0,1},
let pos,(z) ={j€{l,...,n—1+1} : ;441 = wy for all 1 <k <[} denote the set
of all (starting) positions at which w occurs as a (contiguous) substring in x.

For a positive integer n, we write [n]| for {1,...,n}. We write ~ as shorthand
for = (1 + 0(1)). In our inequalities, C' and ¢ refer to (large and small, respectively)
absolute constants that sometimes change from line to line. For functions f and g,
we say f = O(g) if |f] < C|g|log® |g| for some constant C. We write A =< B if
sB<A<B.

4.4 An easy O(n'/?) bound, and motivation of our
argument

In this section, we sketch an argument of an 9) (n'/?) upper bound for the separating
words problem, and then how to generalize that argument to obtain O(n'/3). This

argument also appears in [56] and in [59].

For any two distinct strings =,y € {0,1}", the sets pos;(z) and pos,(y) are of
course different. A natural way, therefore, to try to separate different strings x,y is
to find a small prime p and a residue i € [p] so that |pos;(z);,| # |pos;(y)i,|; if we
can find such a p and 4, then since! there will be a prime ¢ of size ¢ = O(logn) with

[posy (2)ip| # [POS1(Y)ip
2pq = O(plogn) states that accepts one string but not the other (see Lemma 4.5.2).

(mod gq), there will be a deterministic finite automaton with

We are thus led to the following (purely number-theoretic) problem.

"'We make use of the fact that ¢ | @ — b for all primes ¢ in a set Q implies [l,coq|a—b,along
with standard estimates on [[ .o ¢ for @ = {¢ < k : ¢ prime}.
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Problem 4.4.1. For given n, determine the minimum £ such that for any distinct

A, B C [n], there is some prime p < k and some i € [p] for which |A;,| # |B;,|.
Problem 4.4.1 has been considered? in [56], [57], and [59] (and possibly other

places) and was essentially solved in each. We present a simple solution, also discov-
ered in [59].

Claim 4.4.2. For any distinct A, B C [n], there is some prime p = O(y/nlogn) and
some i € [p| for which |A;,| # |Biyl-

Proof. (Sketch) Fix distinct A, B C [n]. Suppose k is such that |A;,| = |B;,| for
all primes p < k and all i € [p]. For a prime p, let ®,(z) denote the p™ cyclotomic
polynomial, of degree p — 1. Then since » 7 1A(j)62ma7j = > 1B(j)62ma?j for
all p < k and all @ € [p], the polynomials ®,(z), for p < k, divide Y77 (14(j) —
15(j))2’ =: f(z). Therefore, [] o, ®,(x) divides f(z). Since A # B, f is not
identically 0 and thus must have degree at least Y _,(p — 1) ~ 3 k. Since the

degree of f is trivially at most n, we must have (1 + 0(1))%Ifg2k <n. O

By a standard pigeonhole argument (see Section 7), the bound 5(%) is sharp.

A natural idea to improve this O (v/n) bound for the separating words problem is
to consider the sets pos,(z) and pos,(y) for longer w. The length of w is actually
not important in terms of its “cost” to the number of states needed, just as long as
it is at most p, where we will be considering |pos,,(z);,| and |pos, (v)i,| (see Lemma
4.5.2). One immediate benefit of considering longer w is that the sets pos,(z) and
pos,(y) are smaller than pos,(x) and pos,(y); indeed, for example, it can be shown
without much difficulty that for any distinct x,y € {0,1}", there is some w of length
n'/3 such that pos,(z) and pos,,(y) are distinct sets of size at most n?/3. Thus, to get

a bound of 5(nl/ 3) on the separating words problem, it suffices to show the following.

Problem 4.4.3. For any distinct A, B C [n] of sizes |A|, |B| < n?/3, show there is some
prime p = O(n'/?) and some i € [p] so that |A;,| # |Bi,).

As in the proof sketch above, this problem is equivalent to a statement about a
product of cyclotomic polynomials dividing a sparse polynomial of small degree (see
the last page of [59]). We were not able to solve Problem 4.4.3. However, we make
the additional observation that we can take w so that pos,(x) and pos,(y) are well-
separated sets. Indeed, if w has length 2n'/? and has no period of length at most

1/3

n'/3, then pos,(x) and pos, (y) are n'/3-separated sets. As we’ll use later, Lemmas 1

2In the last reference, they look for an integer m < k and some i € [m]o for which |A; .| # | Bi.ml,
which is of course more economical. We decided to restrict to primes for aesthetic reasons.
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and 2 of [55] show that such w are common enough to ensure there is a choice with

pos,,(z) # pos, (y). Our main technical theorem is thus the following?.

Theorem 4.4.4. Let A, B be distinct subsets of [n] that are each n'/?-separated. Then
there is some prime p = O(n'/3) and some i € [p] so that |A;,| # |Biy).

Although Theorem 4.6.2 is also equivalent to a question about a product of cyclo-
tomic polynomials dividing a certain type of polynomial, we were not able to make
progress through number theoretic arguments. Rather, we reverse the argument of
Scott [57], by noting that if there is some small m so that the m'"-moments of A and
B differ, i.e. Y, a™ # > ,cp 0™, then there is some small p and some i € [p] so
that |A;,| # | Bip| mod p (and thus |A;,| # |B; ).

The benefit of considering the “moments” problem is that it is more susceptible
to complex analytic techniques. Borwein, Erdélyi, and Kés [9] use complex analytic
techniques to show that for any distinct A, B C [n], there is some m < C4/n with
Yoaca @™ F D ocpb™. One proof of theirs was to show that any polynomial p of
degree n with |p(0)| = 1 and coefficients bounded by 1 in absolute value must be at
least exp(—C'y/n) at some point close to 1. We were able to adapt this proof to find
a small(er) m such that ) _,a™ # >, 5 0™ in the case that A, B are well-separated

sets, and thus prove Theorem 4.6.2.

The adaptations we make are quite significant. See Lemma 5.6.2 and Lemma
4.7.5.

4.5 Deduction of main theorem from number the-
oretic statement

In this section, we quickly deduce Theorem 4.5.3 from our main number-theoretic
theorem which we prove in Section 5. Recall we say A C [n] is d-separated if |a—a'| > d

for any distinct a,d’ € A.

Theorem 4.5.1. Let A, B be distinct subsets of [n] that are each n'/3-separated. Then
there is some prime p < C'n'/*log®n and some i € [p] so that |A;,| # |Bip|. Here,

C" > 0 is an absolute constant.

3See page 4 for a more specific formulation.

4The implication just written is actually quite straightforward (see the deduction of Theorem
4.6.2 from Proposition 4.6.4); the implication of Scott, however, that some small p and some i € [p]
with |A; ;| # |Bip| (mod p) implies the existence of some small m with ) ., a™ # >, 5 0™ is less
trivial, though basically just follows from the fact that 1,=; (mod py =1 — ( — i)?~! (mod p).
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Recall that, for a string x = z1,...,z, € {0,1}" and a (sub)string w = wy, ..., w; €
{0,1}, we defined pos,,(z) :=={j € {1,...,n—1+1} 1 xj431 = wy, for all 1 <k <[}

Lemma 4.5.2. Let m,n be positive integers, i € [m|o a residue mod m, q a prime
number, a € [qlo a residue mod q, and w € {0, 1} a string of length | < m. Then there
is a determinsitic finite automaton with 2mgq states that, for any string x € {0,1}",

accepts © if and only if |{j € pos,(x):j =i (mod m)}| =a (mod q).

Proof. Write w = wy, ..., w;. We assume [ > 1; a minor modification to the following
yields the result for [ = 1. We interpret indices of w mod m, which we may, since
[ < m. Let the states of the DFA be Z,, x {0,1} x Z,. The initial state is (1,0, 0).
If 7 24 (mod m) and € € {0, 1}, set 0((4,0,s),¢) = (j +1,0,s). If j =4 (mod m),
set 0((4,0,s),wy) = (j+1,1,s) and §((5,0,s),1 —wy) = (j+1,0,s). lf j#i+1—1
(mod m), set 6((4,1,s), wj_i+1) = (j+1,1,s) and §((j,1,s), 1 —w;—i41) = (+1,0, ).
Finally, if j = i4+{—1 (mod m), set 6((7,1,s),w;) = (j+1,0,s+1) and §((j,1,s),1—
wy) = (j+ 1,0, s). The set of accept states is Z,, x {0,1} x {a}. O

Theorem 4.5.3. For any distinct z,y € {0,1}", there is a deterministic finite au-

tomaton with O(n'/3log” n) states that accepts x but not y.

Proof. Let x1,...,x, and y1,...,y, be two distinct strings in {0, 1}". If x) # y; for
some k < 2n'/3, then we are done®, so we may suppose otherwise. Let k > 2n'/3 be
the first index with x), # yi. Let w' = x4 _5,1/341,...,%,—1 be a (common sub)string

/3 1. By Lemma 1 and Lemma 2 of [55], there is some

of z and y of length 2n
choice w € {w'0,w'1} for which A := pos,(z) is n'/*-separated and B := pos,(y)
is n'/3-separated. By the choice of k, we have A # B, so Theorem 4.6.2 implies
there is some prime p € [$C'n'/3log® n, C'n'/3log’ n] and some i € [p] for which
|Ai,p
for which |A;,| # |B;,| (mod q). Since |w| = 2n'/? < p, by Lemma 4.5.2 there is

a deterministic finite automaton with 2pq = O(nl/ 3log” n) states that accepts x but

# |B;,|. Since |A;,| and | B, ,| are at most n, there is some prime ¢ = O(logn)

not y. 0

1/3

5Simply use a DFA on 2n!/? states that accepts exactly those strings starting with z1,...,z5,1/3.
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4.6 Deduction of number theoretic statement from
complex analytic statement

In this section, we deduce Theorem 4.6.2 from the following complex analytic theorem,

which we prove in Section 6.

Let P, denote the collection of all polynomials p(z) = 1—oz+3""_ 1/ a;a’ € Clz]
such that 1 < d < nl/?, o € {0,1}, and |a;| < 1 for each j.

Theorem 4.6.1. There is some absolute constant Cy > 0 so that for all n > 2 and
all p € Py, it holds that

max |p(x)| > exp(—Cyn'/?log® n).
we[l—n-2/31]
The deduction of Theorem 4.6.2 from Theorem 4.7.1 follows from first showing
the polynomial p(z) := > _, 2" — > _pa" cannot be divisible by a large power of
x — 1. We will use part of Lemma 5.4 of [9], stated below.

each j. If (x — 1)* divides f(x), then Max;_ & <,qp |f(@)] < (n+1)(E)".

Lemma 4.6.2. Suppose the polynomial f(x) = Y7 a2’ € Clz] has |a;| < 1 for

Proposition 4.6.3. There exists an absolute constant C' > 0 so that for alln > 1
and all p(z) € Py, the polynomial (x — 1)LC""* 18" 2} does not divide p(x).

Proof. Take C' > 0 large. Take p(z) € P,. Suppose for the sake of contradiction that
(z — 1)l n divided p(z). Then, by Lemma 4.6.2 and Theorem 4.7.1,

E)Cnl/S log® n >

(n—+1)( max ()]

9 - xe[l—%n*2/3 log® n,1]

> max x
T ze[l-n—2/31] ’p< >’

—Cinl/3 log5 n
> e ,

which is a contradiction if C' is large enough. O

We now exploit the (well-known) equivalence between common moments and a

large vanishing of the associated polynomial at x = 1.

Proposition 4.6.4. Let A, B be distinct subsets of [n] that are each n'/3-separated.

Then there is some non-negative integer m = O(n'/*log®n) such that Y oaea @ F

ZbEB o
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Proof. Let f(x) =3"7_ge;a7, where ¢; := 14(j) — 1p(j). Let flz) = %, where 7 is
maximal with respect to €y,..., 6,1 = 0. We may assume without loss of generality
that f(0) = 1. Then the fact that A, B are n'/3-separated implies f(z) € P,. By
Proposition 4.6.3, (z — 1)¢"""*18”n does not divide f(z) and thus does not divide
f(z). This means that there is some non-negative integer k < Cn'/3log”n— 1 so that
f®) (1) # 0. Take a minimal such k. If k = 0, we're of course done. Otherwise, since
fm(1) = >0 d(G—=1)...(j —m+ 1)e; for m > 1, it’s easy to inductively see that

djead™ =2 jepim forall 0 <m <k —1 and then ZjeAjk # Zjijk. O

We can now deduce Theorem 4.6.2.

Theorem 4.6.2. Let A, B be distinct subsets of [n] that are each n'/3-separated. Then
there is some prime p < C'n'/3log® n and some i € [p] so that |A;,| # |Bi,|. Here,

C" > 0 is an absolute constant.

Proof. By Proposition 4.6.4, take m = O(n'/log” n) such that >, _, a™ # >, 5 b™.
Since |3 cqa™ — 3pepb™| < nn™ < exp(O(n'/3log®n)), there is some prime p €
[5C'n'210g® n, C'n'/3log® n] such that >, ,a™ £ > ,c5b™ (mod p). Noting that
Yogend™ = P A li™ (mod p) and Y opepb™ = P | Bipli™ (mod p), we see

that there is some i € [p| for which |4;,| # |B;,| (mod p). O

4.7 Proof of complex analytic statement

In this section, we finish off the proof of Theorem 4.5.3 by proving the needed theorem

about sparse Littlewood polynomials being “large” somewhere near 1.

Recall that P, denotes the collection of all polynomials p(x) = 1—ox®+3""_ /3 a2’
in C[z] such that 1 < d < n'/3 o € {0,1}, and |a;] < 1 for each j.

Theorem 4.7.1. There is some absolute constant Cy > 0 so that for all n > 2 and
all p € P, it holds that

max  |p(x)| > exp(—Cin'/?log® n).
we[l—n-2/31]

For a > 0, define Ea to be the ellipse with foci at 1 —a and 1 —a + Z—ia and with

major axis [1 —a — 35,1 —a+ 3%]. We borrow® Corollary 5.3 from [9):

6They state Lemma 4.7.2 for p € S, where they define S to be the set of all analytic functions f
on the (open) unit disk such that |f(z)] < 1%&‘ for each z € D. Tt is clear P,, C S for each n.
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Lemma 4.7.2. For everyn > 1, p € P,, and a > 0, we have

2€E, 39a ze[1—a,1]

(m,p<z>|)2§6_4 max_|p(z)].

By Lemma 4.7.2, in order to prove Theorem 4.7.1 it suffices to show:

Proposition 4.7.3. There is an absolute constant C' > 0 so that for everyn > 1 and

2
every p € P, it holds that (maxzeﬁ ass |p(z)|> > exp(—Cn'/3log’ n).

While [9] certainly uses that E, is an ellipse, all we will use is about E, (besides
using Lemma 4.7.2 as a black box) is that the interior of E,, denoted Eg, contains a

ball of radius %5 centered at 1 — a. We begin with two lemmas.

o
In the proof of Theorem 5.1 of [9], the authors use the function h(z) = (1 —
)=

a for a maximum modulus principle argument to lower bound the quantity

(max, 5 |p(z)\)2. For z = €*™ for small ¢, the magnitude |h(e*™)| is quadrati-
27rit)

cally in ¢ less than 1. For our purposes, we need a linear deviation of |h(e | from

1. This motivates the following lemma.

Lemma 4.7.4. There are absolute constants cy,cs5,Cs > 0 such that the following
holds for a > 0 small enough. Let h(z) = > e d;z7 for

Aa
j2log?(j + 3)

j =
and r = a”', where \, € (1,2) is such that }7_, d, = 1. Let h(z) = (1 — a)h(2).
Then h(0) = 0, |h(e*™™)| <1 — a for each t, h(e*™™) € ES fort € [—cya, cqa), and

g

h 2mit <1-—
| (6 )| — C5log2(a,1)

fort e [—1,3]\ [-Csa, Csal.

Proof. Clearly h(0) = 0 and |h(e*™")| <1 — a for each t. Now, for any ¢ € R,

<Zd 27th—27rtz < Cyt

jlog j+3

| h 27rzt 27rzt]

for Cy4 absolute. Thus,

|h(e*™) — (1 —a)] = (1 — a)|ﬁ(62mt) — 1] < Cyt.
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If |t| < cqa for ¢q > 0 sufficiently small, we conclude h(e*™t) € E?.
We now go on to showing the last inequality in the statement of Lemma 5.6.2.

By summation by parts, for any z € C, we have

T

Ao’ Aa Z;Zl 2 r ,
= —1—2)\a/ E 2)g(z)d. 4.1
2 TG g 2, () .

j=1
There, and what follows, we denote(d)

log(z+3) + 25

z+3
) =
9() 23log®(z + 3)

Quickly note that, for z =1, (4.1) gives

Aa "
1 —7’+?>)+2)\a/1 || g(z)dz. (4.2)

B ’rlog2(

Trivially, for any z € JD, we have

A > b2 Ay
22;_1 < — . (4.3)
r2log®(r +3)| = rlog*(r + 3)
Note that, for any = > 1,

A 1 — ylz 2
Zz] S < <ttt (4.4)
, 11—z |1 — 2|
Jj<w

for all z = ¢*™ with t € (0,3]. Take Cs > 3 to be chosen later. Note ¢t € (Cea, 1]

implies 3t™! < r. For z = ™ with Cga < t < 3, (4.4) and (4.2) imply

2\ /j(Z N g(x)dx

J<z

<

T

2\, /1 " 2] g(x)dz + 2\, /3 1 g(z)dw

+—1

=1-2)\, /3:1 (lz] —t7") g(z)dz — m. (4.5)

Observe |z] — ¢! > 1 for > 3t~'. Therefore,

2), /; (lz] —t7") g(z)dz > A, /7‘ !

——dx
t—1 3t71 :L‘2 10g2(l‘ + 3)
A "1
2 2—/ —dr
log”(r + 3) J3i-1 @2
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Aot Aa

= — . (4.6
3log®(r +3)  rlog*(r + 3) (4.6)
Combining (4.1), (4.3), (4.5), and (4.6), we conclude that, for any ¢ € (Csa, 1],
‘= §21log®(j +3)| — 3log®(r +3)  rlog*(r +3) '
Taking Cg to be much larger than 3, (4.7) gives the bound
|h(e?™ )] <1 — q,;
- log*(a~1)
for t € (Cea, 1], for suitable ¢; > 0. By symmetry, the proof is complete. ]

We from now on fix some n > 1 and some p € P, (defined at the beginning of the
section). Let p be the truncation of p to terms of degree less than n!/3; either p = 1
or p=1—2z%for some 1 < d < n'/3. Take a = n=%/3, and let h be as in Lemma 5.6.2.

Let m = ¢;'n?3. Let J, = ¢ 'n"*mlog*n and Jo = m — J;.

In the proof below of Proposition 4.7.3, we will need to upper bound the product
H;’i}ll 15(h(e2™))| by exp(O(n'/3)). We must be careful in doing so, as the trivial
upper bound on each term is 2 and there are approximately n?/3 terms. However, we
expect the argument of h(eQ’”%) to behave as if it were random, and thus we expect
]ﬁ(h(e%i%))\ to sometimes be smaller than 1. The fact that the cancellation between
terms smaller than 1 and terms greater than 1 is nearly perfect comes from the fact

that log [p(h(w))| is harmonic, which we make crucial use of below.

Lemma 4.7.5. For any t € [0, 1], we have |p(h(e*™))| > in=2/3. For any 6 € [0,1),

we have Hfz}i IB(h(eX™5))| < exp(CnY/3log® n) for some absolute C' > 0.

Proof. Clearly both inequalities hold if p = 1, so suppose p(z) = 1 — 2 for some
1 < d < n'/3. For the first inequality, we use

, . . 1
|]5(h(€2mt))| _ |1 . h<€2mt)d| 2 1 — |h(62mt>|d 2 1 — (1 o a)d Z ad Z §n—2/3.

N | —

We now move on to the second inequality. Define g(¢) = 2log |[p(h(e2™+)))|. For

notational ease, we assume ¢ = 0; the argument about to come works for all § € [0, 1).
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The first inequality implies ¢ is C!, so by the mean value theorem,

Ja—1 . Jo/m Jo—1 (j+1)/m .
1 2
—> 9 (i) _/ g(t)dt Z/ <g(t> —y (i)) u
m Jj=J5 m Ji/m = i/m -
J271 (G+1)/m .
= max ! Zdt

Jo—1

=< max [g'(y)]. (4.8)

1
m J J+1
j=J ™ <y<4

Since w +— log |p(h(w))] is harmonic and log |p(h(0))| = log [p(0)| = 0, we have

/0 g(t)dt =2 / log [5(h(¢**))|dt = 0,

and therefore

Ja/m Ji/m 1
/ g(t)dt g/ g(t)dt +/ g(t)dt'. (4.9)
J1/m 0 J2/m
Since )
§n—2/3 < ‘ﬁ(h(€2mt))| <1
for each t, we have
Ji/m 1 Jp Jo log® n
t)dt Hdt| <2 —+(1—-—) )1 < ) 4.10
[ s+ | [ gmar| <2 (-2 )losn< oL @0

By (5.4), (5.5), and (5.6), we have

log® n
< C—7 1/3 Z iﬂgﬁ_l

Multiplying through by m, changing C' slightly, and exponentiating, we obtain

% Z_ 9(%)

j=h

Jo—1 ‘ 1 Jo—1
H ‘ﬁ(h(e%% ‘ < exp (C’nl/?’log n+ — Z max |g'(t)|). (4.11)

J. J+1
j=J1 j=Ji m <t<

Note

We first show
= (e )R] < 100d

t=to
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for each ty € [0,1]. We start by noting

2d . d
—2Re <(1 —a) Zdjez’”tj> :

p(h 27rzt ‘ _ 1_|_ 2d Zd 627rzt]
j=1
Let
i, 2
0 = 1 a3 g
j=1
Then,

2(d—1)

r r 2
fit)=(1- a)2dd Z dj€2mtj % Z dj627ritj
Jj=1 j=1

2(d—1)

=(1- a)Qdd Zdjezmtj Z dj, d;,2mi(j1 — ja)e 2mi(ji=g2)t,

1<j41,72<r

Since ) 7_, d; = 1, we therefore have

jl +j2
|f1(t)] < 2md
1 1§§§T ]1]22 log (j1+3) log (j2+3)

T )\ r )\
= 4rd + —a
(; Jilog®(j1 + 3)) (Z:l J3 log?(ja + 3))

< 50d.
Now, let
. d
folt) = —2Re <(1 —a) Zdje2mtj>
j=1
and note
: 9 d ' '
1(t) = o —2(1 —a) Z dj, ...d;, cos(2mt(j1 + -+ + ja))
1<51,,a<r
=dar(l—a)® Y dj...dj, (i + -+ ja) sin(rt(iy + -
1<51,..,0a<r
yielding
|f£<t)| §47T Z /\Z ‘ : ]1++]d

d—1
d A d A
— 4rd IACI e
(Z g1 log®(ji + 3)) (; 721og”(j + 3))

Jj1=1

< 50d.
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We have thus shown

0

5 1P )P] < 100d

t=to

for each ty € [0, 1].

Recall
B(h(e™)] = |1 = h(e*™)?] > 1 — |h(e>™)|".

For j € [Jy, Jo] C [Csam, (1 — Cga)m], we use

s min 1-—
()] < 1 — g L~ )
log®n
to obtain
1 Jo—1 1 Jo—1 —2
— ‘max |¢'(t)] < — 100d (1— (1—c5m1n(i 1——)log n)d)
m = i cpeitl m
j=J1 m—="=m j=Jh

Up to a factor of 2, we may deal only with j € [J;, %]. Let J = c5_1d_1mlog2 n. Note
~ > d~". Thus, using

that 7 < J, implies c; 1 — < d” Land j > J, implies c;
(1 —2)?<1—1ad for x < %, we have

1

min(Jx, 2t Ji, 2
1 ) 100d 100d (ZQ 1
m — _ o 7 — 1
j=J1 <1 (1 C5iogTn n) > j=J1 <Qc5m10g2nd>
min(Jy, 2
_ 400mlog*n (232) 1
=T 27 2
ced = J
400mlog*n 2
- ng Jl
< Cn'/3, (4.12)

Finally, since there is some ¢ > 0 such that (1—z)! < 1—cforalll € Nand x € [I7}, 1],

using the notation Z?:a x; =01t a > b, we see

m/2 m/2
1 100d < 100d Z =
mo j N2 T m
j=min(J«,F)+ <1 - (1 - C5m10g n) > Jj=min(Jx, 5 )+1
<Cd
< Cn'/3. (4.13)
Combining (4.12) and (4.13), we obtain
Jo—1
—Z max |¢/'(t)| < Cnt/3.
J < Jtl
j=J1 m—= m
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Plugging this upper bound into (5.7) yields the desired result. O

Proof of Proposition 4.7.3. Define ¢g(z) = HT:_Olp(h(eQMmz)). Fix z € JD; say z =

2 +9) for some jo € {0,...,m—1} and § € [0, +). For ease of notation, we assume

jo = 0; the argument about to come is to any jo. Then, e*™n 2 is in {e¥™ : —cya <
t < cga} if j € {0,m — 1}. Therefore, together with the maximum modulus principle

(p is analytic), we see

\g(z)\s(qurpw) IT  Ipth(e2))

wek? .

< <m |p<w>\) I Ie(h(emiz) (4.14)
weEa jg{0,m—1}

Let I = [J1,Jo — 1] NZ. For j & I, using the bound |p(w)| <

we see

i 1 1
p(h(e*™mz))| < < =n?/?,
Pt =1 h(e*mimz)| ~ 1= (1—a)

thereby obtaining

H ]p(h(e%”#z))] < (n2/3)(J1—1)+(m—J2+1) < (n2/3)0n1/310g4n < 60n1/310g5n.
JEIU{0,m—1}
(4.15)

Now, for j € I, since
min (L +6,1— (L +6))

log®n

|h(e2m%z)| <1l-—c¢s <1—dnlog?n,

we have
)p (h(€2ﬂ2%2)> _ﬁ<h<62m%z)>‘ < ne_clloan < e—clog2n.

Therefore,

[T Ip(r(e52))] < T (1o(a(e52))] + emcosn) (4.16)

Jel J€el
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By both parts of Lemma 4.7.5, we obtain

[T (IB(a(e>w2))| + s ) = 37 0ot wlll TT fo(h(ec2)|

jel I'cl jEI\I
—1
= > | TIe =2 | | T] 1t 2))] | - emetesm I
I'CI \jel JeI’
< eCn1/3 log®n Z<2n2/3)\1’\e—c(log2 n)|I'|
Il
1/3 1005 _ 2
< eCn log nze ¢/ (log? n)|I'|
I'cl
1] I
< 6Cn1/310g5nz ’ ’ e—c’klogzn
k
k=0
1/3 1465
< 2e0m o, (4.17)

Combining (4.14), (4.15), (4.16), and (4.17), we’ve shown

2
M@Nstﬂmaoe““m%.

z€E,

As this holds for all z € 9D, we have

2
< Cnl/3 log5n'
max [g(2)| < (Hé%x Ip(Z)I> e

To finish, note that |g(0)| = |p(h(0))|™ = |p(0)|™ = 1, so, as g is clearly analytic, the

maximum modulus principle implies max,cgp |g(2)| > 1. O

4.8 Tightness of our methods

In this section, we prove the following, showing that our methods cannot be pushed

further in some sense. We denote {0, 1}=7 := (J/_ {0, 1}

Proposition 4.8.1. For all n large, there are distinct strings x,y € {0,1}" such that
for all p < 5n'/3, i € [p], and w € {0,1}=P, it holds that [pos, ()i, = [P0os, (¥)iyl-

We begin by showing Theorem 4.6.2 is tight, via a standard pigeonhole argument

that has been used in a variety of other papers.

Proposition 4.8.2. For all n large, there are distinct n'/-separated subsets A, B of
[n] such that |A; | = |Bip| for all p < en'/3log"?n and all i € [p].
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Proof. Let ¥ denote the collection of subsets A C [n]| that have at most one num-
ber from each of the intervals [1,n'/3],[2n'/3, 3n'/3], [4n'/3,5n'/3],.... Note |¥| >

(n1/3)%"2/3 = ¢5"**logn O the other hand, for any A C [n], the number of possible

2
tuples (|A;p|)p<k is at most J[ o, nP < eTogE 1087

i€[p]
logn < %n2/3 log n, meaning there are distinct A, B € ¥ with the same tuple,

Taking & = cn'/3log!/?n yields

k2
logk

ie. |A;y| = |Bip| for all p < k and i € [p]. As A, B are n'/3-separated, the proof is
complete. O

Proof of Proposition 4.8.1. For a large n, let A, B C [n/2] be the sets guaranteed
by Proposition 4.8.2. Let v = (1a(j — %))j=1,y = (1s(j — §))j=1 € {0,1}" be the
strings with 1s at indices in A and B then padded at the beginning and end by 0s.
Fix p < £n'/3 and i € [p]. Since A, B are ;=n'/3-separated, we have |pos,,(z);,| =
Ipos,, (¥)ip| = 0 for all w € {0,1}=P with at least two 1s. Since

posg () = [n — 1 + 1]\ U Ztposgs gi-1-s(2),

it suffices to show [pos,, (z);,| = [pos, (y)i,| for all w € {0,1}=F with exactly one 1.
Fix such a w; say w = 0°10'"17% for some [ < pand s € {0,...,/—1}. Then, due to the
padding preventing boundary issues, pos,,(z) = {j : j4s = 1} = {j : Lu(j+s— %) =
1} = A—s+7 and thus |pos, (2)ip| = [Aits—n |- Similarly, [pos,,(y)ip| = |Bits—2 p|.
Since p < ¢(n/2)"3log'/?(n/2), the proof is complete. O
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Chapter 5

New upper bounds for trace
reconstruction

5.1 Summary

We show that any n-bit string can be recovered with high probability from exp(é(nl/ 2)

independent random subsequences.

5.2 Introduction

Given a string x € {0,1}", a trace of z is a random string obtained by deleting each
bit of x with probability ¢, independently, and concatenating the remaining string.
For example, a trace of 11001 could be 101, obtained by deleting the second and third
bits. The goal of the trace reconstruction problem is to determine an unknown string
x, with high probability, by looking at as few independently generated traces of x as
possible.

More precisely, fix d,q € (0,1). Take n large. For each x € {0,1}", let u, be the
probability distribution on U?_¢{0, 1}V given by p,(w) = (1—¢q)"lg"~ 1| f(w; z), where
f(w; x) is the number of times w appears as a subsequence in z, that is, the number
of strictly increasing tuples (io,...,%,—1) such that z;; = w; for 0 < j < |w| — 1.
The problem is to determine the minimum value of T' = T} 5(n) for which there exists
a function F' : (U7_{0,1}7)" — {0,1}" satisfying P,r[F(U',...,.U") = 2] > 1§
for each = € {0,1}" (where the U’ denote the T' independent traces).

Supressing the dependence on ¢ and §, Holenstein, Mitzenmacher, Panigrahy, and
Wieder [32] established an upper bound, that exp(O(n'/2)) traces suffice. Nazarov
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and Peres [48] and De, O’Donnell, and Servedio [19] simultaneously obtained the

(previous) best upper bound known, that exp(O(n'/?)) random traces suffice.

In this chapter, we improve the upper bound on trace reconstruction to exp(O(n'/?)).

Theorem 5.2.1. For any deletion probability q € (0,1) and any 6 > 0, there exists
C' > 0 so that any unkown string x € {0,1}" can be reconstructed with probability at
least 1 — & from T = exp(Cn'/®log® n) i.i.d. traces of x.

Batu, Kannan, Khanna, and McGregor [7] proved a lower bound of Q(n), which
was improved to Q(n**) by Holden and Lyons [30], which was then improved to
Q(n3?2) by the author [12)].

A variant of the trace reconstruction problem requires one to, instead of recon-
struct any string x from traces of it, reconstruct a string x chosen uniformly at random
from traces of it. For a formal statement of the problem, see Section 1.2 of [30]. Peres
and Zhai [51] obtained an upper bound of exp(O(log'/?n)) for ¢ < %, which was then
improved to eXp(O(logl/ ®n)) for all (constant) ¢ by Holden, Pemantle, Peres, and
Zhai [31].

Holden and Lyons [30] proved a lower bound for this random variant of Q(log”* n),
which was then improved by the author [12] to Q(log”? n).

Several other variants of the trace reconstruction problem have been considered.
The interested reader should refer to [5], [6], [18], [15], [10], [46], [37], [47].

In a previous version of this chapter, we proved Theorem 5.2.1 only for ¢ € (0, %]
Shyam Narayanan found a short argument extending our methods to get all ¢ € (0, 1).

He kindly allowed us to use his argument in this chapter.

We made no effort to optimize the (power of the) logarithmic term log®n in
Theorem 5.2.1.

5.3 Notation

We index starting at 0. For strings w and x, we sometimes write 1 as shorthand

T4 =W;q
for Hyilofl Loy, i=w;- Let D = {z € C: |z| < 1}. The symbol E, denotes the expecta-
tion under the probability distribution over traces generated by the string x. For a
trace U, we define U; = 2 for j > |U]; this is simply to make “U; = 0” and “U; = 1”

both false. We use 0° := 1. For a positive integer n, denote [n] := {1,...,n}. For a
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function f and a set E, denote ||f||g := max,cg |f(2)]. Wesay A C{0,...,n—1}is
d-separated if distinct a,a’ € A have |a —d'| > d.

5.4 Sketch of Argument

The upper bound of exp(O(n!/?)) was obtained by analyzing the polynomial >, [x; —
yi]2® whose value can be well enough approximated from a sufficient number of traces.
In this chapter, we analyze the polynomial Y, [1u,, ,—w; — Ly, ,=w;|2", for a well-chosen
(sub)string w; its value can be well enough approximated from a sufficient number of
traces, provided ¢ < 1/2. The benefit of this polynomial is that for certain choices

of w, it is far sparser than the more general >, [z} — yx|2".

In the author’s paper
[13] improving the upper bound on the separating words problem, lower bounds were
obtained for (the absolute value of) these sparser polynomials near 1 on the real axis
that were superior to those for the more general >, [z}, — yi]2*. We use the methods
developed in that paper and methods used in [8] to obtain superior lower bounds for

points on a small arc of the unit circle centered at 1.

5.5 Deduction of main theorem from complex an-
alytic statement

Fix ¢ € (0,1), and let p = 1 — ¢q. The following ‘single bit statistics’ identity was

proven in [48, Lemma 2.1]; in it, U denotes a random trace of x.

p! Z ly,=1 (Z;q>]]= Z 1%:12]“.

0<j<n—1 0<k<n—1

Ey

We shall use a generalization of this identity to approximate a weighted count (by
position) of subsequence appearances in x rather than a weighted count (by position)
of appearances of 1. Choosing variables appropriately will recover a weighted count

of (contiguous) substring appearances in x. An unweighted version was used in [14].

Proposition 5.5.1. For any x € {0,1}*,1 > 1,w € {0,1}}, and zy,...,2z_, € C, we

X -1 20— q jo [1-1 Zi—q Ji—Ji—1—1
B 2 (1_101%:”)( p ) (Ul< p ) >

Jo<-+<ji—1

-1 -1
— Z (H 1xki:wi> Zgo (H Zf¢k¢11> .

ko<--<kj—1 \1=0 =1

have
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Proof. By basic combinatorics, the left hand side of the above is

o r () ()R

5D A ko<-<kj_q =0
" ko — k1 —1 " " ki1 —ki_o—1
Ay —1 A —1

XM+A1+---+A171+1qkl,1+1—(j+A1+"'+A171+1)

20 =4\ A1 — 4 A 1 Rl-1 —4\A; ;-1
x Y e
(FE T

-1 I ' ’
= ) (H 1zki=wi> (Z( 9) (20 — Q)”qk0‘3>
ko<-<kj_1 \i=0 j J
ky—Fko—1 A1 ki—ko—1—(A1—1)
x(%j( A1 )(zl—q) g X ...

kl*l - kl*? - 1 A -1 k —k, —1-(A —1
N - -1 11— k12 (Aj—1—1)
AE:( A, —1 (21-1—q) q
-1

The binomial theorem finishes the proof. ]
Let P, be the set of all polynomials' p(2) = 1 — 02? + 37" 15 ¢;27 € C[z] with
1<d<n'?0e{0,1}, and |¢;| < 1 for each j.

We prove the following theorem in the next section. We assume it to be true until
then.

Theorem 5.5.2. There is some C > 0 so that for anyn > 2 and any p € Py,

max _|p(e”?)| > exp(—Cn*/®log’ n).
6]<n-2/5

Proposition 5.5.3. For any distinct x,y € {0,1}" with x; = y; for all 0 < i <
2n'/® — 1, there are w € {0,132 and zy € {e? : 0] < n~2/%} such that

Z[1$k+¢:wi - ]‘yk+i:wi}zé: 2 eXp(—Cn1/5 10g5 n)
k

!'Throughout the chapter, we omit floor functions when they don’t meaningfully affect anything.
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Proof. Let i > 2n'/® — 1 be the first index with z; # y;. Let w' = 2;_op1/5,1, ..., Ti1.
As used in [13], Lemmas 1 and 2 of [55] imply that there is some choice w € {w'0,w'1}
such that the indices k for which zy; = w; forall 0 <7 < 2n'/® —1 are n'/°-separated,
and such that the indices k for which yz; = w; for all 0 < i < 2n'/5 — 1 are n'/°-
separated. Therefore, if p(z) :== Y4 [L1oy imw — Ly imw) 2", then 61% € P, for some
e € {—1,1} and 0 < m < n — 1. Thus, by Theorem 5.5.2, there is some 6 €

[—n~%/5 n=2/%] such that exp(—Cn'/log’n) < |epe(e—;j,)| = |p(e?)|. Take 2o = €?. [

In a previous version of this chapter, we used Proposition 5.5.1 with zq,..., 21 =
0 and zy chosen according to Proposition 5.5.3 to prove Theorem 5.2.1, which only
worked for ¢ < 1/2, since, for ¢ > 1/2, the quantity (—q/p)?" -1 would be too
large in magnitude (for j; — 7;_1 &~ n), leading to too large a variance to well-enough
approximate >, [1ay,,—w, — Lye,i—wi)2 With few traces. Following an idea of Shyam
Narayanan, we choose z1,..., 21 close to 1 so that (%)j"_j@'*1 would no longer be
too large in magnitude, while also keeping the right hand side of Proposition 5.5.1
not too small. The following corollary, due to him, establishes the existence of such

ZlyeeyRl—1-

Corollary 5.5.4. For any distinct x,y € {0, 1}" with x; = y; for all0 <i<l—1:=
2n'/5 — 1, there are w € {0,1}, 20 € {? : |0| < n~?/°}, and z1,..., 21 € [1 —2p, 1]
such that?

ko k1—ko—1 ki—1—ki—2—1 107 1/5 140
g Loy, =w; — Ly, =wil20° 21 7 > exp(—C'n'/?log® n).
ko< <ki_1

Proof. Let w and 2, be those guaranteed by Proposition 5.5.3. Let

-1
n ko ki—1—ko—(—1
fla) = (2n1/5) D R P 1 .

ko<--<ki_1

Note that f is a polynomial in z; with each coefficient trivially upper bounded by 1
in absolute value. Therefore, by Theorem 5.1 of [9],

n n
> 0)|c1/(2p) g—c2/(2p)
(S B SN [ N [TTOTRE
c1/(2p)

-1
> (2 ﬂ1/5) <<2 711/5) exp(—Cn'/° log’ n)) e/
n n

> exp(—C'n'/?log® n).

2We similarly abuse notation by writing gy, =w, to denote Hi;(l) Loy, =w,-
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The corollary then follows by taking a z; realizing this maximum and then setting

29y ey Rl—1 — Z1- ]

We are now ready to establish our main theorem. We encourage the reader to
first read the proof of the exp(O(n!/3)) upper bound in [48].

Proof of Theorem 5.2.1. Take distinct x,y € {0,1}". By padding the beginning of x

and y with 2n'/°

many Os if needed, we may assume the first ¢ for which x; # y; satisfies
i >2n'> —1. Let w, 29, 21, . . ., Z9,1/5_; be those guaranteed by Corollary 5.5.4. Since

21, Zopisg € [L—2p, 1], each of 224, 1 < < 2n'/5 — 1, is between —1 and 1, and

so the expression in brackets in Proposition 5.5.1 has magnitude upper bounded by

, which, by the choice of zy, is upper bounded by n exp(C'— )22”1/5 (see

jze)ren
48, (2.3)] for details). Therefore, since the expression in brackets in Proposition 5.5.1
is a function of just the observed traces, by Corollary 5.5.4 and a standard Hoeffding
inequality argument (see [48] for details; note the pigeonhole is not necessary), we see
that exp(C”'n'/?log® n) traces suffice to distinguish between x and y. As explained

in [48], this “pairwise upper bound” in fact suffices to establish Theorem 5.2.1. [

5.6 Proof of complex analytic statement

We may of course assume n is large.

Let a = n~%5 and r = a='/2. Let 7, € [r] be such that

Tx

1 1
257 2 oG < 2

j=1 J=r«+1

r

such an r, clearly exists. Let

g =-1 ifr,+1<j<r

Let A, € (1,2) be such that

= j*log®(j +3)

Let \
d] == 2—(1
j?1log"(j + 3)
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Define ,
h Z) = Xa Z Ejdej,
j=1
where A, € (1,2) is such that h(1) = 1. Define
h(z) = (1= a)h(z).

Let
o = Gia,ﬂ — e—z’aﬂ
and
-z
) =t}
—p
for t > 0. Note that Ij is the line segment connecting o and 3 and I, = {e : |0| < a}

is the set on which we wish to lower bound p at some point. Let

It:{zeC:arg(j

—2) e (Ga)

G,={z€C: arg(a
z
be the open region bounded by I,/; and I,.

As in [13], we needed our choice of h to satisfy (i) |h(e*™)| < 1 — c|t| for || >
a'/? (up to logs). In this chapter, we need (i) |h(e*™®)| > 1 — Ca? for |t| ~ a;
in [13], we instead had |h(e*™)| ~ 1 — a for |t| &~ a. Some thought shows that a
polynomial with positive coefficients will not work. We therefore had roughly half of
our coefficients be —1 so that (ii) holds; changing those coefficients doesn’t affect (i)
since the corresponding degrees are large. However, due to our required normalization
that h(1) is basically 1, the negative coefficients make it so that h might no longer
map into the unit disk, which is highly problematic for later application. Luckily,
though, E, and thus h, does map into the unit disk. We prove that in the appendix.

Lemma 5.6.1. For any t € [—m, 7, h(e') € D.
Lemma 5.6.2. There are absolute constants cy,cs,Cg > 0 such that the following

hold for a > 0 small enough. First, h(e*™) € G, for |t| < csa. Second, |h(e*™)| <
1—05log forte (5L, 4]\ [~ Csa'/?, Coa/?).

Proof. Take |t| < a. Then,

27rzt _)\ Z

= (1 + 2mitj — 272252 + O(t°5%))
J 10g
7=1

—\, 14 2wty — 2028252 + O(t35%)).
];1]210g ij3)( j j (t°5))
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312

By our choice of r,, h(e*™) = 1 — 6 + €i for § := c1t* + a'® + O(log2r

cot + O(li—’;i), where ¢y, co are bounded positive quantities that are bounded away

) and € :=

from 0. By multiplying the denominator by its conjugate, we have

arg(ew_(l_(s—i_d)):arg((ei“—(l—é—l—ei))-((1—(5—6@')—6”)).

(1—=90+e)—e e

The ratio of the imaginary part to the real part of the term inside arg(-) is

2(1 -6 —cosa)sina
—cos?a+2(1—0d)cosa— (1 —08)2+sin’a — e’

Writing cosa = 1 — 3a® + O(a*) and sina = a 4+ O(a?), and using § = O(a?), the

above simplifies to
a® — 2ad + O(a*)
a?—e2+0(a?)

If [t| < cya, then, as § = ¢1t* + a'® + O(Ifg%), €= cot + O(l(%i), the inverse tangent

of the above is at least §; the arctangent is at most a, since, by Lemma 5.6.1, h(e*™)

lies in the unit disk (alternatively, one may note 2ad > €?).

We now establish the second part of the lemma. What [13] shows is

i Ao e2miti B Aalt| N Aa
= §2log?(j +3)| — 3log*(m +3)  mlog®(m +3)
11

for any m > 1 and ¢ € | I\ [-3m~t,3m™Y]. For m = r,, if [t| > Csa'/?, for say

T 202
Ce = 100, then certainly 3|¢|™' < m, and so we have
T )\a627ritj

2 j2log?(j + 3)

Jj=1

|t]
<l—¢c———. 5.1
- Clog2(a—1) (5:1)

We can crudely bound
i A €2t
2 P 1og(i +9)

i1 (5.2)

= log®(a=1) 1.

Combining (5.1) and (5.2), we obtain

T

A €627 ||
Z 2% =1- 632——1
= j*log™(j +3) log”(a™")
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for |t] > Cer™!, with ¢, > 0 small and Cg large enough. Now, since

N A A
A= e e
¢ Z j2log®(j + 3) 2 7 log”(j + 3)

j=rt1/

J=ratl J
>1-2 2 2
- log®(a=t) r
20
rlog®(a=?)

we see

T A 6'62mtj |t|

T Al P PR

' = j?log*(j + 3) log*(a=1)
for |t| > Cer—t, provided Cj is large enough. Since 1 — a'® < 1, we are done. O

Let m = ¢;'n?°, J, = c5'n""*mlog’ n, and J, = m — J;. A minor adapation of
the relevant proof in [13] proves the following.

Lemma 5.6.3. Suppose p(z) = 1 — 2% for some d < n'/>. Then

Jo—1

H ‘ﬁ(h(e%i%))‘ < exp(Cn'/?log® n)

Jj=Jh

for any 6 € [0,1).
By adapating the proof of the above lemma, we prove the following.

Lemma 5.6.4. Suppose u(z) = z — ¢ for some ¢ € OD. Then, for any 6 € [0,1), we

have
Ja—1 o
H ‘u(h(eQmT))’ < exp(Cn*/®log® n).
Jj=h
Proof. First note that
u(h(e*™))| = 1 — |h(e*™)] = a'. (5.3)
Define g(t) = 2log [u(h(e2™(t+3)))|. For notational ease, we assume § = 0; the

argument about to come works for all § € [0,1). Since (5.3) implies g is C*, by the

20



mean value theorem we have

1S~ (] S/
15(5)-
mj:Jl m Ju/m

- L (2

Sl p(j+1)/m / 1
< i
< Z/jm e ' ()] | —dt

Jj=h

< — "W). :
e 2 s D 19'(y)] (54)
j=Jp m==

Since w + log |u(h(w))| is harmonic and log |u(h(0))| = log|u(0)| = 0, we have

/01 g(t)dt = 2/0 log [u(h(e*™))|dt = 0,

Ja/m Ji/m
/ g(t)dt / g(t)dt
Ji/m 0

alO < ’u(h(e%“m S 2)

and therefore

< + /J 1 g(t)dt‘ | (5.5)

2/m

Since

for each t, we have

Ji/m
/ g(t)dt| +
0

By (5.4), (5.5), and (5.6), we have

1 5
J1 Jo log”n

2/m m

122 j log® n 1 2=

- E YN < (0= "4 !

m — g(m)‘ =¢ nt/ * m?2 ]23}]&1 9@l
j=h j=a m=S

Multiplying through by m, changing C' slightly, and exponentiating, we obtain

Ja—1 Ja—1
1
H ‘ e2rid ‘ < exp (C’nl/5 log’n + — E max \g’(t)|> . (5.7)

J j+1
J=N Jj=J1 SISy

Note
& lutn(e 2]

g'(to) = [a(h(e2m0)) 2

t=to

We first show

< 500 (5.8)
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for each t, € [0,1]. Let (ilv = d; for j < r, and 67] = —d; for j > r, so that
h(62m't) — (1 _ 0,10) 2221 d] 2mt] Then

"LL (h( 2mt))‘ 1 —at Zd p2mijt

2

—2Re | (1 — alo)gzgje%m

=1

E d eQm]t

The derivative of the ﬁrst term is

1 - a Z d]l J2 ]1 _j ) 2m(j1_j2)t‘

Ji,j2=1

(1—a'® +1. (5.9)

Since .
>l <4
j=1
and .
> dld| <4,
j=1
we get an upper bound of 250 for the absolute value of the derivative of the first term

of (5.9). The derivative of the second term, if ¢ = ¢, is

2(1 — a'?) Z 5] sin(27jt + 0)27j,
j=1

which is also clearly upper bounded by (crudely) 250. We’ve thus shown (5.8).

Recall |u(h(e*))] > 1 — |h(e?>™)|. For j € [J1, Js] C [Csa'/?>m, (1 — Csa'/?)m),
we use (by Lemma 5.6.2)

w min 1-—
|h(627r7,%) <1-— cs ( )
log®n
to obtain
12 , 1 2= 500
— ‘max |g'(t)] < —
m “ J<pcitl m “ min(L,1—- )
j=J1m—=—"—m Jj=h < 510g—n)>

Up to a factor of 2, we may deal only with j € [J;, %]. Then we obtain

Jo—1 m/2 2 4
1 1 500m~ log™ n
m 2o max lOl< =) —50—
j=dy mStSSE J=T 5

500m log* n 2
<2 T2
- Cg Jl
< Cnt/o.
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Let Q,, denote all polynomials of the form (z — «)(z — 5)p(z) for p € P,.

Corollary 5.6.5. For any q € Q,, and ¢ € [0,1), we have

T lah(e5 2))] < exp(Cnolog" n).
j¢{0,m—1}

Proof. Take q € Q,; say q(z) = (z—a)(z—B)p(z) for p € P,,. For j € {1,...,J;—1}
and for j € {Jo,...,m — 2}, by Lemma 5.6.1 we can bound |g(h(e*™# 2))| < 4n, to
obtain

[T (5] < (an)”tom=samt < O fles™n - (5.10)

JE{ 15 T2 =1}

By applying Lemma 5.6.4 to u(z) := z — o and to u(z) := z — § and multiplying the

results, we see
Ja—1

H ‘u 27rzm ’ < eCn1/510g5n’ (5'11)
j=J1

where %(z) := (2 — a)(z — B). Let p(2) € {1,1 — 2%} be the truncation of p to terms

of degree less than n'/5. Then, since Lemma 5.6.2 gives

i min (£ +6,1 — (£ 46
‘h<€27rzi5)‘ <1-—cs (m 1 . <m )) <1-— Clnfl/5 loan
og'n
for j e {J1,...,Jo — 1}, we see
‘p (h(em%)) P (h(ez’”'%))‘ < pelogtn < gmelogtn, (5.12)
Lemma 5.6.3 implies
g, J+5 1/5
H |p 2m | <e Cn'/5log®n (513)
Jj=J

By an easy argument given in [13], (5.12) and (5.13) combine to give

Jo—1

H |p 27’I’1,J+6 ’ < C’n1/510g5n. (514>
Jj=J]
Combining (5.10), (5.11), and (5.14), the proof is complete. ]

Proposition 5.6.6. For any q € Q,,, it holds that

max |¢(w)| = exp(—Cn'/*log’ n).
we
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Proof. Let g(z) = H;?Z)l q(h(e*™w 2)). For z = e*™ with, without loss of generality,
0 € [0, 1), we have by Lemma 5.6.2 and Corollary 5.6.5

o) < (maxlat)) TT laoe ) < (maxlo(wl ) exp(Cn*log )

. wEG,

Thus, (maxyeq, |¢(w)])? exp(Cn/3log® n) > max.cop |g(2)| > |g(0)| = 1, where the

last inequality used the maximum modulus principle (clearly g is analytic). O]
The following lemma was proven in [8].

Lemma 5.6.7. Suppose g is an analytic function in the open region bounded by I

and I, and suppose g is continuous on the closed region between Iy and I,. Then,

1/2 1/2
< .
max [o()] < (maxlo(2) ) (max o))

ze[a/2

Proof of Theorem 5.5.2. Take f € P,, and let g(z) = (2 — a)(2 — ) f(2). A straight-

forward geometric argument yields

(- )z B) _

< 3n2/5
1—|z| ~ sina

l9(2)] <

for z € Iy. Letting L = ||gl|1,, Lemma 5.6.7 then gives

max |g(z)| < (3Ln?/?)"/2,
ZGIQ/Q

Since we then have

< L L 2/5\1/2
L2pax, l9(=)] < max(L, (3Ln"7)75),

the maximum modulus principle implies

max l9(2)| < max(L, (3Ln*°)1/?).
z€lqg

By Proposition 5.6.6, we conclude
exp(—Cn'/?log® n) < max (L, (3Ln2/5)1/2) .

Thus,
1 L
1l 2 Zllglln = 7 2 exp(—C'n'/*log® n),

as desired. [



5.7 Appendix: proof of lemma 5.6.1

We thank Fedor Nazarov for a simpler proof of Lemma 5.6.1, which we include below.

Claim 5.7.1. Let F be a compact family of (uniformly) bounded real Lipschitz func-
tions on [0,1] such that fl/zf < f11/2 f for every f € F. Then there exist M,e > 0

so that for allm > M, m, € ((3 — €)m, (3 + €)m), and f € F, it holds that

;m‘f (E> <j_;+1mf (E) (5.15)

Proof. By compactness, there exists e > 0 so that for all v € (% — €, % + €) and all

f € F, we have X
/vf(a:)da: </ Fa)dz — c. (5.16)
0 ol

Quickly note, for C' > 0 a uniform upper bound on max,cjo,1) |f(x)|, f € F, we have

m
C log3 (m+3)

(O A=

p— p— A m
=1 =1 I logB(m+3)

(5.17)
log log(m + 3)
log®(m + 3)
1

- O(logQ(m + 3))

<2C

as m — 00. As (5.15) is equivalent to

log®(m + 3) <= 1 J log?(m +3) & 1 (i)
m Zlog (j—i—?))f( >< m j:;+1log2(j+3)f m)’

Jj=1

by (5.17) it suffices to prove

) LE o
j=1 j=mat1

say (for m large enough and m, € ((3 —€)m, (5 +¢€),m)). But the LHS becomes arbi-

trarily close to fom*/ ™ f(x)dx, and the RHS becomes arbitrarily close to fnll Jm (x)dx—

£, 50 (5.18) is established by (5.16). O
. 2

Now, letting f(z) = 3 — 1 (%) for x € (0,1] and f(0) = 0, and then

setting f.(z) = ¢ f(cx) for ¢ > 0 and = € [0,1] and fo(z) = %, we will apply
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Claim 5.7.1 to the family F := {f. : ¢ € [0,C]}, for a suitable absolute C' > 0.
An easy computation shows that F is indeed a compact family of bounded Lipschitz
functions. The condition that [ 1/ ? fe < f11/2 fe for all ¢ € [0,C] is equivalent to

fy fla)de < [ % f(z) for all @ > 0, which is equivalent to

b oo 2 % - 2
/ (smx) iz > / (smx) "
0 x b x

for all b > 0, which is easily verified®.

Proof of Lemma 5.6.1. The proof of Lemma 5.6. 2 shows that h(e?) € D if t €

[—m, 7]\ [— 365> T5)» Say. So we may assume [t| < 55 First note that
[mfA(e)]| =R D €dssinj) (5.19)
j=1
<Y djjlt]
j=1
< 2t
Also,
Re[h(e™)] = Ao Y _ €;d; cos(jt) (5.20)
j=1

T j2t2
>\, d (1= 2=
= Zejdj( 5 >

J=1
1L Y
=1- §t “Zeﬂ
j=1

1 .~
>1——t?)\, - 21
- 2
> 0.

Finally, using the identity

cosx—l—i—% 11 [sin(z/2) 2
72 2 2\ /2 ’
we see that

Reff(e")] = A (Z T G - %) - % T G ) %>)

J=r«+1
3As Si“”: decreases on [0, 7], the case b < 7 is immediate. For b > 7, we can do fb )Adr <
. . . 2
f:;Q & dx = 2 which suffices since, by monotonicity, fo SInZH2 g > fﬂ/ (SRI)2qg > (%)2 = %
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N S 1 J 1 J
+>\ar4t6 T 9/ . N r\ " - T 9/ . oN r\ " .
<JZ 10g2(]+3)ft G 2 10g2(]+3)ft (7‘>>
By Claim 5.7.1, we then see
Re[h(e™)] < A i; (i _ ﬁ) _ XT: b <l _ ﬁ)
T\ g3 \F 2/ A= leg?(G+3) NP 2/ )

which is at most 1 — 10¢? by our choice of r,. Combining with (5.20) and (5.19), we

see

(e = (Refhte)) "+ (tmff(e"))

< (1 —108%)° + 4¢
1

as desired. n
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Chapter 6

On sumsets containing a perfect
square

6.1 Summary

We show A+ B contains a perfect square if A, B C {1,..., N} have |A],|B| > (3+¢)N.

The constant % is optimal.

6.2 Introduction

Let A, B be subsets of the first N positive integers. What are the maximum possible

sizes of A and B if A+ B does not contain a perfect square?

Let us first discuss the history of the related question of the largest size of a subset
A C{l1,..., N} with A+ A not containing a perfect square, originally raised by Erdds
and Silverman [22, p. 87, 107]. Erdés initially conjectured that the answer is roughly
1 .
3NV, coming from
A:={n < N:n=1mod 3}.

However, Massias [43] noted that

A:={n < N:nmod 32 € {1,5,9,13,14,17,21, 25,26,29,30} }

gives the larger size of roughly %N . The two mentioned sets A indeed have the
property that A + A does not contain a perfect square, since the sumset of {1} C
Z./37 with itself does not contain a quadratic residue (in Z/3Z), and the sumset of

{1,5,9,13,14,17,21,25,26,29,30} C Z/327Z with itself avoids quadratic residues.

Given that these two examples come from “lifting up” a set A C Z/qZ for some

q € N, and that any perfect square must be a quadratic residue mod g, it is natural to
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first solve the “modular” version of the problem: for given ¢ € N, what is the largest

size of a set A C Z/qZ such that A + A does not contain a quadratic residue?

In 1982, Lagarias, Odlyzko, and Shearer [39] showed the answer is 1¢ (which is
tight if 32 | ¢). In 1983, they released a companion paper [38] proving that if A C [IV]
has |A| > 0.475N then A 4+ A contains a perfect square. Finally, in 2001, Khalfalah,
Lodha, and Szemerédi [35] resolved the Erdés-Silverman problem, by showing that
for all € > 0, if N is sufficiently large, then any A C [N] with A + A avoiding perfect
squares must have [A| < (3 4 ¢)N.

In this chapter, we solve the aformentioned “bipartite” version of the Erdos-

Silverman question. Our result is asymptotically optimal.

Theorem 6.2.1. For any € > 0, if N is sufficiently large and A, B C [N] have
|A[,|B] > (£ + €)N, then A+ B contains a perfect square.

An example achieving roughly gN is
A:={n < N:nmod8e€{0,1,5}}

B:={n < N:nmod38€{256}}
which works since the Z/8Z-sumset {0,1,5} + {2,5,6} avoids quadratic residues.

We prove Theorem 6.5.1 by first resolving the associated “modular” version of
the problem. While the methods of [39], solving the modular problem for A+ A, are
highly graph-theoretic, our methods use Fourier analysis to reduce (in one direction)
to solving some optimization problem in 48 variables. Interestingly, the paper [39] also
involved solving some optimization problems, specifically various integer programs. It
is plausible our methods could solve the modular A 4+ A problem, though the number

of variables in the obtained optimization problem would be significantly too large.

We then obtain the result in the integers by basic Fourier-analytic arguments.
While [35], solving the A + A problem in the integers, introduced a novel “shifting
method” and a sort of low-level strong arithmetic regularity lemma with tower-type
bounds, our Fourier arguments amount to a rather basic arithmetic regularity lemma
with only singly exponential bounds. In rough terms, we approximate the character-
istic function of A C [N] (and of B) by its best modulo @ weight function approxi-

1

mation on 7! intervals each of length nN, where n=! and log @ are polynomials of

e 1. Counting the number of perfect squares “in” the convolution of these weight

functions essentially reduces to the modular problem. For details, see Section 6.5.
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6.3 Notation

We use the standard [N] := {1,..., N} and e(f) := ™. Let & := {1 :n >1}. Let
T =R/Z. For f : [N] — C, define f : T — C by

= > f(n)e(-

n<N

For f:7Z/qZ — C, define ]?: 7/qZ — C by

Define the weighted indicator function of the quadratic residues f, : Z/qZ — R by

fo(t) = o € Z/qZ 2 = 1}
For functions f, g : Z/qZ — C, define the convolution of f, g as
(f = §jf (z—a)
aEZ/qZ
while for finitely supported functions f, g : Z — C, we define the convolution as

(f*9)(x) =) f(n)g(x —n)

nel

6.4 The Modular Problem

In this section, we prove the following, a (doubly) weighted, quantitative version of the
statement that A+ B contains a quadratic residue if A, B C Z/qZ have |A|, |B| > 2q.

Theorem 6.4.1. For any ¢ > 0 there is some c(e) > 0 so that for any ¢ > 1, if
wa, wp : LG = [0,1] have 3y WA(E), D yez e wB(t) > (5 + €)g, then

1
Z (wa * wp)(t)fo(t) = %eq.

teZ/qZ

Our approach is Fourier-analytic. We start by noting the Fourier representation

[43

of this weighted count of quadratic residues “in” the convolution of w4 and wg.

Lemma 6.4.2. For any wa,wg : Z/qZ — R, we have

- Z (wa*wp)(t) fy(t) = Y @alm)wp(m) fy(—m).

tEZ/qZ meZ/qZ
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Proof. The right hand side is, by definition, equal to

Zq_ls > wA(w)wB(y)fq(Z)e(W)

meZ/ql ,y,2€7/q7%
Interchanging summations and using the orthogonality condition
Z <mr) {q if r =0 mod ¢
el — | = )
meZ o2 q 0 if r #0 mod ¢

finishes the proof. O

Remark. Let us take a moment to motivate the arguments to come. Suppose for now
q is divisible by 8. We (a posteriori) expect 3, 7 (wa*xwp)(t) fy(t) to be minimized
by weights w4, wp that are “lift-ups” of weights W4, wp : Z/8Z — [0,1] in the sense
wa(t) = Wa(t mod 8) and wp(t) = wp(t mod ). If wy and wp were indeed of this
form, then, as one may easily check, we would have w4(m),wg(m) = 0 for each

m € Z/qZ with —~+— 1 8. Therefore, in our setting (in which w4, wg might not be

ged(q,m)
exactly of that form), it’s natural to separate?,

S @am)ws(m) fo(—m) = @a(m)@p(m) fy(—m) + > @a(m)wp(m) fo(—m).

meZL/qZ q|8m gt8m

The latter term we shall upper-bound in magnitude, using that J/C;(—m) is small for
all m with ¢ 1 8m (this follows from quadratic Gauss sum bounds). And the first
term actually turns out to be just the weighted count of mod 8 quadratic residues in

the weighted sumset of the mod 8 projections of the weight functions w4, wg.

For technical reasons, we work mod 24 instead of mod 8.

To set some notation, if ¢ € N is a multiple of 24 and wa,wp : Z/qZ — [0,1] are
two (weight) functions, we let a,b : Z/247 — |0, 1] denote the (mod 24)-projections

of wy and wp:

a(k) ::m xez;lz wa(x) (6.1)
' =k mod 24

b(k) = xe;qz wg(x). (6.2)
=k mod 24

Note “mod 8” makes sense since 8 | q.
*Note that ;- 18 is equivalent to ¢ { 8m.
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Lemma 6.4.3. Let ¢ € N be a multiple of 24. Let wa,wp : Z/qZ — [0,1] be two
(weight) functions, and let a,b: 7/247 — [0, 1] be the mod 24-projections of wa, wp,
as in (6.1),(6.2). Then one has

S T T T —m) = o S (@ b)) fasld).
4

meZ/qZ teZ /247
q|24m

Proof. Noting ¢ | 24m if and only if m = we may write the LHS as

24’
rq Z—T—y
Z > wauafe (5 ),
x,Y,2€2L/qL

which by orthogonality (mod 24) is equal to

% Z wa(z)wp(y) fe(2).

q3
x,Y,2€7/q7%
r+y=z mod 24

Splitting into cases mod 24, we may write the above as

2y (L we)( ¥ owe)( ¥ o4e) 6

1,JEZL /247 T€Z/qZ y€EZL/qZ 2€7Z/qZ
=i mod 24 y=7 mod 24 z=i+j mod 24
Noting
- 1 - 1 4,
fq(z) = v2=z mod ¢ — v2=i+j mod 24 = ﬂfu(l + J),
z2€Z/qZ 2€L/qZ  vEL[/QL vEZL/qL
z=i+j mod 24 z=i+j mod 24

and using the definitions of a, b, we may write (6.3) as

i O bl t i) = op S (@b fulr),

i,jE€Z/247Z L€Z/247.

as desired. O

~
o~

We now go on to handle the other Fourier term, >_ .,y @Wa(m)wWg(m)fo(—m).

Lemma 6.4.4. Let ¢ € N be a multiple of 24. Then for any m € Z with q 1 24m,

one has

Fi=m)| <
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Proof. By definition,

-~ 1 mt 1 ma? 1 %332
fq(_m) = E Z Z 12— 6(7) = 5 Z € (T) Z € ( ) s

teZ/qZ \z€Z/qZ x€ZL/qZL q/g :BEZ/%Z q/g

where ¢ := ged(m, ¢). Thus, by standard quadratic Gauss sum estimates (e.g., [33]),

) Vi ifa/g€{1,3} mod4
fq(_m)’§ ,/q/ig if /g =0 mod 4

0 if ¢/g = 2 mod 4.
Now, g 1 24m implies 7 1 24. This implies, firstly, that g = 9, giving /- T
if 4= a vi 2oL
and, secondly, that if ;= 0 mod 4, then i 16, giving 77 < 75 < 7 [

Lemma 6.4.5. Let ¢ € N be a multiple of 24. Let wa,wp : Z/qZ — [0,1] be two
(weight) functions, and let a,b : Z/247Z — [0, 1] be the projections of wa, wp mod 24
as i Lemma 6.4.3. Then,

meZ/qz keZ/247 keEZ/247
q124m

1/2 1/2
D @Alm)@s(m)fo(~m) <241¢5( 2 a(k)—a<k>2) ( 2 b(k)—b(k)?) .

Proof. By Lemma 6.4.4 and Cauchy-Schwarz, we have

Y walm)wp(m) fo(—m) S( sup Iﬁ(—m)|>< > |@(m)||@(m)|>

meZ/qL
ezl fett el
1 —~ —_~
<= o lwam)lP | Y |wsm)P
meZ/qZ meZ/qZ
q{24m q124m

The following two (in)equalities (and their analogues for B) finish the proof:

IR iz =)
> menE=Y g 3w (M52

meZ/qZ ©,YyEL/qZL
ql24m

24 1 )
:? Z Z wa(x) =51 Z a(k)”.

1€2,/247 z€Z/qZ k€eZ/24Z
r=i mod 24
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> el ¥ 3w (M)

meZ/qZ mEZ/qZ z,y€Z/qZL q
! @<t S waw) == S ath)
= - wa(w - wa(r) = — a(k).
q A = A 24
c€L/qL x€ZL/qL keZ/247Z

Combining Lemmas 6.4.2, 6.4.3, and 6.4.5 (and multiplying through by 24) yields

% (wa * wp)(E) fo(t) > D (axb)(t)fault) (6.4)
teZ/qZ teZ,/247,
— a(k)? b(k) —
\/_ kezz/;u kezz/;m

Note that a(k) € [0,1] for each k and that

Z a(k:):24-l Z wa(x),

keZ/247, q z€L/qL.

implying ez 047 a(k) = 9+24€if >0 ) pwa(z) > (2+¢)g. We prove the following
proposition in Section 6.6. We assume it to be true for the rest of this section. In
it, we use the notation a(i) := a;,b(i) := b;. We emphasize that it is “merely” a

(quadratic) optimization problem in 48 variables.

Proposition 6.4.6. For any e > 0, the following holds. For all ag, ..., as3,bg,...,bas €
[0,1] with 322 a; > 9+ €57 b; > 9+ ¢, one has

> (a*b)(t)f24(t)Z%eqL%\/Zai—Za?\/Zbi—Zb?.

tEZ,/247,

Proof of Theorem 6.4.1 assuming Proposition 6.4.6. 1f 24 | g, then Theorem 6.4.1
follows immediately from (6.4) and Proposition 6.4.6. Otherwise, we use a simple

“lift-up” argument to reduce to the case ¢ | 24. Define wy, wp : Z/24qZ — [0,1] by

@A(l') = i Z YEL /247 wA(y),@B(ﬂi) = i Z YEL /247 ’wB(y)- Then

y=z mod g y=x mod gq
1 ~ ~
3 20 s ws) O = 5o D (e )0 )
teZ/qZ t€7,/24q7

and
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1 - 1
240 Z wp(x) = - Z wp(x).

x€Z/24q7 4 x€Z/qL

6.5 Converting to Integers

In this section, we “boost” the solution to the modular problem (Theorem 6.4.1) to
the integers to establish our main theorem (Theorem 6.5.1). For subsets A, B C [N]
with A, |B| > (2 + €)N we shall, as in the modular problem, look at the number of

squares in the weighted sumset of A and B:

Y (Lax1p)(n)1s(n),

n>1

where S C N is the set of perfect squares,
S :={m?:m e N}.

Our approach is inspired by the arithmetic regularity lemma (see, e.g., [20, 29]),
though a much lower-tech version suffices for our purposes; the dependence on the

relevant parameters will be singly-exponential rather than tower-type.
Definition 6.5.1. Fix (parameters) Q € N and n € %. For k € {0,1,...,n7 1 — 1}, let
I = (an, (k + 1)nN| NN,

For N € N (large) and A C [N], define® the function wg,, ;. : Iyx — [0,1] by

wA (n) = #{me I, :me Aand m =nmod Q}
Q;nk = Zim € T e m=nmod %)

Finally, define the function wg,, : N — [0,1] by

n_'-1
A A
W -= § : wQ;n,klfn,k‘
k=0

Remark. One should think of the function wgm?k as the best mod () approximation

to A, or as a “smoothed out” version of A modulo @, on I, ;. Indeed, for n € I, ,

3Extend (the domain of) wé;n,k to N by setting wé;mk = 0 outside I, .
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the function wS%k(n) just depends on the residue of n modulo @), and, immediately
from the definition, for any r € {0,...,Q — 1}, one has

Z W (1) = Z La(n). (6.5)

ne[’r},k ’I’LGIT]JC
n=r mod Q n=r mod Q

The use of wém comes from the fact that its Fourier transform models that of A
nearly perfectly on rationals with denominator dividing (). As long as () is sufficiently
composite (which we will choose it to be), we don’t need to care much about other
rationals, since the Fourier transform of the indicator function of the squares will be

sufficiently small there.
For the following lemma, fix Q, N € N,n € g, and A C [N].

Definition 6.5.2. Define the balanced function f@“m :N — R by fgm =14 — wém.

Lemma 6.5.3. Take some a,q € N with q | Q. Then, for any 5 € R, it holds that

1A, (5 + B) ' < 2|BnN?.

Proof. For k € {0,...,n7' — 1}, define fé)“mk =[Ol = 11,14 — wsmk so that

fom = Z Foe (6.6)

Fix a,q € N with ¢ | @, and fix 5§ € R. By (6.6), linearity of the fourier transform,

and the triangle inequality, to prove Lemma 6.5.3 it suffices to show

—_— a
e +/3>\ < 218N | L)

for each k € {0,...,n71 — 1}. So fix some such k. By definition,

e+ 0)= 5 Late (C+0n) = 2 wdate ((om). @)

nEIn,k ne[n,k

Letting L = |knN]| + 1 denote the left endpoint of I, s, we trivially from (6.7) have

A a —
,(q+ﬁ)‘

5 L (Epn-0)) = 3 wdyale ((C+8)0-1))].

nEIn,k nEI k |
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The reason for shifting the phase by L is that if we now use

5 o (572) - 2 o (54

nely, k nel, x

(which follows from (6.5) and that ¢ | Q) to write

S 1an) [e ((g +B)(n — L)) - (@)}

'I’LGI»,L]C

- 3 et |e (G- n) - e (E))

neln,k

ry —
,<q+ﬁ>]

)

then the trivial |e(x) — e(y)| < |z — y| is strong enough to give the sufficient bound

a2+ 8) < 3 1alBl(n =2+ 3 fughulo] 610 - 1

"GIn,k TLEIU k
< 2|BInN|{Lyxl,
the last inequality using that n — L < 7N for each n € I,,;. O]

Remark. The plan to prove Theorem 6.5.1 is to decompose
Laxlp = wg;n * wgm + fS;n * wgm + wgm * fQBm + me * fgm

and use Lemma 6.5.3 to argue that the “number” of squares “in” 14 % 15 is approxi-
mately the same as that in wém * wgm. The latter, involving the convolution of two
functions constant on residues modulo @), is more easily calculable and comes down
to the weighted number of mod () quadratic residues in the convolution of the natural
mod () projections of wém, wgm. The following (with Lemma 6.5.3) will be used to

prove the validity of the approximation.

Proposition 6.5.4. Let f,g: [N] — [—1,1] be (1-bounded) functions. Suppose § > 0
is such that ‘f(% + 6)‘ < §|B|N? for each a,q < X\72 and* B € R. Then we have

Z(f *g)(n)ls(n)| < 10(5,\—8 + /\)N3/2,

n>1

In order to prove Proposition 6.5.4, we import the needed “minor arc” estimate
from [42]:

. o . )\7
4We will only need the condition for |3 < SN
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Lemma 6.5.5 ([42], Proposition 1). For any A > 0, if N € N is sufficiently large
and 0 € T is such that |6 — 2| > A2 for each a,q < X2, then |Tg, (8)] < BANY2,

Proof of Proposition 6.5.4. We may replace S by Sy := {m? : m € Nym? < 2N}
and write

> (f*g)(n)lg,y(n /f 0)1s,, (—0)d6. (6.8)

n>1

This lemma together with Cauchy-Schwarz and Plancherel immediately gives

0o 0>d9\35m_ / F6)1150)1a0

< 10AN'/? < / 0)| d@) v ( /T |§(0)|2d0) v

1/2 1/2
= 10AN"/? ( f(n)2> (Z g(n)2>

< 10AN?/2,

where m is defined so that

)\—2
)\
=1 1<a<q
(a,9)=1

Letting 5, = ’;—;VQ for notational ease, we handle the

/ . fw)aw)@(—e)cze' Ty /

major arc” as follows:

T8 o
s f(0)§(9)1521\7(_0)d0

Q=1 1<a<q |Y ¢
< Z 3 / (6181N%) (V) (V2N) dp
g=1 1<a<gq
< \/_5]\77/22 > 282
g=1 1<a<q

< 105A SN2,
(The bound “10” here is loose and used for simplicity.) We're done by (6.8). O

To complete the plan outlined in Remark 6.5, we need to argue that wém * wgm
“contains” many squares. We start by focusing on particular intervals. We abstract

out from our exact the situation the relevant property of wémk and wgm,k.
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Proposition 6.5.6. Fiz e > 0 and QQ > 1. Let functions wy,ws : Z/QZ — [0,1]

satisfy
> wi(t) > (§+e> Q
teZ/QL
fori=1,2. For large M € N and intervals I; = [k;M, (k; + 1)M], i = 1,2, define
wi(n) = 11,(n):(n mod Q)

fori=1,2. Then we have the lower bound

1 M?3/?
;(wl % wg)(n)lg(n) Z %C(E)\/ﬁ,

where c(€) > 0 is the constant guaranteed by Theorem 6.4.1.

Proof. Let

1 1
J = {(k1+k2+1)M—EM,(k1+k2+1)M+EM

so that for any n € J and a € {0,...,Q — 1}, it holds that

1M
#{melhb m=amod Qandn—m € L} > ——
10 @
(provided M is large enough). Therefore,
D (wixwa)(n)ls(n) =Y > wi(m)wa(n —m)lg(n)
n>1 neJ mel
n—mels
Q-1
= Z Zwl(a)wg(n —a mod Q) Z 1
neJ a=0 m=a mod Q
nes mel;
n—mels
M
> m@ ;(Uh * Wa)(n mod Q)
nes
M&

Note that, for J := {m € N:m? € J}, we have as M — oo that
) ) /]
#{meN:m*eJ, m"=tmod Q} = (1 +0(1))fQ(t)a.
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We lower-bound

1 1 1
> M — _
\J\_2<\/(k1+k2+1)M+10M \/(k:1+k:2+1)M 10M>

_1 1M

2 Gt ey + DM+ EM -\ f(ky + ke + )M — M
Sl M

2 (k1 + ko) M

Combining everything, we obtain

Q-1
D (wy xws)(n)1g(n) > 1](\)442 20% > (@« w2)(t) fot).

n>1

By the assumptions of the current theorem, Theorem 6.4.1 finishes the proof. O
Back to our specific setting, we can now handle wg,, * wg,,.

Proposition 6.5.7. Fize >0,Q € N, andn € %. Then for all large N € N and any
A, B C [N] with |A|,|B| > (2 + €)N, we have

2

A B € €\ ar3/2
Z(wQ;n * me>(n)1S(n> = 50006 <§) N? ’

n>1

where c(€) > 0 is the constant guaranteed by Theorem 6.4.1.

-1

Proof. Tt is easy to see that |A] > (2 4 ¢)N implies there are at least £7~" values of

ked{0,....n7t =1} with [AN Ll > (2 + 2)|I,x]. Therefore, by taking N large

enough, if we let®

[knN]+Q 3 ¢
JV=Skefo,. .t =1 ) wgmk(n)z(gw)cg ,
n=|knN]|+1

then we have |J4| > infl. Defining J® in the analogous way, we by symmetry have

®The choice of summing n over [[knN |+ 1, |knN| + Q] is arbitrary; any @ numbers in I, 5, all
distinct modulo @, would of course be equivalent.
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|JP| > £np~'. The point is that Proposition 6.5.6 (with A/ = nN) then lets us bound

Z(wé;n * wgm)(n)lg(n) - Z Z(ws;n,lﬁ * wg;n,kz)(n)ls(n)

n>1 k1,k2=0n>1

= Z Z(wa%kl *wgmkz)(n)ls(n)

kieJA n>1
koeJB

1 ey (pN)*?
> Y () vim

kieJA
koeJB
1 N 3/2
Z_C(E> (77 ) ‘JAHJB|
200°\2) " /o1
The proof is complete by inserting the lower bounds |J4|, |JZ| > Syt O]

We now put everything together to obtain (a more quantitative version of) our

main theorem.

Theorem 6.5.1. For any € > 0, if N is sufficiently large and A, B C [N] have
|Al,|B| > (% + €)N, then A + B contains a perfect square. In fact, we have the
quantitative

#{(a,b) € Ax B:a+bec S} > 103 N*2

Proof. Let n € %,@ € N be parameters (based on €) to be determined, and set
Q :=lem(l,...,Q). Take N sufficiently large and A, B C [N] with |A],|B| > (2+¢€)N.

As remarked earlier, we decompose
A B A B A B A B
laxlp= Wom * Woyy + fQ;n *Wom + Wom * fQ;n + me * fQ;n'

Proposition 6.5.7 gives
2

A B € € 3/2
;WQW # ) (M) = gie (5) N

and Proposition 6.5.4 together with Lemma 6.5.3 gives

D (o * wh,) (n)1s(n)

n>1

<10 (277@4 +@‘1/2) N3/2,

and the same bound for the analogous inequalities involving wsm * fgm and fS;n * fgm.

Therefore,

S (L4 # 15)(n)1s(n) > ¢ c<€>N3/2 30 (2n@4+@‘1/2) N3/
A B S = 5 - .
o 5000 \2
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Setting n = Q_9/2 and using c(€) > €/3, we obtain

3 (L4 % 1) (n) Ls(n) > ( 5 060 0 —90@‘”2) N2,

n>1

Choosing @ a perfect square (merely so that 7 € &) with @_1/2 < 107 7€3, say, finishes
the proof. O

6.6 Solving the Optimization Problem

We finish the chapter by proving the inequality that Theorem 6.4.1 relied upon. It
could be verified directly by a computer but would take quite a bit of time.

For ag,...,as € [0,1], we let a : Z/247Z — [0, 1] be given by a(i) = a;. Recall, for
a,b € 7Z/247 and t € 7Z /247, we define

(a % B)(®) ::i S a(i)b(t — i)

i€7,/247.

fou(t) == #{j € Z/247 : 5 =t mod 24}.

In this section, we prove the following, stated previously in Section 6.4.

Theorem 6.6.1. For any € > 0, there is some (€) > 0 so that the following holds.
For all ag, . .., a3,b,...,bs3 € [0,1] with E?io a; > 9 +e, Z?io b > 9+ ¢, we have

S (0B farlt) 2 le) + %\/Z 0=y a?\/Z -

tEZ,/247.

In fact, one can take ¢(€) = \/ige.

The proof, with (e) = \/ige, will follow from the proof of the “e = 0”7 case, in
which we also identify the extremizers. We say a is a lift-up of a subset A of Z/8Z if:

a; = 1 if and only if ¢ mod 8 € A, and a; = 0 otherwise.

Proposition 6.6.2. For all ag, . .., g3, by, . .., bas € [0,1] with 372 ja; > 9,32 b; >

9, we have

> (a*b)(t)f24(t)Z%\/Zai—Za?\/Zbi—be

tE7,/247.

with equality if and only if there is some x € Z/8Z so that a,b are lift-ups of {0,1,5}+
x,{2,5,6} —x C Z/8Z.
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We prove Proposition 6.6.2 by first massaging the desired inequality into a ho-
mogeneous quadratic form. It is of course easy to check the “if” implication of the
equality part of Proposition 6.6.2; the “only if” direction will follow from equality
needing to hold at each step of the proof and equality holding only for the claimed

extremizers at the end of the proof.

By the arithmetic-geometric inequality, it suffices to show

> (@bt 2 52 (Zaz LRSI —Zb2>

tEZ,/247.

for all a;,b; € [0,1] with >~ a;, >, b; > 9. Since® %xy > +yif z,y > 9, it suffices

to show
Z (a*D)(t) fou(t) > 2\/_< z:otZ Zb Zﬁ-Zb?)
tE7,/247, i i

for all a;,b; € [0,1] with > .a;, > .b; > 9. Of course it then suffices to prove the

inequality for any non-negative reals a;, b;.

Proposition 6.6.3. For any ag, bo, . . . , as3, bas € [0,00) one has
1
> (axb)(t)fault) > Zaz Zb DD DA
teZ,/247 25 i i

We will present a proof of Proposition 6.6.3 due to Fedor Nazarov. The (quite

ingenious) proof significantly reduces the computational power needed.
Proof.
Step 1: Reduction to a norm inequality in a single (non-negative) variable.

Using that

Y (axb)(O)faalt) = Y (@ faa)(1)b(2),

t€7,/247, t€7,/247.

where a(i) := a(—i) and

(Za) <Zb> =24 Y (@ 1)(t)b(1)

LEZ /247

SIf z,y > 9 + ¢, then 2zy > x + y + 2¢, which is why ¢/(e) := %e suffices.
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where 1 : Z/24Z — [0,1] is the constant function = 1, we wish to prove

> (arBr-2vn)asn < 3 law? +owr).

tET,/247. teZ,/247.

We may, of course, ignore the distinction between a and a, so we drop the ~ from
here on”. Since 2zy < 22 + y? for all z,y € R, it suffices to show

1/2 1/2

I CRIE SIS [CIOEET 0 Sit00 I D SR 0SB

teZ/247 teZ/247 teZ /247

which we write more compactly as
{ax@,b) < 2l|all2[b]]2,
with ¢ := 13—611 — 2/5fa4. Since b(t) > 0 for each t, it suffices to prove
((@x @)+ b) < 2lalls]bl]
By Cauchy-Schwarz, it then suffices to prove

(@ * @) lly < 2f|alls

for each a : Z/247 — [0, 00).

Step 2: Showing the maximizer is an eigenvector of a related operator.

By compactness, let a = @ be a maximizer of ||(a * ¢)4||2 subject to |jal]|s = 1 and
a > 0 (pointwise). Let 0 : Z/24Z — R satisty |o(t)| < @(t) whenever a(t) > 0 (think
g — 0). Then

}}((6+8)*¢)+||§_||(a*(p)+||§: [( (@ o)( 0*%0)(t)>i— ((a*w)(t)i]
t€7,/247
=2 3 (@+9)0) G0 +0 (1)
tE7,/247,

—2((@x¢)s Fxp) +0 (7))
:2<(a*gp)+*<,0, >+O(||UH ),

where the second equality used the fact that (z+y)3 —22 = 2yx, +O(y?) for any reals
x,y with |y| < |z|, and in the last equality, we again use the notation ¢(-) := ¢(—-).
Let v: Z/24Z — R be v := (a * ) * ¢ so that

"However, the reader should keep in mind that we are “mirroring” the extremizers.
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1(@+3)*0), ]I, = @ )4l = 2(8,5) + O (II5]) -

We see that no t € Z/24Z can satisfy a(t) = 0 and v(¢t) > 0, for otherwise we could
let o(t) = +a for some (very) small a > 0, o(t') = —¢ for some ¢’ with a(¢') > 0 and
appropriate 6 > 0 (which will be O(a?)), and & = 0 elsewhere, to have

Y

la+35|z=1 and |[((@+73)*¢),| >|@xe),

contradicting the maximality of @. And similarly no ¢ € Z/24Z can satisfy a(t) > 0
and (t) < 0. Therefore, vy is positive exactly when @ is, and each are 0 otherwise.

This implies

for some A > 0, for otherwise one could make 2(7,7) + O(||7||?) negative for suitable

small 7, contradicting the maximality of @. To end this step, quickly note

1@ @)1l = (@x @), @+ 0)s) (6.9)

Step 3: Choosing a convenient norm.
We are given a : Z /247 — [0, 00) satisfying
(@x )y * @), =Xa

and, by (6.9), we wish to show A < 4. It suffices to find a function (“norm”) N :
[0, 00)%/24% — [0, 00) satisfying the multiplicativity condition

N(va) =yN(a) (6.10)
for all v € [0,00) and a : Z/247 — [0,00), and the two (dual) norm bounds
N (0% ):) < 2N(a) (6.11)

N ((a %)) < 2N(a) (6.12)
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for all a : Z/247 — [0, 00). Indeed, with such a norm N, we have

AN(@) = N(XG) = N( (@ 9)s + ), ) <2N((@x)s) < 4N(@),
Motivated by the (conjectured) extremizers, we use the norm

N(a) := max (9]|al[oc, [la]l1) -

Step 4: Showing the desired norm bounds.

It is clear that N satisfies condition (6.10). To prove (6.11), we may normalize to
N(a) =9 so that it suffices to show

{Hallooél } {\I(a*so)+\loo§2 }
— ,
lally <9 (@ @)1 <18
where, to recall,
16

= 31 — 2\/5f24~
So take a : Z /247 — [0, 00) with ||a|l < 1 and ||a|l; < 9. Then we easily have
1 1 16
< — No(t — ) < — - — .9 =2.
[(a* ) 1]l < hax of > alj)e(t—j) < 51 3 9
JEL/247,

As a — ||(a*p),]|]1 is convex, it simply suffices to check that ||(a* )||; < 18 for all
a € {0,1}** C [0,1]%/?*2, We may assume WLOG that ag = 1, so that there are only
22:0 (215’ ) < 10° cases to check, which is easily handled by a computer.

We do everything analogous to establish (6.12) as well.
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Below is the python code, presented in two columns to save space.

import math
import itertools

c=10
£f=10 for j in range(1,24):
for t in range(0,24): c.append(j)
suml = 0 maxl = 0
for j in range(0,24): max2 = 0
if ((§*j)%24 == t): for k in range(0,9):
suml = sumi+1 for A in itertools.combinations(c,k):
f.append (sum1) A = list(h)
phi = [] A.insert(0,0)
for t in range(0,24): a=1[]
phi.append(16/3-2*math.sqrt (5)*f [t]) for j in range(0,24):
phit = [] if (j in A):
for t in range(0,24): a.append (1)
phit.append(phi[23-t]) else:
) a.append(0)
def h(a,psi): vl = h(a,phi)
suml =‘O v2 = h(a,phit)
for t in range(0,24): maxl = max(max1,v1)
sum2 = 0 max2 = max(max2,v2)
for j in range(0,24): if (vl >= 17.99):
sum2=sum2+a[j]*psi[(t-j)%24] print ("extremizer - "+str(a))
sum2 = sum2/24 if (v2 >= 17.99):

sum2 = max(sum2,0)
suml = suml+sum2
return sumil

print ("extremizer for dual - "+str(a))
print (max1)
print (max2)

The output of the python code is as follows.

extremizer - [1, 1, 0, 0, 1, 0, 0, 0, 1, 1, 0, O, 1, 0, O, O, 1, 1, O, O, 1, O, O, O]
extremizer for dual - [1, 1, 0, 0, 0, 1, 0, 0, 1, 1, 0, O, O, 1, 0, O, 1, 1, 0, O, O, 1, O, O]
extremizer for duwal - [1, O, O, 1, 1, O, O, O, 1, 0, O, 1, 1, 0, O, O, 1, O, O, 1, 1, O, O, O]
extremizer - [1, 0, 0, 1, 0, 0, 0, 1, 1, 0, O, 1, 0, O, O, 1, 1, 0, O, 1, 0, O, O, 1]
extremizer - [1, 0, 0, 0, 1, 1, 0, 0, 1, 0, 0, O, 1, 1, 0O, O, 1, 0, O, O, 1, 1, 0, O]
extremizer for duwal - [t1, O, O, O, 1, O, O, 1, 1, 0, O, O, 1, O, O, 1, 1, O, O, O, 1, O, O, 1]

18.000000000000004
18.000000000000004

Since we printed all a for which [[(a * ¢)||1,||(a * @)4]1 > 17.99 and the ones
printed have ||(a * ¢)4 |1, [|(a * @)4|1 = 18, the +4 - 107" (added to 18) is merely a

computer-induced rounding error.

We finish by analyzing the extremizers. We obtained only 3 of the 8 conjec-
tured extremizers; however, we assumed WLOG that ay = 1. Translating the out-
putted extremizers indeed recovers all 8 conjectured extremizers for a. Since such
a have > ,a; — Y ;a? = 0, the only extremizing b, for a given a, must satisfy
Yo (axb)(t)fou(t) = 0, ie., a+ b “contains” no squares. Since all extremizers a
are translates of one another, we may focus on a particular extremizer a. Then, as is

easily checked, b is uniquely determined merely by “process of elimination”. O]
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Chapter 7

On the length of Pierce expansions

7.1 Summary

For a given positive integer n, how long can the process z +— n (mod z) last before
reaching 07 We improve Erdés and Shallit’s upper bound of O(n3*<) to O(n3~ 1<)
for any € > 0.

7.2 Introduction

The continued fraction expansion of a real number x € (0, 1), given by

1
=
al + ag+...

plays an important role throughout number theory, where the terms a; can be ex-
tracted, for example, from the iterated process t — % (mod 1) beginning with ¢ = x.
It is well-known and not difficult to see that the continued fraction expansion of a
real number z is finite if and only if x is a rational number. And if z is rational,
the sequence of terms a; produced are exactly the quotients produced by the classic

Euclidean algorithm applied to the numerator and denominator.

In this chapter, we are concerned with the Pierce expansion of a real number
x € (0,1), introduced by Pierce [52] and named by Shallit [58]. Here, the expansion

is of the form
1 1 1

T T biby | biboby

where now the terms b; can be extracted from the iterated process ¢t — 1 (mod t)

beginning with ¢ = x. It is also not difficult to see that the Pierce expansion of a real

number z is finite if and only if x is rational (see, e.g., [58]). And if = is rational, the
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sequence of terms b; produced are exactly the quotients produced by an algorithm

that at first glance appears similar to Euclid’s algorithm.

Let us give an example of the algorithm. Say x = % We start with 13 and

repeatedly obtain successive integers by reducing 35 modulo the current number. For

example,
35=2-1349
35=3-9+8
35=4-8+3
35=11-34+2
3B5=17-2+1
35=35-140

gives rise to

1 1 1 1 1

13 1
352 2.372.3.4 2.34.11 2.3.4.11-.17 2.3.4.11-17-35

Motivated by the known fact that the Euclidean algorithm used to divide a positive
integer a by a positive integer ¢ terminates after O(log q) steps (which is sharp), it is
natural to ask how quickly must the above algorithm terminate, as a function of the

denominator, no matter what the numerator is.

To this end, for positive integers a,n € N, define P(a,n) to be the first positive
integer k such that a; = 0, where qg := a and a;41 =n (mod a;) € {0,1,...,a; — 1}
for 7 > 0. In the above example we have P(a,n) = P(13,35) = 6. Since we only
concern ourselves with the “length” of the algorithm, one need not keep track of

quotients and may compress for instance the above example to

35 (mod 13)=9
35 (mod 9) =8
35 (mod 8) = 3
35 (mod 3) =2
35 (mod 2)=1
35 (mod 1) =0.
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Noting P(a,n) = 2 if a > n, we set

P(n) := max P(a,n).

1<a<n
The problem we consider is to obtain bounds on P(n). Shallit [58] proved, using purely
“archimedean” arguments, that P(n) < n2*¢, while P(n) = Q(logl%) for infinitely
many n. The upper bound was improved by Erdés and Shallit [23] who leveraged
“arithmetic” arguments to combine with the previous “archimedean” ones. They
established P(n) < nate (see Section 7.3 for our conventions regarding Vinogradov
notation) and they also improved the lower bound to P(n) = Q(logn) for infinitely
many n. These bounds have since remained the state of the art, with the exponent

1/3 representing a natural barrier.

In this chapter, we improve the upper bound on P(n), (slightly) pushing past the
1/3 barrier.

Theorem 7.2.1. We have

We did not put substantial effort into optimizing the exponent gain achieved in
Theorem 7.2.1; we could not, however, see a way to improve the upper bound to

O(n®) using our techniques (or any others).

Secondly, we establish a lower bound that applies to all n € N. As we can tell,
the best bound known prior was Q(loglogn).

Theorem 7.2.2. We have the lower bound

logn
P
(n) > log logn

for all sufficiently large n > ny.

As one can see, there is an exponential gap between the best known lower and
upper bounds on P(n). We hope this chapter will reignite interest in determining the
true asymptotics and related questions. In this same vein, since the problem is quite
simple-to-state and is potentially prone to elementary methods, we strive to make

this chapter as self-contained as possible.

In Section 2, we define the notation we use throughout the chapter. In Section
3, we give the proof of our main theorem, Theorem 7.2.1. In Section 4, we give the
proof of the lower bound, Theorem 7.2.2. Finally, we provide in the appendix the

definitions and theorems we import from the analytic number theory literature.
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7.3 Notation

We use the standard Vinogradov notation, in which, we write A < B (and equiv-
alently B > A) to denote that |A| < C|B| for some C' > 0 that is either absolute
or depends only on €. We write A < B to denote that both A < B and B < A
hold. We further, for a parameter (3, use the notation <g and =<z to mean that the
implicit “constant” C'in the inequalities can depend on (3. For brevity, throughout
the chapter we do not explicitly say “for all € > 0”7 in statements involving . For

positive integers a, A € N, we write a ~ A to denote A < a < 2A.

7.4 Tools from analytic number theory

In this section, we prove some results that are standard and often used in analytic

number theory.

7.4.1 Construction of a bump function

In this subsection, we give an explicit example of a bump function used to prove

Theorem 7.2.1. Precisely, we construct a C'**° function w : R — R satisfying
Tg(z) S w(z) < Tigg(z)

for all z € R.

Define 1 : [0,1] — [0, 1] by

Clearly ¢(0) = 0 and ¢(1) = 1. Furthermore,

1
exXp (_Jr(l—x)
1 1
fO €xXp <—@) dt

shows 1" and all of its derivatives vanish at x = 0 and at x = 1.

W(x) =

Therefore, we can take our bump function w to be

¢

0 T < —2
Px+2) —2<zxr<-1

w(zr) =<1 —-l<z<l1
Y2—2) 1<x<2
0 T > 2.
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7.4.2 Poisson summation

In this subsection, we state the Poisson summation formula, which we make critical
use of in the proof of Theorem 7.2.1. We first define functions that behave nicely

enough for Poisson summation to apply.

Definition 7.4.1. We that a function f : R — C is Schwartz if f is infinitely differen-
tiable and satisfies
}f(j)(xﬂ <in (T+]z)™N

for all j, N > 0. If f is Schwartz (for example), we can define its Fourier transform

to be the function f : R — C given by

f(&) = /OO f(x)e(—¢Ex)d.

Proposition 7.4.2 (Poisson Summation). Let f : R — C be a Schwartz function.

Y Sk =) fr)

kEZ reZ

Then we have the identity

We make use of the following corollary, obtained by writing h = kb — n and
applying Poisson summation to k +— f(kb —n).

Corollary 7.4.3. Let f : R — C be a Schwartz function. Then, for any positive

integers n,b € N, we have

> =53 (5)7 ()

heZ reZ
h=—n(b)

7.5 Proof of main theorem

In this section, we prove our main theorem, that P(n) < n3~ 7. We do this by
establishing bounds for the amount of time the process (algorithm) spends in dyadic

intervals.

For the rest of this section, fix a (large) positive integer n and a positive integer

ap, letting a1 =n (mod a;) for j > 0.

Write
T(A) := #{j >0:a; ~ A}.
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The first bound we present on T'(A) was proven in [58] and is due to “archimedean”

reasons.

Lemma 7.5.1. We have T(A) < 3% + 2.

Proof. For j > 0, let b; = L;—]J, so that # <a; < % We claim that bj 11 > b;

for each 7 > 0. Indeed, if not, n = bja; + a;j11, so aj41 > =

bj—}—l
a contradiction. Therefore, since a; ~ A

implies n(b; + 1) —

bjaj(b; + 1) > n, which yields a; < T
J

implies b; € [5%5 — 1, %), the desired bound follows. n

Note that Lemma 7.5.1 combined with the trivial T(a) < a already establishes
the bound P(n) < n'/2. The second bound we present improves this trivial bound,

by taking advantage of “arithmetic” properties of the iterative process. It was proven
in [23].

Lemma 7.5.2. For 1 < A <n, we have the bound
T(A) < Azn’.
Proof. If T(A) <1, we are done, so suppose that T(A) > 2. Let

4A
J {j >0:a;~A a; —ajy < (A)}

Note that

Y 1=T(A)-1> %T(A), > (aj—ajn) <A

j=0 j=0
aj,aj+1~A aj,aj+1~A

It follows that

. 4A 1
#{j >0: a; NA,aj — Qj41 > m} < A_LT(A)’

so #J > 1T(A). Now, note that for all j,
ajr1 =n mod (a;) = a;|n+a; — aji.
We obtain that

T(A)<<#j§#{(a,h):O<h§%,a~A}g > Y
h< A4 a~vA

ST(A4) ajnth
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By the divisor bound, > i 1 <d(n+ h) < nf, so we obtain
aln+h

T(A) < %ng.

Rearranging yields the desired result. O]

Together, Lemmas 7.5.1, 7.5.2 applied to the ranges A > n?*3 A < n?/3 respec-
tively, give the bound P(n) < n3*e. To obtain a bound of n%"”e, it therefore suffices
to show that T(A) < n3—%*¢ for A € [n372 n3™8]. This is the content of Proposi-
tion 7.5.3 for sufficiently small 6. To do this, we use of the arithmetic information
obtained by analyzing two consecutive jumps. In the end, we are reduced, roughly,
to obtaining a power saving over the trivial bound for the sum

> ef3)

b~nl/3

Such bounds follow from standard exponential sum bounds. In our case, we use the

exponent pair (g + ¢, % + 5) of Bourgain [?]. Much simpler methods would have also

worked, to give a slightly worse saving over the trivial bound (the van der Corput

A-process, followed by the B-process, for example).

Proposition 7.5.3. Suppose that 6,n > 0 are such that

2 2
Then, for n3=2° < A <n3*° we have

1 1 1 4 349 13
T(A) < n§+26—77 + ng—é + n§—§+ﬁ5+gﬁ+8

Before proving Proposition 7.5.3, let us first quickly spell out how our main the-

orem, Theorem 7.2.1, follows.

Proof of Theorem 7.2.1 assuming Proposition 7.5.3. Take

9
5= = p—35
177"

It is easy to check that 9, n satisfy the hypotheses of Proposition 7.5.3. We have that

P(n) <1+ Y T(A),
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where the sum over A runs over powers of 2. The contribution of A > nsto

Lemma 7.5.1,

is, by

n 1_5
2
n3+6<A§n

By Lemma 7.5.2, the contribution of A < n3=2 is

«nt Z A < n%"”e,

A<n%_25
For ns=20 < A < n%M, by Proposition 7.5.3, we have that
T(A) < ni=o,

since

177
Then, summing over A in [n3720 n3%9] at the harmless cost of O(logn), the the

desired result follows. O

Proof of Proposition 7.5.3. Suppose that T'(A) > T, = n3=%, for we are done other-
wise. Let m be so that a7 < A < apyra)y-1 < -+ < apy < 2A. Then, for a
positive proportion of m + 2 < j < m+ T(A), we have that
4A

Qj—2 — Gj S H = ?0
We record the bound n3 =% < H < n3+2, Call the set of such 7 J. Consider some
Jj € J, and write a = aj_9,a — h = a;_1,a — h — h' = a;. Then, as in the proof of
Lemma 7.5.2, we have

aln+ hya — hin + h'.
In particular, there exist b < n/A, k such that ab =n + h,(a — h)(b+ k) =n+ h'.
Dividing these two, we obtain that

k H
1+-=1 =
e +o(A),

so |k| < &2 Also, note that
|(b+ k)h — ak| = |ab— (a — h)(b+ k)| < H.

For k # 0, we have that (b+ k)h = ak + O(H), so

ak AH abk AH nk AH
h_b+k+0( " )_b(b+k)+0(7) _b(b+k)+0<7>
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since Hk/B* < H/B = AH/n. Write Hy = Recall that 7 <  — 0, so

b+k

2
I‘I()’fl_v7 > % > nA_T,,O Af

It follows that for some sufficiently large C' > 0, 1jp—poj«am/m < Ljp—my<z With

L = CHyn™". The reason for this maneuver is to lower the “analytic conductor” of

the phase in the resulting exponential sum so that we may get superior savings when

we execute the sum over b. O

Theorem 7.5.4. Let n be a (large) positive integer. Let A,k be positive integers
satisfying

Then, letting

HO(b) = L = CHQ(%)TL_”,

we have

Z Z Z 1|h Ho(b)|<L <<n126+§i77+84514 sans

|k|<Hn/A2 h<H bln+h
b=xn/A

Zzllh—Ho|§L< Z Z Z <h Ho)

h<H bln+h |k|<Hn/A2 bxn/A h=—n(b)
b=n/A

Proof. Take some smooth w so that 1j_; 1) < w < 159 (see Section 7.4). Then, we

have

By Poisson summation (see Proposition 7.4.2),

> () - 2 () (5)

b=xn/A h=—n(b) bxn/A rEL

_Z Z —e( n+H0))

re€Z bxn/A

S5
N
=&
~__

The contribution of the zero frequency, r = 0, is



which is acceptable. It remains to bound the contribution of || > 0, and we suppose

from now on that |r| > 0. Defining

nk

Hy(z, k) := m,

a quick computation shows, for zo < n/A, that

A’ r(n+ Hy(z, k))
dxd T

- —J
=; rAxy’.

r=x0

By Theorem 6 of [?], we have the exponent pair (52 + ¢, 22 4 ¢) (see §8.4 of [34]
for a definition; note that in the notation of [34], we instead have the exponent pair
(13/84,13/84)). By partial summation (see, e.g., [44, Lemma 2.2]), the fact that
w, (w)" are Schwartz, and that |r| > 0 (which implies that |r|A > n/A, so (8.56) of
[34] holds), we have for some ¢ > 0 that

Z . (r(n+zo(b, k;))) n{)Aw ( b ) '

bxn/A
Lr —2022
< (1 + n/_A ) sup
t<n/A cen/A<b<t

L |\ 7202 [ A2[r[\ 57 ny B
1+ |—— =0 - .
<(efm) (7)) G

Putting this all together, we obtain that

R RG]

|k|<Hn/A? bvn/A

b

(r(n+ Hoy (b, k))) ‘

55

<<Hn An" 84<n>§i ¢ n é%nT;%(n)sj .
— [ — — -n n — n
A2 H A AT, o \A

13_ 135 1.55 55
< n n8477n5 874_@571,5 s1ts1 26

4349
«Ln I TR OtE 77+‘€

The desired result follows. O]

87



7.6 Proof of improved lower bound

In this section, we prove Theorem 7.2.2, repeated below for the reader’s convenience.

Theorem 7.6.2. There exists ¢ > 0 so that

logn
P(n) > c—2—
(n) 2 Clog logn

for alln > 1.

Shallit [58] and Erdds-Shallit established lower bounds for P(n) of clolgol% and
clogn, respectively, (only) for positive integers n such that n + 1 is divisible by all
sufficiently small positive integers. Such positive integers n will cause the process
x +— n (mod x) to repeatedly decrement by 1 at the end. We establish a lower bound
that is valid for all positive integers by choosing a starting number based on n that
causes the process = +— n (mod x) to repeatedly decrement by 1 at the beginning,

for “archimedean” reasons rather than “arithmetic” ones.
We will need the following elementary lemma.

Lemma 7.6.3. There exists ¢ > 0 so that the following holds for sufficiently large

n € N. For any k € N with k < ¢; 1°1gg , one has

k .
kL) C 1)
= J! e k—+2

Proof. Note, from the power series for e~!, that

k (1) 1 1 1 1 1
(—1)"(k+2)k! (Z T E) = 1+(k+3)(k:+1)_0 <k3) = 1+E—O (k3)

J=0

El(k+2)

which is greater than 1 + k+2) for sufficiently large n, by assumption. O

Proof of Theorem 7.2.2. By adjusting the implied constant, we may assume n is suf-
ficiently large. Let a = (1 — 2)n], ag = a, and axyy = n (mod ai) for k > 0. Let
bo = (1 — )n and by = (—1)*k! (Z] 0 U %) n for k > 1.

7!

We show P(a,n) > ¢ 981 _ “wwhere ¢ > 0 is as in Lemma 7.6.3.
oglogn

We prove inductively that |a; — bx| < k! and ax = n — kay_1. For k = 0, the first

is clearly true. The second is true for £ = 1 and thus so is the first. Now assume they
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are both true for some k£ > 1. We have by Lemma 7.6.3 that ay > b, —k! > kL+2 Since

[ 2= ] must strictly increase, we have aj, < $37. Therefore, a1 =n — (k+ 1)axy and

thus |agr1 — b1 =|(n — (k+ Dag) — (n— (E+ Dbg)| = (E+1) |ax — b] < (k+1)!.

n_ logn
We have thus shown a; > 15 > 0 as long as k < ¢ .
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Chapter 8

Approximate union-closed
conjecture

8.1 Summary

A set system is called union closed if for any two sets in the set system their union is
also in the set system. Gilmer recently proved that in any union closed set system,
some element belongs to at least a 0.01 fraction of sets and conjectured that his
technique can be pushed to the constant %5 We verify his conjecture; show that
it extends to approximate union closed set systems, where for nearly all pairs of sets
their union belongs to the set system; and show that for such set systems this bound

is optimal.

8.2 Introduction

The union closed conjecture is a well-known conjecture in combinatorics.

Definition 8.2.1 (Union closed set system). A set system F is union closed if for all
A, B € F we have AUB € F.

Frankl introduced the conjecture that for any finite union closed set system F,
there is an element in at least % of the sets of F. Recently, Gilmer [27] established the
first constant lower bound for this conjecture, obtaining 1(1)—0 in place of % Gilmer con-
jectured that his technique can be sharpened to give the constant v := %5 ~ 0.38.
Below we verify his conjecture, and also show that it is optimal for “approximate”

union closed set systems.
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Definition 8.2.2 (Approximate union closed set system). Let 0 < ¢ < 1. A set system
F is c-approximate union closed if for at least a c-fraction of the pairs A, B € F we
have AU B € F.

Informally, we say that F is approximate union closed if it is 1 —o(1) approximate
union closed. The following theorem shows that in any approximate union closed set

system, some element is in a 1) — o(1) fraction of sets.

Theorem 8.2.3. Let F be a (1 — ¢)-approxzimate union closed set system, where

e < 1/2. Then there is an element which is contained in a 1 — § fraction of sets in
F, where § = 2¢ (1 + %).

The threshold of v is optimal for approximate union closed set systems, as the

following example shows.

Ezample 8.2.4. Let n be large enough, and define the following set systems over [n]:
Fr={ze{0,1}": |z| = yn+n*?}, Fo = {x € {0,1}" : |z| > (1—)n}, F = FLUF;.

One can verify that: (i) F is 1 — o(1) approximate union closed (using the fact that
1 — 1 = 2¢p —?); (ii) that |Fo| = o(|F1]); and (iii) that hence each element i € [n]

is in at most ¥ + o(1) fraction of sets in F.

8.3 Preliminaries

All logarithms are in base two. Let h(z) = —(zlogx+ (1 —xz)log(1—x)) be the binary
entropy function. Let p =1—1 = @ be the positive root of 22 +x—1 = 0. We will
rely on the following analytic claim which we verified using a computer simulation.

It has been proven rigorously in [3].

Claim 8.3.1. The minimum of % for x € [0,1] is obtained at © = .

8.4 Analytic claims

Let f:[0,1]> = Rsq be defined as

h(zy)
)y + h(y)z
for (x,y) € (0,1)? and extended (continuously) to [0,1]* by setting f(z,y) = 1 if
r € {0,1} or y € {0,1}.

f(x,y) = i
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Claim 8.4.1. The function f is minimized at (p,p). At this point f(p, ) = i.

Proof. First, by routine calculations one can verify that f is indeed continuous on
[0,1]? and that f(z,y) < 1 for (x,y) € (0,1)%. Thus, the minimum of f is attained
in (0,1). Next, let g(z) = h(m), which is defined on (0, 1), and note that

T

_ g(zy)
He9) = )+ o)

We first show that f is minimized on the diagonal, namely at some point (z,x).

Assume that f is minimized at some point (z*,y*), and let a = f(2*, y*). Define

F(z,y) = g(xy) — a(g(z) + g(y)).

Then F(z,y) > 0 for all z,y € (0,1)? and F(z*,y*) = 0. Thus the partial derivatives

of F' must be zero at the minimum point:

OF OF

*

Evaluating the derivatives gives

oF oF

%(% y) =g'(zy) -y — ag'(v), 8_y(x’ y) =g'(zy) -z — ag'(y).

Define G(z) = z¢'(z) and note that we obtained that G(z*) = G(y*). A direct
calculation gives ¢'(z) = log(z%:”), which implies that G is monotonically decreasing,
and so we must have x* = y*.
Finally, restricting to x = y, we have
_ h(=?)
2xh(x)

f(z, )

Claim 8.3.1 gives that f(x,r) is minimized at = . Since p? = 1 — ¢ we have
h(*) = h(p) and hence

flp, ) = i~

Corollary 8.4.2. For z,y € [0, 1] we have

bay) = 5= (ohto) + vh(o)).
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8.5 Proof of the main theorem

Claim 8.5.1. Let A, B be two independent random variables taking values in {0, 1}".
Assume for all i € [n] that Pr[A; = 0] > p and Pr[B; = 0] > p. Then

H(AUB) > 23 (H(A) + H(B)).

¥
Proof. The chain rule and data processing inequality yield
H(AUB) =) H(AiUB|(AUB).) > > H(A;UBi|As, Bs).
1€[n] i€[n]

Let p(x) = Pr[A; = 0|A.; = z] and ¢(y) = Pr[B; = 0|B.; = y]. Then by Corol-
lary 8.4.2

1

H(Ai UB|Ac; =2, By = y) _ h<p(x)q(y)) > 5

(p(e)la)) + a()h(p(x))).

Averaging over A_;, B.; which are independent gives

H(A U BA Ba) 2 5 (Bailp(d)] Ea, a(Ba))] + B fa(Boo) - Eas, [b(o(4<0)])

Using the assumption that Pr[A; = 0] > p and Pr[B; = 0] > p gives
H(A;UB;) > % (H(AlA<) + H(BB)).

The claim follows by summing over i € [n]. O

Proof of Theorem 8.2.3. Let F be a (1 —¢)-approximate union closed family over [n].
Let p = min,cp,) Pracr[A; = 0], where our goal is to lower bound 1 —p. Let A, B € F

be uniformly and independently chosen. Claim 8.5.1 then gives

p p
HAUB) > o (H(A) + H(B)) = " log| 7.

Next we show that H(A U B) cannot be much larger than log|F|. Let I be the
indicator for the event AU B € F, where by assumption Pr[/ = 1] > 1 — . Then

H(AUB) < H(AUB, I) = H(I)+H(AUB|I = 0) Pr[I = 0]+ H(AUB|I = 1) Px[I = 1].

We bound the terms one by one. First, since [ is binary and Pr[l = 0] < e < 1/2
we have H(I) < h(e) < 2elog(1/e). Next, when I = 0, we use the naive bound
H(AUBI|I =0) < H(A,B|I =0) < 2log|F|. Finally, when I = 1 we have that
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AU B|I =1 is a distribution supported on F and so H(AU B|I = 1) < log |F]|.
Putting these together gives

Blog |F| < H(AU B) < 2¢clog(1/e) + (1 + 2¢) log | F]|.
¥

We thus obtain

log(1/e)
l—p>1—p—2e 14+ —"22).
pelTemE ( " Tog 7]
The proof follows, as 1 — ¢ = 3’2\/5 = 1. O]
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