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Abstract

We find a complete characterization for sets of uniformly strongly elliptic and isotropic
conductivities with stable recovery in the L? norm when the data of the Calderén Inverse
Conductivity Problem is obtained in the boundary of a disk and the conductivities are con-
stant in a neighborhood of its boundary. To obtain this result, we present minimal a priori
assumptions which turn out to be sufficient for sets of conductivities to have stable recovery
in a bounded and rough domain. The condition is presented in terms of the integral moduli of
continuity of the coefficients involved and their ellipticity bound as conjectured by Alessandrini
in his 2007 paper, giving explicit quantitative control for every pair of conductivities.

Keywords: Calderén Inverse Problem, Complex Geometric Optics Solutions, Stability,
quasiconformal mappings, integral modulus of continuity.
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1 Introduction

Let v be a strongly elliptic, isotropic conductivity coefficient in a bounded domain © C C, that is
v : C — R, with supp(y — 1) C Q and both « and its multiplicative inverse v~ bounded above
by K < co modulo null sets, which we summarize as

v € G(K, Q).
For 1 < p < o0, the set G(K, Q) is a metric space when endowed with the LP-distance

PSR
dist), (v1,72) = Im1 — 12l 1o ()-

The conductivity inverse problem, proposed in 1980 by Alberto Calderén (see [Cal06]), consists in
determining - from boundary measurements. This measurements are samples of the Dirichlet-to-
Neumann (DtN) map A, : H/2(0Q) — H~/2(9) which sends a function f to v2%, being v the
outward unit normal vector of 9Q and u the solution of the Dirichlet boundary value problem

{V ~(YVu) =0,

ujpo = f.

(1.1)
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See Section 2.1 for the precise weak formulation of this equation and the DtN map.

In dimension 2, after the milestones [Nac96] and [BU97], Astala and Péaivérinta showed in
[APO06] that every pair of conductivity coefficients v1,v2 € G(K, Q) satisfies that A,, = A, if and
only if 74 = 7. In higher dimensions, there are uniqueness results which require some a priori
regularity of v (see [CR16, Hab15, HT13, BT03, SUS8S)).

Nevertheless, for the problem to be well-posed the inverse map A, — 7 should be continuous
in some sense. Only then we have a chance that in real life situations, if our sample differs slightly
from the DtN map of a certain body, then the solution we get is a good approximation of the
conductivity of that body. Alessandrini showed in [Ale88] that this is not possible in the L°-
distance unless one imposes a priori conditions. In fact, G convergence gives explicit examples of
highly oscillating sequences such that convergence of the DtN map does not imply the convergence
of the conductivities in any distg distance (see [AC08, FKR14]).

In [BFRO7] this problem was solved assuming that the space of conductivities is L= NC*(Q2) by
a cunning adaptation of Astala and Paivarinta arguments, to obtain stability in the L°°-distance
for Lipschitz domains. Later on, in [CFR10] that result was extended to non-smooth conductivities,
as long as they belong to a fractional Sobolev space H*(2) and showing stability with respect to
the LP-distance with p < co. Estimates for rough domains were obtained in [FR13]. Previous
remarkable steps can be found in [Ale90, Liu97].

The purpose of the present paper is to characterize the subsets F C G(K,Q) such that the
inverse map is L?-stable for these conductivities. The condition studied is to have a uniform
integral modulus of continuity of exponent p for 1 < p < oo, under which L2-stability is shown, the
condition being necessary when 2 = D and the conductivities are constant in a neighborhood of
the boundary. Incidentally, every uniformly elliptic conductivity has a bounded integral modulus
of continuity for every finite exponent.

Definition 1.1. An increasing function w : Ry — Ry with lim;_,ow(t) = 0 is called modulus of
continuity.

Let f : R? = C be a measurable function and let 0 < p < co. We define its integral modulus of
continuity of exponent p, or p-modulus for short, as

wpf(t) = \Slllp ||f - Tyf”Lp for 0 <t < oo,
y[<t

where we wrote T, f(x) = f(z — y).

Note that wy, f is increasing by definition. If f € LP with 1 < p < oo, then w),f is a modulus of
continuity by the Kolmogorov-Riesz Theorem (see [HOH10, Theorem 5], for instance). However
this is not true for L°°, since lim;_,¢ weo f(t) = 0 is equivalent to uniform continuity of f.

Next we define the families of conductivities under study:

Definition 1.2. Let v € G(K,Q) for 1 < K < oo. Let 0 < p < 0o and assume that for a certain
modulus of continuity w we have the pointwise bound wyy < w. Then we say that v € G(K,Q,p,w).

Definition 1.3. Let 0 < p < co. We say that a family of conductivities F C G(K,Q) is LP-
stable for (recovery in) S if the map A, — =y is uniformly continuous in A(F) with respect to the
(semi)distance dist;2 in F.

The main result of the paper is summarized in the following theorem.

Theorem 1.4. Let K > 1, let 1o < 1 and let F C G(K,roD). The family F is L?-stable for D if
and only if there exists a modulus of continuity w such that F C G(K,roD,2,w).

Theorem 1.4 is divided in two parts. The necessity of the condition is based on a compactness
argument and it requires that the conductivities involved coincide near the boundary:



Theorem 1.5. Let K > 1,0 < s < o0 and rg < 1. Let F C G(K,roD) be an L*-stable family of
conductivities for recovery in D.
Then for every 0 < p < oo there exists a modulus of continuity w such that F C G(K,Q, p,w).

As pointed out by Alessandrini in [Ale07], whenever the forward map is continuous in a compact
subset of G(K, Q) with the LP-distance, the inverse map is continuous by trivial arguments (and
it is well defined by [AP06]). Given any set D compactly supported in a domain €2, one can check
that the forward mapping is continuous in every LP by using the higher integrability of the gradient
and Lemma 2.3 below. The family G(K, D, p,w) is compact in the metric space G(K, ) endowed
with the LP distance by the Kolmogorov-Riesz criterion and, thus, it is always LP stable for (2,
finishing the proof of the sufficiency, but this reasoning does not provide us with information on
the modulus of continuity of the inverse mapping.

In Theorem 1.6 below we give a quantitative version of this result and we do it without any
assumption on the continuity of the forward mapping, solving all the questions posed in [Ale07] on
the minimal a priori assumptions for stability in dimension 2. The argument is quite deeper, and
it works in a rather general setting, with no conditions on the boundary of the domain (improving
[FR13)):

Theorem 1.6. Let K > 1, let 2K < p < 00, let Q be a bounded domain and let w be a modulus
of continuity. Then the family G(K, ), p,w) is L?-stable for Q. That is, there exists a modulus of
continuity n depending only on K, 0, p and w so that every pair of coefficients v1,v2 € G satisfies
that

diStg(’YlaW) <7 (”A'n — Ay, HHl/Z(BQ)HH*l/?(aQ)) :

Moreover, if w is upper semi-continuous, there exist constants Cy, p, Ck, bep and ax such that

b, b
77(/0) Sn,p w (Ck1> + T Naw +w C,w,w <C(K1> —+ 07}(& .
|log(p)| = | log(p)|x | log(p)| * [Tog(p)|@x

Note that if w is not upper semi-continuous, then w*(¢) := infs; w(s) is upper semi-continuous
and G(K,Q,p,w) C G(K,Q,p,w*). Theorem 1.6 can be stated replacing 2K < p < oo by 0 < p <
oo via a quick interpolation argument with L°°. However, we will use along the proof the integral
modulus of continuity of exponent p satifying the first restriction, see Section 4 for the details. A
similar replacement can be done for the estimates on the distance, using interpolation and Hoélder
inequalities, to obtain L*-stability for 0 < s < oo, leading to

o 0o

. .0
dist?(1,72) Sojo 1 (101 = Aoall /2 o) 11172000 )

Similar reasonings can be used to rewrite Theorem 1.4 in these terms.

To show Theorem 1.6, we follow the scheme of [BFR07] and [CFR10]: first we define Complex
Geometric Optics Solutions (CGOS) for a certain Beltrami equation as in [AP06], and we show
that the decay rate is indeed a function of the modulus of continuity. Then we derive L*°-stability
of the CGOS from the scattering transform and finally we use an interpolation argument to deduce
stability for the conductivities.

The decay argument follows the line of [CFR10], but we need to study the interaction of
quasiconformal mappings (see Section 3.1 for their definition), the Beurling transform B (see
Definition 3.2) and the modulus of continuity.

Then we use the approach of Nachman and study the equation in the k variable. As in [BFRO7]
we are able to use topological arguments to obtain estimates for the solutions u(z, k) using their
asymptotics in both variables. The proof here follows closely [BFR07] but we present here shorter



and clearer arguments. In particular we are able to keep track of the evolution of the various
moduli of continuity.

Finally, the interpolation argument presented at the end of the paper is inspired by the one in
[CFR10], but we cannot use Sobolev interpolation. Instead, we need to solve some intermediate
steps which are of interest by themselves and which may shed some light on the original argument.

At this point, we want to draw the attention of the reader to the question of the regularity
of quasiconformal mappings in relation with their Beltrami coefficient. In [CFM109], [CFR10],
[CMO13], [BCO17] and [Pral6] the authors establish Sobolev regularity of the principal solution
of the R-linear Beltrami equation in terms of the regularity of the pair of Beltrami coefficients.
Here we show that the p-modulus of the derivative of a quasiregular solution is locally controlled
by the p-modulus of its Beltrami coefficient and the natural Hoélder regularity of the mapping by
means of Caccioppoli inequalities:

Theorem 1.7. Let p,v € L™ be compactly supported with |||p| + V||| < & < 1. Let f be a
quasireqular solution to

Of = pof +vof.

Let 1 < p < pi satisfy that &||B||, . <1, let r € [p,ps) and let g be defined by % =
Then, for every real-valued Lipschitz function ¢ compactly supported in D, we have that

+

3=

1
q

wp(pdf)(t) < Crorpl FV Ol L (wau(t) + wqr(t)) + Crpp ||fHW1+z>((t+1)]D))|t‘17;
for every t > 0.

Still regarding the regularity of quasiconformal mappings we establish another result of inde-
pendent interest which deals with the p-modulus of a function when precomposed with a quasicon-
formal mapping ¢. In Lemma 4.10 it is shown that for convenient indices p and ¢ the g-modulus
of fo¢ can be controlled in terms of w,f. The result obtained is clearly non-sharp, as the re-
sults in Sobolev spaces obtained in [HK13] and [OP17] show. Optimal estimates would be highly
appreciated.

Let us give a final thought to end this introduction. It may happen that convenient modifica-
tions of the arguments presented here lead to an expression such as

(1.2)

. HA’Y B A’y ||H1/2 Q) —H—1/2(9Q
dist$ (y1,72) < [l — 72||B;; n < 1 X L .

llv1 — ’72||B;;

In [AV05] the authors present a technique which allows to deduce Lipschitz stability whenever we
restrict ourselves to a finitely generated family of conductivities, as long as (1.2) holds. Some steps
can be done to modify Sections 4.2 and 4.3 accordingly but, as it happened already in the quest
for uniqueness, obstacles appear when trying to derive decay in the conductivity CGOS in terms of
[l — 2] By If these obstacles could be overcome, the authors are convinced that an expression in

the spirit of (1.2) would be obtained and the techniques in [AV05] could be applied in this context.

There is another open question which is of interest. Given a body with conductivity coefficient
7, if we measure A in an experimental setting and it does not coincide with A, for any ~, or if
it does coincide with A, but the corresponding v does not have the regularity which we assumed
a priori, then we have to deal with the additional problem of projecting our sample to the space
of admissible DtN maps, say A — Ay. In other words, it is convenient to find a regularization
strategy for the Dirichlet-to-Neumann map. There are several approaches to this problem, each of
them valid with some extra a priori assumptions. We refer the reader to [KLMS09, AMPS10] and
references therein for that particular question. It remains open to find a regularization strategy
that fits with the present paper approach.



The paper is organized as follows: after the preliminaries below and a word on the direct
problem in Section 2.1, Theorem 1.5 is shown in Section 2.2. In Section 3 the strategies of some
previous works to deal with uniqueness and stability of Calderén’s inverse problem are recalled. In
particular, Section 3.1 contains some general results on quasiconformal and quasiregular mappings
to be used along the present paper, Section 3.2 introduces the big picture of the inverse problem,
Section 3.3 details the reduction to the unit disk and Section 3.4 is devoted to present the CGOS
and some other tools introduced by previous authors.

Following the approach in [AP06], in Section 4 it is seen how the modulus of continuity deter-
mines the decay of CGOS. The interplay of the moduli with certain operators such as the Beurling
and the Fourier transforms is introduced in Section 4.1. Then, some decay properties of the solu-
tions to a linear equation is shown in Section 4.2, to reduce the decay of the CGOS for the Beltrami
equation to the previous case in Section 4.3. To end this part, in Section 4.4 it is checked that this
information can be brought to the conductivity equation.

In Section 5 the stability from the scattering transform to the CGOS is studied, presenting first
the main argument and a delicate topological argument in Section 5.1 and then completing the
details of the proof in Section 5.2. Finally, Section 6 is devoted to show Theorem 1.6, via some
Caccioppoli inequalities presented in Section 6.1 and a final interpolation argument in Section 6.2.

1.1 Notation

Given a distribution f € D’(C) we will denote its gradient Vf = (0, f,0,f), that is, a pair of
distributions given by the usual partial distributional derivatives of f. Whenever the derivatives
coincide with L}, . functions, we will use the expression |V f| to denote the function |8, f| + |9, f|.
We will adopt the Wirtinger notation for derivatives as well, 0f := (9, f — i0,f) and 9f :=
%((’Lc f+1i0y,f). Integration with respect to the Lebesgue measure will be indicated by dm, whereas
we reserve the notation dz (or d¢, d¢ and so on) for the line integration with form dz 4+ idy, where
z=x+wy.

Let Q C C be a domain. For 0 < s < 1, we say that a function u € C*(Q) if the semi-
norm [[ul[¢s () = SUPy yeq lule)—uw)l 5o We say that u € C* () if [Jul

[z—yl*

cx@) = lullpeo (o) +
[[ul

: < 00.
s (Q)
We say that a distribution u € W1P(Q) if its weak derivatives in  are L}, () functions and the

Sobolev homogeneous seminorm [|u/[yi1.5(q) = [Vl 15 o) < 00. We say that u € L} () is in the

(non-homogeneous) Sobolev space WP (Q) if lullwre ) = llull Loy Hlullyie @) < co. We denote
HY(Q) := WH2(Q). We say that u € H}(Q) if, in addition, there exists a collection of smooth
functions compactly supported on €, say {u;}32, C C2°(€), such that lim; o0 [|u — w;[ 1 () = 0.

As usual, we define H'/2(9Q) := H'()/HJ(Q), that is, the quotient space (see [Sch02, The-
orem 3.13], for instance), inducing a trace operator trag : H'(2) — HY?(9Q) which is the class
(coset) function, and we call its dual H~/2(99Q) (see [Sch02, Theorem 2.10]). When the domain
is regular enough, this trace spaces have an equivalent formulation in terms of Bessel potentials
(see [Tri83], for instance).

Given a modulus of continuity w, we define B as the collection of L? functions u which have
the seminorm

wpu(t)
ul| 5o 1= su 0.
|| HBP t>g W(t)
The collection By is a Banach space when endowed with the norm |[ul| g. := [Jul|;» + [lul| 5. We
p P

will use as well the classical homogeneous Besov seminorms

Iy, = ([ (22’ d”jf“) <o,




and their non-homogeneous counterpart. For more information, we refer the reader to [Tri06,
Section 1.11.9]. Note that if w(t) = #* with 0 < s < 1 and p < oo, then By coincides with the
Besov space B , and BY = C°.

p,007
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2 Compactness of the collection of DtN maps

2.1 The direct problem

Consider K < oo, and v € G(K,Q). Given w € H*(Q) and its trace class f = trgqw € H/?(99Q),
we say that u, € w+ H}(Q2) is a weak solution to (1.1) if

/ YVuy - Vo =0 for every v € H}(Q). (2.1)
Q

Lax-Milgram Theorem (see [Eva98, Theorem 6.2.1], for instance) precisely grants the existence
and uniqueness of such a solution and we have the energy estimate

luyll gy < Crllf 1200

The image of f by the DtN map is defined as the trace of yVu,, in the direction normal to the
boundary. In the weak context, this means that A, f is in the dual of H/2(9Q), that is, H~'/2(99)
in the following sense:

Definition 2.1. Let f,g € HY/?(9Q) and assume that g has representative G € H*(Q). Then, the
DtN map of [ is defined by acting on g as

(Ayf,g) = / YVuy - VG dm,
Q

where u., is the solution to (2.1).

Note that (2.1) implies that this definition does not depend on the particular choice of G. With
a convenient pick, it follows that

”A’YHHUQ(E)Q)%H—U?(:SQ) < CK,IQI~
By standard techniques, we have the following well-known theorem.

Theorem 2.2. The map v +— A, is bounded and continuous from G(K,Q) to
L1ja12(@) = { A HY2(09) » HT2(00) },

with distS in G(K,Q) and the topology induced by the usual norm in L1/2,-1/2(9).



2.2 Proof of Theorem 1.5

First we compare the DtN map of two conductivities which coincide near the boundary. To simplify
notation, given v1,72 € G(K, Q) we write A; for A .

Lemma 2.3. Let Q2 be a bounded domain with an open subset U C 2, let f1, fo € H? (0Q) and
v1,72 € G(K, Q) whose difference is supported in U. If u; satisfies (1.1) with conductivity v; and
boundary condition fy for j € {1,2}, then for every F € H'(Q) with trace fo we have that

[((A1 — Ag) f1, f2)| < CK”Vu?HL?(U)||VF||L2(Q)'
Proof. Let F € H'(Q) be a representative of fo. Note that
(A = A2 f1, fo) = / (711Vui — v Vug) - VF dm
Q

= / vV (ug —ug) - VE dm + / (71 —v2)Vug - VF dm.
Q Q

Taking absolute values,
(AL = A2) f1, fo)| < KV (ur = w) | ooy IVE Nl 2y + 2KVl 2 ) IVFl 2 1)

Note that u; and ug have trace fi; by definition, so u; — ug € Wol’Q(Q). Therefore, using (2.1)
for u; and uy we obtain

IV (uy — m)”iz(m = / V (ug —ug2) - V(ug —ug) dm < K/ MV (u1 —u2) - V (u; —uz) dm
Q Q

=K

/(71 —v2)Vug - V (u; — ug) dm’
Q
< K|y - ’Y2HL:>c(U)||VU2||L2(U)Hv (u1 — UQ)HL2(U)'

Thus, dividing by ||V (u1 — u2)|| 2oy We obtain

IV (u1 = u2)ll 20y < Cr VU2l 12 ()
Summing up,
(A1 = A2) f1, fo)| < Cr |Vl o) IVE N L2 (q) + C [Vl L2 () IVl 217y,
and the lemma follows. O
Next we consider the LQ(%)—orthonormal family of spherical harmonics in dD given by
ccos(jf) f0<j<ooandp=1,

fip(e?) = { esin(j#) if 0 < j < oo and p = —1,
1 ifj=0and p=0,

with ¢ = 5. We consider their harmonic extensions to C expressed in polar coordinates as
Pj,(re?) =13 f;,(e??). Note that P;1(z) = cRe(2?) and P; _1(z) = cIm(z27).
By a change of variables, we have that

0 ] ) 2 1 . 1 .
P, — 27 . 0 2d9 d _ Jj+1 . — J+1,
| JP||L2(7-(,]D>) (/0 r /(9D|fjp(€ )l rar 72j+27"0 HfJP||L2(6D) - /72j+27"0



and for j > 0, since 9(Pj1 +iP;_1) = cjz?~! and (P;j1 — iP;_1) = 0, we have that

1

Vo) FIPi-1-1ll gy ) 5370, (2.2)

10Pipl s gy = 5 (P-4

One can argue analogously for 0.

Lemma 2.4. Let 0 < 79 < 1 and let v € G(K,roD). Denote I'(y) = Ay — Ao, where Ay denotes
the DtN map corresponding to the conductivity yo = 1 in 0D. Then

(L) fips frg)| < Cron/Glri Uk < o

Proof. By the symmetry of the DtN maps, we can assume that j > k. Using Lemma 2.3 and
estimate (2.2) we get that

|<(A’Y - AO)fjp7fkq>| < CK”VPijLz(TDD)||VquHL2(]D>) < Ckv jkr%.
O

Next we show that even though G(K, r¢D) is not compact, its image I'(G(K, roD)) is a compact
set in L, _s(D), following the approach given at [Man01, Lemma 3].

Lemma 2.5. Let g < 1 and s € R. Then I'(G(K,roD)) is a totally bounded subset of Ls _5(D).
Proof. Let

Xs = {(ajpkq) Hl@spra)ll, := sup (1+max{j, kD2 ajprql < 00}-
3:p.k.q

The embedding X_, C L4 _5 (for s > 0) is shown to be continuous in [Man01l]. Thus, it is
enough to show T'(G(K,roD)) is totally bounded in Xj. By the preceding lemma, the embedding
I'(G(K,roD)) C Xy is clear. It remains to see that it admits a finite d-cover for every J > 0 in the
Xy norm.

Let 0 < § < e~ ! and let £5 be the smallest integer satisfying that for ¢ > £5 the estimate

Cr(1+0)3r§ <6 (2.3)
holds. Let &’ = 6(1 + £5) 72, let
Ys :=0Z N [—Ck ros Ck,ro),
where the constant is given by Lemma 2.4, and
Y := {(bjpkq) : bjpkq € Y5 whenever max{j, k} < {5 and bjprqy = 0 otherwise} .

Then Y has finitely many elements and for (a;prg) € T'(G(K, roD)) there exists (bjprq) € Y with
[(@jprg — bjpkq)llx, < 0. Indeed, if max{j, k} > £s, then fix bjpry = 0 and by Lemma 2.4 and (2.3)
we get that

(1 + max{j, k})?|ajprq| < Cx(1+ max{j, k})>ry VU™ < 6.
If max{j, k} < {5 instead, since |a;prq| < Ck,r, (see Lemma 2.4 again) we can choose bjprq € Y5
with |ajprg — bjprq| < 8’ Thus, we obtain

(1 + max{j7, k})z\ajpkq — bjprq| < (1 4 max{y, k})25’ < 4.



Proof of Theorem 1.5. Let K > 1,1 < s < o0 and rg < 1. Let F C G(K,7oD) be an L*-stable
family of conductivities for D. By Lemma 2.5 the image A(F) is totally bounded in £;/5 _1,2(D).
If the recovery map is uniformly continuous in A(F), then F must be totally bounded as well in
L5. By the Kolmogorov-Riesz Theorem (see [HOH10, Theorem 5], for instance), for 1 < s < oo
there exists a modulus of continuity w such that F C G(K,D, s, w).

Given any s < p < oo, LP-stability of F follows after proper interpolation with L>°. Given
0 < p < s, Holder’s inequality serves to find LP-stability as well. O

Remark 2.6. To end this section, let us remark that the condition ro < 1 is crucial. Otherwise
total boundedness of A(F) in the previous proof is not satisfied.

Proof. Indeed, in [FKR14, Theorem 4.9], one shows that the family of conductivities

Yr(2) =1+ 2Xrp\rR?D(2)

satisfies that
ijO k0 k|,
(AR — Ag)e"”, ™) = 5j |j|m|j|»
with
RQm _ R4m
4 — 3R% 4 2R’
Note that m,, depends only on R* and, therefore, its maximum in z € (0, c0) does not depend on
0 < R < 1. Moreover, the function has only one maximum, with m, tending to 0 both for z — 0
and x — o0, being increasing before the maximum is obtain, decreasing after that and continuous
in (0,00). For 0 < R,, < 1, choosing an appropriate R,, < R?H_l < 1 close enough to one and using
(2.2), we can obtain that

my, =4

|<(ARW, - ARn+1 )6ij97 eij6>| ~ .770

=1
2
Hfjp||H1/2(a]D)) Jo

J
By induction we have obtained a sequence of conductivities v, := g, such that |A,, — A, ||~ C
for every m # n and ||y, ~ = 2. In particular,
o F:={v,}22, is (tautologically) co-stable for D.
e A(F) is not totally bounded in Ly /5 _1/2(ID).

e F is not totally bounded in L*>°(D).

3 Background for the inverse problem

Next we recall the reader the basic background of the present work. First we will give a word on
quasiconformal mappings, then we will recall some related previous results in the stability issue,
later we provide a short argument to reduce Theorem 1.6 to the case ) = D, and finally we will
introduce the notation and some results on CGOS from [AP06] and [BFRO7].



~

3.1 Quasiconformality
Definition 3.1. We define the (non-unitary) Fourier transform of a function f € L' as
[eclors@)dma).

f(&) =

where eg(z) 1= i(6xHE2) = 2€2  The Fourier transform extends to L? as an isometry, and it can

be defined in tempered distributions via the Parseval identity
/ 9f = / gf,

~

f

(&). It coincides with

A

—w)?

see [AIMO09, Chapter 4.1].
Definition 3.2. We define the Beurling transform of f € L? as ]§\f(§) =
1

the principal value Calderdon-Zygmund convolution operator
Bf(z) = ——lim _fw) dm(w),

T e=0 Jjy—z|>e (Z
and therefore it extends to LP for 1 < p < oo (see [AIMO09, Corollary 4.1.1 and Theorem 4.5.3]).

dm(w).

We define the Cauchy transform of f € S as
_ 1 / f(w)
c (z—w)

C S
fe) =~
For p > 2, with a slight modification of the kernel one can extend C to LP modulo constants,
% and 2 < q < 00, the Cauchy transform acts as a bounded
C:L7— (i (3.1)

—1_
p
and

obtaining that for 1 < p < 2, p% =
operator
C:LP > LV, C:L? - BMO

For f € LP with 1 < p < oo, the identities
oCf =Bf OCf = f

and

hold. Regarding compactly supported functions, for 1 < p <2 and 2 < g < oo we have that
Coxp: {f € LP(B): / fdm= 0} — WhP(C), and Coxg: LY(B) - Wh1(C), (3.2)
B

with operator norm depending on p and the radius of the ball (see [AIM0Y, Section 4.3.2]).

The following result is known as the Measurable Riemann Mapping Theorem.
Theorem 3.3 (see [AIM09, Theorem 5.3.2]). Let u € L™ be compactly supported in D, with
(3.3)

|t oo < k. Then there exists a unique VVﬁ)f solution f to the Beltrami equation
5f( ) = u(2)0f(2) a.e. z € C,

{f(z) —2=0;50(1/2),
(3.4)

which is called the principal solution to (3.8) and, moreover, it is homeomorphic.
f==z+C(0f),

In addition,
10



and its O-derivative can be obtained by the Neumann series
oo

Of = (I—pB) () = (uB)"p = i+ pBp + pBuBp + -+ , (3.5)

n=0
which is convergent in LP as long as x| B||, < 1.

Note that ||BJ[,, =1 < %, so there is an open interval of exponents p such that df € LP which
contains 2. Thus, the Cauchy transform in (3.4) can be computed by the expression in Definition
3.2. Although the range of convergence of the Neumann series is not clear yet, it is well known
that

I—-uB is invertible for p/. < p < py

(see [AISO1]), where p, =1+ L = 25 = py is called the critical exponent.

Given k < 1, we will write
1+k

K= .
1—k

(3.6)

In general, a K-quasiregular mapping is a function f € WI’Q(Q) satisfying that 0f = pdf with

loc

Beltrami coefficient essentially bounded by ||| ;o < &, where K and k are related by (3.6). We say
that f is K-quasiconformal if, in addition, it is a homeomorphism between domains. Quasiregular
mappings have the following self-improvement property, in the form of a Caccioppoli inequality:

Theorem 3.4 (see [AIM09, Theorem 5.4.2]). Let k < 1, let g € (9, p,) and let f € WE9(Q) for
a planar domain Q satisfy the distortion inequality

0f| < kl0f]

almost everywhere. Then f € Wllo’f for every p < py. In particular, f is locally Holder continuous,
and for every s € (pl.,px), we have the Caccioppoli estimate

leDfllLs < CusllFVell e (3.7)

whenever ¢ is a Lipschitz function compactly supported in 2.

3.2 Previous results on the inverse problem

In Section 2.1 we have seen that the forward map A : v — A, is bounded and continuous.
Uniqueness for the inverse problem was solved by Astala and Péivérinta in [AP06].

The problem we face is stability. Barceld, Faraco and Ruiz in [BFR07], showed continuity of
the inverse mapping when we assume uniform Hélder continuity on the conductivities and the
boundary measurements are taken in Lipschitz domains.

Theorem (Stability for continuous conductivities). Let Q be a Lipschitz domain and let 0 < s < 1.
Then the family G(K,Q,00,t%) = {y € G(K,Q) : [|[V||z. <1} is L>-stable for Q, and the recovery
map has modulus of continuity

p) = ¢
|log (min {3, p})

According to Mandache’s result in [Man01], there is no hope to improve qualitatively the
modulus of continuity obtained above.

Here, there is the extra assumption that the conductivities are (Holder) continuous. Clop,
Faraco and Ruiz addressed the question of stability for non-continuous conductivities with a priori
Sobolev stability of fractional smoothness as close to zero as needed in [CFR10]. In that case, L™
stability cannot be reached, but one gets L? stability nevertheless.

bs”
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Theorem (Stability for non-continuous conductivities). Let Q be a Lipschitz domain and let 0 <
s < 1. Then the family G(K,Q,2,t°) = {7 €G(K,Q): ||’YHB; < 1} is L2-stable for Q, and the

recovery map has modulus of continuity

B C
’10g (min {%, p}

n(p) : )|cmin{s,1/2}2 ’

In [FR13] the regularity conditions on 2 were severely reduced.

3.3 Reduction to the unit disk

In this section we explain how to reduce Theorem 1.6 to the case 2 = D. By rescaling, we can
assume that  C D. We want to check that the mapping

AG(K,Qpw) —  (G(K,Qp,w),L?)
Ay = Y

is uniformly continuous. By [CFR10, Theorem 3.6], every pair of conductivities 1,72 € G(K, Q)
satisfies the estimate

oD oD
HAA{1 — A%, |‘£1/21_1/2(D) < C|Ay, — Aw”z:l/z_l/Q(Q)'

In particular, the mapping

AG(K,Q,p,w)) — AP(G(K,Q,p,w))
A, — AP

is Lipschitz continuous. Note that the reverse mapping is not continuous (see Remark 2.6). More-
over, since 2 C D it follows that G(K,Q, p,w)) C G(K,D,p,w)), so the inclusion mapping

AP(G(K, Q,p,w)) =  AP(G(K,D,p,w))
has norm 1. Thus, Theorem 1.6 is reduced to the following one.

Theorem 3.5. Let K > 1, let 2K < p < oo and let w be a modulus of continuity. Then
G(K,D,p,w) is an L*-stable family of conductivities for D.

3.4 Complex geometric optics solutions

Next we present the main ingredients for the proof of Theorem 3.5. We begin by recalling some
results. In order to retain information of the whole DtN map, Astala and Paivérinta define a
parametrized family of solutions of the conductivity equation. Before that, the authors introduce
Beltrami equation techniques to reach a good control of these solutions, so they introduce the
following parameterized family of functions:

Proposition 3.6 (see [AP06, Section 4]). Given a Beltrami coefficient p € L™ supported in D
with k = ||p|| 0« < 1 and a real number 2 < p < p,, we have that for each k € C there exists a

unique f,(-, k) € WP such that

satisfying the asymptotics
fulz, k) = €™M, (2, k), with My,(- k) — 1= 0,,00(1). (3.9)

z
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Definition 3.7. We call f, the Complex Geometric Optics Solution (CGOS) to the Beltrami
equation (3.8). Note that it does not depend on our choice of p and, since M, (-, k) is continuous
by the Sobolev embedding Theorem, we have that f(-,0) = 1.

We define the scattering transform of p as

(k) - lléazomxzk)—wLM@Jﬂ>dm@)

T om
The definition of the scattering transform changes from one paper to the other. The one
presented here agrees with [AP06], as a short argument using Green’s theorem and the Residue
Theorem shows. Collecting the results in that paper, we have the following:

Theorem 3.8. Given pu € L* supported in D with r := ||u||, <1 and 2 < p < p,, the solution
fu admits a representation

fulz, k) = ethen(zh), (3.10)
where ¢, (-, k) is a K-quasiconformal principal mapping (for K defined in (5.6)). In particular
wu(-, k) has uniform decay:

|2llou(2, k) — 2| < Ch. (3.11)
Moreover, we have that the Jost function M, satisfies that
HMM('v k) — lel,p(Q < eCN,p(l-&-Ik\)? (3.12)
. M
with Re (M,HM) > 0 and for every z € C the map
k— M,(z,k) is C™°. (3.13)
In addition,
[Tl < 1. (3.14)

Proof. See [AP06, Theorems 7.1, 4.2, 4.3, and Proposition 6.3] and [BFR07, Proposition 2.6]. The
differentiability properties on the k variable are shown in the discussion following [AP06, Lemma
5.3]. O

In Proposition 3.6 we could consider the equation df = vdf + pdf with |||v] + |ul|l« < 1,
and we would get the same results. However, to deal with the isotropic conductivity equation, we
only need the case presented above, and we only work with real-valued Beltrami coefficients. This
comes from a natural bijection between the conductivity equation (1.1) and the Beltrami equation
(3.8) which, in the case of isotropic conductivities, reads as

_ 1=

=17y

which leads to a real-valued Beltrami coefficient. Then, the identity (3.16) below links the solutions
of both equations together. The interested reader may find a more detailed explanation on [AIMO09,

Chapter 16]. If it is clear from the context we will omit the subindex in p. Analogously, given a
Beltrami coefficient u, we call 7, := }1—“ Note that v, =1.
”w ¥

Moy

Proposition 3.9 (see [AP06, Theorem 4.2]). Given a conductivity coefficient y supported in D,
and k € C there is a unique complex valued solution u~(-,k) : C — C of

V- (vVuy (-, k) =0,
{uv(z,k) = e (14 Ry(2,k)), with R(-,k) € Wh?(C) (3.15)

for p € (2,p.), which we call Complex Geometric Optics Solution to the conductivity equation
(3.15).

13



Proposition 3.10 (see [AP06, from (1.14) to (1.17)]). The CGOS to (3.15) is given by

. 1 -
UVZRe(fu)‘FZIm(ffu):§(fu+ffu+fu_f*u>’ (3.16)
where p = . In addition, u., satisfies the equation
Opuy (2, k) = —iT, (k)uy (2, k). (3.17)

Remark 3.11. First note that the differentiability properties in Theorem 3.8 extend to f, and u.,
so the derivative in (3.17) can be understood in the classical sense. By the Abstract Monodromy
Theorem (see [Con95, Theorem 15.1.3], for instance) there is a determination of the logarithm of
M,, which coincides with ik(p,, — z). Thus, the differentiability property of M, with respect to the
second variable extends to the product ke, as well.

On the other hand, note that u. is close to e*k for z big. Indeed, since

1 —i(kz+kz
Ry (k) = 5 (My(z k) + Moy (2 0) + e 0059 (MG %) = Mo, G,0) ) ) - 1,
we get a uniform control independent of v of the Sobolev norm
||R7('>k)||wl-,p(<c) < C(l + ‘kl) (HMu(vk) - 1||W1,p(<c) + ||M,M(-,k:) - 1||W17P(<C)) < BC(H—W)-

By the Sobolev embedding Theorem, R(z,k) — 0 as z — oo. This tells us that the complex
geometric optics solution spins as z approaches infinity in the direction of k and it blows up in the
direction of —ik, but when k — 0 this is done slower and slower.

Theorem 3.12 (see [BFR07, Theorem 3.12]). Let pu € L™ be supported in D with r = ||| <1
and let 2 < p < p,. There exists a constant C' depending on x and p such that

||VkMu('vk)||W1,p(C) < eC(1+|’“|), (3~18)

and
Vi (k)| < eCOHED, (3.19)

4 Decay of the complex geometric optics solution

Next we focus on the sub-exponential behavior of the complex geometrics optics solution depending
on the modulus of continuity of the solutions. To start, we note some properties of the modulus
of continuity.

4.1 Interaction of the modulus of continuity with operators.

Lemma 4.1. Let T be a translation-preserving linear operator mapping LP to L% for certain
0 < p,q < oo, with norm ||T||p q- The following holds:

1713y < 171115,

Proof. Being translation invariant can be written as T'(7, f) = 7,(Tf). Thus, for every ¢ > 0

wTf(t) = Sup ITf =7y (THllpa = sup [Tf =T(ry )l e = sup [T(f =75 f)l 1o
y|<t

ly|<t ly|<t

It follows that
wgTf(t) < 7T, ,wpf (1) (4.1)

14



Note that the Beurling transform is translation invariant. Indeed, it follows from the definition
of the Fourier transform that given a function f € L}, and complex numbers &,k € C, we have
that

~

af©)=7_5f(€) and  Tf(E) = ex(6)F(E). (4.2)

The same happens with the Cauchy transform.
Next we get a quantitative version of [Peg85, Theorem 4].

Lemma 4.2. Given f € LP, 1 <p<2and R >0, then

fX|g|>RHLp, < C(p)wpf (;) : (4.3)

Proof. The first step is showing that for 1 < ¢ < oo and |£] > R,

(1.

with constants not depending on p. Note that Heg

]i;<

and (4.4) will follow by Jensen’s inequality.
Indeed, for any given ¢ € C, changing variables we obtain that

]I[y|<

lec(y) — 1“1 dm(y)) ' ~ 1, (4.4)

1
R

— 1HL°° < 4, so we need to prove that

leg(y) — 1] dm(y) 2 1,

1
R

® 27 .
|65(y) — 1| dm(y) 2 ][1 |eg(y) — 1| dm(y) ~ R? /; /0 ’eg(rem) — 1| dOrdr

ﬁg‘y‘S%

{9 € (0,2n) : ’eQi(Téew) -1

1
R
2 inf

1 1
Te(ﬁvﬁ

>0.4H,

where £ - €% stands for the usual scalar product of two vectors. Thus,

f-

Writing € = |€]e*, we have that

lec(y) — 1] dm(y) 2 inf ) |{6 € (0,2) : dist(2r¢ - e onZ) > 0.5}].

TG(ﬁ,

.

L
R

[{6 € (0,27) : dist(2r - €, 27Z) > 0.5} = [{0 € (0,27) : dist(|r&| cos(f — t),7Z) > 0.25}]

_ ) +025 wj+m—0.25
= 1[0, 27] N cos 1 U( E e >

J

But the cosine is a contraction and, therefore,

j +0.25 7j —0.25
mj+ T+ )ﬂ[—Ll]’

{6 € (0,2) : dist(2r{ - €, 27Z) > 0.5}] > ZJ: ‘( E |

2
> el > (7§ 4+ 0.25, 75 4+ 0.5) N [0, €[] .
j>0:mj4+0.5<|rg|

15



Whenever j is in the summation range, the measure |(7j + 0.25, 75 + 0.5) N [0, |r&|]| = 0.25. For
every (| > R and r > 5%, we have that [r¢| > 0.5 and, thus, the number of elements in the sum
bounded above and below by constants depending linearly on |r£|. Namely,

2-0.25

{6 € (0,2m) : dist(2r{ - €, 27Z) > 0.5} > v

#{j>0:mj+05< g} 21,

establishing (4.4).
By (4.4), for p > 1 we have that

’JEX|§|>R‘

< (Jlip; /IM (et - i) dm(§)>

Using (4.2) and increasing the domain of integration we get

rf—f|

f <
’fX|£|>RHLp, < sup

.
lyl<% Le

By the Hausdorff-Young inequality,

|

that is, (4.3). The case p =1 can be shown mutatis mutandis. O

2 1
fX\£|>RHLp, < () sup ”Tyf*fHLp =Cpwpf <R> )

1
lyl<®

4.2 Solution to the linear equation

Following the sketch of [CFR10, Section 5.1], we derive properties of the unique quasiconformal
solution ¢y : C — C to the linear equation

{am(z) = —fek(=)u(2)0ux(2), (4.5)

7/116(2) — 2= Oz—ﬂ)o(l/z)a

where p € L™ is supported in D and |||/, < & < 1. In particular, we want to derive information
on the decay of the L° norm of ¢, — Id when k tends to infinity from the modulus of continuity
of u.

Let us adapt the notion of the families of conductivities in Definition 1.2 to the Beltrami
equation context.

Definition 4.3. Let u € L* real valued and supported in D with ||p|| . < r < 1. Let 1 < p < o0
and assume that for a certain modulus of continuity w we have the pointwise bound wyp < w. Then
we say that p € M(k,p,w).

Proposition 4.4. Let g > 2, let k < 1, let w be a modulus of continuity and let p € M(k,q,w).
For every k € C, let ¢y, be the unique quasiconformal solution to (4.5). Then, there exits a modulus
of continuity v depending only on k, q and w such that

v = Id]| oo < v(|E[7Y).

16



To show the proposition above we adapt the Neumann series expression (3.5) to the parame-
terized Beltrami equation (4.5). Namely,

Ny, = g’% (je—kMB>n (je—kﬂ) = ni_o% (j)nﬂ (e—xuB)" (e—ppu),

where the series has, at least, LP convergence for p in a certain open interval containing 2. We
want to study the asymptotic behavior on k, and, thus, we rewrite this expression as

5% = Z G k- (4.6)
n=0
To understand better the terms G, i, let
fo(2) == pu(2)
and
fn(2) = w(2)Tn(fa-1)(2), (4.7)
with T;, defined as
With a quick induction argument we show that
frn = €minyn(e—xpB)" (e—kp). (4.9)

Indeed, the case n = 0 is trivial. Let n > 0. We only need to show that if (4.9) holds for n — 1,
then it holds for n. Thus, assuming that (4.9) holds for f,_1, using (4.7) and (4.8), we obtain

fn= ﬂTn(fn—l) = ﬂenkB(e—nkenk(e—kUB)nil(e—k,uf)) = e(n—Q—l)k(e—kﬂB)n(e—kﬂ)'

Thus, identity (4.9) holds for every n > 0, establishing the following:

—]% n+1
Gnr(z) = (k) e_(nt+1)k(2) fn(2). (4.10)
Next we list some properties of the operator T,,. By Definition 3.2 and (4.2), we have that
— - - - Ctnk - E 4+ nk
Top(§) = (enkBle—nkp)) (&) = (Ble—nkp)) (£ + nk) = s =e_nkP(§ +nk) = s =5(8).-
&+ nk &+ nk

Moreover, T, is translation invariant, as the reader can check using either the same property of
the Beurling transform or the Fourier multiplier definition just mentioned. The boundedness of
the Beurling transform in LP can be brought to 7, as well, since

ITnfll o = Ble—nt Nl o < Bl plle—nrfllLe = B, , I 1l o (4.11)

Lemma 4.5. Let 1 <p < q < o0 and let%—&—%:%. Then

1 n n
1 fall sy < @m)7 50 (o, )" 1l 5, (4.12)

where M(p, q) := HBHr,r + HBHp,p‘
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Proof. We begin by studying the modulus of continuity of a product. Let g,h € L\ and let ¢ > 0.

loc

Then, using the expression h(z — y)g(z — y) — h(2)g(z) = (h(z —y) — h(2))g(z — y) + h(z)(g(z —
y) — 9(2)), we get

wp(hg)(t) < sup [[(ryh — h)7ygll ., + sup [[h(Tyg — g)ll 10
lyl<t lyl<t

for t > 0. Whenever % =+ e Fans -, using the Holder inequality in each term we get

wp(hg)(t) < wg h(t)llgllLr +wa g IR Lrs (4.13)

and dividing by w(t) and taking supremum in ¢ > 0, we obtain the generalized Leibniz’ rule
gl < I8l gl + gl 12l (4.14)

To show (4.12) we will argue by induction. For the case n = 0, note that

Sl

1
wpfo(t) = wpp(t) < sup [l = Topl Lo < sup |l = Teptll oy 2y) (27)7 < (2m) 7 wqpu(t).

|z| <t |z| <t

Let us assume that (4.12) is shown for n — 1. We need to show that it holds for n. Recall that
fn = uTh(fn—1). Using (4.14) and Lemma 4.1 combined with (4.11), we get

1l < Il 1T CFam) L+ 1T (o)l
< Bl Il Nl s + BB L

The L" norm of f,,_1 can be bounded by (4.11):

_ —1 — —1
S S A TUBI  foll e = A B il (415)

[ -1l

Moreover, using the essential supremum bound of y, it is clear that

L" S H||B|‘r,r||fn*2|

1
il < (416)
Thus, using (4.15), (4.16) and the hypothesis of induction, we obtain

1
r

_ —1 1
1ol e < 1B, 6" MBI, rrs

pll g + KIBll,, (2m)7 K" M (p, @) |

< @m)7 w" (IBl,, M(p,a)" " + B, M(p,0)" ") 12l

= (2m)7 K" M(p, )" || -

O

Lemma 4.6. Let N € N, let 1 < s < oo, where &|B||, ; < 1 and let k € C. There ezists a
decomposition Oy, = g + hy, such that the following holds:

I{ﬂ'l N+1
o Il < =2 (#IBI..)

1
KT s

® llgkllze = v=fmy -
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e Ifl<p<2, p<qg<ooand0< R <|k|, then

1
P

- (2m)" M(p,q)" 1
||9k||Lp’(DR)§—||MHB;W m )

11—k
where M(p.g) := [Bll,, + [Bll, . with L = 1 4 1.
Proof. Take the partial sum
N
gk =Y Gn,
n=0

—\ n+1
with Gy j, = (%) ¢_(ns1ykfn 85 in (4.10). Then, by (4.15) and (4.16), whenever n € N we
have that
nooa
v = Wallpe < (5Bl )" ot
Thus, the first and the second properties come from the geometric series formula.
From (4.2) we know that the Fourier transform of G,, , is

1Gn k]

o 7]2 n+1 . B
G = (3)  Tale- (v
Thus,

(jfﬂﬁ@—m+nwﬂwm>;

=

o=
Lr"(Dr) l€|<R

<(/
[¢4+(n+1)E|<R

Note that |¢ + (n + 1)k| < R implies that || > (n + 1)|k| — R. Thus, using lemmas 4.2 and 4.5
(and the fact that |k| > R to have a meaningful expression for n > 0), we get

1
7

ﬁ@f%«ﬁf

— —~ 1
Gorl <7 Sp e (>
H Lr" (DR) Le (D?nJrl)lk\*R) nr (n+1)|k‘ —h
1 1
< (970)7 KM n oW\ T TN R )
< (2m)" k"M (p,q) ||U||qu<(n+1)|k|—R>

Since the modulus of continuity is increasing,

N
1 L n
< (2m)" M(p, )™l g, (|k| - R) PL

n=0

N
~ , < —_—
[ PERED DY v

1 1 !
< (2m)" M(p, (J)NHN”B;W (|k: _ R) 11—

O

We can compute the Cauchy transform of a function supported in I using a cut-off kernel ®
such that
®(z) = L when |z| < 4, ® vanishes in D§ and ® € C>(C\ {0}).
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Indeed, for every z € D and every function A supported in I with integrability of order greater
than 2,

CA(z) = l/ Alw) dm(w) = /DA(w)q)(z —w)dm(w) = A * P(z). (4.17)

T Jpz—w

Proposition 4.7. The kernel ® € LP for 1 < p < 2. Moreover,

18], < Capg

forevery1§p<2,5<1%—1, and 0 < q < oo.

Proof. See [RS96, Lemma 2.3.1/1] for the absolute value case. The proof for ® runs parallel to
that one. O

Proof of Proposition 4.4. Let ¢ > 2 be given and let u € M(k, q,w). Recall that ¢ stands for the
unique quasiconformal solution to (4.5), which, by Theorem 3.3 is given by

Ui (2) = 2z + C(9yy), (4.18)

and 9y, can be found using the Neumann series (4.6).
We want to define a function v : Ry — R+ depending only on &, ¢ and w such that

vk = Td|| o < v(|K]7),

and then show that
lim v(t) = 0.
t—0

First of all, note that i, — Id is holomorphic outside the unit disk, vanishing at infinity.
Moreover, 9 — Id is continuous everywhere. Using both the maximum principle in D¢ and the
continuity in D, we obtain that

[ = Ld|| oo = [[r = 14| oo () (4.19)

Consider two parameters N € N and § > 0 to be fixed along the proof and R = @ > 0. We will
use N to cut the tail in the Neumann series, § to use an approximation of the identity smoothing
out the kernel of the Cauchy transform and we will use the radius R to separate the low and high
frequencies to use Lemma 4.6.

Let g, and hy be the functions given in Lemma 4.6 (depending on N) with 9vy, = hy + gx.
Then, by (4.18) we have that

9ok = 1d]| poo ) = [[COV| oo ) < NCRR Lo ) + IC | e (-

Both hy and gy are supported in D. Thus, we can use the truncated kernel in (4.17). Combining
this and identity (4.19), we get that

llvr — Id”Loo <[ * thLoo(]D) + || @ *gk||Loo(]D>)~ (4.20)

First we address the term corresponding to the Neumann tail hg. Chose s = s(k) > 2 such
that ||B]| os = ﬁ Then, by the Young inequality, the boundedness of the Cauchy kernel in Lj .
(see Proposition 4.7) and the first property in Lemma 4.6, we get

K

1=k

N
2

N+1
1@ 5 gl e < ] o ] < C()C () ) =Clos

(vIB]

(4.21)
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Next we check the main term in (4.20). Here, the idea is to use Plancherel’s identity to study
the L' norm of (I;g/} We will use Lemma 4.6 for the low frequencies and Lemma 4.2 for the
high frequencies, but we cannot control at the same time the LP norm of ¢ and the L* norm
of gr because the Fourier transform is bounded from L? to L only for 1 < p < 2 and & is not
2-integrable. We need an extra term, which we will add using an approximation of the identity.

Consider a test function ¢ € C°(C) with [¢dm = 1 and define the approximation of the
identity os(y) := 5%@ (%) for y € C and

(I)(s = P x ©s-
By the triangle inequality, we obtain
1@ % gell oo < (P = P5) * grll oo + |5 * grll oo - (4.22)

Let us study the first term in the right-hand side of (4.22). By the Young inequality again, we
have that

(P = Ps) * grll oo < @ = Pslor |9kl e

where we chose again s = s(x) > 2 such that |B||, , = ﬁ On one hand, by the second property
in Lemma 4.6, we have that

gkl < C ().
On the other hand, since [ ¢ =1, we have that

By(x) - B(x) = / (B — y) — B(x))ps(y) dm(y)

for  # 0 and, by Minkowski’s inequality,

1
7

25 =l < [ lestnl ([ 196 )~ 0@ ame)) " am) < [ lostleos(ll)im(s).
Now, take 0 < g(k) < 2 —1 (say e = & — 2 = 1 — 1). By the Cauchy-Schwarz inequality

o < (/sos(y)lzlylk” dm(y)>é (/ Mdm(y)>%~

The second integral coincides with a Besov norm of the kernel ®, while the first, by rescaling, can
be easily controlled. Namely, by Proposition 4.7 we have that

@5 — @]

[®s5 — @]

Lo < Ca ( [leta)e dm<x>) 195, , = Cullll 2%

e
Bs’,2

and, thus, L
(@ — @s) * gl < C(K)O275. (4.23)
Putting together (4.20), (4.22), (4.21) and (4.23) we get that
[n = Id| oo <[P Pkl oo + (D = P5) * Gkl oo + 195 * gill L

1

< C(r) (K% +6378) 41105+ gell . (4.24)
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Next, we deal with the (smoothed) main term in the Fourier side separating low and high

frequencies with respect to the parameter R. Namely,
(4.25)

orvnte <G, <[, [,
H 5 gk”L — 69k LT - 39k LI(DR)+ o9k LI(D%)

The low-frequency part can be bounded using the last property described in Lemma 4.6. Since

2~ 1 1 1 _ .. . .
d5 = Pips, for ottt = 1, by the Hélder inequality

< Gkl Lo o) P61l Los -

7
L'(Dg) - H LP1

Rz

The term corresponding to the mollification is bounded by |[|@s||,.; = 57 1@l Lps < o00. Using
the boundedness of the Fourier transform for p; = s = s(k) > 2 and Lemma 4.6 for py := 2 (recall
that we defined R = @), fixing p% = % — % and § < 1, we get

v 2 5-(-2)
w20l g ) 0707,

< )
o = (WPl

s

and using the AM-GM inequality, we obtain
< O(k) (M(Q )N w (2> tw (2> 6—(2—‘§)) . (4.26)

L1(Dgr) ’ |k| |k ‘
Finally, the high frequency part can be controlled using Holder inequality and the boundedness

|

of the Fourier transform. Arguing as before, we have that

o~ 2
<I>‘ Pl [
B P

3. e 1Bl < Ol

< e
) = g% 12 L*(D%,

%o
H o9k L1 (DS,
The norm corresponding to gy satisfies that ||gx|| ;= < C(x) by Lemma 4.6. To control the norm

of the kernel ®, by Lemma 4.2 we have that
aslongasa<§—1.

||
Thus, we use that by Proposition 4.7 the kernel is in any Besov space BS,
L 1 _ 2 combining the previous facts

Take € = 2 — 1 so that C(s,e)|®]|g:, < C(k). Since - =3 — %,

we get that
— 1
P A’ <Ch—s——. 4.27
H o9k Log) ~  §-ERIE ( )

o olL) < 11l 5,
< Y — e
(S)Ws (R) — (87 8) RE

Lo (D%)

By (4.24), (4.25), (4.26) and (4.27), since we defined R = @, we have shown that
2 1 2 2 )7+
—Id|, < Tor i M2,9MNw () + = Bl el 4.2
I |u_@<m+z suea®o () + 5 (@ () + (7 (425)

for an appropriate constant Cj.
Let us define |s*| = £ — 1 and
._ , N 2N (e w2 e
’U(t) =C, (]\lfrgl.\l (I’i 2 4 M(Q, q) w <2t)) + ggf(; ((W +6 s
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with the constant chosen as in (4.28). We have seen that
lvor = 1| oo < w([K]7H).

To show that v is increasing and lim; o v(t) = 0 we only need to use the counterparts for w and
solve a standard optimization problem (see Remark 4.9 below). O

To end this section, we study how v depend on the original modulus of continuity.

Lemma 4.8. Let0 <k <1, M >1 and \, N > 0. Then

— log k — log M
—lognk Tog(M/r) Tog(M/ )
(Y + AMY) = Alomﬁ/w [( log M ) - + ( log M ) o ] )

inf
yER —logk —logk

and

i + A B )\N}H N+1
(ot v ) A T
Proof. The second infimum can be obtained by a standard optimization exercise. The first one is

a consequence of the second after the change z := kY, y = %ng, SO
og kK

A
inf (k¥ + AMY) = ;I;f(’) (96 + logM) :

yeR qxr —logk
Remark 4.9. By the previous lemma,
inf (n% + M(2,9)*Nw (2t)) < inf max (H%I + M(2, )2y (Qt))

NEN y>0z€[0,1)

< M(2,0) inf (1F 4+ M(2,0)%w (21)) < Crgw (20)°,
Yy=

where o = Mogl\;(;%. On the other hand,
(@) T w @) e o] $5
320 ( g 0 = (@0 wz) FER

where s = s(k) > 2 is given by the relation ||B||, , = ﬁ with |s*| =1 — 1.

Abusing notation, we write o = min{m, %}, to state that

V(t) Spq w (20" + C,.ts"1/5,

4.3 Decay of the nonlinear solution

Next we see how does interact the composition with a quasiconformal mapping with Lebesgue
spaces.

Lemma 4.10. [see [OP17, Lemma 2.4]] Let K > 1 and 0 < p < 0o and % > %. Given f € LP(D)
and a K-quasiconformal principal mapping ¢, we have that

Ifo ¢||L<1(¢>*1(]DJ)) < CK,q,p”fHLP(D)'
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Figure 4.1: The symmetrized region is included in the complement by the triangle inequality, see
the proof of Claim 4.12.

Lemma 4.11. Let ¢ be a K-quasiconformal principal mapping and let p € L be supported in
2D. Consider 0 < p < oo and % > %. For t small enough (depending on K ), there exist constants
Ck q,p and Cg such that

1
wq(p o @)(t) < Ck qp wph(Crt™).
Proof. First we will show the following claim:

Claim 4.12. For every g € L}, .(C), we have that

loc

wpg(t) = ( /C ]i o) gy dmm)

Indeed, the function

1
P

wpg(h) = ( [19t@) - gt + h>|p>; for h e C,

is measurable by Tonelli’s theorem. Given |hg| < t, the set Eyj, := {|h]| < t,|h—ho| <t :wpg(h) <
1w,g(ho)} is measurable, and its measure is bounded by |{|h| < t,|h — ho| < t}|/2: using the
triangle inequality wpg(h1 + h2) < wpg(h1) + wpg(he) we obtain that the set {|h| < t,|h — ho| <
t} \ B¢ contains the symmetrization of Eyj with respect to ho/2 (see Figure 4.1). Note that
the argument is valid even if w,g(t) = co. Thus, there is a measurable region Ey C B(0,t) with
Lebesgue measure |Eg| > £t with w,g(h) > fw,g(ho) for h € Ey. Thus,

[hol<t

wpg(t) = sup wpg(ho) < 2 (]{3 0 %g(h)f’dm(m); S (é o w;;g(h)ﬁdmm)); .

The converse inequality is trivial. Claim 4.12 follows now by Tonelli’s theorem.
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Now, using Claim 4.12, and adding and subtracting fB(qb(x) Cr/K) wdm with C to be fixed, we
obtain

1

w0 d)(t (/f NATE uo¢<y>|qdm<y>dm<x>>
< od(x) — dm| dm(x
N< Lpes@~f, o <>>
n ( /1 » pootn)~ 1, . )W)udm‘ dm(y)dm<x>>

Since ¢ maps the unit disk to 2D (being a principal mapping, this follows from Koebe’s theorem)
and it is +-Hélder continuous, we obtain that for z,y € 2D with |z — y| < t, [¢(z) — ¢(y)| <

Cklr — y|K < Ckt*, that is, ¢(z) € B(d(y), Cxtx). Therefore, for t < 1, if we choose above
C = Cg, taking absolute values inside the integral and using Jensen’s inequality we get that

q

1

ot </ ]i(qﬁ(r Ctl/K) pod(w) = p(w)|* dm(w) dm(ﬂﬁ))
" </<C ][B(¢(y),20t1/K) o @ly) = pw)l” dm(w) dm(y)>

Applying Lemma 4.10 to the function g : z — (fB(Z soniy [1(2) — p(w)]? dm(w)) , we obtain

([aeotar chn(az:))é < Ciar ([ oty dm<z>)’17 .

Since ¢ < p, applying Jensen’s inequality to g and Claim 4.12 the lemma follows. O

Q=

Q=

Theorem 4.13. Let k < 1, let 2K < p < 0o, where K is defined by (3.6) and let w be a modulus
of continuity. There exits a modulus of continuity v depending only on k, p and w such that for
every 1 € M(k,p,w), we have that

(k) = Id|| oo < 0(|kI7H),
where ¢, (-, k) stands for the quasiconformal mapping defined in Theorem 3.8.

Proof. Consider vy, := ¢, (-, k), that is, the quasiconformal map which is inverse to ¢, (-, k),
which solves

Bikion (k) = pre_n(pul 1) DR ). (4.29)
Then, using the inversion formulas [AIMO09, (2.49) and (2.50)] for the Wirtinger derivatives, we get

= k
On () = —provi() e—r(-) Ovi().
By Lemma 4.11, for every ¢ > 0 and p in the range 0 < % < K%;v we have that

w0 Yr)(t) < Cg.p wpp(Crct ¥) < Cli g, w(Crct ).
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That is, p o ¥y € M(k,q,w) for
w(t> = CK’q,pw(CKt?). (430)

Choosing g > 2, by Proposition 4.4 we get that there exits a modulus of continuity v depending
only on K, ¢, w and Ck 4 such that

[k = Id| oo < 0(E|71).

But quasiconformal mappings preserve the essential supremum norm because they preserve null
sets. Thus,

[k = Tdll oo = 1% 0 u(s k) = Pus )l oo = [ = 0u s B[ oo
O

We end the section with some remarks on the last results above. Lemma 4.11 is non-sharp,
at least for the Besov spaces. Indeed, p € Bj . if and only if w,u(t) < Ct® for t < 1. Applying

.00 ‘
Lemma 4.11 we obtain that w,(u o ¢)(t) < CC4tE, that is, we get that o ¢ € Bf%. Moreover,
if we write o = L — 5, since By ., C L for r < p} (see [Tri83, Section 2.7], for instance), Lemma

2
4.10 implies that po ¢ € L? for é > % - %, and, as a consequence, for % > % we get that

JIRYORS Bfoo. However, we already know from [OP17] that po¢ € B , for % > %Jr % (% — s),

which implies our result by elementary embeddings (see [Tri83, Section 2.2]).

The reason for this result to be so vague is that we do not use the relation between the jacobian
determinant and the distortion at every point, but only the Hoélder regularity in a quite naive way.
The question here is whether it is possible to improve the result above or not to get, for instance,

1
wp(p o P)(t) < Crwpu(Cat™),
that is, preserving the integrability and losing only smoothness, or

wy(po @) (t) < Crwpu(Cat) for every é > §7
which does not recover the Besov case but it would mean that there is no “loss of smoothness”.
In any case, Lemma 4.11 covers any modulus of continuity and, as a consequence, it can be
applied to every p € L2°, which is our purpose in the present paper.
As it has been noticed above, there are some particular moduli for which we know better
estimates for W than (4.30). If we restrict to Beltrami coefficients in subcritical Besov spaces B

p,00?

ie., if w(t) = Ct* with 0 < s <1 and sp < 2, then by [OP17, Theorem 2.25] we can deduce that

poy € By, as long as 1 > % > %+ (K —-1) (% - %) = % — (K —1)3. If, instead, the Besov

space is supercritical, then we can take 1 > % > % + (ngl) (% — %) Therefore, in these cases we

can write

W(t) = Crqp t°.

Note that the modulus @ obtained here has a better decay at the origin, and the integrability
parameter ¢ has been improved as well.

To recover the previously known results (see [BFR07, Theorem 3.7] and [CFR10, Theorem 5.6]),
it suffices to switch the loss from the integrability to the smoothness. Namely, in the subcritical

setting, where sp < 2, by the embedding theorems we have u € prm and

wp(p o) (t) < CK,qypt%~
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In the supercritical case sp > 2, we can find 0 < o, < 1 depending on K and p such that

wp(p o r)(t) < O g pt™*.

Moreover, it has the additional advantage that pov, € CP+% is granted by the Embedding theorems
(see [Tri83, Section 2.7], for instance) for a certain 0 < 8, < 1 which depends on K and p as well,
that is

Woo (1 0 i) () < Cre g pt™*.
As a consequence, if we restrict to C* Holder spaces, with 0 < s < 1, i.e., if w(t) = Ct* and p = oo,
% and W(t) = Ck qpt*, which agrees with the fact that po¢ € By  C CPBrs
(any B, < % will do by the embedding theorems). Thus, we can take ¢ = co as well with a worse

modulus of continuity @(t) = Ci g t7~*.

we can take % >

4.4 Decay of the conductivity solution

Equation (3.16) can be used to deduce a useful relation between the complex geometric optics
solutions to the conductivity equation u, and the family of solutions to the Beltrami equations
with rotated coefficients f,,.

Lemma 4.14. Given a Beltrami coefficient i € L* supported in D with ||p|| - < 1. Then
wy (2, k) = fa, iz, k) = eFPruc (R (4.31)
where A\, (z,k) € OD is defined as
fu(zR)—fu(zk)
/\#(Z, k‘) _ fﬁ(z,k)—ffu(zk‘) if fu(za k) # f—u(zv k)a (4'32)
1 otherwise.

Proof. First we recover an argument from [AP06, Lemma 8.2]. Consider A € 9D and let

By = (Hfﬁl?fﬂ) _ f,l+2ffu+)\fﬂ—ff,l.

2 2
ikz 1
CI))\ =e€ 1+ Ozﬁoo ; )

and, since A\ = 1, it is immediate to check that

- 14+ XM= 1—X- AML4+A) ——  A=1+X
ov, = (1520 15000 ) = (M - XS ar ) - v,

By (3.9) we have that

By Proposition 3.6 and (3.10) we have that ®) = f,,, = ¥+, By (3.9) and Theorem 3.8 we have
that Re (%) > 0 and, therefore, f, + f—, # 0. Using the definition of ®, above, this equality

reads as

AN fu+ O =) (fut fo) (fu — fu _1) futfow
P = 5 ut fp) = ot + A A 5 . (4.33)

Fix z,k € C. By (3.16), we have that

uy (2, k) = (fu +fou +E—E) (2, k).

[N
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If fu(z,k) # f-.(2, k), with some algebraic manipulation and using (4.32) we get
_ futf- Ju—T-u _Jut /- I e
uy (2, k) = £ 5 K (1+ fZ+f—Z) (2,k) = =& 5 EX (()‘u) + fZJrf—Z) (z, k).

Otherwise, since we defined A(z,k) = 1 this identity is satisfied as well (in fact, we can fix any
A € 0D without restriction in this case). Substituting the pointwise equality (4.33), we get

uy(z,k) = f)\“(z,k),u(z7 k).

O

Remark 4.15. Note that in the previous lemma we have seen two key facts. First, f, and f_,
determine the solutions fy, of any rotation of the Beltrami coefficient p via (4.33). Secondly, they
also determine the possible values of u~, so any bound (either above or below), decay at infinity,...
that we find for fx, which is uniform on ||u|| or, even better, just in X, is automatically applied to
Usy.

Let us introduce a new family of conductivities adapted to Definition 4.3.

Definition 4.16. Let 0 < k <1, 1 < p < 00 and let w be a modulus of continuity. We define
G(k,p,w) :=={y v =r, for a certain p € M(r,p,w)}.

Note that this definition does not coincide with G(K, DD, p,w) from Definition 1.2. However, it
is not difficult to find constants C; which depend only on & so that

G(K,D,p,Ciw) C G(k,p,w) C G(K,D,p, Cow)

whenever (3.6) is satisfied.
To lift (4.31) to the logarithms of both CGOS, we need to check the continuity of key,. We
will use the following version of the Liouville theorem:

Theorem 4.17. Let k < 1, let 2 < p < p,, let M € LP(D) and E € L*(D) be positive functions
and let F' € Wllocz((C) satisfy the differential inequality

|OF| < xp (k|OF| + M|F| + E).

If
lim F(z) =0,

Z—00

then for 2 < q < co we have that

1E | ey < COHMIe@) | Bl o .

If, moreover, F € L1(D) with 2 < q < px , then

< SN )| By .

[E w0
The constants depend only on p, q and k.
We skip the proof because it is exactly the same as in [BFR07, Theorem 2.1].

Lemma 4.18. Let k € C and let p € L*>® be a compactly supported Beltrami coefficient. The
function z = @y, (zx)u(2, k) as defined in Lemma 4.14 is continuous, and k > koy, (z,x)u(2, k) is
differentiable.
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Proof. First we check that A\ — k), (2, k) is a continuous function. Let zo € C and k € C )\ {0}.
By (4.29),

Opru(- k) = —%/\u e—k(Pau(, k))0oxu (- k). (4.34)

Let Ao, A1 € 9D be given and write ¢; := ¢y, From (4.34) we derive that

Blipo — 1) ) = L hamenlioa( TR F) — Aome (ol ) ol )

k
%()\1 Ao)pe—r(e1(- k) 0p1(-, k)
4 B ot (e-aler(c k) = e-alieo (k) TR

" %Aouefk(wo(w )R — pol F)).

Writing F'(z) = (¢o — ¢1)(2, k) and taking absolute values, we get
0F| < xp (I\1 = Mollopr] + le—k(p1) — e—i(v0)| 10p1] + || |OF]) .
The function z + eg(z) = €2**'# is Lipschitz with constant 2|k|. Thus,
[9F] < xo (1M = Aoll91| + [FI2[k| [0 + |l [0 ).

By (3.2), we have that F' = ¢g — @1 = C(dpg — dp;) € WHP(C) for 2 < p < p,.. By Theorem 4.17,
we get that

lpol- k) = @10 M)l ey < N0 k) = o1(o B)llynney < e“ IR @) |3y — X[ 0001]| o )
that iS, ”300(7]{:) - 301('ak)HL°C((C) < Cﬁ,\k\p‘l - )‘0|7 and
A = ©au(z0, k) is a Lipschitz continuous function in oD, (4.35)

as we wanted to check.
Next, let z € C. By the triangle inequality
| 2k (25 B) = O (20 (205 )| < |2y (25 B) = O, (2 0y (205 ) |
+ ’@Au(z,k)p‘(zm k) - @Au(zo,k)p(zm k)’ . (436)

The first term is always bounded by the Holder regularity of K-quasiconformal principal mappings:

| 2k (25 K) = O (2 (205 B) | < Clelz — 2| .

If fu(20,k) = f-.(20, k), then f,(z0,k) = fu(20, k) for every A € OD by (4.33). In that case, the
last term in the right-hand side of (4.36) vanishes. Thus, we can assume that f,(z0, k) # f—.(20, k).
By the continuity of f, and f_, in the z variable, we get that f,(z,k) # f_.(z, k) for z € B(zo,70)
for ro = ro(20, k) small enough.

From (4.32) we obtain that z — X,(z,k) is continuous in B(zp,7¢), and using that A —
©au(z0, k) is continuous by (4.35), we get that

Z = @Au(z,k)u(zm k)
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is continuous (and this continuity is uniform in a neighborhood of k). Therefore, back to (4.36)
we get

Z—r2z0

“p/\“(z,k)u(za k) - @Au(zo,k)u(zO; k)‘ — 0.

The continuity of k — k<p,\u(z7k)u(z7k) follows by an analogous reasoning using the conti-
nuity of the quasiconformal mapping k¢, described in Remark 3.11. By (4.31), the function
ik, (z,k)u(2, k) is a determination of the logarithm given by the Abstract Monodromy Theorem
and, thus, it inherits the differentiability properties of u,. The second statement of the theorem
follows from (3.13) and the considerations in Remark 3.11 again. O

Proposition 4.19. Let 0 < k < 1, let 2K < p < oo, where K is defined by (3.6), let w be
a modulus of continuity and let v € G(k,p,w). Then, the function 0~(z,k) := ikpx, (z.k)u(2, k)
satisfies that

u’Y(Zv k) = e&,(z,k)’

with 6,(z,k) — izk = O.,0(L) and §(C,k) = C; and there exists a modulus of continuity v

depending only on (k,q,w) such that
16 (2, k) —izk| < [k[o([k[7h).
Proof. By (3.11) and Theorem 4.13,

. . [Ck _
16,2, k) — k] < [Kllon, (o (2. F) — 2] < |k|mm{|z|,v<k| 1)}.

Moreover, by Lemma 4.14, we have that
eéW(Z*k) = €ikt’0>‘u(z«k)ﬂ(‘z’k> = f)\u(27k)u(z7 k) = ’I,L,Y(Z, k)

Moreover, d, is continuous with respect to z by Lemma 4.18. The asymptotic behavior of d, (-, k)
implies that d,(C, k) = C by a classical homotopy argument. O

5 Deriving stability from the scattering transform

Next we consider two conductivities 71,72 and we will write u; := u.;, 0; = 0,,, pj = fiy,,
7; := T, and so on for j € {1,2}. Barceld, Faraco and Ruiz showed that there is unconditional
stability from the DtN map to the scattering transform, that is, we need no a priori assumptions
on the conductivities to show the following stability result.

Theorem 5.1 (see [BFRO7, Corollary 4.5]). Let uj € L* real valued and supported in D with
ko= |lpllpe <1 forj € {1,2}. Let p := ||Ar — Aol p1/2(op)— r-1/2(0m)-  Then, there exists a
constant C' such that

|71 (k) — 72(k)| < CpeClF,

In this section we will follow the notation described above to polish the arguments presented
in [BFRO7, Section 5] and adapt them to the context of modulus of continuity.
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5.1 Main result and sketch of the proof

Theorem 5.2. Let k € (0,1), let 2K < p < oo with K defined by (3.6), let w be a modulus
of continuity and let G := G(k,p,w). There exists a modulus of continuity vg depending only on
(K, p,w, |k|) such that for every v1,v2 € G we have the estimate

llur (-, k) = w2, K)|l oo (omy < 15 (p),

where p = ||A — A2||H1/2(8D)HH,1/2(8D). Moreover, if w is upper semi-continuous, then there are
constants Cy, p,Cy, Ck, g, by, such that

C bror C.
5 (p) scww( x ) T
|log(p)| % |log(p)|ox

for p small enough.

Proof. Let z € 2D and k € C. If k = 0, then the asymptotic condition in (3.15) implies u1(z, k) =
us(z, k) = 1 and there is nothing to prove, so we can assume that k # 0.
Proposition 4.19 grants the existence of a modulus of continuity v depending only on (x, q,w)
such that
16;(2, k) — izk| < [Klv(|k| 7).

On the other hand, by Theorem 5.1,
|71 (k) — 72(k)| < CpeClF,

By Proposition 4.19, we have that u;(z, k) = % (**) with §;(-, k) onto. Thus, we can find w € C
such that 01(z, k) = d2(w, k). Hence, u1(z, k) = uz(w, k) and g(z,w, k) := 61(z, k) — d2(w, k) = 0.

Thus, the conditions for Proposition 5.3 below are satisfied, and there exists a modulus of
continuity ¢ depending only on (k,v) such that |z — w| < ¢1(p) whenever k # 0 and g(z,w, k) = 0.
It is well known that K-quasiconformal mappings are %—Hélder continuous (see [AIM09, Corollary
3.10.3], for instance). Thus, the complex geometric optics solution u; is Holder continuous in (0, 2)

with constant depending on |k| by (3.16) and (3.10). Therefore
lur (2, k) — ua(z, k)| = |ua(w, k) — ua(z,k)| < C(k|)jw — 2% < C(|k|)er(p) % .

From (5.5) below, if w is upper semi-continuous then

1

1 ]. K 1
L =ulp)® <4 ——""-——-— + pC%s.
Moreover, by Remark 4.9, (4.30) and Theorem 4.13, choosing ¢ = ¢(p, k) satisfying % < % < %,

we get that v is bounded above by

1 bN,P
v(t) < O p@(26)P57 + Cpt™* < Cl (CK)q,pw(OK(zt)?)) + Cit*%,

where the constant b,@,p = 4log(|\1;115’0||ge'1)—10gﬁ with % = %— %, and the constant ax = % — é with
s = s(k) > 2 given by the relation B[, , = ﬁ Thus,

1 K oK
1 ® 1 N &=
. <4C,. ,w|C _ +C| 7~ +ps.
g(p) <4Cx, (K(Clbg(pﬂ_@) ) (Clllog(p)l—cz) g
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For p small enough, this estimate can be written as

Ck )bﬂ » Ch
— + —
|log(p)| = |log(p)|x

i6(6) < Cups
The proof of Theorem 5.2 has been reduced to (5.5) below and the following result:

Proposition 5.3. Let K > 1, let v be a modulus of continuity, and let v1,v2 € G(K,D) be such
that

e for a certain 0 < p < 1/2 and every k € C, we have

1 (k) = 2(k)| < peIM, (5.1)

e and for every z € C and j € {1,2} we have

16;(2, k) —izk| < |klv(|k|™1). (5.2)

Consider z € 2D, w € C and the function g(k) = g(z,w, k) := 01(2, k) — da(w, k). Then there exists
a modulus of continuity 11 depending only on (K,v) such that g(z,w,k) # 0 whenever k # 0 and
|z —w| > u(p).

Sketch of the proof. Let z € 2D and let w € C with |z — w| far enough (in fact, |z — w| > t1(p)
with ¢1 to be determined). We are interested in bounds for g in terms of |z —w|. For each distance
s > 0, we will find a circle of radius

1 {U—l (s) ifs<1, (5.3)

R(s) " v (1) otherwise,

where v (y) = sup{z € R : v(z) < y}, and define

|2 = wl
R.., =R["—).
wimr (55

This is big enough so that we have some control on the decay of certain functions. Namely,
inequality (5.2) grants that |g(z,w, k) —i(z — w)k| < 2|k|v(|k|~1) and thus, if |k| > R, ., a short
computation shows that

9z, w, k) — iz —w)k] _ 200k _ 1
G-k " -wl C 2

(5.4)

Thus, g is homotopic to (z —w)k in IDg_,, (we omit z, w and k in the notation when their
values are clear from the context). In particular, its Browder degree

deg(g,0Dg, ,,0) = 1.

zw )

In (5.16)—(5.18) we will define functions F, S and ¢, with F holomorphic on D(0, R, ,,), S small
in the Lipschitz norm and ¢ continuous, so that g = e*(F + S). The continuity of ¢ grants that g
is homotopic to F' + S as well in dDg,_ ,, so

deg(F + S,0Dg, ,,,0) = 1.
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In Proposition 5.8 we will see that whenever |z — w| > 13(p), this function F vanishes only
when k£ = 0 and we need to control the zeros which S may add.

Denoting the zeroes of H = F + S by Z(H), from Lemma 5.12 below if |z — w| > 3(p)
then Z(H) C Dg,. Moreover, by Proposition 5.13 whenever |z — w| > t4(p) we know that
sgn (det(DH)) =1 in Dg,. Since H € C! by (5.24), we can write

1 =deg(H,0Dg, ,,0)= Y indH(k)> > sgn(det(DH)) (k) =#Z(H).
k}QEZ(H) I{)iEZ(H)

Therefore, setting ¢1 := max{ia, t3, L4}, we get that H has only one zero, that is in k = 0 by (5.19),
and the same happens to g. O

5.2 A topologic argument

The present section is devoted to providing the missing details in the proof of Proposition 5.3
above. First, a technical lemma to be used in the subsequent proofs follows:

Lemma 5.4. Let o € Ri, and v : Ry — Ry increasing. There exists a modulus of continuity
L =t depending on a and v such that for d > 1(p) we have

de

(63}
p< e f(d)

for every p € (O, %} , where R(d) is defined as in (5.3) with that given v. In addition, if p is small
enough and v is upper semi-continuous, then

u(p) < o ) + pPas. (5.5)

<a1| log(p?)| — log(as)
Proof. Indeed, it is enough to show that

o log(p) < azlog(d) —log(as) — asR(d).
Since 0 < p < %, this is equivalent to

agR(d) — azlog(d) + log(a R(d
log(p)] > 2T Z czlos(@d) +loglas) _ D) _ g, g) 4,
ai B
The term in the right-hand side is a strictly decreasing function on d, and it tends to infinity
as d goes to zero. Thus,

i(t) := inf {x ER, : Rla) _ Balog(z) + B3 < |10g(t)|}

is an increasing function on ¢, and it satisfies that

}i_r)r(l) u(t) =0.
Moreover,
ut) < inf{x ERy: ? + 85 < |10g2(t)| } N {az € Ry —falog(x) < w)'i(t)}
1

1 1 .
= inf Sz € Ry : > T ynfqr e Ry 1o > 1282 ¢ 5.
max{m {x * R(w) ﬁlllog(t2)l—ﬂ1ﬁ3} nf{a Ry ;o }}
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Note that we used the fact that the intersection of two rays containing +oc is one of the rays.
Under the assumption of upper semicontinuity of v, since it is increasing, we get that for every
y>0,vov Y(y) >y. By (5.3), when z < 1 we defined R(z)~! = v~!(z). For ¢ small enough we
get

L(t)<max{v< 11 )ﬂfzé'z}.
Prllog(tz)[ — B1fs

Example 5.5. If v(t) =t* with 0 < a < 1, then
1

“1 e

ey 1252

1 otherwise.

In this case, for t small enough, 1(t) < (4 +¢) (Z—ﬂ log(t)\)_a.

The remaining part of this section follows closely the scheme in [BFRO7, Section 5], and the
expert reader may skip it. We include the details for the sake of completeness and to keep track
of the moduli of continuity.

Let us begin with the construction of F; S and ¢. First of all let us introduce two auxiliary
functions which arise from equation (3.17) written in terms of g. Since u; = €%, we have that

3,;% U; . 5 =8
070, = uj] =— T]u—; = —iTje% % (5.6)
Therefore, B B B
8Eg = 81;51 — (91252 = 721(7'1 — T2)€61761 — 7:7—2 (651761 — 662762) s
leading to
Org =09+ E, (5.7)
where
) eél(z,k)fﬁl(z,k)_662(w,k)7¢52(w,k) .
o(z,w, k) == —im2(k) 51 (z,k) 02 (w,k) if 01(2, k) # d2(w, k),
0 otherwise.
and

E(z,k) := —i(r1 (k) — T2(k))€61(z,k)—61(z,k)_

Before going on we need to establish some bounds in these functions, in order to define their
Cauchy transforms.

Lemma 5.6. Under the hypothesis of Proposition 5.3, for every z € 2D and w € C we have that

llo(z,w, M oo ¢y < 2M72ll g () < 2, (5.8)
B2, k)| < pelt, (5.9)

and
|ViE(z, k)| < eCOFIFD, (5.10)
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Proof. Let us begin bounding . Note that §; — §; € iR, and the Lipschitz constant 1 on e’ in
# € R leads to

||E*51 - (672*52”
|61 — o

Using (3.14), we obtain (5.8). Moreover, we have || = 1 and, by hypothesis, |71 (k) — 72(k)| <
peCl¥l By these reasons, we get that

|U(Z7w7k)| S ‘72 S 2|7’2‘.

|E(2, k)] < min{2, peCl¥l}, (5.11)
proving (5.9). Finally,
|8kE(Z, k)| = ‘(8k71 — 8;672)65“51 + (T1 - 7’2)63_61 (8ka — 6;451)‘
< |8k7’1| + |8k7'2| + |7'1 — 7'2| |6k(571| + |7'1 - 7'2| ‘6k(51| .
Using (3.19), (5.1), (5.6) and then (3.14) and the hypothesis p < 1/2, we get

0Lz )] < €+ 1 peClH (|7, 1

n \akal\) < COHIRD (1 4 |001]) -

Arguing analogously, we get that |9 E(z, k)| < eCO+ED (1 4-10,01]). Since z € 2D, in order to
show (5.10) it suffices to show that

10,01] < eCOFHED (1 4 |2)). (5.12)
To do so, by means of (3.16) and Lemma 4.14 we get

Okur| _ [Viful + [Viful _

Ok01| = < —
| | |1 | infrcom | faul

We write this expression in terms of the Jost functions using (3.9) and by (3.10) we get

SUP)eom ‘6ikzl|ka>\u| + |Zeikz||M>\M| < SUP)\eoD ||ka>\;L||Loo + |2H6ik(%”7z)|

|Ok61] <

infxcom €% || My, inf\eop |e?F(#rn—2)|

< (sup Ve Mgl oo + |z|) e2lklsupsean [oau(z.k)—2| (5.13)
AedD

By the Sobolev Embedding Theorem and (3.18) we get that
sup ||V, (k)| < eCUHIRD, (5.14)
A€dD

On the other hand, the quasiconformal principal mapping ¢ = ¢, (-, k) with Beltrami coefficient

v= g_:i such that ¢(z) — z = C(J¢)(z) satisfies that for p > 2 and close enough to 2,

”90 - Id”LOC((C) § HéQPHLp((c) < ||(I - VB)_1||(p7p)HVHLP S, Ch. (5'15)

Note that in the first step we used the Sobolev embedding Theorem again and (3.2), and then the
Neumann series (3.5). By (5.13), (5.14) and (5.15), we get (5.12). O

Next, for each R we consider a bump function pr € C§°(C) such that xpo,r) < ¥r < XD(0,2R)
and [|[Vor|« S 7 Now take

~ R
s(z,w, k) :=C (o’(z,w, ')‘PRz,w(')) (k), (5.16)
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which is well defined by (5.8) and (3.2), and it is locally Holder continuous by (3.1). Thus, using
(5.9) we can define

S(zw, k) i= C (e CIB (Yo, () (k) = € (eI Bz Yon. . ()) (0. (5.17)
The purpose of all this procedure is to get a holomorphic approximation of g on D(0, R, ,,): take
F(z,w, k) == e <R gz w k) — S(z,w, k). (5.18)
Using the fact that 0 o C = Id on Sobolev functions and (5.7) we get
OpF =eOrg—e gOrs— O3S =€ (0g+ E—0vr..,9) —€¢ ‘E¢r. .,
=(1-¢gr.,)e (cg+E).

By Weyl’'s Lemma, F is holomorphic on D(0, R, .,). Note that putting together Definition 3.7,
(5.17) and (5.18), regardless of the values of z,w, we have that

F(z,w,0) = S(z,w,0) = g(z,w,0) = 0. (5.19)

Let us complete the bounds on ¢ and on S and its derivatives.
Lemma 5.7. Under the hypothesis of Proposition 5.3, for every z € 2D and w € C we have that
[s(z, w0, )| e < CRz - (5.20)

Moreover,
15 (2, w, )| oo < pe© Tt (5.21)

and, for every 0 < 1 there exists C depending on 0 and v=1(1) such that

VS (2w, )| oo < pleCRawtD), (5.22)

Proof. The first equation follows easily from (5.16), and (5.8):

le(zr0, ) o < /

Dar 4

Using that 0 = Bo 0, the boundedness of the Beurling transform in any LP space for 1 < p < oo
and 0C = Id, together with (5.8) again, we get

10kl o = IB@5) Lo < CpllOgslipe = Cpllowr. .|| o < CREw (5.23)

for every such p.
Regarding S, by (5.20) and (5.9) we obtain

|S(2,w, k)| = |C(e™ Egr. ) (k) — Cle™*E¢r, ) (0)]

1 1
< elsEwD Bz w,t ( + ) dm(t
= / B O =g+ ) 40

1 1
< Qe pe@hiaw / ( + ) dm(t) < Cpe®f=v R,
o, , \IE—t]

which implies (5.21).
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On the other hand, by the properties of the Cauchy transform 9;S = e *Egg,_ . Using (5.20)
and (5.9) we get that

1055l = [le ™ Epr. .|| < peom,

and for every 1 < p < oo, arguing as before

10k:S] 1o = [BOrS) I 1p < CpllOgSllp, < OpRéz,w||81}S||Lx < p€C(Rz,w+1).

However, we need an L® bound, which we will obtain by interpolation. Combining (5.20) and
(5.23) with (5.9) and (5.10), we get

|Vile™BEer, )|, < el (HEHLOO(DQR)HV‘PRZ,WHLp 1B oo @pm) I Vsl 1o + ||vkE||LP(]D)2R))

2_1 2 2
< Ot (peCRz>wR5,w + peCev CR2, + ec‘(Rz‘w“)R;’,u,)
2
< R(l)gfleC(Rz,m-‘rl)’

where Dor := Dap, ,. Note that we have used implicitly the hypothesis z € 2D to control

||VkE||Lp(D2R) and the fact that p < 1/2 to keep the constants in the exponent. To end, let 6 < 1

and choose ﬁ < p < 0. Then by the embedding properties of fractional Sobolev spaces and
interpolation between these spaces (see [Tri83, Theorems 2.4.7, 2.5.6, 2.5.7 and 2.7.1], for instance)

we have that

IVES| e < ClIVES i o0 < Copl VSl VS|l

< CeCReut1)(1-0) 10 O(Reut1)0 (5.24)

O

Next we see that F' has only one zero if |z — w| is big enough with respect to p (i.e., when the
perturbation S is small with respect to F').

Proposition 5.8. Under the hypothesis of Proposition 5.3, there exists a modulus of continuity o
such that for every z € 2D and w € C with |z — w| > 12(p), then

F(z,w,k)=0 <= k=0
and the zero is simple.

Proof. By (5.19) the “if” implication is trivial. Since F' is holomorphic in Dg the function

k— %k) is holomorphic in Dg_ , as well.

Let us assume that |z — w| > t2(p) with ¢ to be fixed and |k| > R, .,. We will check that

F(z,w, k) 1
Re (Z(z_W> = (5.25)
Indeed, using (5.18) we can write
F(k) _ [i(z—w)k+ (g—i(z—w)k)le=* =S 14 g(k) —i(z —w)k 7 S(k)
i(z —w)ke=s i(z —w)ke=s i(z —w)k i(z —w)ke=s’

Therefore, by (5.4), (5.19) and (5.21), we have that
Re<( F(k) >Z1_’9—@(2’—11})14:’_‘5’(/6)—5(0) 1
i

i(z — w)ke™s i(z —w)k k (z —w)e—s

VS o

1
2 ‘Z—U}|€7”§HL°° '

>
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Thus, to show (5.25) it suffices to see that

|z — w|
4@“§HL00

VS| e < (5.26)
for a convenient ¢o.
By (5.22) we have that |VS];« < pzeC(B=wt1)  Therefore, for (5.26) to hold we only need
that
1o 2 — w|
P2 = Ol o) B

for a convenient 1o = 11 1 & o), .)r and |z — w| > 1a(p), and this is a consequence of Lemma
3.1.C, Loo

5.4. The proof of (5.25) is complete.
Inequality (5.25) implies that, in particular, for |k| > R, ,,, the function F'(k) does not vanish.
To end, we need to see that when 0 < |k| < R, ., still F'(k) # 0. Now, for ¢t € (0,1), if

F(k)

t
k

+ (1 —-t)i(z —w)e * =0,

then % = —%, which is impossible when |k| > R, ,, by (5.25). Thus, % is holomorphic
and homotopic to i(z —w)e™ in dDg, ,, and the latter is homotopic to the constant function
k +— i(z —w). Thus, the three of them have the same number of zeros, that is, none of them has

Zeroes. O

Remark 5.9. The same reasoning used above to show (5.25) can be used to see that for |k| > R, .
with |z — w| > 12(p), the estimate
F(z,w, k)

7
— < = .
i(z —w)ke=s| ~ 4 (5.27)

holds.
Next we want to see that F' behaves as (z — w)k near the origin.

Lemma 5.10. Under the hypothesis of Proposition 5.3, there exists a constant My such that for
every z € 2D and w € C with |z —w| > 12(p), there exists a holomorphic function v on Dg, , with

F(k)=i(z — w)ke”(k) for every k € Dg (5.28)

z,w?

and |v(k)| < Mo(R,. + 1).

Proof. By Proposition 5.8, the function k — i(f_(];)) + is analytic with no zeroes on Dg, . Thus,
i(f—(];)) = = e’®) with v holomorphic on the considered domain.

Let |k| = R, - By (5.27), we have that

F(k)
i(z —w)ke*

eu(k)ﬂ(k)‘ -

Moreover, by (5.25) we have that

Re (eu(k)+<(k)) — Re (Z(Z_Fi)k))keg) > i

(see Figure 5.1).
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-2. —-1.5 -—1.

Figure 5.1: Region containing the image of 0Dx_ . under e’(*)+s(k),

zZ,w

Combining both estimates and using the principal branch of the logarithm, we can choose a
determination of v so that v + ¢ maps dDg,_ , to the rectangle

{5 € C: —log(4) < Re(¢) < log (Z) and |Tm(¢)| < Z} .

Thus, we have that |v(k)| < 4+ [[s]| o < Mo(R. .+ 1) in the circumference |k| = R, ,, by (5.20).
By the maximum principle this result extends to the whole disk. O

Lemma 5.11. Under the hypothesis of Proposition 5.3, there exists dy < % such that for every
z € 2D and w € C with |z — w| > 12(p) as in the previous lemma the following statements hold
true:

i) For every 6 > 0, we have F~1(D(0,4)) C D (O, M),

[z2—w]
ii) infip<ao |F' (k)| > 3|2 — wle"Mo(B=wtD) gng
iti) supjy<g. , [F'(k)| < |z — w|eCRzwtl)

Proof. The first statement follows from the definitions. Indeed, let k be such that |F(k)| < 0.
Then, by (5.28) we have that |(z — w)k‘e”(k)’ <4 and |k| < gefotRerutl)

[z—w]
The second and the third can be shown by means of the Cauchy integral formula. Namely, for

|k] < dy < min { 1 Bew }, we have that
1 / V) e 1 ) .
27 Jong, . (€= F)? R..

272
Since F'(k) = (z —w)e’™ (1 + kv/(k)), we have |F'(k)| = |z — w||e*™| |1+ kv/(k)|. By
Lemma 5.10, the two claims follow choosing dy < min{ dl}. O

MO(Rz,w + 1)
< AW T/
= 2n(Ryw/4)?

[V (k)| < 2R, /4 = 4My (1 +

1
8Mo(1+o 1)’
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The idea to conclude comes from the fact that (z — w)k cannot be intersected twice by S which
is small in W, By Lemma 5.11 one expects the same for F. In the following lemma we deal
with the distribution of the zeroes of g(z,w, ) when z and w are far from each other. Consider the
set of zeroes

Z(g) :={k:g(z,w, k) =0}.

Lemma 5.12. Let us assume the hypothesis of Proposition 5.3. There exists a modulus of conti-
nuity t3 such that if |z — w| > v3(p), then Z(g) C D(0,dp).

Proof. Let |z — w| > t2(p). From (5.18) we have that g = e*(F + S). Thus, if ¥ € Z(g) then
F(k) = —S(k) and we can apply (5.21) to get |F (k)| < pe“H=». That is, k € F~ (D (0, pe“#=v))
o(C+Mo) (Rz 1w +1)

[z—w]

and, by the first statement in Lemma 5.11, we have |k| < p
We only need to see that there exists a convenient ¢3, so that p < % when |z —w| >
t3(p), which can be done by Lemma 5.4. O

The last ingredient in the proof of Proposition 5.3 above is to compute the Jacobian determinant
of
H:=e°*g=F+68.

Proposition 5.13. Let us assume the hypothesis of Proposition 5.3. There exists a modulus of
continuity vq4 such that if |z —w| > ta(p) then det(DypH)(k) > 0 for k € D(0,dy).

Proof. Let |z —w| > t3(p). Then, since F is holomorphic in Dg,, by the cosine formula we get

det(DyH) = |0, H[* — [0pH|* = |0k F + 9,S|* — |05S|*
> |F'[? +|0S[” = 2|F'||0kS| — |05S|* > |F'[> = 2|F'[|VS| - [VS[.

By (5.22) and the second and the third statements of Lemma 5.11 we have that
1 2
det(DH) > (|Z _ w|e—Mo<Rz,w+1>> — pPeC(Rewt) <2|Z — w|eCRewtD) peeC(Rz.ml))
- 2 )
so the condition

0 |z — w|? ) 1 1 < |z — w|?
PTS Re o) (Rt D) "\ 2 ] P [ T 4GOI (Rt D) (2]2 — 0] + p7)

(L]z — w]e~Mo(Beu+D)?

= eC(Rz,w+1) (2|z — w|eC(Rz,w+1) + pGeC(Rz,wH))

implies that det(DxH) > 0, and, therefore, the proposition follows. Again, this is a consequence
of Lemma 5.4. O

6 Final approach

To end we need to combine the a priori uniform elliptic estimates on the conductivities with
the control obtained in Theorem 5.2 to obtain estimates in the distance between conductivities.
Since interpolation is not possible in our setting, we will perform a subtle argument combining the
division in high and low frequencies of the derivatives of the CGOS in the Fourier side with Lemma
4.2. Thus, we need some control on the integral moduli of the CGOS in terms of the moduli of the
conductivities.
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6.1 Caccioppoli inequalities

In Lemma 4.5 we have studied the modulus of continuity of a Neumann series. However, the Bel-
trami equation together with (4.13) gives us bounds for the modulus of continuity of the Complex
Geometric Optics Solution derivatives, as we will see below, by means of a Caccioppoli inequality.

Theorem 6.1. Let pi,v € L™ be compactly supported with ||| + |v]]| e < & < 1. Let f be a
quasireqular solution to

Of = puof +vaf.
Let 1 < p < p,, satisfy that ||B|| ., <1, let r € [p,ps) and let q defined by % = é + % Then,
for every real-valued, compactly supported Lipschitz function v, we have that
wp(gpgf)(t) < Cuyrpll Vol L (wgp(t) + wev(t)) + Crp wp(fV (). (6.1)

Proof. We will show the case v = 0, leaving the general case to the reader. -
Let F':= ¢f. We have OF = @df + fOp = pudf + fOp = poF + f(dp — pdyp). Since
F e WhP(C), it follows that B(OF) = OF. Thus,

OF = uB(OF) + [0 — pfoep.
Taking modulus of continuity for ¢ > 0, we get that
wp(OF)(E) < wp(BIF)) (1) +wp(FO0) (1) + wp(uf ) (1),
and, using (4.13), we get

wp(OF)(t) < wep(t)||B(OF)|| ,, + wpB(OF)(#)||pll oo + wp(fI)(2)
+ 1l oo wp (00 f)(E) + |00 f| 1 rwqui(t).
By (4.1) we have that w,B(JF)(t) < B Ly, ., wp(8F)(t)

wp(OF)(t) < wqp()|Bll - OF | 1 + £ 1Bl o 1o wp (OF) (1) + wp(fO0) (¢)
+ rwp(9f)(1) + 00 || Lrwqi(t).

Note that OF is compactly supported and p-integrable (see Theorem 3.4). Thus, w,(9F)(t) is
finite and we can infer that

wp(OF)(1) wat(t) (Bl o v

OF|| . + 11 Vell,) + (1 + K)wp(f V) (t)
1—#|Bll '

By (3.7) we have that H5F|

o <Ol fVel . Thus

wp(OF)(t) < Crrpl VIl Lrwaps(t) + Cep wp(F V) (1)
Using that OF = @df + fOp, we get (6.1). O
Corollary 6.2. Let u € L™ be compactly supported in D with ||p| ;. <k <1, let 2 < p < oo with

KBl o <1, let r € [p,p.) and q defined by % = % + 1, and let f, be the complex geometric
optics solution from Definition 3.7. Then

p(OF)(e) < €& () + 77 ).
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Proof. Take xp < ¢ < xap with [Vi| < 1. Since df, = ¢df,, Theorem 6.1 leads to

Wp(éfu)(t) < Cn,r,prMVQPHLquN(t) + Crp wp(fu V) ().

But for |h| < t, using the Sobolev embedding we have that

wp(fuV0)(h) = ( | 1a@090(2) = futa+ (e + P dm) ’ (6.2)

-2 B 1-2 2
< 1Vl oo ) (/mlhlp dx) < Coll fuVtllyr.pamy 117 (27)7

1—2
SOP”flL”WLP(QD)lﬂ P

On the other hand, by the Sobolev embedding theorem for subcritical indices, ||quLr(2D) <
CHfu||W1,p(2D)~ Thus,

p(D)() < Crpll fullyrrnomy (war(®) + 11177

But (3.9) implies
ik
||fu||w1,p(2m>) = CpHe ”leP(2]D>)”M/‘HWl’p(?D)’
and (3.12) yields

Hfu”wl,p(gm) < eCN,p(Ikl—H). (63)

Arguing analogously one gets Theorem 1.7.

6.2 Interpolation

Proof of Theorem 3.5. Let k € (0,1), let 2K < p < oo with K defined by (3.6), and let w be a
modulus of continuity. We will show that there exists a modulus of continuity n = nu depending
only on (k,p,w) so that for every pair uq, uo € M := M(k,p,w), the estimate

L*(D) < Om,sn(p) (64)

|1 — pol

holds for a fixed 1 > 2+ £=1 where p := ||[A; — Ay | 11/2(om)— rr-1/2(op)- BY standard interpolation
with L™, we get L*® stability for 0 < s < co, and Theorem 3.5 follows in particular.

To show (6.4), let f; = f,,(-,1) (from now on we fix k = 1). Note that df; = ;0 ;. Thus, we
have the almost everywhere identity

1 — o = 010f2 — df10fs| _ 0£1(0fo = 8f1) + F1(0f1 — Ofo)]
fa 010/, B ’

~ 0 — 1)+ 18(f — 1))
o] |

= % Then we can apply Holder’s inequality to obtain

|1 — pa| <

Let s,s* > 0 to be fixed, satisfying SL + %

@ < Cl10(f2 = )l + £l0(f2 = FOl[| 2y 1105217

H:ul - ,U2| Ls* (D) (65)

42



By [CFR10, Lemma 4.6] the last (quasi)norm is bounded by

|||3f2 B

L < Cop (6.6)

as long as s* <K I E-1
We need to control the L?-norm of the gradient of the difference in (6.5). To do so, we define
a bump function xp < ¢ < xop, and write F' = ¢(f1 — f2). Then, we can use the Plancherel’s

identity to state that

that is, whenever % > % +

1072 = 1)l 2o < 1OFll ey = 9F || e = ||OF |

L*(©)
and, by similar reasons,
||8(f2_f1)||L2(D) < ’ L2(C
Take R to be fixed depending on p. Then
a(fs — a(f <2(or] | 2[ar| . 6.7
Hl (f2 fl)"""‘ﬁ' ( fl |HL2(]DJ) L2(DR) + L2(Ds,) ( )

On one hand, for the low frequencies we use that ’51\7(5)’ ~ |¢] ’ﬁ({)‘ and, thus,

o7

< A

= Rlleo(fa = f)llL2(c) < Rllf2 = fill L2 omy-

L2(DR) L2(C)

Since we have fixed k = 1, by Theorem 5.2, there exists a modulus of continuity ¢, depending
only on K, p and w so that

1
If2 = fillzeopy < If2 = fill pee 2my (27)2 < em(p).

Thus, we get that

H@F‘ < Rulp). (6.8)

L?(Dr)

For the high frequencies we use Lemma 4.2, which implies that

oy =€ (2000 () +ent@ter) () ).

Let j € {1,2}. By Corollary 6.2 and (6.2) we have that

w2 (e f;))(R™Y) < walpdf;)(R™) +wa(f;0¢)(R™)
< 0 (wpn(R™) + R 4 Coll il oy [R5

|oF

Combining (6.5), (6.6), (6.7), (6.8) and (6.9), we obtain

o7

By (6.3),

< -1 1), .
oy < G (w(R )+ R ) (6.9)

2 = izl oy < Cominf (Riaa(p) + Cop (w(R™) + BETH) ).

Defining
n(t) := i%f (C’sy,QRLM(t) + Crp,s (W(Rfl) + R%_1)> )
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we obtain the result. To see that n tends to zero as p — 0, it is enough to check that this happens
with R := 1p¢(t)~'/2. Note that using this value for R in the last expression we get

1

0(t) < (Comtm(®? + Cups (W) +ema®)2 ) ).

The theorem follows combining that lim; o w(t) = 0 and lim;_q ¢ (¢) = 0.
Whenever w is upper semi-continuous, by Theorem 5.2 we obtain the quantitative estimate in
Theorem 1.6. O
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