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1 Introduction

A phase of accelerated expansion in the early universe, inflation, is one of the simplest and
most elegant mechanisms we can posit to explain cosmic microwave background measure-
ments. Initially proposed to solve some of the puzzles of the hot big-bang model, inflation
stands now as one of the main pillars of the cosmological standard model. This success
notwithstanding, the microphysics of inflation still eludes us. A number of realisations of the
simplest inflationary scenario, so-called single-field slow-roll paradigm, are in good agreement
with current observations. Nevertheless, the multi-field hypothesis remains more likely from
the top-down perspective: string theory constructions, for example, often come with (many)
moduli fields and can just as easily accommodate gauge fields [1, 2].

Remarkably, upcoming cosmological probes will cross important qualitative thresholds
when it comes to the value of key cosmological parameters. These are, for example, the
tensor-to-scalar ratio r as well as the non-linear parameter fNL. The first is proportional
to the primordial gravitational wave power spectrum and is quite informative of the energy
scale of inflation. The parameter fNL captures the strength of inflationary (self)interactions.
Identifying the value of such parameters, or, more conservatively, placing much stronger
constraints on them will be very consequential for our understanding of the physics of the
very early universe. A σr ∼ 0.001 (within reach for CMB-S4 and the LiteBIRD experiments)
will rule out celebrated models such as Starobinsky inflation.1 The threshold value σfNL ∼ 1
(a target for LSS probes) sits at a qualitatively meaningful point given that fNL ∼ a few

1As well as e.g. Higgs inflation in the large field limit [3].
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would be very suggestive of a multifield (or at least multi-clock) inflationary mechanism.
21cm cosmology will deliver even better constraints on the non-linear parameter, and by
a long margin [4].

The advent of next-generation cosmic probes then puts us in an enviable position to
probe the particle content of the very early universe. We may identify the energy scale at
which the “cosmological collider” operates. Given the high-energies that were likely in play
at such an early epoch, this would be transformative also for particle physics, granting access
to beyond-the-Standard-Model physics and, possibly, to a regime where quantum gravity
effects are no longer negligible. We are (about to be) at a very favourable conjunction when it
comes to testing models of the very early universe. There is an additional instrument we may
well add to our model selection toolbox: the existence (or at least the possibility) of higher
dimensional embeddings of the inflationary mechanism under scrutiny. These constructions
typically alleviate, if not altogether solve, the eta problem: the need for the (small) inflaton
mass to be protected from large quantum corrections. Fortunately, there is a number of
setups that have the potential to be both observationally viable and compelling from the
top-down perspective. In this work we shall focus on one such class of models: axion inflation.

Equipped with a sinusoidal potential stemming from non-perturbative gauge field config-
uration, the simplest axion-inflation model, “natural inflation” [5, 6], has only recently been
ruled out by observations [7]. It still serves however as a proxy for the single-field limit of a
variety of interesting theories. In short, the sinusoidal potential of natural inflation is too
steep to account for the measured scalar spectral index at CMB scales, even when considering
a trans-Planckian axion decay constant. From this fact stems the interest in mechanisms
that (i) flatten the potential or slow down the rolling of the axion-inflaton; (ii) preserve the
remarkable properties (i.e. the symmetries) of a technically natural inflaton. One proven
way to slow down the inflaton is to consider an (additional w.r.t. Hubble) friction term by
means of a Chern-Simons coupling to a gauge sector. This makes for very intriguing models,
the subject of an intense ongoing research activity [8–41]. Both Abelian and non-Abelian
gauge fields have been enlisted for the task, leading to fascinating findings.

The dynamics common to both cases may lead to a chiral primordial gravitational wave
spectrum. A short-lived, controlled, instability occurs in the gauge fields equations of motion
for one polarisation, in connection to the presence of the parity-breaking Chern-Simons
coupling. In turn, this enhancement affects the GW signal. The precise sourcing of GW is
different in the Abelian and non-Abelian models in that in the former case GW are sourced
non-linearly, at 1-loop level, and so are scalar fluctuations. The similarities between the
sourcing of scalar and tensor sectors make Abelian setups interesting also from the point of
view of primordial black hole physics (see e.g. [15]). On the other hand, the SU(2) case, for
example, comes with linearly sourced tensor modes; in non-Abelian configurations the tensor
sector is indeed the most affected by the coupling to gauge fields. The chiral nature of the
GW signal can be tested, depending on the size and the position of the peak, at CMB scales2

via 〈BT 〉, 〈BE〉 correlations [29, 43–45] and by laser interferometers [46–49]. Given their the
intriguing phenomenology, several aspects of axion-gauge fields models have been explored

2Low multiples ` are more effective at constraining chirality of primordial origin also in light of birefrin-
gence [42].
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in the literature besides the standard observables such as scalar and GW power spectra,
bispectra. Backreaction effects are crucial in such setups and have been investigated at length
(see e.g. [17, 26, 34, 50–52]). An interesting difference has emerged in favour3 of the SU(2)
configuration, although lattice simulations4 (see also [51] for recent analytical work) will have
the last word. Several bounds (and caveats) emerged from such studies, which have been
complemented by limits imposed by perturbativity [23, 55]. Couplings with fermions have
also been considered, as was the presence of the other natural parity breaking term, namely
the gravitational Chern-Simons coupling [27]. More broadly, a primordial mechanism for a
chiral GW spectrum may be used for gravitational leptogenesis, a possibility explored both in
the U(1) [56] and SU(2) [21] scenarios. One should also mention supegravity and string theory
embedding of axion-gauge fields models [2, 57].5 These constructions lend credit to the idea
that such inflationary models may well describe the particle content of the very early universe.

In this work we focus on an axion-gauge field model comprising an axion-like inflaton
coupled to an SU(2) gauge sector. The crucial difference with respect to the well-known
chromo-natural scenario (CNI) [58] is an additional non-minimal coupling to gravity via the
Einstein tensor, which was introduced and studied in the context of natural inflation in the
so-called “UV-protected inflation” setup of [59]. The specific non-minimal coupling with the
Einstein tensor is chosen in such a way to preserve both (i) the number of propagating degrees
of freedom (d.o.f.) of chromo-natural inflation and (ii) the (approximate) shift symmetry.
The requirement (ii) suggests a coupling with the kinetic term and the specific choice of the
Einstein tensor was identified in reference [59, 60] as the lowest order operator that ensures
the d.o.f. counting stays the same as in the minimally coupled theory. Furthermore, the
specific sign of the non-minimal coupling term is fixed by requiring the absence of unstable
degrees of freedom [61], i.e. ghosts.

The extra coupling term allows one to arrive at a viable cosmology at CMB scales whilst
preserving the same symmetries of CNI. This is in contradistinction to the case of the
spectator axion [17], where an additional scalar sector is in charge of driving the expansion.
Our model here is most closely related to the analysis in [62], where, on the other hand,
the role of the axion sinusoidal potential is not as prominent. Another related study was
put forward in [63], where the authors focus on the U(1) case instead of our chosen SU(2)
configuration. The common feature is the friction on the inflaton roll provided by both
the Chern-Simons term and the non-minimal coupling. It will be interesting to provide a
similar analysis to the one in [59] of the UV properties of the model under scrutiny in this
manuscript. We leave this to future work.

This paper is organised as follow. In section 2 we introduce the model and study its
background evolution. In section 3 we explore fluctuations in the scalar and tensor sectors.
In section 4 we focus on observables, and in particular on primordial gravitational waves,
identifying an intriguing viable region in parameter space. We discuss the exciting prospect
of testing our model with upcoming GW observatories. In section 5 we draw our conclusions.
Appendices A and B contain additional details about our analysis of scalar perturbations.

3In the sense that the vacuum expectation value of the non-Abelian gauge fields generates a larger mass
for fluctuations so that these end up having a milder effect on the background dynamics [26].

4See in particular the interesting results of [52] for lattice simulations of the U(1) case. We also point the
reader to [53, 54] for the useful resources provided by the CosmoLattice package.

5See also the recent analysis in [41].
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2 The model

The model we consider in this work is described by the following action:

S=
∫

d4x
√
−g
[
M2

Pl
2 R− 1

2

(
gµν−G

µν

M2

)
∂µχ∂νχ−V (χ)− 1

4F
aµνF aµν+ λχ

8f
√
−g

εµνρσF aµνF
a
ρσ

]
.

(2.1)
We are after an inflationary phase whose field content includes the massless spin 2 field

of general relativity, an axion-like inflaton field with the standard sinusoidal potential of
natural inflation [5],

V (χ) = µ4
(

1 + cos χ
f

)
, (2.2)

where µ parametrizes the energy scale of inflation and f is the (sub-Planckian) axion decay
constant, and an SU(2) gauge field with strength

F aµν = ∂µA
a
ν − ∂νAaµ − gεabcAbµAcν , (2.3)

where g is the gauge coupling.
The Chern-Simons term couples directly the gauge sector with the inflaton field with the

dimensionless quantity λ regulating the strength of such interaction. One may think of the
setup in eq. (2.1) as an extension of the well-known single-field natural inflation scenario in
two directions. First, a non-minimal coupling between gravity and the axion-like field via the
Einstein tensor, Gµν , whose strength is regulated by 1/M2. Second, a gauge sector coupled
to the inflaton via a Chern-Simons term. Both couplings provide added friction against the
axion-inflaton rolling and are necessary to obtain a viable cosmology at CMB scales.

The action obtained from eq. (2.1) upon setting to zero only the non-minimal coupling
proportional to 1/M2 is instead known as chromo-natural inflation (henceforth CNI) [58], a
well-studied model exhibiting a blue, chiral, gravitational wave (GW) spectrum. CNI shares
with natural inflation the desirable feature of an inflaton mass protected from large quantum
corrections.6 Unfortunately, both models are ruled out by the latest Planck-BICEP/Keck
Array data.

It is nevertheless instructive to briefly report here on why such constructions are no
longer viable. This is especially important given that our setup in eq. (2.1) is closely related
to them. Natural inflation comes with a relatively steep potential, too much so to support
the nearly scale invariant scalar power spectrum described by a spectral index of ns ' 0.965.
The only freedom in the parameter space is to opt for a trans-Planckian axion decay constant
f . Even if this is at least in principle7 possible, it turns out not to be enough to grant
agreement with observations. The key novelty in the CNI model is the introduction of a
gauge sector: the inflaton has now a “dissipation channel”, a way to slow down that does not

6The Chern-Simons term changes only by a total derivative under a shift of the field χ.
7A trans-Planckian f is disfavoured by a number of considerations. Quantum gravity is expected to

break global symmetries, such as the shift symmetry, through formation and subsequent evaporation of a
virtual black hole [64, 65]. Also, typically string theory embeddings of the inflationary mechanisms deliver a
sub-Planckian f [66].
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require going the trans-Planckian route. The Chern-Simons term leads also to an intriguing
gravitational wave phenomenology: tensor degrees of freedom in the gauge sector are much
enhanced by the coupling with a light inflaton and, in turn, source gravitational waves. A
large coupling λ then slows down the axion inflaton and supports a distinctive, chiral, GW
signal. As shown in [11, 67], the coupling necessary to deliver the measured scalar spectral
index corresponds to an overproduction of primordial GW according to the available bounds
on the tensor to scalar ratio r.

One may well solve the issue of the GW overproduction in CNI by considering extra field
content such as was done e.g. in [17] by adding a scalar sector or in [16] by considering a
spontaneous breaking of the SU(2) gauge symmetry. We choose here to instead keep the field
content to a minimum, as clear from eq. (2.1). The model described in eq. (2.1) comes with an
additional source of friction for the axion-inflaton field: the non-minimal coupling to gravity.
The different sign relative to the standard kinetic term of the inflaton is needed in order to
ensure the absence of ghosts in the theory [59]. The effect granted by the extra term, a proven
way to slow down the inflaton field, is sometimes termed gravitationally-enhanced friction.
As we shall see, a viable cosmology stems from a slowing down of the axion-inflaton that first
relies mostly on the direct coupling to gravity and then leaves way to the friction provided by
the Chern-Simons term, i.e. by the gauge sector. The reason is clear: a phenomenology that
closely tracks the one of CNI at CMB scales is ruled out by the very fact that CNI is. We shall
now explain things more in detail as we move on to the analysis of the background dynamics.

2.1 Background evolution

Although not strictly necessary for the viability of the model, we shall nevertheless work
in a (large) region of parameter space that corresponds to certain properties. First, we
require that the axion-inflaton field is the one driving the acceleration; in other words, it
will dominate the energy budget of the universe throughout the inflationary evolution. The
inflaton field is also expected to be the main source of scalar fluctuations (as we shall see,
several scalar degrees of freedom populate the gauge sector).

As anticipated above, we want to combine the two friction-inducing effects to (i) slow
down the inflaton (ii) without over-relying on the coupling on the gauge sector as doing so
would overproduce gravitational waves at CMB scales. At inflationary energy scales in an
FLRW background the Einstein tensor gives a contribution proportional to (H/M)2; for the
non-minimal-coupling to be a relevant source of friction in the equations of motion one ought
be in the M � H region. In what follows we shall also require that inflation be driven by
the potential rather than kinetic terms, the latter being sometimes called kinetic inflation.
From eq. (2.5) below, it is clear this implies: µ '

√
HMPl. The two conditions together then

identify the following constraint: (M/MPl) � (µ/MPl)2.
We may consider an FLRW background solution in the presence of a non-zero vacuum

expectation value for gauge fields. This is possible because, unlike e.g. in the U(1) case,
identifying gauge indices with the rotation (i.e. spatial) ones, one may indeed find an
homogeneous and isotropic background:8

Aa0 = 0, Aai = δai a(t)Q(t). (2.4)
8It turns out the homogeneous and isotropic one is an attractor solution [68].

– 5 –



J
C
A
P
0
2
(
2
0
2
4
)
0
3
9

The two Friedmann’s equations are:

3M2
PlH

2 = 1
2

(
1 + 9H2

M2

)
χ̇2 + µ4

(
1 + cos χ

f

)
+ 3

2
(
Q̇+HQ

)2
+ 3

2g
2Q4, (2.5)

−2M2
PlḢ =

(
1 + 3H2

M2

)
χ̇2 − 1

M2
d
dt
(
Hχ̇2

)
+ 2

(
Q̇+HQ

)2
+ 2g2Q4, (2.6)

whilst the equations of motion for χ(t) and Q(t) read(
1 + 3H2

M2

)
χ̈+ 3H

(
1 + 3H2

M2 + 2Ḣ
M2

)
χ̇− µ4

f
sin χ

f
= −3gλ

f
Q2
(
Q̇+HQ

)
, (2.7)

Q̈+ 3HQ̇+
(
Ḣ + 2H2

)
Q+ 2g2Q3 = gλ

f
χ̇Q2. (2.8)

It is immediate to check that in the large M limit this set of background equations cor-
rectly reduces to the ones in CNI. Let us also introduce a number of useful background
quantity definitions.

The different contributions εi to the first slow-roll parameter, so that ε =
∑
i εi, are

given by:

ε ≡ − Ḣ

H2 ; εχ ≡
χ̇2

2M2
PlH

2 ; εE ≡
(Q̇+HQ)2

M2
PlH

2 ;

εB ≡
g2Q4

M2
PlH

2 ; εM ≡
1

2M2M2
Pl

[
3χ̇2 − 1

H2
d
dt(Hχ̇

2)
]
. (2.9)

Here we are adopting the usual notation where the subscripts E and B are related to the
gauge sector, while the subscript M refers to the contribution coming from the non-minimal
coupling. Some dimensionless combinations of background quantities, recurring in CNI
literature and which will be referred to in the following discussion, are:

mQ ≡
gQ

H
; Λ ≡ λQ

f
; ξχ ≡

λχ̇

2fH ; (2.10)

We are then interested in the two friction terms in the axion equation of motion, eq. (2.7),

Fχ ≡ 3H
[
1 + (3− 2ε)H2

M2

]
χ̇ ; FQ ≡

3gλ
f
Q2
(
Q̇+HQ

)
; (2.11)

which we refer to as the gravitationally-enhanced and the gauge friction, respectively. These
terms are plotted in figure 1 as a function of the number of efolds N .

In order to limit gravitational wave production while reproducing the correct value for
ns, at the time of horizon exit for CMB scales we want the gravitationally-enhanced friction
to play a key role in slowing down the axion-inflaton roll, something that in CNI is entirely
left to the friction from the gauge sector. As proxy quantities to implement this requirement
we find it useful (see figure 1) to consider the terms in eq. (2.11), whose dynamical role is
clear from eq. (2.7). As we shall see, the increasing role of the contribution from the gauge
sector as a function of time is reflected also in the GW power spectrum.

– 6 –
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−70 −60 −50 −40 −30 −20 −10 0

N −Nend

10−4

10−3

10−2

10−1

100

Fχ/V ′
FQ/V ′

Figure 1. Background evolution of the two leading sources of dynamical friction, defined in eq. (2.11)
and normalised to the derivative of the axion potential. This plots illustrates the evolution of the
friction terms in the region of parameter space of interest for us, where the gravitationally-enhanced
term starts out as the leading contribution. Nend indicates the end of inflation.

Let us also stress the following about the friction originating from the gauge sector.
Inspection of eq. (2.7) may suggest that the roles of the coupling constant λ and the gauge
coupling g are fully analogous and one may well act on either one to increase/decrease friction.
The fact that this is not the case should be clear from eq. (2.8), and in particular the last
term on the l.h.s., which breaks the “degeneracy” between the two quantities. This will also
be manifest when determining the global minimum for Q. As we shall see, g plays a rather
different role than the coupling constant λ and it may be increased without over-producing
primordial gravitational waves.

The various contributions to the energy density in eq. (2.5) can be singled out as
Ωi ≡ ρi/(3H2M2

Pl) using the following definitions:

Ωχ̇ ≡
χ̇2

6M2
PlH

2 ; ΩM ≡
3χ̇2

2M2
PlM

2 ; ΩV ≡
µ4

3M2
PlH

2

(
1 + cos χ

f

)
; (2.12)

ΩB ≡
g2Q4

2M2
PlH

2 ; ΩE ≡
(Q+HQ̇)2

2M2
PlH

2 ; (2.13)

where the subscripts χ̇ and V refer to the axion kinetic and potential energy, respectively.
Such quantities are plotted as a function of time in figure 2, which was obtained by numerically
solving the background in terms of the number of e-folds N , with dN = Hdt, and for the
fiducial set of parameters that we present in section 2.2.

2.2 Parameters choice and initial conditions

Before embarking on a study of the parameter space guided by observations, we briefly pause
here to highlight the possibility of deriving additional bounds by requiring a consistent UV
completion as well as a continued perturbative control over the model. Such constraints were
derived in [59, 60] for “UV protected” inflation. One key difference between our setup and that
of [59], it that our model includes an extra gauge sector which is not integrated out. If one

– 7 –
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ΩV

Ωχ̇

ΩM

ΩB

ΩE

−70 −60 −50 −40 −30 −20 −10 0

N −Nend

10−7

10−6

10−5

10−4

10−3

10−2

10−1

100 ε

εχ

εM

εB

εE

−70 −60 −50 −40 −30 −20 −10 0

N −Nend

10−14

10−13

10−12

10−11

10−10

10−9

gλ
f χ̇Q

2/M 3
Pl

2g2Q3/M 3
Pl

(Ḣ + 2H2)Q/M 3
Pl

3HQ̇/M 3
Pl

−70 −60 −50 −40 −30 −20 −10 0

N −Nend

10−12

10−11

10−10

10−9

(1 + 3H2

M2 )χ̈/M 3
Pl

3Hχ̇/M 3
Pl

3H(3H2

M2 + 2Ḣ
M2)χ̇/M

3
Pl

µ4

f sin (χf )/M 3
Pl

3gλ
f Q

2(Q̇ + HQ)/M 3
Pl

Figure 2. Upper left panel: energy budget during inflation. The individual contributions are defined
in eq. (2.12). The inflaton potential dominates. The contributions from the E and B fields remain
sub-dominant. Upper right panel: contributions to the slow-roll parameters as defined in eq. (2.9).
The non-minimally coupled kinetic term provides the leading contribution. However, εB from the
gauge sector plays a non-negligible role towards the end of inflation. Lower left panel: key terms
in the gauge-field background equation of motion (2.8). Lower right panel: background quantities
that populate the inflaton equation of motion (2.7). The gravitationally-enhanced friction contributes
almost as much as the (derivative of the) potential. The term proportional to χ̈ remains negligible.
The friction from the Chern-Simons coupling starts out as sub-dominant but then plays an increasingly
important role.

were to extrapolate the requirements resulting from [59] to our case, one would be tempted
to include the conditions M �MP (which we already have to satisfy on a phenomenological
basis) and f �M (stemming from the requirement that one operates away from the strong
coupling limit). As we shall see, the parameter space under scrutiny here happens to satisfy
both these constraints. However, we postpone a rigorous derivation to future work.

The free parameters of the model (2.1) can be chosen so as to favour the “gravitationally-
enhanced friction” at early times and leave way to the gauge field contribution later on.
This is implemented by adopting relatively large values for g and λ. When comparing with
the best performing (vis-à-vis observations) values in CNI for the same quantities, the ones
adopted here are respectively larger and smaller than in CNI. In our exploration of the
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parameter space, our fiducial values are:

g = 0.1, λ = 550, µ = 0.005 MPl, f = 0.2 MPl, M = 9× 10−7 MPl. (2.14)

Naturally, we will investigate the effects stemming from exploring a whole region in the wider
neighbourhood of the above parameter values.

Initial conditions are chosen such that both χ and Q have negligible accelerations. Their
initial velocities are fixed by the equations of motion once the initial background value for
χ has been chosen. This assumption is not particularly restrictive: we verified that, for
reasonable values leading to an inflationary stage, the initial velocities are not relevant and
the overdamped regime is an attractor. The axion-inflaton field is quickly driven towards a
slow-roll dynamics. Besides the standard Hubble friction, the non-minimal coupling leads to
“gravitationally-enhanced” friction and the gauge sector contributes an additional dissipation
channel so long as Q > 0. Due to this attractor dynamics, the initial value of χ does not
impact observables.

Upon neglecting slow-roll corrections, the equation of motion for the gauge field back-
ground Q can be recast in the following simplified form:

3HQ̇+ dVeff(Q)
dQ ' 0 , with Veff(Q) = H2Q2 − gλµ4

27f2H

M2

H2 sin χ
f
Q3 + g2

2 Q
4, (2.15)

where the cubic order term was found by replacing χ̇ in eq. (2.8) by its solution from eq. (2.7),
assuming negligible acceleration and H/M � 1.

Let us investigate the stationary solutions for Q. First, Q = 0 is always a local minimum.
A non-trivial minimum for the potential may also develop at Qmin > 0. Indeed, one may
derive a condition for the existence of such minimum as a function of time (the parameters
being kept fixed) or of specific parameters, keeping time fixed. In terms of the non-minimal
coupling strength H/M , this condition reads:

H2

M2 <
λµ4

36f2H2 sin χ
f
. (2.16)

The resulting expressions for Qmin and mQ are given by

Qmin ' O(1) λµ
4M2

18gf2H3 sin χ
f
, mQ ' O(1) λµ

4M2

18f2H4 sin χ
f
, (2.17)

where O(1) runs from 1/2 to 1 during inflation.
Figure 3 shows the numerically obtained evolution of the effective potential for Q both

as a function of time for fixed parameters (left panel), and as a function of the non-minimal
coupling scale M (right). Note that if the condition in (2.16) is satisfied at the initial time,
it will continue to hold throughout the inflationary evolution. In practice, we shall always
choose the initial value of the axion-inflaton and the size of the non-minimal coupling such
that there is a non-trivial global minimum during the inflationary evolution. This ensures
that no transition between the vacua is triggered (see [69] for a very interesting recent work
that instead takes full advantage of such transition).
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(a) Effective potential for Q for the fiducial set
of parameters and as a function of time. The
minimum develops as time passes and χ̇ increases.
We choose initial conditions so that the gauge
field is already at its true minimum and inflation
lasts more than 60 e-folds afterwards. The value
of the minimum, (indicated with dots) increases
as a function of time.
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(b) Effective potential for Q for different values of
the parameter M determining the strength of the
non-minimal coupling. The other parameters are
set to their fiducial values. The plot underscores
how a lower bound on the value ofM is necessary
to ensure the presence of a non-trivial minimum
in the effective potential.

Figure 3. Behaviour of the effective potential for Q under time evolution for a given set of parameters
(left panel) and varying the strength of the non-minimal coupling at fixed time (right panel).

As an example, for our fiducial set of parameters in eq. (2.14), we find that for an initial
time corresponding to χ/f = π/4,9 there exists a global minimum at Qmin ' 2.8× 10−4MPl
satisfying Veff(Qmin) < 0 = Veff(0) and sustaining a sufficient duration for inflation. In what
follows, we shall use such Qmin as the initial value for Q thus fixing also χ̇, Q̇ uniquely.

After this brief discussion on the effective potential for the background Q, it is worthwhile
to stress two notions. First, it is important to have a stable, global, Qmin > 0 in order to
open up communication between the axion and the gauge sectors and take advantage of
the intriguing phenomenology associated with the Chern-Simon coupling. Secondly, unlike
in the CNI case, a Q sitting at its minimum does not automatically imply an immediate
and significant damping of the motion of the axion-inflaton as found in [11, 70]. This fact
is clear from figure 2 (bottom right panel), where the leading friction term is due to the
gravitationally-enhanced friction, i.e. the non-minimal coupling, rather than the gauge sector.
This is not surprising in that we have been intentionally seeking a setup where the effects of
the gauge sector are delayed w.r.t. the CNI case. We are enlisting an additional dissipation
channel in the dynamics precisely because relying solely on the gauge sector is what places CNI
in tension with observations. Again figure 2 illustrates how leading background quantities be-
come sensitive to the gauge sector only at a later stage (or, correspondingly, at smaller scales).
This will be true also at the level of observables such as the gravitational wave spectrum.

9For the same set of parameters, one finds that for χ/f = π/5, the Qmin > 0 global vacuum has not yet
developed. For χ/f = π/3, inflation only lasts ∼ 40 e-folds. Our requirements then limit to some extent the
parameter space we shall explore here.
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Figure 4. The gauge field background quantity Q is plotted as a function of the time variable N .

In addition, we explicitly verified (see figure 4) that the gauge-field background Q

decreases and oscillates within a few e-folds after the end of inflation, when the axion
background settles to the minimum of the potential at χ = π.

We now move on to considering fluctuations about the inflationary background.

3 Cosmological perturbations

In this section, we study cosmological fluctuations following a similar parameterisation and
quantisation procedure as in [11]. Perturbations in the inflaton, gauge, and metric fields
are introduced via the following decomposition:

χ = χ0 + δχ,

Aa0 = a (Ya + ∂aY ) ,
Aai = a [(Q+ δQ) δai + ∂i (Ma + ∂aδM) + εiac (Uc + ∂cU) + tai] ,
g00 = −a2 (1− 2φ) ,
g0i = a2 (Bi + ∂iB) ,
gij = a2 [(1 + 2ψ) δij + 2∂i∂jE + ∂iEj + ∂jEi + hij ] ,

(3.1)

where vectors are transverse and tensors both traceless and transverse. The gauge freedom
associated to spacetime coordinates and SU(2) transformations can be used to set ψ =
E = Ei = 0 and U = Ui = 0. Vector perturbations are not observationally relevant (see
e.g. [11, 67]); we will therefore disregard them from now on and focus on scalar and tensor
perturbations only.10

10A quick route to the number of propagating degrees of freedom goes as follows. Without the gauge sector
our Lagrangian consists of that of general relativity (2 tensor d.o.f.) plus the one of a scalar field (1 d.o.f.).
Upon focusing on the gauge field sector, and applying the usual two gauge conditions, we can identify 2 × 3
(from the gauge index “a”) = 6 degrees of freedom, and in particular two scalars, two vectors, and two tensors.
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Perturbations can be expressed in Fourier space and tensors may be decomposed into
polarisations λ ∈ {+,×}, with tai(τ,k) = tλ(τ,k)eλai(k̂) , hij(τ,k) = hλ(τ,k)eλij(k̂). Without
loss of generality, the polarisation tensors eλij(k̂) can be in the (x, y) plane, i.e. one assumes
ẑ = k̂, leading to the following final decomposition for scalar and tensor fluctuations:

δχ ,

δA1
µ = a(0, δQ+ t+, t×, 0) ,

δA2
µ = a(0, t×, δQ− t+, 0) ,

δA3
µ = a(ikY, 0, 0, δQ− k2δM) ,

δgµν = a2


2φ 0 0 ikB

0 h+ h× 0
0 h× −h+ 0
ikB 0 0 0

 .
(3.2)

With this definition of the polarisation tensors, their normalisation reads:
∑
i,j e

λ
ij(k̂)eλ′

ij (k̂) =
2δλλ′ . Substituting (3.2) into eq. (2.1) one can derive the action to second order in the per-
turbations.

3.1 Tensor perturbations

The four tensor degrees of freedom hλ and tλ (with λ = +,×) can be expressed in terms
of the corresponding, canonically-normalised, modes as follows:

Tλ ≡
(
hλ
tλ

)
=MΓ

(
Γ1,λ
Γ2,λ

)
, with MΓ ≡

 √
2

aMPl

(
1− χ̇2

2M2M2
Pl

)−1/2
0

0 1√
2a

 . (3.3)

It is useful to rotate the polarisation states into the left and right chiralities,

TL,R = T+ ± iT×√
2

, ΓL,R = Γ+ ± iΓ×√
2

, (3.4)

in terms of which the second-order action for tensors reads

S
(2)
Γ,(s) =

∫ dτd3k
2

[
Γ′†(s)Γ

′
(s) + Γ′†(s)KΓΓ(s) − Γ†(s)KΓΓ′(s) − Γ†(s)Ω

2
Γ,(s)Γ(s)

]
. (3.5)

Here KΓ is an anti-symmetric matrix and Ω2
Γ,(s) a symmetric one, with (s) ∈ {L,R}. Primes

indicate derivatives with respect to conformal time. The doublets are then canonically
quantised and expanded in terms of creation and annihilation operators

Γ̂a,(s)(τ,k) =
2∑

α=1

[
G(s)
aα (τ, k)â(s)

α (k) + G(s)∗
aα (τ, k)â(s)†

α (−k)
]
. (3.6)

Note that the Latin index a indicates the modes Γ1 or Γ2 while the Greek index α denotes
the basis of creation-annihilation operators. The matrix elements G(s)

aα are the mode functions
satisfying the classical equations of motion derived from the action:

G(s)′′ + 2KΓG(s)′ +
(
Ω2

Γ,(s) +K ′Γ

)
G(s) = 0 (3.7)
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(in matrix notation). Assuming Bunch-Davies initial states, one finds

G(s)(τ, k) −→
−kτ→∞

1√
2k
C−1/2

Γ , G(s)′(τ, k) −→
−kτ→∞

−i

√
k

2 C
1/2
Γ , (3.8)

where CΓ is the matrix of the tensor sound speeds (the same for each of the two chiralities).
CΓ is diagonal and positive. This enables one to define the square root and inverse square
root matrices unambiguously, with

C2
Γ,11 = 1 + 2χ̇2

2M2M2
Pl − χ̇2 , C2

Γ,22 = 1 . (3.9)

For, essentially, the duration of inflation then, the two quantities are very well approximated
by 1. The power spectra for the two chiralities of the tensor modes are then given by

P(s)
I = k3

2π2

2∑
α=1

∣∣∣MΓ,Ia G(s)
aα

∣∣∣2 , (3.10)

where the sum over the repeated index a is implicit and, in line with eq. (3.3), I = 1 (= h)
indicates the metric and I = 2 stands for the tensor modes of the gauge field. The late-time
GW power spectrum reads:

P(s)
h (k) =

−kτ→0

k3

2π2

( √
2

aMPl

)2 2∑
α=1

∣∣∣G(s)
1α (τ, k)

∣∣∣2 . (3.11)

The total GW power spectrum is then obtained as
∑
i,j 〈hij(~k)hij(~k′)〉 = (2π)3δ3(~k+~k′)Ptot

h (k),
finding

Ptot
h (k) = 2PLh (k) + 2PRh (k) . (3.12)

What we can already infer from existing literature. The length and complexity of
the expressions involved in the calculation of the tensor (as well as scalar) power spectrum
make it hard to report them here. Before numerically solving the system of equations we
would like to briefly outline here what to expect based on previous analysis of similar setups.
As mentioned above, the effect of the coupling of the scalar kinetic term with the Einstein
tensor is that of delaying the onset of the typical CNI dynamics and the resulting GW
phenomenology. Let us elaborate on the latter as it will eventually manifest itself also in the
model described by eq. (2.1). The tensor degrees of freedom in the gauge sector, tij , source
GW linearly. The presence of the Chern-Simons term leads to an equation of motion for t
characterised by a finite, controlled instability that enhances one polarisation (customarily
taken to be the left one). Such enhancement is transmitted to the same GW polarisation in
hij due to the linear t− h coupling. The Chern-Simons term (and its effect on the whole GW
spectrum) is proportional to the parameter ξχ defined in eq. (2.10), which suggests the sourced
contribution to the GW will, if sufficiently large, lead to a blue (and chiral) GW signal.

We shall proceed by numerically solving the two systems in (3.7), one for each chirality.
The evaluation is performed separately for each wavenumber k, using the number of e-folds N
as time variable. We explicitly verified the expected super-horizon freeze-out for metric tensors.
The evolution of the tensor modes for k = k? and k = 1010k? is shown in figure 5, with k = k?
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Figure 5. Time evolution of the tensor power spectra defined in eq. (3.10), for wavenumbers k = k?
(left panel) and k = 1010k? (right panel). The model parameters were set as in eq. (2.14). The sourced
GWs provide the leading contribution to the signal at small scales, whereas the vacuum term is the
main one at CMB scales. Vertical lines denote horizon-crossing for the given k-mode. Note that in
the left panel the values of PRh and PLh coincide as, at such scales, vacuum fluctuations provide the
leading contribution.

the mode that crosses the horizon 60 e-folds before the end of inflation. In the left panel of
figure 5 (corresponding to the larger wavelength) the tensor fluctuations are dominated by
the vacuum, whereas in the right panel (k = 1010k?) the sourced contribution (and its left
chirality specifically) provides the leading contribution to the signal. This behaviour is due to
the presence of the non-minimal coupling, which delays the onset of the typical CNI regime.

A plot of the tensor power spectrum for the fiducial set of parameters is provided in
figure 6. Vacuum fluctuations are the leading ones at large scales. At small scales, the left
chirality is enhanced. Superimposed to the numerical results, in figure 6 we also plot a readily
obtained analytical but heuristic expression for the total power spectrum. It is obtained by
simply considering the asymptotic behaviour of the GW signal at large and small scales. One
merely replaces the background evolution for the model at hand in the following expression:

Panalytical
h ≡ Pvacuum

h + P sourced
h (3.13)

where

Pvacuum
h (k) ≡ 2H2

π2ctM2
Pl

(
1 + χ̇2

2M2M2
Pl

) , (3.14)

with c2
t ≡ C2

Γ,11 and

P sourced
h (k) ≡ εBH

2

π2M2
Pl
F2 . (3.15)

Eq. (3.14) was derived in [71]. Its use in this context is justified by the fact that the
power spectrum at large scales is well approximated by the result stemming from a model
with non-minimal-coupling yet without the gauge sector. Eq. (3.15), on the other hand,

– 14 –



J
C
A
P
0
2
(
2
0
2
4
)
0
3
9

10−2 101 104 107 1010 1013 1016 1019

k/k?

10−11

10−9

10−7

10−5

10−3

10−1

P h
(k

)

2PLh
2PRh
P tot
h

Analytical prediction of P tot
h

Figure 6. Gravitational wave power spectrum as a function of the wavenumber k (green line).
The dashed and dotted portions of the lines denote the regime where backreaction effects should
be taken into account (for a in-depth explanation of the continuous, dashed, and dotted stroke
please see discussion in section 4.2). The analytical prediction (red line) is obtained as the sum
of the expressions in eqs. (3.14) and (3.15) combined with the background evolution for the model
parameters. The individual contributions from left and right chiralities are also shown (blue and
orange lines, respectively).

goes back to [17], with F2 ∼ exp(3.6mQ): the presence of gauge-fields enhances one of the
chiralities of the metric tensor perturbations at very small scales. Far from being an exact
calculation, we provide here the heuristic analytical formula as a useful and practical tool for
a quick order-of-magnitude estimate of the signal, to be complemented by the thoroughly
reliable numerical result.

3.2 Scalar perturbations

Out of the six scalar perturbations in eq. (3.2) three are non-dynamical, (φ,B, Y ), and can
therefore be expressed in terms of the remaining modes, (δχ, δQ, δM), by means of the
constraints equations. In the following, we will treat the non-dynamical scalar modes from
the metric (φ and B) as negligible and set them to zero, while solving for Y explicitly. We
report in appendix B the results for the curvature perturbation obtained by accounting for
the full set of constraint equations. There, we also elaborate on the validity of the φ = B = 0
approximation and provide a simple prescription to keep the error that the approximation
introduces on observables to a minimum, negligible for all practical purposes.

Analogously to the tensor case, one can introduce a triplet ∆ of canonically-normalised
scalar perturbations via:

S =

 δχ

δQ

δM

 =M∆

 ∆1
∆2
∆3

 , (3.16)
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where the matrix of the change of basis reads

M∆ =


1
a

(
1 + 3H2

M2

)−1/2
0 0

0 1√
2a 0

0 1√
2k2a

√
k2+2g2a2Q2
√

2gk2a2Q

 . (3.17)

The second-order action for scalars becomes:

S
(2)
∆ =

∫ dτd3k
2

[
∆′†∆′ + ∆′†K∆∆−∆†K∆∆′ −∆†Ω2

∆∆
]
, (3.18)

with KT
∆ = −K∆ and Ω2T

∆ = Ω2
∆. The triplet is quantised as:

∆̂a(τ,k) =
3∑

α=1

[
Daα(τ, k)b̂α(k) +D∗aα(τ, k)b̂†α(−k)

]
, (3.19)

where a denotes the field basis and α the basis for creation and annihilation operators. The
scalar mode functions Daα satisfy:

D′′ + 2K∆D′ +
(
Ω2

∆ +K ′∆

)
D = 0 , (3.20)

in the same matrix notation as the one used for tensors. Selecting the Bunch-Davies
vacuum, one has

D(τ, k) −→
−kτ→∞

1√
2k
C−1/2

∆ , D′(τ, k) −→
−kτ→∞

−i

√
k

2 C
1/2
∆ . (3.21)

Here C∆ is the matrix of the sound speeds for the scalar modes with

C2
∆,11 = 1− 2ε H2

M2 + 3H2 , C2
∆,22 = 1 , C2

∆,33 = 1 , (3.22)

where one can see that the quantity C2
∆,11 ' 1 − 2ε/3 is close to unity.

The power spectra for the three scalar modes read:

PI = k3

2π2

3∑
α=1

∣∣M∆,IaDaα
∣∣2 , (3.23)

where the sum over the repeated index a is implicit and the index I denotes the fields in the
initial basis, i.e. I = 1, 2, 3 for δχ, δQ, δM respectively. The time evolution of the PI ’s is
plotted in figure 7, with the amplitude of δχ being the leading one. The comoving curvature
perturbation can be related to δχ in the flat gauge through the following (approximate)
gauge transformation, valid on super-Hubble scales:

ζ = −H
χ̇
δχ = −H

χ̇

∆1
a

(
1 + 3H2

M2

)−1/2

, (3.24)

so that the primordial scalar power spectrum at late time is given by:

Pζ(k) =
−kτ→0

k3

2π2

(
H

aχ̇

)2
(

1 + 3H2

M2

)−1 3∑
α=1
|D1α|2 . (3.25)
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Figure 7. Time evolution of Pδχ, PδQ and PδM . The vertical line represents horizon crossing.

The exact expressions for the primordial curvature perturbation ζ (as well as R) in terms of
δχ, δQ and δM in the flat gauge can be found in appendix A. We explicitly verified that,
on super-horizon scales, these are well approximated by the standard single-field slow-roll
relation given in eq. (3.24). We also verified (appendix B) the super-horizon freeze-out for
the curvature perturbation when one incorporates the non-dynamical scalar perturbations
B and φ in the derivation (see figure 12).

4 Observables and parameter space study

4.1 The (ns, r) plane

We can now proceed with the study of the parameter space of the model. First, we would
like to stress here the reason behind the fact that our model, in contradistinction to its CNI
progenitor, is observationally viable. One of the several reasons for the great interest in
the CNI scenario, is the model ability to inflate with a sub-Planckian axion decay constant.
A sufficiently long duration of inflation is guaranteed, despite the steep (w.r.t. to natural
inflation [5]) potential, by the friction from the Chern-Simons coupling. There is a further
constraint [11], mQ >

√
2, stemming from the stability of the scalar sector which reflects also

on ξχ, see lower left panel of figure 2. Interpolating between the natural inflation regime11

and CNI, one is forced to increase the friction to achieve a sufficiently long acceleration. In
doing so the GW production is enhanced up to the point of overproduction.

The model under scrutiny here features two different sources of friction, one in common
with CNI, one due to non-minimal coupling. We arrived at a viable parameter space by relying
on both mechanisms. The gravitationally-enhanced friction, regulated by the quantity M , is
rather convenient in slowing down the axion-inflaton without a conspicuous GW sourcing.
As time evolves the friction/energy dumping due to the gauge sector becomes relevant, and
its late onset is enough for the model to pass the strict observational test at CMB scales.

11Natural inflation, in the original formulation of [5], should be considered as ruled out by the latest data [7].
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One should stress here that increasing the friction terms pays off only up to a certain
point. This is clear for the gauge sector friction, but it holds true in general. Starting at
the end of inflation (i.e. at ε = 1), one may go back about sixty e-folds to when the scales
that we test at the CMB crossed the horizon. If the friction in the last sixty e-folds is too
strong, the slow-roll parameter ε will change relatively little, remain large, and lead to an
overly small spectral tilt.12 Conversely, a very low level of friction will be quite convenient
towards increasing ns − 1, but the same configuration may perilously shorten the duration
of inflation. The identification of a viable region of parameter space emerges then as the
result of balancing out these two effects.

Let us focus first on the tensor-to-scalar ratio and scalar spectral index:

r = P
tot
h

Pζ
, ns = d lnPζ

d ln k . (4.1)

For the fiducial set of parameters the values of the observables are those listed in the
following table,

Pζ(k?) ns(k?) r(k?/25)
2.10× 10−9 0.967 0.0303

where both the values for ns and r fall within the confidence intervals from observations [7].
Once a point in parameter space has been identified as viable, one explores its neighbouring
region so as to draw a whole region that is compliant with current observational constraints.
In this work we shall not exhaust the full viable parameter space of our non-minimally
coupled CNI model but rather show how non-trivial chunks of parameter space support
a viable and testable cosmology.

First, we proceed by varying the parameters µ, g, M , while keeping λ and f fixed. We
plot in figure 8 the (r, ns) values corresponding to a sample of viable parameters, highlighting
the 1σ and 2σ confidence regions according to [7]. It is convenient to vary three parameters
at once so that one can keep Pζ well within the observational uncertainty range about the
Planck normalisation of 2.1 × 10−9 at k = k? [72].

The starting point in our parameter search is chosen in such a way (i) to implement a
sufficiently long acceleration phase whilst also (ii) avoiding a GW overproduction. One way
to read the plot in figure 8 is the following. The role of M is twofold: provide gravitationally-
enhanced friction and also the appropriate Pζ normalisation in light of eq. (3.24) in the
M < H regime. The role of a decreasing µ is that of lowering the tensor to scalar ratio.
Indeed, although µ is proportional to the Hubble rate because of the equation of motion and so
are the tensor and scalar power spectra, the latter spectrum is kept fixed at the Planck value,
so that µ affects r through its effect on Ph. A increasing g leads to less friction and therefore
a smaller value for the slow-roll parameters such as ε and to a larger ns at CMB scales.

It is worth elaborating on why an increasing g leads to less dissipation. The friction term
on the r.h.s. of eq. (2.7) is explicitly dependent on g. However, one ought to also take into

12Note also that in the model described by eq. (2.1) a smaller M , besides enhancing friction, results (see
eq. (2.17)) into a lower value for Q. One should also keep in mind that a clear global Qmin > 0 minimum is
necessary to activate the gauge field background, which sets a lower bound on M .
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Figure 8. Points in the ns-r plane with viable (or nearly so) values of the observables. The cross,
rhombus, and exagon correspond to different values of g. The numbers by these shapes are instead
the corresponding values of the parameter M in units of 10−7MPl. Parameters not explicitly shown
are kept fixed at the fiducial values. The 1σ and 2σ contours are taken from [7].

account the role of g in determining Qmin, as detailed in eq. (2.17), leading to an overall 1/g2

scaling of the friction term. Increasing g will then, unlike what happens for λ, lead to less
dissipation. Note that we use here the parameter dependence of Qmin to simply build an
intuition as to what to expect, fully aware of the fact that Q has its own non-trivial time
dependence, as easily extrapolated from figure 2.

A “zoomed out” version of figure 8 is shown in the left panel of figure 9, where the
parameter space is explored as far as the CNI limit. Note that the CNI points in figure 9
are not the best performing ones vis-à-vis observations, but rather those more efficiently
approached varying the parameters as in figure 8. Nevertheless, both plots illustrate the
qualitative behaviour stemming from varying the key parameters and show how the presence
of the non-minimal coupling rescues the CNI setup from being excluded by the available
data at CMB scales.

Reading the plot on the right panel of figure 9 is straightforward as the role of both
the parameters µ,M is fully analogous to the one these play in figure 8. The novelty lies in
the role of λ. Adopting the same line of reasoning as before, the r.h.s. of eq. (2.7) shows
a λ-proportional friction term. Its full λ dependence is actually stronger upon inspecting
eq. (2.17). It follows that evolving back in time from the end of inflation with a larger λ
would deliver a larger ε at smaller scales and, in turn, a smaller index ns. This is what we
see in figure 9b, especially as we approach the viable region.
The two plots of figure 10 correspond to those of figure 9, except for the fact that M is no
longer being employed to keep the correct value of the scalar power spectrum at CMB scales.
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Figure 9. Points in the ns-r for a broad range of values for g (left panel) and λ (right panel). The
numbers by the symbols indicate again the value of M in units of 10−7MPl. Varying M guarantees the
correct value for Pζ . The points in the left panel marked as “CNI limit” correspond to large values of
M (w.r.t. to the Hubble rate H), M & 10−5MPl.
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Figure 10. Points in the ns-r plane are obtained here without varying M each time to appropriately
account for the value of the scalar power spectrum. This plot illustrates that the patterns associated
to a varying g and λ in figure 9 are largely independent of the normalisation.

The qualitative behaviour as we vary the parameters closely resembles that of figure 9. We
find such plots useful in that they highlight how the patterns we identified in parameter
space are not a result of the mere Pζ normalisation.

4.2 The gravitational wave spectrum

Let us now compute the resulting stochastic GW background. We employ the standard
expression for the gravitational wave energy density per logarithmic interval of frequency
(see e.g. [73]):

ΩGW(k) = 3
128Ωr,0Ptot

h (k)

1
2

(
k

keq

)2

+ 16
9

 . (4.2)

Here Ωr,0 ' 2.47× 10−5 is the present radiation density parameter and keq ' 0.013 Mpc−1

the wavenumber of the mode reentering the horizon during matter-radiation equality. We
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Figure 11. Spectral energy density of gravitational waves as a function of frequency plotted alongside
the sensitivity curves for GW detection experiments (see [74] for the latter). Several lines are shown,
corresponding to different values of the indicated parameters (the remaining parameters are set to
their fiducial value). Every chosen parameter set corresponds to values of (As, ns, r) compatible with
observations at CMB scales. The dashed portion of a line denotes the regime where backreaction
effects may be relevant.

express ΩGW as a function of frequency, using the relation f ' 1.5 × 10−15(k/Mpc−1) Hz.
Figure 11 shows the spectral energy density as a function of frequency for different values
of λ and other parameters. Naturally, we ensure the corresponding scalar power spectrum
agrees with the Planck value.

Note that after a certain frequency we have turned the continuous lines into dashed
and later dotted ones. As we shall see below, one can identify a (time and therefore a)
frequency above which the backreaction effects of gauge fields on the background require a
treatment that goes beyond the one employed here. In general, one may expect backreaction
to bring about a slightly longer duration for inflation (see e.g. the recent [75]) and a somewhat
reduced GW signal with respect to (the dashed portion of the lines in) figure 11 at very
small scales. The latter expectation is the reason why we choose to include in the plot also
points in parameter space corresponding, in the strong backreaction regime, to a signal well
above the LIGO/Virgo sensitivity curve.
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Backreaction. It is important to stress that the validity of our analysis here has a specific
range, which is identified by the regime where gauge fields backreaction effects are small.
Indeed as time passes the effects of the coupling with the gauge sector become more and
more prominent, as evident from the value of the parameters mQ, ξχ in figure 2 and as is
also reflected in the GW phenomenology. One example of the dynamics that would not
be captured by our treatment is the effect of order t2 correction in eqs. (2.7) and (2.8),
that is, the backreaction of tensors in the gauge sector on the background equations of
motion. We rely on existing literature [17, 55, 62, 76] on very similar setups to identify,
conservatively, the regime of validity of the small backreaction treatment. The best indicator
of the dynamical regime (i.e. small vs large backreaction) is the quantity mQ, assumed to
be slowly-varying (in the slow-roll sense), with ṁQ/(HmQ) � 1 during most of inflation,
which also holds in our setup. We find that at large scales backreaction effects can be safely
disregarded for our fiducial parameter values. However, as one approaches smaller and smaller
scales, a growing mQ will eventually cross the strong backreaction threshold. This typically
happens before reaching interferometers frequency, underscoring the need for a thorough
treatment of the strong backreaction regime to provide reliable predictions at such scales. To
emphasise this important benchmark, we use dashed and dotted (depending respectively on
the conservative/optimistic estimates employed) lines in figure 11. A more thorough analysis
of the backreaction effects in this model, with a special focus on the strong backreaction
regime, is of paramount importance. We plan to address it in forthcoming work [77].

As clear from figure 11, we are in the weak backreaction regime when it comes to CMB
scales but, depending on the parameter space region probed, strong backreaction can kick in
already at intermediate scales, well before the frequencies probed by GW interferometers.
In identifying the onset of strong backreaction, one may opt to err on the safe side and use
a conservative estimate. We arrived at such a result by relying on the analytical estimate
proposed in [55] (see in particular their section 5). The estimates in [55] are a refinement of
those introduced in [17] and are tailored to identify the onset of strong backreaction as the
time (frequency) when the analytical backreaction term becomes comparable to the smallest
correction13 term (see lower left panel of figure 2) in the equation of motion for the gauge
field VEV, eq. (2.8). This threshold14 is marked with the transition from continuous to
dashed line in figure 11. A somewhat less conservative estimate is obtained by identifying the
onset of strong backreaction as when the analytical backreaction term becomes comparable
to largest correction term in eq. (2.8). This other threshold is signalled in our plots with
the transition from dashed to dotted lines. Regardless of the estimate used, for all the
parameter space considered here we transition into the strong backreaction regime before
reaching interferometer frequencies.

Let us stress that the strong backreaction regime itself does not represent in any way a
problem nor is it an inaccessible dynamical regime; rather, it is currently the subject of an
intense research activity15 (see e.g. [50–52, 54, 82]). Given the likely prospect that strong

13Here by “correction term” is meant any term in the e.o.m. besides the standard Q̈+ 3HQ̇ contributions.
14Note that a slightly more conservative threshold is obtained when using zero as the lower extremum of

integration in the estimates of [55] rather than their xmin.
15One ought to also mention here related work in the context of (p)reheating, such as [78–81].
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backreaction will dampen the GW signal obtained by naively extrapolating (towards smaller
scales) the result in the weak regime, we have included in our plot also GW signals that
would be excluded by LIGO. In so doing, we simply used dashed and dotted lines to alert
the reader about such extrapolation.

5 Conclusions

In this work we studied the effect of a non-minimal coupling, specifically between the
axion-inflaton and the Einstein tensor, on the cosmological viability of the chromo-natural
inflation model. The gravitationally-enhanced friction resulting from such term “cures” the
tension between CMB observations and the CNI predictions at large scales. The intriguing
gravitational wave phenomenology that characterises the standard CNI setup is delayed
in our model, fully blossoming towards intermediate and small scales. The additional
source of friction makes it possible to support a sufficiently long acceleration phase without
GW overproduction.

We identified regions in parameters space corresponding to a leading GW contribution
that is both blue and chiral. Axion gauge field models are indeed part of a small set of
well-motivated scenarios exhibiting very distinct features, which are in principle testable
by upcoming cosmological probes. The chiral nature of the GW signal is perhaps the most
remarkable tell-tale sign associated with these setups. It is due to the presence of a Chern-
Simons term. Remarkably, at small scales one can employ laser interferometers to test for
chirality in the GW signal [46, 47].

There are a number of natural directions to pursue in future studies of our model. The
constraints that perturbativity places on the parameter space of the theory is certainly
one route worth exploring. It is partially related to the study of scalar, tensor, and mixed
non-Gaussianities, observables that ought to satisfy existing constraints, the ones at CMB
scales being the most stringent. We plan to investigate these matters in a forthcoming work.

Another crucial aspect to scrutinise is that of the strong backreaction regime. There are
several analytical and numerical tools at one’s disposal to tackle the dynamics corresponding
to this part of the parameter space. Considering the specificity of an axion — SU(2) gauge
fields setup with non-minimal coupling and without a spectator sector, it is important to carry
out a dedicated study. On a related note, it would be interesting to consider coupling our SU(2)
gauge fields to a charged scalar doublet as well as other matter species. The resulting particle
production may have interesting effects and may, in particular, induce backreaction effects.

Lastly, one should also mention (p)reheating dynamics and more in general the post-
inflationary evolution of the model studied here. The exploration of the decays channels for
the inflaton and the other fields and the specific couplings with Standard Model particles
is a subject we hope to return in the near future.

Acknowledgments

We are indebted to Ameek Malhotra and Alex Papageorgiou for several insightful comments.
MF and LP would like to acknowledge support from the “Ramón y Cajal” grant RYC2021-
033786-I. MF acknowledges past support from the “Atracción de Talento” grant 2019-

– 23 –



J
C
A
P
0
2
(
2
0
2
4
)
0
3
9

T1/TIC15784. MF’s and LP’s work is partially supported by the Spanish Research Agency
(Agencia Estatal de Investigación) through the Grant IFT Centro de Excelencia Severo Ochoa
No CEX2020-001007-S, funded by MCIN/AEI/10.13039/501100011033.

A From fields’ fluctuations to the curvature perturbation

In this appendix we verify the accuracy of eq. (3.24) by deriving the full expression for
the curvature peturbation.

As discussed in section 3, scalar perturbations have been defined in the spatially flat
gauge, corresponding to vanishing fluctuations in the spatial components of the spacetime
metric (ψ = E = 0). Using gauge freedom, an additional scalar perturbation (U) was set
to zero. The remaining ones are (δχ, δQ, δM), the propagating degrees of freedom, and
the non-dynamical (Y, φ,B).

Observations constrain the statistics of the primordial curvature perturbations ζ and R,
which are related to the matter content and metric perturbations in the flat gauge via:

ζ = −H
ρ̇
δρflat , (A.1)

R = −aH(vflat +Bflat) .

The stress-energy tensor reads:

Tµν = − 2√
−g

δSm
δgµν

= gµνLm − 2δLm
δgµν

, (A.2)

where Lm is the matter Lagrangian density (this includes also the non-minimal coupling
term). One can expand the stress energy tensor as

T 0
0 = −ρ , T ij = Pδij , δT 0

0 = −δρ , δT 0
i = (ρ+ P )(vi +Bi) , (A.3)

with vi = ∂iv and Bi = ∂iB (focusing on scalar perturbations exclusively). Using the
continuity equation, ρ̇ + 3H(ρ + P ) = 0, one can replace eqs. (A.3) (valid in any gauge)
into (A.1), finding:

ζ = 1
3(ρ+ P )

(
δT 0

0
)flat

, (A.4)

∂iR = − aH

ρ+ P

(
δT 0

i

)flat
.

Let us now compute the stress-energy tensor in the flat gauge at linear order in scalar
perturbations.

The complicated portion of the calculation consists in the non-minimal coupling term.
We therefore divide the total matter Lagrangian density as Lm = Lm,CNI +Gµν∂µχ∂νχ/(2M2)
and rewrite the corresponding contributions to the stress-energy tensor as:

Tµν = TCNI
µν + TMµν . (A.5)
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The first term is the stress-energy tensor of Chromo-Natural-Inflation:

TCNI
µν = gµνLm,CNI − 2δLm,CNI

δgµν
. (A.6)

This amounts to:

TCNI
µν = −gµν

[1
4F

aαβF aαβ + 1
2g

αβ∂αχ∂βχ+ V (χ)
]

+ gαβF aµαF
a
νβ + ∂µχ∂νχ . (A.7)

Note that the Chern-Simons parity-violating term does not contribute to the stress-energy
tensor because it is not coupled to gravity, unlike to all the other terms in the action.

The computation of the second term is more involved:

TMµν = 1
2M2

gµνGαβ∂αχ∂βχ−2
δ
(
Gαβ∂αχ∂βχ

)
δgµν︸ ︷︷ ︸
tµν

 , (A.8)

where one finds

tµν = −4G(µ|α∂|ν)χ∂
αχ−R∂µχ∂νχ− 2δGαβ

δgµν
∂αχ∂βχ . (A.9)

Here we used the notation for symmetrised tensors: G(µ|α∂|ν)· = (Gµα∂ν ·+Gνα∂µ·) /2. Using
the variation of the Ricci tensor appearing in the Einstein tensor,

δRµν = gρκ

2 (∇ρ∇µδgκν −∇ρ∇κδgµν −∇ν∇µδgκρ +∇ν∇κδgµρ) ,

and performing integrations by parts one arrives at:

TMµν = 1
2M2

{
Rµν∂αχ∂

αχ− 4G(µ|α∂|ν)χ∂
αχ− 2∇µ∇αχ∇ν∇αχ+ 2∇µ∇νχ∇α∇αχ

+ gµν
[
(Gαβ +Rαβ)∂αχ∂βχ+∇α∇βχ∇α∇βχ−∇α∇αχ∇β∇βχ

]
−R∂µχ∂νχ− 2Rµανβ∂αχ∂βχ

}
. (A.10)

This result matches the one of ref. [83]. As a consistency check, we have verified that, by
using the total stress-energy tensor (A.7), (A.10) in the Einstein equations, one recovers the
background equations of motion derived from the Lagrangian in the main text.

Expanding the stress-energy tensor to linear order and using eq. (A.4) one obtains:

ζ = 1
6εH2M2

Pl

{
V ′(χ)δχ+ χ̇ ˙δχ

(
1+9H

2

M2

)
+3Q

(
2g2Q2 +H2)δQ+3HQ ˙δQ+3Q̇

(
˙δQ+HδQ

)}
+O

(
k2

a2

)
,

R= 1
2εHM2

Pl

{
gλQ3

f
δχ−Q

(
HδQ+ ˙δQ

)
+2

(
Q̇+HQ

)
δQ+ χ̇

(
1+3H

2

M2

)
δχ− 2H

M2 χ̇
˙δχ
}

+O
(
k2

a2

)
, (A.11)
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where we have omitted to write the contributions ∝ O
(
k2/a2), negligible on super-horizon

scales (see figure 12 for the evolution of the full curvature perturbation, including those
contributions). We have also neglected the contributions arising from the non-dynamical
perturbations of the metric. For our results including (φ,B) and a discussion about their
effect, please see appendix B.

From a quick inspection of eqs. (A.11) and upon using the background equations for the
model and slow-roll approximations, one finds that the dominant contributions read

ζ ' −R ' −H
χ̇
δχ . (A.12)

We have checked numerically that eq. (A.12) is a good approximation of eq. (A.4) on large
scales (see figure 12 in appendix B), and can therefore be used to compute the power spectrum
of the curvature perturbation on super-Hubble scales.

B Including scalar metric perturbations

The results presented in section 3.2 were obtained by neglecting the non-dynamical perturba-
tions of the metric (φ, B). In this appendix, we account for those perturbations and study their
effect on the dynamics of the curvature perturbation and related observables. We show that,
although metric perturbations lead to negligible corrections to the sub-Hubble evolution, they
are necessary in order to recover the freeze out of ζ on super-Hubble scales. We discuss how,
given the precision level of current observational constraints in the (ns, r)-plane, overlooking
these corrections may lead to incorrect conclusions about the viability of the parameter space.

The quadratic action for scalar perturbations can be put in the following form:

Sscalars
(2) =

∫ √
−gd4xL(2)

(
φ,B, Y, δχ, ˙δχ, δM, ˙δM, δQ, ˙δQ

)
, (B.1)

where we avoid writing explicitly the lengthy expression for L(2). The three variables (φ,B, Y )
may be expressed as linear combinations of the other fluctuations by means of constraint
equations obtained from δSscalars

(2) /δXα = 0 , with Xα ∈ {φ,B, Y }.
The solutions are straightforward to compute with a software performing symbolic

computations, but too lengthy to be displayed here. We provide in figure 12 our numerical
solution for the evolution of the curvature perturbation spectrum for the CMB pivot scale,
both with the constraints (orange lines) and without (φ = B = 0, blue lines). In both
cases we solve explicitly for the Y constraint. Our plot indicates that incorporating the
non-dynamical scalar modes of the metric is necessary in order to achieve a perfect freeze-out
for the curvature perturbation. Without a perfect freeze-out, one inevitably introduces some
degree of dependence of the (ns, r) values from the number of e-folds ∆N after horizon exit at
which the power spectrum is evaluated for any given mode (Pζ(k,N? + ∆N)). On the other
hand, solving the full equations of motion is numerically very demanding already for a single
set of parameters and a single k-mode, and almost prohibitive for an extended parameter
exploration as the one we performed for section 4.

One can quantify the theoretical bias introduced in the (ns, r) predictions when neglecting
the constraints and find a prescription with negligible theoretical error. We illustrate this
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Figure 12. Evolution of the curvature perturbation spectrum for a mode exiting the horizon 60
e-folds before the end of inflation (as indicated by the dotted-dashed black line) and for the fiducial
set of parameters. Orange and blue colors indicate solutions derived, respectively, with and without
the metric perturbations. Solid lines correspond to the simplified gauge transformation provided in
eq. (A.12), while dashed lines correspond to the full one (valid at any scale) in eq. (A.4), including
the terms ∝ k2/a2. This plot highlights that, while the super-horizon approximation in eq. (A.12)
is excellent, care must be exercised when disregarding the non-dynamical scalar perturbations of
the metric.

in figure 13 where we trace the (ns, r) variation with ∆N , for a given (CMB) k-mode and
set of model parameters. We find that by choosing e.g. ∆N ' 2, the level of theoretical
uncertainty remains well below the observational one.
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Figure 13. Black dots mark the predictions for ns and r for different values of the number of
e-folds (∆N) after horizon crossing, at which the scalar power spectrum is evaluated (φ = B = 0
case). The orange line shows the evolution with ∆N , where black dots are equally spaced by 1 e-fold.
The crossed red dot corresponds to the exact values for ns and r obtained in the case where metric
perturbations are incorporated in the calculations (in which case ζ is frozen-in shortly after horizon
crossing, as shown in figure 12). We find that neglecting metric perturbations leads to a theoretical
bias; however, a very reasonable ansatz is to evaluate the curvature power spectrum somewhere in
the range ∆N ∈ [1, 2]. In the body of the paper, we chose ∆N = 2, corresponding to a theoretical
uncertainty (∆ns,∆r) ∼ few × 10−4.
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