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Abstract

We study the extremes of branching random walks under the assumption that the underlying Galton—
Watson tree has infinite progeny mean. It is assumed that the displacements are either regularly varying
or they have lighter tails. In the regularly varying case, it is shown that the point process sequence of
normalized extremes converges to a Poisson random measure. We study the asymptotics of the scaled
position of the rightmost particle in the nth generation when the tail of the displacement behaves like
exp(—K (x)), where either K is a regularly varying function of index r > 0, or K has an exponential
growth. We identify the exact scaling of the maxima in all cases and show the existence of a non-trivial
limit when r > 1.
© 2023 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/4.0/).

MSC: primary 60J80; 05C81; secondary 60G70

Keywords: Branching random walk; Galton—Watson tree with infinite progeny mean; Cloud speed; Point processes;
Extremes

1. Introduction

Branching random walk is a very important model in the context of statistical physics
and probability. The basic model is very simple and intuitive. It starts with a particle at the
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origin. The particle splits into a random number of particles following a specified progeny
distribution and each new particle makes a random displacement on R. The new particles form
the first generation. Each particle in the first generation splits into a random number of particles
according to the same law and independently of the past as well as of the other particles in
the same generation. Each new particle makes a random displacement from the position of its
parent following the same displacement distribution, independently from other particles. The
new particles form the second generation. This mechanism goes on. This resulting system is
called a branching random walk (BRW).

It is clear that the particles in the system described above naturally form a rooted Galton—
Watson tree if we forget about their positions. The progeny distribution of this branching
process will be denoted by {pi};~¢, With py := P(Z; = k), where Z, denotes the number
of individuals at generation n > 0 with Zy, = 1. This Galton—Watson tree will be denoted by
T = (V, E), where V is the set of vertices of the tree and E is the collection of edges. The
collection of particles or vertices at the nth generation will be denoted by D,.

We identify each edge e, of the Galton—Watson tree with its vertex v away from the root; we
then assign a real-valued random variable X, , the displacement of the corresponding particle.
Our model implies that conditioned on the Galton—Watson tree T, {X, : e € E} is a collection
of i.i.d. random variables. Because of the underlying tree structure, for each vertex v, there is
a unique geodesic path connecting it to the root. We shall denote the collection of all edges on
this path by 1. It is easy to see that the position of the particle corresponding to the vertex v
is given for v € V by

Sy=) X
ecly

The collection {S, : v € V} is called the Branching Random Walk (BRW) induced by the tree
T = (V, E) and the displacements {X, : e € E}. The main focus of the study of BRW is
the study of the asymptotic behaviour of {S, : v € D,} when n tends to oo, or the behaviour

of functions such as the maximum displacement, M, := maxXyep, Sy; the range of the
displacements R, = (maX,ep, Sy — Mminep, S,); order statistics or different gap statistics,
etc.

Literature review:

The earliest works on branching random walks include [11,27,30]. This model and its
extreme value theory have now become very important because of their connections to various
probabilistic models (e.g., Gaussian free fields, conformal loop ensembles, multiplicative
cascades, tree polymers, etc.); see [1,2,14,21,28]. Extremes of the branching random walk
with heavy-tailed displacement has been studied by [6,7,9,10,22,23,25,35]. The point process
of displacements of a branching random walk with finite progeny mean is described through
a Cox-cluster process, rather implicitly in case of light-tailed displacements [33] and more
explicitly in the heavy tailed set-up [9]. The limiting point process seems to have an universal
stability structure, as was predicted by [15]. For a detailed discussion of such stability
properties, we refer the readers to [8,34,42] and also refer to the exposition by [41] for a
detailed background on the topic. Infinite mean branching processes and branching random
walks (with infinite progeny mean) are intimately tied up with many scale free networks and
hence important in study of random graphs. See for example the recent work of [20,31,43-45]
which explore the relationship of infinite mean branching process with various graph properties.
The branching random walks considered in these random graph models live on Z¢.
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The main focus of this paper will be on the analysis of the behaviour of the BRW when the
progeny distribution has infinite mean, i.e., E(Z,) = co. We would like to point out here the
conditions in [2] under which the weak limit for the left-most position was computed. Although
the conditions allowed for the progeny distribution to have infinite mean, they will fail to hold
whenever the progeny variables have infinite mean and are independent from the tree structure,
the foundational assumption of our analysis in this paper. In the branching process literature,
the asymptotic behaviour of the number of particles in the nth generation under infinite mean
was first studied in [17,40]. The conditions in [40] were later improved by [18,26,39]. In this
article we shall follow throughout the sufficient conditions mentioned in [18]. It was shown
in [18] that if the progeny distribution has a moment index (cf. Remark 2.2) o € (0, 1), then

a"log Z, =5 W, (1.1)

where W is a non-negative random variable, and almost surely positive on the event of survival
of the tree. In other words, in the infinite mean set-up, the generation size explodes in a double-
exponential manner if the tree survives. As a consequence we establish that in this case the
Galton—Watson tree, up to the nth generation, has most of its particles in the last generation,
i.e., the total progeny up to the (n — 1)th generation is negligible when compared to the number
of particles at the nth generation (see Lemma 2.4). This presence of a huge number of particles
in the last generation, shows that most pairs of particles in the last generation have very few
common ancestors and therefore the dependence between their displacements is very low.
Consequently, it is expected that the behaviour of {S, : v € D,} will be close to the behaviour
of Z, many independent realizations of the displacement random variable. These heuristics will
provide the correct results when displacements are heavy tailed but not when the displacements
are light tailed. We shall see that in the case of distributions with tails decaying at infinity at
a rate faster than the exponential distribution, contributions from other generations, and hence
the appropriately scaled maxima converge to a non-trivial constant.

Main contributions:

In Section 3 we shall restrict our attention to the situation where the displacement distribu-
tion has a regularly varying right tail with index —8, i.e., if F is the displacement distribution
function, then

lim 1-FGx) _ 78, Vt >0, (1.2)

x—=o0 1 — F(x)
for some B > 0. We denote the class of regularly varying functions with index —8 by RV_g.
To analyse the asymptotic behaviour of the nth generation, as n becomes large, we shall take
the approach of point process theory. We shall scale the positions of the particles with non-
negative displacement in the nth generation by C,, := F (1 — ZL,,)' Throughout this paper, F*
will denote the (left-continuous) inverse of F, defined as F < (y) := inf{s : F(s) > y}, for all
y € [0, 1]. Choice of this random scaling is inspired by the deterministic scaling used in [10].
In Theorem 3.2, we show that the point process converges to a Poisson random measure with
intensity measure rg' , where r/;” ([x, 00)) = x~#, for all x > 0. This shows there is no clustering
in the limit under the above scaling and the dependency structure gets camouflaged by the size
of the last generation. An important consequence comes from Corollary 3.4. We show that the
maximum displacement M, grows doubly exponentially conditioned on the survival of the tree,
that is

o log M, 5

w 1.3
7 (1.3)
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Here —» corresponds to convergence in probability. One can, in fact show almost sure
convergence of the first k order statistics in the log scale to the same limit, see Theorem 3.5.
As announced, both tail indices come into play in these asymptotics. The point process result
stated in Theorem 3.2 can be used also to get various other order statistics of the displacement
random variables. The proof of the point process convergence relies on the one large jump
principle which we use to show that the point process based on the scaled positions in the nth
generation is close (in an appropriate metric) to the point process based on the displacements
in the last generation (see Lemma 2.4) .

In Section 4 we consider the case when the right tail is no-longer regularly varying. We
assume that tail of the displacement distribution is asymptotically like exp(— K (x)) where K (x)
is regularly varying with index r € (0, oo). Important examples of such distribution include
Gaussian, exponential and Weibull random variables. Under some additional conditions on the
left tail we show in Theorem 4.2 that almost surely the following asymptotics is true:

1

M, (1 —am1)yr=l ifr > 1,

lim ———— = : (1.4)
n—oo L(log Z,) 1, if0<r=<1.

where L = K< is the left-continuous inverse of K. We would like to point out the change
in behaviour of the maximum when » > 1. When r < 1, it still happens that the resulting
contribution comes from the last generation of the branching process but when r > 1, there
are non-negligible contributions from all the generations. Although this does not change the
rate of growth for the maximum displacement, the effect is apparent in the limiting constant.

In Section 5 we consider the case when the right tail decays much faster than those
considered in Section 4. In particular, we assume that 1 — F(x) = exp(—K(x)) where L := K
is slowly varying at co. Under some additional technical conditions on the growth rate of L,
we show in Theorem 5.2 that almost surely the following asymptotics hold true:

lim
P S La*)
Unlike the previous cases, here each generation contributes equally to the right-most displace-
ment in the last generation and the resulting maximum position M, has magnitude of strictly
higher order than L(log Z,), the magnitude of the largest displacement in the last generation.
See Section 5 for a detailed explanation of the phenomenon.

It is noteworthy that the results for the displacement in the Gumbel domain of attraction are
not uniform, contrary to the i.i.d. case. Here, we observe different normalizations according to
the tail, whereas for n i.i.d. observations, it always hold that M, /L(logn) converges to 1 in
probability, and almost surely under a very mild restriction, see [19, Theorem 5.4.5].

The speed of a branching random walk can be defined in many ways. The cloud speed,
burst speed and sustainable speed are some of the possibilities. We refer to [36] for definition
and detailed discussions on these topics. The equivalence of these three notions of speed
was established by [11,27,30] under assumptions of finite progeny mean and finiteness of
the moment generating function. The later condition was removed by [25] where the tail
of displacement random variables were assumed to follow a semi-exponential distribution,
which changed the rate of growth of the maxima. The definitions of the speeds was modified
accordingly. In Section 6, we define properly scaled versions of cloud, burst and sustainable
speeds under Assumptions 3.1, 4.1 and 5.1. We then establish the equivalence of these three
notions of speeds in each of those cases.

(1.5)
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We would now like to point out an aspect which differentiates the nature of the main results
in Section 3, Section 4 and Section 5. In Section 3, Corollary 3.4 provides us with an weak limit
of properly scaled M,, (as stated in (3.7)). This can be watered down to a version concerned with
in-probability limit for log M, after proper scaling, see (3.8). Since the limit in (3.8) is non-
degenerate, it can be viewed also as a weak limit. A similar phenomenon occurs in Theorem 4.2
where we state an almost sure limit for properly scaled version of M, in (4.3), which again
can be interpreted as an weak limit due to non-degeneracy of the limit. In both of these cases
we take another logarithm and compute a degenerate almost sure limit which we refer to as
the cloud speed. In contrast to these, Theorem 5.2 immediately gives us a degenerate almost
sure limit. In certain spirit, therefore, Theorem 5.2 provides us with the cloud speed when F
satisfies Assumption 5.1. We do not get any weak limit here, although the proof technique is
very similar to the one employed to prove Theorem 4.2.

Notation

We use the notation X, < a, to indicate that X, /a, — 1 almost surely. We also use
the notion that a, grows at least exponentially to mean liminf, ., n~!loga, > 0. Similarly
a sequence a, grows at least double-exponentially when liminf,_, o, #n~'logloga, > 0. For
any real number x, we shall denote its non-negative part by x*. Most of our results will be
“conditioned on the survival of the Galton—Watson tree”. In places where it is obvious we
skip this phrase. Given the tree, we will denote D, to be the particles in the nth generation.
e, will denote the edge that connects particle or node v to p(v) where p(v) will refer to the
parent/immediate ancestor of the particle v. Also C(v) will denote the set of all children of
the particle v. Throughout the paper, the notations 25, L and -2 will stand for almost
sure convergence, convergence in probability and weak convergence respectively. The notation
1(A) will denote the indicator function for the event A. Binomial(n, p) and Poisson(A) will
denote Binomial and Poisson distributions respectively with corresponding parameters. We also
introduce the notation G s, to denote the distribution function of | Z°| where Z ~ G, for any
distribution function G supported on non-negative integers.

2. Infinite progeny mean branching process

We shall first recall the main result of [18] on the asymptotic properties of the Galton—
Watson tree under the assumption that the progeny mean is infinite. Throughout this paper, G
will denote the distribution function of Z;, the non-negative integer valued branching progeny
and G = 1 — G will denote its survival function.

Assumption 2.1 (Assumption on the Branching Random Variable). There exists a function
y : Rt — R* and a constant o € (0, 1) such that,

(D1) y is non-increasing.
(D2) x — x”™ is non-decreasing.
D3) [5°y(e) dx < oo.
(D4) 3 x¢ > 0, such that

XYW < x*G(x) < X’ Vx> X0-
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Remark 2.2. It is easily seen that « is the moment index of G, i.e. ]E[le ] < oo for all
p < a and E[Z!] = oo for all p > «. Distribution functions with Pareto tails of the form
cx~% satisfy Assumption 2.1. More generally, if G(x) = x~“L(x) with L slowly varying
and either (log L(x))/log(x) or —(log L(x))/log(x) satisfying (D1)-(D4), then G satisfies
Assumption 2.1. However, regular variation of G is not implied by Assumption 2.1. It is also
easily seen that if two distributions G, G, are tail equivalent (in the sense that there exist
finite, positive constants C; and C, such that C1G1(x) < Gy(x) < C2G(x) for large x) and
one satisfies the conditions in Assumption 2.1, then so does the other one.

We now quote the main result of [18].

Theorem 2.3 (Theorem 1, [18]). Under Assumption 2.1, there exists a non degenerate,
non-negative random variable W such that

a"log(Z, + 1) =5 W. 2.1
Moreover, P(W = 0) = g where q is the probability of extinction of the Galton—Watson tree.
The convergence Eq. (2.1) shows that conditioning on the survival of the tree is equivalent
to conditioning on the event W > 0, that is, the events {T survives} and {W > 0} differ by an
event of probability zero.
A consequence of Theorem 2.3 which will be used to prove our results is the following
lemma which tells that almost all the mass of the tree is concentrated in the last generation.

To be more precise, total mass of the tree before the last generation is comparable to the mass
of the last generation only in the log-scale.

Lemma 2.4. Assume the progeny distribution satisfies Assumption 2.1. Then for any s > 0,
conditionally on survival ot T,

n—1
1 a.s.
1 Z' | = sa.
log Zn Og (; l ) N

Proof. Take w € (W > 0) N («¢"log(Z, + 1) — W). Then we have a” log(Z,(w)) — W(w).
Choose ¢ > 0 and get ny € N such that

exp(a™(1 — )W () < Z,(@) < expla™ (1 + &)W(@)), ¥ n = no. 2.2)

Now, for all n > ng, using (2.2) we have

n—1 n—1

1 1
Tog Zy(@) % Z Zi(0) = 7w %8 3 exple (1 + £)sW(w)

i=ng

—(n—1)
< o2 Z.@) log [n exp(a (14 &)sW(w))]

logn + o~ D1 4+ &)sW(w) l+¢
< —> S s
a (1 — e)W(w) 1—¢
where the last line is true since W(w) > 0. Noting that Z,(w) —> oo and then taking ¢ | O,
we conclude that

2.3)

n—1

lim su —10 Z* w) < sa .
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An exactly similar argument shows the lower bound. This completes the proof. [

Both Theorem 2.3 and Lemma 2.4 consider the homogeneous branching process, i.e. a
branching process with identical progeny distribution over the generations. Indeed, in this
article we shall restrict our attention to homogeneous branching processes only. But the
techniques we shall apply to prove the main results in Section 5 will require some results
analogous to Theorem 2.3, but in the context of a special kind of inhomogeneous branching
trees. We shall explain the premise and state the result below while deferring the proof to the
Appendix.

Consider the inhomogeneous branching process starting with one particle at the Oth gen-
eration and where the particles of the nth generation, for any n > 0, produce i.i.d. number
of off-springs, having distribution function G,, independent of previous generations as well
as the particles in the same generation. We assume the following assumption on the progeny
sequence {G, : n > 0}.

Assumption 2.5. There exists xo € (0,00) and a sequence of positive real numbers
{a, : n > 0} in (0, 1), bounded away from 0 and 1, such that for some y : Rt — R™ satisfying
(D1), (D2) and (D3), we have the following.

XYW < x4 Gp(x) < x'® Vx> x9, Yn=>0.

Theorem 2.6. Let Z, denote the size of the nth generation for the inhomogeneous branching
process with progeny sequence {G, : n > 0} satisfying Assumption 2.5. Then there exists an
event E with P(E) > 0 and a positive random variable W* such that
n—1
a.s.

Haj log(Z, + 1) — W*, on E.
j=0

Remark 2.7. Theorem 2.3 is clearly a special case of Theorem 2.6 for the choice of the
sequence G, = G and o, = « for all n > 0. We want to emphasize the fact that the
proof of Theorem 2.6 uses Theorem 2.3 and hence does not provide an independent proof
of Theorem 2.3.

Remark 2.8. The proof of Theorem 2.6 uses Lemma 4.5, which will be proved in the
Appendix. We would like to point out here that Lemma 4.5 will also be instrumental in proving
the main result in Section 4, namely Theorem 4.2.

3. BRW with regularly varying displacements

In this section we shall describe the extremes of the branching random walk when the
displacement variables associated with the edges are i.i.d. with regularly varying tail. In this
case, one can derive the exact asymptotics of the point process of rescaled positions and show
that the behaviour is similar to an i.i.d. set-up. When the progeny distribution has finite mean
and satisfies the Kesten—Stigum condition the point process behaviour was described in [9].
The extremes in such a set-up (with finite mean) with more general conditions were derived
in [23]. We now extend the above results to infinite mean progeny distribution.

Assumption 3.1. Given the tree T = (V, E) we assume
126



S. Ray, R.S. Hazra, P. Roy et al. Stochastic Processes and their Applications 160 (2023) 120-160

(R1) the displacement random variables {X,},.r are i.i.d. with distribution F.
(R2) 1 — F € RV_g, for some B > 0.
(R3) there exists v € (@B, 0o) such that xV F(—x) = O(1) as x — o0.

Recall that F < is the left-continuous inverse of F. Let us now define the random scaling

- LY _ (1 \°
C,=F (l_z_,,>_<1—F> (Z) . 3.1)

Let us consider the set £ := (0, oo], with the usual topology (obtained by the one-point
uncompactification of [0, oo]). Keeping in mind the notation for the BRW defined in Section 1,
we define,

Ny = besy = ) S Soeyy x> Y2 1
veDy, veDy,

We consider point processes as random elements in the space M,(£) of all Radon point
measures on a locally compact and separable metric space £ (for this section & = (0, oo]).
Here M,(£) is endowed with the vague convergence; for further details on point processes,
see [29,37,38]. The following result describes the asymptotic behaviour of the point process
Nn+ . In this paper, PRM (), for a measure p on R, will refer to the Poisson random measure
on R with mean measure p; see [37, Section 3.3] for a detailed exposition on Poisson random
measures.

Theorem 3.2. Under Assumptions 2.1 and 3.1 we have
N; i) PRM(r;), conditioned on survival,
where r/;r is the unique measure on (0, oo] such that r/;r((x, oo]) = x~~.

Theorem 3.2 describes the asymptotics for the point process generated by the non-negative
parts of the scaled positions of particles in the nth generation. Indeed, this result will be
enough regarding our analysis of asymptotic behaviour for the displacement of the right-most
particle. Nevertheless, an asymptotics for the point process generated by scaled positions of the
particles can be derived under a stronger condition than (R3), known in literature as tail-balance
condition, which in effect dictates that the left tail for the distribution F' should decay at least
as fast as the right tail. In contrast, note that (R3) allows the left tail of F' to be slightly heavier
than its right tail.

Theorem 3.3. Let Assumptions 2.1 and 3.1 holds true. Moreover, assume that
P(X > x) . P(X < —x)
m ———=1—-lim ———=p € (0, 1],
x—o0 P(|X| > x) x—o0 P(|X]| > x)
where X ~ F. Under these assumptions, we have
N, = Z (Scflsv —D> PRM(tg), conditioned on survival,
veD,
where tg is the unique measure on [—o0, 0o] such that tg((x, o0]) = x~? and 7g([—00, —x)) =
(1 — p)x~—#/p, for any x > 0.
We shall omit the proof of Theorem 3.3 since it follows exactly the same arguments used
in the proof of Theorem 3.2. The above result verifies Brunet and Derrida [15] conjectures
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in this setup with the limiting extremal point process being a Poisson random measure with
no clustering. The reason behind this cluster-breaking phenomenon is that the extremes are
governed by the last generation displacements thanks to regular variation and Lemma 2.4,
which will be the key ingredient in the proof.

Proof of Theorem 3.2. The proof will consist of two steps. Let us first define

Ni= 8cige. Vnz 1,

veDy,

where e, denotes the edge that connects particle or node v to its parent, for v € D,, n > 1.
In the first step, we will prove that

N 2 PRM(t)), (3.2)

conditionally on survival. Let d, be a metric which induces the topology of vague convergence.
Next we shall demonstrate that the point processes N,© and N, are asymptotically close, i.e.,

(N NS =0, (33)
conditionally on survival. Theorem 3.2 then follows by applying [12, Theorem 4.1]. O
Proof of (3.2). Consider {X;};5 H F, independent of T. We define b, = F<(1 — 1/n).
Thus C, = by, and

4 Zn Zn
Nt = E S = E S = § S
n cilxd c; lx;r by! X7
veD, j=1 j=1

By [37, Proposition 3.21] we have

n
> 8,15 —> PRM(z), asn — co.
i—1 '
We also have Z, =5 00, conditioned on survival with {Z;};>, being independent to {X;};>;.
Therefore,
Zn
~ D .. .
N s Zghg,:Xjf —> PRM(tg), as n — oo, conditioned on survival. [
j=1

Proof of (3.3). Here 1(-) denotes the indicator variable for the event inside the parenthesis
and A denotes the event that T survives. Fix Lipschitz continuous function g € C}'(S) with
supp(g) € (8, oo]. It is enough to show that for any & > 0,

P[IN(®)— N () = e]a] — 0.

Define U, = Z;{ ZueDk IL{C;1|X6U| > n~2}. On the event {U, = 0}, all the displacements
occurred until the (n — 1)th generation are of absolute size at most C,/n>. Therefore, for any
v € D,, we have

IclsF—C'xE s Y ClMXls ) nt=(m—Dn? < 1/n
eclye#ey eclye#ey
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Two situations can arise on {U, = 0}: if Cn’lva < §/2, and n is large enough such that
8/2 > 1/n, then C,/'S} < 8, and therefore g(C,'S;") = g(C,'X}) = 0. Otherwise, using
the Lipschitz continuity of g, we can say that |g(Cn’1Sv+) — g(Cn’lXjU)| < M/n, for Lipschitz
constant M € (0, oo). Combining these two bounds we conclude that, on {U, = 0}, for large
enough n,

A

~ M
NS (@) = Nl = D 186,18 —g(CI X0l = — 3 1{C X > 872}

veD, veD,

M INEx
FN” ((8/2, <)) -
Hence, for any ¢ > 0, and large enough n,
~ M ~
P[IN/(®) - N @l ze[a] <P [—N: ((8/2, o)) = e\A} +P(U, 21/4). G4
n

By (3.2), {ﬁj((5/2, oo])},~, is a tight family since the set (§/2, 0o] is relatively compact in
£. This implies that the first term on the right hand side converges to 0. We now prove that the
second term in the right of (3.4) tends to 0. For any e € E, conditioned on T, ]l{Cn’1 |X,| > n?}
is a Bernoulli random variable with parameter p, < F(n=2C,) + F(—n"2C,). Hence,

n—1

PU, = 1| TI<E[U, | TI=p, ) Z.

k=1
By Assumption (R2) and applying [37, Proposition 0.8(i),(v)] on the non-decreasing function
1/F € RVg, we have log F=(1 — 1/x) = (1/B + o(1))logx, as x — oo. Therefore, on
(W > 0),logC, =logF=(1-1/Z,) = (1/B 4+ 0,(1))log Z,, which implies C,/n*> — oo.
Applying again [37, Proposition 0.8(i)] on the function F RV_g, we obtain log F(n™2C,) =
(=B +o0,(1)) log(n=2C,), on (W > 0). Combining the above mentioned asymptotics we get,
on W >0,

n—1 n—1
log (F(nzcn) > zk> = —(B+0,(1))log C, +2(B + 0,(1)) logn +log Y " Z;
k=1 k=1

n—1

=—-{+o0,(1))]logZ, +2(B + 0,(1))logn + logz Zy
k=1

=—(1+o0,(1)]ogZ, +2(B +o0,(1)logn
+ (e +o0p(1))logZ, — —o0 3.5)

as log Z,, grows exponentially on (W > 0) and o < 1. In the last line, we have used Lemma 2.4
with s = 1. Similarly, applying (R3), we get the following almost surely on W > 0.

n—1 n—1
log (F(—n_ZC,,) Z Zk> < —vlogC, +2vlogn + O(1) + logz Zi
k=1 k=1

=—(v/B+op(1)]IogZ, +2vlogn + (e + 0p(1))log Z, — —o0 . (3.6)
Combining (3.5) and (3.6), we conclude the proof. [

Some corollaries can easily be derived from Theorem 3.2 about the asymptotic behaviour
of the ordered statistic of the displacement of the particles in the nth generation as n — oo.
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Corollary 3.4. Fix k > 1. Let, M® be the kth maximum value in the set {S, : v € D,}. Then
under assumptions of Theorem 3.2, we have

k—1

1
P(C'M® < x) — exp(—x—ﬂ)[z .—'x_ﬂ-’] (3.7)
j=0

as n — oo conditioned on the survival of the tree. Moreover,

w
o’ log M,(lk) LN F, conditioned on survival. 3.8)

Proof. For any x > 0 and £ > 1 we have from Theorem 3.2
P(N;((x, o0]) < k — 1|T survives) — P(Poisson(x #) < k — 1).

Also, observe that (N, ((x,00]) <k —1) = (Cn’lM,(lk) < x) and
=1y
P(Poi(x #) < k — 1) = exp(—x—f‘)[z ,—'x—ﬂf] = H(x)
— J:
j=0

for some distribution function H which gives mass on (0, co). Therefore,

C, IM,(/‘) i) H, conditioned on survival . (3.9)
This proves the first part of the result. On taking logarithms on both sides of (3.9) and
multiplying by «” we have

o log M,(Lk) —a"logC, L. (3.10)
Under Assumption (R2), (1/(1 — F))~ € RV;,g. Using [37, Proposition 0.8], we have,

a'logC,  logC,  log[(1/(1 = F))"(Z,)] as._ 1 . .
= = —> —, conditioned on survival.

arlogZ, logZ, log Z,

Finally using Theorem 2.3 we have
a"logC, =5 g7'w,
conditioned on survival. Using (3.10) we have the desired result. [J

Corollary 3.4 says that the rightmost particles of the BRW go away from the origin in a
double-exponential speed in this set-up. Such double-exponential growth was also observed
only for the rightmost particle in a related setup by [45]. Indeed we can improve the
convergence in (3.7) to almost sure convergence as demonstrated by Theorem 3.5. We want to
emphasize the fact that this result is independent of Theorem 3.2, in the sense that its proof
does not use the assertion made in the statement of Theorem 3.2. Indeed, Theorem 3.2 can only
yield convergence in probability for the random variable sequence o log MY as demonstrated
in Corollary 3.4.

Theorem 3.5. For any k € N, under the assumptions of Theorem 3.2, conditionally on the
survival of the Galton—Watson tree T,

lim «" log M,(,k) = B~'W, almost surely.

n—o00
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Proof of Theorem 3.5. We shall first prove the lower bound. Let uy, , € D, denotes the vertex
such that Xeu* is the kth largest of the collection {Xev TV E Dn}. Independence of the tree

n’k . . . .
structure T and the displacement variables guarantee that conditioned on T, the random vertex
p(uy ;) is an uniformly chosen random element from D, and hence S ) | T ~ F n=1)

where F* denotes the I-fold convolution of F. Fix any ¢ > 0 and ; > B. On the event
(W > 4¢), We have the following for large enough n.

log P (a" logX,, < ﬂfl(W — 28)"}1‘)
"k

Zn — — n—
< log { (z S 1) [F (exp (87" (W — 26)a™))]” "*'}
<klogZ, +(Z, —k+ Dlog[1 — F (exp (B;' (W — 2e)a™"))]
<klogZ, — (Z, —k+ DF (exp (B; (W — 2e)a™"))
<klogZ,—C\(Z, —k+ 1)exp (—(W — 28)(1_") , (3.1

for some (non-random) constant C; > 0. We have used Potter’s bound [37, Proposition 0.8(ii)]
in (3.11). By Theorem 2.3, we have, conditionally on survival of the tree,

o log [Cl(Zn —k+ D)exp (—(W — 28)0{’”) — klog Zn] 25 26,
and hence
P (oz” log Xeu: = Bt (W — 28)"}1‘) <exp(—exp(ea™)),
for all n > N,(e), where N(¢) is finite almost surely. On the other hand, for large enough n,
+1) > ,Bl_ls|'JI‘) < pre=D (— exp(ﬁl_lea_”) + 1)
<nF (—exp(B; 'ea™™)/(n — 1) + 1/(n — 1))

< Con (exp(B'ea™)/(n— 1) = 1/(n — 1)) "
< C3n'"* exp(—y B ea™),

P (a” log(S™

P(u:’/\,)

where C,, C; are non-random finite constants. Applying First Borel-Cantelli Lemma and taking
B1 | B, we can conclude liminf,_, - " log S”*k = liminf,_ o " log(Sp(u*k) + X, ) >
n, n, un.k

B~Y (W — &) almost surely on the event (W > 4e&). Recalling that the event (W > 0) and
the event of survival of the tree are same almost surely, we take ¢ | 0 and conclude that
liminf,_, o " log S”Z.k > B~'W, almost surely on (W > 0). The lower bound now follows
from the observation that

k
M,(lk) >minS,;x , Vn>1.
j=1 mi

It is enough to prove the upper bound for £ = 1. Observe that for fixed 8, € (0, 8) and
& > 0, by Potter’s bound [37, Proposition 0.8(ii)], we have for some finite constant C4 and n
large enough,
7)

P (a" log M’(ll) > /32*1(W + 28))'1‘) < Z P (Sv > exp (‘32*1(W + 28)a—n)

veDy,

=1 -1 —n
< Z.nF (; exp (B, (W + 2¢)a ))
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< C4ZnPexp (—a™" (W +2¢)).

By Theorem 2.3, we have, conditionally on survival of the tree,

a"log [C2Z,nP> ! exp (—a (W + 2¢))] L% 2,
and hence

P (ot” log M,(ll) > ,82_1(W + 28))']1‘) < exp (—sa’”) ,
for all n > Nj(e), where Nj(¢) is finite almost surely. Applying First Borel-Cantelli Lemma
and taking B, 1 B, we conclude the proof. [J
4. BRW with rapidly varying tails

Assumption 4.1. F is a distribution function on R with the following properties.

(F1) F(x) < 1, Vx € R, and K := —log(l — F) is regularly varying at oo with index
r € (0, 00).
(F2) For some M € (0, 00) and > 0, F(—t) < M(log|t|)~>7", for ¢ large enough.

Examples of distributions satisfying (F1) include the Weibull distributions with K (x) = cx”
and the Gaussian distribution with K(x) ~ x2/2. Assumption (F1) is very close to implying
that F is in the domain of attraction for the maximum of the Gumbel distribution, but some
additional condition on K is needed to ensure that property; see e.g. [16] for examples and

counterexamples.
Let L be the left-continuous inverse of K, that is
L(u)=inf{x : K(x) > u}, ue(,]1). “.1)

Then F<(x) = L(—1log(1 —x)), forall 0 < x < 1 and L is regularly varying at oo with index
1/r; cf. [37, Proposition 0.8(v)]. By the regular variation of L and Theorem 2.3, it is not hard
to see the following formula (cf. [37, Proposition 0.8]), that for all a > 0,
L(alogZ,) Vr sl . .
——————— =a/"W'/" | almost surely conditioned on survival. “4.2)
n—00 L(a‘”)

We now state our main result.

Theorem 4.2. Let Assumptions 2.1 and 4.1 hold. Then, almost surely conditioned on survival,

~ =

1
M, —ar-1)r g
lim _ (A —ar-1)yr=", ifr > 1,
n—co L(log Z,) 1, ifo<r<1.,
As an immediate corollary of Theorem 4.2 and (4.2), we obtain that almost surely
conditioned on survival,

n 1 1y 1
li =[1—-a~1)] VI|Wr, 4.3
i, T =1 —am v “

where x; denotes the non-negative part of x.

Comments and examples. The case r < 1 contains subexponential distributions in the
domain of attraction (for the maximum) of the Gumbel law. The heuristic properties of such
distributions is the “single large jump principle”, which means that the sum of a finite number
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of i.i.d. random variables having a subexponential distribution is large when exactly one of the
summands is large. Given this principle and the double exponential growths of the population,
it is expected that the maximum M, will be large only if one displacement of the last generation
is large. Thus Theorem 4.2 confirms the intuition in the case r < 1. This is similar to the case
of regularly varying displacements considered in Theorem 3.2. However, we could not obtain
the convergence of the point process of exceedance in the present case, and we do not know if
the same result (as in the case of regularly varying displacements) can be expected. The case
r = 1 contains distributions which are subexponential (take for instance K(x) = x(logx)™#
with 8 > 0, [24, cf. Example 1.4.3 (b)]), and distributions which are not subexponential such
as the exponential distribution. However, we obtain the same result as in the subexponential
case.

The case r > 1 is more intriguing. It contains distributions which are also in the domain of
attraction of the Gumbel law, but are not subexponential. Heuristically, this implies that a sum
of i.i.d. random variables with such a distribution is large when many or all terms contribute
significantly to the sum. However, the double exponential growth of the population implies
that the displacements of the older generation contribute less. The form of the limit hints at
exponential smoothing. More precisely, if K(x) ~ cx’, it can be shown, using results on the
tail of the sum of i.i.d. random variables with such distribution, see e.g. [4, Theorem 1.1] or [3,
Theorem 4.1], that the approximate asymptotic behaviour of M, is the same as the behaviour
of

where X;j ) are i.i.d. and independent of Z,. For Gaussian displacements which corresponds to
K(x) ~ x2/2, we have L(x) ~ +/2x and Theorem 4.2 reads

M, [ 2
lim = . almost surely conditionally on survival,
n—00 /log Zn 1l —« y y

and (4.3) becomes

. 2w . .
lim o"’M, = T—a’ almost surely conditionally on survival.
n—00 —

We now turn to the proof of Theorem 4.2, for which we will need the following lemma
whose proof is in the Appendix.

Lemma 4.3.  Suppose that we have a filtration {F, :n > 0} on the probability space
(2, F,P) and an F,-adapted non-negative integer-valued process {¢, :n > 0} such that
liminf,_ o n ! log¢, > 0, almost surely. Further assume that for all n > 1, there exists a
collection of random variables, {G,,,i 10 < ;n} satisfying the following two conditions.

(1) The collection {G,,,,' i< g“,,} is Fui1-measurable.

(2) Conditioned on F,, {Gn,,- i< g‘n} is a collection of i.i.d. variables with distribution
function F satisfying F(x) < 1 for all x and K(L(x)) ~ x as x — 00, where
K = —log(l — F) and L is the left-continuous inverse of K. Also assume that

... L(x)
lim lim =1
t—>1x—>00 L(x)
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Fix a sequence {{,},-, in (0, 1), bounded away from 1 and let I, be another F-adapted non-
negative integer valued process such that logl, < (1 — ¥,)log¢, and Y, loge, L 00, as
n — oo. Let Gj., be the ith largest element in {G,l,l, oo Gy, } Then,

Gl,,;gn a.s.
— 31, asn— oo.
L(,log&,)

The assertion is also true if we take I, = ¥, = 1 for all n > 1.

Remark 4.4. If F satisfies (F1) then the assumptions on F, stated in Lemma 4.3, holds true.
By [13, Theorem 1.5.12], we have K(L(x)) ~ x as x — oo, whereas L(tx)/L(x) — tY7 as
x — 00, since L is regularly varying with index 1/r.

For i.i.d. regularly varying random variables (i.e. when G, = G for all n), the next result is
a stronger version of the law of iterated logarithm; see e.g. [46]. Since Assumption 2.5 does not
imply regular variation and we deal with triangular arrays with random row sizes, we provide
a proof based on estimates of the Laplace transform of the distributions G, due to [18] in the
Appendix.

Lemma 4.5. Fix a sequence of distribution functions {G, : n > 0} satisfying Assumption 2.5
with moment index sequence {o, : n > 0}. Suppose that we have a filtration {F, : n > 0} on
the probability space (12, F,P) and an F,-adapted positive integer-valued process {¢, : n > 0}
such that liminf,_ o n~! loglog ¢, > 0, almost surely. Assume that for all n > 0O, there exists
a collection of random variables, {Ln,,' i< {,,} satisfying the following two conditions.

(1) The collection {L,,y,- i< ;‘n} is Fny1-measurable.
(2) Conditioned on F,, {Ln,,- i< {n} is a collection of i.i.d. variables having distribution
function G,,.

Then we can find a positive integer valued finite random variable N such that

< 00, almost surely .

nl ;n Lni
0< 1_[ (07 Ongzl s

n>N+1 log &
Consequently,
In 08 Luiz) Zni log Z’{il Lui 251, asn— o0
log ¢, ’

We now have all the necessary ingredients for the proof of Theorem 4.2. We shall split the
proof into a lower and an upper bound.

Proof of Theorem 4.2, lower bound. The idea to obtain a lower bound is to truncate the
tree at the kth generation from the last one. We obtain a bound for the displacements up to
the generation n — k of the form ¥ L(log Z,) with ¥y — 0 as k — oo. The most delicate
part of the proof is then to choose subsets of vertices from each of the remaining generations
such that all the vertices in those subsets are among the ones having largest displacements
from their parents in their respective generations but still having a path from the (n — k)th
generation through these subsets to the last generation. The first criterion forces us to choose
the subsets as small as possible while the second one requires the subsets to be large. As a
trade-off between them we get our required lower bound.
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To be more precise, fix an integer k > 1 and &y, ..., 8 € (0,1). We define recursively
a finite sequence of subsets of vertices from the tree. Set B, ,_x = D,_x. Let A, ,_ be the
set of vertices in D,_; whose displacements from their parents are among the largest | Z, . ‘Skj
many of those in B, ,_x. Fori =1, ... k; let B, ,_x4; be the set of children of the vertices in
Apn—k+i—1 and let A, ,_ry; be the set of vertices in B, ,_x+; whose displacements from their
parents are among the largest L|Bn,n,k+i|1"‘k*ij many of those in B, ,_¢+;. We always break
the ties uniformly at random whenever some of the displacements are equal.

Our construction has been done in such a way that on the event (|4, ,| > 0), there exists at
least one ray of vertices starting from A, ,_x and going through A, ,_44+; for all 0 <i < k. Let

vr_, be one such vertex in A, ,_; generating such a ray. Then the following crucial observation
will be pivotal in proving our lower bound.

1(|Annl > 0) = 1 (|Ann] > 0) Lren/?;(n Sy = 1(|Annl > 0) [ P +ZU€AI?L“H, xev] “4.4)
The lower bound will then follow after establishing appropriate lower bounds for the two terms
within bracket in the right hand side of (4.4). All the almost sure statements, which appear in
the following proof, are assumed to be conditioned on the survival of the tree.

We start by obtaining a lower bound to the first term in the right hand side of (4.4). We
employ an argument similar to the one used in the proof of lower bound in Theorem 3.5. Notice
that if we condition on {Z; : i > 1}, independence of progeny and displacement variables
guarantee that p(v);_,), the parent of the vertex v}_,, is a uniform random element from D,,_;_;
after conditioning and hence S+ has distribution F*"~*~D, where F*' denotes the I-fold
convolution of F. Fix an arbitrary ¢ > 0 and observe that for large enough n,

P (L@ Sy < =] (Zikizt) = FO D(eLi@™)
<mn—k—1)F(—eLe™™)/(n —k—1)) 4.5)
< nF(=eL@™")/n)

< Mn(loge +log L(a™") — logn)_z_” < Mn~ 77,
(4.6)

for some finite positive constant M, depending on ¢, «, r and M. The inequality (4.5) follows
from a simple application of union bound, whereas the inequalities in (4.6) follow from
Assumption (F2) and the fact that log L(a™") ~ —% logo; see [37, Proposition 0.8(i)]. Since
the final expression is summable and ¢ is arbitrary, an application of the first Borel-Cantelli
Lemma implies that liminf,_, o, L(a™)~'S P ) = 0, almost surely.

As a first step to get a lower bound on the second term in the right hand side of (4.4), we
make the following two claims.

(1) liminf,_, » " log |Ay n—k+il, liminf,_, o & log | B, —k+i| > 0, almost surely, for all
0<ic<k.
(2) 1og | Ap il = a1 = 8_) log | Ay u—iri1]. forall 1 <i < k.

The first claim, in particular, implies that |A,, ,| 25 0, leading to the following simplification
of (4.4).

k
liminf L(e™™) " 'M,, > hm 1nfL(oz my~1 |:SP(U* y+ min ngi| . 4.7
n—00 n—k iz0 VEAy n—k+i
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The proof of the claims will be carried out by an induction on i. Note that,
" 10g | Ap k] ~ o"(1=8)log | By k| = " (1=8)log Z,— = a*(1=8)W > 0. (4.8)

This establishes the first claim for i = 0. The vertices in A, ,—; produce i.i.d. numbers
off-springs (independent of their current positions) having distribution G and their sum
(i.e., the total number of children) is |B, ,—k+1]; thus Lemma 4.5 gives log|B, ,_+1l <
(1/a)log|A, n—r|. Here we have applied Lemma 4.5 with F,, being the o-algebra which
contains all the information (tree structure and displacement) of the tree upto generation (n—k),
¢n = |Ann—k| and G, = G. The validity of the two conditions needed to apply Lemma 4.5 is
guaranteed by (4.8) and the independence of displacements in one generation of the tree from
the information of previous generations. Finally, the identity |A, ,—x+1] = L|B,1,,,,k+1|1’5k—1j
yields that log | A, n—k+1] < a (1 - 8k—1)1log |A, k|- This proves the induction hypothesis
for the base case i = 1. The proof of the veracity of the induction hypothesis for i = [ + 1
assuming it is true for i =/ goes exactly along the same lines.
Using the claim established just above, we can conclude that

" 10g | Apnisil > W =8 . (4.9)
j=0

almost surely, for all 0 < i < k. In particular, |A, ,—¢+i| and hence |B, ,_i+i| grows
doubly-exponentially almost surely.

Now observe that by construction min,¢ Apnisi Xey is the L|Bn,,,_k+,~|1’8k*ijth largest
element in the collection {X e (V€ Byy_pqi } Also notice that conditioned on the information
of the tree upto generation (n —k i), the collection {Xev NS Bn,n_k_‘_l‘} is just an i.i.d. sample
from distribution function F. Hence, using Lemma 4.3 and the fact that |B, ,_¢+i| grows
doubly-exponentially almost surely, we obtain the following for 0 <i < k.

min X
lim inf vehnntii ey > 1, almost surely.
n—00 L(8;—;10g|Bn—+il)

Here we have applied Lemma 4.3 with F, being the o-algebra which contains all the
information (tree structure and displacement) of the tree upto generation (n — k + i), ¢, =
|Bun_isil and ¥, = 8_;. Again using the fact |A, ,_rii| = L|Bunksi]' 2] and regularly
variation of L, we obtain for 0 <i < k the following.

m]nUGAn.nfk#»i ng > (Sk_i
1 — 68—

By (4.9), (2.1) and the regular variation of L and the Uniform Convergence Theorem for
regularly varying functions, we have

lim inf

1/r
> ) , almost surely. (4.10)
n—>00 L(log |An,n7k+i|)

. Ir
. L(log |An,n—k+i|) o k—i .
lim @ ¢ H(l &S pwW | . (4.11)
j=0
The limits (4.10) and (4.11) yield, for i =0, ..., k,
. 1/r
min, Xe, o Op—i d
lim inf — "k 20 f ki O T 5 )W
oo L@ I=8i g
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Combining all the previous limit estimates for the terms in right hand side of (4.7) and using
(4.2), we obtain

|
k I

lim inf -6
rfﬂl?oL(logZ) Z 1—8k,1—[( =)

j=0

Maximizing over the right hand side we conclude that

M « 5 1/r
ok k—i
limint ot = fio=sup {3 H(l S| 0 be @)

i=0 =8 =0
In order to compute f;, we define, for k > 1 and &y, ..., 8 € (0, 1),
L 1/r ' . 1/r
hi(80s - -, 8k—1) = ; ( '1—5 — 1:[(1 — 8 ,)) = ; (aiéi 451(1 —aq)) :

fi = sup {he(80, - .., 8k) : 80y ..., 8k € (0, 1)}
Taking §p 1 1 and §; | O for i > 1 yields f; > 1. Furthermore,
heo. .80 = (@*80)" + (1 = 8" hyoy B, .. S,
and hence we have for all k > 1,
fo = sup {ak/’a,i/’ =8 R 1Bos - 851) < 8o, -, 8 € (O, 1)}

= sup {78}/ + (1= 80" fi1 : 8 € 0. 1)

1-1/r
(et f10) e s,
max{ak/’,fk_l}, if0<r<l.

For r > 1, opening the recursion we get f;/" ™" for/ =D 4 3k @i~V Having observed
that fy = sup [50/ T80 € (0, 1)] — 1, we conclude
ey _ | eV, it r > 1,
¢ 1, if0<r<l.
Letting k tend to oo, we therefore conclude that almost surely,
M P V7O DN T
liminf —2n__ » (=T it >,
"% Llog Zy) if0<r<l.
1
R VRVE

This proves the lower bound. [

We now proceed to prove the upper bound. We first establish a preliminary non sharp upper
bound which will be used to obtain the sharp one. This preliminary bound is basically obtained
by summing over maximum displacement from the parent in each generation.
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Lemma 4.6. Under the assumptions of Theorem 4.2, there exists an almost surely finite
random variable A such that

. M, AW/
lim sup < )
nooo L(0gZ,) — 1 —al/r

almost surely. (4.12)

Proof. Introduce the notation

Mz, .= max X,,.
veD;

Note that M, < Zle ]l7lzl.. Since K(L(x)) > x, for all x, we get

P[#7, > L(1 +¢)log Z)

’H‘] — 1= (FoL((1+e&)logZ))%

1 — (1 —exp(—K o L((1 4 &)log Z:))%
1 — (1 — exp(—(1 + &) log Z))*

1— 1=z <z~

IA

Since the last expression is summable, we have by Borel-Cantelli Lemma, almost surely
conditioned on survival,

M, < 21‘721- <Y L +e)logZ)+ Y (Mz, v 0)1(Mz, > L((1 +&)log Z))),

i=1 i=1 i=l1

(4.13)

where the second expression in the right hand side of (4.13) is finite almost surely. By (4.2),
there exists a random finite number A such that L((1 + ¢)log Z;) < AL(a™) for all i > 1,
almost surely. Therefore, almost surely conditionally on survival,

lim su " _ <limsu L((1+¢)log Z;
msup o < limsup 7o ; ((1+¢)log Z)
: 1 <, A
< Alimsup 7o Y L) = T

i=1
where the last assertion follows from Lemma A.4. By Theorem 2.3 and (4.2), this proves
4.12). O

Before diving into the main part of the proof for the upper bound, let us try to explain
in a few words how does the proof work. We first fix some k¥ > 1 and cut the tree at
generation (n — k). We use the preliminary bound obtained from (4.12) for the displacements
until generation (n—k). The upper bound on the displacements occurred in the last k generations
is then obtained from Lemma 4.7, which gives an upper bound to the maximum position in
the last generation of a BRW, started with (possibly random) exponentially growing number
of vertices but grown only upto a finite number of generations. Combining them together and
taking k tend to infinity will finish our proof.

Lemma 4.7. Fix k > 1. Consider a probability space ({2, F,P) and a filtration {H; : k € Z}.
Start with an H,-adapted sequence of random positive integers {0,},>, satisfying
liminf,_ o n ! loglogo, > 0, almost surely. Consider the following dynamics. Start with o,
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particles in Oth generation (possibly scattered randomly over the real line) Then grow a BRW,
B, up to k generations with progeny distribution G satisfying Assumption 2.1 and displacement
distribution F satisfying Assumption (F1). Let V, , denotes the set of vertices in qth generation
of B,. Assume the following conditions.

(1) Hyqq contains all the information (cardinality and position of its constituents particles
on the real line) of the random set V, 4, for all 0 < g <k, and n > 1.

(2) Fix m > 2. Conditionally on H,,_1, Vym—n is a BRW generation step for progeny G
and displacement F from V, ,,_,_1, YVmax(m — k, 1) <n < m — 1. Further, these BRW
generation steps are conditionally independent of each other conditional on H,,_;.

Let S,y 4 denotes the displacement of the particle v € V,; from its ancestor in generation q,
0 < g <t <k, for the BRW B,,. Then we have the following asymptotic behaviour almost
surely.

, 1-1/r
max S k —t/(r—l)) :
lim sup ———oek 2000 G (Z,=104 > (4.14)

n—s 00 L(IOgUn) o[_k/r, l.f}" € (0, 1]

Remark 4.8. In the statement of Lemma 4.7 and its proof, the statement “Conditional on
G, S| is a BRW generation step for progeny G and displacement F from S” means that
the o-algebra G contains all the information (the size and the position of its constituent
particles) for the (random) set S and S; is the first generation of a BRW with progeny G and
displacement F having S as the Oth generation, conditional on G. Conditional independence
of two or more BRW generation steps will refer to conditional independence of progeny sizes
and displacements induced in those steps.

To explain briefly how the proof of Lemma 4.7 works, we partition the first generation V,, ;
according to their displacements from their parents and recursively use similar partitioning
technique on the sets of children of each partition block of the first generation. We continue
with this recursive partitioning until the last generation. We then provide an upper bound to the
total displacement incurred on a path travelling from the initial to last generation by the sum of
maximum displacements of each partition block in which its constituent edges lie. Maximizing
over such paths followed by optimizing over suitable partitions yield our required upper bound.

Proof of Lemma 4.7. We shall prove (4.14) by induction on k. As usual, X, will denote the
displacement associated with the edge e and e, denotes the edge connecting the particle v to
its parent p(v). Note that the sequence {a;} satisfies the recursion

a—l/r(&’[i/("*l) + 1)()‘—1)/r’ r>1 ,

4.15
a Vg, O0<r<l1. ( )

ak+1 =
We start by proving the case k = 1. Since |V, | is the sum of o, many ii.d. vari-
ables having distribution G, Lemma 4.5 yields log |V, | w (1/a)logo,, in particular
liminf, .o n 'loglog|V,.;| > 0, almost surely. Here we have applied Lemma 4.5 with
Fn = Hu, & = 0,, G, = G. Using independence of progeny and displacements, we have
by Lemma 4.3 (applied with ¢, = [V,1],l, = ¥, = 1) that max,cy, , X, < L(log|V,.1D).
Combining these two equivalences and using regular variation of L, we get

max S, ,0 = max X, ~ a " Llogo,) = @ L(logo,),
UEV,,J v€Vn_1
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proving the claim for k = 1.

Suppose the claim holds true for k = 1, ..., m, for some m > 1. We proceed to prove the
hypothesis for m 4+ 1. We will classify the particles according to the size of the first step. Fix a
partition IT = {1 =8y > 8; > --- > & = 0} of [0, 1] and write ||/, := max/_, |5!"" —5!""].
Consider a partition of V, ; as follows. Let v;, be the particle in V,; with ith largest
displacement from its parent among the particles in V, ;. The subset A, ; is then defined
to be consisting of all those particles v(j, with ||V, |'™%-1] < j < [|V,1|'7%], for all
i =1,...,1. Keep vy, ) in the subset A, ;. Clearly, {A,;} forms a partition of V,, .

l<i<l
Notice that |A, ;| w UVual'% ] — [|Vs1]'7%1] grows double-exponentially almost surely,
since log |V, 1] < (1/a)logo,. Let V, 41, be the set of particles in the (m 4 1)th generation
with first generation ancestor in the subset A, ;. Fixing our attention only to the subtree
generated by elements in A, ;, we notice this particular subtree to be of height m and satisfies
the conditions of Lemma 4.7 (with o, = |A,;|). Therefore, by the induction hypothesis, we
have the following for all 1 <i <.

lim su 1 Sn,v.1
P T L (log 1A, ])

maXyey, -
=0Qn .

Observe that log|A,;| < log||Vai'™%] % ((1 — &)/a)logo,. Combining this with the
previous bound, we conclude that

. maXUGVn.)il+l,i vavl 1 — 81' v ~

lim sup < oy .

n—00 L (logoy,) o

By our construction, max,ea, ; Su,u,0 = maXyea,; Xe, is the L|Vn71|1’5i—ljth largest among
the collection {Xev 1v e V,,,l}. Having almost sure exponential growth of |V, ;|, we obtain
by Lemma 4.3, maxyea, ; Sn.u.0 L (Si_l log |V,1 |) < (8i—1/a)'/" L (log o). Combining the
previous two estimates, observing that

max Sppo0 < max S§,, 1+ max S,,o0,
VeV my1.i VEVy m1,i u€Ay i

and taking minimum over the partitions II, we obtain that almost surely,

max S,
lim sup — St 200 =1/r g L max [(1 — )\, + a‘[’,]
n—00 L (logaoy,) | i=1 !
<aq V" ill}[f{mlax [(1 — )V & + 5?’] + ||H||,}

i=1

<a "3 sup (1 — )"/ @, + 5"/} +inf T,
s€[0,1] a

=a V" sup {(1 — )&, + 57}
s€[0,1]

Solving the optimization and using (4.15) completes the proof of the lemma. [

Proof of Theorem 4.2, upper bound. In the proof, all almost sure statement are to be
understood as almost surely on (W > 0). Fix any k£ > 1. Consider the tree only from generation
(n — k). This is a BRW, started with |D,_;| vertices and grown up to k generations, with
progeny distribution G and displacement distribution F satisfying Assumption (F1). Since
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liminf, ., n~'loglog|D,_x| = —loga > 0 almost surely, using Lemma 4.7, we obtain the
following upper bound.

. maXyep, Sv,n—k ~

lim sup —————— < a4, almost surely,

n—oo L (10g|Dy—l)
where S, ,—; denotes the displacement of the vertex v € D, from its ancestor in generation
(n — k). Here we have applied Lemma 4.7 with 0, = |Dp_¢|, Vg = Dy—jqq for 0 < g <k
and H,, being the o-algebra generated by the information of the process upto generation n —k.
Since log |Dy,—x| = log Z, Lok log Z,,, we have

i1 1-1/r
max Sy.n— ~
limsupM S (xk/rak — Zat/(r_l) v 1 .
n—>00 L (log Z,) —o

On the other hand, using (4.12), we get
. M, A Wr
lim sup < )
n—soo L(l0gZy_) — 1 —al/r

Combining the above two estimates with the observation that M, < M,_x + maXyep, Sv.n—k>
we get, almost surely,

almost surely.

_ 1-1/r
M, okl <!

lim su < A WVr 1/er=1) v

n—>oop L(logZ,) ~ 1 —al/r ’ i (tg():a

Letting k tend to co concludes the proof. [

5. BRW with very rapidly varying tails

This section is devoted to the analysis of the situation when the right tail of the displacement
distribution function F' decays more rapidly than those which satisfy Assumption 4.1. In
particular, it considers the cases where the function L, as defined in (4.1), is slowly varying at
0o. An example will be L(x) =logx for all x > 0, i.e. F(x) =1 —exp(—e¥), for all x € R.

We have observed in Theorems 3.2 and 4.2 that, if F satisfies Assumption 3.1 or As-
sumption 4.1 with r € (0, 1], only the last generation effectively contributes in determining
the right-most position in the nth generation, whereas if F satisfies Assumption 4.1 with
r € (1,00), then previous generations also contribute albeit with a geometrically decaying
weight. In both cases though, the right-most position in the nth generation is asymptotically
of the same order as the largest displacement incurred in the nth generation. In sharp contrast
to these, the case which we shall analyse in this section demonstrates a situation where the
right tail of F is so small that each generation contributes equally in determining the right-
most position in the last generation. In particular, we expect M, to be O (ZZZI L(log Zk)),
since L(log Z,) is the asymptotic order of the largest displacement in the nth generation. If we
assume that the right-tail of F decays sufficiently fast, this is indeed the situation as stated in
Theorem 5.2. Also in this situation, M,, > L(log Z,,), a stark difference from those in previous
sections.

We would, though, like to point out that there are some examples of F* which lie the twilight
zone between those satisfying Assumptions 4.1 and 5.1. It may be interesting to try to think of
what happens in those cases, but we will not further concern ourselves regarding that matter
in this paper.
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Assumption 5.1. F is a distribution function on R with the following properties. Recall that
L is the left-continuous inverse of K = —log(l — F).

(L1) F(x) <1, Vx € R, and L is slowly varying at oo with K(L(x)) ~ x, as x — o0.
(L2) There exists ny € (0,1 — «) such that for any n € (0, ng), there exists a sequence of
non-negative real numbers {«, ()}, satisfying the following conditions.

—n ,—kn(n)
i Tim inf 2 &)

>1, and —n — 50, V1 € (0, no).
70 n—00 L (a™) Ze < n € (0, no)

n>1

Theorem 5.2. Let Assumptions 2.1 and 5.1 hold. Then almost surely conditional on survival
of the tree, we have

li M 1
nLn;o ZZ:I L(o{*k) -

Theorem 5.2 confirms the intuition described above. Heuristically, this means that the
maximum is achieved by a path such that at each generation, the displacement is essentially
the maximum of the displacements of that generation.

Before diving into the proof of Theorem 5.2, let us first make some sense of the complicated
and apparently artificial conditions presented in Assumption 5.1. It is evident from (L.1) that L
is non-decreasing, slowly varying at oo with L(co) = co. We shall now explore some simpler
assumptions on L which guarantees (L2). In the process, we shall explore some examples of
displacement distribution F' which satisfies these conditions.

Corollary 5.3. Assume that L satisfies (LL1) and further suppose that there exists a > 1 such
that x — L(a") is regularly varying at oo with index y > 0. Then L satisfies Assumption 5.1
and we have
. M, 1
lim = ,
nsoconL(a™) y+1

almost surely on survival.

Proof. We shall start by establishing the fact that x + L(b¥) is regularly varying at co with
index y, for any b > 1. Fix ¢t > 0. Then
L(btx) L (Cllx logb/loga)
im = lim ———~ =1¢7
X—>00 L(bx) x—o00 [, (axlogb/loga)

s

establishing our claim. To establish (L.2), we make the choice «,(n) = —nlog(l — n) for all
n>1land 0 <n <n =1— . Summability of the sequence {e~**?} _ is obvious. Using
regularly varying property of x — L(a™"), we obtain N

) L (afneflc,,(n)) . L (en(log(lfn)flogoz)) loga _ log(l _ n) v
lim ———— = = lim = ,
n—00 L(x™) n— o0 L (67" loga) log o
and hence
) ) L (a—ne—Kn(n))
lim lim =1.

740 n—>o0 L (™)
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These prove that L satisfies Assumption 5.1 and hence we can apply Theorem 5.2. All we have
to show now is the fact that

ZL(oFk) ~ (@ + 1D 'nL@™), asn — oo. (5.1)
k=1

In order to do so, we first apply monotonicity of L to conclude that

(v + D7'nL@™) ~ / L@ dr =Y L@
0 k=1

n+l1
< f L) dx ~(y + D7 'n+ L™, (5.2)
0

where the first and the last asymptotics in (5.2) follows from Karamata’s Theorem (see [37,
Theorem 0.6]) and the fact that x — L(o¢™) is regularly varying with index y > 0.
This regularly varying property, along with monotonicity, also implies that nL(a¢™") ~ (n +
1)L(e™™"') and thus (5.1) is established. O

Example 5.4. The condition on L assumed in Corollary 5.3 is satisfied for all the distribution
functions F for which K = —log(l — F), for large enough x, has the form K (x) = exp(cx?),
for some ¢, 8 > 0 or K(x) = exp(cie?”), for some cy,c; > 0. In the first case, L(x) =
(log(x)/c)"/# and hence satisfies Corollary 5.3 with ¥ = 1/B. In the second set of examples,
clearly y = 0.

The next set of examples of L, that we shall consider, will allow for L to be increasing in
a much slower rate than required by Corollary 5.3.

Corollary 5.5. Suppose that L satisfies (L1) and there exists {k, : n > 1}, positive real
numbers, such that

La e ™)~ L(a™), asn— oo, and Zexp(—/cn) < 00. (5.3)
n>1

Then L satisfies Assumption 5.1 and therefore the conclusion of Theorem 5.2 holds true.

Proof. The statement is immediate from Theorem 5.2 if we take «,(n) = k,, for all n > 1
andne (0,1 —a). O

The L in Assumption (L1) is a slowly varying function and for such a function we have
a Karamata’s representation theorem (see [13, Section 1.3] for more details on Karamata
Representation). We now impose some conditions on this representations that allows us to
verify Assumption 5.1.

Corollary 5.6. Suppose that L satisfies (L1) and the following is a Karamata Representation
of L for some a > 0.

*e(t)
L(x) = c(x)exp (f Tdt) , Vx>a,

where c, e : Rt = RT and lim,_, o, c(x) = ¢ € (0, 00), lim,_, o, £(¢) = 0. Further assume that
e(t)loglogt = o(1), as t — oo. Then L satisfies Assumption 5.1 and therefore the conclusion
of Theorem 5.2 holds true.
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Proof. We shall show that L satisfies the conditions required to apply Corollary 5.5 for the
choice «, = 2logn. Clearly, an1 exp(—k,) < oo. Setting

Uy = (logloga™) sup e(t) = o(1),

te[a™me™ n a7
we note that for large enough n,

L(a™"e™*n) _c(a—ne—l(,,)ex _faﬂ @dt
L@  cam P\ .

cla™"e *n) < Up a™" )
>————exp log

cla™) ~logloga™ " are

cla™"e *n) 2v, logn
=—exp|— ,
cla™) logn + loglogo~!

and hence L(a™"e ™ ) ~ L(a™"). This concludes the proof. [

Corollary 5.7. Suppose that L satisfies (L1) and of the form L(x) = exp(h(logx) + o(1)) as
x — o0 where h is differentiable for all x > xo and satisfies lim,_, o, h’'(x)logx = 0. Then L
satisfies Assumption 5.1 and therefore the conclusion of Theorem 5.2 holds true. A sufficient
condition implying lim,_, o, h'(x)logx = 0 is that h is regularly varying with index p € [0, 1)
with h' being ultimately monotone.

Proof. Assuming without loss of generality that L(xy) > 0, we have a Karamata Representa-
tion of L as follows.

logx
L(x) = c(x)exp (h(logx) — h(xp)) = c(x)exp </ : K1) dt)

X0
R
= c(x) exp </ M du)
exp(xp) u

where c(x) — €"*0) as x — oo. Application of Corollary 5.6, along with the condition that
h'(x)log x = o(1), implies the first assertion.

If h is regularly varying with index p € [0, 1) and A’ is ultimately monotone, we can
apply Monotone Density Theorem [13, Theorem 1.7.2] to guarantee that h'(x) ~ px?~'(x)
as x — oo, for some slowly varying function /. Clearly,

x'"7PH(x) I(x)log x
I(x) xl=r

since x — [(x)logx is also slowly varying and p < 1. This proves the second assertion. [

— 0, asx — oo,

h(x)logx =

Example 5.8. A class of distribution functions F for which the criteria stated in Corollary 5.7
holds is as follows. We take K(x) = e$1°¢%) where g is regularly varying with index g > 1,
with monotone derivative g’ which is then regularly varying with index 8 — 1 > 0. Then
L(x) = e"1°¢% with h = g, the inverse of g, regularly varying with index 1/8. It is easy to
see that members of this class do not satisfy the conditions stated in Corollary 5.3, but satisfy
the conditions stated in Corollary 5.7. Moreover, following similar arguments as presented
while establishing (5.2), we can show that in this case,

! hnlog(1/a))

n n n
D L@ ™)~ / L@ "dt = / ehtloe/e) gy — _ — g (we" du
k=1 0 0 log(1/a) Jio)
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~ / h(nlog(1/w))
ﬁg(l/a)g (h(nlog(l/a))) e

~log™ P (1/a)g (h(m) L ™).
The last asymptotic equivalence is due to the fact that g’ o h is regularly varying with index
1 — 1/B. Therefore, almost surely on (W > 0),
. M, 1
lim = ; .
n=oo g'(g=(m)Le™)  log"P(1/a)

For instance, taking g(x) = cx? with 8 > 1 and setting 7 = (log(1/a)/c)"/# yields

M

nll)n;o Wg(ml/ﬁ) = almost surely on (W > 0).
Before delving into the details, we briefly describe the strategy we are going to adopt
to prove Theorem 5.2. The upper bound to the maximum is quite straight-forward, as the
right-most position is always bounded above by the sum of the maximum displacements over
generations. In order to establish the lower bound, we extract a subtree with nth generation
being denoted A, which consists of those particles whose displacements from their parents are
approximately among the largest O (|Bn|1"3") many, where B, is the set of children of A,_;
in the original tree. Choosing the sequence {§,} to be converging to 0 at an appropriate speed
as dictated by (L2), we can in effect guarantee the existence of an infinite ray, starting from the
root, along which displacements from the parents are among the largest in the corresponding

generations. This obviously gives a matching lower bound.

Proof of upper bound in Theorem 5.2. Fix ¢ > 0. Note that M, < Y ", M z;» where
Mz, = max,ep; X,,, as was defined in the proof of Lemma 4.6. We get the following for all
large enough n almost surely.

P [1\7121. > L((1 + &)log Z;)

11‘] —1 = (F o L((1 + &) log Z))?

1 — (1 —exp(—K o L((1 + &) log Z;)))%
<1—(1—exp(—(1+e¢)logZ))%

- (-2 <z~

Since the last expression is summable, we have by Borel-Cantelli Lemma, almost surely
conditioned on survival,

My <) Mz <) L1 +8)logZ) + Y (Mz, v 0) 1 (My, > L((1+¢)log Z) ,
i=1 i=1 i=1

(5.4)

where the second expression in the right hand side of (5.4) is finite almost surely. Since the
last expression is summable, we have by Borel-Cantelli Lemma,
n

- L log Z, L((1 log Z
lim sup —z———— < limsup D k=1 n(( +é) kog k) < limsup L((1+¢)log Z,)
oo D=t L@™) T i D k=1 L@™) n—00 L(a™)

almost surely on (W > 0). The last limit follows from slowly varying property of L and the
fact that (1 + e)a" log Z,, — (1 + &)W, almost surely. [
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Proof of lower bound in Theorem 5.2. Fix 5 € (0, ng), such that L(a~/ exp(—« (1)) = oo,
as j — oo. Indeed, the first condition in (L2) and the fact that L(co) = oo guarantee
that the previously mentioned property holds true for all small enough n. Set c(n) =
> =1 exp(—k,(n)) < 00. Fix v € (0, 1 — «). Define the following sequences.

V(Vu—1(m) — va(m)
Yn—1 (77)

1 n
W) =1 - 2o gexp (=i (), 8,(n) = . Vn>1,

with yo(n) := 1. By construction, 8,(n) € (0, v), ya(n) = [T;_, (1 —v~'8(m) € [1/2, 1] and
hence
n—1 n—1

exn(rl)an(n) 1_[ (1= 8(n) > ekn(n)(gn(n) 1_[ (1 — U—15k(77))

k=1 k=1

= "D (yum1 () = ya() = %(77) >0, Vnzl. (35

Recursively define the following sets of vertices. Set By, = Ao, = Dy, which contains only
the root. For any j > 1, set B;, to be the set children of the vertices in A;_; ,. Recall the
notation C(v) which denotes the set of children for any particle v. Define A; , to be the those
particles in B;, whose displacement from their parents are among the maximum |A; ;| many
of those in B;,; break the ties uniformly at random if needed. Here

[Ajal =Y LC@|""].

VEA; 1,

It is immediately observed that the sequence {|A il = 0} has the same law as {Z;f,r/ 1j> 0},
where Z7  is the size of the jth generation of the inhomogeneous branching process, started
from one particle, and where the particles in nth generation produces i.i.d. many off-springs
(independent of the structure of the tree until that generation) having distribution G-, )
as defined at the end of Section 1. Since §;(n) € (0, v) for v < 1 — &, we apply Theorem 2.6
and Lemma A.l to obtain the following.

n

o
P| i — % JloglAu,l=W*>0| = 0.
lim gl—Sj(n) 0g [Any| > q(n) >

Let E, denote the event in the above equation. In particular, almost surely on E,,

1 & 1-34; 1—
liminfrn ™' loglog |A,.,| > liminf — Zlog (J) > log <_U> - 0.
n—00 n—oo n =1 o o

a.s.

A standard application of Lemma 4.5 then implies that log|B;,| ~ a! log|Aj_i,| as
J — 0o, on E,. Here we have applied Lemma 4.5 with F; being the o-algebra containing all
the information (tree structure and displacement of the particles) upto generation j, {; = [A;j ;|
and G; = G for all j > 0. In particular, |B;,| also grows double-exponentially almost
surely on E,. Another similar application of Lemmas 4.5 and A.1 guarantees that log [A; | w
(1 —(Sj(n))a_l log|Aj_1,| as j — oo, on E,. Here we have applied Lemma 4.5 with the same

choice of F; and ¢; as earlier but with G; = G(1—s;, (. for all j = 0. Combining these two,

we have log|A;,| = (1 —8;(n)log|B,.,| as j — oo, on E,.
146



S. Ray, R.S. Hazra, P. Roy et al. Stochastic Processes and their Applications 160 (2023) 120-160

Assumption (L1) guarantees that L satisfies the assumptions required to apply Lemma 4.3.
Since, on the event E,, |B;,| grows double-exponentially almost surely, we can employ
Lemma 4.3 to yield the following.

rninveAj,,7 Xev
L(8;(n)log|B; 1)
The application of Lemma 4.3 is valid indeed, since on the event E,,

8;(n)

2% 1, on E,. (5.6)

8;(mlog|B;,| ~ 1=3,(n )10g|Aj,n|
a.s. 6 /
~ ﬁw* —J l_[(l —8(n) = W*a —Jemxjm — 00,
1 —36;(m) il 20(77)
where the last line follows from the fact that L(e /e i) — 0o and K(x) < oo for all x

with K (o0) =
By the slowly varying property of L, we also have for large enough j,

‘ o as 3;(m) ) e W*§;(n) 1 — 8(n)
L(3j(mlog|Bj,) =~ L (—1 50 log|A,,n|) o o] ]"[ »
K/( ) .
> L<a—f'w wve 0 ) RL (el
2e(n)
(5.7)

on E,. Here we have used the definition of E,, monotonicity of L and (5.5) to obtain the
inequality above. Therefore,

minveA X,
liminf ——— >
j—oo L(a—Jie ™ itm)

By construction,

ey

1, almost surely on E,,. (5.8)

M,1(|Ay,| > 0) = 1(|A,,| > 0) max S, > 1(|A,,| > 0) > min X,,.
VEA, o vEA|

The logic behind the above inequality is same as the one used in the proof of lower bound in
Theorem 4.2. Since, |A, | converges to infinity almost surely on E,, we can apply (5.8) and
Lemma A.5 to conclude that

M, L (a‘”e‘“"(”))
liminf —————— > liminf

n—00 Z} 1 ( - ) ~ n—oo0 L(a_’")

Set ¢, = Z?zl L(a/), for all n > 1. Monotonicity, slowly varying property of L and
Lemma A.5 implies that ¢, ~ ¢,—¢, as n — 0o, for any k € N. Fix any k > 1 and let S, ,, ,—&
be the displacement of particle v € D, from its ancestor in generation k. For any u € Dy,
let Dy ,—i be the particles in D, with u as an ancestor. Our previous analysis shows that,
conditioned on Dy, there exists independent events {E,,,,, ‘u € Dk}, having same probability

as E,, such that

=: ¢(n), almost surely on E,.

liminfc, 'M, , ,—x = liminfc, ', M, , o s

n—oo n—oo
= hmmfc max Sy a—k = @), as.onkE,,.
n—oo ueDu,n,nfk
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Since, M,, = max,ep, (Su + Mu,n,,,_k), we can argue that

P(liminfc;IM,, < ¢(n)|1r) = lim P(liminfc;an <o {D;},.. )
00 k—> 00 n—00 <j<k

n—

=,}HQOP ﬂ E;u| {Dj}lgjgk
ueDy
= lim (1 — g(n)*
k—o00
= 1I(T extincts ) = 1(W = 0).

Therefore, almost surely on the event (W > 0), we have liminf,_, o ¢, "M, > o(n). Taking
n | 0 and using the first condition in (L2), yields liminf,_, o ¢, 'M, > 1. Since we have
already proved that the corresponding limsup is less than or equal to 1, this concludes the
proof. [

6. Speed of BRW with infinite progeny mean

There exists different ways to define a speed for the BRW. In [5,32,36], three notions of
speed were introduced; namely Cloud speed, Burst speed and Sustainable speed. In order to
define them, we introduce the following notations. Rays of the tree T are formally defined as
infinite paths starting from the root which do not backstep. We denote the rays of the tree T
by R and the set of all rays by dT. The aforementioned three notions are defined as follows.

Sy . M,
Cloud speed : scjoud := limsup max — = limsup —; 6.1)
n—oo Vilvl=n |U| n—oo N

. Sy . .S
Burst speed : Spurst := sup limsup —, Sustainable speed : sg5 ;= sup liminf =,
RedT verR |V RedT veR V]

6.2)

Here |v| denotes the distance of the vertex v from the root, i.e., the generation to which v
belongs. We refer to [36] for a detailed exposition on these concepts. By Kolmogorov 0 — 1
law the speeds are almost surely constant when the displacements are i.i.d, though they might
be different from each other. The following relation holds trivially,

Scloud = Sburst = Ssust- (6.3)

It is a well-known fact that for BRW the notions of cloud speed, burst speed and sustainable
speed coincide, established by [11,27,30]. This statement was proved under the assumptions
that the progeny variables have finite mean and the displacement variables have finite moment
generating function. The later condition was removed by [25] for displacement variables with
semi-exponential tails, accommodating the changing rate of growth in the definition of the
speeds. Since the rate of growth for the maximum displacement are drastically different from
one another for the cases we considered in Section 3, Section 4 and Section 5; we need to
properly modify our definition of speeds in those cases. In all these cases our target is to
choose a correct rate of growth to get almost surely constant finite and non-zero speed, which
is same for all three notions. The following three results serve this purpose. In (6.4)—(6.6), the
three terms correspond to cloud speed, burst speed and sustainable speed, respectively, for the
corresponding cases. They are also trivially in non-increasing order similar to (6.3).
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Proposition 6.1. Under Assumptions 2.1 and 3.1, the following holds almost surely conditional
on the survival of the tree.
. loglog S, ) loglog S, . . .loglogs,
limsup max ————— = sup limsup ————— = sup liminf ———— =
n—oo vilvl=n V] RedT veR [v] RedT VER vl
(6.4)

Proposition 6.2. Under Assumptions 2.1 and 4.1, the following holds almost surely conditional
on the survival of the tree.

. ]()g Sy . 10g Sy ..
lim sup max = sup limsup = sup liminf

n—oo vilvl=n  [v] RedT veR V| RedT VR |v]

log S, 1
08 = —-loga. (6.5)
’

Proposition 6.3. Under Assumptions 2.1 and 5.1, the following holds almost surely conditional
on the survival of the tree.

S Sy

lim sup max M—v = sup limsup P T —
n—oo Vilvl=n Zk:l L(C(_k) RedT veR Zk:l L(Ol_k)
S
= sup liminf - (6.6)

rer veR Y L@

Note that for heavy tailed displacements, the speed is of linear order in log—log scale;
whereas for rapidly decaying displacements satisfying Assumption 4.1, the speed is of linear
order in log-scale. For very rapidly decaying displacements, the speed depends on the nature
of the function L. As for example, under Corollary 5.3 the speed is of some polynomial order.

The proofs of these three results are very similar in flavour. The upper bound on the
corresponding notion of the cloud speed follows from the asymptotics of the maximum
displacement, investigated in the previous sections; whereas lower bound on the sustainable
speed follows from constructing a ray along which most of the displacements are very large.
This construction is very similar to what we did in the proof of lower bound in Theorem 5.2.

Proof of Proposition 6.1. Taking logarithm on both sides of the main assertion of Theorem 3.5,
we obtain n~! loglog M, R log«. It is therefore enough to show that
loglog S,

sup liminf& > —loga.

RedT VER [v]
Fix § € (0,1 — «) and recursively define the following sets of vertices. Set By = Ay = Dy,
which contains only the root. For any j > 1, set B; to be the set children of the vertices in
Aj_1. Define A; to be the those particles in B; whose displacement from their parents are
among the maximum |A ;| many of those in B;; break the ties uniformly at random if needed.
Here

1Ajl =Y LICw)'].

UEAj_l

It is immediately observed that the sequence {|A;| : j > 0} has the same law as [Z;:j=0}
where Z; is the size of the jth generation of the homogeneous branching process, started
from one particle, and where the particles in nth generation produces i.i.d. many off-springs
(independent of the structure of the tree until that generation) having distribution G(j_s), as
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defined at the end of Section 1. We apply Theorem 2.3 to obtain the following.

P|lim (—2—) log|A, =W > 0| =g > 0.
n—oo\ 1 —§
Let E denote the event in the above equation. A standard application of Lemma 4.5 implies
that log | B;| gt log|A ;1| w (1 —6)""log |Aj| as j — oo, on E. We can then employ
Lemma A.3 to yield the following.
min log X,, < 88" log|B;| “ 8(1 —8)"' ™" log|A;|

VEA;
% 8p(1 8y '/ W, as j — oo, on E. ©7)

Now take any infinite ray R* whose vertices lie in the sets Ajs. This is possible on the event
E by construction and hence on this event,

[v]

* _loglog S,

L | .
1152 71_£1f > hirel 71znf m loglog kz_l 52}42 Xe,
| . 1 -9
> liminf — loglog min X,, =
vER |U| UEA |y o
Therefore,

loglog S, 1-6 -
D808 log —|’JT survives] > P(E | T survives)
a

P [ sup liminf
RedT VER
_ q
"~ (T survives)
Since, conditioned on T, the event inside the left-most term above lies in the tail o-algebra
generated by the i.i.d. displacement variables, we can invoke Kolmogorov 0—1 law to conclude

that almost surely conditioned on survival of the tree T,

1-§
sup liminf > log .
RedT veER U| o

Taking § | 0, we complete the proof. [J

loglog S, -

Proof of Proposition 6.2. Taking logarithm on both sides on (4.3) and using the fact that
log L(e™) ~ (—n/r)loga as n — oo, a fact which follows from the regular variation of L,
we can conclude the upper bound :

log M,

. 1 .
lim sup = ——loga, almost surely on survival of the tree .
n—00 n r

For the lower bound on burst speed, we use the same construction as in the proof of
Proposition 6.1. (6.7) here changes to the following asymptotics by virtue of Lemma 4.3.

a.s. a.s. 8 ]/r ~ . . ~
min X,, ~ L(8log|B;|) ~ (—> WYL - 8)a™’), on E, (6.8)
UEAj ’ 1 - 8
where we used the fact that L is regularly varying at oo with index 1/r. Lemmas A.4 and A.5
can now be applied to obtain the following.
- asx~({ 8\~ .
in X,, ~ — ) WYLl - 8) o
>,  (755) s -
j=1 j=1
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s\~ L((1 = 8)"a™" .
~— wh/r « J'a ) , onE,
1-35 1—al/r(1 —§)-1/r

Hence as |v] — oo via R*, we have

logS, 1 s 1
222 > log Y min X, % oL@ — §)lvlgTely
v

Wl =l e uen
1log ((1 — 8)lg M 1 1-6

_ llog((1—9) ):_10g< )
r [v] r

We can now finish th proof by the same argument as used in Proposition 6.1. O

Proof of Proposition 6.3. This proof basically is a corollary of Theorem 5.2 as all the work
had already been done there. The upper bound on the cloud speed follows directly from the
assertion of Theorem 5.2. Continuing with the notation introduced during its proof, note that
for any ray R* in the subtree formed by the subsets {A;, : j > 0}, we have the following
almost surely on E,.

[v] :
* S * _ min Xe,
lim inf ———"—— Zlimiank_llu‘ i
vER Yo Ll@) - veR 2=t L@™)
min Xe, Lo *e=*xm
> liminf omveAkn Tew i @R o
k—00 L(a=) k—o0 L(a=%)

The rest of the proof follows by arguments similar to those applied in the proof of Proposi-
tion 6.1 and then taking n | 0. O
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Appendix

In the Appendix we provide proofs for Lemma 4.5, Theorem 2.6 and Lemma 4.3. We
did not employ Theorem 2.6 and Lemma 4.5 in its full generality, rather for a particularly
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engineered choice of the progeny sequence. Consider the progeny distribution G of the original

homogeneous tree, satisfying Assumption 2.1 with moment index o € (0, 1). We applied

Theorem 2.6 with G, = Gy, where {v,, : n > 0} is a sequence in [0, 1], bounded away from

0. The validity of such choice is justified by Lemma A.l, which is stated and proved here.
First we prove Lemma 4.5 which was used in the proof of Theorem 4.2.

Proof of Lemma 4.5. Define 4y = sup,>oa, < 1. By Assumption 2.5 and [18, Lemma 1],
there exists positive constants 0 < ¢y, ¢c; < oo and Ay € (0, 1) such that for all A € (0, X¢) the
following holds.

AT < — (1) < eV Y > 0, (A1)

where V¥, is the Laplace transform of the distribution function G, and y is some function
satisfying (D1), (D2) and (D3).
The assumption (D3) and monotonicity of y guarantees that

(o]

Z y (quw) < /000 y (e"“W) dx = l )/(eex)dx < 00, (A.2)

nx>1 €4 Jloges

for any c3, ¢4 > 0. By our assumption ¢ := liminf,_ ., n~'loglog¢, > 0, almost surely and
hence (A.2), applied for ¢3 = (a;! — 1) and ¢4 = ¢ /2, implies that

max

Z Y (Cn(ail_l)) < 0o, almost surely.

n>0

Set g, = ocn’z max (4y g‘,,(“’;;fl) ,(n+17?) and v, = sna3/4, for all n > 0. These
choices, along with the fact that «, is bounded away from 0, guarantee that almost surely,
anl ane, < oo and for all large enough n, v,/o, — &,u, < U, /ay + €xU, < €,0,,/2. By
construction, v, > y (g“n(“';‘ifl) for all n and hence, using monotonicity of y, we obtain the
following almost surely for all large n.

—1 -1 —1
y (grgan +€n)) <y (Crgan —Sn)) <y (é-n(amax—l)> < Uy,

where we have used the observation that &, — 0 almost surely. The fact that (o, ' —
a.s. Pl _a !

eq)log ¢, —> oo guarantee that ¢, “" ", ¢, " T < %o, for all large enough n almost surely.

Combining this observation with (A.1) yields the following. Almost surely, for all large enough

n?

_ n+un — — — Qp—Un
e (gret )" < — g (gt ) - (g ) <o (g e) T

With this preliminary set-up, we claim that, almost surely for all large enough n,

En
(Ol;l - 8,,) log ¢, < log Z Ly < (05;1 + Sn) log £, (A4)

i=1
Before proving the claim, let us first see how this claim helps us to achieve our target.
Denote by E, the intersection of (¢, > 1) and the event in (A.4). Clearly, (A.4) implies
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N = sup {n >0:1g, = 0} < 00, almost surely. Therefore,

tn
Z —log Zi:l Lui < Z 0,8, < 00,

—1
Io
n>N+1 gg" n>N+1

n

almost surely. A standard analysis fact now yields that

1 o Ly
0< 1_[ (an%) < 00, almost surely.

n>N+1 10g é‘n

Let us now proceed to prove the lower bound in (A.4). The following series of inequalities
i=1
<exp (1 + ¢, log (1 — clg‘n’l“”“"/z))

hold true for large enough n, almost surely.
n n
P |:10g2 Ln,i = (an_l - gn) IOg ;n ]:n:| =P |:exp (_gn—an_l-&-s,, Z Ln,i) > 1/6 fn:|
i=1
<e (Wn (fn_a;lﬂn))zn
< exp (1 + ¢, log (1 — cls“,ﬁ‘“;l*E")(“”*“")))
<exp (1 —ciginen/?), (A5)

where the penultimate inequality follows from the fact that ¢,0,/2 > v, /a, — &,v, and the
last one from the bound — log(1 — x) > x. Observe that, almost surely,

1
liminfn~!log ;,f”"‘"/z = —liminfn~'e,a, log ¢,
n—00 2 n—oo

i I
> Jiminf—— log ¢, = oo, A6
= Dinh gy A 1 8 =0 (A-6)

and hence the last expression in (A.5) is summable almost surely. Applying Levy’s extension
of Borel-Cantelli Lemma we conclude the proof of the lower bound.
To prove the upper bound in (A.4), we establish similar kind of inequalities which hold
almost surely for large enough n.
fn}

=P |:1 — exp (—én_a;l_gn iLn.i> >1—-1/e ]:n]
i=l
<a-1/01- (v, ({1»;}

c0-ver [i- (1))

< (1= 1/ey ! [1= (1 = g ') ] (A7)
< (1= 1/e) erg, o l?, (A8)

where (A.7) is implied by the fact that v, /«, + €,v, < €,2,/2, and (A.8) uses the estimate
1 —(1—x)" <«x forall x € (0,1] and ¥ > 0. Almost sure summability of the expression in

n
P |:10g Z L,;> (a;l + 8) log ¢,
i=1
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(A.8) follows from (A.6). Applying Levy’s extension of Borel-Cantelli Lemma we conclude
the proof of the upper bound. [

Lemma A.1. Let G be a distribution function, supported on non-negative real line but not
necessarily on the set of non-negative integers, satisfying (D1) to (D4) with moment index
a € (0,1). Fix 89 € (0, 1]. Then there exists y; : R™ — R, satisfying (D1), (D2) and (D3),
such that for some x| > 1 and for any x > x|, we have

x T < x(1 = Ge)(x)) < x0, V8 € [8o, 1].

Recall that Gy is the distribution function of |Z°] where Z ~ G In particular, G, also
satisfies Assumption 2.1 with moment index o /8y, provided §y > «.

Proof of Lemma A.1. We have, by assumption, y : Rt — R, satisfying (D1), (D2) and
(D3), such that

X7 < x¥(1 = G(x)) < x7Y, Vx> xq,

1/8

for some xy € (1, 00). Fix § € [§, 1]. For any x > xo > 1, we have x'/° > x(}/‘s > x( and

therefore can write the following.
1-Gex)=P(1Z°] >x) <P(Z>x"°)=1-GE'?)
< x "By a8 Y (W)/s (A.9)

where the last inequality follows from non-monotonicity of y and the fact that § < 1.
Monotonicity of y also implies that

l>n—= inf inf 1)/x)~2=Y@/8 = inf inf 1)/x)-2/6=r(D/s
= 851[?0,1];21 (G +D/x) - Sel[fslo,l];gl (& +D/x)

— 2~«/do—v(D/Sy 0,

and hence for all x > x,
1-Gp(x)=P(1Z°] >x)=P(Z° >x+1)=1-G(x+ D'
> (x + 1)—01/5(x + 1)-1/(()6-&-1)1/5)/5
> (x 4+ 1) PxT7W, (A.10)
> px Oy TYW, (A.11)

where (A.10) uses monotonicity of the map y — yro, Combining (A.9) and (A.11), we can
write the following for any x > x¢ and § € [§o, 1].

)C—}/(JC)/BO,7 < x¢/8 (] _ G(g)(x)) < yY)/8 < xy(X)/Son—l‘ (A.12)
Defining y; : (0, 00) — (0, 00) to be
lo
Y 81 it x > xo.
nx):=41 &  logx
v1(xo0), if x < xg,

it follows immediately that for all x > x¢ and § € [do, 1],
x /=) <1-— G(g)(x) < x /8@
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It is now enough to show that (D1), (D2) and (D3) are also satisfied if we replace y by y;.
The monotonicity of y implies that y,; is also non-increasing. On the other hand, for x > xo,

a0 = n=1xy®/% which guarantees that x — x”1) is non-decreasing. Furthermore,

[0} . 1 [o¢] . o0
f y1(e€ )dx = — y(e® )dx — logn/ exp(—x)dx < oo,
1

og log x( 50 loglog xg loglog xg

as [;° y(e¢)dx < oo. Therefore, [, yi(e¢ )dx < oo and this proves the lemma. [

Lemma A.2. Let {G, :n > 0} satisfies Assumption 2.5. Then for any B € (supnzo oy, 1),
there exists Gy, a distribution function supported on the set of non-negative integers, such
that G pa, satisfies Assumption 2.1 with moment index  and G . > G,, pointwise, for all
n>0.

Proof. Let o, = sup,-o@ < 1 and fix 8 € (a,1). Get x; large enough such that
B > tpax + y(x), for all x > xy. This is possible since y satisfies (D1) and (D3); and hence
y(x) J 0as x 1 oo. Set X = xo V x; V1 and define

sup,so Ga(x), ifx <X,
1—x#, if x > Xx.

G*(x) = {

Clearly, G*(0) = 0 and G*(00) = 1. Right continuity of G* on [X, co) is obvious whereas on
(—o0, X) it is guaranteed by the fact that G, is supported on the set of integers for all n > 0.
Moreover,
G*(F—) < sup Gn(%) < sup (1 _ i—“n—ﬂf)) <1 — i wmar® < | _ 578 = G*5),
n>0 n>0

implying that G* is indeed a distribution function, supported on the non-negative real line. It
is obvious from the definition that G* satisfies (D4) with moment index B. Finally, for any
x> X,

1-G*(x)=xP <x 70 <1 - G,(x),

guaranteeing that G* > G, for all n > 0, pointwise. Let G,,,, be the distribution function
of |Z] where Z ~ G*. G,y is clearly supported on the set of non-negative integers;
Guax = G* > G, for all n > 0 and Lemma A.l guarantees that G,,,, satisfies Assumption 2.1
with moment index §. This completes the proof. [

Proof of Theorem 2.6. Assumption 2.5 guarantees that «, < a,4x < 1, for all n > 0. By

Lemma A.2, it is possible to get hold of a distribution function G,,,,, supported on non-negative
integers, that satisfies Assumption 2.1 with moment index 8 € (pax, 1) and Gax > Gy,
pointwise, for all n > 0. Therefore, we can get a coupling measure v, on Z> such that

(Z11, Z12) ~ vy = Z11~ Guaxs Z12 ~ Gu, Z11 < Z1 almost surely .
Consider the following triangular array of pairs of random variables { (Znits Znin):n >0,
i > 1} where (Z,.;.1, Z,.;2) ~ Vvn, independent of every other pair in this array. Define,

Znfl,j
Zoj=1:Znj= Y Znrij ¥Yn=1, j=12
i=1
The following observations are immediate from the construction.
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(1) {Zn,l in > O} is the generation sizes of a homogeneous branching tree with progeny
distribution G, starting with one particle in Oth generation. Since G,,,, satisfies
Assumption 2.1 with moment index B, we can apply Theorem 2.3 to conclude that
there exists a non-negative non-degenerate random variable W; such that n=! loglog Z,, |
converges almost surely to —log 8 > 0, on the event (W; > 0). Note that P(W; > 0) >
0.

(2) The sequence {Z,,,z n> 0} is the generation sizes of an in-homogeneous branching
process with progeny distribution for the particles in the nth generation being G,. In
other words, {Z,, : n > 0} 2 (7, :n >0}, as defined in the statement of Theorem 2.6
and hence it is enough to prove the assertion of the theorem for {Z,,,z in > O}.

3) (Z,,q,',l, Zn,i,Z) ~V, = Z,,!,',l < Zn!,'.g, Vi,n=> Z,,'l < Z,,,2, V n > 0. Therefore,

1 1
liminf — loglog Z,, » > liminf —loglog Z, ; = —log B > 0, on (W; > 0).
n—oo n n—-oo n

We can now apply Lemma 4.5 with F,, being the o-algebra generated by the collection
of random variables {Z;; 1, Z;»:0 <k <n—1} with §, = Z,5 and L,; = Z,;>, for
all n > 0. We conclude that there exists a non-negative integer valued random variable N,
satisfying P(N = oo, W > 0) = 0, such that the following occurs

: L (0108 Zyi1 2(0)
l_[ oy | 10g Zyy1 p(w) =10g Zy 41 2(w) l_[ s omtLi
log Z2(w)
m=N-+1 m=N+1 '
—> Wh(w) € (0,00), as n — o0,

for almost all w € (W; > 0). Here W, is some positive almost surely finite random variable.
This implies our final assertion after we take E := (W; > 0) and define W* as follows.

Wo(@) [IN w0, if N(w) < 00, Wi(w) > 0,
1, otherwise .

W*(w) = { O

Proof of Lemma 4.3. Consider the case of ,, being bounded away from 1. Fix any positive
0 < & < 1, small enough. Let us first prove the lower bound of the limit.
f,,}
)

where p, == F (L ((1 — &)y, log¢,)) = exp(—K o L (1 — &)y, log¢,)). By assumption on
F, we have K(L(x)) ~ x as x — oo. Therefore, almost surely, for large enough n, we can say

exp (—(1 — &/2)¥, log &) < p, < exp(—(1 —2e)¥, log¢,), and hence 1, < ¢, """ ~/% <
1=y (1—¢/2)

tn

PG, < L1 =), logs) |F | <P [Z 1(Guiz L (1= )y log ) <1,
i=1

=P [Binomial (§n7 pn) =< ln

Cn <Cypn < C,f'/j"( ) Using Chebyshev’s Inequality, we now obtain the following
almost surely for all large enough n.
Cnpu(1 — py)
PG, < L o) logy) |F, | < 22—
‘ (&npn — In)?
Cnl—‘/fn(l—ZE)

IA

< 4§—1+1//,,(1+a)

2 — n .
1=yn(l—¢/2) I=Yn(1—¢/4)

<§n - é‘n )
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The fact that almost surely ;,,‘/’" = e¥nlo2&n 5 o0 was crucial in deriving the last inequality in
the above line. The last term being summable almost surely (since liminf,_, o, n~!log ¢, > 0)
for small enough e, we use Levy’s extension of Borel-Cantelli Lemma to conclude that for
small enough &,

lim inf Gt
n—oo L ((1 — &)y, logi,)

Since ¥, log ¢, ~ logl, — oo, almost surely, we have
L (Y, log g,
lim lim (¥ log &) =1, almost surely . (A.14)
0 n—>o0 [, ((1 - 8)1//11 lOg Cn)

Here we have made use of the assumption that lim,_; lim,_ . L(tx)/L(x) = 1. Combining
(A.13) and (A.14), we conclude this case after taking ¢ | 0. Similarly for the upper bound, we
have the following,

> 1, almost surely . (A.13)

P[Gli 2 L (1 + &) log &)

Sn
AR [Z 1(Gni = L((1+ &)Y log ) = by fn}

i=1

=P [Binomial (gnv Qn) = ln

AR

where g, = F (L (14 &)y,logt,)) = exp(—K o L ((1 4+ &)y, logz,)). Therefore, almost
surely, for large enough n, we can say exp (—(1 + 2¢)y, log¢,) < q, < exp (—(1 4+ &/2)¥,
log,), and hence [, > ¢, V"0 > 742 > ¢ 4., Using Chebyshev’s Inequality
again, we obtain the following almost surely for all large enough n.

)
p[G,n:{n > L ((1+ &)y, logy,) fn] = U — 0o
é_171/,,1(1%/2)
< : 7 =4

- <é_nl—1//n(l+€/4) _ g,nl—v/nms/b)

The last term being summable almost surely, we use arguments similar to what were used for
lower bound and complete the proof for the upper bound.

For I, = ¥, = 1, we observe that, for any « € (0, 1), we have Gy, > GL{HJ:{", for all
large enough n, almost surely. Hence,
Gy - G 1« . Lk 1o n
lim inf il 1. N lim inf 7L R lim inf M almost surely.

n—oo L (logg,) — n—oo L (log¢y,) n—oo  L(log¢,)
The lower bound then follows from taking « 1 1. On the other hand, for any ¢ > 0,

P [Gmn > L((1+¢)logz,)

Sn
F|=p [Z 1(Gi 2 L((1+8)loggy)) 1\5]

i=1
< &F (L((1+e)logt,))
= uexp (=K o L (1 +e)logt,)) < ¢,
for large enough n, almost surely. The rest of the argument follows similarly as the previous
one. [J
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Lemma A.3. Consider the same set-up as in Lemma 4.3, but assume that the distribution
function F satisfies Assumption 3.1. Then,
log G,y a1
———— H -,
Y log g, B

as n — Q.

Proof of Lemma A.3. Note that, conditioned on Fu, the random variable log G, ; have

distribution function given by F(x) = P(logG,1 < x) = F(e*), for all x. In light of

Remark 4.4, it is_enough to prove that K := —log(l — F) is regularly varying at co with

index r = 1 and L(x) ~ 8~'x as x — oo, where L is the left-continuous inverse of K.

Since 1 — F is regularly varying at co with index —f < 0, we can apply [37, Proposition

0.8(1)] to conclude that log(1 — F(x)) ~ —Blogx, as x — oo. Therefore, for any ¢ > 0,
K(tx)  —log(1— F(e™)  Prx
K(x)  —log(l—F(e¥)  Px

and hence K is regularly varying at co with index 1. On the other hand,
f(x) = —log(l — F(e*)) ~ Bx, asx — oo.

As mentioned in Remark 4.4, we have I?(Z(x)) ~ x as x — 00; hence x ~ E(Z(x)) ~ ﬁZ(x).
This completes the proof. [J

t, asx — o0,

Lemma A4. If h is regularly varying at oo with index p > 0 and a € (0, 1), then

. I |
Jim sy 2 @) =

i=1

Proof. For each fixed m, we have, by regular variation

. 1 ‘ T 1 - n—i_—n
nlizgoh(a*”)'z h(a )_nliygoh(a*").z haa)

o 1 = i —n\ __ . i
:nllg}o—h(ain);h(aa )—;aﬂ.

The last sum tends to (1 —a”)~! as m tends to infinity, thus the lemma will be proved if we
check that

n—m

Y h(a7)=0. (A.15)

i=1

lim lim

m—oon—o00 h (a=")
We have h(x) = £(x)x” with £ being a slowly varying function. Using [37, Theorem 0.6], for
x >0, £(x) = c(x)exp (flx 0] dt), where lim,_, c(x) = ¢ € (0, 00) and lim,_, o, £(x) =
0. Hence, for every ¢ > 0, for large enough x < y,

xf(x) _ e(x) B Y c(x)
Vi) ~ o) exp( / : G“”“”’) = =1

for some finite constant A. Thus, we can find finite constant A, > 1 such that for large enough
n,

atli—my (ai—n) xaﬁ(x) SUP| <, x%(x)
sup ——— = < sup < ==
I<i<n a=nf (a=™) 1<x<a—" a=enf (a=") a=snf (a=")
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Thus, for ¢ € (0, p) and large n,

and

ae(i—n)g (ai—n)

— <24,
o @@y
n—m n—lh( n,) a(, n)E( )
(p—e)i
h(a~ n)z _;n: h (a—") Z a=ng (a=m)

2Aam(" )
(p—e)i _
= 2/12 - 1 — ar— "’

Taking n, m — oo, (A.15) follows. O

Lemma A.5. Take two sequence {a,},>, and {b,},=, of real numbers such that y_;_, by 1 oc.
Then

2 i1 aibi

n
. .. . i—1 aib; .
liminfa, <liminf == < limsup Z;;; <limsupa,.
n— 00 n—00 i=1 Di n—>00 Zi:l i n—00

Proof. The proof is a straightforward analysis exercise. [
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