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A B S T R A C T 

ALMA observations of line emission from planet forming discs have demonstrated to be an excellent tool to probe the internal 
disc kinematics, often revealing subtle effects related to important dynamical processes occurring in them, such as turbulence, 
or the presence of planets, that can be inferred from pressure bumps perturbing the gas motion, or from the detection of the 
planetary w ak e. In particular, we have recently sho wn for the case of the massi ve disc in Elias 2-27 as ho w one can use such kind 

of observations to measure deviations from Keplerianity induced by the disc self-gravity, thus constraining the total disc mass 
with good accuracy and independently on mass conversion factors between the tracer used and the total mass. Here, we refine 
our methodology and extend it to two additional sources, GM Aur and IM Lup, for which archi v al line observations are available 
for both the 12 CO and the 13 CO line. For IM Lup, we are able to obtain a consistent disc mass of M disc = 0 . 1 M �, implying a 
disc-star mass ratio of 0.1 (consistent with the observed spiral structure in the continuum emission) and a gas/dust ratio of ∼65 

(consistent with standard assumptions), with a systematic uncertainty by a factor of � 2 due to the different methods to extract 
the rotation curv e. F or GM Aur, the two lines we use provide slightly inconsistent rotation curves that cannot be attributed 

only to a difference in the height of the emitting layer, nor to a vertical temperature stratification. Our best-fitting disc mass 
measurement is M disc = 0 . 26 M �, implying a disc-star mass ratio of ∼0.35 and a gas/dust ratio of ∼130. Given the complex 

kinematics in the outer disc of GM Aur and its interaction with the infalling cloud, the CO lines might not well trace the rotation 

curve and our results for this source should then be considered with some caution. 

Key words: gravitation – hydrodynamics – protoplanetary discs. 
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 I N T RO D U C T I O N  

ccurate measurements of the total disc mass is one of the ‘holy
rails’ in protostellar disc studies. A knowledge of this fundamental 
uantity is essential for many different aspects in star and planet 
ormation: (i) it determines how much mass is available for the 
ormation of planets (Manara, Morbidelli & Guillot 2018 ; Testi et al.
022 ); (ii) it allows a comparison of disc evolutionary models to
bservations (Lodato et al. 2017 ; Manara et al. 2022 ; Tabone et al.
022 ); (iii) it determines the level of coupling between gas and
ust, thus heavily influencing radial dust drift and dust trapping into 
ressure maxima (Powell et al. 2019 ; Veronesi et al. 2019 ); and (iv)
f the disc is massive enough, the disc self-gravity might lead to
he development of gravitational instabilities, which will appear as 
piral structures and lead to efficient angular momentum transport 
Kratter & Lodato 2016 ). 

Yet, such a fundamental quantity is really hard to measure. The 
ain constituent of the disc, the H 2 molecule, does not possess
 E-mail: giuseppe.lodato@unimi.it 
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 permanent electric dipole and consequently it does not emit 
ignificantly. We are thus forced to use appropriate tracers to infer
he disc mass (see Miotello et al. 2022 for a re vie w). Traditionally,
isc masses have often been derived from measurements of the dust
ass, following the pioneering studies of, e.g. Beckwith et al. ( 1990 ),

y measuring the mm-continuum flux and translating it into a dust
ass (Ansdell et al. 2016 ; Barenfeld et al. 2016 ; Testi et al. 2022 ), by

ssuming an educated guess for the flux to mass conversion factor.
his method has significant uncertainties though, as the conversion 

actor encapsulates all uncertainties related to the optical depth (e.g. 
ee Hartmann et al. 2006 ), on the dust opacity assumptions and on
he gas/dust ratio (further details on the uncertainties in dust mass

easurements can be found in Manara et al. 2022 ). Alternatively, 
ne might use the CO molecule, in its optically thin isotopologues
3 CO and C 

18 O, as a tracer of the gas mass. Also, this tracer,
o we ver, leads to very uncertain measurements. Indeed, CO-derived 
isc masses generally appear to be much lower than dust-derived 
asses (Miotello et al. 2016 , 2017 ), hinting at significant carbon

epletion. Another clue that dust flux might be more directly related
o the total disc mass rather than CO flux also comes from the
act that dust masses appear to correlate better with stellar masses

http://orcid.org/0000-0002-2357-7692
http://orcid.org/0000-0003-4663-0318
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nd especially with mass accretion rates with respect to CO masses
Manara et al. 2016 ). Finally, in a handful of sources the gas mass has
een estimated from HD flux (an isotopologue of the most abundant
 2 molecule). Interestingly, in the case of TW Hya (Bergin et al.
013 ), the HD-derived mass is consistent with the mass inferred
rom dust flux measurements with standard assumptions, while
eing significantly higher than that obtained from CO measurements,
ighlighting the difficulties of inferring gas masses from CO. 
In this context, finding a probe to the disc mass that is independent

f the specific tracer used would thus represent a great advance in
ur understanding of the structure, dynamics and evolution of planet
orming discs. In Veronesi et al. ( 2021 ), we have demonstrated a
roof-of-concept method that is based on a precise determination of
he rotation curve of the disc, from which we can obtain a dynamical
easurement of the disc mass, by fitting the observ ed curv e to
odels including the disc contribution to the gravitational potential.

n Veronesi et al. ( 2021 ), we have applied this method to a peculiar
ource, Elias 2-27, that, on the one hand, provides an ideal case to
est for self-gravity ef fects, gi ven its estimated high dust mass, and,
n the other hand, also poses some problems in the determination of
n accurate rotation curve, due to foreground contamination of the
O lines used to obtain the rotation curve and due to its complex
orphological structure (Paneque-Carre ̃ no et al. 2021 ). Yet, in that

ase we were able to measure dynamically the disc mass, obtaining
 mass of ∼ 0 . 08 M � and a gas/dust ratio very close to the standard
alue of 100 (Veronesi et al. 2021 ). In this paper, we apply the same
echnique to two additional sources, namely IM Lup and GM Aur,
or which exquisite kinematical data are available from the MAPS
urv e y ( ̈Oberg et al. 2021 ). We also refine our method in several
ays: (i) We retrieve the rotation curve using different techniques,

hus testing the robustness of the curve and of the methods used
o obtain it; (ii) we include in a much more consistent way the
ontribution of the pressure gradient in the disc, as a function of the
eight of the rele v ant gas emitting layer; and (iii) we explore the
ependence of our results on additional structural parameters, such
s the disc pressure scaleheight. 

This paper is organized as follows. In Section 2 , we describe the
wo sources we use for our analysis and the rele v ant data sets and
arameters. In Section 3 , we describe our method to extract and
odel the rotation curve. In Section 4 , we present and discuss our

esults on the disc mass of IM Lup and GM Aur. In Section 5 , we
raw our conclusions. 

 SAMPLE  A N D  DATA  

n order to test our method to fit for the disc mass, based on the
otation curve, we have chosen two sources for which there is
entati ve e vidence of a relati vely massi ve disc, namely IM Lup and
M Aur, for which high-quality kinematical data are available from

he MAPS surv e y ( ̈Oberg et al. 2021 ). 

.1 IM Lup 

M Lup has been the subject of intense study o v er the years. It
s a K5 star, located at a distance of 158 pc (Gaia Collaboration
t al. 2018 ), with a stellar mass that was estimated to be ≈ 1 M �
Pani ́c et al. 2009 ) (rescaled due to updated distance) based on SMA
2 CO emission. It hosts an unusually large disc, extending out to
300 au in the dust continuum and out to ≈1000 au in the gas

Cleeves et al. 2016 ). The dust emission shows a clear evidence of an
xtended spiral morphology, which may be indicative of gravitational
NRAS 518, 4481–4493 (2023) 
nstability, given the lack of evidence for either internal (planetary)
r external companions (Huang et al. 2018 ). 
Gas kinematics has been analysed by Pani ́c et al. ( 2009 ), based

n SMA data (with a 1.8 × 1.2 arcsec 2 beam size), revealing an
pproximately Keplerian disc around an ≈ 1 - M � star. Cleeves et al.
 2016 ) estimate the disc properties by comparing SED and observed
m visibilities to a simple model of a tapered power-law density

rofile. The y pro vide a crude estimate for the tapering radius of
 c = 100 au. The total dust mass is 1 . 7 × 10 −3 M �, which would

mply a high gas mass of 0 . 17 M �, using a gas/dust ratio of 100.
inte et al. ( 2018 ) analyse their CO ALMA line emission data (beam
ize ≈0.5 arcsec) with MCFOST obtaining a gas/dust ratio of 347,
hich would imply an e xcessiv ely high gas mass of 0 . 6 M �, for

tandard CO abundances. Their model also indicates a tapered power-
aw density structure with a tapering radius R c = 284 au. More
nterestingly, the y pro vide a detailed analysis of the disc rotation:
hile the inner disc is in good agreement with Keplerian rotation

round a (1 ± 0.1) M � star, both the 12 CO and the 13 CO rotation
urve appear to become significantly sub-Keplerian beyond ≈300
u, which Pinte et al. ( 2018 ) attribute to the effect of the steepening
ressure gradient outside the tapering radius of the density profile. 
In this paper, we will use the 12 CO (2–1) and 13 CO (2–1) observa-

ions of IM Lup, recently observed within the ALMA Large Program
APS ( ̈Oberg et al. 2021 ), with a spatial resolution of ≈0.15 arcsec

nd a spectral resolution of 0.1 and 0.2 km s −1 , respectively, and
elocity sampling of 0.2 km s −1 ( ̈Oberg et al. 2021 ) (Note that, as
entioned by Öberg et al. 2021 , ‘For the delivered data products the
 elocity resolutions hav e been coarsened to achiev e more uniformity
etween spectral-line cubes as described in Czekala et al. 2021 ’)
see also Sierra et al. 2021 ). Zhang et al. ( 2021 ) provide an analysis
f the disc structure somewhat similar to that provided by Cleeves
t al. ( 2016 ): They fit the SED, mm-band ALMA images, and the CO
mission surface to their MAPS data and obtain a best-fitting value
f 100 au for the tapering radius R c and a total gas mass even higher
han estimated by Cleeves et al. ( 2016 ), obtaining M d ≈ 0 . 2 M �. 

Such a high inferred disc mass should clearly show up in high-
uality kinematical data as a super-Keplerian contribution to the
otation curve, making this source a prime case for testing such
ffect. 

.2 GM Aur 

M Aur is another well-known disc, at a distance of 159 pc (Gaia
ollaboration et al. 2018 ). The stellar mass has been estimated
ynamically to be ≈ 0 . 84 M � by Simon, Dutrey & Guilloteau ( 2000 )
ased on IRAM low-resolution 13 CO emission, later corrected to

1 . 1 M � by Dutrey et al. ( 2008 ), when using the correct distance
o the source again from kinematics (Guilloteau et al. 2014 ), as
ell as spectral type fitting using pre-main-sequence tracks (Mac ́ıas

t al. 2018 ). GM Aur is a transition disc, with an inner cavity of
35 au and an extended dust disc, reaching out to ≈300 au, and

isplaying evidence for substructure (Mac ́ıas et al. 2018 ). The dust
ass estimated by Mac ́ıas et al. ( 2018 ) is 0 . 002 M �, which would

ranslate into 0 . 2 M � for the gas mass, assuming a gas/dust ratio
f 100. The same value for the total gas mass is also obtained by
chwarz et al. ( 2021 ), based on thermo-chemical modelling of their
APS line emission data. Schwarz et al. ( 2021 ) also obtain a value

or the tapering radius of R c ≈ 111 au (see also Sierra et al. 2021 ). 
MAPS data, with a spatial resolution of ≈0.15 arcsec and a spectral

esolution of 0.1 and 0.2 km s −1 for 12 and 13 CO, respectively, and
elocity sampling of 0.2 km s −1 , also sho w e vidence of interaction
f the GM Aur disc with the environment. Outwards of a roughly
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Table 1. Basic parameters of the systems considered in 
this work. 

IM Lup GM Aur 

d (pc) 158 159 
i ( ◦) 47 . ◦5 53 . ◦2 

H 0 (au) 10 7.5 
q 0.66 0.3 
n 1.17 1.35 

z 0, 12CO (au) 163.9 37.34 
p 12CO 3.144 1.066 
q 12CO 0.655 4.988 
R t, 12CO (au) 40.13 598.95 

z 0, 13CO (au) 7.65 2.19 
p 13CO 2.599 4.539 
q 13CO 4.993 4.98 
R t, 13CO (au) 304.6 237.9 
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eplerian disc out to ≈550 au (Huang et al. 2021 ) reveal a complex
tructure including a spiral arm and extending out to ≈1900 au. Such
xtended structure might indicate late infall from the envelope and 
ould justify the high mass inferred for this system. Naturally, these 
tructures are visible also in moment one map, showing a wiggle- 
ike structure in the observed velocity field, which could make the 
etrie v al of the rotation curve more difficult (see below) (Hall et al.
020 ; Longarini et al. 2021 ; Terry et al. 2022 ). 

 M E T H O D O L O G Y  

.1 Basic system parameters 

he general problem of fitting kinematical data to a model involves 
 large number of parameters, including geometrical (e.g. distance, 
nclination, position angle of the source, etc.), physical (e.g tem- 
erature and pressure scaleheight, disc, and stellar mass, etc.), and 
adiative parameters (location of the surface from where the different 
ines emit), depending on the sophistication of the model (see Pinte 
t al. 2022 for a recent re vie w). Rather than constructing a single
tting procedure to fit for all of the unknown parameters (which 
ould typically imply a large degree of degeneracy if the data set is

imited), here we assume some of the system parameters from the 
iterature (e.g. geometry, height of the emitting layers, etc.) and fit
or the stellar and disc masses based on an observed rotation curve.

e will also fit for the disc size, since the effect of an exponential
runcation in the disc does affect both the disc gravitational field 
nd the pressure gradient contribution to the rotation curve (see also 
ullemond et al. 2020 ). 
Distances and inclinations of the two sources are obtained from the 

iterature. In particular, we adopt the same geometrical parameters 
s used in MAPS ( ̈Oberg et al. 2021 ), we fix the pressure scaleheight
rom the thermochemical model of Zhang et al. ( 2021 ) (which are
n very good agreement with the recent analysis of Paneque-Carre ̃ no 
t al. 2022 ) and the height of the emitting layers of 12 CO and 13 CO
rom the MAPS analysis (Law et al. 2021 ). 

In general, we assume that the disc mid-plane temperature profile 
s described as a single power law with index −q : 

 ( R) = T 0 

(
R 

R 0 

)−q 

, (1) 

here R 0 and T 0 are a scaleradius and the corresponding temperature, 
espectively. The pressure scaleheight in hydrostatic balance is thus 
iven by 

 ( R) = 

c s 

�K 
= H 0 

(
R 

R 0 

)n 

, (2) 

here c s ∝ T 

1/2 is the sound speed, �K = ( GM � / R 

3 ) 1/2 is the Keplerian
elocity at radius R , and n = (3 − q )/2. H 0 is the value of the
caleheight at R 0 and only depends on the temperature T 0 . 

For the line emitting scaleheight, we assume that it is given by a
apered power law for each CO isotopologue: 

 i ( R) = z 0 ,i 

(
R 

R 0 

)p i 

exp 

[
−

(
R 

R t,i 

)q i 
]

, (3) 

here the index i refers to the two isotopologues used here ( 12 CO
nd 13 CO), z 0, i is a scaling factor, R t, i is the tapering radius, and the
ower-law indices p i and q i define the shape of the emitting layer.
s the reference radius, we choose R 0 = 100 au. Table 1 shows

he values that we assume for all the parameters mentioned in this
ection. 
.2 Disc radial and vertical structure 

e assume that the disc surface density is described as a tapered
o wer law, follo wing the similarity solutions of Lynden-Bell &
ringle ( 1974 ): 

( R ) = 

(2 − γ ) M d 

2 πR 

2 
c 

(
R 

R c 

)−γ

exp 

[ 

−
(

R 

R c 

)2 −γ
] 

, (4) 

here R c is the disc size and M d is the disc mass, that we will set as
ree parameters to be fitted for. In the following, we will fix γ = 1. 

For what concerns the vertical disc structure, we assume that the
isc is vertically isothermal and that the density and pressure profiles
re given by 

( R, z) = ρ0 ( R) exp 

[ 

− R 

2 

H 

2 

( 

1 − 1 √ 

1 + z 2 /R 

2 

) ] 

, (5) 

 ( R, z) = P 0 ( R) exp 

[ 

− R 

2 

H 

2 

( 

1 − 1 √ 

1 + z 2 /R 

2 

) ] 

, (6) 

here ρ0 and P 0 are the mid-plane density and pressure, respectively, 
nd the thickness H is given by equation ( 2 ). Note that if the disc
s locally isothermal then P /ρ = P 0 /ρ0 = c 2 s . For z � R , the above
xpressions reduce to the standard Gaussian profiles often used to 
escribe the structure of a vertically isothermal disc. 
One might wonder if assuming a Gaussian profile for the vertical

tructure is appropriate for the relatively massive discs that we want
o model here. It is well known that for a self-gravitating disc the
ertical structure is described by an hyperbolic cosecant function, 
ith thickness given by (Kratter & Lodato 2016 ) 

 sg = 

c 2 s 

πG� 

. (7) 

his is correct only in the limit where the disc dominates the
ravitational potential, a situation that does not occur in our case.
he vertical structure starts to be affected by self-gravity effects 
hen the usual axisymmetric stability parameter Q = c s κ/ πG � ≈
 (where κ is the epic yclic frequenc y). This may or may not be the
ase for our sample (although we anticipate here that the effects of
elf-gravity on the rotation curve start becoming significant much 
efore the disc reaches marginal stability, Q ≈ 1, see below). In
he general case where both the star and the disc contribute to the
ravitational field there is no analytical exact solution. Ho we ver, it
an be shown (Bertin & Lodato 1999 ; Kratter & Lodato 2016 ) that
he vertical structure is still approximately described by a Gaussian, 
MNRAS 518, 4481–4493 (2023) 
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ith a thickness that departs from equation ( 2 ) only by factors of
rder unity (depending on the disc surface density). This provides
nly a higher order correction to the rotation curve and we thus
eglect it here. 

.3 Extracting the rotation cur v e 

o test the robustness of our model we obtained the rotation curves
f the two sources using both EDDY (Teague 2019 ) and DISCMINER

Izquierdo et al. 2021 ), each of which has got its advantages and
rawbacks. We can then fit the rotation curves for our parameters
nd analyse how the systematic errors of the rotation curve retrie v al
rocedure affect the results. For a direct comparison of rotation
urv es e xtracted with the methods presented below, we use the disc
rientation and emission surface parameters summarized in Table 1 .

.3.1 EDDY – simple harmonic oscillator (SHO) 

o extract the rotation curves of IM Lup and GM Aur using EDDY

Teague 2019 ), we followed the method presented in Teague et al.
 2018a , b ). 

Knowing the height of the emitting layer ( z i ( R )) for each tracer
nd the disc geometry (inclination and position angle; see Table 1 ),
e can associate the spectrum at any given (projected) location in

he disc to its radial distance from the centre of the disc. Considering
n axisymmetric disc, we expect the spectra to have the same shape
i.e. peak and width), but to have their line centres shifted by the
elocity of the disc, projected along the line-of-sight ( v los ). Under
he assumption that the line profiles are the same, we can infer
he underlying velocity structure. The easiest approach to take into
ccount the velocity shift is to describe the line centroid as an
armonic oscillator: 

 los ( R, φ) = v φ( R) sin i cos φ + v sys , (8) 

here v φ is the azimuthal velocity (where here we have assumed
he motion of the gas as purely azimuthal), v sys is the systemic
elocity, i is the inclination of the disc, and φ is the azimuthal angle
n the disc plane. Note that φ and R are retrieved from any projected
ocation by assuming a thin emitting layer, with height z( R ). There
re different methods to fit the line centroids, and in this work we
ave used the so-called Quadratic method and the Gaussian method,
ach of them showing pros and cons. In particular, the Quadratic
t is dependent on the velocity sampling, and it is also sensitive

o the channel correlation. As for the Gaussian method, note that
he selected velocity range may affect the result in case of skewed
rofiles. For a thorough explanation of these methods, see Teague &
 oreman-Macke y ( 2018 ). Within this framework, the value of the
zimuthal velocity at a fixed radial location is the one that ‘aligns’
he spectra (i.e. the location of their peak emission) in the annulus in
 velocity-azimuth plot, after shifting the spectrum at each azimuth
ccording to a cosine functional form. More generally, the simple
armonic oscillator (SHO) method implemented in EDDY is able to
lso obtain the radial velocity by modelling the velocity shift as 

 los ( R, φ) = v φ( R) sin i cos φ + v R ( R) sin i sin φ + v sys . (9) 

o retrieve the azimuthal velocity with the SHO method, we need
o know the height of the emitting layer of the molecule we are
onsidering, in order to isolate the emission coming from a fixed
adial location. The systemic velocity is fitted as well as the azimuthal
nd radial ones. 

Yet, there is another feature that needs to be accounted for if one is
o quantify the rotation velocity of the gas disc correctly. It is known
NRAS 518, 4481–4493 (2023) 
hat the impact of the disc lower emission surface on the observed
elocities can be critical when it comes to kinematical analyses of
igh-resolution observations of molecular lines in discs (see e.g.
zquierdo et al. 2021 , 2022 ; Pinte et al. 2022 ). For instance, the
ower surface can systematically shift the centroid of the observed
ntensity profile in an uneven fashion as a function of the disc
oordinates, affecting the velocities derived via first moment maps
r via parametric fits to the line profile (see e.g. fig. A2 of Izquierdo
t al. 2021 ). Alternatively, at the cost of velocity accuracy, some
ethods deriv e v elocities around the peak of the line profile to

pproximately account for the contribution of the disc upper surface
nly (see e.g. Teague et al. 2018a ). Ho we ver, when the emission
s optically thin, or even marginally optically thick, these methods
truggle at distinguishing between the two surfaces as the intensity
ontrast between both can be very small. When using EDDY , this
ffect is visible in both sources, and it is particularly relevant for the
2 CO, since its emission layer is higher and the back side of the disc
ight easily become visible. 
We extracted the rotation curves from an inner radius equals to

he beam FWHM to an outer radius of ∼500 au for IM Lup in the
2 CO line and ∼ 400 au for GM Aur in both lines and IM Lup in the
3 CO line, as the lower surface contribution to the emission becomes
ominant in the outer disc. 
Some examples of this ‘alignment process’ for both IM Lup and

M Aur are shown in Appendix B , including both some cases in
hich the procedure succeeds and some for which it fails. 

.3.2 DISCMINER 

imilar to the SHO method in EDDY , the extraction of rotation curves
ith DISCMINER requires knowledge of the disc orientation and of

he height of the molecular emission surface to understand how the
isc los v elocities, observ ed in sk y coordinates, translate into the disc
eference frame. 

The first step of the method consists of obtaining the magnitude
f the rotation velocity by deprojecting the los v elocity retriev ed on
ach pixel by simply inverting equation ( 8 ): 

 φ = 

〈
( v los ( R, φ) − v sys ) 

cos φ sin i 

〉
2 π

. (10) 

his expression assumes that both the radial and vertical components
f the velocity field, v R and v z , are either negligible or localized such
hat they do not contribute systematically to the observed deviations
rom Keplerian rotation o v er large spatial scales. Also DISCMINER ,
ike EDDY , can obtain the velocity by fitting either a Gaussian or a
uadratic form to the line profile. 

DISCMINER , ho we ver, is able to model and identify the projected
ocation of the disc lower surface to produce azimuthal masks and
emo v e from the analysis those portions of the disc that are more
ikely affected by the contribution of this surface, which is prominent
n the two tracers analysed here for both IM Lup and GM Aur. We find
hat the deprojected velocities, obtained through equation ( 10 ), do
ot suffer from strong azimuthal gradients owing to the contribution
f the lower emission surface within an azimuthal section of [ −30 ◦,
0 ◦] around the major axes of the discs. It is in this region where
zimuthal unweighted averages of the deprojected velocities are then
omputed, as a function of radius, to obtain the rotation curves
resented throughout this paper. Further details on this method and
uantitative analyses of its accuracy after applying it to synthetic
bservations of discs with different background velocities will be
resented in a separate paper (Izquierdo et al. in preparation). In
rinciple, since in both EDDY and DISCMINER the averages are
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Figure 1. Comparison between the rotation curves extracted with the three different methods: EDDY SHO quadratic (red), EDDY SHO Gaussian (blue), and 
DISCMINER (black). The upper panels refer to IM Lup (left for the 12 CO line and right for the 13 CO line), and the lower panels refer to GM Aur (left for the 
12 CO line and right for the 13 CO line). The inset in each panel shows the difference between two curves, where ‘Q-D’ refers to the difference between EDDY 

quadratic and DISCMINER curves, ‘G-D’ refers to the difference between EDDY Gaussian and DISCMINER curves and ‘Q-G’ refers to the difference between 
EDDY quadratic and EDDY Gaussian curves. 
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nweighted, if we restrict EDDY to an azimuthal range ±30 ◦, we
hould obtain the same curves. 

.3.3 Rotation curves: results 

n Fig. 1 (upper panels), we compare the rotation curves obtained for
M Lup using EDDY (red and grey lines, referring to the different
ethods to extract the line centroid, see legend), with the one 

xtracted with DISCMINER (blue line). The differences between the 
HO Gaussian (red line) and SHO quadratic (grey line) rotation 
urves are mostly linked to the way each method responds to 
he contamination of the back side, and to the velocity sampling 
nd correlation. Nevertheless, the upper surface emission generally 
ominates, providing consistent rotation curves. 
For the GM Aur disc (Fig. 1 , lower panels), the situation is more

omplicated. The shape of the line centroids in the azimuth-velocity 
lots is often not well reproduced by a simple cosine function (see
lso Appendix B ), resulting in a generally poor fit of the rotation
urve. This is due both to contamination of the lower emitting
urface and possibly also to a more comple x v elocity structure in
he outer disc (as already discussed in Huang et al. ( 2021 )). By using
ISCMINER , we are anyway able to provide a good rotation curve,
iven its ability to model also the lower emitting surface of the disc.
n general, as evident in Fig. 1 , the curves obtained with EDDY are
ignificantly different and much less monotonic that the one obtained 
ith DISCMINER . 
In summary, while for the IM Lup disc both EDDY and DISCMINER

rovide consistent rotation curves (and the fitted values of disc mass
nd stellar massare consistent using both methods; see Section 4 ),
or the more challenging case of GM Aur, the contamination from
he back side does not allow to use EDDY and for this source we only
se the DISCMINER rotation curves. The best results are generally 
chieved by using the Gaussian method for retrieving the velocity, 
hich results in a less bumpy rotation curve. 
MNRAS 518, 4481–4493 (2023) 
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1 In the marginally unstable case M d / M � ≈ H / R , and this comes from the fact 
that the Toomre- Q parameter is equal to 1. Indeed, Q = H / R /( M d / M � ). 
2 https:// github.com/crislong/ DySc . 
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.4 Modelling the rotation cur v e 

n centrifugal balance, the rotation of the disc is determined by the
ollowing equation: 

 

2 
rot = R 

∂ 
 � 

∂ R 

( R, z) + R 

∂ 
 d 

∂ R 

( R, z) + 

R 

ρ

∂ P 

∂ R 

( R, z) , (11) 

here 
 � = GM � / r is the stellar potential (with r = 

√ 

R 

2 + z 2 being
he spherical radius) and 
 d is the potential generated by the disc. 

Neglecting for the moment the disc contribution to the potential,
he rotation curve is given by 

 

2 
rot = v 2 K 

{ 

1 −
[ 

γ ′ + (2 − γ ) 

(
R 

R c 

)2 −γ
] (

H 

R 

)2 

−q 

( 

1 − 1 √ 

1 + ( z/R) 2 

) } 

, (12) 

nd this is valid for a tapered power-law surface density, where
 

2 
K = GM � /R and γ

′ = γ + 3/2 + q /2. For a pure power-law surface
ensity with exponent γ , the term ∝ ( R / R c ) 2 − γ disappears, and we
btain 

 

2 
rot = v 2 K 

[ 

1 − γ ′ 
(

H 

R 

)2 

− q 

( 

1 − 1 √ 

1 + ( z/R) 2 

) ] 

, (13) 

etrie ving the well-kno wn result from Nelson, Gressel & Umurhan
013 (see also Appendix A ). 
The disc contribution to the rotation curve is 

 

∂ 
 d 

∂ R 

( R, z) = G 

∫ ∞ 

0 

[
K( k ) − 1 

4 

(
k 2 

1 − k 2 

)
×

(
r 

R 

− R 

r 
+ 

z 2 

Rr 

)
E( k ) 

]√ 

r 

R 

k � ( r ) d r, (14) 

here K ( k ) and E ( k ) are complete elliptic integrals, and k 2 = 4 Rr /[( R
 r ) 2 + z 2 ] (Bertin & Lodato 1999 ). Since � scales as the disc mass, it

s easy to see (cf. equation 4 ) that the disc contribution to the rotation
urve is order O ( M d / M � ) with respect to the standard Keplerian term.
e thus add equation ( 14 ) to the expression of equation ( 13 ) to obtain

ur model rotation curve of the disc, v 2 rot . We integrate equation ( 14 ),
umerically, as described in Appendix C. 
We see then that there are three corrections to a pure Keplerian

rofile, v rot = v K . The first one is due to the radial pressure gradient,
hich is sub-Keplerian (i.e. it is a ne gativ e contribution to v 2 rot , and

s given by 

δv 2 p 

v 2 K 

= −
[ 

γ ′ + (2 − γ ) 

(
R 

R c 

)2 −γ
] (

H 

R 

)2 

. (15) 

his term is generally of the order of ( H / R ) 2 , and is important in the
uter part of the disc. For typical values of γ

′ 
and H / R , the correction

ue to the radial pressure gradient becomes important for R � 4 R c . 
The second one is due to the fact that we e v aluate the rotation

urve at a finite height z and is due to both the stellar gravitational
eld and the pressure gradient. It is also sub-Keplerian and is given
y 

δv 2 z 

v 2 K 

= −q 

( 

1 − 1 √ 

1 + ( z/R) 2 

) 

≈ −q 

2 

( z 

R 

)2 
. (16) 

lso, this term is of order of ( H / R ) 2 . Finally, the third correction
s due to self-gravity and is provided by equation ( 14 ). The relative
mportance of these three corrections to Keplerian rotation depends
n the ordering of the two dimensionless parameters H / R and M d / M � .
NRAS 518, 4481–4493 (2023) 
he self-gravity correction is negligible when M d / M � � ( H / R ) 2 ≈
.01. On the other hand, for a marginally gravitationally unstable
isc, for which M d / M � ≈ H / R , the self-gravity correction dominates
 v er the pressure one. 1 At the same time, there may well be a range of
arameters such that ( H / R ) 2 < M d / M � < H / R , in which self-gravity
ives a dominant contribution to the rotation curve, while the disc
s gravitationally stable (Veronesi et al. 2021 ). It is worth noting
hat the pressureless case, for a power-law surface density, had been
iscussed in the context of AGNs by Hur ́e & Hersant ( 2011 ). 

 RESULTS  

ur model rotation curve is given by equations ( 12 ) and ( 14 ) and
epends on three free parameters: the stellar mass M � , the disc
ass M d and the scaleradius R c . In addition, we have to provide

he value of H ( R ) and the height of the emitting layer z( R ) for
he two isotopologues we consider, as listed in Table 1 . We then
t simultaneously both isotopologues with the same model using
tandard Markov chain Monte Carlo techniques, as implemented
n EMCEE (F oreman-Macke y et al. 2013 ). We initialize the MCMC
earch by assuming a uniform distribution of the three parameters
ithin the following intervals: M � /M � ∈ [1, 1.5], M d /M � ∈ [0.05, 1],
 c /au ∈ [100, 300]. We use 100 w alk ers, with 1500 steps as burn-in
nd 500 steps to e v aluate confidence interv als. The priors are uniform
ith M � /M � ∈ [0, 2], M d /M � > 0, R c /au ∈ [50, 800]. The MCMC
tting procedure code we used is publicly available on GitHub ‘DySc
 Dynamical Scale’ . 2 

.1 IM Lup 

igs 2 and 3 show the results of our fitting procedure to the rotation
urves of IM Lup, obtained with EDDY and DISCMINER , respectively,
sing the Gaussian method. The two methods appear to be in very
ood agreement between themselv es. F or EDDY , the best-fitting
tellar mass is M � ≈ 1 . 02 M �, the best-fitting disc mass is M d ≈
 . 096 M �, and the scaleradius is R c ≈ 66 au, as shown in the corner
lot in Fig. 2 (left-hand panel). For DISCMINER , the best-fitting stellar
ass is M � ≈ 1 . 01 M �, the best-fitting disc mass is M d ≈ 0 . 11 M �

nd the scaleradius is R c ≈ 67 au, as shown in the corner plot in Fig. 3
left-hand panel). The corresponding rotation curves are shown in
igs 2 and 3 (middle panel: 12 CO, right-hand panel: 13 CO), where

he red dots indicate the data points, while the three curves show our
est-fitting model including the disc self-gravity (solid line), a model
otation curve including only the stellar contribution to the potential,
nd a model curve including only the stellar contrib ution, b ut with a
ass equal to the sum of the disc and stellar mass in our best-fitting
odel (dashed lines). As one can see, the data points transition from

n inner curve that is well represented by the stellar potential to an
uter region where the curve is approximated by a Keplerian curve,
ut with a higher mass including both contributions to gravity. 

Note that in the fitting procedure, we have neglected the fact that
he measurement points of the rotation curve are not fully indepen-
ent. This has an impact on the estimated parameter uncertainty
here and for all the other fits presented below), which is, in fact, an
nderestimate. To prevent this issue, it would be necessary to model
he covariance matrix of the system, which is beyond the scope of
his work. Moreo v er, note that these uncertainties only takes into

https://github.com/crislong/DySc
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Figure 2. Left-hand panel: corner plot of the MCMC fitting procedure showing the distribution of the three relevant fitting parameters: the stellar mass M � , the 
disc mass M d , and the scaleradius of the disc R c . Middle: rotation curve of IM Lup obtained from 

12 CO data extracted using EDDY , SHO Gaussian (red points), 
along with our best-fitting curve including the disc self-gravity (solid line). The lower dashed line indicates the rotation curve obtained by including only the 
stellar contribution and the pressure gradient, while the upper dashed line is a Keplerian plus pressure curve, where the stellar mass is assumed to be the sum of 
the disc and star mass from the best-fitting model. Right-hand panel: same as the left-hand panel, but for the 13 CO data. 

Figure 3. Same as Fig. 2 for IM Lup, but fitting the rotation curves extracted with DISCMINER (Gaussian). 
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ccount the statistical errors and not the systematics associated with 
he deri v ation of the rotation curve or with the other assumptions on
he geometrical parameters of the disc that are discussed below. 

In Fig. 4 , we show the three individual corrections to Keplerianity
s resulting from our fit. The term arising from the height of the
mission layer is generally sub-dominant, contributing at most to 
5 per cent of the Keplerian term. On the other hand, the pressure

erm and the self-gravity term are comparable but opposite in sign,
eaching a fraction of ∼10–15 per cent of the Keplerian velocity in
he outer disc. 

Fig. 5 shows the profile of the Q parameter, 

 = 

c s κ

πG� 

≈ H /R 

M d ( R) /M � 

, (17) 

efining the stability of the disc against gravitational instabilities 
esulting from our best-fitting model, where κ ≈ � is the epicyclic 
requency. In the outer disc, our model predicts Q ∼ 1, indicating 
hat the disc might be marginally gravitationally unstable, consistent 
ith the observed large-scale spiral structure in the dust morphology 

Huang et al. 2018 ). 
Note that, given the known value of the dust mass of M dust =

 . 7 × 10 −3 M � (Cleeves et al. 2016 ), our measurement implies a
as/dust ratio of ∼60, close to the standard assumed value of 100. 
a an emission layer at a given height. 
MNRAS 518, 4481–4493 (2023) 
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M

Figure 5. Profile of the stability parameter Q resulting from our best-fitting 
model of the rotation curve of IM Lup. At large radii, the disc approaches Q 

≈ 1, which might indicate that the disc is marginally unstable. 
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.1.1 Dependence on H / R 

n our reference model, described in the section abo v e, we fix the
ressure scaleheight to the literature value H 0 = 10 au at R 0 = 100 au
Zhang et al. 2021 ). Here, we discuss how our results change when we
 ary the v alue of H 0 . We explore a relati vely wide range in v alues for
 0 / R 0 , from 0.08 up to 0.25, that we believe bracket sensible values.
e keep the temperature power-law index fixed at the literature

alue q = 0.66. Fig. 6 shows how the fitted parameters change with
hanging ( H / R )( R = 100 au). Given that the sub-Keplerian pressure
erm and the super -Keplerian self-gra vity term in the rotation curve
rovide opposite contributions, one naturally expects that the fitted
isc mass increases with increasing H / R , which is indeed apparent
rom Fig. 6 . It is ho we ver interesting to note that, unless H / R becomes
ery large, the disc mass appears to not change significantly. For
ery large values of H / R , ho we ver, note that the fit to the rotation
urv e becomes progressiv ely poorer. The disc aspect ratio is linked
o the disc temperature: In Fig. 6 , the H / R interval corresponds to a
emperature range of [12 K,140 K] and R = 100 au. 

.1.2 Using the quadratic method to retrieve the rotation curves 

e have also attempted to fit the data obtained by using the
uadratic method for both EDDY and DISCMINER . In general, using
he quadratic fit to the velocity results in a higher estimated disc

ass, by roughly a factor of 2. Indeed, using the SHO quadratic
ethod with EDDY , we obtain M � ≈ 1 . 03 M �, M d ≈ 0 . 19 M �, and
 c ≈ 87 au , while for the DISCMINER quadratic, we obtain again
ery good agreement for the disc and stellar masses ( M � ≈ 1 . 02 M �,
 d ≈ 0 . 23 M �), but we were not able to fit for the disc scaleradius.
 possible explanation for the discrepancy between Quadratic and
aussian method could be attributed to the effect of the emission

rom the lower surface. In principle, since the quadratic method fits
nly the peak of emission, it should be less sensitive to the lower
urface. Ho we ver, it can happen that the emission coming from the
ower surface is stronger compared to the upper one and, in this
ase, the quadratic fit leads to inaccurate results. As for the Gaussian
ethod, the fits takes into account the whole emission line, not only
NRAS 518, 4481–4493 (2023) 
he peak, and so the effect of the lower surface emission is to shift
he fitted rotational velocity towards smaller values, underestimating
t. A possible way to prevent this issue would be to fit with a double
aussian profile, in order to take into account both surfaces but we
ave not implemented it in this work. 

.1.3 Non axi-symmetric kinematics and spiral structure in IM Lup 

ecently, Verrios et al. ( 2022 ) detected non-axisymmetric pertur-
ations in the kinematics of IM Lup, attributing it to the presence
f an embedded Jupiter mass planet. The appearance of velocity
kinks’ (Pinte et al. 2018 ) or ‘wiggles’ (Hall et al. 2020 ) is not
nexpected in this source, given the known spiral morphology,
hat naturally has a kinematic counterpart (see also the analytical
inematical models of Bollati et al. 2021 and Longarini et al. 2021 ,
eferring to a planetary spiral or a gravitational instability spiral,
espectively). 

Firstly, we explicitly note that our model employs the azimuthally
v eraged rotation curv e and we thus do not model in any way possible
on-axisymmetric deviations from Keplerianity (although it would
e interesting to ascertain how the appearance of non-axisymmetric
erturbations affects the very determination of the rotation curve, a
opic that we defer to further studies). 

In order to reproduce the observed scattered light images, Verrios
t al. ( 2022 ) require sub-micron dust grains to be well coupled to the
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Figure 7. Same as Fig. 3 , but for GM Aur. 
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as, in turn implying a relatively high disc mass. Interestingly, their 
est model has a disc mass of 0.1 M �, in perfect agreement with the
ne we derive here based on the rotation curve. Verrios et al. ( 2022 )
ote that the disc mass is high enough that self-gravity may have
ome dynamical effect in IM Lup, but they disregard the hypothesis 
hat it is responsible for the spiral morphology and the associated 
elocity perturbations. Ho we ver, our model has a Q -profile that is
ery close to unity across the disc extent and we thus expect the disc
o be marginally stable, possibly giving rise to the observed spiral
tructure and observed kinematic wiggle. 

.2 GM Aur 

n Fig. 7 , we show the results of our fit to the GM Aur rotation
urve obtained with DISCMINER . In this case, fitting a single model
o both molecules appears to be more difficult, since the rotation 
raced by 12 CO appears to be systematically lower than that of 13 CO,
 shift that cannot be simply accounted for by the difference in
mitting height, which is included in our modelling. As a result, our
est-fitting model lies in between the data of the two isotopologues, 
roviding a relatively poor fit to each of the two. The disc mass is
 d ≈ 0 . 26 M �, the stellar mass is M � ≈ 0 . 7 M �, and the scaleradius

s R c ≈ 60 au. 
We also tried to fit the rotation curves traced by the two molec-

lar lines individually, and the results are shown in Fig. 8 . The
esulting values for the star mass, disc mass and scaleradius are: 
 � ≈ 0 . 79 M �, M d ≈ 0 . 11 M �, and R c ≈ 65 au for the 12 CO line fit

nd a rather implausible M � ≈ 0 . 6 M �, M d ≈ 0 . 44 M �, and R c ≈ 59
u for the 12 CO line. 

The origin of the mismatch between the rotation curve traced by 
he two molecules cannot simply be the effect of the different height
f the emitting layers, as discussed abo v e, but might arise from
 vertical stratification in temperature. Indeed, Law et al. ( 2021 )
escribe the 2D structure of the disc, noting that the temperature of
he 12 CO line is systematically higher than that of 13 CO. Ho we ver,
his effect also cannot explain the observed difference in rotation 
elocity . Indeed, approximately , we can write the rotational velocity 
f the two isotopologues (including here for simplicity only the 
ressure gradient terms) as 

 

2 
12 ≈ v 2 K − γ ′ c 2 s , 12 (18) 

nd 

 

2 
13 ≈ v 2 K − γ ′ c 2 s , 13 , (19) 
here c s, 12 and c s, 13 are the sound speeds corresponding to the
emperatures of the two isotopologues. Law et al. ( 2021 ) parametrize
he gas temperatures of the two molecules as 

 12 = 52 K 

(
R 

100 au 

)−0 . 61 

, (20) 

nd 

 13 = 22 K 

(
R 

100 au 

)−0 . 26 

. (21) 

he difference between the two rotation curves can thus be written
s 

v 2 13 − v 2 12 

v 2 13 

≈ γ ′ 
(

c s , 13 

v K 

)2 (
T 12 

T 13 
− 1 

)
. (22) 

n Fig. 9 , we plot the difference between the two rotation curves
btained from DISCMINER (blue dots) and the expected difference due 
o the temperature stratification according to equation ( 22 ) (orange
ine). We thus see that the vertical stratification would produce a

ismatch that is one order of magnitude smaller than observed and
hus cannot explain it. 

The observed difference can thus be due to two facts: Either we
o not reco v er correctly the rotation curve in this specific source,
hich may be due to an incorrect determination of the height of the

mitting layer in the Law et al. ( 2021 ), or the outer disc is not in
xact centrifugal balance. We know that the outer disc of GM Aur is
ighly perturbed (Schwarz et al. 2021 ) and the gas kinematics might
hus not trace pure rotational motions. Thus, our results for the GM
ur disc should be regarded with some caution. 

 C O N C L U S I O N S  

n this paper, we have analysed the rotation curves of two protostellar
iscs, IM Lup and GM Aur, for which high-quality kinematical 
ata are available from the MAPS program. In particular, we have
efined our technique to infer dynamically the disc mass, by fitting
he observed rotation curve to a model curve that includes the disc
elf-gravity. We had previously used the same method to determine 
he mass of the disc in Elias 2-27 (Veronesi et al. 2021 ) and here we
hus extend the same analysis to two additional sources. 

With respect to our results for Elias 2-27 (Veronesi et al. 2021 ),
e have improved the analysis in several respects: 

(i) We retrieve the rotation curve by using the DISCMINER tool 
Izquierdo et al. 2021 ). 
MNRAS 518, 4481–4493 (2023) 
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Figure 8. Upper left-hand panel: corner plot of our MCMC fitting procedure for the 12 CO rotation curve alone. Upper right-hand panel: rotation curve of GM 

Aur obtained from 

12 CO data (red points), along with our best-fitting curve including the disc self-gravity (solid line). The lower and upper dashed line indicate 
the rotation curves obtained as described in Fig. 3 . Lower left-hand panel: corresponding corner plot for the 13 CO line. Lower right-hand panel: corresponding 
data and best-fitting rotation curves for the 13 CO line. 

Figure 9. Red dots indicate the observed difference between the rotational 
velocity of 13 CO and 12 CO as obtained from the DISCMINER , while the orange 
line shows the expected difference due to vertical stratification, assuming the 
temperature structure of the two molecules as described in Law et al. ( 2021 ). 
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(ii) We have tested the robustness of the rotation curve retrie v al
y comparing the results of DISCMINER to those obtained from the
DDY package (Teague 2019 ). 

(iii) In modelling the rotation curve, we include the contribution of
he pressure gradient, including its vertical dependence (but retaining
he assumption of vertical isothermality). 

(iv) We also assume the disc surface density to be described by a
apered power law, and in this way, we are also able to fit dynamically
or the tapering radius R c , which we were not able to do in Veronesi
t al. ( 2021 ). 

One additional refinement to the model (not included in the present
ork) is to also include vertical temperature stratification in the
odelling of the rotation curve, that we defer to subsequent work. 
Our results are the following: 
IM Lup. For this source, we obtain reliable rotation curves both

ith DISCMINER and EDDY and the two curves are consistent with
ach other. We fit the stellar mass to M � ≈ 1 M �, the disc mass to
 d ≈ 0 . 1 M � and the tapering radius to R c ≈ 70–90 au. Our resulting

isc mass implies a disc/star mass ratio of ≈0.1, and we estimate the
ravitational stability parameter Q to become ∼1 in the outer disc,
hich points to a gravitational instability as the origin of the spiral

tructure observed in the dust morphology (Huang et al. 2018 ). The
esulting gas/dust ratio turns out to be ≈60. This fit is robust when
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omparing the rotation curves obtained with DISCMINER and with 
DDY . We have also analysed the robustness of our results with
espect to the chosen value of the pressure scaleheight H / R , finding
 relatively weak dependence, at least for small H / R . When H / R
ecomes very large, ho we ver, the best-fitting disc mass increases, 
ut the fit becomes progressively poorer. 

We have used the Gaussian method in EDDY and DISCMINER to 
btain the velocity from the emission line data, which provides a 
moother rotation curv e. We hav e also tested the effect of using
 quadratic fit to the line profile instead, which generally gives 
oorer results for the rotation curve. Ho we ver, in this case, EDDY

nd DISCMINER provide consistent results, although the fitted disc 
asses appear to be a factor of ∼2 larger than the ones obtained with

he Gaussian profile. 
GM Aur. This source is more difficult to model in several respects.

irstly, EDDY and DISCMINER do not provide consistent results. 
ontamination from emission from the back side of the disc is
articularly evident in this source and prevents EDDY from retrieving 
ccurately the rotation curve. Additionally, the curves referring to 
he two isotopologues considered appear not to be consistent with 
ach other, a difference that cannot be attributed by the difference in
mitting scaleheight nor to a vertical temperature stratification. As 
 result, a single model fitting both rotation curves is more difficult
o find. Our best-fitting model for both species has a stellar mass of
 � ≈ 0 . 7 M �, a disc mass of M d ≈ 0 . 26 M �, and a tapering radius

f R c ≈ 60 au. Ho we ver, gi ven the dif ficulties mentioned abo v e and
he likely possibility that the molecular data do not trace perfectly 
he rotation curv e, giv en the observ ed interaction with the infalling
loud (Schwarz et al. 2021 ), we should consider our fit parameters
ith caution. 
Our work demonstrates that, with the currently available precision 

n gas kinematics in discs, it is possible to provide reliable dynamical
easurements of the disc mass, at least for discs whose kinematics is

ot perturbed by the environment and that have a high enough mass
o provide sizable deviations from Keplerianity. This measurement, 
o we ver, is dif ficult, and essentially depends on the dif ferential
otation between the inner and outer disc. As such, to this goal it
s essential to have well sampled rotation curves, with high spatial 
esolution (to distinguish the inner and the outer disc) and good 
pectral resolution (to accurately measure the small deviations from 

eplerianity in the outer disc). In addition, it is very important to
ave a good knowledge of the temperature structure of the disc (to
orrectly e v aluate the impact of pressure support against gravity), 
n principle including vertical stratification, and of the height of 
he emitting layer. Moreo v er, having a good knowledge of the disc
tructure is crucial. Indeed, the height of the emitting layer z( R )
f fects the retrie v al of the rotation curve. In addition, a possible disc
arp could affect the projected velocities (Rosenfeld et al. 2012 ): as

ar as the two analysed discs are concerned, there is no evidence of
isc warping. In this work, we have simply assumed these parameters 
rom the literature, but in the future one might want to construct a
ingle framework to simultaneously fit the whole disc kinematical 
tructure. 

New ALMA surv e ys specifically aimed at disc kinematics will 
rovide additional data onto which to perform the analysis outlined 
ere and we thus expect the sample of discs with dynamically 
easured mass to increase in the upcoming years. 
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PPENDIX  A :  PRESSURE  G R A D I E N T  

O N T R I BU T I O N  TO  T H E  ROTAT I O N  C U RV E  

e start form hydrostatic equilibrium in the vertical direction: 

1 

ρ

d P 

d z 
= − GM � 

( R 

2 + z 2 ) 3 / 2 
z. (A1) 

n the following, we will assume the disc to be vertically isothermal,
ut radially varying, so that 

 

2 
s ∝ T ∝ R 

−q . (A2) 

ydrostatic equilibrium can be re-written as 

 

2 
s 

d log ρ

d z 
= − GM � 

( R 

2 + z 2 ) 3 / 2 
z, (A3) 

hose solution is 

( R, z) = ρ0 ( R) exp 

[ 

− R 

2 

H 

2 

( 

1 − 1 √ 

1 + z 2 /R 

2 

) ] 

, (A4) 

here H = c s / �K is the pressure scaleheight and �K = 

√ 

GM � /R 

3 is
he Keplerian angular velocity. We also assume that ρ0 is a power law
NRAS 518, 4481–4493 (2023) 
n R . Specifically, if � ∝ ρ0 H ∝ R 

−γ , we have that ρ0 ∝ R 

( q /2 − 3/2 − γ ) .
ith these definitions, we also have that the pressure at the mid-plane
 0 ∝ R 

−γ ′ 
, where γ

′ = 3/2 + γ + q /2, and 

 ( R, z) = P 0 ( R) exp 

[ 

− R 

2 

H 

2 

( 

1 − 1 √ 

1 + z 2 /R 

2 

) ] 

. (A5) 

ote that the vertical structure of the density and pressure correctly
educes to the usual Gaussian exp ( − z 2 /2 H 

2 ) for z � R . 
The pressure contribution to the rotation curve is 

 

2 
p = 

R 

ρ

d P 

d R 

. (A6) 

his can be easily obtained from the structure of the disc outlined
bo v e, after appropriate differentiation. The result is 

 

2 
p = v 2 K 

{ 

−γ ′ 
(

H 

R 

)2 

+ 

2 

(1 + z 2 /R 

2 ) 3 / 2 

[ 

1 + 

3 z 2 

2 R 

2 
−

(
1 + 

z 2 

R 

2 

)3 / 2 

−d log H 

d log R 

( 

1 + 

z 2 

R 

2 
−

(
1 + 

z 2 

R 

2 

)3 / 2 
) ] } 

, (A7)

here v K = �K R . Finally, including also the stellar gravitational
eld (but neglecting self-gravity), the rotation curve of the disc is 

 

2 
rot = v 2 K 

1 

(1 + z 2 /R 

2 ) 3 / 2 
+ v 2 p = 

v 2 K 
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−γ ′ 
(
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R 

)2 
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(1 + z 2 /R 
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[
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−
(
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z 2 
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− d log H 

d log R 
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1 + 

z 2 
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2 
−

(
1 + 

z 2 
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2 

)3 / 2 
) ] } 

. 

(A8) 

nder the abo v e assumption on the radial profile of T , 

d log H 

d log R 

= 3 / 2 − q/ 2 , (A9) 

nd (Nelson et al. 2013 ) 

 

2 
rot = v 2 K 

[ 

1 − γ ′ 
(

H 

R 

)2 

− q 

( 

1 − 1 √ 

1 + ( z/R) 2 

) ] 

. (A10) 

hus, for an isothermal disc (both radially and vertically), i.e. when
 = 0, equation ( A9 ) reduces identically to 

 

2 
rot = v 2 K 

[
1 − γ ′ 

(
H 

R 

)]
, (A11) 

nd the disc rotates exactly on cylinders with no vertical dependence
f v rot . The abo v e result had been obtained previously only in
pproximate form by Fromang, Lyra & Masset ( 2011 ) in the limit
here z � R , but it holds exactly at any z if one uses the correct

xpression for the vertical density structure for an isothermal disc
 A4 ). 

One can expand the previous equations up to O ( z 4 / R 

4 ), obtaining
pproximate expressions for v p and v rot : 

 

2 
p = v 2 k 

{ 

−γ ′ 
(

H 

R 

)2 

+ 

d log H 

d log R 

( z 

R 

)2 
+ O 

(
z 4 
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4 

)} 

, (A12) 
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Figure A1. First row: spectra of IM Lup 13 CO for the annulus at 120 au. Second row: spectra of IM Lup 12 CO for the annulus at 120 au. Third row: spectra of 
GM Aur 12 CO for the annulus at 120 au. The left-hand panels show the spectra at each azimuthal position, stacked on top of one another. The effect of rotation 
is highlighted by the shift in the peak intensity position for each spectrum along the velocity axis (the redshifted axis corresponds to φ = 0 ◦). The middle panels 
show the straighten out spectra obtained by correcting the not aligned ones for the factor v rot × cos ( φ), fitted with the quadratic method. On the top of the 
left- and middle panels, the azimuthally averaged spectrum is represented: When the correct rotation velocity is found, it reaches its maximum peak. Lastly, 
the right-hand panels show the line centroids, i.e. the line of the peak intensity for each azimuthal spectrum, identified with the quadratic (red points) and the 
Gaussian (blue points) method. From the comparison of panels (a) and (d), we can see that the 13 CO is less contaminated by the back side with respect to 12 CO 

, as the emission surface is lower o v er the mid-plane. This is true both for the IM Lup and the GM Aur discs. From the comparison of panels (e) and (h), we can 
see that, while for IM Lup, the front side dominates o v er the back side and the spectra are correctly aligned, for GM Aur, the signals are comparable, resulting 
in misaligned spectra. 
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which is the result that one obtains when considering the simple 
aussian vertical profile for density and pressure) and 

 

2 
rot = v 2 K 

1 

(1 + z 2 /R 

2 ) 3 / 2 
+ v 2 p ≈

v 2 k 

[ 

1 − γ ′ 
(

H 

R 

)2 

− q 

2 

( z 

R 

)2 
+ O 

(
z 4 

R 

4 

)] 

(A13) 

PPEN D IX  B:  EXAMPLES  O F  ROTAT I O N  

U RV E  R ETR IEVAL  USING  E D DY  

ere, we show three examples on how does EDDY perform in 
etrieving the rotation curve. In Fig. A1 , We show examples from the
M Lup data set, at 120 au for the two molecules and for GM Aur,
t 120 au for the 12 CO line; see the caption for details. As one can
ee, for IM Lup, the fit with a cosine function to the peak emission
s relatively good, but the aligned spectra show some evidence of the
mission from the back side of the disc (seen as the green sinusoidal
esidual after alignment in the middle panels). Conversely, the case 
f GM Aur is more problematic, and in this particular annulus, the
hape of the azimuthal variation is not well represented by a cosine
unction. 

PPENDI X  C :  N U M E R I C A L  I N T E G R AT I O N  O F  

H E  SELF-GRAVI TATI NG  TERM  

he self-gravitating term of the rotation curve (equation 14 ) can
nly be assessed numerically. To do so, we used QU ADPA CK , a FOR-
RAN library for numerical integration of one-dimensional functions 
Piessens et al. 1983 ). In particular, we used a quadratic method of
ntegration. Since the integration is computationally consuming, we 
ntegrated equation ( 14 ) on a two-dimensional grid ( R , Z ) and then, at
ach step of the fitting procedure, we interpolate the self-gravitating 
erm from the grid, according to the value of ( R , z( R )). 
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