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Abstract

Japan’s government is heavily indebted, and the current net debt tends to increase.
This paper uses an extended life-cycle general equilibrium model with endogenous
fertility to investigate an optimal size of government debt from two viewpoints:
individual welfare and future demographic dynamics. A simulation analysis finds
that the level of net government debt, which maximizes per-capita utility, is nega-
tive at—220% of Japan’s gross domestic product (GDP). The results also indicate
that the net debt-to-GDP ratio of —220% produces a considerable per-capita wel-
fare gain; however, compared to the baseline simulation with a debt-to-GDP ratio of
150%, it substantially decreases the total population in the long run.

Keywords Government debt - Welfare - Demographic dynamics - Japanese
economy - Simulation analysis

JEL Classification H30 - C68

1 Introduction

Many countries experienced sharp increases in outstanding government debt with
the worldwide spread of the new coronavirus. While governments implemented
lockdowns to prevent the spread of the disease, their budget deficits and outstand-
ing debts rapidly increased to leverage the domestic economy. Figure 1, based on
data from the International Monetary Fund (2021), illustrates the net government
debt-to-GDP (gross domestic product) ratio transition for six developed coun-
tries. Various countries’ economic stimulus packages were expanded, and even
Germany, which had been in relatively good fiscal condition, increased its budget
deficits sharply. In addition, the President of the United States (U.S.), Biden,
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Fig. 1 Transition of net government debt-to-GDP ratio for six advanced countries. Source: International
Monetary Fund (2021)

indicated that he would invest heavily in rebuilding the economy and expanding
social welfare; thus, he expected spending to increase and the budget deficit to
grow over the subsequent decade. As Fig. 1 shows, Japan’s net government debt
tends to increase, and from 2016 to 2019, it was almost constant at approximately
150% of its GDP. Furthermore, the net debt-to-GDP ratio in Japan is estimated to
balloon to 167.0% in 2020 and 171.5% in 2021, the highest among major devel-
oped countries.

The net government debt has recently skyrocketed in many countries world-
wide, including Japan. In light of this situation, exploring Japan’s desirable
level of debt would be worthwhile. Few studies investigated the preferable level
of government debt for Japan; however, there is extensive literature on the fis-
cal sustainability of Japan, including Sakuragawa and Hosono (2010), Doi et al.
(2011), Hoshi and Ito (2014), Hansen and imrohoroglu (2016), and Sakuragawa
and Sakuragawa (2020) (see the following literature review section for further
details). Nakajima and Takahashi (2017) examined an optimal ratio of net gov-
ernment debt to GDP for Japan through a welfare analysis. Their analytical model
is based on an Aiyagari (1994) style heterogeneous agent and incomplete market
model with endogenous labor supply, following Aiyagari and McGrattan (1998)
and Flodén (2001), who conducted a similar analysis using a model calibrated
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to match the U.S. economy. Nakajima and Takahashi (2017) introduced idiosyn-
cratic earnings risk in a model to calculate an optimal government debt-to-GDP
ratio for Japan, which can analyze the insurance effect of government debt. We
examine an optimal level of net government debt for Japan using a different
model than Nakajima and Takahashi (2017).

Next, we describe our research method. Our model can evaluate a desirable
government debt-to-GDP ratio from two viewpoints: individual welfare and future
demography. We use the life-cycle general equilibrium simulation model of overlap-
ping generations, developed by Auerbach and Kotlikoff (1983a, 1983b) and simi-
larly applied in Auerbach and Kotlikoff (1987), Auerbach et al. (1989), Altig et al.
(2001), Homma et al. (1987), Ihori et al., (2006, 2011), and Okamoto (2013, 2021 ).!
We investigate the quantitative effects of changes in the ratio of net government
debt to GDP on per-capita welfare and future population using an extended Auer-
bach—Kotlikoff dynamic simulation model.

The simulation model in Okamoto (2020) introduced the number of children
freely chosen by households into the utility function, thus incorporating endogenous
fertility and future demographic dynamics. Furthermore, in the extended framework
with endogenous fertility, Okamoto (2022) introduced the descendent link between
a parent and children, providing the exogenous transition probabilities from the par-
ent’s income class to the same (or the other) income class to which their children
would belong. In other words, Okamoto (2022) introduced the descendent income
inequality from parents to their children into the simulation model with endog-
enous fertility. They incorporated two representative households, the low-income
class (high school graduates) and high-income classes (university graduates), into a
cohort. Therefore, we can also evaluate the effect of different debt-to-GDP ratios on
the population ratio between the low-income and high-income classes.

This paper’s analytical model is based on Okamoto (2022). In the framework
of Okamoto (2022), we extended the model to freely change the government net
debt-to-GDP ratio and analyze the impact of changes in the debt-to-GDP ratio
on per-capita utility and future population dynamics.” The significant difference
between Okamoto (2022) and our study is that our model extension investigates
the impacts of changes in government net debt-to-GDP ratios. In contrast, an
Okamoto (2022) model cannot analyze the effects of changes in the size of gov-
ernment debt. This model extension from Okamoto (2022) allows us to assess the
impacts of alternative government net debt-to-GDP ratios. Based on data from

! The life-cycle model is considerably applicable to the Japanese economy. According to Horioka
(2021), almost all of the available evidence suggests that the selfish life-cycle model applies, to some
extent, in all countries and that there is more consistent support for this model in Japan than in the United
States and other countries.

2 Tt is crucial to use the framework with endogenous fertility. If the number of births is not determined
endogenously in the model, then future births and demography are exogenously given, mostly by the
government’s projected data. In this case, thus assumption is unrealistic because implementing various
reform proposals can change the economic environment surrounding the people, such as interest rates
and wage rates; however, the scale of change will have absolutely no effect on the number of children the
people produce.
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IMF (2021), we assume that the net government debt for Japan is 150% of GDP
in the 2020 initial steady state. Since a change in the net debt-GDP ratio would
have a tremendous impact on the economy and severely disturb an individual util-
ity-maximizing behavior, our simulation avoids abrupt changes by setting the net
debt-to-GDP ratio to change smoothly over 10 years from 2021 to 2030.

From the above, it follows that we quantitatively analyze how the change in
government debt for Japan impacts the future population levels and the welfare
of all generations, including future generations and the current generation. Con-
cretely, we examine the effect of different net debt-to-GDP ratios on the per-cap-
ita utility and the demographic dynamics for the transition process from 2020 to
2300. Thus, this paper analyzes a long-run impact on economic growth, welfare,
and population levels, assuming alternative net debt-to-GDP ratios. This paper
focuses primarily on the debt-to-GDP ratio that maximizes per-capita welfare in
the long run and the debt-GDP ratio that provides the largest future population for
each year.

As shown in Okamoto (2022), this study introduces an additional government
institution, the Lump Sum Redistribution Authority (LSRA). Changes in the ratio
of net government debt to GDP generally improve the welfare of some genera-
tions but reduce that of others. If combined with redistribution from winning to
losing generations, such changes may offer the prospect of Pareto improvements;
however, without implementing intergenerational redistribution, potential effi-
ciency gains or losses cannot be estimated. Therefore, like Auerbach and Kot-
likoff (1987) and Nishiyama and Smetters (2005), we introduce the LSRA as a
hypothetical government institution that distinguishes potential efficiency gains/
losses from possible offsetting changes in the welfare of different generations. To
isolate pure efficiency gains or losses, we consider simulation cases via LSRA
transfers where the ratio of net government debt to GDP is increased/decreased.
The introduction of LSRA transfers enables us to examine policy proposals from
a long-term perspective, considering the welfare of current and future genera-
tions. Because of its ability to quantify alternative policies from a long-term per-
spective, we can present concrete and valuable policy proposals.

Finally, we briefly mention the main results obtained by our simulation analy-
sis. The level of net government debt, which maximizes per-capita utility, is nega-
tive at—220% of Japan’s gross domestic product (GDP). The net debt-to-GDP
ratio of —220% produces a considerable per-capita welfare gain of 34.442 million
Japanese yen (JPY), or approximately 314,000 US dollars (USD) in 2021; how-
ever, the optimal net government debt substantially decreases the total population
in the long run compared to the baseline simulation with a debt-to-GDP ratio of
150%.

The remainder of this paper is organized as follows. Section 2 describes litera-
ture related to this study, Sect. 3 identifies the basic model applied in the simula-
tion analysis, Sect. 4 explains the method and assumptions of simulation analysis,
Sect. 5 evaluates the simulation findings, Sect. 6 conducts sensitivity analyses on
different model settings and assumptions, and Sect. 7 summarizes, concludes, and
discusses policy implications.
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2 Related literature

This paper contributes to the literature related to the level of government debt, espe-
cially in Japan. The primary literature on the study is as follows.

First, we discuss three papers that analyzed an optimal level of net government
debt— Aiyagari and McGrattan (1998), Flodén (2001), and Nakajima and Taka-
hashi (2017)—which are the most important for our analysis.

Aiyagari and McGrattan (1998) were the first to analyze the optimal level of gov-
ernment debt using an Aiyagari (1994) type model. Their model has heterogeneous
agents and incomplete markets with endogenous labor supply, incorporating many
infinitely lived households whose saving behavior is influenced by precautionary sav-
ing motives and borrowing constraints. The authors analyzed the welfare implications
of government debt for the United States, measuring welfare as utilitarian and weight-
ing all households equally. They found that the welfare gains to being at the optimum
quantity of debt rather than the current US level are small; therefore, any concerns
regarding the high level of debt in the US economy may be misplaced.

Government debt and redistributive taxation can help people to smooth consump-
tion when facing uninsurable individual-specific risks. Flodén (2001) examined the
effects of variations in public debt and transfers on risk sharing, efficiency, and the
distribution of resources, determining that risk sharing can be improved significantly
by debt and transfers, but that debt has adverse effects on equity. Debt can enhance
welfare if transfers are lower than optimal when used in isolation; however, the ben-
eficial effects of public debt vanish if transfers are used optimally. Furthermore, the
study also found that the optimal level of government debt for the U.S. is positive,
with 150% of its GDP.

Nakajima and Takahashi (2017) analyzed the effect of the large government debt
for Japan on welfare, using evidence based on macro-level and micro-level data.
They used a heterogeneous agent, an incomplete market model with idiosyncratic
wage risk, a borrowing constraint, and endogenous labor supply. They found that
Japan’s optimal level of net government debt is — 50% of its GDP. They also showed
that the welfare cost of keeping government debt to 130% of GDP, rather than the
optimal level of —50%, is 0.19% of consumption. Furthermore, according to their
sensitivity analyses, if both government debt and public transfers can be set freely,
then the optimal debt level is — 120% of GDP.

From the above, Flodén (2001) and Nakajima and Takahashi (2017) analyzed
the optimal level of government debt for the U.S. and Japan, respectively, using a
similar welfare analysis. Their studies obtained contrasting results. Flodén (2001)
revealed that the optimal level of government debt for the U.S. is positive, at 150%
of GDP; conversely, Nakajima and Takahashi (2017) suggested that it is negative,
with—50% of GDP for Japan.

The basic model is the main difference between our study and Flodén (2001)
and Nakajima and Takahashi (2017); their studies are based on an Aiyagari
(1994) style model, whereas our study is based on Auerbach—Kotlikoff-type sim-
ulation model. Because those two studies introduce idiosyncratic earnings risk in
a model to calculate an optimal government debt-to-GDP ratio, they can analyze
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the insurance effect of government debt. Conversely, our study can analyze a
desirable government debt-to-GDP ratio that produces the largest total popula-
tion and a government debt-to-GDP ratio that maximizes per-capita welfare. This
is because our study extends the life-cycle model and incorporates endogenous
fertility, simulating variations in the future demographic dynamics induced by
policy changes. Moreover, Flodén (2001) and Nakajima and Takahashi (2017)
focused on a stationary equilibrium where the debt-to-GDP ratio is constant. In
contrast, our paper analyzes the long-run impact of different debt-to-GDP ratios
on per-capita utility and the demographic dynamics for the transition process
from 2020 to 2300.

Next, we discuss several papers that analyzed the issue of government debt using
an overlapping generations model, similar to our approach. The main differences
between the model in previous papers and the model in this paper are as follows.
Unlike previous studies, our model uses an overlapping generations model that
incorporates endogenously determined populations and introduces the LSRA. This
approach allows us to analyze the level of government debt that maximizes the wel-
fare of households, including the current generation and future generations, and the
impact of different government debt levels on future population levels.

Arai and Ueda (2013) investigated the size of a primary deficit-to-GDP ratio that
Japan’s government can sustain. They used an overlapping generations model where
multi-generational households live, and the government maintains a constant ratio
of the primary deficit to GDP. Their results numerically showed that the primary
deficit could not be sustained unless the economic growth rate is unrealistically
high, which, according to their settings, is more than five percent. They concluded
that Japan’s government needs to achieve a positive primary balance in the long run
to avoid the divergence of the public debt-to-GDP ratio.

Braun and Joines (2015) found that Japan’s aging population is already burdening
government finances and that the very high debt-GDP ratio constrains the country’s
ability to confront the negative fiscal implications of future aging. They found that
Japan faces a severe fiscal crisis without imminent remedial action, and they also
analyzed alternative strategies for correcting Japan’s fiscal imbalances.

Kitao (2015) quantified the fiscal cost of Japan’s projected demographic transi-
tion over the next several decades. That study analyzed the issue using a life-cycle
model with endogenous saving, consumption, and labor supply in both intensive and
extensive margins. Kitao (2015) found that preserving the current level of public
transfers would require a significant increase in taxation. Furthermore, using con-
sumption taxes to balance the government budget, the tax rate was projected to reach
the maximum value of 48% in the late 2070s. Finally, that study found that pension
reform to reduce benefits by 20% could result in a peak tax rate of 37%, which could
be reduced to 28% by gradually raising the retirement age by 5 years.

Imrohoroglu et al. (2016) built a micro data-based, large-scale overlapping gen-
erations model for Japan, incorporating individuals’ ages, gender, employment type,
income, asset holdings, and the Japanese pension rules. Using existing pension law,
current fiscal policy, and medium variants of demographic projections, they pro-
duced future paths for government expenditures and tax revenues, with implications
for government debt and the public pension fund. Their study found that Japan’s
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fiscal stability requires additional pension reform, a higher consumption tax, and
higher female labor force participation.

Finally, we look at several previous studies that analyzed Japan’s government
debt issue. Most literature addressing government debt in Japan analyzed fiscal sus-
tainability and stability as follows. Unlike the previous studies, this paper focuses
on the level of government debt that maximizes household welfare and analyzes the
impact of different government debt levels on the future population level.

Sakuragawa and Hosono (2010) investigated the sustainability of government
debt by applying a dynamic stochastic general equilibrium model of an exchange
economy with infinitely lived agents to the Japanese economy. Introducing interme-
diation costs into the model helped successfully explain the observed relationship
between the interest and GDP growth rates, which is crucial in testing sustainability.
Their study found that under the projected real growth rate of 2.5%, the debt-to-
GDP ratio gradually increases stochastically, resulting in unsustainable government
debt. Furthermore, they found that the primary surplus must be 0.2% of GDP to
recover sustainability.

Doi et al. (2011) constructed quarterly series of the revenues, expenditures, and
outstanding debt for Japan from 1980 to 2010. They examined Japan’s fiscal sus-
tainability, showing that the Japanese government debt poses serious challenges. To
stabilize the debt-to-GDP ratio, Japan must implement a tax rate hike of an extraor-
dinary magnitude. Such a dramatic tax increase for fiscal sustainability would rep-
resent a drastic departure from the last 30 years of Japanese fiscal policy. If the
government fails to reduce the primary deficit by increasing taxes and reducing
expenditures and transfer payments, Japan would be forced to reduce the value of
government debt through either inflation or outright default.

Through simulations under various scenarios, Hoshi and Ito (2014) showed that
even if the Japanese residents continue to invest their new savings into Japanese
Government Bonds (JGB), Japan’s fiscal situation is not sustainable. They found
that if the Japanese government’s fiscal policy stance does not change in the future,
the amount of government debt will exceed the private sector financial assets avail-
able for government debt purchase in the next 10 years. They also suggested that
sufficiently significant tax increases or expenditure cuts in the future would put the
government debt on a sustainable path. Thus, if the market believes that Japan will
embark on such fiscal consolidation in the next 10 years, at most, the low JGB yields
are justifiable. Conversely, if the expectation changes, a fiscal crisis can be triggered
even before the government debt hits the ceiling of the private sector financial assets.

Hansen and Imrohoroglu (2016) used a standard growth model to measure the
size of the Japanese fiscal burden in the form of additional taxes required to finance
projected expenditures and stabilize government debt. They found that a massive fis-
cal adjustment is needed in 30-40% of total consumption expenditures, requiring a
distorting tax such as the consumption or labor income tax to rise to unprecedented
highs. Therefore, they suggested the importance of considering alternatives that
attenuate the projected increases in public spending or enlarge the tax base.

Sakuragawa and Sakuragawa (2020) reconsidered Japan’s fiscal sustainability.
They investigated whether the official projection is supported by a simulation con-
ducted under the political constraint imposed by a fiscal reaction function. First,
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Sakuragawa and Sakuragawa (2020) obtained Japan’s fiscal reaction function by
estimating the response of the primary surpluses to the past debt for a panel data set
of 23 OECD (Organization for Economic Co-operation and Development) countries.
Then, they evaluated the political feasibility of the official projection using their
estimated reaction function. Thus, they found that the Cabinet Office criterion for
the debt-to-GDP ratio could realize fiscal sustainability, attaining the government’s
policy target of nonnegative fiscal surpluses. Notably, the negative growth-adjusted
bond yield and the high growth rate contribute to this finding.

3 Theoretical framework

We calibrate the simulation of the Japanese economy by applying population data
from 2023, estimated by the National Institute of Population and Social Security
Research. The model includes 106 overlapping generations, corresponding to ages
0-105 years old. Three types of agents are incorporated: households, firms, and the
government. The following subsections describe the basic structures of households,
firms, and the government, as well as the market equilibrium conditions.

Our model incorporates intergenerational mobility across income classes based
on Kikkawa (2009) who found that Japan’s income disparity stems fundamentally
from different educational backgrounds between high school and university gradu-
ates. On the basis of his study, our model introduces two types of representative
agents: the low-income class (i.e., (just) high school graduates) and the high-income
class (i.e., university graduates) into a cohort. In this section, we describe the behav-
ior of the low-income class household in the model (see Appendix A for the behav-
ior of the high-income class).

3.1 Household behavior

The economy is populated by 106 overlapping generations that live with uncertainty,
corresponding to ages 0—105. Each agent is assumed to consist of a neutral individ-
ual because our model does not distinguish by gender. Each agent enters the econ-
omy as a decision-making unit and starts to work at age 18 years, and lives to a
maximum age of 105 years. Each household is assumed to consist of one adult and
its children. The children aged 0-17 or 0-21 only consume, involving childrearing
costs for their parent. Each household faces an age-dependent probability of death.
Let qj’. 1y be the conditional probability that a household born in year ¢ lives from

age j to j+1. Then the probability of a household born in year ¢, surviving until s
can be expressed by

s—1
H
P =TT 4y (1)
Jj=18

The probability qj’. 1) is calculated from data estimated by the National Institute
of Population and Social Security Research (2023). Since the survival probability is
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different among agents with different birth year, agents born in different years have
the different utility function.

Each agent who begins its economic life at age 18 chooses perfect-foresight con-
sumption paths (C'), leisure paths (Z), and the number of born children (! O to
maximize a time-separable utility functlon of the form:

40
1 —(s— 1-
Ut = — o ® Z P + 576 18) (n®)

l1-- =18
' 105 1 2
+(1 - a(H)) Z pt,(H)(l + 5)—(5—18){ (C{(H))¢(IIFH))1—¢}1—;
s=18

This utility function represents the lifetime utility of the agent born in year 7.
C!H), ') and n! ™ are respectively consumption, leisure and the number of children
to bear (only in the first 23 periods of the life) for an agent born in year ¢, of age s;
a is the utility weight of the number of children relative to the consumption—lei-
sure composite, y is the intertemporal elasticity of substitution, 6 is the adjustment
coefficient for discounting the future, and ¢ is the consumption share parameter to
leisure.

Fertility choice in the model is only based on the direct utility that households
obtain from their offspring, neglecting the investment element of children. The
demand for children as investment goods played an important role in traditional
economies (and still does in developing countries), where transfers from the young
to the old arise within the family. In modern advanced countries, however, a pay-
as-you-go (PAYG) social security scheme makes the investment aspect of children
socialized, as Groezen et al. (2003) pointed out. This creates the possibility for
households to free-ride on the scheme by rearing fewer or no children, still being
entitled to a full pension benefit. Therefore, we treat children as “‘consumption
goods” and a parent is assumed to obtain the utility from the number of children
born at each age.

As shown in Okamoto (2022), letting A"*) be capital holdings for the agent born
in year ¢, of age s, maximization of Eq. (2) is subject to a lifetime budget constraint
defined by the sequence:

A = (147, (1= A 4 (1= 17 = 2, Y, (1 = 1) — 1! (n! )}

+a ™ —or'™ + p ({1 - 1’<”> te! (n'™)}RE ) :

) — (1 —m)(1 + 25, )@ —m(1 + 7€, )@V

-1+ s

t+s

3)
where r, is the pretax return to savings, and w, is the real wage at time ¢; 7", 7" and (o
are the tax rates on labor income, capital income and consumption, respectively. 7/
is the contribution rate to the public pension scheme at time 7. All taxes and contri-
butions are collected at the household level. tc(n'™) is the time cost for childrearing.
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a™ is the bequest to be inherited, and or™ is the childrearing cost for orphans.
There are no liquidity constraints, and thus the assets AEH ) can be negative. Terminal
wealth must be zero. An individual’s earnings ability eE,H) is an exogenous function
of age.

The public pension program is assumed to be a PAYG scheme similar to the current
Japanese system. The program starts to collect contributions to the scheme from the
age of 20, in accordance with the law. The pension benefit is assumed to comprise only
an earnings-related pension:

1H) ((1 — JrD) _ 1(H)\\RE >
b;(”)({l _ l;(” . (nt(H))}u 20) — { gH ({1 L, tch (i) pRE ) ((;<_577";) i
“4)

where

H® ({1 =11 —gc! (n'™)RE ) = T Z T S e S A CASI

5=20
)
The age at which a household born in year ¢ starts to receive the public pension
benefit is ST, the average annual labor income for the calculation of pension benefit for
each agent is H' D ({1 — ') — g¢! (n'™)}RE ) "and the weight coefficient of the part
proportional to H')is 6. The symbol b ({1 — ") — ! (n'™)}RE ) signifies that
the amount of public pension benefit is a function of the age profile of labor supply,
{1 - l[u(U) fc, (nt(U))}u 20°
A parent is assumed to bear children with the upper limit of 40 years old, and expend
for them until they become independent of their parent, namely, during the period when
children are from O to 17 or 21 years old. Regarding the childrearing costs, the model
takes account of both monetary and time costs. Here note that the children aged below
18 or 22 years old do not conduct an economic activity independently, and childrearing
costs for their parent arise until they become independent of their parent. The financial
costs for rearing the children, for the parent born in year ¢ and s years old, are repre-
sented by @) and @', which are the cost for the children who will become high
school graduates and university graduates, respectively:

RE

-

> e - pu (s=18,19...., 35)
k=18
o™ =1 N &0 - (s=36,37,.... 40), ©)
k=s—17
40
Y &P - (s=41,42,..., 57)
\k=5—17
Q=0 (s=58,59,.., 105), )
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N

Z g1 —p)njf”) (s=18,19,..., 39)
k=18

o = 40 , )
> & - (s=40,41, ..., 61)
k=s-21
=0 (s=62,63,..., 105), )
EW = constant(&) + pPNW'ED, (10)

where & # is the childrearing cost for the parent born in year ¢, p is the rate of gov-
ernment subsidy (including child allowances) to childrearing costs, and f is the ratio
of childrearing costs to the net lifetime income, NW*®, for the parent born in year ¢.
The children who will become university graduates needs more monetary cost than
the children who will become high school graduates simply by the extra four-year
(18-21) cost before the independence from their parents. The mobility m denotes the
probability in which the children will belong to the high-income class (i.e., university
graduates) different from their parent, and 1 — m is the probability in which they will
belong to the low-income class (i.e., high school graduates) same as their parent. The
number of children affects the whole available time for a parent, because of the time
required for childrearing. The time cost for rearing the children for the parent born in
year t, of age s, is represented by
), an

s

tcg(H) = un

where u is the parameter that shows the relation between the number of children and
the time required for childrearing, which is simply assumed to be proportional to the
number of born children. The time cost is assumed to be same across the two types
of children who will become high school graduates or university graduates.

The model contains accidental bequests that result from uncertainty over length of
life. The bequests, which comprise assets previously held by deceased households, are
distributed equally among all surviving low-income class households at time . When
BQEH) is the sum of bequests inherited by the low-income class households at time #,
the bequest to be inherited by each low-income household is defined by

h (H)
4 = (I-7 )BQr+s

, (12)
s (H)
Et+s
where
105
BQEH) — Z (Né—x—l H) _ N;:rsl_l(H))A:rsl_l(H)‘ (13)
s=18

7 is the tax rate on inheritances of bequests. The amount of inheritances received
is linked to the age profile of assets for each household. E;H) is the number of the
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low-income class households conducting an economic activity independently, aged 18
and older. The number of the generation with age s years born in year ¢ is represented by

NI = prDNIED, (14)

Total childrearing cost of the orphans, who are generated as a consequence of
parents’ uncertainty over length of life, is distributed equally among all surviving
low-income class households at time . When OR?H) is the sum of childrearing costs
incurred by the low-income class households at time ¢, the childrearing cost for
orphans for each low-income class household is defined by

OR')
or'™® = 12 (15)
s H)
EH—S

where

57 61
H —s(H - - —s(H - -
ORE ) — 1 =m) Z (N;_;( )—N; s(H))q)g s(H) 4 Z (N;_;( ) _ Nﬁ s(H))q); s(U).
s=18 s=18
(16)
Therefore, the net amount of bequests is represented as a® — or). When we
consider the utility maximization problem over time for each agent, besides the flow
budget constraint represented by Eq. (3), the following constraint is imposed:

0<I™ <1 —1c!(n'™) (18 <s<RE)
(17)

[ = | (RE+1<s5<105)

This is a constraint that labor supply is nonnegative, and that each household
inevitably retires after passing the compulsory retirement age, RE.

Let us consider the case where each agent maximizes expected lifetime utility
under two constraints. Each individual maximizes Eq. (2) subject to Egs. (3) and
(17) (see Appendix B for further details). From the utility maximization problem,
the equation expressing the evolution of the number of children over time for each
individual is characterized by

Wi — Pi(j) 1+6 WD (18)
R VTC A FERTIED) R

1 1
a<H>k1‘?(n§<H>)‘?

s

Wi =
N 17

21
I+ l(l —m) X QL DA =p)+m Y Q EH( - P)]
g=0 g=0 "~
19)

¢ -1
where Qf (=1 for g =0, Q= <1<Hl {147, (1 - T’)}) .
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Similarly, that for the consumption—leisure composite is represented by

pt(H)
t(H) _ s—1
v (

1+6 ] { (H)

V=, 20
o THr, (=) s—1 (20)

(1- a(H)){(CI(H))¢(lt(H))1—¢>}_5 P(CLUE =1t UDy1=¢

1+

i 1)

3.2 Firm behavior

As shown in Okamoto (2022), the model has a single production sector that is assumed
to behave competitively using capital and labor, subject to a constant-returns-to-scale
production function. Capital is homogeneous and depreciating, while labor differs only
in efficiency. All forms of labor are perfectly substitutable. Households with different
income classes or different ages, however, supply different amounts of some standard
measure per unit of labor input.

The aggregate production technology is the standard Cobb—Douglas form:

Y, =K'L™, (22)

where Y, is aggregate output (national income), K, is aggregate capital, L, is aggre-
gate labor supply measured by the efficiency units, and ¢ is capital’s share in produc-
tion. Using the property subject to a constant-returns-to-scale production function,
we can obtain the following equation:

Y, =(r, + 6K, +wL, (23)

where 6* is the depreciation rate.

3.3 Government behavior

As shown in Okamoto (2022), at each time ¢, the government collects tax revenues and
issues debt (D, ) that it uses to finance government purchases of goods and services
(G,) and interest payments on the inherited stock of debt (D,). The government sector
consists of a narrow government sector and a pension sector, and a portion of revenues
is transferred to the public pension sector. The public pension system is assumed to be
a simple PAYG style and consists only of earnings-related pension. Pension account
expenditure is financed by both contributions and a transfer from the general account.
The budget constraint of the narrower government sector at time ¢ is given by

Dyy=0+r)D,+G,-T, (24)

where G, is total government spending on goods and services, 7, is total tax rev-
enue from labor income, capital income, consumption and inheritances, and D, is
the net government debt at the beginning of year ¢. D, is gross public debt minus
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the accumulated pension fund because the model abstracts the public pension fund,
which is represented as a ratio to national income:

D, =dY, (25)

where d is the ratio of net public debt to national income.
The public pension system is assumed to be a simple PAYG style. The budget
constraint of pension sector at time ¢ is represented by

R,=(1-n)B,, (26)

where R, is total revenue from contributions to the pension program, B, is total
spending on the pension benefit to generations of age ST and above, and x is the
ratio of the part financed by the tax transfer from the general account.

The total government spending on goods and service is defined by

G, =gY, + 7B, + GS,, 27

where G, includes transfers to the public pension sector (zB,) and the government
subsidies to child rearing (GS,). The government spending except for the transfers
and the subsidies is gY,, which is assumed to be represented as a constant ratio (g) of
national income. The spendlng is assumed to either generate no utility to households
or enter household utility functions in a separable fashion.

The total amount of government subsidies (including child allowances) to the
childrearing cost in year ¢ is GS;:

GS, = GS™ + GsW, (28)

GS™ = p|(1—m) Z RCL™ + RCL + RCS™) +m Z RCIY + RCI|,

s=18 s=18
(29)
RCL = ZN’ WIg=s W=D (=18, 19, ..., 35)
k=18
{ RCY = Z N> Dgt=stpi=s (s = 36, 38, ..., 40), 30)
k=s—17
RC = Z NS ety (s =41, 42, ..., 57)
k=s—17
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RC!Y = ZN’ S gy (5= 18, 19, ..., 39)
k=18
, 31)

RC)\V = 2 NS gms@hy=s (s = 40, 41, ..., 61)
k=s-21

where RC*™, RC?™ and RCS™ are monetary costs for childrearing when the chil-
dren will belong to the low-income class same as their parent, namely, they will
become high school graduates, and RCf(U) and RC;’(U) are the costs when the chil-
dren will belong to the high income class different from their parent, namely, they
will become university graduates.

61 57
GS" =p|(1=m) Y RCID +RCI +RC) +m Y (RCI + RCY™) |,

§=22 §=22
29)
RCLY = 2 N7 Og= O = O (5= 22, 23, ..., 40)
k=22
3 RC)YV = ZN’ WDy (5= 41, 42, 43) . (30)
k=22
RC:YV = Z N W=y (5= 44, 45, ..., 61)
L k=5-21
RCLD = ZNH(U)é’ W@ (s=22, 23, ..., 39)
k=22
. GD)

RC)D = 2 N Wg=s@p =@ (5= 40, 41, ..., 57)
k=s—17

where RC;‘(U), RCf(U) and RC,C(U) are financial costs for childrearing when the parent
is 22 to 61 years old. Once the parent becomes 62 years old, the cost does not exist
because all children are independent from their parent.

The total spending on the pension benefit to generations of age ST and above is
represented by

B, =B + BV, (32)

BgH) BgU)

where and are the expenditure for the two income classes:

105

B(H) N’ s(H)bz s (H) (33)
SZST
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105
BﬁU) — Z Nz—s(wbi—sw)_ (33)
s=ST

The total revenue from pension contributions and the total tax revenue are repre-
sented by

R, = t"w,L,, (34)

T,=7"wL, +1'1rAS, + 7/AC, + "BQ,, (35

where aggregate assets supplied by households, AS,, and aggregate consumption,
AC,, are given by

AS, = AS™ 4 A5, (36)

AC, = AC™ + ACY. (37)

For the low-income class, aggregate assets supplied by households, ASﬁH), and
aggregate consumption, AC}H) , are given by

105
ASID = N N A, (38)
s=18
105 57
ACD = N Ny (1 —m) Y (RCE + RC + RCLT)
s=18 s=18

61 (39)
+m Y RCHY +RCIY),
s=18
where aggregate consumption consists of adult’s consumption (at age 18—105 years
old) and children’s consumption or cost (at age zero to 17 or 21 years old).
For the high-income class, aggregate assets supplied by households, AS;U), and
aggregate consumption, ACfU), are given by
105

w502 S, o)
§=22
105 ol
AC;U) _ Z N;_s(U)Cg_S(U) +(1=m) Z (Rcsa,(tU) +RC§;’(IU) +RC§,(1‘U))
=22 §=22

(39)

57
+m Y RC +RCI),
§=22

where aggregate consumption consists of adult’s consumption (at age 22—-105 years
old) and children’s consumption or cost (at age zero to 21 or 17 years old).
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The total sum of bequests inherited by the households and the total childrear-
ing cost of the orphans at time ¢ are as follows:

BQ, = BO" + BO\V, (40)

OR, = OR"™ + ORY. (41)

Total population (i.e., the population aged zero to 105), the population aged
18 or 22 to 105 (i.e., independents financially), and the population aged 65 to 105
(i.e., retirees) in year ¢ are respectively represented by

7,=7" + 7, 42)
E,=E" + EY, (43)
0,=0"+0Y. (44)

The aging rate (i.e., the old-age dependency ratio), the ratio of the population
aged 65 and above to the total population, is given by O,/Z,. For the low-income
class, the total population, the population aged 18 to 105, and the population aged
65 to 105 in year ¢ are respectively represented by

105 40
H) t—k—i(H) t—k(H) t—k—i(H
Z =N N N ki), 45)
k=0 i=18

105 40

(H) t—k—i(H) t—k(H)_ t—k—i(H)

E = ) 3 N i, (46)
k=18 i=18

105 40
(H) (ki (H) _1—k (H) _(—k—i (H)
O = 3 3 N ki, @7)
k=65 i=18

For the high-income class, the total population, the population aged 22 to 105,
and the population aged 65 to 105 in year ¢ are respectively represented by

105 40

(V) 1—k—=i (U) 1=k (U)  1—k—i (V) ’
202 3 3 WO i, )
k=0 i=22
105 40
) _ 1—k—i (U) 1~k (U)_t—k—i (V) )
BV = 33 Nk (46)
k=22 i=22
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105 40
) t—k=i(U) 1=k (U)_ t—k—i(U) ’
0, ZZZNi p “7)
k=65 i=22

3.4 Market equilibrium

Finally, equilibrium conditions for the capital, labor and goods markets are
described.

(1) Equilibrium condition for the capital market
Because aggregate assets supplied by households equal the sum of real capital
and net government debt,

AS, =K, + D, (48)

(2) Equilibrium condition for the labor market
Measured in efficiency units, because aggregate labor demand by firms equals
aggregate labor supply by households,

L=L"+1Y, (49)
where
RE
LEH) — Z Né—s(H)eiﬂ){l _ IZ_S(H) — tci(”i(m)}’ (50)
s=18
RE
L;U) _ 2 N;—s(U)egU){l _ li_S(U) _ tci(”i(m)}' (50%)
§=22

(3) Equilibrium condition for the goods market
Because aggregate production equals the sum of private consumption, private
investment and government expenditure,

Y, =AC, +{K,, - (1 -8} +G,. (51)

An iterative program is performed to obtain the equilibrium values of the above
equations.

4 Simulation analysis
4.1 Method

The simulation model presented in the previous section is solved fundamentally,
given the assumption that households have perfect foresight and correctly anticipate
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interest, wages, the tax and contribution rates, and other factors such as the govern-
ment net debt-to-GDP ratio. If the tax and social security systems and other ele-
ments are determined, then the model can be solved using the Gauss—Seidel method
(see Auerbach and Kotlikoff (1987) and Heer and MauB3ner (2005) for the computa-
tion process).

Our study assumes the transitional economy of Japan from the initial steady state
in 2020 to the final steady state in 2300. Alternative scenarios with the different
debt-to-GDP ratio are assumed to be implemented at the end of 2020. For simplicity,
2020 is set as the starting year, and we simulate the demography and the economy
in the following years. For the generations that were alive in 2020 and have survived
in 2021, we need to pay attention to their formation of future expectations. In 2021,
these generations realized that their previous expectations no longer apply and thus
again maximize their remaining lifetime utility given perfect foresight. Based on the
ex-post age profiles of the number of children to bear, consumption, and leisure for
these generations, we calculated their lifetime utility at 18 and 22 years for the low-
and high-income classes, respectively.

The LSRA first transfers to each household affected by the change in government
net debt-to-GDP ratios just enough resources (possibly a negative amount) to return
its expected remaining lifetime utility to its pre-change level in the benchmark simu-
lation. For each household that is alive when a change occurs at the end of 2020, at
its age in 2021, the LSRA makes a lump sum transfer, to return its expected remain-
ing lifetime utility to its pre-change utility level. The LSRA also makes a lump-sum
transfer to each future household that enters the economy after a change (from 2021
onward), at its age of 18 or 22 years, to return its expected entire lifetime utility back
to its pre-change level.

Note that the net present value of these transfers in 2021 across living and future
households will generally not sum to 0. Thus, the LSRA makes an additional lump
sum transfer to each future household so that the net present value across all trans-
fers is 0. To illustrate, let us assume that these additional transfers are uniform across
all future generations, including the low- and high-income classes. If the transfer is
positive, then the change has produced extra resources after the expected remain-
ing lifetime utility of each household has been restored to its pre-change level. In
this case, we can interpret that the change has created efficiency gains, i.e., Pareto
improvements. Conversely, if the transfer is negative, then the change has generated
an efficiency loss. Thus, the total net present value of all lump sum transfers to cur-
rent and future generations sums to 0 in 2021, satisfying the LSRA budget constraint
(see Nishiyama and Smetters (2005) for further details).

4.2 Simulation cases

This study investigates the quantitative effects of different levels of net government
debt in Japan on individual welfare and future demographics, using an extended
life-cycle general equilibrium model with endogenous fertility. The net debt-to-
GDP ratio was constant at approximately 150% from 2016 to 2019, as illustrated
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in Fig. 1. Accordingly, we assume that Japan’s net government debt is 150% of its
GDP (d=1.5) in the 2020 initial steady state. The benchmark simulation assumes
that the ratio remains 150% annually until 2300. We consider alternative scenarios
with the different ratios of net government debt to Japan’s GDP from — 300 to 250%
(d=-3,-29, ..., 2.4, 2.5).% To avoid extra disturbance or confusion from sudden
changes in the net government debt-to-GDP ratio, we assume that the ratio changes
smoothly, interpolating over 10-year periods from 2021 to 2030.* In addition, we
consider the case with LSRA transfers for each scenario with the different debt-to-
GDP ratios. To distinguish potential efficiency gains/losses from possibly offsetting
changes in the welfare of different generations, we introduce LSRA into the alterna-
tive simulation scenarios with different levels of net government debt. The LSRA
transfers produce a leveled and common welfare gain/loss for each future household
in both the low- and high-income classes.

4.3 Specification of the parameters

We chose realistic parameter values for the Japanese economy based on the litera-
ture (imrohoroglu et al., 2017; Kitao & Mikoshiba, 2020; Nishiyama & Smetters,
2005; Oguro et al., 2011). Table 1 displays the parameter values assigned in the
baseline simulation, and the data source used in the calibration. Parameter values
were chosen such that the calculated values of the model’s endogenous variables
approached the actual data values. Table 2 presents the endogenous variables in the
2020 initial steady state. Because the simulation results depend on the model set-
ting and the given parameters, we must be careful about the effects of any parameter
changes. How well our model reproduces the actual Japanese economy is signifi-
cant. Because the model includes a life-cycle feature, we show the profiles of indi-
vidual consumption, assets, and leisure over the life-cycle in the model. Figures 2
and 3 illustrate age profiles of consumption, assets, and leisure in the model in the
2020 initial steady state, for the low- and high-income classes, respectively. Using
empirical data, Ogawa et al. (2013) estimated age profiles of per capita consump-
tion and labor income in Japan. A comparison with Fig. 27.1 in Ogawa et al. (2013)
confirms that our model’s consumption and labor income age profiles are relatively
close to the real Japanese economy. Figures 2 and 3 also reveal that the high-income
class has more assets and leisure time than the low-income class, reflecting the Japa-
nese reality.

3 We consider a specific path for the government debt-to-GDP ratio. More generally, it would be better
to consider the optimal path of government debt instead of the optimal level of long-run debt; however,
because of the model’s basic structure, extending the current model to derive the optimal path of govern-
ment debt is challenging. Therefore, deriving the optimal path of government debt can be considered a
challenging task for future research.

4 For example, in the simulation case with net debt-to-GDP ratio of — 150% (d= — 1.5), the ratio (d) is
assumed to be 1.5 in 2020, 1.2 in 2021, 0.9 in 2022, ...,— 1.2 in 2029, and — 1.5 in 2030. After 2030, the
debt-to-GDP ratio will remain constant at— 150%.
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Table 2 Endogenous variables

. L Parameter description
in the 2020 initial steady state P

Parameter value

Interest rate,r

Wage rate,w

Tax rate on consumption,z®
Contribution rate,z?
Capital-income ratio,K /Y
Total fertility rate (TFR)

Ratio of net childrearing costs to
annual labor income

Ratio of government childcare sub-
sidies to national income,GS/Y

0.0741
1.0678
0.1311
0.1496
2.4294

1.3300 (low-income class
1.3796; high-income class
1.2558)

0.1906 (low-income class)

0.1726 (high-income class)

0.0116

8

7 Consumption
Leisure

6
Asset

5 Laborincome

4

3

2

1

_4.,’-~//’—\‘(ear
0

18 22 26 30 34 38 42 46 50 54 58 62 66 70 74 78 82 86 90 94 98 102

-1

-2

Fig.2 Age-profiles of consumption, leisure, asset, and labor income for the low-income class in the 2020

initial steady state

4.3.1 Demography

Japan’s population is aging at an unprecedented speed for a developed nation;
simultaneously, the population is decreasing, which has become one of Japan’s
most important problems. Japan’s speed and magnitude of demographic aging are
remarkable, even compared to other advanced countries facing similar challenges.
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Fig.3 Age-profiles of consumption, leisure, asset, and labor income for the high-income class in the
2020 initial steady state

Table 3 Population ratios among people with different educational backgrounds

Population (thousands) Population share
(%)
Junior high school graduates 695.16 3.26 49.94
High school graduates 9,945.14 46.68
Technical and junior college graduates 2,149.95 10.09 50.06
University graduates 8,515.62 39.97
Total (in year 2020) 21,305.87 100

Source: The Ministry of Health, Labour and Welfare (2021)

Our extended life-cycle general equilibrium simulation model with endogenous fer-
tility rigorously reflects such demographic dynamics in Japan.
The age-specific survival probability q; 1y is calculated from data estimated by

the National Institute of Population and Social Security Research (2023). We used
the average values for males and females on future life tables by age from 2020 until
the last year for which official projections are available, 2070; after 2070, we used
the 2070 life table data. For simplicity, the survival rate for the low-income class
(i.e., high school graduates) is unity at 18 years old, and that for the high-income
class (i.e., university graduates) is unity at 22.
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Fig.4 Age—population distribution in the 2020 initial steady state. Notes: The vertical gap between the
total population and the number of university graduates is the number of high school graduates for each
age. For young people unsure if they will be (just) high school graduates or university graduates, we
assume 50/50.

Table 3 indicates the population ratio of individuals with different educational
backgrounds in 2020, estimated from the Basic Survey on Wage Structure (Chingin
Sensasu) by The Ministry of Health, Labour and Welfare (2021). The population
share of high school graduates (including junior high school graduates) and univer-
sity graduates (including technical and junior college graduates) is 49.9% and 50.1%,
respectively. Figure 4 illustrates the age—population distribution in 2020 based on
data from the Ministry of Internal Affairs Communications (2021), denoting the
population of high school and university graduates, respectively, for each age.” We

5 The relationship between the population endogenously determined in the model and the real age-pop-
ulation distribution in 2020 is as follows. In our model, individuals choose the number of children; thus,
the number of children is endogenously determined; however, we apply the following special setting only
for the 2020 initial steady state. Since the actual age-population distribution in 2020, illustrated in Fig. 4,
is available from empirical data, it is applied in the model. In other words, for the initial steady state, the
population of each age group is set to be predetermined. Under this external environment setting, each
household maximizes its lifetime utility by choosing the number of children. The utility maximization
of two types of households (low- and high-income classes) represented by a single representative house-
hold determines a stream of the number of children born at each age up to 40. The total number of new
babies born is calculated by considering the real population weight at each age for each income class on
the number of births. For example, for 2021, just out of the initial steady state, the number of newborns
(age 0) in 2021 is determined endogenously, as explained above. For people aged 1-105, the age-specific
probability rates of surviving from 2020 (initial steady state) to 2021 are applied. For 2022, the number
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estimated each population of high school graduates and university graduates aged
0-105 in 2020, similar to Okamoto (2022). For the elderly, especially those of
advanced age, the number of high school graduates exceeds that of the university
graduates, whereas for the young and the middle-aged, it is approximately fifty—fifty.
For those who are under 18 or 22 years old and undecided to become high school or
university graduates, we assume that their population is the same i.e., fifty—fifty on
the basis of Kikkawa (2009).

4.3.2 Preference parameter on the number of children

Regarding the preference parameter for children in the utility function of house-
holds, the parameter value in the benchmark simulation is the same between the
low-income class (i.e., (just) high school graduates) and the high-income class
(i.e., university graduates). In other words, the utility weight of the number of chil-
dren relative to the consumption—leisure composite in Egs. (2) and (2’) is the same
between the two income classes (a)=a’=0.03188). This parameter setting is
implemented after comprehensively considering several empirical studies, such as
Kikkawa (2018), Adsera (2017), and Doepke et al. (2022).

Initially, Kikkawa (2018) suggested that the low-income class tends to have more
children than the high-income class. Kikkawa (2018) presents the scheduled number
of children for young people aged 2140, which is based on a large-scale question-
naire survey (SSM2015). Accordingly, on average, the scheduled number of chil-
dren for young high school-graduate couples is 1.14, whereas it is 0.875 for young
university-graduate couples. The data revealed that the low-income class has more
children than the high-income class.

Conversely, some previous studies, such as Adsera (2017) and Doepke et al. (2022),
revealed that such tendencies have weakened recently. Adsera (2017) investigated the
effects of a possible increase in the employment and income gaps between highly
educated and low-educated workers on their fertility. They suggested that educational
attainment’s negative fertility gradient has recently weakened in developed countries,
and the gap in the number of children born between more-educated and less-educated
women has shrunk. Their study also suggested that rising inequality is one mecha-
nism that could underlie this apparent fertility convergence. As some middle-income
jobs seem to disappear, polarization in the labor market has increased. This change in
the labor market could exert downward pressure on the fertility of medium- and less-
educated couples and further flatten the educational gradient.

Doepke et al. (2022) analyzed the relationship between per capita GDP and total
fertility rates in countries worldwide. They found that the relationship between
income and fertility in rich countries has recently reversed and that higher per capita

Footnote 5 (continued)

of newborns (age 0) in 2022 is determined endogenously, and for people aged 1-105 we further apply the
age-specific probability rates of surviving from 2021 to 2022. For 2022, newborns (age 0) and 1-year-old
children are the population endogenously determined in the model. Thus, over time, the overall demo-
graphics gradually become more endogenous. Reflecting the real age-population distribution in 2020,
this is a realistic picture, and this method is used to provide a more realistic and plausible simulation in
our analysis.
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GDP may lead to higher total fertility rates. This relationship does not directly apply
to the relationship between income and fertility for the low- and high-income classes
divided by educational background in the specific country of Japan; however, we
believe that the results of this analysis should be referenced.

The difference in fertility rates between the low- and high-income classes divided
by educational background was set by data from a large-scale questionnaire survey
(SSM2015); the survey used empirical data derived by Kikkawa (2018). The evi-
dence shows that the fertility rate of the low-income class is higher than that of the
high-income class, which is based on a reasonable rationale and has a certain valid-
ity; however, the findings of Adsera (2017) and Doepke et al. (2022) suggest that the
fertility rate differences between the two income classes have recently decreased.
Based on the above considerations, we assumed that the parameter (a) related to
the preference for the number of children in the households’ utility function was set
to the same value between the two income classes (a''=a(¥?=0.03188). Conse-
quently, the total fertility rate (TFR) is 1.38 for the low-income class and 1.26 for
the high-income class in the 2020 steady state (the TFR for the whole society is
1.33). A possible reason is that the utility obtained from the number of children is
relatively higher for the low-income class than the high-income class because of the
lower wage income per unit of labor.

4.3.3 Childrearing costs

Next, we describe how we assign parameter values for childrearing since our simula-
tion model incorporates endogenous fertility. Based on empirical data, such as Kik-
kawa (2009), in our model, 70% of children from the high-income class will become
high-income class households, and 70% of children from the low-income class
will become low-income. In Japan, the high-income class spends more on educat-
ing their children than the low-income class because private education has a higher
weight. This fact justifies the model setting that childrearing costs are basically pro-
portional to the parent’s lifetime income. Our model also introduced a constant por-
tion of childrearing costs that is independent of the parent’s lifetime income, refer-
ring to the assumption for childcare costs, such as Attanasio et al. (2008) and Guner
et al. (2020); see Equations (10) and (10%).°

The Cabinet Office (2010) indicated the average annual childrearing costs for the
first-born child to annual income for each age. Based on the survey in the Cabinet
Office (2010), we assigned the parameter values of f (i.e., the ratio of childrearing
costs to parental net lifetime income) and the constant part (constant(f)) such that
the ratio of the annual net childrearing costs to annual labor income for the indi-
vidual is, on average, close to 19.3%. Thus, § and constant(¢) are assigned 0.035 and
0.0654, respectively (the ratio is 19.1% for the low-income class and 17.3% for the
high-income class).

% The main findings remain almost the same even if all childrearing costs depend solely on the parent’s
lifetime income (constant (£)=0), as in Okamoto (2022).
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The OECD (2022) presents public spending on family benefits in cash, services,
and tax breaks for families as a percentage of GDP in 2017. For Japan, public spend-
ing ratios on family benefits in cash, services, and tax measures to GDP are 0.65%,
0.93%, and 0.20%, respectively.” We assigned the value of parameter p (government
childcare subsidies divided by childrearing cost) to 0.1 in the model, as in Oguro
et al. (2011). Consequently, the ratio of total government subsidies to national
income was 1.14% in the 2020 initial steady state.

Addtionally, our model incorporated not only the monetary costs of childrear-
ing but also the time costs. Increases in the number of children diminish the par-
ent’s available time, because of the time required for childrearing; more children to
bear, more time required for childrearing. The parameter determining this relation,
U, is assigned under the simple assumption that one child required 1 h per day for
childrearing.®

4.3.4 Age profile of labor efficiency

The age profiles of earning ability for the two income classes were estimated with
data from the Basic Survey on Wage Structure (Chingin Sensasu) by the Ministry of
Health, Labour and Welfare (2013-2022a) for the 2012-2021 period. The labor effi-
ciency profiles are constructed from the Japanese data on employment, wages, and
monthly work hours.

To estimate the age profiles of earnings ability, e and !”), respectively, the fol-
lowing equation is constructed:

O, =ay+aA, + azAlz’ (52)

where Q is the average monthly cash earnings for high school-graduate workers and
university-graduate workers, respectively, and A is the average age for each of the
workers, including both males and females. Because bonuses account for a large
part of earnings in Japan, Q includes bonuses. Using the above data, we use the
ordinary least squares (OLS) method to perform estimation. Figure 5 presents the
results, illustrating age—earnings profiles by educational background. For the high
school graduates, they start to work earlier (18 years old), but their age profile of
earnings is flatter with a lower level than the university graduates. For the university
graduates, they start to work later (22 years old), but their age profile of earnings is
steeper with a higher level.

7 In Japan, the ratio of total family benefits to GDP is only 1.79%, whereas it is, on average, 2.34% for
the 37 OECD member countries. This shows that the level of governmental support for childrearing is
considerably lower in Japan than that in other countries.

8 Calibrating the value of parameter, p, that determines the time cost in the model is difficult. In the 2020
initial steady state, an average number of children to which a parent gives birth during the period from 18
or 22 to 40 is 0.0311 per year. We simply assume that a parent’s available time is 16 h per day and that
the childrearing time cost for one child is 1 h per day.
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Fig.5 Age earnings profiles based on educational background. Source: The profiles are estimated from
the Ministry of Health, Labour and Welfare (2013-2022a) for the 2012-2021 period

4.3.5 Taxes and expenditures

Tax rates on labor income, capital income, and inheritances are assumed to be fixed
at the current levels (6.5%, 40%, and 10%, respectively) during the entire period until
2300. Tax rates on consumption are endogenously determined to satisfy Egs. (24)
and (35). General government expenditures, except for transfers to the public pen-
sion sector (wB,) and government subsidies to childrearing (GS,), are proportional
to national income (Y,), as indicated in Eq. (27). The ratio of general expenditure to
national income, g, is assigned 0.1 such that the endogenous tax rate on consump-
tion is realistic and plausible in the 2020 initial steady state (i.e., 13.11%). The ratio
is held constant at 0.1 throughout the entire period. The ratio of public expenditures
to GDP as a source of social security funding is 6.9% lower in our model than the
real ratio; therefore, we conduct a sensitivity analysis, where we set g=0.169 (see
Sect. 6.1 for further details).

4.3.6 The public pension system
The public pension program is assumed to be a simple PAYG system similar to the
current Japanese system. The benefit is assumed to comprise an earnings-related

pension, although Japan’s actual public pension system is two-tiered: a basic flat
pension and an amount proportional to the average annual labor income for each
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household. General tax revenue finances half of the flat part, whereas contributions
to the pension system fund both the remaining half and the entire proportional part.
We assign the ratio () of the part financed by the tax transfer from the general
account in Eq. (26) as 0.25, taken from Oguro and Takahata (2013). The replace-
ment ratio () for public pension benefits in Eq. (4) is equal to 40%, following Braun
et al. (2009).

The age at which households start to receive public pension benefits (ST') is con-
stant during the entire period. The compulsory retirement age (RE) is the starting
age of public pension benefits (ST) minus 1. Thus, after households retire at the end
of the year in which they reach compulsory retirement, they immediately start to
receive pension benefits from the beginning of the next year.

4.3.7 Government deficits

Net government debt (D,) is assumed to be proportional to national income to make our
simulation feasible. The value of parameter d, which is the ratio of net public debt to
national income as given in Eq. (25), is assigned as explained in the subsection simula-
tion cases. After 2020, Japan’s national income is expected to decrease as the popula-
tion declines. Therefore, the assumption that net government debt is proportional to
national income during the entire period implicitly implies that the government will
successfully reduce future government deficits.

4.3.8 Intertemporal elasticity of substitution

Following Imrohoroglu et al. (2017), the intertemporal elasticity of substitution (y) in
the individual utility function is set to 0.5. Our model also set the same value between
the number of children and the consumption-leisure composite parameter, as in previ-
ous studies, such as Oguro et al. (2011) and Oguro and Takahata (2013). This param-
eter is an important determinant of fertility and population size when income changes;
therefore, we conduct a sensitivity analysis, where we set y=0.4 (see Sect. 6.2 for fur-
ther details).

4.3.9 Share parameter on consumption in utility

The value of the consumption share parameter, ¢, in the utility function is assigned
based on Nishiyama and Smetters (2005). Referring to Nishiyama and Smetters (2005),
where ¢=0.47, we set ¢=0.5 in this paper. Consequently, in the 2020 initial steady
state, an individual devotes, on average, 59.0% for the low-income class and 60.1% for
the high-income class, of the available time endowment (of 16 h per day) to labor dur-
ing their working years (ages 18—64 or 2264 years).

4.3.10 Adjustment coefficient for discounting the future
The adjustment coefficient for discounting the future, 6, is set such that the capi-

tal-income ratio (K/Y) in the model, that is 2.43, approaches its plausible value, 2.5
which is estimated by Hansen and Imrohoroglu (2016).
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Fig.6 Leveled LSRA transfer value created by simulation analysis for each net debt-GDP ratio

4.3.11 Technological progress

The technological progress of private production is significant because it greatly influ-
ences economic growth. Thus, careful attention should be paid to our assumptions.
Technological progress is assumed to be O in the simulation, reflecting Japan’s experi-
ence during the past two or three decades (see Ihori et al., 2006).

5 Simulation results

Based on the simulation results in Japan, we first address the net government debt-
to-GDP ratio, which maximizes the per-capita utility and the level of per-capita
welfare gain. We next address the net government debt-to-GDP ratio’s impact on
future population levels and then discuss the mechanism behind the findings. The
overall simulation analysis results reveal that the net debt-to-GDP ratio of —220%
maximizes the per-capita utility and produces a considerable per-capita welfare gain
(34.442 million yen, approximately 314,000 USD in 2021); however, compared to
the baseline simulation with a debt-to-GDP ratio of 150%, the optimal net govern-
ment debt substantially decreases the total population in the long run. In general,
one policy instrument cannot achieve two policy goals; therefore, it may be better to
improve per-capita utility by reducing Japan’s net debt-to-GDP ratio and maintain
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the future population level through other policy instruments, such as childcare sup-
port measures or immigration policies.

5.1 Effectonindividual welfare

First, we evaluate the effect of alternative cases with different net debt-to-GDP
ratios on individual welfare. Figure 6 illustrates the leveled LSRA transfer value
obtained by the simulation analysis for each net debt-GDP ratio, from—300% to
250% (d=-3,-2.9, ..., 2.4, 2.5). When the ratio is —220% (d = —2.2), each indi-
vidual’s leveled welfare gain is maximized, equivalent to 34.442 million Japanese
yen (approximately 314,000 U.S. dollars in 2021), a considerable amount for each
individual.’ Figure 6 shows that as the net debt-to-GDP ratio is lower or higher
than —220%, the per-capita welfare is lower. Therefore, these results show that the
net debt-to-GDP ratio of —220% (d= —2.2) is desirable from the viewpoint of per-
capita welfare. In terms of efficiency, it is preferable to realize the net debt ratio
of —220% of Japan’s GDP. This result means that the current high level of gov-
ernment debt (150% of GDP) is far from the optimal level of maximizing welfare,
bringing about a considerable loss in economic welfare.

Although the net government debt-to-GDP ratio of —220% maximizes per-cap-
ita utility, it seems to be difficult, in reality, to achieve this ratio because it is cur-
rently approximately 150% in Japan and is still increasing. As Fig. 6 illustrates, the
debt-to-GDP ratios of 100%, 50%, and 0% bring about the leveled welfare gains of
5.328 million yen (approximately 49,000 U.S. dollars in 2021), 10.555 million yen
(approximately 96,000 U.S. dollars in 2021), and 15.900 million yen (approximately
145,000 U.S. dollars in 2021), respectively. Because a decrease in the debt-to-GDP
ratio from 150 to 100% generates such a considerable amount of per-capita welfare
gain, the transition to the debt-to-GDP ratio of 100% would be an immediate and
realistic goal to enhance the efficiency in present Japan.

5.2 Effect on future population

Next, we assess the impact of alternative cases with the different net debt-to-GDP
ratios on the future population. Figure 7 illustrates the percent changes of the total
population for each year from the benchmark case (d=1.5), concerning five cases
of different net debt-GDP ratios (d=—3,—-2.2,—1, 0, and 2.5), respectively. Dif-
ferent net government debt-to-GDP ratios bring about a different total population
for each year. Although the net government debt-to-GDP ratio of —220% maximizes

° The Cabinet Office (2022) estimated that the GDP of Japan in 2020 was 528.23 trillion yen. Also,
according to data from the Ministry of Internal Affairs and Communications (2022), the number of
the people aged 20—64 years was 69.37 million in 2020. We calculated the income per worker using
these data and also derived the value for national GDP in 2020 in our model, yielding a conversion rate
between actual amounts of yen and values in the model. Consequently, in 2020, unity in the model cor-
responded to 4.112678 million yen.
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Fig.7 Changes in total population from the benchmark for five cases of different net debt-GDP ratio
from 2020 to 2100 (percent changes)

per-capita utility, the ratio of —220% (d = —2.2) is not desirable from the viewpoint
of the future total population. Figure 7 shows that just after the reform from 2021,
the population for the ratio (d= —2.2) slightly increased until 2028 compared to
the baseline simulation (d=1.5); it is higher by 0.09% in 2024. Yet, after 2028, this
ratio’s population gradually decreases, standing apart from the baseline simulation’s
level; it is lower by 1.69% in 2050, 3.73% in 2070, and 8.47% in 2100. Therefore,
the net debt-to-GDP ratio of —220% (d= —2.2) maximizes the per-capita welfare
with a considerable equivalent amount; however, it gradually decreases the total
population, resulting in a substantial drop in the long run. This is mainly because an
increase in the wage rate improves the individual utility but raises the opportunity
cost of raising children (see the following subsection for further details).

5.3 Mechanism behind the findings

Here, we consider why the net debt-to-GDP ratio of —220% (d= —2.2) maxi-
mizes the per-capita welfare. Large changes in the net debt-to-GDP ratio greatly
influence the level of capital stock through Eqgs. (25) and (48). A substantial
decrease in the debt ratio from 150% (d=1.5) to—220% (d= —2.2) substantially
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Fig.8 Changes in national income from the benchmark for three cases of different net debt-GDP ratio
(percent changes)

increases the capital stock. For three scenarios with different net debt-to-GDP
ratios (d=—3,—2.2, and 2.5), Figs. 8, 9, and 10 present the percent changes in
national income, capital stock, and labor supply, respectively, from the benchmark
case (d=1.5). The capital stock for the net debt ratio of —220% (d = —2.2) sharply
increases and peaks at a 117.47% increase in 2030; the increase then gradually
shrinks over time. The labor supply for the net debt ratio of —220% (d= —2.2) first
drops by 7.94% in 2021 and sharply rises by 7.67% until 2030. From 2030, the labor
supply will increase slightly and gradually decrease over time. Consequently, the
national income for the ratio of —220% (d= —2.2) also rapidly increases and peaks
at a 40.58% increase in 2030; the increase will gradually shrink over time.

For the three scenarios, Figs. 11 and 12 illustrate the percent changes in interest
rates and wage rates, respectively, from the benchmark case. Reflecting a large capi-
tal stock, the interest rate for the net debt ratio of —220% (d= —2.2) drops sharply
at the bottom by 2.29% in 2030; the decline will then gradually decrease over time.
Conversely, the wage rate for the ratio of —220% (d= —2.2) sharply increases
and peaks at 30.54% in 2030 because the reduction in government debt increases
real capital, resulting in a relative labor shortage; the increase will then gradually
decrease over time. Higher wage rates for the ratio of —220% (d= —2.2) increase
opportunity costs for childrearing, lowering fertility and decreasing the total popula-
tion in the long run.
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Fig. 11 Changes in interest rates from the benchmark for three cases of different net debt-GDP ratio (per-
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Figure 13 shows percentage-point changes in consumption tax rates from the
benchmark case for three cases with different net debt-GDP ratios. The consump-
tion tax rate for the net debt ratio of —220% (d= —2.2) sharply drops by 8.77% in
2027. After that, it slightly increases but, from 2030, again decreases gradually, and
from around 2070, it settles at an approximately 13% decrease. Figure 13 reveals
that under the net debt-to-GDP ratio of —220% (d = —2.2), the consumption tax rate
is substantially lower throughout the entire period. This means a lower tax burden
for individuals, which is one of the main reasons for attaining the highest utility for
individuals in this simulation case (d= —2.2).

Figure 14 illustrates percentage-point changes in contribution rates from the bench-
mark case for three cases of the different net debt-GDP ratios. The contribution rate for
the net debt ratio of —220% (d= —2.2) sharply drops at the bottom by 4.56% in 2030
before beginning to increase. From 2061, the contribution rate for this case (d= —2.2)
becomes higher than that in the benchmark case. After that, it gradually increases and
peaks at 4.22% in 2092, and, after 2092, again decreases gradually. A possible reason
for this observation is the following. After the reform started, the transition to the ratio
of —220% increased the capital stock and promoted economic growth, reducing con-
tribution rates; however, the reform (d= —2.2) is not desirable from the viewpoint of
the future total population. As Fig. 7 illustrates, although the reform slightly increases
the total population until 2028, it decreases the total population at an accelerated pace

over time. Consequently, reducing the young working population would increase con-
tribution rates under a PAYG social security system.
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Fig. 14 Changes in contribution rates from the benchmark for three cases of different net debt-GDP ratio
(percentage-point changes)

The optimal debt amount is not a more negative debt, such as—250% of GDP,
because there are factors that worsen welfare as negative debt increases. Households
in the transition process cannot adequately respond to a significant change in gov-
ernment debt and cannot sufficiently maximize their utility because such households
would have to make extensive revisions to their advance future projections. This paper’s
model assumes perfect foresight by households; however, changes will occur in their
environment and circumstances when they enter the transition process in 2021 from the
2020 steady state. The foresight is recalculated at this time, exposing the households to
significant changes in the economic environment if the amount of debt differs signifi-
cantly. For example, because Japan’s net debt-to-GDP ratio is currently 150%, a shift
to—250% would mean a 400% change in net debt, significantly departing from their
original future projections and potentially disturbing the individual utility-maximizing
behavior. Therefore, households would be unable to improve their utility sufficiently,
worsening utility. Since this paper deals with realistic reforms from the current situa-
tion, the transition costs associated with reforms are essential.

6 Sensitivity analysis
Because the simulation results described above depend on the model setting and the
given parameters, we must be careful about the effects of any setting or parameter

changes. This section first investigates how increases in government expenditures
to finance social security affect the main findings. We then evaluate how different
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parameter values on the intertemporal elasticity of substitution impact the main
findings.

6.1 Ratio of government expenditures to national income

Equation (27) shows that in our model, government expenditures are concentrated
mainly on public pensions and childcare subsidies, and the medical care system is
discarded. The government finances a large portion of medical care spending; there-
fore, this paper’s model incorporates only a portion of public spending to finance
social security. The National Institute of Population and Social Security Research
(2022) determined that the total amount of public expenditures to finance social
security (including pensions, medical care, long-term care, and childcare support)
was 58.95 trillion yen in 2020, representing 11.16% of the GDP. In this model’s
2020 initial steady state, the sum of public expenditures on public pensions (7B,)
and public expenditures as support for childcare (GS,) comprise only 4.26% of GDP.
The ratio of public expenditures to GDP as a source of social security funding is
6.9% lower than the real ratio in the baseline simulation; therefore, we considered
an additional simulation case (Case A) with the real value of public expenditures as
a percentage of GDP. We conducted a sensitivity analysis to determine how this set-
ting difference impacts the optimal government net debt-to-GDP ratio.

In Case A, the difference (6.9% of GDP) was added to “other government expen-
ditures (except for public expenditures on public pensions and public expenditures
to support child care)” (gY,) in the model. In other words, we replace g=0.1 in this
model’s baseline simulation with g=0.169 in Case A; this substitution makes the
ratio of public expenditures to GDP as a source of social security in the model con-
sistent with reality. As shown in Table 4, we also adjusted the value of « (the prefer-
ence parameter for the number of children) in Case A to produce the total fertility
rate of 1.33 (real value) in the 2020 initial steady state. This approach resulted in a=
0.03754. The simulation results show that the optimal government net debt-to-GDP
ratio is —220% in Case A, the same as the result in the baseline simulation in this
paper. This outcome suggests that raising public expenditures to finance social secu-
rity to the actual level does not affect the main findings. '

10 Our model endogenously determines the consumption tax rate; thus, increases in public expenditures
in Case A are financed by the consumption tax. In other words, Case A assumes that medical expenses
are covered only by public funds (consumption tax). The consumption tax rate in the 2020 initial steady
state is 13.11% in the baseline simulation, which increases to 25.12% in Case A; however, in the actual
medical insurance system in Japan, medical expenses are covered by insurance premiums (49.5%), public
funds (38.4%), and patient contributions and others (12.1%) in 2020, according to the data from the Min-
istry of Health, Labour and Welfare (2022b). Some previous studies, such as Thori et al. (2011), Braun
and Joines (2015), and Imrohoroglu et al. (2019), explicitly introduced the medical insurance system;
therefore, it would be desirable to incorporate the medical insurance system (with premiums and patient
contributions) into the model, referring these previous studies. Thus, introducing the medical care system
into the model can be considered for future research.
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6.2 Intertemporal elasticity of substitution

The baseline model assumes that the intertemporal elasticity of substitution
(y) in Egs. (2) and (2’) is 0.5, referring to Nishiyama and Smetters (2005). We
conduct a sensitivity analysis because this parameter setting may substantially
change the simulation results. We consider an additional simulation case (Case
B) with the intertemporal elasticity of substitution (y) of 0.4 to quantify the
effect of different values of the intertemporal elasticity of substitution on our
main result. In Case B, we also adjusted the value of « (the preference param-
eter for the number of children) to produce the total fertility rate of 1.33 in the
2020 initial steady state, as presented in Table 4. This approach resulted in a=
0.007284. The simulation result reveals that the utility-maximizing government
debt-to-GDP ratio is—350% (—220% in the benchmark case), indicating that
changes in y have a substantially significant impact on simulation results.

7 Conclusions

This paper evaluated a desirable quantity of government debt for a model param-
eterized to mimic certain features of the Japanese economy from two viewpoints:
individual welfare and future demography. Concretely, it examined the quantita-
tive effects of different levels of the net government debt on per-capita welfare
and future population in an aging and depopulating Japan, using an extended life-
cycle general equilibrium model with endogenous fertility. The effects of alterna-
tive ratios of the government net debt to GDP were quantitatively investigated
during the transitional period, 2021-2300. An LSRA was introduced to calculate
the per-capita welfare and evaluate the pure efficiency gains or losses of these
policy reforms.

The three main findings of our analysis are as follows. First, we examined the
net government debt-to-GDP ratio that maximizes the per-capita utility for all
individuals, including future and current generations. From the viewpoint of eco-
nomic efficiency, the optimal quantity of the net debt in Japan is —220% of its
GDP because it maximizes the per-capita welfare. This ratio is negative, show-
ing that realizing Japan’s fiscal surplus is desirable from an efficiency viewpoint.
Second, we also found that the net debt-to-GDP ratio of —220% produces a con-
siderable per-capita welfare gain (34.442 million JPY, approximately 314,000
USD in 2021). Third, from the viewpoint of the future total population, this ratio
of —220% is not desirable because, after 2028, the total population gradually
decreases compared to the level of the baseline simulation, resulting in an 8.47%
decrease in 2100.
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Finally, we discuss policy implications based on the simulation results. The
results reveal that from the efficiency viewpoint, Japan’s optimal net govern-
ment debt-to-GDP ratio is negative, with a ratio of —220%; however, the ratio
of —220% is not desirable from the future population viewpoint because it
decreases the total population in the long run compared to the level of the base-
line simulation. In general, one policy instrument cannot achieve two policy
goals. Therefore, it may be better to improve per-capita welfare by reducing
Japan’s net debt-to-GDP ratio. For example, since a decrease in the debt-to-GDP
ratio from 150 to 100% generates considerable per-capita welfare gain (5.328 mil-
lion yen, approximately 49,000 U.S. dollars in 2021), the transition to a debt ratio
of 100% may be an immediate and realistic goal to enhance the efficiency in pre-
sent Japan. From the viewpoint of maintaining the future population level, it may
be preferable to implement another policy instrument, such as childcare support
measures or immigration policies.

Appendix A: Model for the high-income class (university graduates)

Here, we describe the household behavior of the high-income class household
(i.e., university graduates).

Household behavior

Each agent enters the economy as a decision-making unit and starts to work at
age 22 years, and lives to a maximum age of 105 years with uncertainty of death.
The children aged 0-17 or 0-21 only consume, involving childrearing costs for
their parent. The probability of a household born in year ¢, surviving until s, can
be expressed by

s—1
U b
AR | (1)

j=22

Each agent who begins its economic life at age 22 chooses perfect-foresight
consumption paths (C'("?), leisure paths (), and the number of born children
(n'®) to maximize a time-separable utility function of the form:

40
U — 1 @ 3 PO + 5y (n z(U))l—'

I-- s=22
! 2

105
+(1 =) Y PO+ 5)-“-2@{ (i) (pwy'=? }"f] ,

§=22

where C'(¥), ['(V) and n!(") are respectively consumption, leisure and the number of
children to bear (only in the first 19 periods of the life) for an agent born in year ¢,
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of age s. «¥ is the utility weight of the number of children relative to the consump-
tion—leisure composite.

Letting A’Y’) be capital holdings for the agent born in year ¢, of age s, maxi-
mization of Eq (2°) is subject to a lifetime budget constraint defined by the
sequence:

A = (147, (U= AP + (1= = w1 = 1D — ! D D)} gt = ot

3’
+ O ({1 =D — 4! (i ONERE ) = (1 + 1) C'Y = (1 = m)A + z)DLY = (1 + )01 37
There are no liquidity constraints, and thus the assets can be negative. An indi-
vidual’s earnings ability e'”) is an exogenous function of age.
The pension benefit is assumed to comprise only an earnings-related pension:

(V) (U _ t(U) _JoE P (1= 1Y —1e, (m)E,) (52 ST)
bs ({1 _lu lC (I’l )}u 22) 0 (S < ST) ’
“4)

where

Ht(U)({l _ZL(U) tc (nt(U))}u 22 RE TSI Z Wiy e EU) _li(U) —tci,(n;(m)}.

§=22
(57

The average annual labor income for each agent is
H' O ({1 =IO — 1! (n'(U)}RE ), and the weight coefficient of the part proportional
to H'W is 6. The symbol b;(U)({l — 'O — ! (' (UY}RE ) in Eq. (3°) signifies that
the amount of public pension benefit is a functlon of the age profile of labor supply,
(1= £ — 1 ),

A parent is assumed to bear children and expend for them until they become inde-
pendent of their parent, namely, during the period when they are from zero to 21 years
old. Here, note that the children aged below 22 years old do not conduct an economic
activity independently, and only childrearing cost for their parent arises until they
become independent of their parent. The financial costs for rearing the children when
the parent born in year ¢ is s years old are represented by @' (¥ and @', which are the
cost for the children who will become university graduates and high school graduates,
respectively:

(s

Z gV - pn ™ (s=22,23, ..., 40)
k=22
40
'V =3 N #1 - gl (s =41, 42, 43) : ")
‘ k=22
40

Z gV - pnt ™ (s=44,45, ..., 61)
| k=s-21
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=0 (s=62 63, ..., 105), (7)

Z U1 — p)ngw (s =22,23, ..., 39)
k=22

ol = 372 ; &)
2 gf(U)(l _ p)nZ(U) (s =40,41, ..., 57)
k=s—17
q)Z(H) =0 (s=58,59,..., 105), 9)
U = constant(&) + pPNW'D). (10%)

The time cost for rearing the children when the parent born in year ¢ is s years old is
represented by

tc = un (. (1)

When BQEU) is the sum of bequests inherited by the high income class households

at time ¢, the bequest to be inherited by each high income class household is defined
by

h )
40 = (I-7 )BO, .

s @)
EZ+S

, 12%)

where EEU) is the number of the high income class households conducting an eco-
nomic activity independently, aged 22 and above, and

105
BQEU) _ Z (N;_S_I(U)) _Nt—s—l(U))At—x—l(U)' (13%)

s+1 s+1
§=22

The number of the generation born in year ¢, of age s, is represented by
U) _ 1 (U)pst(U) >
Ni( )_pi( )NO . (14)

When ORﬁU) is the sum of childrearing costs incurred by the high income class
households at time ¢, the childrearing cost for orphans for each high income class
household is defined by

OR'))
((U) — s >
or, - E(U) ’ (15)

where
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61 57
OREU) =(1-m) 2 (st:li(U) _N;—s(U))(Dg—s(U) +m Z (N;:i(U) _ N;—s(U))q);—s(H).
§=22 §=22
(167)
When we consider the utility maximization problem over time for each agent,
besides the flow budget constraint represented by Eq. (3”), the following constraint
is imposed:

{05§w31—@myw (22 <5 < RE)
ar)

V=1 (RE+1<5<105)
Each individual maximizes Eq. (2’) subject to Egs. (3’) and (17’) (see Appendix

C for further details). From the utility maximization problem, the equation express-
ing the evolution of the number of children over time for each individual is charac-

terized by
Py 146
WI(U) — s—1 WI(U), s
J PO 1T+ (1 =77 s=1 (189
d DK (nt Oy
Wi — s
s 21 17 ’
(I+zi ) [A=m) X QL &1 =p)+m Y Q U1 - p)
g=0 ’ =0 v
19°)
¢ -1
where Qf (=1forg=0,Q{ = (}:[1 {147 (- r’)}) .
Similarly, that for the consumption—leisure composite is represented by
P 146
- s—1 Vt(U), >
s PO 1+ (1 —77) 5=l (209
i _ (1- a(U)){(Cé(U))d’(l_’Y(U))l‘d’}_;¢(C§(U))¢‘1(IE(U))1‘¢ or)
s 1 +1f '

Appendix B: The utility maximization problem for the low-income
class

The utility maximization problem over time for each low-income class household

in Sect. 2 is regarded as the maximization of U' ") in Eq. (2) subject to Egs. (3) and
(17). Let the Lagrange function be
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105
L =y 4 3 i [—A;‘j{) L+ (= TAD 4 [1= 2 =l T D1 = B0 — el ()} + P
s=18

—or' ™ 4 ptE ({1 — 11D — ! (! FONRE ) — (1425, ) C1H — (1 = m)(1 + 5, )DL —m(1 + €, )@ (V]

RE
+ Z H {1 = 1) _ gl (nf 4D},
s=18
(B.1)
where A" and n{") represent the Lagrange multiplier for Eqs. (3) and (17),

respectively.
The first-order conditions on the number of children n’ () consumption C ) ei-
sure '™, and assets A;Eﬁ) for s=18, 19, ..., 105 can be expressed by
1 17
L (1 +5) @ )Y = A;<”>{,4[1 =" = Jw e+ (1 —m)(1 +7°) Z QM1 -p)
g=0

105
Ow,

(H)
+m(l + 7 )ZQ’ g —p)} +u Z P R;‘Eb + w0,
(B.2)
B -1
where Q( (=1 for g=0,Q( = <H {147,101 - r’)}) ,

pg(H)(l (H))(l +6)” (s— 13){(C?(H))¢(lt(1'1))1 47} ¢(CZ(H))<IJ l(lt(H))l ¢ _ /lt(H)(l +7°),

1+s

(B.3)

_1
pi(H)(l _ (x(H))(l + 5)—(s—18){(Ct(H))¢(lt(H))l—¢} (1 - ¢)(C;(H))¢—l(l§(ﬂ))—¢
105

Ow,
= lZ(H){(l -7 - +v Wits€ (H)} + Z /II(H) = s + i’lt(H) (s <RE),
k=ST -19
(B.4)
A = (147, (=N AL, (B.5)
= 1 — 1l ()} =0 (s < RE), (B.6)
1-1™ =0 (s> RE), (B.7)
7™ 20. (B.8)

The combination of Egs. (B.2) and (B.5) produces Egs. (18) and (19). If the ini-
tial value, n' s given, the initial value, W’ () , can be derived from Eq. (19). If the
, is specified, the value of each age, W!*), can be derived from Eq. (18),
Wthh generates the value of each age, n' . If the value, n!™, is specified, the child
rearing cost for lifetime is calculated, Wthh gives the hfetlme budget constraint rep-

resented by Equation (B.10).
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The combination of Egs. (B.3) and (B.5) produces Egs. (20) and (21). If the
initial value, V;;H), is specified, the value of each age, V!*®), can be derived from
Eq. (20). If V! () is specified, the values of consumption, C (1) and leisure, I () at
each age are obtained in the method that follows.

For s=18, 19, ..., RE, the combination of Egs. (B.3) and (B.4) yields the follow-
ing expression:

105 t(H)
(H) 1(H)
Ow,yse i

, p H v
d) (1 —Tv - Tt+S)W,+S€§ ) + Z A’(H) RE-20 + 40
CI(H) _ lt(H)
' (- (T +75,) S

(B.9)
If the value of /') is given under #/*)=0, the value of C'™ can be obtained
using a numerical method and then the value of V! ) can be derlved from Eq. (21).
The value of /) is chosen so that the value of VI obtained in the simulation is
the closest to that calculated by evolution from V18 through Eq. (20). If the value
of /™) chosen is unity or higher, the value of C'*) is obtained from Eq. (21) under
[M=1_1f it is less than unity, the value of C'‘ is derived from Eq. (B.9).
For s=RE+1, RE+2, ..., 105, the condition of //*)=1 leads to the following
equation: ‘

]
_ g t(H)y~, t¢-1
vl<H)=(1 aNP(C) . @17

s I+1,

The value of C!* is chosen to satisfy this equation.

t(H t(H cp s
From Eq. (3) and the terminal condition A} ( ) —A1§)6)—0, the lifetime budget con-
straint for an individual (= NW'*) is derlved
RE
Z \pi(H)[l v rﬂ]wlﬂe(H)[l _ lr(H> 1 (ni(H))}
s=18
105
+ Z \Pr(H)br(H)({l _ lr(H) fc (nr(H))}RE )
s N u u=2
§s=8ST
105 105
+ ) PG — ot Dy = N P 4 Ol
;:zlzs ) Ag‘% A
35 s 40 s
+(U=m) D YWD EDA P Q=) YN W 4 2 )E DA -
s=18 k=18 5=36 k=s—17
57 40 s
+(1—m) 2 Z ‘I”(m(l +7 )ét(H)(l p)n'(H)+m Z Z \I;I(H)(1+Tr ).f'(’“(l ) 1 (H)
s=41 k=s—17 s=18 k=18
61 40
+m Z Z ‘l‘i(H)(l + rfh).f’(m(l - p)n;(H),
5=40 k=5s-21

(B.10)
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s -1
where P/=1 for s=18, ¥'*) = <1‘[ {(1+r,,0 —Tr)}> for s=19, 20,
u=19
105.

Appendix C: The utility maximization problem for the high-income
class

The utility maximization problem over time for each high-income class household in
Appendix A is regarded as the maximization of U'Y” in Eq. (2’) subject to Egs. (3)
and (17’). Let the Lagrange function be

105

U )
L' =y 4 Z 2O [—A;Q + {147, = NAD +[1 =" = Jw,, {1 = 1D — 1! (')} + 4/
§=22

=o' 4 B O ((1 =W — 1! (! NEE, ) — (1425, ) C1P = (1 = m)(1 + )DLV = m(1 + 1)@/

b 3O (1=~ ),
§=22

(C.1)

where A/ and /(") represent the Lagrange multiplier for Eqs. (3°) and (17°),
respectively.
The first-order conditions on the number of children n!“), consumption C ),

leisure /", and assets Aig) for s=22,23, ..., 105 can be expressed by

1 ,
pi(U)a(U)(l + 5)—(-Y—22)(n§(U)) v = /12([/){/4[1 — v T[PH] W[+S6§U)

21
+H1=m(1+7) Y QL &V -p)

g=0

17 (C.2)
+m(l+10) Y @ £ O - p)}
g=0
105

) 6‘w+ (W
t t+s5€s t(U)
+ﬂkZST/1 RE—21 +pn ™,

g -1
where Qf | =1forg =0, Q= <kl:[1 {1 +7r ol — Tr)}) ,
Piw)(l _ a’(U))(l + 5)_(5_22){(CE(U))d’(li(U))l_(ﬁ}_;¢(C;(U))¢_l(liw))l_¢ — /12(1 + TH‘)

(C.3)

pi(U)(l _ a(U))(l + 5)—(S—22){(Ct(U))¢(lt(U))1—¢}_f(1 _ ¢)(C£(U))¢—1(12(U))—¢

105
— t) _ _ U) l(U) Wits€ Y t(U)
=2V 2 Iw, e }+sz:T/1 STTE +n (s < RE),

(C4)
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A = {1+ 71,0 -H}A, (C.5)
7O =D — i (!} =0 (s <RE), (C.6)
1-1'""'=0 (s> RE), (C.7)

7@ > o0. (C.8)

The combination of Egs. (C.2) and (C.5) produces Eqs. (18’) and (19°). If the

initial value, n’"”, is given, the initial value, W'*”, can be derived from Eq. (19°).

2 > 2
If the value, Wgw, is specified, the value of each age, WA’,(U), can be derived from

Eq. (18’), which generates the value of each age, ng(U). If the value, nZ(U), is speci-
fied, the child rearing cost for lifetime is calculated, which gives the lifetime
budget constraint represented by Eq. (C.10).

The combination of Eqgs. (C.3) and (C.5) produces Egs. (20’) and (21°). If the
initial value, Vééu), is specified, the value of each age, V; (), can be derived from
Eq. (20). If V! is specified, the values of consumption, C'"), and leisure, /'),
at each age are obtained in the method that follows.

For s=22, 23, ..., RE, the combination of Egs. (C.3) and (C.4) yields the fol-

lowing expression:

105 r(U)

U
b =72 =1 w e()+ Z (,,gw’“()+ﬂzz
l‘ t
t+s t+s ) RE-21 As(
c'o

A=A+

1D, (.9

If the value of /'’ is given under #' = 0, the value of C'“” can be obtained using
a numerical method, and then the value of V!’ can be derived from Eq. (21°). The
value of /') is chosen so that the value of V!(U) obtained in the simulation is the
closest to that calculated by evolution from Vt(U) through Eq. (20°). If the value of
I'") chosen is unity or higher, the value of C’(U) is obtained from Eq. (21°) under
IW=1.1f it is less than unity, the value of C’ © s derived from Equation (C.9).

For s=RE+1, RE+2, ..., 105, the condition of ["=1 leads to the following
equation:

[
1 - aW)p(C!W) -y -l
Vi = Skl ) . @r:)
s 147

t+s

The value of C'() is chosen to satisfy this equation.
From Eq. (3’) and the terminal condition A’(U)—A’(U)

106 =0, the lifetime budget
constraint for an individual (= NW"Y)) is derived:
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RE 105
U) ) U U U U)pi (U ) U)\\RE
2 WO = = o w1 = B = i)+ Y OB (1= L — 1, )L )

u

§=22 s=ST
105 105
+ 2 0@ —or @) = 3 WO+ 17, )OO
§=22 §=22
40 s 43 40
- U - U
+(1=m) Y WO+ )P0 = + A =m) DY WO+, )E O -
§=22 k=22 s=41 k=22
61 40 39 s
c U U
+(1=m) Y Y PO+ )V =@ +m YN WO+ 7, )EO - Y
s=44 k=s-21 §=22 k=22
57 40
c U
+m Y ¥ A+ e = o,
5=40 k=s—17

(C10)

s -1

where Wi /)=1 for s=22, ¥V = <1‘[ {(1+r,,0 —Tr)}> for s=23, 24, ...,
u=23

105.
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