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Abstract: We study here the spectral Weyl asymptotics for a semiregular system, ex-
tending to the vector-valued case results of Helffer and Robert, and more recently of
Doll, Gannot and Wunsch. The class of systems considered here contains the important
example of the Jaynes—Cummings system that describes light-matter interaction.
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1. Introduction

In this paper we will establish a result about the asymptotics of the Weyl spectral counting
function N(1) of a class of semiregular (see Sect.2) globally elliptic pseudodifferential
N x N systems (of order 2) that contains the important model of the Jaynes—Cummings
system (see Sect. 3.1) that describes the interaction of light and matter (see [21]). The
class we consider extends to a semiregular case (with scalar principal symbol) that of non-
commutative harmonic oscillators (NCHOs) introduced by Parmeggiani and Wakayama
in [16—-18] (see also [14,15]). Namely, while the pseudodifferential class considered in
[14] had a step —2j in the homogeneity of the jth-term in the asymptotic expansion of
the symbol, we consider here a step —j, an example of such a scaling in homogeneity
being in fact the symbol of the Jaynes—Cummings Hamiltonian (we call semiregular
this kind of classical symbols).

In the scalar case, this kind of asymptotics for global operators was initially estab-
lished by Chazarain [3] (in a semiclassical setting) and then generalized by Shubin [22]
(see also Hormander [8]), and Helffer and Robert [6] (see also [19] and Helffer’s book
[7], and references therein), and more recently made more precise by Doll, Gannot and
Waunsch in [4] (see also Doll and Zelditch [5] for a precise study of the singularities of
the trace of the Schrodinger propagator).

In general, the importance of having asymptotics of N(4) lies in the fact that passing
to the inverse gives asymptotics of large eigenvalues. Hence, the more precise is the
asymptotics of N()), the more precise is the asymptotics of Ay. On the strict physical
level, the importance of N(A) is due to the fact that it determines the number of states
of the system per unit energy as a function of the energy itself.

The asymptotics of the Weyl spectral counting function will be given in terms of the
symbol of the system, and more precisely in terms of the principal part, the semiprincipal
part and the subprincipal part (respectively the terms of order 2, 1 and 0 in the asymptotic
expansion of the symbol). We will show that one can blockwise diagonalize (through a
decoupling theorem) the system so as to be able to implement the scalar results mentioned
above. This is, however, not straightforward, since we have to compose certain Fourier
integral operators and 1rdos in the Weyl calculus keeping track of the (matrix) symbols.

We will be retaining the notation relative to the Hormander-Weyl pseudodifferential
calculus (also in the semiclassical case) as in Parmeggiani [14] (see also [15] and [13]).

The plan of the paper is the following. In the next section we briefly recall the class
of semiregular symbols and its main properties that we will be using in this paper. We
then define the class of systems we will be concerned with here. In Sect. 3, we recall the
Jaynes—Cummings model and its variations to encompass also atoms with several energy
levels. We show that it is possible to associate with such systems coming from physics,
geometrical models related to complexes of vector-valued differential forms. This is
interesting in our opinion, for it shows that very likely higher Lie groups of symmetries
are allowed in the theory. In Sect. 5, we state and prove the decoupling theorem, which
shows that for the class we consider here it is possible to obtain a pseudodifferential
block-reduction of the system. This is fundamental in the study of a parametrix of the
Schrodinger flow associated with our system, which in turn is the basic object to study
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for obtaining the Weyl asymptotics we are interested in. The decoupling theorem will
be stated both in the semiclassical case and in the semiregular case, and the proof given
in the semiclassical setting (in fact, it will be useful, for further projects, to have also
the semiclassical version). Since the subprincipal part enters the picture, we discuss
in Sect. 6 the transformation properties of the subprincipal symbol of the system, along
with its transformation law when changing a “gauge” (that is, when changing the unitary
symbol which diagonalizes the semiprincipal part). In Sect.7, we will state and prove
the basic Weyl asymptotic results, the first one extending to our class of systems the
asymptotics due to Helffer and Robert [6], and the second presenting a better error term
when the zero-set of the determinant of the semiprincipal part has small dimension (see
Theorems 7.8 and 7.9 below). The results are based on the construction of a reduced
propagator, following the approach of Doll, Gannot and Wunsch [4], and it is here that the
diagonalization theorem plays a fundamental role. The extension to systems, however,
is not for free, for we have to control the conjugation of the Fourier integral operators
(F1Os) with quadratic phases by the pseudodifferential diagonalizers, without losing the
symbol-calculus properties. This point is very delicate and we follow here the approach
of Doll and Zelditch [5], having, however, to adapt it to our case.

In the closing Sect. 8, we shall show the resulting asymptotics in the 2 x 2 Jaynes—
Cummings system, and of a perturbation of the 3 x 3 Jaynes—Cummings system and its
6 x 6 geometric counterpart.

2. Semiregular Symbols and Our Class

We give in this section the definition of semiregular symbols that we will be considering
throughout this paper, recall their basic properties and then introduce the class of systems
we consider here.

In order to prepare the ground also to the study of extensions of this kind of systems
to more general classes of systems, we will be using the following notation for the
Hormander metric and admissible weight (see Hormander [9]): with X = (x, &), Y =
(y, n) etc. belonging to the phase-space R” x R", and m(X) := (X) = (1 + |X|3)1/2
the usual "Japanese bracket", we consider the Hormander metric gx = [dX 12/m(X)2.
Then m is an admissible function (and so is m* for any given u € R), and we may
exploit the full power of the Weyl-Hormander pseudodifferential calculus.

We will write R for R" x R” \ {(0, 0)}.

Definition 2.1. Let My denote the algebra of N x N complex matrices. A symbol
a € S(m*, g; My) is said to be classical (see Remark 3.2.4 of [14]) if it possesses an
asymptotic expansion j20au-2j in isotropic (i.e. positively homogenous and smooth
outside the origin) terms a,—»; positively homogeneous of degree 1 — 2. We write
a € Se(m*, g; My).

We say that ¢ € S(m*, g; My) is semiregular if a = a© + a4, where «© ¢
Sei(m*, g My) and aV € Sq(m*~1, g; My). We write a € Ssreg (™, g3 Mpy).

In other words, a symbol a is semiregular if it possesses an asymptotic expansion
> j=0 au—j inisotropic terms a,,—; positively homogeneous of degree v — j.

The terms a,,, a;,—1 and a;,_> are called the principal symbol, the semiprincipal symbol
and the subprincipal symbol, respectively, of the operator a" (x, D).
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Hence, a € Sgeg(m*, g; My) if there exists a sequence (a,— ;) j>0 C C®(R?": My)
where a,,; is positively homogeneous of degree u — j (in X) and, for an excision
function yx,

N
a—x Za“—j e Sm"*~N*D ¢ My), VN € Z,.
Jj=0

As usual, we write

a~Yau s

Jj=0

Comment on the notation. Helffer in [7] and the authors of [4] and of [5] use I'¢ for
the set of semiregular symbols. We decided to adopt our notation Sgeg because, as the
natural homogeneity of the Poisson bracket of homogeneous symbols is the sum of the
orders minus 2, it is natural in the global calculus to call “regular” those symbols whose
asymptotic expansion is made of homogeneous symbols for which the j-th term has
order i — 2 j where u is the order of the principal term. This is indeed parallel to the use
of “semiregular” appearing in the paper by Boutet de Monvel [2] on the hypoellipticity
of the d operator.

Remark 2.2. Tt is clear that composition of semiregular symbols yields a semiregular
symbol.

Of course, when the symbol a € S(m*, g; My) is Hermitian, then the corresponding
pseudodifferential operator a% (x, D), obtained by Weyl-quantizing a(X), is formally
self-adjoint. We write W (m*, g; My), resp. W (m”, g; My), for the ydos obtained
by Weyl-quantization of symbols in S(m*, g; My), resp. Sseg (m*, g; My).

Definition 2.3. A symbol a € Sgeg(m*, g; My) is said to be globally elliptic when its
principal part a,, satisfies

|det(a, (X)) ~ |X|*V, VX e R*".

When a is globally elliptic, we will say that the corresponding ¥rdo a" (x, D) is globally
elliptic.

As usual, for A, B > 0, we write A < B when there is C > 0 such that A < CB,
and write A &~ B when there are C, C’ > QO such that CA < B < C’A.

When > 0 and a = a* € Sgeg(m#, g; My) is globally elliptic (hence, a;';_j
ay,—jforall j > 0anda, is globally elliptic), the existence of a (semiregular) two-sided
parametrix yields that % (x, D), realized as an unbounded operator on L?(R"; CV) with
maximal domain the Shubin Sobolev space B*(R"; CV) (see [22], or [7] or [12]), is
self-adjoint with a discrete spectrum. When furthermore a,, > 0 (as a Hermitian matrix),
then a% (x, D) is semibounded from below, and hence it has a spectrum bounded from
below.

We are now in a position to introduce the class of systems we are interested in.

Definition 2.4. We say that an N x N symbol a € Sgeg(m*, g; My) is a semiregular
metric globally elliptic system (SMGES for short) of order 1, when

a(X) = a(X)* = pu(X) Iy +a,—1(X) + au—2(X) + Seg(m" >, g: My), X #0,
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where:

®py € COO(RZ”; R) is positively homogeneous of degree u and such that | X|* ~
pu(X) forall X # 0 (below, when u = 2 we will always take p» to be the standard
harmonic oscillator p»(X) = |X|?/2); )

eaq, | = az_l is such that there exists r > 1 and eg € C®°(R*"; My) unitary and
positively homogeneous of degree 0 such that

eo(X)*ay—1(X)eo(X) = diag(r,—1,;(X)In;; 1 < j <r), X #0,

where N = Ni+Na+.. . +NyandA,—1,; € COO(RZ”; R) are positively homogeneous
of degree  — 1 and such that

Jo<k= 2, 1j(X) <y 14(X), VX #£O.

3. Some Models

We give here a few examples of semiregular NCHOs in the class SMGES, relevant to
Quantum Optics (see [21]), that serve as a model of the class we consider in this paper.
We will then show that they can indeed be set into a geometric framework, giving rise
to connections on the trivial bundle R” x CV — R” which are in general non-flat.

It turns then out that the JC models in the various configurations (see below) are
actually covariant Laplacians (the operators D,((N) that will be introduced below).

The existence of such geometric generalizations suggests, as pointed out in the In-
troduction, that one may consider higher groups of symmetries (e.g. SU(N), N > 3,
instead of SU(2) as in the JC model).

It will be convenient to use the following notation. We denote by ¢, j =0, ..., 3,
the Pauli-matrices, i.e.

01 0—i 10
op=D0, o= 10l o) = i 0l 03 = 0—11"

1
o 5(01 +io)).

and

Let (-, -) be the canonical Hermitian product in CN, andey, ..., en be the canonical
basis of CV. Let

Ejx i =e¢;®ej, 1<jk<N,
be the basis of My (C) = gl(N, C), where E j; acts on CN as
Ejiw = (w,ex)ej, weCV.
Hence we have the relation
EjEpm = (e Qej)(ey, @ ep) = ef(ep)(e;, ® e;j) = (en, ex)(ey, @ ej) = SpkEjm.
We also let, for X = (x,&) e R* x R" = R21,

xj+i&;

i(X) = ,
v (X) 7

1<j<n,
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so that wjv."(x, D) is the annihilation operator and wjv."(x, D) = (¥ Y (x, D) is the

creation operator, with respect to the j-th variable. Hence, with p>(X) = | X|?/2 being
the (standard) harmonic oscillator,

> U DYV (. D) = p(x. D) — 3.
j=1

We will also have to consider 2N x 2N matrices of the form ¢ ; ® E i, in which
case the product is given by

(0;@En) (0 ®Epp) =00 QEnEp,

and the action on a vector w € C2V, written as

given by

N
O ® En)w =Y (0 [w2’

- '

' w2, :|) & (Ehkej)'

j=1

We next list a few important models due to Jaynes and Cummings, recalling at the same

time the physics that leads to the mathematical expression of the first of them (the 2 x 2
JC-model).

3.1. The Jaynes—Cummings (JC) model. This is the model of a two-level atom in one
cavity, given by the 2 x 2 system in one real variable x € R

A¥(x, D) = p¥(x, D) +a(a+¢W(x, D)* +o_v¥(x, D)) +y03, o,y €R.
G.1)

The JC-model is a solvable, fully quantum mechanical model of an atom in a field,
introduced by E. Jaynes and F. Cummings [1] in 1963. It has served as a theoretical
description of the light-matter interaction and has continued to fulfil in unanticipated
ways the objectives of its discoverers, making it possible to examine the basic proper-
ties of quantum electrodynamics. The relative simplicity of the JC-model and the ease
with which it can be extended through analytic expressions or numerical computations
continue to motivate attention.

More precisely the JC-model was first introduced to study the classical aspects of
spontaneous emission (SE) and to reveal the existence of Rabi oscillations in atomic
excitation probabilities for fields with sharply defined energy (or photon number). In
fact, Jaynes and Cummings considered a single two-state atom (molecule) interacting
with a single near-resonant quantized cavity mode of the electromagnetic field. In case
of fields with a statistical distribution of photon numbers, the oscillations collapse to an
expected steady value. Thus:
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The Jaynes—Cummings model consists of a single two-level atom coupled to a quantized
single-mode field, represented as a harmonic oscillator (HO): the coupling between atom
and field is characterized by a Rabi frequency. Loss of excitation in the atom appears as
a gain in excitation of the oscillator.

For more on the history of the JC-model, see Shore and Knight [21].
We next give some physical insight of the Hamiltonian (3.1), starting from the physical
meaning of its terms and the description of the light-matter interaction phenomenon.

e Representing mathematically the photon creation and annihilation operators 4 and
a, respectively, by ¥V (x, D)* and ¥V (x, D), the term

py (x, D) — %12 = ¢"(x, D)*¥"(x, D)(=:a'a)
is the photon number operator which acts on photon number states |n),
atam) =nin),
since
a'lny=vVn+1n+1), aln)=nn—1);

e o denotes one half of the atom-field coupling constant normalized by the frequency
w of the mono-modal field,

° % = y denote the energies of the two atomic states |g) and |e) (respectively, ground
and excited, that we represent mathematically by the vectors e; for j = 1, 2, respec-
tively) normalized by hw, i being the Plank constant;

e o1 denote the fransition operators acting on the atomic states, defined as

lg), ifs=e ley, ifs=g
do_|s) = : 32
0, fs=g M=o i (3-2)

o.ls) =
e 03 denotes the commutator of the transition operators acting on the atomic states,
that is 03 := [0y, 0_].

The phenomenon described is the following. In the full Hamiltonian (3.1) we distinguish
three parts:

o 1
Hyom = yo3 + 5127

~ w 1
Hfiela = py (x, D)1, — 512,
Hi = a<o+1ﬁw(x, D) +o_v¥(x, D)).

The terms I:Iatom and ]:Iﬁe]d describe, respectively, the variation of the energy contained
in the atom and in the electromagnetic field, while I:Iim is the most relevant part of the
full Hamiltonian since it describes the interaction, that is the energy transfer between
the two physical objects. Namely, o " (x, D)* describes the photon emission by the
atom with loss of excitation of the atom itself, while o _y% (x, D) describes the photon
absorption by the atom which becomes excited.
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3.2. The JC-model for an N-level atom and n = N — 1 cavity-modes in the E-
configuration. In this case, for aq,...ay—1 € R\ {0}, y1,...yn—1 € R with y; <
yy <.-- < yn_1, we consider the N x N systemin R*, n = N — 1, given by

A%(x, D) = py(x, D)y

N-1 N—1
+Y o (%jv(x, D)*Ek 1 + ¥ (x, D)Ek+1,k> + Y WErei ksl
k=1 k=1

In this case, the levels of the atom are given by O and the y4.

3.3. The JC-model for an N-level atom and n = N — 1 cavity-modes in the /\-
configuration. In this case, for ay,...ay—1 € R\ {0}, y1,...yn—1 € R with y; <
yy <--- < yn_1, We consider the N x N system in R?, n = N — 1, given by

A" (x, D) = py'(x, D)Iy
N-1 N-1
+Y (W;?(x, D)*Ern + Yy (x, D)EN,k) + Y ViErei ksl
k=1 k=1

In this case, the levels of the atom are given by O and the y4.

3.4. The JC-model for an N-level atom and n = N — 1 cavity-modes in the so-called
\/-configuration. In this case, for «, ...an—1 € R\ {0}, y1,...yn—1 € Rwithy; <
y2 <...<yn_1, We consider the N x N systemin R", n = N — 1, given by

A%(x, D) = py'(x, D)Iy

N-1 N-1
+ Z oy (1//1?()6, D) Ej js1 + ¥ (x, D)Ek+1,l> + Z Vi Er1 kvt
k=1 k=1

In this case, the levels of the atom are given by O and the y4.

3.5. The diagonalizability of the first-order part in the above JC-models. We next show
that the first-order part of the above JC-models may be diagonalized, so that the Jaynes—
Cummings models all belong to the class of systems we consider in this paper. The result
of the 2 x 2 system is straightforward. We consider therefore only the 3 x 3 and the
N x N cases.

Lemma 3.1. The JC-model for a 3-level atom and 2 cavity-modes in the E-configuration,
for a N-level atom and N — 1 cavity-modes in the /\-configuration and in the \/-
configuration may all be smoothly diagonalized.

Proof. Let A1(X) for the first order part of the system. We compute the characteristic
polynomial p(A; X) = det(A — A1 (X)) for each of the models in the statement, that we
call for short JC-3-E, JC-/\ and JC-\/ respectively.
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e Asfor JC-3-E we have
PG X) =232 = @Y1 COP + @y 000D ). X € R

Hence, there are three eigenvalues

Mo(X) =0, Ae(X) = i\/a%nm (X2 + o3|y (X)),
that may be ordered as
A_(X) < A(X) < A_(X), X e R*.

Since their pairwise differences in absolute value are bounded from below by |X|,
the diagonalization Theorem 5.1 below can be applied.
e As for JC-/\ we have

N—1
P X) =N 22 = ey OP | X e R

j=1

In fact, the expression above for p(A; X) can be obtained by induction on (the number
of atomic levels) N. Hence, there are N eigenvalues

N-1 ) NP
20 =0, 2200 =2( Y l0P)
j=1

that we may order as
A (X) < M(X) = ... = Ana(X) = A(X) < A+(X), X e R™,

Thus, Theorem 5.3 can be applied with respect to the blockwise diagonalization with
blocks

A0
A1 =0ny—2 and Ay = |: 0 )‘+j|'

e AsforJC-\/, Theorem 5.3 can be applied because the blockwise diagonalization is
the same as in the previous case, since the characteristic polynomial of this model is
the same as that of JC- /\ above, and have the same structure.
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3.6. Possible extensions. In this case, for o1, ...ay—1 € R\ {0}, y1, ..., ynv € R with
y1 < y2 < ... < yn,weconsider the following 2N x 2N systems in R”, withn = N—1,
given by

AV (x, D) = p¥(x, D)oy
N n N
DN (df}”(x, D)o ® Exk + ¥} (x, D)o+ ® Ekk) + Y V03 ® Egg,
k=1 j=1 k=1

and given by

AY(x, D) = py (x, D)oy

N-1 N
+ ) (W;fv(x, D)*o— ® Eg k1 + ¥ (x, D)0+ ® Ek+1,k> +Y o3 ® Egg.
k=1 k=1

4. Geometric Examples Generalizing the JC-Model for an N-Level Atom and
n =N — 1 Cavity-Modes

Let QF(R") be the space of smooth (C°) k-differential forms over R”. We will denote
by QFR"; CN) = Q¥(R") ® CN. Consider the exterior derivative operator dj acting
on k-forms, and its adjoint d; acting on k + 1-forms which has the expression d; =

(—1)™+1 & dx, where « is the Hodge- operator induced by the Euclidean metric. We
may hence define the operators

1 n
D =Dy = ﬁ<d" +3 xjdxjA ): QX (R") —> QMR
j=1

and its x-adjoint
1 n
D* = D} == 72(d,j‘ + 3 xjiaja, ): QI (RM) —> QF(RM).
=1

One has

O := D} Dy + D1 Df_; = (pY(x, D) +k — g)lk: QkR") —s QERM),

where 1 stands for the identity operator on /\k (R™). We consider ordered multiindices
of length k, I = (i1, i2,...,ix) where 1 < i) <ip < ... < iy < n.The set of all such
multiindices is denoted by I(n, k). We say that j € I if j appears as one of the entries
of I. We also put dx; = dx;; Adxj, A...Adxj,, so that the dx;, for I € I(n, k), form

a basis of /\k (R™). We have the following set of formulae.

Proposition 4.1. Let v = w;dx; € QKR"), I € l(n, k). We have:
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(i) For1 < j <n,

n
Di—1(iyox;0) = Z Yy (x, D)wrdxp Aiyax; (dxr);
h=1

(ii) For 1 < j <n,

n
dxj N D;:_la) = Z 1/f;1’v(x, D)*a)ldxj A ia/axj (dxyp);
h=1

(iii) For 1 < j <n,
n
iaj0x; (Drw) = ¥} (x, DYywrdx; — Yy (x, D)wrdx A iajax, (dx1);
h=1

(iv) For 1 < j <n,

n
Di(dxj A w) = xlf}’v(x, D)Y*widx; — Z Y (x, DY wrdxj Nigjax, (dxp).
h=1

Proof. The proof is based on the following elementary formula
* (dxp Ax(dx; Adxp)) = (—1)%igay, (dx; A dx). 4.1)
Since d(dx;) = 0 we have

: 1 (0o : :
Dk—l(la/axja)) = E };(deh AN 13/dx; (dxl) + xpwrdxy A 13/3x; (dx1)>

n
> U (x. D)wrdxy Aagay, (dxp),
h=1

and this proves (i).
Next, using once more the fact that dx; is closed and using (4.1) gives

1 & _ dwy .
dx; A D;:_la) = \ﬁhgl((_l)’l(k 1)+1dej Ax(dxp A*dxp) +xpordx; Niyray, (dx1))

1 Gy oy , .
= 7§ Z(—adx]' Nigjax, (dxp) + xpordxj Nigrox, (dxl))
h=1

n
=Y Y (x, DY*ordxj Ao, (dx)),
h=1

which proves (ii).
To prove (iii), we just note that



46  Page 12 of 49 M. Malagutti, A. Parmeggiani
n
. w .
fy/ox; (D) = Z Uy, (x, D)wriyyax, (dXh A dX1)
h=1

n
=y} (x, D)wrdx; — Y W (x, D)wrdxy Aiyjax; (dxr).
h=1

Finally, to prove (iv), we compute

1 n
Didxjhe) = — Z((—l)”k“
h=1

a
8_601 * (dxp Ax(dxj Ndxp)) +xpwpiygx, (dx; A dx1)>
Xh
(by (4.1))
n
= Z W;;V(x, D) w; <3jhd)C1 — dx.,' A ig/axy (dxl)),
h=1
which completes the proof of the proposition. O

Remark 4.2. By convention, if w is a 0-form then iy/yx; @ = 0, for every j.

4.1. The geometric N-level atom in the E-configuration. Next, let N > 2 be a fixed
positive integer and letn = N — 1. We define, for oy, ..., ay—_1 € R\ {0}, the following
connection D on the trivial bundle R” x CV — R”

N—1
D:=D®Iy+ Zaj(dxj/\ )R Ej j1-
j=1
The connection D extends to the following covariant exterior operator and adjoint co-
variant exterior operator

N—1
Di =Dy ® Iy + Z aj(dxjA ) ® Ej ju1: QKRY; CV) — QIR V),
j=1
N—1
D =D} ® Iy + Z @jigjox; ® Ejerj: @Y ®RY CV) — QF@®™ C).
j=1

The connection D is non-flat, as the following lemma shows.

Lemma 4.3. For the curvature Fp = D? ¢ QZ(R”; My) of the covariant exterior
operator D we have

N-2
Fp = Z ajoj(dxj Ndxjan ) @ Ej .
j=1

(We put by definition E j 11 = 0, for every j.)
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Proof. We have

N-1
D’=D>QIy+ Z ap (Dk+1(dXh/\ ) +dxp A D) ® Epps
h=1
N-1
+ Z ajop(dxj NdxpAN) ® Ej jr1Eppe1 = FD,
=1 —

=8j+1,h Ejn+1
for the first and second term vanish. In fact, D?> = 0 and for w = wrdxy,

N—-1

46

D(dxp A w)+dx, A Do = Z 1//;V(x, D)wy (dxh Adxj Ndxp+dxj Adxy Adx,) =0.

j=1
This concludes the proof.

We next consider the associated Laplacian
O™ = DDy + Dy 1D} _;: QK®R"; CV) — Q*®R"; CV).
Lemma 4.4. We have

N—1
N n
oM = (pY(x, D) +k — DU @Iy + > aj (W}V(x, D)* 1
Jj=1

®Fj ju1 + V] (x, D) ® Ej+1,j)
N—1

+ Z CY?lk ® Eji1,j+1
j=1
N—1

+ Z a?dxj Nigjaxle ® (Ej j — Ejyt, j+1)-
j=1

Proof. One has
N
Ij](( ) — (D;:Dk + Dk—lD;:_l) ® Iy

N—1

+ Z O{jD;:(de/\ )® Ej,j+1
j=1
N—1

+ Z ajig/ax; Dk @ Ejyt,j
Jj=1
N—1

+ Z ajDi—1ig/ox; ® Ej41,j
=1
N—1

+ ) ajdxj D} ®Ejju
j=1
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N-1

+ Z ajah<i3/3xh(dxj'/\)
hj=1

®Ep+1,hEj j+1+dxj Nigjax, ® Ej,j+1Eh+1,h),

from which the lemma follows by virtue of the formulae of Proposition 4.1. O
Corollary 4.5. When k = 0 we have

n
0f" = (py (. D) = D) ® Iy

N-—1
+ 3 ai(3 0 DY @ Ej o + 9 (x, D)
j=1

N—-1
2
®Ej+l,j) + Z a; 1y ® Eji1,j+1.
j=1

Hence the JC-E model is related to the Laplacian DE)N).

Lemma 4.6. The term of order 1 of D?) can be blockwise-diagonalized with three
blocks.

Proof. Fix the basis {dx; ® ¢;}i=1,2;j=1,2,3. We have that the semiprincipal symbol
A1(X) of O,

[38)

A0 =3 (W0 DY L ® Ejjt + 9 (e, DL ® B ),
Jj=1
can be rewritten in the above basis as
0 [A(X)] 02
Ar(X) = ApupX)| 00 |AnpX) |.
0 |ApX)| 02

where A1;(X) = a; [1//]-(()X) Wj(()x)i| , J =1, 2, and where 03 is the 2 x 2 zero-matrix.

A computation gives that the characteristic polynomial p(1; X) = det(A — A1(X)) of
A1(X) is

2

PO X) = 22(32 = @I 0P + Bl (0 P)

Hence, the zeros of p(A; X) are

0, A+(X) = /a}lY1(X)+ a3y (X)),

with multiplicity 2 each (recall that o, oy € R\ {0}).
Thus, Theorem 5.3 can be applied with respect to the blockwise diagonalization with

three blocks
A O A 0
Aai=0 , A= [ O+ ?»+] and A3 = [ 0 )L]
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4.2. The geometric N-level atom in the /\-configuration. Next, let N > 2 be a fixed
positive integer and letn = N — 1. We define, foraq, ..., any—_1 € R\ {0}, the following
connection D on the trivial bundle R” x CN — R”
N-1
D=DQ®Iy+ Z aj(dxjN)® EjN.
j=1
The connection D extends to the following covariant exterior operator and adjoint co-
variant exterior operator
N-1
Dk = Dk ® IN + Z ozj(dx]/\ ) ® Ej,N: Qk(Rn’ CN) —_ Qk+l(Rn; CN),
j=1
N-1
Dj :=D; @ I+ Y _ ajiyjax; ® En j: @' R"; CV) — Q*®R%; CY).
j=1
The connection D is flat as the following lemma shows.

Lemma 4.7. The operators Dy form a complex. Hence the curvature of D vanishes.

Proof. We have to to prove that DDy = 0. We have

N-1
Di+1Dx = Dis1 Dy ® Iy + ap (Dk+1(dXh/\ ) +dxp A Dk) ® Epn

h=1

N-1

+ Z ajop(dxj NdxpAN)® EjNEpy =0,
j.h=1 N
' =0p, N Ejn=0
for the first and second term, as before, vanish. This concludes the proof. O

We next consider the associated Laplacian
0" = DDy + Dg_1D}_;: @“®R": CY) — QF®R": CV).
Lemma 4.8. We have

n
00 = (P (. D) +k = D)Lk ® Iy

N-1
+ 3 e (U3 D L ® By + 9 (o, DI ® B )
j=I
-1 N-1
(ij-lk QENN— Z Oé?dx]' A ia/alek ® EN.N
j=1

=

+

M

=
L

ajopdxi Nigrax, 1k ® Ejp.
1

~.

i™
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Proof. One has

N—-1 N-1
N .
D](( ) :(D;:Dk+Dk_1DZ71)®IN+ E O‘jD]t(dxjA)‘X)Ej,N"'Zajla/ax_,-Dk(@EN,j
=l =1
N-1 N-1

+ D o Ditigjan; ® Enj+ ) ajdxj AD{_ ® Ejn
j=1 j=1
N-—1

+ Z ajap (iB/Bxh (dxjAN)® ENpEj N +dXj Nigjax, ® Ej,NEN,h)7
hj=1

from which the lemma follows by virtue of the formulae of Proposition 4.1. O

Corollary 4.9. When k = 0 we have

n
O = (pY(x, D) — 3 ® Iy

N-1

N-1
+Y (wjv-v(xy DY*QEjn+V](x,D)® EN,j) + (Z a]2.>10 ® EN,N-
j=1 =1

~

Hence the JC- )\ model is related to the Laplacian D(()N).

4.3. The geometric N-level atom in the \/-configuration. Next, let N > 2 be a fixed
positive integer and letn = N — 1. We define, for oy, ..., ay—1 € R\ {0}, the following
connection D on the trivial bundle R” x CN — R”

N—-1
D=DQ®Iy+ Z Otj(dx.,'/\ ) ® Eq j41-
j=1

The connection D extends to the following covariant exterior operator and adjoint co-
variant exterior operator

N—1
Di =Dy ® Iy + Z aj(dxin) @ Ey jo1: QER™Y CN) — QMR V),
j=1
N—1
D} := D} ® Iy + Z ajisjox; ® Ejer1: QTR CY) — @R CY).
j=1

The connection D is flat, by the following lemma.
Lemma 4.10. The operators Dy, form a complex. Hence the curvature of D vanishes.

Proof. We have to to prove that Dy Dy; = 0. We have

N-1
Dis1Di = Dit i Dk ® In + Y _ (Dk+1(dXh/\ ) +dxp A Dk) ® Ei j+1
h=1
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N-1
+ Z ajap(dxj AdxpA ) ® Evjr1Erpe =0,
. —
h=1
J =8+1,1E1,h+1=0
for the first and second term, once more, vanish. This concludes the proof. m]

We next consider the associated Laplacian
O™ = DDy + Dy 1D}, : QK ®R"; CV) — Q*®"; CV).
Lemma 4.11. We have

n
O = (P . D) 4k = DL ® Iy

N—1
+ 300 (V)@ DY W ® By + 0 (6, Dk ® Ejn,1)
j=1
N-1 N—1
+ Z C{flk ® Ej+1’j+1 + (Z afdxj A ld/dlek) ® El,l
j=1 j=1
N—1

- Z ajopdxi Nigax, @ Epst phel-
h=

Proof. In fact,

N-1
N
DI({ ) = (D;:Dk + Dk*lD;:_l) ® Iy + Z OéjD;:(dx]'/\ ) ® Eq,j+1
j=1
N-1
+ Z ojig/ox; Dk @ Eji1,1
j=1
N-1 N-1
+ ajDkfli‘d/axj®Ej+1,1+zajdxj/\D;:_1 ® Elj+1
j=1 j=1
N-1
+ ajap (ia/axh dxjN) ® Epy11E1,j41 +dxj Nigjoy, ® E1,j+1Eh+1,1),
hj=1

from which the lemma follows once more by virtue of the formulae of Proposition 4.1.
0

Corollary 4.12. When k = 0 we have

n
Oy = (PY (. D)= ) ® Iy

N-—1 N-—1
+ 3 @V D @E 49 DY@ Eji 1)+ Y @l 1@ Eju ja-
=1 j=1

Hence the JC-\/ model is related to the Laplacian DE)N).
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Remark 4.13. Note that, therefore, the JC models possess extensions to states that are
vector-valued k-forms. Loosely speaking, one may think of this mathematical general-
ization as a transposition to a fermionic, or more generally supersymmetric, picture.

Lemma 4.14. The semiprincipal term of D(13) can be blockwise-diagonalized with three
blocks.

Proof. Fixthebasis {dx; ®e;}i=12; j=1,2,3. We have for the semiprincipal symbol A1 (X)
of O,

2
A(X) = Zaj(l/fj(x)lk ® E1j+1 + ¥ (X1 ® Ej+1,1>,
j=1

that it may be rewritten in the above basis as

0 [A11(X)]A12(X)
Al(X) = | Au(X)| 0 0> ,
Ap(X)| 02 02

where A};(X) = [“f‘/’é'(x) a,w(;(X)

matrix. A computations gives that the characteristic polynomial p(A; X) = det(A —
A1(X)) of A1(X) is

] , J = 1,2, and where 0, is the 2 x 2 zero-

PG X) =22 (3 = 2(@f W (O P + 920 )2 + (o1 COP + 31y (0 )?).

Hence, the zeros of p(X; X) are given by

0. Ax(X) = £/odIVi (0P + Bla(X) P,

each with constant multiplicity 2 (for X # 0).
Thus, the diagonalization Theorem 5.3 (see the next section) can be applied to obtain
a blockwise diagonalization with three blocks

AM1=02 , A1=Ash, and A31 =A_Ip.

5. The Decoupling Theorem

In this section we prove a decoupling theorem for classes of semiregular global pseu-
dodifferential systems from our class SMGES (that is, of the Jaynes—Cummings kind).
For future purposes, we prove the theorem in the semiclassical case (hence fi;, will de-
note the semiclassical composition of symbols in the semiclassical setting, see [14]) and
then state the corresponding version valid for the semiregular case. The proof follows
the lines of the decoupling theorem in [14], but it has a main twist due to the fact that
the terms a;, and a,_; may interact in the composition formula due to the conjugation
of the symbol of the diagonalizer, but can be simultaneously blockwise diagonalized.
Recall that Sgycl(m“, g; My) stands for the set of regular semiclassical symbols (see
Point 2 of Definition 9.1.9 of [14]), that is, they are #-dependent symbols that admit an
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asymptotic expansion in half-integer powers of 4, with the h/-coefficient which is an
h-independent symbol of order the order of a decreased by 2. A semiclassical symbol
A then belongs to Sg’sreg(m“, g; My) if it can be written in the form A, + hl/zAM_l,

where A, € Sgycl(m”, g My)and A, _; € Sg’cl(m“_l, g; My).
Theorem 5.1. Let 1 > O and let A = A* = A, + hl/zAM_l € Sgysreg(m”, g; Mpy)

where

‘ 0 : ' 0 -1,
Ap~ Y Way aj €S0 qm' g My), Ay~ hlay 1 aj€S)qm" g My),
j=0 Jj=0

witha_j = a*, € S(m=*, g, My). Moreover, supposea,, = p,Inwithp, € S(m*, g),
and that a,, 1, for some ey € S(1, g; My) such that epe; = ejjeo = Iy, can be written
as

A 0
ay—1 = eoby—1€y, where by =bj,_| = |: MOL1 A 12]’
u—1,

where the Aj 1 € S(m/"l, g MNJ.), j=1,2and N = Ny + N>, are such that
diy 0 (X) 2 mX)H, VX e R™, (5.1)
with
dy 20 (X) = 1nf{|¢1 — &2l & € Spec(hj u—1(X)), j=1,2}

Then there exists E € S(()),sreg(l’ g; My) with E ~ 2/20 h-j/ze_j (with e_j € S(m_k,
g, My)) and principal symbol eqy such that

E"(x,hDY*E"(x,hD) — I, E"(x,hD)E"(x,hD)* — I € S™°(m~>, g; My),
(5.2)

and
EY(x,hD)*A"(x, hD)E" (x,hD) — B"(x,hD) € S~®m~>°, g; My), (5.3)

where the symbol B ~ ijo hj/zbu_j IS Sg’sreg(m”, g; My) is blockwise diagonal,
with

. _ bu—j,l(X)‘ 0 2n .
bﬂ_](X)_[ Lo | X ERTVIZ0

the blocks by, . being of sizes Ny x Ny, k =1, 2, with

_ _ | Ap-1a]| O
by =a, = puly, bu1—|: 0 [heia |

Remark 5.2. We shall call B an h*°-(blockwise)diagonalization of A. Notice that B
depends on A and eg.
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Proof. We immediately observe that once EY(x, D) has been constructed with the
property that
EY(x,hD)*EY(x,hD) =1 +r¥(x,hD), withr € S~ (m~>, g; My),

then by the ellipticity of E¥(x, hD)* (namely, the existence of a parametrix) we also
get

EY(x, hD)E¥(x,hD)* = I +s¥(x, hD), withs € S~ m ™, g; My).

Hence it suffices to prove the existence of £ and B with the required properties. We
show that for every integer Ny € Z, there exist

ey € Sm™*, g:My), 0 <k < N,
and
bu—kj € Sm** giMj), j=1,2, 0<k<No,
such that, with Ep, (X) := Y 00, A/ 2e_ (X)),
Ey #nEny = I +hND250 =Nt or M),

and

No
E;‘:/O#hA#hENO — th/2bﬂ—k +h(NO+1)/2S8(mM_(N0+1)’ g MN)a
k=0

where the b, = [buok,l - Ok 2
n—k,

First of all, we have that ey € S(1, g; My) is such that eja, e and eja,,—1eo are
diagonal matrices and e satisfies the unitarity condition (note that a,, and a,,— commute
since ay, is a scalar matrix).

We proceed by induction on Ny, and start by proving that the assertion is true for
No = 1 and for Ny = 2. (We will omit the dependence on (x, i D) and write ¢} in place
of ¢}’ (x, hD).) Hence, we look fore_; € S(m™!, g; My) such that

:|. We shall then take E ~ Y h*/?e_;.

(eo +h' e 1) #p(eo +h'Pe_1) — T € hS)(m™2, g; My). (5.4)

Now, the coefficient s_; of #'/2 in eg#heo is zero (because of the step-decrease of the

global calculus), whence for the coefficient of h'/2 in (5.4) we have
s_1+ege—1+el e =eje_1+ee9=0. (5.5)
Equation (5.5) has a general solution
e_1 = epa_1, (5.6)
where o_; € S(m~!, g; My) and

of [ +a_; =0. (5.7)
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We next look for o in such a way that b, is blockwise diagonal. Hence, we write

(ef +h'2e% ) A (e + 1126 ) = ()  Avey + (e ) Aved
+ (eb”)*Awefl) +hry s,

wherer,_» € Sg(m”_z, g, My).
Now, recalling the definition of A, we have

(eo +h' e 1) #, Aty (eo + h'?e_)
= epttpa,tthen + hl/z(e’il#haﬂ#heo +egtthautne_1 + ea‘#haﬂ_l#heo> +hry_s,
with r,_5 € SQ(m*~2, g, My).

It follows that, since a,, is a scalar matrix and hence it commutes with every other matrix,
we look for e_; such that

Gu—1+ay(e*eo+ege_1) +eyau—ieo (5.8)
is diagonal, where g, is the coefficient of h 172 in eq#nAyttpeo andin thiscase gy, 1 =
0. We have thate™ | eg+eje—1 = Oand thatejja, e is already diagonal by the hypothesis
on e.

Hence (5.8) is blockwise diagonal without any further conditions on «_j, which is
therefore only required to be skew-hermitian. However, further constraints on it will
arise in the next step.

This completes the case Ng = 1.

Next we look fore_, € S(m_2, g; My) such that

(eo+h'2e_1 +he_p) #y(eo+h'?e_y +he_p) — I € B3/*SQ(m ™3, g; My).
Hence, since
epttneo — I = hs_o + W2, s, = s¥y € Sm~2,g;My), s € Sg(m_3, g: My),
we require that e_j be a solution of
S_o+ege_n+ereg+et e =0. (5.9)

Equation (5.9) has as a general solution

1 *
e_n = ——60(s_2 + 67]6‘_1) + ep_2,
2 —_——
:aila,1

where a_» € S(m~2, g; My) and
oty +ay =0. (5.10)

We next determine r_5 so as to have b, in blockwise diagonal form with the diagonal
blocks b; ,, j =1,2. Write
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(eo+h'2e_y +he_o) #y Aty (eo + h'/2e_| + he_s)
= ety Attyeo + h'/2 (e*_ i Atteo + et A#he,l) +h (e;;#h Auttnes
4%y Attnen + et Ay e + e Ay #heo + e Autie ) )
+h3280(mH =3, g My).
Because of the form of A, we have
(eo +h'%e_1 + he_y) #, A#ty(eg + h'/?e_1 + he_y)
= epttna,dtnen + n'/? (e*_l#ha##heo +eptthauttne_1 + eg#hau_l#heo)
+h (eé#haﬂ#he_z +egtthay—1#ne_1 + egttpa,—ottpe + e* #ya ey
+e* \#pa,—1#eo + eiz#hau#heo) + h3/2r,k3, Fu-3 € Sg(m“_3, g, Mpy).
Hence, we look for e_; such that the coefficient of / in
(eo+h' ey + he_r) #,A#ty(eo + h'/?e_1 + he_y),
given by
Gu—2 +eyage_s +epau—1e—i +e*ae +e*a,_1e0+ e a,e0,  (5.11)
is diagonal. Now, (5.11) can be rewritten, by (5.5), as

Gu-2+ay(ege—r + e ,e0) + (egay—1e0)a—1 +ao’ ja_y +a* | (ega—1eo).

(5.12)
Since by (5.9) and (5.6)
epe—r+e 00 =—s_2 —at a1,
we obtain that (5.12) becomes
Gu—2 — aus—z + (efay—1ep)a—i +a* | (ega,—ieo). (5.13)

We now split (5.13) into two (hermitian) parts (note that g,_» = q;_z and s_p = s*,).

The first part is given by
. _|lwmly
qu—2 —aus—2 = I:y* MZ] s (5.14)

where u; = u;‘ are blocks of sizes N; x N;. The second part is given by

(epau—1e0)a—1 + o (eqa,—1e0) = [esaﬂ_wo, 05_1]

(recall that o_ is skew-hermitian by (5.7)). We therefore look for «_; in the form

oy = [_%* g} (5.15)
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Using the fact that eéaﬂ,leo is blockwise diagonal with blocks A, 11 and A,,_1 2, in
order to make (5.13) blockwise diagonal, we are led to the equation

Apu—1,18 —0Ayu—12 = —Vy, (5.16)

which imposes a condition on ov_j.
By Lemma 9.2.2 in [14], the equation has a solution and this completes the case Ny = 2.
It is important to note at this point that the only condition that «_ must satisfy so
far is that it be skew-hermitian, thatis «_» + «*, = 0.
Now, we proceed by induction. So, suppose we have already constructed the sym-
bols eg,e_1,...,e_ny,and by, by 1, ..., by_n,, independent of &, with the required
properties. Moreover, suppose that we have constructed

1
e_Ny = _EeO(S—No +er e (No—1) +e*_(NO_1)e_1) + €0a— Ny, (5.17)

where s_y, = s* € S(m N0, g, My) is the coefficient of h"0/2 in E,_o#, Eny—2,
and the only condition that oy, must satisfy is

oy +a’ y, =0. (5.18)

Proceeding as in the case Ny = 2, we look for e_(y,+1) such that
No+l * No+l No+2 _
(EN() +h 2 e_(N0+1)) #y, (EN0 +h 2 e_(N0+1)) =1+h"2 Sg(m (N0+2), g; My).

Thus, using the symbol-composition formula #, and (part of) the inductive hypothesis,
that is, Ej:,o#h En, =1+ h(N0+1)/2S8 (m~MNo+D " o- M) (the other part of the inductive
hypothesis being relative to the diagonal form of the conjugated operator), we are led to
the equation

S_(Ng+1) + €5e—(Ng+1) +ei(N0+1)eo +ee_n, +eiNOe_1 =0, (5.19)

where s_(ny+1) = Si(N0+l) is the coefficient of #(Mo+tD/2 i E}‘;,O_l#hENO_l. Since

*
(EN0 + h(N()H)/ze_(NOH)) #, A#y, (ENO + /’l(N0+l)/2e_(N0+1))

No
= 2 Py g+ DSt = ND g My,
k=0

(No+1)/2

with b, diagonal, we next look for e_(n,+1) such that the & -coefficient in the

symbol composition E X,O 17 Aty Eng+1, given by

* *
du—(No+1) T €0aue—(No+1) T €_(Ny+1) 411 €0
+egau—1e—Ny +e y au—1e0+e’jagen, +e yaget, (5.20)

is diagonal. Now, we rewrite (5.20) as

* * * *
du—(No+1) + Auepe—(No+1) +aue” (ny41)€0 + (€9@u—1€0)€pe—Ny

k ES % 3
+ efNOeo(eoaH_leo) +aye”je—ny +aue’y e, 5.21)
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so that (5.21) becomes (using the fact that a, is a scalar)

* * * k
qu—(No+1) + ap€ge—(No+1) + €~ (yy11)€0 + €2 1€—Ny +eZy e—1)

=—5_(Ny+1) by (5.19)
+ (epau—1e0)ege—n, + eiNOeo(ef)‘aﬂ,leo). (5.22)

Next, using (5.17), we write

* _ 1 .
€0€—Ny = —735-Ny +O_Ny = T +U0_N, (5 23)
efep=1—« ’
_NO 0 —N()s
where
_ 1 _ s _
T = 25‘_1\/0 =T, O_Ny= Ot_NO.

Hence (5.22) can be rewritten as

Gp—(No+1) — AuS—(No+1) + (€gau—1e0)T + T(egau—1e0) + (ega,—1€0)o—p,
+afN0 (ega—1€0).

As before, we next split (5.13) into two (hermitian) parts, where the first part is given
by
* * _ i 77
Gu—(No+1) — AuS—(No+1) + (€gau—1€0)T + T(€gau—ieo) = [);* } ,

where u; = u}’f are blocks of sizes Nj x N, and the second one by

(epau—1€0)a—N, + o™ g (epau—1€0) = [e5au—1€0, a—n, |

(recall that v, is skew-hermitian by (5.18)). Hence, we look for _ y,, in the form

018
oy, = [—S* o]’ (5.24)

and, using as before the fact that ejja, —1eq is blockwise diagonal with blocks A, 1
and A1 2, we are therefore led to the equation

Ap1.18 —8ry10=—7. (5.25)

As before, the equation as a solution and we complete the proof by induction. Once
more, it is important to note that the only condition that ov—(y,+1) must satisfy in the
No + 1-st step of the induction is o—(ny+1) + ai(NOH) =0. O

We state (without proof, since it follows the lines of the foregoing proof) the blockwise
diagonalization theorem in the case of semiregular symbols.
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Theorem 5.3. Let . > 0, and let A = A* ~ ijo ayu—j € Ssreg(m”, g5 My). Suppose
ay = puln with p, € C®(R?" \ {0}) positively homogeneous of degree 1, and that
ay—1, for some e € C® (R \ {0}; My) positively homogenous of degree 0 and such
that epey = egeg = Iy, X # 0, can be written as

au-1 = eoby 1€y, where by =by_| = |:)\”61’1 T 01 2:|, X #0,
=1,

where A, 1,j € C°°(]R2” \ {0}; MNj), j = 1,2 and N = N + Ny, are positively
homogeneous of degree . — 1, and are such that

Spec(ru—1.1(X)) NSpec(h,—12(X)) =@, ¥X e R*, |X|=1.

Then there exists E € Sgeg(1, g; My) with E ~ ijo e_; and principal symbol e
(hence e_i, € C®(R?" \ {0}; My) is positively homogeneous of degree —k) such that

EY(x, D)*EY(x,D)— 1, E"(x,D)EY(x,D)* —1 ¢ S(m~°, g; My), (5.26)
and
E"(x, D)*AY(x, D)E" (x, D) — B"(x, D) € S(m~°, g; My), (5.27)
where the symbol B ~ ijo by_j € Sgeg(m*, g My) is blockwise diagonal, with

o [P (X)] 0
b2*] (X) - |: jO ‘bZ—j,Z(X)

the blocks by > being of sizes Ni x Ny, k =1, 2, with

],VX;AO,ijO,

)\p.—l,l 0

by =ay, = puln, bu1=|: 0 Aulz},X#O.

6. The Subprincipal Symbol

In spectral asymptotics, the subprincipal symbol plays an important role. We shall in this
section study its structure and the transformation laws under different diagonalizers of the
principal part. From the decoupling theorems (semiclassical case as well as semiregular
one) we obtain the following general form for the subprincipal term of the diagonalized
symbol.

Proposition 6.1. For the subprincipal part b, _> of the h®°-diagonalization given in
Theorem 5.1, or in the semiregular case by Theorem 5.3, one has, by (5.21), the formula
(recall that a;, = pyIy):
i
by—n =e*,eob, + byeje—s +ega, e — > (¢ {an. eo} + {5, aneo})
+ejage_1 +by_rege_1 + e’ eoby1,
where
i N 1,
e_y) = ZE() {eo, eo} — 5600[_105_1 +epn—_2,

with oa* , = —a_5 and o | = —a_y determined by (5.24) and (5.25).
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Remark 6.2. It is important to note in e_, the presence of the term —ega™ ;—1 /2 which
depends on the symbol of order  — 1 (i.e. the semiprincipal part) of our system.

To study the structure of the subprincipal term, for the sake of clarity we will be
considering in the first place the case N = 2 and afterwards the case of a general N.

All of the results below hold also true in the semiregular case of Theorem 5.3 above,
the only change being that where in the case of the /*°-diagonalization we have X € R?",
in the semiregular case we have X # 0.

6.1. The case N = 2. Supposehencethat N = 2,thata,, = a;i = pul, py € S(m*, g)
T €
S(m*~1, g) be the eigenvalues of a,.—1, and suppose that

Let (by slightly changing notation) A" _,, A

scalar, and that a;,_1 = a -1

n—1

A (X) =2 001 2 m(X) !, VX e RY, 6.1)
whence the existence of a smooth unitary matrix ep such that

)0

eo(X) au—1(X)eo(X) = |: 0 a- I(X)], VX € R*".
i

We have the following corollary.

k
n—1
possesses smooth eigenvalues )»lf_ | satisfying (6.1). Let {w.., w_} be the canonical basis

Corollary 6.3. Suppose that a,, = az = pu 1 is a scalar matrix and thata,_ = a

of C?, namely wy = |:(1)] w_ = |:(])] so that for the semiprincipal symbol b, _ of
the (h°°-)diagonalization we have b, _1(X)w+ = )‘i—l (X)w4, £-respectively, for all

bt 0
X € R?". Then for the subprincipal symbol by = [ “072 b :| we have with j = £
n—2

b,({lz = <bu—2wjv wj>
=(egap—eow;, wj) + %Im ((teg. puteow;, wj)) + %Im ({e51Pus cotwj, wj)) -
In addition, as for the term § determined by equation (5.16) one has
8= —%k_«eéa,kzeo —ieg{pu, eoDw_, wy) (6.2)
n—1 p—1
Proof. Recall that b, = a,, = p, I>. We write the subprincipal term b, _, as

"

1/
bM—Z - bu—Z + n—2°

where
i
/
by~ = €Zpeoby +byege—2 + egau—eo — 5 (€5 {Pus o} +{e5, pueo})
and

1 . * * *
by, =eljape_1+by_1ege—1 +ejeoby_1.
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As for b;kz we have, by Corollary 9.2.6 in [14] (used to deal with the terms coming
from the “regular” step in the order of the symbols), that for j = =, respectively,

]
(buawjs w)) = (egag—reow;, wj)+ SIm ({5, puleow;, w;))

1
+5Im ((egtpus eowj, wj)) — puletja—iw;, w;)

(the last term in the above expression is due to the form of e_;, see Remark 6.2).
As for b;i_z, on the other hand, we have (since e_| = epa_1)

(e*_laue_le, wj> = <af1bua_1wj, wj> = pu <a_1wj,a_1wj> = <puoeiloc_1wj, wj),

and
((blk]eéefl +efleob,k]) wj, wj) = <(bp,71(¥71 +af1b/t,1) wj, wj> =0

because b, _j_jw+ = rws withr € C* (R%"; C) (the same happens for a* b, for
a different r) and (w+, w+) = 0 (£-respectively). It follows that

(bl’i_zwj, wj) = pulatja_jwj, wj), j==

Therefore, adding the expressions for (b;L_2
the formula for the subprincipal part b, _>.

We finally prove (6.2). By (5.16) we have that § = —y/(k;_l — A;_l). Therefore we

. . i . . :
w;, w;) and for (bM_ij, w;), we obtain

have to compute y by means of equation (5.14). Hence, recalling that 1 = |: _%* gi|

and that e_| = egpar—_1, we have

y = <(e(>§a,kzeo — % (5 {au. eo} + {eg. anen}) — pﬂ(—%{eé, eo})w,, w+>

= ((epap—2e0 — iej{pu, co)w—, wy),
which gives (6.2) and concludes the proof. O

We must now study (still remaining in the 2 x 2 case) the transformation properties of
the subprincipal term depending on the choice of eg. We have the following proposition.

Proposition 6.4. Suppose that a,, = a;'; = pul> is a scalar matrix and that a,_1 =
a;‘;_ | possesses smooth eigenvalues )‘;—1 and At satisfying (6.1). Let eq and ey be
smooth, unitary 2 x 2 matrices in S(1, g; My) such that
At 0
~ ~ -1
epau—1e0 = eya—1€0 = by—1 = |: “0 |
—

Denote by b,,_» and l;u—z, respectively, the subprincipal terms given in Corollary 6.3,
associated respectively with eg and eg. Let hence [ € S(1, g; My) be the unitary matrix
such that eq = & f, so that (since )»7271 # A1)

f+ 0
f:[Of}
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with the f; € S(1,8) and | f;(X)| =1, forall X € R?", j = +. Then, with {w,, w_}
the canonical basis of C* as before,

by = buawjowy) = (Bu-awjow)+ I (£ {F pu))j =+ (63)
Moreover; one has
8= fif-8 (6:4)
where § is determined by equation (5.16) with eq in place of ey.

Proof. By Corollary 6.3 and by the proof of Proposition 9.2.7 in [14] we have (6.3).
Hence, we only need to show that § = f f_§.
On the one hand,

(eglan. eotw—, wy) = fi{{au, e flw—, eows)
= f+f— ({Pua 50} w—, 5()u)+> + ]F+({P;u f—} eow_, 50w+> (6.5)
= f+f— (53 {P/u 50} w—, w+) + f+ <{P;La f—} eow-—, 50w+)-

On the other hand,
Fellpus f-}eow—, éows) = filpy, -} (@ow—, eows) = 0. (6.6)
Now, (6.5) and (6.6) give
1 * .k
8 = ————————((epau—2e0 — ief{pu, ecohw—, wy)
O R
= —Jrﬁr%«%aufzéo —ieg{pu, eohw_, wy)
O R
= f_‘+f—gv
which concludes the proof. O

6.2. The case of blockwise matrices. We pass in this subsection to the study of the
subprincipal symbol in the more general case of a diagonalization into 2 blocks, with
N > 2.

Suppose now that:

() ay = ay, = puly is a scalar matrix with u > 0, p, € S(m", g);
(i) ay—1 = aZ—l is such that (as in Theorem 5.1) there exists a smooth unitary matrix
eo € S(1, g; My) such that

Ao X 0
eO(X)*au—l(X)eO(X):[ “‘5( ) PoRe
-

} . VX e R*, (6.7)

where, writing N = N; + N_, we have that £-respectively )»ff_ | €S (m"’l,
g, My, ), with

inf {11 — &2l: &1 € Spec(hy,_ 1), ¢2 € SpecG,_) | 2 m(X0)* 1 vx e R
6.8)
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We have the following corollary.

Corollary 6.5. Suppose that a,, and a,,_ satisfy the conditions (i) and (ii) above. Con-
sider, £-respectively, the orthogonal projectors my: CN — CVN = CN+ @ CN-
onto CN+ @ {0} and {0} @ CN- respectively (that is, m, = [In,On_] and m_ =
[On_|In,]), so that for the semiprincipal symbol b, of the h*°-diagonalization we
have m+b, (X))} = A;E_l(X), +-respectively, for all X € R*". Then for the sub-

b* 0
principal symbol by, _» = [ =21 :| we have, with j = =,
0 |6,
bfjlz = njby-om;

i i
* * * * * *
= Tjepau—2e07; — Eﬂj{eo’ ayteor; — Enjeo{aﬂ, eo}r;

* * . * *
= Tjepdu—2e07; — injeq{pu, eo}nj.

In addition, for § (see (5.16)) one has )»71718 — 8)»;71 = —y where
y = 1y (egau—e0 — ie{pu. eo}) . (6.9)

Proof. By Proposition 6.1, the terms in 7; bu_zﬂ’; for j = =% are given by (recall that
b, =au = puln)

k * *
7j (e*re0by +buege—2) 7}

i
= an (bu{eé, eo) — {eg, eo}*bu) nj’-* (1st)
1 1
+7T <—§a*1a_1 + a*2> by +mjby <—§a*1a_1 + a_2> oy
(since {efy, eo}* = —{ej, eo} and a* 5, = —a_3)

I
=37 (bﬂ{ea", eo}) 71;‘ - bﬂnjafla_ln;‘,
mi{eg, aﬂeo}rr}k =mj{e, eo}pﬂn;‘ +7j{eg, pu}eon}k, (2nd)
mjeXjape i = pymjaljewy,  (3rd)

and finally

* _
i =

since b, _ja_1 is blockwise anti-diagonal. Summing the above terms gives the expres-

T (bufleéefl + 6716017“71) g 7'[jbﬂflot,17'[‘;!< + ﬂjaile,1ﬂ7 =0, (4th)
sion of b;(LIZZ‘

We next show (6.9). By (5.16) we have that )‘;71 §— 8)\;7] = —y. Therefore, we just
need to compute y by means of equation (5.14). Hence, recalling that «_; = [ —(()S* gi|
and that e_; = epa—1, we have

i i
Yy =4 <63%—2€o ) (€5 {a- eo} + {5, aneo}) — au(_z{eg’ 6’0})) n*
= s (egau—eo — ieg{pyu, e’

which gives (6.9) and concludes the proof. O
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As before, we must now study (still remaining in the N x N case, N > 2, with 2
blocks) the transformation properties of the subprincipal terms depending on the choice
of eg. We have the following proposition.

Proposition 6.6. Suppose that a,, and a,,_ satisfy the above conditions (i) and (ii). Let
eo and ey be smooth, unitary N x N matrices in S(1, g; My) such that

N ) Ao
* __ % _b _
€odu—1€0 = €pay—1€0 = by—1 = p— ,
0 |x,_

with the blocks )‘i—l satisfying (6.7). Denote by b, and I;M—z, respectively, the sub-

principal terms given in Corollary 6.3, associated respectively with eg and €. Let hence
f € S, g; My) be the unitary matrix such that ey = ey f, so that (by the spacing

property of the spectra of )»ff_ "
0
f — [f+ f7 }

with the f+ € S(1, g; My, ) being themselves unitary matrices. As before, consider w4
the projectors of CN = CN+ @ CN- respectively onto CN+ @ {0} and {0} @ CN-. Then,
for j ==+,

by = by = fimbuan £ = 5 (F1APus 1Y = b 51 17) (6.10)
= fimjbu—a} fi+ IM(f {pus £iD)

(where, for a matrix A, we put 2i Im(A) = A — A* for its skew-Hermitian part).
Moreover,

M8 =8 = 1 (x;_la — 5,\;_1) r* 6.11)

where § is determined by equation (5.16) with eq in place of ey.

Proof. We prove (6.10) by following the scheme of proof of Corollary 9.2.6 in [14].
One has

* * * o~k ~ * k__ =k ~ %
Tjegau—2e0m; = i fTegau—2eo frrj = fj Tjendu—2€07; fis
~—— ~——

— f¥.
=1 =

miley, apteon; = wi{f e, putéofm;
= fimileq, putéor; fi+ {f}, pu} mjéséon fj

———— ——
=—{pu. fi}* In;

J
= fimileq, putéor; fi — {pu, Fi} fis

mieplan. el = freg{pu. eofim;
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——

Iy,

= fimj&5{pu. e fj + fi{pu. 1))

Corollary 6.5 gives the formula.
We next prove (6.11). By (5.16) we have that )L:LIS — S)Ll:fl = —y and by (6.9) that

y = m4 (ehau—seo — ieg{pu, eo}) 7.
We have therefore to study the transformation properties of . One has

Y = 7T+(f*56kau—250f - if*ég{Pw EOf})jTj
= fim(eau—eo —ieg{pu. eol)m* fo —ify meegeon {pu. -} = fi7v f-
—_———

=0

whence (6.11). This concludes the proof. |

7. The Weyl Law

In this section, we prove for a system A € Ssreg(mz, g; My), a semiregular metric
globally elliptic system of the kind introduced in Definition 2.4 (i.e., an SMGES), a
“classical Weyl-Law” and a “refined Weyl-Law” result of the kind proved for scalar
semiregular operators, respectively, by Helffer and Robert [6] and by Doll, Gannot and
Wunsch [4]. We follow the approach in [4] for both the results. As is classical, the
approach is based on the construction of an FIO (Fourier integral operator) parametrix
of the Schrodinger unitary group generated by AY. We will hence have to exploit our
diagonalization result (in the semiregular setting) developed earlier in the paper. In fact,
we construct a parametrix for the diagonalized system and thus obtain a parametrix
by conjugating with the operator E¥ (x, D) constructed in Sect.5. However, because
of that conjugation we need to have a better control on the compositions occurring in
conjugations. Hence, it will be convenient to construct a parametrix following the idea
of Doll and Zelditch in [5], that is, by exploiting the fact that the parametrix FIO can
in fact be written as a Weyl-quantization. Having the parametrix for e~/ A" we then
follow the classical approach, in that we will be able to consider the trace of its Schwartz
distribution kernel and obtain our results through the asymptotics of the convolution of
the counting function with a suitable scalar function (with compactly supported Fourier
transform) and classical Tauberian arguments.

Throughout the section ds denotes the Riemannian metric induced on {p; = 1} or
on {p> = A} (it will be clear from the context) by the Euclidean one with A > 0, and
ds/|V pa| denotes the associated Leray-Liouville measure.

In the proofs of Proposition 7.2 and of Theorem 7.8 it will be fundamental that the
angular gradients of the X-ray transform of the eigenvalues of the semiprincipal symbol
vanish to infinite order exactly on a subset of measure zero of S**~!. Namely, if we
denote by 9%, o € N2t=1  the tangential derivatives to S21=1 and byi; (1 <j<r)
the eigenvalues of the semiprincipal symbol a; of the SMGES under study, we require
that for all 1 < j < r (recall that r is the number of distinct eigenvalues of a;)
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o Condition DGW:

2
Moy j:= {a) e S 9% | (A1) oexp tHp,)(w)dt =0, Yo € N*"71\ {0}}
0
has measure zero. (7.1)

Remark 7.1. Note that to impose Condition DGW (7.1) we need a certain kind of
knowledge of the eigenvalues of the semiprincipal symbol a; of the SMGES we are
considering. By definition of that class, we already know that the eigenvalues are smooth
functions, whose graphs never cross. However, we may think of Condition DGW (7.1)
as a condition on the logarithmic derivative of the characteristic polynomial P of the
semiprincipal symbol, and, for that, Rouché’s Theorem is very useful. In fact, by the
Definition 2.4 of SMGES, for all wg € Sl andall 1 < Jj < r, there is a closed disk
in the complex plane By, ; centered at A ;(wo) and containing no other A j/(wp) with
Jj' # j.Inparticular, B, jN B, j =0 for J # j'. Hence, by Rouché’s T heorem there

is an open neighborhood U,,, of wy on the sphere §?"=1 such that

3 P(w; A)
27iN; Jap,,,  Pl;k)

Aj(w) = Ao, Vo € Upy, j=1,....r., (12)

where N; is the multiplicity of A; and P (w; A) := det(a;(w) — Aly). Thus, we can give
a local representation of A ; around every w € §?=1 and, therefore, by the compactness
of S?"~! there is a finite open covering {Uag ke g of S?~1 such that on each open set
of the cover the identity (7.2) holds. Finally, a partition of unity argument subordinated to
the covering {Uq, };—; _j gives the function S?"~!'5 w > Aj(w) for all j. Therefore
Condition DGW (7.1) may be described in terms of derivatives of the logarithmic
derivative of the characteristic polynomial P of the semiprincipal symbol.

For clarity of exposition, we first prove a result in the fully diagonal case which serves
as a guide to guess what the result should look like in the more general, nondiagonal
case.

Proposition 7.2. Let B = B* ~ Y, ba—j € Sreg(m?, g; M) be a diagonal SMGES

symbol. Hence, in particular, by = pyIy with py € S(m?, g) the scalar harmonic
oscillator. Let R 3 . —— N()) denote the spectral counting function associated with
BY. We have the following asymptotics

N
N =( —— dx ) at— o)™ T b M2 o0, A .
* ((2:1)" f,,zsl ) (( i /pzl (‘)W |> HOUT) A e

(7.3)
Furthermore, if Condition DGW (7.1) is satisfied, then (7.3) can be refined to
N
N = 2r) " / —/ Tr (b +o(" 1, A = +oo,
) = ) ;(mhl,q ) - (o)lV | FOd"TDL A = 4o
(7.4)

where by j is the j-th term of the diagonal of by with j =1, ..., N.
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Proof. Of course, we may write the counting function as
N
R> A N = ZN]-(A),
j=1

where N is the counting function given by the jth diagonal term of BY. Applying then
the scalar results by Doll, Gannot and Wunsch [4] to get the asymptotics of each of
the contributions in the two cases of the statement, we sum up the asymptotics of all
contributions to get the asymptotics of N(L).

To obtain (7.3) foreach 1 < j < N, let p € .(R) such that p has compact support
in (—¢, ¢) for a sufficiently small £ > 0 and p = 1 on a neighborhood of 0. We have

ds

(Nj*p)(0) = 2m)™" / ax —/ Tr (bo) +00 3 ) > +o0,
pa+by i<k p2=A V2l

(7.5)

by [4], Proposition 6.1. Since

Vol({pa +b1,j < A}) = A"Vol({p2 + 2~ 1%by ; < 1)),

a Taylor-expansion in powers of A ~1/2

) — —n n ds N1 n—1
N;j () = (27) <</pz§ldx)x —(/pz:lbm'vpzl)x >+0(,\ ), A — +00.

and Lemma IV.7 of [6] give the asymptotics

Therefore, as A — +o0,

N

N(L) =Z N; ()
j=l
N

= <((2n)*"/ dX) At <(2n)*"/ by ds )A"*1/2>+0(A"*1)
, pa<l1 p=1 " IVpal

j=1
N n —n ds n—1/2 n—1
- ax ) —(e Tr(h)) —— | A= V2 oYy,
(<2n>" /pzsl ) <( ) /,,Fl (”|sz|) rOeT

which gives (7.3).

We next prove (7.4). In fact, by virtue of Condition DGW (7.1) we are in a position
to apply Theorem 1.2 of [4] to each diagonal term of B and obtain that

—n ds n—1
N;j() = Q2m) dx | — by j—— | +00" ™), A — +oo,
p2+by i< p2=A |V 2|

forall 1 < j < N, whence
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N
NG) =) N;()

j=1
Al ds
=Q2m)™" Z/ dX —/ Tr (by) +0o0" 1, A > +o0,
j=1 pa+by <A p2=A |VP2|
which concludes the proof. O

As already mentioned, the fundamental tool to obtain the Weyl law for the class
of semiregular {rdo systems we are interested in, is a parametrix of the unitary group
t + e¢~"A" In our vector-valued situation, by the diagonalization result Theorem 5.3
this goes through the construction of the parametrix in the case of a semiregular system
with scalar principal part, blockwise scalar semiprincipal part, and a full blockwise
subprincipal part.

For the parametrix construction in the diagonal case, we will first construct a parametrix

of the reduced propagator (see Lemma 7.3 below) and will then compose the latter with
the unitary group of the harmonic oscillator (which is the Weyl-quantization of an expo-
nential, see Hormander in [11]). The main advantage of such a construction is that, fol-
lowing the approach of Doll and Zelditch [5], the parametrix is a Weyl-quantitation. This
is crucial, for we have to compose the FIOs by the diagonalizers to obtain a parametrix
for t > e~"A" and this is a delicate point.
We next follow the approach as in the scalar case by Doll, Gannot and Wunsch [4] (which
is in turn inspired by Hormander [10]), which gives a result that generalizes their Propo-
sition 6.1, hence yielding an asymptotics for N * p for a suitable localizing function p
(belonging to . (IR) such that p has compact support in (—¢, ¢) for a sufficiently small
& > 0 and p = 1 in a neighborhood of 0). The refined Weyl-Law estimate will then
follow from that by a Tauberian argument.

We consider at first the construction of the reduced propagator in the case of a system
B with scalar principal and semiprincipal symbols (note that we allow a matrix-valued
subprincipal symbol and lower order terms).

Note that we will have to consider Weyl-quantizations of the kind (¢! )", where
a € Sgreg(1, g My) and ¢ is an isotropic symbol of order 1. This is done according to

the Weyl-Hormander calculus with metric |d X |2 whose Planck constant is 1.
Lemma 7.3. Let B = B* ~ ijo by_j € Ssreg(mz,g; My), where the b; = b}'f
are positively homogeneous of degree j and by and by are scalar: by = pyIy and

b1 = p1ln, where pj is the harmonic oscillator and p1 is homogeneous of degree 1.
Fort € R consider

P(1) == €'"P2 (BY — pY)e i1
Let Hy, be the Hamilton field of p> and t — exp (t H 172) (X) be its bicharacteristic flow.
Consider the phase-function

t
R, x Ri” 5, X)— ¢1(t, X) = —/0 P1 o exp (sHm) (X)ds. (7.6)

Then there is @ € C®°(Ry; Ssree(1, g My)) such that R 3 t + F(1) := @D Og(1)Y
solves

(i0; — PYF € C®R;; Z(S,.7) @ My), Fli—o = Iy +R,
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where R is smoothing.

Proof. As usual, we make a WKB construction, the main point being that the eikonal
equation and the transport equations are globally solvable in time. Note that in the
transport equations we have a matrix term of order zero (generated by the in general
non-scalar subprincipal part by), but this is harmless in solving them.

Observe that since H), is linear, X +> exp(tHp,)(X) is a global linear diffeomor-
phism for all ¢, so that by Egorov’s Theorem (or Hérmander’s theorem on the invariance
of the Weyl calculus through linear symplectomorphisms) we have that the Weyl symbol
of P(t) is given by (B — p2) o exp (tH ,,2). Therefore the principal term of P(¢) is

p1(t) := proexp(tHy,), teR,
and the semiprincipal one is

bo() :=bo o exp(tHp,), 1t €R.
The eikonal equation is

Qt(l;l +p1 =0,
¢l |t:0 =0,

and it is solved for all # and X by ¢; given in (7.6).
As for the terms of the WKB expansion of & ~ Z&_ j we have a sequence of
Jj=0
transport equations, the first of which has the form

dao = (bo — 5{P1, $1}In)do,
aoli=o0 = In.

Since the characteristics are straight lines, the solution exists for all times, the matrix-

valued term l;o being, as already mentioned, harmless. One proceeds similarly for the
other transport equations (which have the same structure, with initial condition the zero-
matrix and source terms depending on the &_ ;s already constructed, as usual). Observe

that by — %{ P1, &1}y is homogeneous of degree 0 and that the higher transport equations
for & ; preserve homogeneity (& ; is homogeneous of degree — ). The characteristics

being straight lines, the & ; (¢) exist for all times. Taking & ~ Z ,>061, ;j concludes the
iz

proof. O

Next, we need a composition result for quadratic phase functions (analogous to Propo-
sition 4.2 in [5]).

Proposition 7.4. Let A € My, be a real symmetric matrix and a, b € ./ (R*"). We have

(€A a#tb)(X) = e (AXX) / e YY) (X + YDD(X + JAX + Y2) dY; dYs,
Ré4n

where Y := [g] e RY, X € R?", the 4n x 4n matrix Q given by

—A|—-J
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and where J = |:_OI (I) is the standard 2n x 2n symplectic matrix, # being the com-

position operator in the Weyl calculus.

Proof. The proof follows by the integral representation for the composition of Schwartz
symbols (see Zworski [23]) and a change of coordinates in the integral. In fact, by [23]
Theorem 4.11,

(' A a#tb) (X)
=n—4nel(AX,X) /4 e—le'(YI,Y2)+1(A(X+Y1),X+Y1)a(x+Yl)b(X+Y2) dY] de’
R n
(7.8)

where

=335 1)
Now, the change of coordinates in (7.8)
Yi =Y, Ya=T+JAX,
leads to (using Y7, Y> again)
(e A7) a#b) (X)

=g el (AX.X) f e (X + YD)b(X + JAX + Y2) dYy dYs.
R4n

In fact,
0-J7]s o ; ;
20, Y =({|; o | 7.7 +<AX, Y1>+<AY1, X>
where Y := |:§1:| € R¥. Hence, —20 (Y1, Y2) + (A(X + Y1), X +Y}) = —(QY.Y)
2
and the proof is complete. O

By Proposition 7.4 we may compute how quadratic exponentials act on oscillating
functions.

Proposition 7.5. Let ¢| be real, homogeneous of degree 1 and smooth on R*" \ {0}.
Let a € S(m*t, g; My), and b € S(m*2, g; My). For any given real symmetric and

positive-definite (resp. negative-definite) matrix A € My, we have

(ei(A"»a#ei(’bl b)(X) — ei(AX,X)+i¢1(X+JAX)C7

where X € R* and ¢ € S(m™1*2 g; My)
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Proof. Since the linear map defined by Q (see (7.7)) is injective we may use the usual
approximation argument and a non-stationary phase argument to extend the previous
approach to semiregular symbols. We may hence consider

(ei(AA,->aﬁei¢lb)(X) — ﬂ—4nei(AX,X)+i¢|(X+JAX) x
x / e QYY) g(X 4 y))e! O1EHAXTD)=Q X AXN (X 4 JAX + Y2)dY1dYs.
R4n
(7.9)

We show that the integral in the right-hand side of (7.9) isasymbolc € S(m#*1*t#2, g; My).
Note that when A > 0 (resp. A < 0), then I, + J A is invertible. We next define, for
A >0,

(X)) =7 / ¢TI0V 4 (JRX + ¥y )el @1 A Dout] DXHV2) =1 (VA Dt ] A)X)
Rén

xb(N(Ioy + JA)X + Y2)dY dYs,

X € R?". In order to prove that ¢ is a symbol it suffices to show that there is 19 > 1
such that for all A > Agand all 1 < |X| < 2 we have

10%ci(X)] < Curlti+h2)/2, (7.10)

where Cy, is independent of A (and X). In fact, if (7.10) holds, then for any given X € R2"
with | X| > A9 we may find A > A for which VA < |X| < 2+4/2 and hence may find a
unique X with 1 < |X| < 2 such that X = \/X X. Therefore

10%c(X)] = A2 |95, (X)| < Clalmtma=lab/2)
for & > 9 and with C, > C,. Since %|X| < /A < |X|, we hence have that
[0%c(X)| < C, (X)prtra=lel

for |X| > X0 and with C), > C,, thatis, ¢ € S(m"1H2, g; My).
Now, for A > A, let

Fi REXRY 3 (X, Y) — a(WAX + Y1)b(VA((Tay + JAX +12)).

Note that, for any fixed constant C with 0 < C < Cpip := X IB}? 2|(12,, + JA)X|, one
<|X|=

has
10% f(X, Y)| < Coali1t12)/2, (7.11)

uniformly in 1 < |X| <2 and |Y| < C, because a and b are symbols.
For u € R define

Pu(X,Y) :=—(QY.Y) + ug1((I2n + JA)X + 1Y2) — 1 ((I2n + JA)X),

and

cap(X) =7t*4")»2”/e"m“(x’y)fk(x, Y)dY. (7.12)
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By using the homogeneity of the phase and the dilation ¥ — ¥ /+/A, we have that

C)p = CA’A—I/Z.

We next study ¢, as A — +oo and p in a neighborhood of zero (1 < |X| < 2 and
Y| < C). Let C, = {Y # 0; dy®, = 0} denote the set of stationary points. Thus
Y eC,iff

—AY| —JY, =0,

JY1 +uVo1 (L, +JAX +Y2) =0.
By the Implicit Function Theorem, we may parametrize Y by (u, X) near any fixed X

with 1 < [Xo| < 2 for |u] sufficiently small. In fact, the Jacobian of dy ®, with respect
to Y is

—A —-J
J n@y,Véi1((Izn+ JAX +12)) |’

which is invertible when . = 0. Hence, we obtain that | ¥ (i, X)| < C’|w|. In particular,
Y (e, X)| < C < Cpip for || sufficiently small, and 1 < |X| < 2, whence the bounds
(7.11) for f. Moreover, note that (I, + JA)X + Y> # 0 by taking C small enough,
since |Y (u, X)| < Cif 1 < |X]| < 2 when pu is sufficiently small.

Next, without loss of generality we may assume that f; vanishes on the complement of
{(X,Y); 1 <|X|<2,1Y| < C/2} Infact, we wishtoprove (7.10)for 1 < |X| <2and
®,, is stationary only if |Y| < C/2 (by taking |u1| even smaller), so that the contribution
to the integral ¢, , (X) when |Y| > C/2 (and 1 < |X]| < 2)is O(A~°°) (uniformly in u
in a neighborhood of zero) by a non-stationary phase argument.

We may now estimate integral (7.12) and its derivatives. Consider 8; Ch,p- Itis asum
of terms, where those with £ < |y| derivatives landing on the exponential factor can be
written as

22 G / ML) (ag’ Fi(X, Y)) 3 Yhp(X. Y wdy,  (1.13)
BI=t

for some smooth functions /g and |y’| = |y| — €. In fact, expanding ¢; at (I, +JA)X,
with |Y| < C/2and 1 < |X]| < 2, we have

$1((2n + JA)X +12) = $1(U2p + JA)X) + (Y2, Vi (12 + JA) X)) + Z Y'Y (X, Y2),

la|=2
for some smooth functions ,. Hence, for any given ; € R,
D (X, Y) :=—(0Y,Y) + up1((Ion + JAYX +Y2) — ud1 (2 + JA)X)
=—(QY,Y)+u((Y2, Vo1 ((Ioy + JAYX)) + 1 Z Y3 a (X, 12)).
la|=2

Now, by the stationary-phase method, recalling the bounds (7.11), we have that at the
critical set C,, each term Yz’fj hg(X,Y, ) in (7.13) gives an additional factor of order
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O (||, since ¥ (i, X) = O(|u|). The stationary-phase formula eliminates the prefac-
tor A2, and setting © = 1~ 1/2 gives

8% e (X)] < CadWH2)/2,

in a neighborhood of X¢ (for X large). Since {X € R 1 < |X| <2}is compact, this
implies the symbol estimates (7.10), and the proof is complete. O

We are now ready to use the preceding results to obtain a parametrix of the unitary
group of BY (still in the case where the principal and semiprincipal parts are scalar) by
composing the parametrix of the unitary group of the harmonic oscillator obtained by
Hormander with that of the reduced propagator.

Lemma 7.6. Let B = B* be as in Lemma 7.3. Then, for all k € 7 and for ¢ > 0
sufficiently small, putting I, (k) := 2kmw — ¢, 2km + ¢) C Ry, there are functions

¢j € C¥(U(k) x R R), j = 1,2,
homogeneous of degree j in X # 0 and
a € C¥R; S(1, g My)),
such that
U=UeC¥ULk;: 2 5 @My),

where U is the unitary group of BY and (recalling Proposition1.5) U := (¢! @D )V =
UpF, with

Up(t) := cos(t/2) " (!> D)W

the unitary group of the harmonic oscillator witht ¢ w+2n Zand ¢»(t) := —2tan(t/2) pa,
and F = (€P'&)Y the reduced parametrix obtained in Lemma 7.3. In addition,

¢2: I:(k) x RY 3 (1, X) —> —2tan(r/2) pa(X),

d1: L:(k) X RY 3 (1, X) —> $1(z, (I, — 2tan(t/2)J)(X)).

Proof. One has that U:= UOF is a parametrix on I, (k) because
(i0; — B)YUoF = ((id; — p¥)Uo) F +Uo(id;F) — (BY — pY)UoF,
€C® (I, (k);. L (S L))
and
Uo(id,F) — (B — pYYUoF = Up(id, F — Uy (BY — pY U F).
With P the reduced propagator, as
P — Uy ' (BY = p)Up € C®(I(k): £(S . .7) @ My),

we have

i, F — Uy ' (BY — pY)UoF € C®¥(.(k); L (7 ,.) @ My),

and (UOF)|t=0 = Iy + R, which shows that Uisa parametrix of e 11BY on 1. (k). By
Proposition 7.5 we finally have ¢ () = ¢ o (12, — 2tan(t/2)J). |
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We next consider a general ydo system AY whose symbol belongs to the class
SMGES (see Definition 2.4). As already anticipated, we determine an asymptotic ex-
pansion of N % p with a suitable p € . (R), which leads immediately to the Weyl
law (see (7.15) below). We exploit the construction of the parametrix in the blockwise
diagonal case to obtain a parametrix of the Schrodinger group e/ A%

In the sequel it will be useful to have the following elementary lemma.

Lemma 7.7. Let p; € C®(R?*\ {0}; R) be positively homogeneous of degree 1. Recall
that p> is the standard harmonic oscillator. For . > 0 consider the volume of the set
{X € R?; pr(X) + pi1(X) < A}. We have, as A — +00,

d d
/ dX:A”(/ dX—/ pl—srl/%f/ P ,\—1+o(r1)).
patpI<h <l m=1 VP2l 2 Jp=1 IVp2|

Proof. In the first place

f dX = k’1/ dX.
p2+p1<h pa+r~12pi<1

Using polar coordinates X = pw, p > 0and w € S2—1 write

q+(@,A) 1
/ dx =/ (/ P~ Ldp)do (@),
p2+)51/2p1§l §2n—1 0

where do () is the Riemannian measure induced by R** on the unit sphere and

g4(0,3) = (V4p2@) + 271 pr@)? =272 py(@) ).

1
2pa2(w)
A first-order Taylor expansion of qf” as A — +oo gives the result. O

We may proceed to the Weyl law.

Theorem 7.8. [Weyl law]. Let A = A*, with A ~ 3 i g ar—j € Sseg(m?, g; My), be
a second-order SMGES, with principal symbol p>Iy, pa being the harmonic oscillator.
Adopting the notation used in Definition 2.4, we hence denote by A1 j (with multiplicity
Nj), 1 < j <r, the eigenvalues of the semiprincipal part. Then, if p € /(R) is chosen
such that p has compact support in (—¢, €) for a sufficiently small ¢ > 0 and p = 1 on
a neighborhood of 0

|~ N; B . ds n—3/2
N *P)H) = (Z ((27T)n ~/P2+A|,j5>» dX) @0 /pzz)» friao |VP2|) * oG )

j=1
(7.14)

as A — +00 (recall that Tr is the matrix trace).
Therefore

N ds
NG = ax |t — (o)™ Tr Anm1/2
*) (<2n>n /pm ) <( i /,,2:1 ra) |sz|>

+O(A" Y, A = +o0 (7.15)




Spectral Asymptotic Properties of Semiregular Non-commutative Page 41 0of 49 46

Proof. In the first place we obtain a parametrix U4 (¢) of the unitary group t > e~ AY
of AY by a parametrix of the unitary group of its diagonalization BY. Then we study
the distribution pTr(U ) where Tr(U,) = Tra Tr(U4) denotes the trace of the Schwartz
kernel of Uy (where Tra denotes the restriction to the diagonal). Since N’ % p =

F~YpTr(Uy,)}, modulo a rapidly decreasing term, we finally get the result.

e The parametrix U 4. Recall that the decoupling Theorem 5.3 of Sect. 5 diagonalizes
AY (modulo smoothing operators), so that the principal symbol b, of the blockwise
diagonal operator B™ is p» while the semiprincipal symbol b; = diag(A jIn;; 1 <
J < r) is blockwise scalar. Hence, there is an operator S with Schwartz kernel
Ks € C®(R;; .7 (R3",)) such that

TN = EVe BT (EY)* 1 S(r), VieR
(see, for instance, Lemma 5.2 of [12]).

For notational simplicity, we suppose that the number r of blocks is 2 (the proof
extends to the case r > 3 with no difficulties). Hence, consider the symbols in

blockwise form
| B1] 0
B = [ 0 Bz]’

where B; is an Nj x N; block (j =1, 2), and

En|En
E = ,
|:E21 Ezz]

where Ey; is an Ny x Nj block (j, k=1, 2).
Since for j = 1, 2 the semiprincipal term A1 ; of B; is scalar we obtain a parametrix
Up,; of the unitary group of B}” by Lemma 7.6. Thus

e TW UB] (t) 0 W
Us(t) = E |: 0 UBz(t):|(E )

is a parametrix of the unitary group Uy, and its entries on the principal diagonal are
given by

E}VIUBI(Z)(E}VI)*+EY“2U32(I)(E}V2)* and EE"]UB,(t)(Eng)*+E§V2U32(z)(E§V2)*.

e Use of the parametrix. Recall that
(FreNY (@) = Tr(e™"),
where Tr(e ™ AW) is well defined as a tempered distribution. Hence,
FiottN 5 p)(6) = H(O)Te(e™ "),
and we may consider the distribution
K@) =p0)Tr(Ua)(t) = ﬁ(t)Tr< 11UB (D(ETD™ + EYyUp, () (ET,)"

+E3 Up, (0(E3)" + E3Us, (0(E35)"))
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fort € (—e¢, €). Next, for j, k = 1,2 let
Kij (1) 1= p()Tr (E,g.UBj (z)(E,g.)*) = p(O)TraTr (E,g Up, (t)(E,g.)*).

Denote by J)l‘j,&j,aj and ¢y ;, j = 1, 2, respectively, the 431,54,05 and ¢; constructed
in Lemmas 7.3 and 7.6 when B = B;. Now,

EXUs,(D(EY)* = EXUo() Fj (1) (EY)™,

where F;(t) is the parametrix of the reduced propagator ey (B;?" - py Yeipy
Hence,

E}Up, () (Ef)* = Up(t)(Eyj o exp(tH,,z))W(E,j; Fi(t)*)",

where F;(t)* = (e’i‘z’lvi(t)&j ()*)V. By Proposition 4.1 of [5] and Lemma 7.6, we
have

Kyj () := (2n)*”,a(r)/e"<¢2<f‘x>+¢1-f<"x>>ck,(t, X)dX

(which makes sense since p has support on the interval where U B, is well defined).
Now, by construction of ¢, and ¢1,;, we have ¢2(0, X) + ¢1 ;(0, X) = 0, which
yields by a Taylor’s expansion

¢2(t7 ) +¢1,j(t’ ) = tlp](t’ ')7
where v; is given to leading order in ¢ by
¢ 2
Vit,) =—(p2+rj)+ 3 (=Hpyh1,j) + 1772, ).

Following Hérmander [10], Lemma 29.1.3, we define

041, 1) = 2m) ™" / e (6 X)p(0) dX.
{—=vj(t,)<A}

For sufficiently small |¢], the function v/ (¢, -) is elliptic in Seg (m?, g; My), and by
the above lemma by Hormander, Qy; is a Kohn-Nirenberg symbol in " (R;,) for |¢
sufficiently small, and, furthermore,

Ky () = /R e, Quj(t, 1) dh.

Thus Ky () is a conormal distribution, which can be written as the Fourier transform
of a symbol independent of ¢ (see [9], Lemma 18.2.1). Defining

Orj () = e"PPr04;(0, 1) (7.16)
and recalling the definition of Ky, (¢),
FL (AOTHES Us, (O(E ) 6 = 5015 (0.
From (7.16) we have
Okj (W) = Qi (0, 1) — 8,8, Qkj (0, ) + Rij (L), Ryj € S *(R;).  (7.17)
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e The expansion (7.17). For the first term in the above expansion we have
00,3 = 2m) " | (0, X) dX.
{p2+hy,j <A}

Now,
ckjt, X) =Tr (e—"<¢2+¢l’f>(Ekj#<e"<¢2+"’l’f)a»#EZ‘,»)) (t, X)
where t € (—¢, &), whence
e (0. X) = Tr (Ek.,#E,jj> (X), (7.18)

since Up(0) = I and F;(0) = In; by construction.
As for the next term in the expansion (7.17), with (-|-) denoting the distributional
duality in the X variables and recalling that

Ouj(t,2) = Qm) "(HW;(t, )+ Mcjr(t, )p(1)),

we have

—i (0 Qkj)0, 1) = Q)" (HWj + M| — idrerj)|,_g — Q) ™" (8 + Mlerj v ,—o
=—Qn) " (H( = po)lidrexj)|,_o +Txj ) (7.19)

where 7y € §"=1/2(R,) (and H and § are the Heaviside and Delta distributions).
Therefore, we need to compute 9;c; (0, -). Put ho(t, -) for the (Weyl) symbol of
Uo(t), and for j = 1,2 denote by h;(z, ) and by f;(z, -) those of Ug, () and of
F;(t), respectively. Recall that 7¢(0, -) = 1 and that /#;(0, -) = INj, j=1,2. We
then have

ek (0, ) = 0, Tr (71O O) Ey ) |

t=0

—Tr ((3t€7i(¢2(1)+¢1‘j(l)))Ekj#hj#E;gj> ‘[:()+Tr (efi(¢2(t)+¢1,j(t))Ekj#athO#fj#E;j)‘

=0

+ T (71 @20 O By ho £#E]) ‘ .
t=

—Tr (iszkj#E;;j) +Tr (ixl,jEkj#E,j‘» +Tr (—iEkj#pz#E,’gj)

+ T (=i Eyjit #E]; ) + T (=i Exjitbo H#E]; )

Recalling that by _; is the subprincipal term of B;V and denoting by e x; the principal
symbol of E ";, we therefore have (note that at #+ = 0 all the symbols involved are
nice isotropic symbols)

1
0rcj (0, ) = _ETr(EO,kj{PZ’ eo.xj} +{eokjs Pz}eakj) — iTr(eo,kjbo, j€) k) + Skj»
(7.20)
where s;; € Sm~!, g). By taking 0, of (3; Qk;)(0, ) in (7.19) we hence have

— (0,9, Qi) (0, 1) = —i2m) ™" (8 — p2)|drerj)],_y + O ?), A — +o0.
(7.21)
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o The asymptotics of N’ * p. To obtain the result we have to integrate the following
equation, which holds for any given real exponent y > 0 (see [6], Lemma IV.1)

(N ) () = FL (PTre™ ) ()
= FL (ATe (N U, (EYD* + E}Us, (E})*

HES U, (E3)* + E3Us, (E3)") ) ()

2
+O ) = Y 5 0kM)+ 0.
k,j=1

2 ~
Hence, to obtain (7.14) we need to compute Zk - 03 Okj (1). In the first place we
=
note that by (7.18) one has

c1j(0, ) +c2j(0,) = Tr (Elj#Ef, + Ezj#Eg‘j) L j=12

Hence, with e 4; denoting the semiprincipal symbol of E7, for 7 a suitable symbol
in Ssreg (m,27 g), we have

2
(c1j+c2j)(0.) =) Tr <€O,kj€3,kj +e—1 ki€ + eoskfeil’kj) o
k=1
2
= T (€6 k04 + b jeris + 1 gjeri0) +F
k=1
=Tr(In;) +7 = Nj +7, 722

where the third equality follows from the symbolic identity E*#E = Iy. Hence, by
(7.21) we get

2 2
>0 =i @0, 01)(0.2) = =i @) (50 = p)| Y theyy)|_ +0" ),
k=1 k=1 =
(7.23)
as A — +oo. By (7.22) and (7.23), we have
2 2

2
D0k =" 030k (0, 1) — 0,0, Qg (0, 2) + Rej (1)
1k=1 j=lk=1

2
= Q7)™ Z Nj/
j=1 {p

+O (1732, (7.24)

2

J

=0

2
2+, <A} ax - l.(zj-[)ﬂl((s()L - p2)‘kdz_1 Btij)‘
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as A — +00, and by (7.20)

2

2 .
. 1
—i kZI drcrj(0) = — Tr(eoboeg - z(eo{pz, eo} + {eo, p2}e§)) +k~21 skj (7.25)
»J= »J=

. 2
1
=— Tl‘(bo + 5(6’3{1?2, eo} + {eg, Pz}eo)) + E Skj
kj=1

2
= —Tr(ao) + Z Skj»

k.j=1

where the third equality follows from Corollary 6.5.

Hence (7.14) is obtained by substituting (7.25) into (7.24) and by recalling that
SA—p2) = dS/IVP2I|pz:k-

From (7.14) one immediately gets (using the polynomial growth of N, as is well-
known) the asymptotics (7.15) by using Lemma 7.7 and grouping the O (A"~!) terms.

O

We finally prove the refined asymptotics of N(1) for a positive ¥do system AY
satisfying the hypotheses of Theorem 7.8 and the Condition DGW (7.1).

Theorem 7.9 [Refined Weyl law]. Let A = A* € Ssreg(mz, g; My) be a second-order
SMGES satisfying the hypotheses of Theorem 7.8. If Condition DGW (7.1) is satisfied,
then

r

N = 27)™" Z(Nj / dX)
P2ty <A

j=1

ds n—1
- Tr (ao) +o(™ 1), A = +00. (7.26)
pr=h IVpal

In particular, as . — +00

N = (2;1)_”(N)Ln/ dX — )Ln—l/zf Tr(ay) ds
p2=1 pa=1 |V pal
n—1 n 2y ds -
+A /pz:l (2Tr(a1) Tr(ao)) Iszl) +o(ATH). (7.27)

Proof. Fix an even and positive cutoff function p € .#(R?") in the time variable such
that o = 1 on (—e¢, &) for some ¢ € (0, 7/2) and supp p C (—7/2, 7/2).

We have to show that, under our assumptions, (N * p) (1) = N(1) modulo an error which
is 0(A"~1), so that the result follows from the asymptotics (7.14) by using the following
Tauberian theorem (see [20], Theorem B.5.1) which allows the required comparison
between N and N % p.

Lemma 7.10. Let p be fixed as above. If there is a real number y such that (N x p) (1) =
OY) and (N * x)(1) = o(AY) for all x satisfying ¥ € CZ(R), supp x C (0, +00),
then N(A) = (N % p)(X) + o(AY) as L — +o0.
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We have therefore to prove that

]_'

t—A

(x(OTr e ™) (1) = oA"Y, (7.28)

for any given x € C°(R) with supp x C (0, 00) (here x is playing the role of x in
Lemma 7.10). Since Theorem 7.8 in particular shows that

(N % p)(1) = 0",

it follows that if we have (7.28) then the hypotheses of Lemma 7.10 are fulfilled. Now,
by Proposition 1.1 and Sect. 3 in [4] we have that sing supp Tr U () C 2w Z, whence
we need to check (7.28) only for x € C2°(R) with supp x C 2wk — ¢, 2wk + ) where
k € Z\ {0} and ¢ € (0, w/2). Now, for all real y (again, we suppose without loss of
generality r = 2) we have

FoL (0 Tr e 14") ) = HA(XTr( Up, (EY)* + EXUp, (EY)*
+EY Up, (EX)* + Egszz(Egvz)*))(x) + 00
(see Lemma 4.7 in [4]) and for all j, k

7L (e (U, (E) ) ) = / 1 0080y ($e(r, X) di dX,

where ¢ is a suitable amplitude and ¢>, ¢1,; are given as in the proof of Theorem 7.8.
Hence, we are in a position to use Proposition 5.1 of [4], with > := ¢ and Y| 1= ¢y ;.
Since ¢ := —2tan(¢/2)p, and y is supported close to 27k, the hypotheses of that
proposition for the phases ¥, Y1 and amplitude c are satisfied (in the notation of that

proposition, we take #op = 2wk and ro = \/5).
2

Now, since ¢y ; (2km, X) = —k/ (A1,j oexp tHp,)(X)dt, Condition DGW (7.1)
0

yields that the set of the w € S?=1 at which 02¢1,j(2km, w), la| = 1, vanish to infinite
order (j = 1, ..., r) has measure zero for all k € Z \ {0}. Thus, Proposition 5.1 in [4]
shows that

FL (XTr (EijB (E}) )) =o(a"h),

forall j,k=1,...,r

The final formula (7.27) is obtained by Taylor-expanding the volume term in (7.26)
using once more Lemma 7.7.

The proof is complete. O

8. Some Examples

8.1. Weyl-asymptotics for the JC-model 3.1 (n = 1, N = 2). In this case we have that
A+ (X) = £|a||Y(X)], and ap(X) =y [(1) _01 :|, where @ # 0 and y are real numbers.
Since the eigenvalues of a1 are constant on the level sets of p»(X) = |X|?/2, Condition
DGW does not hold and we may only have the classical Weyl-law:

N(L) = (271)*12)\/ dX +0(1) =21+ 0(1),
p2=<l
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as A — +oo.

In fact, that is the same for all the JC models in the various configurations along
with the geometric realization Df) (see Sects. 3 and 4), because of the presence of the
0 eigenvalue.

Because of that limitation in case of the JC models, it is interesting to give an example
of a deformation of a JC-model which indeed satisfies the hypotheses for a refined Weyl
law. This is done in the next subsection.

8.2. Refined Weyl-asymptotics for bigger size systems. Recall that in the JC-models with
n = N — 1 atom levels (and their geometric generalizations) we have that an eigenvalue
of the semiprincipal term is 0 with a fixed multiplicity. In this case ITo, = S*'~! for
the 0-eigenvalue and we cannot conclude a refined Weyl-law. However, let us consider
the following deformation of the JC-model in the E-configuration 3.2. Let n = 2 and
N = 3. Recall that ; (X) = (x; +i"§j)/ﬁ is the symbol of the annihilation operator in
the x; variable, j = 1, 2. For a1, ap # Oreal, we putays := (a1, a2v2) and consider
the functions f;(X) = o;y;(X)/lay (X)|, X # 0, which are homogeneous of degree
0,j=1,2.Let

A, A_, w € C®@R™ R)
be homogeneous of degree 1, such that
A-(X) < (X)), A(X) =2 (X) = [X], [A£(X) —pn(X)| = [X], X #0,
with
either W(X) € (A= (X), 1+(X)), or u(X) ¢ A_(X), 2+(X)), VX #0.

‘We consider then

lez|i+i*++|f1|2 %fl (—u:*;;*vﬁfz w0 0
Al, = Lfl A + ’f_'z = e 0 )\‘+ O 687
g f++x_ xﬁf_ 2 2x++x_ 2 00 A
(—u+ 22 fi o 22 o ul il + 2=

£ AKX /NV2 [HXD)/V2
eo(X) = 0 1/vV2 —1/v2 |,
X)) AX)/N2 HX)/V2

is smooth and unitary for X € R*, X # 0, and homogeneous of degree 0. Then, if we
require that the sets

{weS 0%uw) =0, Va e N1\ {0}}, {w e S* 9%is(w) =0, Yo e N1\ {0}

have measure zero, we have a refined Weyl-law

d
N = @2r)~2 (3|S3|A2 — WZ/ O + A+ ) —2
pa=1 IV p2l
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ds
[V pa2l

+A/ ()ﬁ w22+ =+ yz)) + o(l)), A — +00.
p2=1

In particular, in the case of Sect. 3.2 we have A+ = %|ay|, and a computation shows
that in coordinates w = (sin#3 sin 6, cos 1, sin 03 cos 6, sin O3 sin 6, sin H1, cos 63),
with 81 € [0, 2] and 6,, 65 € [0, ],

1
2 2, 2 .2 2 2
A(w)* = §<a2 +sin” 63 sin” O (] — az)).
Therefore when ozf #* oe%, the sets 1o + have measure zero. Hence, considering

w(X) =kAis(X)+ (1 —k)A_(X), forsome « € (0, 1),

yields that for a% # a% and k # 1/2, the system with the semiprincipal part

Ap—A_ 7 c oz
WAP == f - fih
Aip=| == 0 =7p

—ufifp 2= ulfil?

satisfies the hypotheses of the refined Weyl-law and we therefore have

N()\)=(2n)*2(3|s3|/\2—x3/2/ PRI

m=1 V2l

2,42 2 ds
+A (A++/\_+u —(y1+y2))—+o(l)), A — +00.
p2=1 |V p2l

By tensorizing the symbols with /5, one readily obtains in the same hypotheses on u the

refined Weyl-law for the 6 x 6 Laplacian D?) (see Sect. 4.1) with semiprincipal term
A ® .
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