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ON THE HOMOGENIZATION OF THE HELMHOLTZ PROBLEM
WITH THIN PERFORATED WALLS OF FINITE LENGTH*

ADRIEN SEMIN!, BERANGERE DELOURME? AND KERSTEN SCHMIDT?

Abstract. In this work, we present a new solution representation for the Helmholtz transmission
problem in a bounded domain in R? with a thin and periodic layer of finite length. The layer may
consists of a periodic pertubation of the material coefficients or it is a wall modelled by boundary
conditions with an periodic array of small perforations. We consider the periodicity in the layer as
the small variable § and the thickness of the layer to be at the same order. Moreover we assume
the thin layer to terminate at re-entrant corners leading to a singular behaviour in the asymptotic
expansion of the solution representation. This singular behaviour becomes visible in the asymptotic
expansion in powers of § where the powers depend on the opening angle. We construct the asymptotic
expansion order by order. It consists of a macroscopic representation away from the layer, a boundary
layer corrector in the vicinity of the layer, and a near field corrector in the vicinity of the end-points.
The boundary layer correctors and the near field correctors are obtained by the solution of canonical
problems based, respectively, on the method of periodic surface homogenization and on the method of
matched asymptotic expansions. This will lead to transmission conditions for the macroscopic part of the
solution on an infinitely thin interface and corner conditions to fix the unbounded singular behaviour at
its end-points. Finally, theoretical justifications of the second order expansion are given and illustrated
by numerical experiments. The solution representation introduced in this article can be used to compute
a highly accurate approximation of the solution with a computational effort independent of the small
periodicity §.
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1. INTRODUCTION

The present work is dedicated to the iterative construction of a second order asymptotic expansion of the
solution to an Helmholtz problem posed in a non-convex polygonal domain which excludes a set of similar small
obstacles equi-spaced along the line between two re-entrant corners. The distance between two consecutive
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obstacles, which appear to be holes in the domain, and the diameter of the obstacles are of the same order of
magnitude §, which is supposed to be small compared to the dimensions of the domain. The presence of this
thin periodic layer of holes is responsible for the appearance of two different kinds of singular behaviors. First,
a highly oscillatory boundary layer appears in the vicinity of the periodic layer. Strongly localized, it decays
exponentially fast as the distance to the periodic layer increases. Additionally, since the thin periodic layer has
a finite length and ends in corners of the boundary, corners singularities come up in the neighborhood of its
extremities. The objective of this work is to provide a practical asymptotic expansion that takes into account
these two types of singular behaviors.

The boundary layer effect occurring in the vicinity of the periodic layer is well-known. It can be described
using a two-scale asymptotic expansion (inspired by the periodic homogenization theory) that superposes slowly
varying macroscopic terms and periodic correctors that have a two-scale behavior: these functions are the
combination of highly oscillatory and decaying functions (periodic of period § with respect to the tangential
direction of the periodic interface and exponentially decaying with respect to d/d, d denoting the distance
to the periodic interface) multiplied by slowly varying functions. This boundary layer effect has been widely
investigated since the work of Panasenko [34], Sanchez—Palencia [39,40], Achdou [3,4] and Artola—Cessenat [6,7].
In particular, high order asymptotics have been derived for the Laplace equation [5,11,14,29] and for the
Helmholtz equation [36,37].

On the other hand, corner singularities appearing when dealing with singularly perturbed boundaries have
also been widely investigated. Among the numerous examples of such singularly perturbed problems, we can
mention the cases of small inclusions (see Chap. 2 of [31] for the case of one inclusion and [9] for the case of
several inclusions), perturbed corners [18], propagation of waves in thin slots [25,26], propagation of waves across
a thin interface[16], diffraction by wires [15], diffraction by a muffler containing perforated ducts [10], or the
mathematical investigation of patched antennas [8]. Again, this effect can be depicted using two-scale asymptotic
expansion methods that are the method of multi-scale expansion (sometimes called compound method) and the
method of matched asymptotic expansions [24, 31, 43]. Following these methods, the solution of the perturbed
problem may be seen as the superposition of slowly varying macroscopic terms that do not see directly the
perturbation and microscopic terms that take into account the local perturbation.

Recently, the authors investigated a Poisson problem in a polygonal domain which excludes a set of similar
small obstacles equi-spaced along the line between two re-entrant corners [20,21]. In their study, they have
combined the two different kinds of asymptotic expansions mentioned above in order to deal with both corner
singularities and the boundary layer effect. Based on the matched asymptotic expansions, the authors con-
structed and justified a complete asymptotic expansion. This asymptotic expansion relies on the analysis of the
behaviour of the solutions of the Poisson problem in an infinite cone with oscillating boundary with Dirichlet
boundary conditions by Nazarov [32]. In the present paper, we are going to extend this work for the Helmholtz
equation by constructing explicitly and rigorously the terms of the expansions up to order 2 (with Neumann
boundary conditions on the perforations of the layer).

The remainder of the paper is organized as follows. In Section 2 we are going to define the problem, show
the main ingredients of the asymptotic expansion following the method of matched asymptotic expansions, and
give the main results. The asymptotic expansion of the solution away from the corners is given in Section 3,
whereas the problem for the terms of the near field expansion and their behavior towards infinity, is analyzed
in Section 4. The terms of this expansion takes into account the boundary layer effect due to the thin layer
with small perforations and satisfy transmission conditions. Then, the matching of the far field and near field
expansions and the iterative construction of the terms of the asymptotic expansions are conducted in Section 5.
Finally, in Section 6 the asymptotic expansion is justified with an error analysis.

2. DESCRIPTION OF THE PROBLEM AND MAIN RESULTS

In this section, we first define the problem under consideration (Sect. 2.1). Then, we give the Ansatz of the
asymptotic expansion (Sect. 2.2). Finally, we give the main result of this paper, which states the existences
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FIGURE 1. Illustration of the polygonal domain 2 and the domain of interest 29.

of the terms of the asymptotic expansion and the convergence of the truncated series toward the exact solution
and we show a numerical illustration of the result (Sect. 2.3).

2.1. Description of the problem

2.1.1. Definition of the domain 2° with a thin perforated wall of finite length

Our domain of interest §2° consists of a (non-convex) polygon (2 intersected with the complement of an
array of ’small’ similar obstacles, see Figure la. The polygon {2, represented on Figure 1b, is the union of the
rectangular domain {27 and a symmetric trapezoidal domain 25 (of height Hg > 0) that share a common
interface I" (I" corresponds to the upper side of 25 and the lower side of {21). More precisely,

0r = {x = (x1,72) € R? such that — L' < 21 < L', and 0 < x5 < HT}, (L' >L>0, Hr > 0), (2.1)
the common interface I is given by
I':={x=(z1,75) € R? —L < x; < Land 25 = 0} (2.2)

and
Q=000 U (2.3)

We point out that the polygon (2 has two re-entrant corners xg = (£L,0) of angle of © > 7.

Besides, let 2010 € R? be a smooth canonical bounded open set (not necessarily connected) strictly included
in the domain (0,1) x (—1,1). Then, let N* := N\ {0} denote the set of positive integers and let § be a positive
real number (that is supposed to be small) such that

2L

S =qeN (2.4)

Now, let Qﬁole be the thin (periodic) layer consisting of ¢ equi-spaced similar obstacles defined by scaling and

shifting the canonical obstacle tholc (see Fig. 1):

q

Dore = U {~Le1 + Qe + (¢ = Der} }. (2.5)
=1

Here, e; and ey denote the unit vectors of R% and § is assumed to be smaller than Ht and Hg such that _Qﬁ
does not touch the top or bottom boundaries of (2. Finally, we define our domain of interest as

ole

20 =(QpURTUDN\D ..
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Its boundary 942° consists of the union of three sets (see Fig. 1):
— the set of holes % = 920

hole?

— the lateral boundaries I'g + = {x €02 | x = :i:L’} of (r:
I'n=1Ig_UIRq4,
— the remaining part I'y = 042°\ (F‘s U FR) = 002\ I'gr, namely the boundaries of 25 except I" and the upper
boundary 2.
Note, that in the limit § — 0 the repetition of holes degenerates to the interface I', the domain £2° to the
domain Y := 21 U 2g = 2\ I', and its boundary 02% to ONUT.

Remark 2.1. Note that the asymptotic analysis that will be employed in this article can be simply transferred
to similar domains with thin periodic layers and different boundary conditions away from the layer. For example,
the upper subdomain {21 can be replaced by a half space where radiation conditions are imposed at infinity.

2.1.2. The Helmholtz problem with a thin perforated wall of finite length.

On the domain £2° we introduce the Helmholtz transmission problem to be considered in this article. Let
ko > 0 be a given positive number, and let uin. = exp(tko(x; — L)) be an incident plane wave of wavenumber
ko coming from the left, we seek u® as solution of the total field problem

—Au® — (k)2 (x)u’ = 0, in 2,
Vil -n =0, on I,
V(u‘S — Uipe) - N — zkzo(u6 — Uinc) = 0, on I'y, (2.6)
Vil - —kou’ =0 on FIJ{,
Vil -n =0, on I'y.

In the previous system of equations, n stands for the outward unit normal vector of 9¢2°. In the first equation
of (2.6), k°(x) is given by

ko if x €29\ (~L,L)x (—6,6),
ka(x) = E Tr1 T2

(5-%)

where the function & (defined on R?) is a smooth, positive function that is 1-periodic with respect to its first

variable s. We also assume that there exists € (0,1) such that k(s,t) = ko for |t| > n or |s| > 7. In other

words, k° is a smooth function that is constant equal to ko outside the thin layer (—L, L) x (—6, §) and periodic

of period ¢ in the vicinity of it. In particular, £° is bounded from above and from below independently of § and
k° tends almost everywhere to k.

The model (2.6) can be seen as a Helmholtz transmission problem in an infinite wave-guide with Neumann
boundary conditions on the (rigid) walls, especially, on I'® and I'y, which is truncated to a finite domain using
first-order absorbing boundary conditions of Robin’s type on I'y (see e.g. Ref. [23]). The following well-posedness
result, based on the Fredholm alternative (Thm. 6.6 in [12]), is standard (see for instance Lem. 3.4 in [26] —
Prop. 11.3 in [16]).

otherwise,

Proposition 2.2 (Existence, uniqueness and stability). For any § > 0 there exists a unique solution u® of
problem (2.6) in H (£2%). Moreover, there exists a constant C' (independent of §) such that

Hu‘sHHl(m) < Cl|Vttipe - n — ZkOUiHCH(Hl/z(p};))/- (2.7)

For the sake of completeness, the proof of the previous is written in Appendix 6. We remark that the constant
C' appearing in the stability estimates (2.7) is independent of § but depends on ko, I%, and Qhole.

The objective of this paper is to describe the behaviour of u° as ¢ tends to 0. Our work relies on a construction
of an asymptotic expansion of u° as § tends to 0.
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FIGURE 2. Schematic representation of the overlapping subdomains for the asymptotic expan-
sion. The far field area (hatched) away from the corners xg is overlapping the near field area
(gray) in the matching zone.

2.2. Ansatz of the asymptotic expansion

As mentioned in the introduction, due to the presence of both the periodic layer and the two re-entrant
corners, it seems not possible to write a simple asymptotic expansion valid in the whole domain. We have to
take into account both the boundary layer effect in the vicinity of I" and the additional corner singularities
appearing in the neighborhood of the two re-entrant corners X%. To do so, we shall distinguish differents areas
where the expansions are different:

— a far field area located ’far’ from the corners xg (hached area in Fig. 2),
— two near field zones located in their vicinities (grey areas in Fig. 2).

The far and near field areas intersect in the (non-empty) matching zone.

2.2.1. Fur field expansion

In this section, we write an asymptotic expansion valid away from the two corners xg (hatched area in Fig. 2).
We shall decompose u° as the superposition of a macroscopic part (that contains no rapid oscillation) and a
boundary layer contribution localized in the neighborhood of the thin periodic layer. In the present case the
solution 4’ is then expanded in powers of &, where each power is the sum of an integer and a so-called singular
exponent A, given by

An=n\, A= (2.8)

®H

More precisely, we choose the ansatz
u’(x) = UéFF,o,o(X) + M U%F,l,o(x) + 5“%1«“,0,1(") + 0% UéFF,z,o(X) + gMtt u%‘F,l,l(X) +O(amin(Ga2)) - (2.9)

where each term takes the form

u‘sn’q(x) if |z1| > L + 20,
5
UFF n, (x) = (2.10)
! V(Z) w0+ 0, (00, 3) il <2,

with a smooth transition for L — 26 < |z1]| < L + 26, which is detailed later in the article (see Sect. 6, Refs. [20]
and [21]). Here, u%F’n,q, (n,q) € N?, is a combination of macroscopic terms ufl)q and boundary layer correctors
H6

g and x : R (0,1) denotes a smooth cut-off function satisfying

0 1 if [t| > 2, (2.11)
x(t) = .
0 if lt] < 1.
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The superscript ¢ in ul q and g . indicates that they may depend on §, however, this dependence is only
polynomial in Ind. In the next three paragraphs, we shall write the equations satisfied by the macroscopic
terms, the boundary layer correctors and the transmissions conditions liking the two kinds of terms. The
detailed derivation of these equations is done in Section 3.3.

Macroscopic equations. The macroscopic terms ufL are defined in the limit domain 2p U {25. Based on

the usual decay assumption (see e.g. Refs. [36] and [37]) on the boundary layer correctors we find that the
macroscopic terms satisfy the homogeneous Helmholtz equation

—Aud  —k2uS =0 in Q7 U 25, (2.12)

which is completed with prescribed boundary conditions on I'r and I'y

V(US,O - uin(:) cn— 7/]‘70(“870 - uinc) =0, on FE,
Vug o - — tkoug o =0, on I,
(2.13)
Vufl,q Zk‘)un a=0 (n,q) # (0,0), on I'g,
Vuth -n =0, on I'y.
+

A priori, they are not continuous across I' and may become unbounded when approaching the corners xg.
Hence, the macroscopic terms are not entirely defined:

— we first have to prescribe transmission conditions across the interface I" (for instance the jump of their trace
and the jump of their normal trace across I'). This information will appear to be a consequence of the
boundary layer equations (see the paragraph ‘Transmission conditions’ below).

— we also have to prescribe the behaviour of the macroscopic terms in the vicinity of the two corner points xg.
This information will be given through the matching conditions and will be provided through the iterative
construction of the first terms (see Sects. 2.2.3, and 5).

Boundary layer corrector equations. The boundary layer correctors wa(xl, X1, X2) (also sometimes de-
noted as periodic correctors) are assumed, as usual in the periodic homogenization theory, to be l-periodic
with respect to the scaled tangential variable X;. They are defined in the infinite periodicity cell B =

{(0,1) x R} \ 2ore (cf. Fig. 3a) and satisfy

5 0 i
{_Axnn,q(xl, X) = Frq(@,X)  in B, (2.14)

OnIl) J(x1,X) = —0,,II

n,q— 1(171’ X)el ‘n on  Ofyole,

in which n denotes the normal vector on aﬁhole The source terms F° | depending on the macroscopic terms

n,q’

ud p for p < g (see 3), are given by
o(z1,X Zuno 21, 0%)XL(Xa),

F (21, %) = 37 {0 o (1, 0%) (24 (X2) + Xax] + (X2))
+

- ub 4 (0, 0L () },
where the cut-off function y (resp. x—) is the restriction of x for t € Ry (resp. t € R_), i.e

X£(t) = x(0)1ry (7). (2.15)
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In addition, the periodic correctors are required to be super-algebraically decaying as the scaled variable X5
tends to +oo (they decay faster than any power of X5). More precisely, for any (k,¢) € N2, we impose that
lim X505, I3, = 0. 2.16
| Xa|—+o0 2YXs4n,q ( )
Transmission conditions.

Enforcing the decaying condition (2.16) leads to the missing transmission conditions for the macroscopic
terms u‘fw on I'. The complete procedure to obtain these transmission conditions is classical and is fully
described in Section 3. In this paragraph, we restrict ourselves to the statement of the results. To do so, we
introduce the definition of the jump and mean values of a function u across I" (for a sufficiently smooth function
u defined in a vicinity of I"):

[u] - (z1) = hli)r{)l+ (w(z1, h) —u(z, —h)), (u)p(x1) = % lim (u(x1,h) +u(z, —h)). (2.17)

h—0t

For n € {0,1,2,3}, we obtain that the terms UZ,O do not jump across I, i.e.

[up o] = [Or2ufo] p =0 on I (2.18)

)

By contrast, for n € {0, 1,2}, the terms uy, 1 satisfy non-homogeneous jump conditions:

[ui,l]p = Dl 6391 <U£L,O>F + D2 <8$2U$L,O>F on Fv

2.19
{ [837211’2,1]1* = Nl <qu,O>F +N2 8§1 <qu,O>F +N3 8331 <a€82u§z,0>F on I ( )

Here, the quantities D; (i € {1,2}) and NV; (i € {1,2,3}), defined by (3.20)—(3.28) are complex-valued constants
coming from the periodicity cell problems (2.14). They only depend on k and on the geometry of the periodicity
cell.

2.2.2. Near field expansions

Let us now describe the asymptotic expansion valid in the two near field zones, namely in the vicinity of the
two reentrant corners X% (dark gray areas in Fig. 2). In these areas, the solution varies rapidly in all directions.
Therefore, we shall see that

+ + +
X —X X —X X —X
u’(x) =US o+ <60> +M UYL < 5 O> +0US, 4 (50)

_ xE - - -

+ 82U (X 5"0) U L (X 5"0) + 88 UL (X 5"0) +0(8?) (2.20)

for some near field terms Ug,qi defined in the fixed unbounded domains
=k 1\ {ﬁhole —|—€e1}7 2t =x"\ | {ﬁhole —4e1} (2.21)

¢eN £eN*

shown in Figure 3b and 3c, where K* are the conical domains

K= = {X = R¥(cos0*,sin %), R* e R ,0F € [T} C R? (2.22)
of angular sectors I = (0,0) and I~ = (7 — O, ). The domains 0% consist of the angular domains K* minus

a infinite half line of equi-spaced similar canonic&l obtacles. In particular, if the Adomain ﬁhole is symmetric with
respect to the axis X; = 1/2, then the domain 2~ is nothing but the domain 27 mirrored with respect to the
axis X; = 0. However, this is not the case in general.
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Similarly to the far field terms the near field terms qu,i might also have a polynomial dependence with
respect to Ind.

Inserting the near field ansatz (2.20) into the Helmholtz equation (2.6) and separating formally the different
powers of ¢, it is easily seen that the near field term U;iq satisfies

—AxU?S = (X)L, in  0QF,
X ,q,t ( ) ( ) ,q—2,+ R (223)
U s = on 9NF,
where the perturbed wave number &+ (X) is given by
e = [FO i X <0 220
ko otherwise.

Again, Equation (2.23) does not define U,‘i,qyi entirely because its (possibly increasing) behaviour towards
infinity is missing. This behaviour will be given through the matching conditions.

2.2.3. Matching principle

To link the far and near fields expansions (2.9) and (2.20), we assume that they are both valid in two
intermediate areas Qi’/[i (dark shaded in Fig. 2) of the following form:

2 {x = (21, 22) € 2°,V5 < d(x,x%) < 2\[5}, (2.25)

where d denotes the usual Euclidian distance. The reader might just keep in mind that they correspond to a
neighborhood of the corners x% of the re-entrant corners for the far field terms (macroscopic and boundary
layer correctors) and to a neighborhood of infinity, i.e., R* — 0o, for the near field terms (expressed in the
scaled variables).

In practice, for a given order Ny > 0, we make a formal identification between (2.9) and (2.20):

+
AR SN ESR S AR /i < - XO) : (2.26)
FF,n,q ~ n,q,t 5 .

An+q<No An+g<No

The previous relation can be seen in two different scales (the macroscopic scale and the near field scale) and
will relate, on the one hand, the regular part of the far field terms to the increasing behaviour of the near field
terms, and, on the other hand, the decreasing behaviour of the near field terms to the singular behaviour of the
far field terms. The matching will be conducted for the first terms order by order in Section 5.
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Remark 2.3. A crucial point for the matching procedure is that we match only the far and near field expansions
away from the layer, i.e., 6~ # 0 and 07 # 7. Indeed, thanks to the linearity of the canonical cell problem, the
periodic correctors appear to be a by-product of the macroscopic terms (see Sect. 3). As a consequence, as soon
as the two series match away from the layer, they also match in the vicinity of the layer (see Sect. 5.7).

2.3. Main results

2.8.1. Error estimates

Collectiong the macroscopic problems (2.12)—(2.13)—(2.18)—(2.19), the boundary layer problems (2.14), the
near field problems (2.23), and the matching conditions (2.26) permits us to define in step by step the first
terms of the asymptotic expansion up to order 2 (see Sect. 5). Then, our main theoretical result deals with the
convergence of the truncated macroscopic series in a domain that excludes the two corners and the periodic
thin layer:

Theorem 2.4 (Error estimates of the truncated macroscopic expansion). Let © € (m,27), and, for a given
number a > 0, let
Q, =0\ (-L—a,L+a) x (—a,q).

There exists a constant g > 0, a constant C' > 0 and a integer k € {0,1} such that for any § € (0, dp),

[0’ = w00l g, < 9, (2.27)
[u® = w00 = 6uo, || g1 () < 6. (2.28)
and,
[[u® —wo,0 = duox — 6™ uz o1 ) < CO*(I0)", if ©< 3?” (2.29)
[u® = w0 — dugs — 6™ uz0 — M uz ol < CF if ©¢ <32“ 27r> : (2.30)

The proof of the previous theorem, although rather classical (see e.g. Chap. 4 in Ref. [31]), is conducted in
Section 6: it is based on the construction of an approximation global approximation (defined in (6.5)) of u°
defined in the whole domain £2°.

2.3.2. Numerical justification

We illustrate numerically the results of Theorem 2.4 using the finite elements method with the numerical
C++ library Concepts [17,22]. For both, the exact and macroscopic problems, we rely on meshes geometrically
refined towards the corners and varying polynomial degree [41,42]. We consider the geometry sketched in the
left part of Figure 4 for § = 0.25, for which the inner angle & = 37” at the two corners Xé. The upper
rectangle representing a wave-guide is 21 = (—2.5,2.5) x (0,1) and the lower one representing a chamber is
23 = (—0.5,0.5) x (—1,0). The canonical hole ﬁ}ile is the disk centered at (0.5,0) with diameter equal to 0.3.
We consider a homogeneous wave number k° = ko = 57. In Figure 4 we show the difference between the exact
solution u® and the macroscopic expansion of different order, using that u10 = ur,1 = 0, in the L?(£2,)-norm
for @ = 0.25 as a function of § where § = 1/4,1/8,...,1/128. As might be expected, we exactly recover the
convergence rate stated in Theorem 2.4.

3. ANALYSIS OF THE FAR FIELD PROBLEMS: TRANSMISSION PROBLEM, BOUNDARY LAYER
PROBLEMS AND DERIVATION OF THE TRANSMISSION CONDITIONS

This section is dedicated to the analysis of the far-field problems. In Section 3.1 and Section 3.2, we first
recall the functional frameworks that will allow us to define the macroscopic terms and boundary layer terms.
Then, Section 3.3 is dedicated to the formal derivation of the transmission conditions (2.18)—(2.19) for the

macroscopic fields u’, q across I'.
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FIGURE 4. The numerically computed errors of macroscopic expansions truncated at different
orders in dependence of 6. The computational domain 2° is sketched for § = 0.25.

3.1. General results of existence for transmission problem

The macroscopic fields satisfy transmission problems of the following form (cf. (2.12)—(2.13)—(2.18)—(2.19)):

fAufkgu:f in 27U,
[ulp =g on I,
[Oz,ulp = b on I, (3.1)
Vu-n —ikou’ =3, on Ipg,
Vu-n=0, on Iy.

To solve this transmission problem, we consider the space H! (21 U £2g) defined by
HY (2t U 2p) = {ve L?(£2) such that Vo € H'(2r) and Vo € H'(28)}, (3.2)

which incorporates discontinuous functions over I (see Fig. 1b). We denote by H'/2(T") the restriction of the trace
of the functions H'(21) to I'. Naturally, the space H'/2(T) is also the restriction of the trace of the functions of
H'(£25). We point out that general transmission problems are investigated in [33] using the Kondratev theory. In
particular the following well-posedness result is proved (Thms. 3.4 and 3.5 in Ref. [33], Prop. 3.6.1 in Ref. [19]).

Proposition 3.1. Let f € L2(2), g € HY2(T), b € L*(I"), and j € H~'/?(I'r). Then, problem (3.1) has a
unique solution u belonging to H (21 U 2p).
3.2. Existence and uniqueness result for the boundary layer problem

The boundary layer correctors satisfy problems of the form (see (2.14))

—AxII = F in B,
Onll =G on aQholea (33)
8X1H(O,X2) = 8X1H(1,X2), Xs e R.
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together with the super-algebric decaying condition 2.16. In this section, we give a standard result of existence
and uniqueness associated with this problem. To do so, we introduce the two weighted Sobolev spaces

VE(B) = {IT € BL,.(B), 11(0, Xz) = [1(1, X5), and (ITw) € H'(B)}, (3.4)

where the weighting functions w¥(Xy, Xs) = x(Xa) exp(:l:l)g—z‘). The functions of V= (B) correspond to the
(B) that grow slower than exp(‘X—;l) as X tends to +oo. By contrast, the

X
L. | 22|) as X tends

periodic (w.r.t. X;) functions of H{. .

functions of VT (B) correspond to the periodic functions of H
to +oo. Note also that V*(B) C V~(B).

Assoonas F € (V=(B)) and G € L2(0f2h01c), it is known that problem (3.3) has (several) solutions in V= (B)
(cf. Prop. 2.2 of Ref. [32] and Sect. 5 of Ref. [16]). More specifically, problem (3.3) has a finite dimensional kernel
of dimension 2, spanned by the functions N' = 1g and D, where D is the unique harmonic function of V= (B)
such that there exists D, € R such that

(B) decaying faster than exp(—

D(X1, X2) = D(X1, X2) = X+ (X2)(X2 + Doo) — X (X2)(X2 — Do)
belongs to VT (B) (x4 defined by (2.15)).
The following proposition provides necessary and sufficient conditions for the existence of an exponentially
decaying solution (see also Prop. 2.2 of Ref. [32] and Sect. 5 of Ref. [16] for the proof):

!

Proposition 3.2. Assume that F € (V= (B)) and G € L*(Q2n01). Problem (3.3) has a unique solution IT €
VFT(B) if and only if (F,G) satisfies the following two conditions

/ FX)D(X)dX+ / . G(X)D(X)do(X) =0, (Cp)
B 0 2hole
/ FOXON(X)dX+ /  GXN(X)do(X) = 0. (C)
B 0 2ho1e

3.3. Derivation of the boundary layer correctors problems and the transmission
conditions for the macroscopic problems

The previous framework will allows us to derive formally the transmission conditions (2.18)—(2.19) for the
macroscopic fields ufw across I'. This procedure turns out to be independent of the index n and of the su-
perscript ¢ (of uth) so that we shall omit the index m and the superscript ¢ in this section. To do so, we
completely ignore the corners xg and we proceed as if the periodic layer were infinite. For a given a € (0, L),
we restrict the domain 22 to 20 = {x € 2° such that |z1| < a}, and we call {2, the limit domain as § — 0,
i.e. 2, = {x € 1 U 25 such that |z1| < a}. We start from a (given) term wug in {2, that is solution of the
homogeneous Helmholtz equation

—Aug —kiug=0 in 2NN, and N0,
Then, using the method of homogenization [35], we extend ug to a function v° of the form
X($2/5)(U0 + 5’[1,1 + 52U2) + (1 - X(xQ/(S))(HO + 5H1 + 52H2))

that is defined in 22 and that satisfies the original Helmholtz problem (2.6) up to a given order (ignoring the
lateral boundaries §29):

—A — (K20 ~0 in 2° and 9,0°~0 on I°none.

Remark 3.3. The periodic boundary layer being considered as infinite, we point out that the following analysis
is entirely classical [1,4,6,40]. Moreover, we emphasize that the upcoming iterative procedure is formal in the
sense that we shall provide necessary transmission conditions for the macroscopic terms u, (without questioning
their existence yet).
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3.8.1. Step 0: [up]r and Il

We start with the ansatz
00 (%) = uo(x)x(x2/9), in  2°. (3.5)
The choice of the cut-off function y(z2/d) is intended since k°(x) = ko on the support of x(z2/5). Reminding
that (— Aug — k§uo) x(22/8) = 0, we see that

A T2 (XY, L p(T2\  2dug, ., (T2 5 s 5
A’ =1 (5) v = = w0l () 5dx2(x)x(5) and 9,0° =0 on TN,  (3.6)

In (3.6), the leading order term is in 62 and is supported in a vicinity of the limit interface I}, = (—a, a) x {0}.
To correct it, it is rational to add to v® an exponentially decaying periodic corrector ITo(z1,x/d):

v (%) = uo(x)x(x2/0) 4+ Io(x1,x/8), in (22 (3.7

We note that

(muox” () = axtto (1.5))
1

5

w5 (200 (%) - 20.0m, 10 (21.5))

— 02,10, (a:l, %) ~ R (x/0) Iy (xl, %) : (3.8)

Then, making the change of scale X = x/J and using a Taylor expansion of ug(z1,dXs) for § small and for

X5 # 0, the leading term of order 62 vanishes if ITj satisfies
—AxIly(z1,X) = Fo(z1,X) in B,
P, X) =) g1, 0%) x4 (Xa). (3.9)
Onllp =0 on tholea +

Problem (3.9) is a partial differential equation with respect to the microscopic variables X; and X5, wherein
the macroscopic variable 1 plays the role of a parameter. For a fixed 21 in (—a,a) (considered as a parameter),
Fy(z1,-) belongs to (V™ (B)) since it is compactly supported. Then, in view of Proposition 3.2, there exists
an exponentially decaying solution I1y(z1,-) € VT (B) if and only if the two compatibility conditions (Cp, Cxr)
(Prop. 3.2) are satisfied. The condition (Cyr) is always satisfied while the condition (Cp) gives [uo] (z1) = 0.
Taking formally in this relation the limit a = L gives

[uo] (1) = 0. (3.10)

The previous equality provides a first transmission condition for the limit macroscopic term wg (a transmission
condition for [Onuo) - is still needed). In addition, under the previous condition, Fy(z1,X) = x” (X2)(uo) r(z1),
and, using the linearity of problem (3.9), we can obtain a tensorial representation of Iy, in which macroscopic
and microscopic variables are separated:

Ho(l‘l,X) = <u0>p($1)‘/0(X) (311)
Here the profile function V(X) is the unique function of V' (B) satisfying
—Axvo(X) = FVO (X) in B,

6nVO =0 on aﬁholea FVO (X) = XN(XQ)' (3'12)
Ox,Vo(0, X2) = 0x, Vo(1, X2), X2 €R,

A direct calculation shows that V((X) =1 — x(X2).
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3.8.2. Step 1: [Og,uolr, [u1lr, and I

By definition of II, the leading part in the right hand side of (3.8) is of order 6—!. To cancel these terms,
we correct v0 defined by (3.7), adding a first order corrector, both in a vicinity of the layer and away from the
layer:

02 (%) = up(x)x(x2/08) + o(x1,x/8) + dut (X)x(x2/8) + 61T, (21,x/5), in 2. (3.13)

Adding the term II; is natural (indeed, the remaining term in (3.8) is located in the vicinity of the interface I'.
It is of order 1/4, that can be seen as § (order of the remaining term) times 2 (order of differentiation after
the change of scale)). By contrast, the addition of the term u; might be surprising but appears to be mandatory
to ensure the exponential decay of II;. Then,

— A’ — K2 (%) V0 = — §(Auy + kZuy)x (%) + % (uo(z1,0) — up(x)) x” (%)

2 r(2) L n(r2y 1 x
= 5% uo(x)x ( 5 ) 5 X ( 5 ) 5Axih (xl’ 5) (3.14)
2 2 (¥ (T2 r(*2
(22 +F (5)) uol1,0) (1= x ( 5 )) — 20em (X ( 5 )
_ X _s5(02 +52(% X\
20,,0x, 11 (1,5 ) =6 (02, +K%(5) ) 1 (1. 5)
and
On0° (6X) = OplT1 (21, X) 4 0, (uo(x1,0))e; - n. (3.15)
For a given x such that z2 # 0, dividing (3.14) by ¢ and taking the limit as § — 0 in (3.14) leads to
—Aup — kgul =0 in 2rN§2, and 2sNI2, (3.16)

Indeed, the terms that contains 1 — x, x’ and x” are compactly supported and vanish for |z5| > 2§, and, by
assumption the terms related to IT; are exponentially decaying towards xs/d — oco. To defined IT;, we make
the change of scale X = ¥ in (3.14) (using Taylor expansions of ug and u; in the vicinity of I") and we enforce
the term in 6! in (3.14) to vanish. Together with the Neumann boundary condition (3.15), it is rational to
construct II; as a solution to

—Ax I (z1,X) = Fi(21,X) in B,
Onlly = —0,, {up(x1,0)) e - n on 0holes (3.17)
Ox, 111 (0, X2) = Ox, 111 (1, X2), X5 eR,
where
Fi(z1,X) = Z (&muo(xl, Oi)(2x'i(X2) + Xox1(X2)) + ul(xl,Oi)xli/(XQ)) . (3.18)
+

As for Iy, problem (3.17) is a partial differential equation with respect to the microscopic variables X; and
X, where the macroscopic variable x; plays the role of a parameter. For a fixed 1 in (=L, L), Fi(z1,-) is
compactly supported in B, and, consequently, belongs to (V™ (B))’. Then, thanks to Proposition 3.2, there
exists an exponentially decaying solution IT;(x1,-) € V¥ (B) if and only if the two compatibility conditions (Cp,
Cnr) are satisfied. A direct calculation shows that the compatibility condition (Cxr) is fulfilled if and only if

[0z, 0] (1) =0, (3.19)
and the compatibility condition (Cp) is fulfilled if and only if
[ (21) = Dy Op, (wo) r(21) + D2 (On,u0) r (1),

D, = _/A De;-n, Dy = /(QX'(Xz) + XX (X2))D. (3.20)
8-Qhole B
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Under the two conditions (3.19)—(3.20), problem (3.17) has a unique solution II; € V*(B) that can be written as

I (21, X) = (u1)r(21) Vo(X) + Oz, (uo) r(z1) V1,1(X) + (Oayuo)r(z1) V1,2(X). (3.21)
Here, V1,1 € VT (B) and V; 5 € VT (B) are the unique exponentially decaying solutions to the following problems:

—AXV1,1(X):D1M in B,

OnVi1 = —e1-n on  0uole, (3.22)
Ox,V1,1(0, X2) = 0x, V1,1(1, X2), X5 € R,
~AxVia(X) = Fy, , + Dy 0Dy
OnVip =0 on o, Fvie = 2X (X2) + Xox"(Xz) (3.23)

8X1V1,2(0, XQ) = 8X1 V172(1,X2), X5 € R,

3.3.3. Step 2: [Op,ui]|r ([ue]r and Ils)

To define completely u;, we need to go one order further into the asymptotic expansion. We then correct v°
defined by (3.13), adding a second order corrector:

x b'q x X x X
v (%) = ug (x) ¥ (%) + I (fvl, 5) +9 (u1 (%) x (%) + 11 (xl, 3)> + 462 (u2 (%) x (%) + I (xl, 3)) .
(3.24)
Again, we apply the Helmholtz operator on v°. Then extracting the macroscopic 62 order and the §° order close
to the layer gives the equations for us and Il5. The term us is solution of the homogeneous Helmholtz equation

—Auy — kiuy =0 (3.25)
in 27 N 2, and 25 N §2,. The periodic corrector 11, satisfies the following equation
—Axﬂz(xl,X) = FQ(.’El,X) in B,
anHQ = _azlﬂl € -'n on af\Zhole7 (326)

3X1H2(0,X2) = 8X1H2(17X2), X2 c R.

Here,

Fafon,X) = Y ua(oy, 05 () 4 LD X2 00) X0)

+
+ FV1,2 <aﬂ€2U1>F(x1) + FV2,1(X) <UO>F(‘T1)
+ FV2,2 (X) 8:31 <UO>F(x1) + FV2,3 (X) 811 <a$2u0>F(‘r1)' (327)
Fy, and Fy, , are given by (3.12)—(3.23), and,

[0z, un] - (21)

Fu,, (X) =k3g(Xz) + (B — K2) .
Fy, ,(X) = g(X2)+20x, V11(X),
FV2,3 (X) =2 aXl ‘/1,2(X)7

o0 = (P20 )
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To obtain formula (3.27), we have replaced IIy and IT; with their tensorial representations (3.11), (3.21), we
have replaced —02_ ug(z1,0%) by 02 uo(z1,0%) + kdug(z1,0%).

For a fixed z1 € (—L, L), it is easily verified that Fy(x1,-) belongs to (V~(B))’. Then again, the existence of
an exponentially decaying corrector Ils(z1,-) € V1 (B) results from the orthogonality condirtions (Car)—(Cp).
As previously, enforcing the compatibility condition (Cxr) provides the transmission condition for the jump of
the normal trace of u; across I':

[0, ur]p = N1 (uo) r + N2 02, (uo)r + N3 Oa, (Drp uo) 1, (3.28)

where

Nl :_/FV2,1(X)a N2:_/FV2,2+/A Vl,lel'na N3:_/FV2,3+/A V17261'1'1. (329)
B B 8~Qhole B 8~Qhole

Then, enforcing the compatibility condition (Cp) provides the jump [us]r, and the existence of IT is proved.
Naturally, an explicit expression of [us|r and a tensorial representation of Il can be written, but, for the sake
of concision and the relevance of this article, we do not write it here.

Remark 3.4. In the case of a symmetric hole (i.e. (X1,X3) € B < (1 — X1,X2) € B), V12 is symmetric
with respect to the axis X; = %, and, consequently, D; = N3 = 0.

4. ANALYSIS OF SINGULAR BEHAVIOR OF NEAR FIELD TERMS

The (first order) near field terms satisfy Laplace problems (see (2.23)) and might grow at infinity. This
consideration motivates us to introduce two families of so-called near field singularities S;¥ (n € N) that satisfy
the following homogeneous near field problems

—ASF=0 in 07, 1)
U =0 on 00R* ‘

and behaves like (R*)*» for large R*.

4.1. Singular asymptotic blocks

In absence of the periodic layer, i.e. 0E = EI, the function In R* and, for n € Z\ {0}, the functions
(RT)* cos(An07T) (resp. (R™)* cos A\, (6~ — 7)) are particular solutions of the homogeneous Laplace equa-
tion with Neumann boundary conditions on OKE. However, these functions do not satisfy the homogenous
problem (4.1) since they do not fulfill the homogeneous Neumann boundary conditions on the obstacles of the
periodic layer. Nevertheless, as done in Section 3 of [32], for any n € N, starting from the function

wo,0,+ (In R*,0%) = In R*, W04 (07) = cos(A\01), wpo_(07)=cos ()\n(ﬁ_ — 7r)) , (4.2)
it is possible to build iteratively a so-called asymptotic block U, , 1 (for any p € N) of the form
P
Z/ln,p,:i: = X(Ri) Z (Xmacro,:l:(Xita X;)(Ri))\niqwn,q,:t(ln Ria 0+)
q=0
+ X (X)X g+ (I X[, X7, X5)), (4.3)

that ‘almost’ satisfies problem (4.1) for large R*. In (4.3), the cut-off function y_ has been defined in (2.15)
and is represented on the right part of Figure 5. The cut-off function Xmacro,+, represented on the left part of
Figure 5, is a smooth function that satisfies

Xmacr0,+(X1+7X2+) = X(X;)7 X1+ < -1 (4‘4)

and the function Xmacro,— (X7 s X3 ) = Xmacro,+(—X7 ; X5 )-
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FIGURE 5. Graphic representation of the cut-off functions xmacro+ (left part) and x_ (right part).

The definition of the functions w,, 4+ and py, ¢+ is given in Appendix C.2. The functions w, 4,4+ are polyno-
mials in In R*. The functions p,, , + are polynomials in In|X 1i|7 periodic with respect to X 1i and exponentially
decaying as X2jE tends to +oo. The construction of these functions is done in such a way that their Laplacian
and their Neumann trace become more and more decaying at infinity as p — +00: more precisely, we can prove
that , for any € > 0,

Ay p s = o ((RF)M7P71F9) and Ol p,+ = 0 ((RE)An—P717e) on 00*. (4.5)

We point out that the usage of the cut-off functions Xmacro,+, X (X 1i) and Y(R™) in (4.3) is only a technical

way to construct functions defined on the whole domain £2%F.
The asymptotic blocks Uy, ,, + turn out to be useful to construct the near field singularities SF and to describe
their asymptotic for large R*.

4.2. The families ST

We are now in a position to write the main result of this subsection, which proves the existence of the two
families S;F and give their behaviour at infinity.

Proposition 4.1. Let n € N*, p(n) = max(1,1+ [\,]), and

1
= Ay py e = | Onlhy i f A €N,
ct=178 </§i p(n) = /{mi » ),i) if (4.6)

0 otherwise.

There exists a unique function ST € Hlloc(ﬁi) satisfying the homogeneous problem (4.1) such that the function
S =Sy —Uniax — Cr Una s,

tends to 0 as RT goes to infinity. Moreover, S admits the following block decomposition for large RT : for any
k e N¥,

k
SE=Uniitanliz + O Lom(SE) Uomiiian 1.2 +0 (RE) )
m=1
if A &N,
. (4.7)
SE=Uniiile + O Lom(SEHU_p1sta, 1, + 0 (RF) M)
m=1

+ Cf Uo, 14121, + if Ap €N

In the previous proposition [a] denotes the ceiling of a real number a. As demonstrated in 6, for A, ¢ N,
the quantity [5. AUy pn),+ — [55+ Onlhn p(n),+ vanishes (Lem. B.3), which explains why C),, = 0 in this case.
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The asymptotic formula (4.7) shows that, for large R*, S can be decomposed as a sum of 'macroscopic’
contributions of the form (R*)*»~%s,, .(4* In R¥) modulated by exponentially decaying (in Xi) periodic
(in X;) functions of the form | X[} ~9p,, .(In |XT|, X, X5) in the vicinity if the periodic layer.

Proof. The existence of the function S results from the application of Proposition B.1 (or Cor. 3.23 of Ref. [13]),
noting that the compatibility condition (B.3) (due to the Neumann boundary condition) is satisfied: for A, € N,
the addition of C;F Uy + is required in order to fulfill this condition (note that, as shown in the proof of
Lemma B.2, fﬁj: Alp 1+ — faﬁi Onllo,1,+ = O). The asymptotic (4.7) then follows from the application of the
results of Nazarov [32] (see also Sect. 4 of Ref. [21] for a detailed description of this decomposition). A rigorous
estimation of the remainder o ( (Ri)’k) can be done through the introduction of non-uniform weigthed Sobolev
spaces [32]. O
Remark 4.2. We point out that it is not possible to construct a function in Hlloc(ﬁi) satisfying the homoge-
neous problem (4.1) and behaving like In R* at infinity (See Lem. B.2 in Appendix B.2).

We complete the family (SF),~o defined in Proposition 4.1 defining the function
SE =1, (4.8)
which obviously satisfies the homogeneous Laplace equation on 0%,

5. ITERATIVE CONSTRUCTION OF THE FIRST TERMS OF THE EXPANSION

In this section, we propose a step by step iterative procedure to construct the first terms of the expansion
up to order §2. Since 6 € (7,27), 0 < A\ <1 < Ay < Ay + 1 < A3. It follows that we shall consider the indexes
(n,q) (associated with increasing powers of §*»*4) in the following order: (0,0), (1,0), (0,1), (2,0), (1,1) and,
in the case of © > 37”, the couple (3,0).

. . . ) ) )
5.1. Construction of the limit terms Ug o> Ho,o and UO,O,:I:

The macroscopic term ug’o and the near field terms Ugyoﬁi satisfy the following problems

_Aug_o — k3u870 =0 in 07U 02,
[Ug,O]p = [3:62 ug,o] r= 0 on I s . o
Vud, - n=0 on I, and —2Yo0+ = in X -
0,0 N { 3HU3,0¢ =0 on &Qi’ ( )
Vug -0 —1koud o = 0 on Ig.,
Vud o - n— tkoud o = —2uko on Ig_,

coupled by the matching condition (2.26) (written here by only identifying the term of order 0 in the two series)

X
USo+ (g) ~ ud (). (5.2)

5.1.1. Construction of the macroscopic term uf)

As well-known, the limit term uf) ; is regular. In fact, uf o = uo,0 (it does not depend on §) is defined as the

unique solution of (5.1)-(left) belonging to H'(£2). The absence of singular behavior in ug o can be understood
by the following formal argument: a singular term in ug o of the form r~* would necessary counterbalance a term
of the form (R*)™%, s > 0 in Ug, which, written in terms of the macroscopic variable r*, become §*(r®)~,
and can therefore not be canceled at order 0. Similarly, due to Remark 4.2 a singular term of the form Inr is
excluded at this stage.
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Remark 5.1. More generally, the previous argument shows that for any (n,¢) € N2, a singular term in u® , of

n,q
the form 7% cannot counterbalance a regular term of the near field term of the same order U,‘Eyq.
It is well-known that ug ¢ admits the following expansion in the matching zones
o0
U0,0(Ti, Qi) = foi(uO,o)Jo(k‘oTi) + Z ﬁi(uo,o)J,\m (ko?“i)wm@,i(ei), (53)

m=1

m

Sect. 9.1 of Ref. [2]) and the quantities £ (ug) are complex constants. Using the radial decomposition of .Jy, ,
we see that

where the functions wy, o+ are defined by (4.2), the functions J),, are the Bessel functions of first kind (see e.g.

0 (ug,0) (ko /2)™
I'(A+1)

+ 2
2 (;(2,?\)2(—?—0{)2)/\ (Ti)/\Q wz,o,i(ﬁi) +

A1
u0(rE, 0%) = €3 (ug,0) + (rE) ™ wi 0,4 (6%)

£ (u0.0) (ko/2)*
I'(As+1)

(FE) ™ ws.0,+(6%) + O().  (5.4)

5.1.2. Construction of Ugyovi

We now turn to the definition of the near field term Ug, .. In view of (5.4), writting the matching cond-
tions (5.2) in term of the microscopic variable gives £ (ug ) ~ U&O,i- As a result, U&O,i should behave like
(¥ (ug o) in the matching zones (i.e. for R* large). Consequently, it is natural to define U&Oi as

Ugo.+ = Uoo,+ = {5 (uo,0)- (5.5)

5.1.8. Construction of the periodic corrector Hg’o

Finally, using then relations (3.11), the periodic boundary layer corrector is
118 o (21, X) = o o(21,X) = (ug)r(21) (1 — x(X2)). (5.6)

. 5 5 4
5.2. Construction of the terms ug o H1,0 and Ul,O,:I:
Reminding that u‘io fulfills the jump conditions (2.18) (see also Sect. 3), U(1$,0 and Uf,o,i satisfy
—Au‘f’o — k%u‘f’o =0 in 07U,
[u({,o]r = [az2u‘iob =0 on T { —AUiji =0 in 0%,
and

. (5.7)
Vulo-n=0 on Ik, OUPgL =0 on 00%

Vu‘f)o ‘n— zkou‘io =0 on IR,

together with the matching condition (2.26) written up to order 6*+. Outside the thin periodic layer, and thanks
to (5.4) and (5.5), one can verify that this matching condition can be rewritten as

05 (ug,0) (ko /2)™
(A +1)

+
() wna s (0%) + ¥l o56%) M 0T (0% ) 65)

Analogously to Section (5.1), we will start with the construction of the macroscopic far field u‘io. Then, we
will define the near field term U{S_’O and, finally, we will define the associated boundary layer corrector Hf’o.
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5.2.1. Construction of the macroscopic term u‘io

First, it is reasonable to construct u‘f,o as a regular function. Indeed, a singular behaviour in uis,o,i of the
form r—° or (resp. Inr) would counterbalance a regular term of the right hand side of (5.8). This singular term
would necessary come from a regular term in Uf,o’i, which, thanks to Remark 5.1 (resp. Rem. 4.2) cannot be
cancelled at this stage. It is then reasonable (see Prop. 3.1) to define u‘io as

uf o =u1p = 0. (5.9)
5.2.2. Construction of U{S)Oi
Taking into account (5.9) and writing the matching condition (5.8) in term of the microscopic variables gives

3 (u0,0) (Ko /2)M M . rt
6>\ W (Ri) wl’o’i(ai) ~ (5>\ Uf’()’:t (6,9i> .

+ A
Then, U{,. has to grow like %(Hi))‘1 w1 0.+(0F) towards infinity. Of course, the term

(Ri))\lwlﬁo’i(ei) does not satisfies the homogeneous problem (5.7)-(right). However, Proposition 4.1 ensures

the existence of a function S, that satisfies (5.7)-(right) and behaves like (Ri))‘1 w10+ (0F) at infinity. Then,
it is natural to define Uf,o,i as

05 (uo,0) (ko /2)™M g+
(A +1) v

Uf,o,i =Ui0+ = (5.10)

In view of the asymptotic formula (4.7) for S (A\; ¢ N), outside the periodic layer, the asymptotic of Uy g + is
given by

:l: 1
fl (y—f)(,;)\)l(iO{)Q)A {(Ri))\lwl,o,i<9i) + (R:t>>\1_1w171i(9i)

+ (R*) ™MLy (S w04 (0%)
(R 2 5(SF w0, (6%) | + O(RM 210 ). (5.11)

Uip+ =

Here we use the fact that A\; — 1 is not a mutliple of A\; so that wq ; + is independent of In R*.
5.2.3. Construction of the periodic corrector Hf,o

Thanks to the relation (3.11), and since u‘io vanishes, its associated boundary corrector also vanishes, and
we have

I} g =10 = 0. (5.12)
5.3. Construction of the terms ug,l and Ug,l,:l:

Reminding that uf ; fulfills the jump conditions (2.19) (cf. Appendix 3), uéjl and Uéil,i satisfy the following
problems

—A’U/al — k%u&l =0 in QT @] QB,

[ugﬁp = 90,1 on F,

—AUS, . =0 in 0F
s _ 01,4 )
[(’“)zzuO’l}F =ho1 on I, and { U, =0 on 00% (5.13)
Vud,-n=0 on I, "

Vug’l ‘n— zkoug’I =0 on Ipg,
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with go1 = D1 8z, (u0,0)r + D2 (Dr,u00)r and hoy = Ni (uoo)r + N2 93, (uo.0)r + N3 9e, (Dr,u0,0)r- Thanks
to (5.4)—(5.5)—(5.11), the matching condition (2.26) written up to order §, can be written as

0 (uo,0) (ko /2)™

5 A gty
5u0’1(r ,07) =8 TOw+ 1)

+
r
o w6 + 608, (0% (5.14)
outside the periodic layer. Analogously to Sections 5.1 and 5.2, we will start with the construction of the
macroscopic far field ugﬂ. Then, we will define the near field term U(‘il. As we have already seen in the previous
sections, we can rebuild a posteriori the boundary layer corrector H&l, but for the sake of brevity, from now

on, we omit this reconstruction.

5.83.1. Construction of the macroscopic term ugJ

First, we remark that ug)l should contain a singular contribution of order (r*)*~! in order to cancel out the

first term in the right-hand side of (5.14). In fact, we shall see (and this is a crucial point) that this singular
contribution appears to be a consequence of the transmission condition in (5.13)-(left). Besides, according to
Remark 5.1, ug,l has no other singular behavior (any other singular behavior would stem from Ug,li and could
not be compensated at this stage).

Let us now investigate problem (5.13)-(right). In view of the asymptotic behaviour of ug ¢ (5.4) in the vicinity
of the two corners, the functions go,1 and ho,; blow up at the extremities of I'. Indeed,

A1
% (F MDr{wi0.+) F D (Gpzwio,4)) (7
(ko/2)™

(A +1)

go.1(r%) = (uo0) -t

+O((rF)1) = 65 (uo ) [(rE)M g g 1] 4+ O((rF)* 1,

where the functions w; ; + are defined in Appendix (C.2) (note that V41 = W} and V; o = W7'). Similarly,

(ko/2)M

+\ _ p*
hoa(r™) =6 (Uo,o)ipo\1 Y

[0 (PN hwn1,2)] +O((rF)*272).
We shall construct ug)l by lifting explicitly the singular part of go1 and hg 1. To do so, we consider the function

Jf_l(ri, ei) = J)\lfl(k‘m‘i) wl,l,i(ei) (5.15)
that satisfies the homogeneous Helmholtz equation in {2t U 2g5. According to the asymptotic of the Bessel
function of the first kind Jy,_1 (using Eq. (9.1.10) of Ref. [2]), we notice that go1 ~ ;Tolﬁc(uo,o)[t]f,ﬂ and
hoa =~ ;Tolfft(uo,o)[ame_l] in the neighborhood of the extremities of I'. It means that ;Tolﬁli(uo,o)Jli)_l is
potentially a good candidate to lift the singular parts of the go,1 and hg 1. It is then natural to define ug’l as

5 ko

uO,l = U071 = 27)\1 (ET(UQO)XIJT,—l +€1_(U0,0)XZJ1_7_1) =+ ’lA1,0717 (516)

where X7 (x) = 1 — x(2r*/L) and the function 4 is the unique solution in H'(£2r U 25) of the following
problem:

AL 328 F . . k
Aty — kgtor = fo in 27 U2, for = ﬁ Zﬁli(uo’o)[A, X%]Jffl,
[tio,1] = o1 on T 17F ;
R i . 0 + iyt
[02,00,1] = ho1 on I, with 90,1 = go,1 — N ;& (u0,0)X7 [J7,—1]; (5.17)
Vig,-n=0 on Iy, A k
R OJA hoi = hog — oo Zéli(uo,o)xf[ﬁxﬂf_l]-
Viip,1 - n — 1kotip,1 =0 on I, 2\ <
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Here [A,Xf] denotes the commutator operator given by [A, Xf]v = vAXjLE + QVXf - Vo (for any sufficiently
smooth function v). The existence and uniqueness of g 1 in H' (21 U £25) is ensured by Proposition 3.1 since
f071 is compactly supported, go.; € H/2(T) and 50,1 e L2(I).
Moreover, the asymptotic expansion of ug 1 in the matching zones is given by
A1
%(ri)hlwl,l,i(ei) + 45 (uo,1)
(ko/2)*2
(A2 +1)
(ko/2)M
(A +1)
(ko/2)*
I'(As +1)

Uo,1 (’l"i, Qi) = gi‘: (UO,O)

+ 03 (uo,0) (r)*2 Ly g 4 (0%F)

+ 0 (uo,1) (Ti)Al w0+ (6F)

+ Két(u070) (ri)’\sflw&l,i(&i) +0 (’I“:t) R (518)

where the quantities /= (ug 1) and £ (ug 1) are complex constants. Obviously, the first term of (5.18) compensates
the first term of the right hand side of the matching condition (5.14). The presence of the terms in factor of
(5 (ug0) and £3 (ug o) results from the transmission condition (see Sect. 3.3 in Ref. [21] for a similar asymptotic).
If © < 2% and so A3 > 2, the last listed term of the expansion (5.18) is negligible with respect to O(r%).

5.8.2. Construction of Ug)li

Plugging the asymptotic expansion (5.18) of ug ; into the matching condition (5.14) written in term of the
microscopic variable (ignoring the terms in factor of §%, s > 1, which will be taken into account latter), we
obtain

SUS 1 L (RE,0%) ~ 605 (uo,1).

We then see that Ug,l,i should behave like £ (ug 1) at infinity. Thus, we define Uﬁo,i as
US1+ =Upix = 5 (uo,). (5.19)
5.4. Construction of the terms "g,o and Ug,o,:l:
Reminding that ugo fulfills the jump conditions (2.18), ugo and Ug,o,i satisfy
—Audy—kuSy=0 in £27U0g,

[u30] = [Ozaudo] . =0 on I, - {—AU%i —0 in 0OF

N 5.20
OmU3pr =0 on 00F, (5.20)

Vug,(yn:() on Iy,

Vu%o ‘n— zkougo =0 on [Ipg,

together with the matching condition (2.26) written up to order 6’2, which, outside the thin periodic layer
gives

05 (uo,0) (ko /2)*2

I'(\ +1) ((Ti>)\2 w2,0’i<9i) + 5(Ti)/\2_1w2,1,i(9i)> + 5)‘2ug,0

0 (uo,0) (ko /2)™

~ o2
r(Or+1)

-\
LA (ST) (rE) M wog 0,2 (0F) + MU, (5.21)
Here, we used the asymptotic expansions (5.3)—(5.18) for the far field terms ug ¢ and ug, 1, the definition (5.5)-
and (5.19) of the near field terms Uy and Uy 1, and the asymptotic expansion (5.11) of Uj o. Predicably, the
matching process carried out in the previous subsections makes the expression of (5.21) relatively simple.
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5.4.1. Construction of the macroscopic term u%o
In view of the right-hand side of (5.21) (and, here again, Rem. 5.1), we remark that ugpi should have a single

+ by
singular contribution of the form %X_l(slﬂ (7“i)_/\1 w_1,0,+(0%F). As done for ug; in Section 5.3,

we shall construct ugﬁi by lifting explicitly its singular behaviour. We remark that (r*)~*tw_; o + does not
satisfy the homogeneous Helmholtz equation in {21 U 25 (by construction it satisfies the homogeneous Laplace
equation). However, we can substitute it with a multiple of the function

YiE(rE, 0%) = Ya, (kor)w_1,0,+(6%), (5.22)

. . = - . C .
which behaves like —w (%) t(rh) M w_1,0+(0F) in the vicinity of the two corners and satisfies the
homogeneous Helmholtz equation in {21 U 2g. It this then natural to define Ug,o as

) G (u0,0) L1 (ST [ ko)™
o =10 = 2 o (oG o fr (o) = o < FOWI O +1) ) <2> B

the cut-off functions xi being defined in (5.16) and the function s being the only H'(£2) solution to the
following problem:

~ 2~ o P .
—Atla o — kglo o = fo o in 27U 2,

[/&/20][‘:[83?2/&20][*:0 on F7 N 4 L N
) , fo0 = O _1(u0,0)[A, xZ]YT- 5.24
Vizo-n=0 on Ik, g 2.0,-1(0,0)[A, X7 1Y3 (5.24)
Vg0 - n — kgl =0 on Ig,

The function f270 being in L2(2) (it is compactly supported), Proposition 3.1 ensures the well-posedness of (5.24)
in H!(£2). In the vicinity of the two corners, fs o vanishes, so that

o0

Z u2 0 J)\ k?o?“i)u)m’o,i(9i>7 f:i(u&o) e C.

Using the radial decomposition of the Bessel functions, coupled with the formula

Iy, (kor) cos(Ay7) — J_x, (kor)

Yy, (kor) = S0 7) (see Eq. (9.1.2) of Ref. [2]),
we see that
05 (g 0) (ko /2)M Y
uzo(r®, 6%) == (Fo()i)l(f{)) Ly (SE) (1) M wo04(0F) + £ (uz0)
+ 52,071(1@70) (T’:l:)>\1 wl,oi(ﬁ ) + O( max )\2 7>\1+2)) (525)
where
Vs ko/2)M  0E (ugo) cos(\ ko/2)M
lo.0.1(uz,0) = 1 (u2,0)(ko/2) 2,0,—1(u0,0) cos(Ai7)(ko/2) (5.26)

I'(\M+1) sin(AMm) (A1 + 1)

By construction, the first term of the right hand side of (5.21) is counterbalanced by the first term of (5.25)
multiplied by §*2.
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5.4.2. Construction of Ugyovi

Writing the matching condition (5.21) with respect to the microscopic variable and taking into account (5.25),
we obtain

(E(u ko/2)2 5 _
5 < 2 (Fo(ﬁ)z(f{)) ((Rﬂt)A ws,0,+(0F) + (RF)™ 1w2,17i(9i)) +€3E(uz70)> ~ 602U

We then see that Ugﬁo’i has to grow up like

05 (uo,0) (ko /2)*
I'(A2 +1)

((Ri)/\2 Wa,0,+(6F) + (Ri)’\z_lwzl,iwi)) + £E (ug ).

Of course, (RE)™ wy o+ (6%) + (RE) 1wy 1 (6%) does not satisfy the homogeneous problem (5.20)-(right).
However, Proposition (4.1) ensures the existence of a function S, that satisfies (5.20)-(right) and such that
Sy — (]%i)>‘2 wa,0.4(0%F) + (RF) 2 twy 1 4 (6F) tends to 0 as RF tends to infinity (A2 ¢ N). Consequently, it is
natural to define Ug’o,i as

05 (uo,0) (ko /2)

+ +
. 2
F(>\2 4 1) 52 + gO ('U/270) (5 7)

5
U2,O,i =Uz0,+ =

Outside the periodic layer, Uz g + admits the following asymptotic expansion at infinity

+ 2
Usjp,+ = b (;O(?\)Q(i(){)?y (Ri)/\2 w2,0,i(9i)
05 (ug,0)(ko/2)*2
I'(A+1)
05 (uo,0) (ko /2)*2
TOw+1)

(RE) 2 wy 1 4 (6F) + £ (ugy0)

(RE)Y ™2 1 (SH)w_10.+(0%) + O(RF)** 2 1In RF). (5.28)

5.5. Construction of the terms "‘;,1 and U:f,l,:l:

Reminding that ug ; fulfills the jump conditions (2.19) and that u1 o = 0 (see (5.9)), u$ ; and Uﬁl’i satisfy
the following problems

—Au‘il — k%u‘il =0 in 27U0g,

[w1] = [0,ul 1], =0 on I, g AU =0 i 0*, (5.29)
vu(15,1 ‘n=0 on I}, (’%U{;’Li =0 on 0N%F, ’
Vu‘il ‘n— zkou‘il =0 on IF,
Outside the thin periodic layer, the matching condition (2.26) written up to order 6*+ ! gives
01 (uo,1) (ko /2)M B rt
Sy ) o s (B) 8N T, (%, 6%) m 0T { 67 ) (5.30)
A analogous analysis than the one made in Section 5.2 yields
01 (uo,1) (ko /2)M
Utls,l =ui1 = 0 and Uf,l,i = Ul,l,i = WS% (531)
Far from the periodic layer, the asymptotic behaviour of Uy 1 + is given by
0E (u ko /2)M _
Ur1a (R, 0%) = M(Ri)hwl’o,iwi) +O((RE)M). (5.32)

'\ +1)
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5.6. Construction of the terms ug o and Ugo + for @ > 3—7’
Reminding that uj o fulfills the jump conditions (2.18), u§ , and US,, , satisfy
—AMuf g —kfu§ =0 in 07U,

[v30] = [0u80] , =0 on T, - {—AUQM 0 i 0%

-~ 5.33
OUSo+ =0 on 0%, (5.33)

Vug,o 'n=0 on I},
Vug,o ‘n— zkougo =0 on IR,
Outside the periodic layer, collecting the asymptotic representation (5.4)—(5.4)—(5.18) of the far field terms,

the defintions (5.5)—(5.19) of Up ¢ and Up,; and the asymptotic expansions (5.11)—(5.28)—(5.32) of U o, Uz 0,
U1.1, the matching condition (2.26) written up to order §* becomes

05 (uo,0) (ko /2)
T+ 1)

((’I‘i>>\3 wy 0,4 (0%) + 6(ri)A3_1w3,1,i> + 07205 0.1 (us,0) (ri)Al w10+

2t PP
l3 ;(uo,0)(ko/2)" .
N3, 8 o sAs 3—3i\Uo, £\—X oo (ot , 3770
+ 0™ ug o~ 0 (Z_Zl 0w +1) (rF) ML (S5 )w_iox | +6 Uso- (5.34)

5.6.1. Construction of the macroscopic term ug
In view of the right hand side of (5.34), we remark that u3, has two singular contributions of the form
(r¥)=*2 and (r*)~*1. Defining
(ko/2)*s
IA)I(As—i +1)7

the function 23:1 6>‘3/2€§0,7i(u0,0)Yf(ri, 0F) (Y defined in (5.22)) can counterbalance the first two terms
of the right hand side of (5.34). This remark leads us to define ug ; as

Y5 (15, 6%) = Yoy (kor™)w-2,04(0%), €3 _;(u00) = —1.L-4(S5)5" i (uo,0) (5.35)

2
ugo =ugo = ’&370 + Z Zﬁgi’oﬁi(uw)fof, (536)
+ i=1

where xf is defined in (5.16) and the function 43¢ is the unique function of H!(§2) satisfying

~ 2~ o A .
—Adiz g — kiizo = f3,0 in 20 U2,

U = [0z, T =0 on I
[ 3’0][' [ 2 370][' (537)
Vigo -n=0 on Iy,
vag,o -n — Zko’&&o =0 on FR,
with )
fS,O = Z Zgio,—i(uo,o)[A,X%}Yi
i=1 +
The well-posedness of (5.37) directly follows from Proposition 3.1. In the matching zones,
+ o+ 30 2(”0 0)(k0/2) 4\ —A2 +
0 _
uso(r™, %) = — = T = AQ) (7“ ) T w20£(0%)
53 0,—1(uo, ())(k0/2) A T A2
sin(Oum) I (1— A7) ()7 w1040+ B0 + 00, (39
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5.6.2. Construction of Ugyovi

Writing the matching condition (5.34) in term of the microscopic variables and taking into account (5.38),
we obtain

+ 3
i (Y () )

—+ [27071(11,270) (R:t))\l wl,ovi(ei) -+ 56‘: (U370)) =~ 53U§,0. (539)

As in Section 5.4, it is natural to define Ug,o,i as

0F (uo,0) (ko /2)* ot 4 (Ef (ug,0)sin \qm + 62%07_1(1@70) cos M) (ko /2)*2

+ +
r(hs+1) 73 I'(A; +1)sin A\ ST+ (ug0)-

(5.40)

5 -
U3,0,i = U3,O,i =

5.7. The ‘automatic’ matching inside the layer

We end this part by showing, that far and near field expansions automatically match in the matching areas.

For the sake of concision, we consider the case 6 € (7, 37/2) and we only investigate the matching area located

in the vicinity of the right corner xg.

On the one hand, collecting the results of the present section and Appendix 3, we see that the boundary layer
correctors are given by

Io,0(21,X) = (uo,0)r(z1)Vo(X), Il =0,
+ Oz, (u0,0) r(21) V1,1(X)
+ (Oz,u0,0)r(z1) V12(X),
Piso(z1,X) = (uz,0)r(z1) Vo(X), I, ; =0.

IIo,1(x1, X) (21, X) = (uo,1) r(z1) Vo(X) (5.41)

Then, the asymptotic expansion for the boundary layer in the matching areas can be directly written introducing
the asymptotic formula (5.4)—(5.18)—(5.25) of the macroscopic terms ug o, ug,1 and us o into (5.41). Writting
the obtained asymptotic expansions in term of the microscopic variables, noticing that Vo = W§, Vi1 = W
and Vi o = W (defined in (C.1)—(C.4)), and summing over (n,q) € Ny, we obtain

Y L & (u0,0)Ws
(n,q)EN,

g:ﬁ: U, ko /2)M B
or {M} {IX11Mproqs + XM oo

+ XML (ST )p-1,04 WS }

5.42
+ 5€§(U0 1)W8 ( )

Ei U ko/2)
o {(0(2\)(4:)1/)} {1X1122pa,0,4 + 1 X112 o g} + 8245 (uz,0) Wy

éi w ko /2 A1

the function p, ¢+ being defined in (C.3).
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On the other hand, using the definitions (5.5)—(5.10)—(5.19)—(5.27) of the near field terms, the truncated
series of the near field is given by

of ko/2)M
> ST, g =0 (ug o) + 6N A (0,0)(ko/2) Sy + 66 (uo.1)
(n.2)eNs (A +1)
03 (uo,0) (ko /2)* 0 (w0 1) (ko/2)M
A2 2 > + -+ A1+1%1 > + 4
+9 ( 0w + D) Sy + 4 (U2’0>> +90 0w+ 1) ST (5.43)

Introducing the asymptotic expansions (4.7) of the functions S;" and S5 in the vicinity of the periodic layer
into (5.43), we see that the near field expansions (5.43) and (5.42) coA™ncide (up to a given order).

6. ERROR ESTIMATES

To finish this paper, we give the sketch of the proof of Theorem 2.4. As usual for this kind of work (see e.g.
Sect. 6 of Ref. [20], Sect. 3 of Ref. [26], Sect. 2.5 of Ref. [27]), the proof of the previous result is based on the
construction of an approximation “?vo of u® in the whole domain £2°. To do so, we define the following four
truncated series (at order Np), corresponding to the truncated series of the macroscopic terms, the boundary
layer terms and the near field terms:

— The truncated series u? of the macroscopic terms: the macroscopic approximation is defined by

macro,Ng

ufnacro,Ng (X) = anacro(x) Z 5)\”+qu?1,q(x)ﬂ (61)
(n,q)ENN,

where the set Ny, is the set of indexes (n,q) € N? for which A, + ¢ < Ny, and the macroscopic cut-off
function x? ..., is given by

) o x1— L 1+ L T2
Xmacro(x)_x-i-( 5 )X—( 5 >X(5)
$1:FL T J,‘1:FL
macro y T 1-— . 2
N ) =

We notice that the function X2 ... is equal to 1 for |z1] > L and coincides with x (%2) in the region

|z1] < L —§ (The cut-off functions x and x+ are defined in (2.11) and (2.15), while the cut-off functions
Xmacro,+ represented on Fig. 5, satisfies (4.4)).
— The truncated series IT }5\,0 of the periodic correctors is given by

w0 = (5 ) (5 ) o) X L (03)

(n,q)€NN,

The use of the function x4 (%) X— (%) permits us to localize the function H]‘SVO (x) in the domain

|z1] < L while the introduction of the function x (ﬁ) ensures that Hj‘i,o (x) satisfies Neumann
boundary condition on I'y.
— The truncated near field series Uzévo, 4 are given by
s Antayré X — X5
UN(),i = Z o Un,q,j: 5 : (64)

(n,q9)ENN,
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Based, on these truncated series, the global approximation u?vo is defined by

& 6 176 6 176 é & & &
UNO = X+ UN0,+ + X— UNO,— + (1 - X+ - X—) (umacro,No + HNO) ’ (65)

where Y2 (x) = x(|x — x$|/\/3) We point out that ufvo coincides with Ul‘i,mi in the vicinity of the two corners,
5

macro, Ny aWay from the corner and the periodic layer.

with IT ]‘i,o in the vicinity of the layer and with u

Remark 6.1. The overall approximation u‘;vo can be computed for any real number Ny as soon as the terms

of the the far and near field expansions are defined. In Section 5, we only constructed the first terms of these
expansions, but the next order terms can naturally be derived using the same methodology.

The overall approximation being constructed, it remains to evaluate the H'-norm of the error e?vo =l — u‘;\,O

in 2. It is in fact sufficient to estimate the residue (A + (/<:‘5)2)e§$\,0 and the Neumann trace E)ne?\,o. Indeed,
the estimation of ||6§5\,0||H1 (29) directly results from a straightforward modification of the uniform stability
result (2.7) (Prop. 2.2): there exists a constant C' > 0 independent of § (but depending on other parameters
such as Ny and hole shape) such that, for § small enough,

||6§V0||H1(Q5) <0 <||(A + (k6)2)6§\70”L2(Q‘5) + Hane(lsvonm(ré)) : (6.6)

Similarly to the proof of Proposition 6.3 in reference [20], we decompose the error of the residue into a modeling
error (measuring how the truncated far and near field expansions fail to satisfies the Helmholtz equation and
the Neumann boundary condition) and a matching error (measuring the difference between the far and near
field expansions in the matching areas), and we obtain the following proposition:

Proposition 6.2. Let Ny € R. There exists a constant C > 0, a constant k = k(Ng) > 0 and a constant g > 0
such that, for any 6 € (0,8),

No_ 5
2 2,

(A + (ké)Q)e?VoHLz(né) + Han@(JSVDHLZ(FS) < O(Ing)"s (6.7)

As a consequence, there exists a constant C > 0, a constant k = K(Ng) > 0 and a constant 69 > 0 such that,
for any § € (0,0),
weNo 5
e i1 2y < Cn6)"67="7%. (6.8)

Finally, since e‘JSVO coincides with u% — Z(n,q)eNNo 6’\“+qui’q in 2, for ¢ small enough, Theorem 2.4 follows

from (6.8) and the triangular inequality.

APPENDIX A. PROOF OF PROPOSITION 2.2

The variational formulation associated with (2.6) writes as follows: find u® € H*(£2°) such that,

Vv € HI(Q(S)» aé(uéa ’U) = <anuinc - ZkouinmU>H—1/2(Fg)’H1/2(F;—) (Al)
where
a’(u,v) = Vu-ﬁdm—/ (k) ?uvde — zk()/ uVudz,
08 23 I'n

and (-, ‘>H*1/2(Fg) HY2() stands for the duality pairing between H~Y/2(I'}) and HY2(I'}}) extending the
L%(I'y}) iner-product. It is easily seen that problem (2.6) is a Fredholm-type problem (Thm. 6.6 in [12]). Let us
prove that is has a unique solution. Assume that

a(u,v) =0 VYo e H(029).
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Then, taking v = u°® leads to u’ = 0 on I’ ;%t. Since u® = 0 satisfies a Robin-type boundary condition on I'p, we
deduce that 0,u® =0 on I 1:%&. It then follows from the unique continuation theorem that u’ = 0 in the whole
domain £2°.

It remains to prove the uniform stability estimate (2.7). The proof is by contradiction. If (2.7) does not hold,
there exists a sequence J,, going to 0 as n tends to +o0, and a sequence u,, € Hl(Q‘S) such that

[t |l (2ony =1 and Vv e HY(2°), lim a® (u,,v) = 0. (A.2)

n—r+00
First, we construct an extension of @, of u, belonging to H*(£2) (see e.g. example 1 in [38]) that satisfies
1< Janllar(2) < Cllunlluiesy and 4y, = u, on 20,
Then, for any v € H!($2),
n—-+o0o n—-+4oo

Sn
Pt1e

lim a° (f,,v) = lim (a‘s" (Un,v) + Vi, - Vvdx — (k5)2ﬂnvdx> =0.

= . On . . . 1 ; —
Indeed, since the measure of (27, tends to 0 as § tends to 0, for any v € H'(2), nll}l}_loo ||UHH1(Q;§&€) =0.

Besides, i, being bounded in H!({2), there exists a function u, € H'(£2) such that, up to a subsequence, iy,
weakly tends to u, in H!(£2) as n tends to +oo. As a result,

lim @’ (@iy,,) :/ Vu, - Vodz — (ko)z/ u*@dx—iko/ usvds = 0.
fe) o) o)

n—-+oo

Naturally, it implies that w, = 0. In particular, it lim, oo [|@nl|z2(2) = 0, which in turn implies that
limy, 00 [|Viin||L2(02) = 0, and contradicts the fact that ||ty [[a10) > 1.

APPENDIX B. TECHNICAL RESULTS FOR THE NEAR FIELD SINGULARITIES

B.1. The variational framework associated with the near field problems

The near field terms UJ , ., satisfy Laplace problems (see (2.23))of the form

~AU=F in 0%
N (B.1)
OU=G on 00*
As described in Section 3.5 in [13], the standard variational space to solve problem (B.1) is
O£y — 1 (HE 2/H% v 2%
B2 )_{veHIOC(Q ), Vv e L*(027F), (1+Ri)ln(2+Ri)€L(Q )}7 (B.2)

which, equipped with the norm

1/2
HUH‘B(ﬁi) = (H’U/(l + Ri)ln(Q + Ri)”iz(ﬁi) + HV’UH%g(ﬁi))

is a Hilbert space. Based on a variational formulation, we can prove the following well-posedness result (see
Prop. 3.22 and Cor. 3.23 of Ref. [13] for the proof):

Proposition B.1. Assume that (1 + RE)In(2+ RE)F € L2(2%), (1+ R*)Y2In(2+ R*)G € L2(002*), and
the compatibility condition

/ F+ G=0 (B.3)
0% 0=+

is satisfied. Then, problem (B.1) has a solution u € QT((AF), unique up to an additive constant.
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B.2. Absence of logarithmic singularity

As explained in Section 4, we are interesting in building solutions to the homogeneous problem (i.e. F =
G = 0) associated with (B.1) that blow up at infinity. One natural question is to know if such a solution can
blow up like In R* at infinity. The negative answer is given in the following Lemma:

Lemma B.2. The problem

—AU = AU, j 0,
{ 0.1% " (B.4)

OnlU = —Oaldo 1.+ on  O0F

has no solution in ‘I]((AZ*). As a consequence, it is not possible to construct a solution to the homogeneous
problem (B.1) (i.e. F =G =0) that has a logarithmic blow up as R tends toward infinity.

Proof. We first remark that (1 + R¥)In(2 + R¥)AUp 1+ € L2(2%) and (1 + R*)Y/2In(2 + R¥)0nlo 1+ €
L2(042%). Then, thanks to Proposition B.1, if problem (B.4) has a solution in (%), the right hand side
of (B.4) has to satisfy the compatibility condition (B.3). We shall see that this compatibility condition does not
hold.

Following the proof of Theorem 3.25 in reference [13], we shall construct a sequence of domains !AZI:F that tends

to 2% as k tends to 400. To do so, we introduce My € (0,1) such that the vertical segment {—My} x (—1,1)
does not intersect the obstacle 2010, and we consider the sequence (My)gen+ defined by My = My + k. By
construction, the vertical segment {—Mj} x (—1,1) does not intersect any hole of the domain 2F. Then, we
define, R R R
QF =07 N B0, My) and LF = (0027) N B(0, My,). (B.5)
We have
/ AUOJ’JF / 0, Z/[O,l + = hm P AZ/{() 1,+ — / 0, Z/{O,I,Jr (BG)

Applying the Green formula (to the first integral of the right hand side of the previous equality) gives
e
/ AUy ,4+ — Onlhp 1,4+ = lim / 8§U0,1’+(Mk, O ) Mydo™. (B.7)
a+ 20+ k—oo Jo
But, for large RT,

1 _
Uoi+(M,07) = In R* + Xmacro, + (X1, X5 )Ri Wo,1 +(1nR ) + X (X)X o1+ (In] X[, X7, X5)
where

1
po,1+ (| X5 X, X5 = 680,00 (WX ) W (X, X50) + ) g61pps (X)) Wy (X7, X))
p=0
95,1_p,p, + and g5 4 having a polynomial dependence with respect to In|X;t|. Then, a direct computation
shows that
1 ( InR*t

8R+Z/{071,+(R+, 9+) == M + O W

Consequently, taking the limit of the integral in (B.7) gives

) ., uniformly w.r.t 6.

/A Aoy 4 — /A Onldo 1.+ = O #0, (B.8)
N+ oN+

which means that compatibility condition (B.3) is not satisfied.
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Finally, the absence of logarithmic singularity is proved by contradiction: assume that such a function exists.
We denote it by Siog. Then, in view of Theorem 4.1 of reference [32], Si,g can be decomposed as Sioy =
Uo.1+ + Siog, Siog being in B(27T). Noticing that Sy, satisfies problem (B.4) that has no solution in (1),
we obtain a contradiction. (]

Lemma B.3. Letn € Z* and p(n) = max(1,1+ [A\,]). If n <0 or \, €N, then

/§+ Aun’p(n)’i — /aﬁ+ 8nun’p(n)’:|: =0 (B.Q)

Proof. As in the proof of Lemma B.2, we will define a domain (AZ,:: such that limg_, ﬁ,:f = 0. As previously,

we consider My € (0, 1) such that the vertical segment {— Mg} x (—1, 1) does not intersect the obstacle o160, and
we consider the sequence My, k € N* by M}, = My + k. By construction, the vertical segment {—Mj} x (—1,1)
does not intersect any hole of the domain £2%. We define the boundary Iy,

Iy = {(R;} (0%) cos 07, R (67)sin0F) € 2,0 < 0+ < 6},
where the function R, (67) is given by
—Mj./ cos T, |6+ — 7| < Oy,

RE(0F) = ; . O = sin~'(2/y/ M}Z +4).
M + 4, otherwise.

For |0 — w| > 0y, I coincides with a portion of the circle of radius /M7 + 4 and of center (0,0) while for
|0+ — 7| > 0)k, I), coincides with the segment {(—M}, X, ) —2 < X5~ < 2}. Again, analogously to the proof of
Lemma B.2, we have,

A+ Aun,p(n),—i— - A§+ 8rlz/[n,p(n),—i- = kh%ngo Jl? Jl? :/I anun,p(n),+do (B]-O)
k

where, since (14 R*)In(2 + RY) Ay, pny 1+ € L2(2F) and (1 + RH)V2In(2 + RY)Oulhy p(ny + € LA(D2F) the
limit of J}' is finite. But, applying Lemmas B.4 and B.5 below, we can prove

M) L
TE=3"3 " ConeMpm ™ (In My)" + o(1). (B.11)

m=0 ¢=0

If n < 0, we immediately deduce that J}' tends to 0 as k tends toward infinity. For n > 0, since A, ¢
N, A, —m # 0. But, since the limit is finite, the coefficients C,,, have to vanish and we conclude that
lim J = 0. a

k—o0

Lemma B.4. For any (n,p) € Z x R, there exists a sequence (Cp pt.q)ten,gen,q<p Such that, for any s € N,

al’l(RJr))\”ipwn,pHr(ln RJF» 9+)Xmacro,+(X1+7 X;)dO(X)

+
Ik

=33 Copig(M) 77 (In My)? + o( (M) 7P7%). (B.12)

t=0 q=0
Proof. We decompose I,j into its circular part

I = {(Rycos 0T, Rysin6) e R*, 0" € (0,7 — 0),) U (7 + 04, 0)}, (B.13)
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Ry, = \/M} + 4, and its straight part
12 = {(7Mk7X;_) € RzaX;_ € (7272)}’ (B14)

and we study the integral over these two parts separately.

Integration over Iy: On this part, the normal derivative is 0n = Or+ and Xmacro,+ = 1. Using the explicit
form (C.7) of the function wy, , +(In R*,071), we see that

Ii,c T 7| >0

P
J1 :/ On {R+ Py, (lnR 9)Xmacro+}d0— RJr ’\"*pz lnRJr / vnypyq’+(9+)d0+.
q=0 1o

where the functions v, p 4+ are smooth on the intervals (0,7 — 6;) and (7 — 6,0). On (0,7 — 6;) (resp.
(m — 0k, 0)), we denote by V,, 5 4.+ the primitive of v, , 4+ that vanishes at 0 (resp. ©). The function V,, ;, 4.+
is smooth on both (0,7 — 0;) and (7 — 0, O).

p
Ji= (RO (R (Vip,g,+ (1= 08) = Vapg (7 + 1) (B.15)

q=0
Then, we use Taylor expansion of Vj, , 4+ at the point = 7 (V,, , , 1 is not continuous at 7)

N 1,(r) (m +)

Vot (7= 00) = 37 LEET2 ()7 + 0((0,))
r=0 :

and the following expansions to conclude:

N
Vs € R, I(ais)iew, VN €N, Rj = My o s+ o (My)*™ ),
i=0
Vm € R, 3(Bim,e)ieNeene<m, YN € N,
N m
(In Ry)™ = (In M) Bi.m e My + o( (M) ™),

Vm € R, 3(Yim)ien, YN €N, (6x)™ vaM +o((M;,) ™).

Integration over I2: On this part, O, = —8}1, and Ymacro(XT) = x(X2). Then,
P
2= / - vanyp(X)X(X;)dX;v with v, ,(X) = (RT)* 77 Z (In R*) wp p,q,+(67)
(—2,-1)U(1,2) g

We remind that v,,, is harmonic in both 21 and 25. We shall compute the integral over (1,2), the com-
putation of the integral over (—2,—1) being similar. First, since 0y +v,p(XT) = cos 07 Op+ v p(RT,07) —
25 8In(67)0p+ v p (RT, 07), there exists smooth functions vy p g+ such that

p
OxsVnp(XT) = (RPN " (I RY) 0,4 (07). (B.16)
q=0
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.

Since Rt = My\/1+ A)f[—% and 1 = tan™! (%) to obtain the following asymptotic formula (reminding that
k 1

X5 is bounded):

Vs € Z, 35 )ien, VN € N, ( Zaz S(X)2H(My)* ™2 + o((Mg)*2N)

Vm € R, 3(Bim.e)ien een,e<m, YN € N,
N m

(InRT)™ = (10 M) B e(X55) 7 M2+ o((My) =2V,
1=0 ¢=0
N . .
3(s)ier, YN € N, v pgs (07) = 3 4 (X2)' (M) ™ + o((M) ™)
1=0

Introducing the previous formulas into (B.16), integrating exactly with respect to X5 gives the desired

formula. O
Lemma B.5. For any (n,q) € Z x R and for any s € N, there exists a sequence (C}, , ;. )i<s.r<q Such that
. On(XT)N " Tpng.4 (| X |, X7, X5 x— (X )do(X ZZ st (M)A 7170 (I M) +o((Mi) 7977,
& t=0 r=0
(B.17)

Proof. As in the proof of Lemma B.4, we decompose I,j into its circular part Ijand its straight part I
(¢f. (B.13)—(B.14)), and we study the integral over these two parts separately.

Integration over Io: on this part, X;" = —M}, 0, = 5‘} ,and x_ (X)) = x(My) = 1 for k > 2. Then,
2
Ta= [ =0y (7P o X, X)) Xy
We use expression of p,, 4 4 given by (C.12) in Appendix C.3, which yields to consider intergrals of the form
2
/ (XM (X)) WX, X )dXy keN,
-2

where the functions W are one periodic with respect to X;" (W (X", X)) = W(—My, X5")). Moreover, since,
by assumption the line X1+ = — My does not intersect any obstacle, the functions W (— Mo, X2+ ) are continuous
and bounded for X, € [~2,2]. Then, integrating exactly with respect to Xo gives the desired formula.

Integration over I;: On this part, the normal derivative is given by

o X X5 _
Op = Op+ = R 8X+ + R 8X+7 Ry = /Mg + 4. (B.18)

Here again, we separate this integral into three arcs:

Il = {(Rk cos0, Ry, sinf%) € R?, 0 € (0,7/2+6}) U (iﬁ - ;,@) }, ) = sin~'(1/Ry)

In M,
1 = { (Rucost Rusing®) € #2607 € (n/2 4+ pm~ 000 (w400, 5 -0 ) | o = sint (2 )

Ry
I} = {(Rycos 0%, Ry sin™) e R*, 0% € (m — 07,7 — 0x) U (7 + O, m+ 6;) } -
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The parameter o € R* (defining ;) will be fixed later. We remark that Ry cos(m/2+6;) = —1 and Ry, sin(7 F
0)) = faln M.

Integration over I!: this integration is trivial, because on this integration domain, X;" > Ry cos(r/2 +0},) >
—1 and therefore y_(X;") = 0.

Integration over 112: because the functions p, 4 4 are exponentially decaying with respect to X.F, we shall
prove that the corresponding integral is o(Mj,)*» ~P~*. First, we remind that the profile functions W} and W} are
in VT (B) and are smooth on I?. It follows that W}, W} and their derivatives can be bounded by C; exp(—m X, ).
Since | X;"| < Ry, it follows that there exists C' > 0 such that

— An—
T2 = [ 0n {0 P (XX X - ()} dor(X) < € (R Pl R [ exp(-mX] )do(X)

Il 1

(B.19)
We parametrize then the arc I? by X, € + (a In My, Ry, cos(ék)), which means that Xl+ = f\/Ri — X2 and
do(X) = |Ri/ X |dX5. In addition, since |X; | > 1 on I7 (by construction), |R; /X | < Ry. Therefore,

_ o0 C _
T2 < (Be) PO Ry / exp(~mX; )X = — (Ri) ™" i Ref? M,
aln My

which is equivalent to M," P ""¥|In My | as k tends toward infinity. In the end, choosing o = (s + 2) /7, we
see that JE = o (M) ~P~%).

Integration over I2: on this integration domain, y_(X;") = 1, and | X5 | € (2, aln My,). It follows that X»/Ry,
is uniformly bounded by «ln M} /Mj, which tends to 0 as M}, tends to infinity. Combining formula (B.18) and
the definition (C.12) of the function p,, 4 4, we see that we have to evaluate the two following kinds of integrals:

3 (X)) +1y% + oyt 3 Xy (Xy A +1ys R
JP = % In(| X D)*W(X;, X )do, K} = I In(| X7 )FW(X{, X )de  (B.20)
If k [i% k

where k € N and W € V*(B) (exponentially decaying with respect to X;) is a (generic) 1-periodic function
in X;'. In fact, W stands for either the profile functions W} and W} (defined in (C.1)—(C.4)) or their partial
derivatives with respect to X 1+ and X2+ . Consequently, W admits the following Fourier series decomposition for
|X5 | > 2

R
IR €N, 3 (crpt)rcnpez, WXK) =D D erpsexp(i2mpXy), (X5)" exp(—2mp| XS ), (B.21)
=0 p#0

the coefficients ¢, , + being super-algebraically convergent as p — +o0, i.e.

VreN,r < R, VS €R, Zpﬁcr,p,i exp(—4mp) < oo. (B.22)
p#0
Since X" = — R: — (X5)2 = —M\/1+ 41_\/[)? , similarly to the proof of Lemma B.4, the following expansions
k

hold:

N
Vs € 2,35 ) jene, VN €N, (XT)T =)0 a5 5o (X)) (Mi) ™ + Mjo((In My /Mg)*N)  (B.23)
i=0 j=0
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vm e R, 3 (Bi,j,m,z)(i,j,@ew ¢<m> YN €N,

+ N ¢ m o 0i (ln Mk)m+2N
(I [ XD™ =D (I Mi) B jm o (X)) M > + 0 ——pr— ) (B2Y
i=0 j=0 ¢=0 k

Then, here again, we parameterize the arc I by X5~ € £(2,aIn M},). Expanding |Ry./X;"| with respect to X,
we obtain

N 7 —2N
- - ; iy aln M,
3G ) e YN €N, do(X) =3 3 (X)¥ (My) " 2dX5 +o ((M ’“) ) dXy,  (B.25)

i=0 j=0 k
and
N L N ~ 25 _9; alan —2N
3(01,i,5) (i.5yenz, VN € N, X{ /Ry = Zzél,i,j(XQ )7 (M) +o ML ; (B.26)
i=0 j=0

N
i _ . In M,
Ioi)iew, YN €N, XF /R =Y 6o X (M) 2" 40 <(0‘ mok ) :

ok B.27)
2N+1 (
v M;,) 2N+

It remains to expand W(Xfr, X;r)7 expressing X1+ in terms of X;. More specifically, thanks to (B.21), we have
to compute exp(2:rX;") for any p € Z*. Since My, = My + F,

4—(X5)2
exp(2umpX;) = exp(—2umpy/ R — X2) = exp(—2urpMy) exp <—227rpMk < 1+ # - 1)) .
k

4(X)

Then, using that M (/1 + — 1) = O(In® My /M,,) which tends to 0 as M, tends to 0, for p fixed, we

can make a Taylor expansion of thlS exponential term with respect to Xo:

~ _ +)2
3(&)ien, VN € Nyexp (— 227rpMk< 14 w — 1))

M

41— (X7)? '

where the remainder Ry (p) is polynomial with respect to p and behaves like (27p)Y/(N!) for N fixed as
p — 00, and the function ¢(x) is o(x) as x — 0. In (B.28), expanding the polynomial sum with respect to X,
and neglecting the terms in o( M)~V gives

5 4 — (X)2
H(Ci,j)(i,j)eN% VN € N,exp <2mpMk< 1+ ﬁ — 1))

_ Z 227Tp

+ Ry (p)p((In® My/Mp)N)  (B.28)

M2
[(N+n)/2] 4

Y Lha )7+ 5 2w ) ), (B29)
i, N1 ’ .

N(
14>

n=1
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where ¢(z) is also o(z) as z — 0. Finally, we insert (B.29) in (B.21) and we obtain

L(N+n)/2] ¢

chr,,i 1+Z 2“”” My Z Z@ (X (M) | (X3)" exp(—2mp| X5 )

=0 p#0

+ Z Y et (X5) exp(=2mpl X5 )R ()& ( (I My /M) ™) (B.30)
r=0 p#0

To estimate the remainder in (B.30), we use that
(X3)" exp(—2mp| X5 )R (p)$((In* My /Mi)™) < (0 In Mz") ™ exp(—4mp) Ry () (I My /M) ™),
which, together with (B.22) taking 8 = —2 — N gives

R ) 0 Mo )2N+R
323 s (K5 exp (25 DR ) /00 = o (%) ’

Finally, we insert the expansions (B.23)—(B.27)—(B.30) written up to order N = \,, — ¢ — s into (B.20). We
obtain

S K +aln My )
=3 ) (M) (In M) chmri/ (X5)  exp(—2mp| XS |)d XS
+2

t=0 r=0 i=0 p#0
o((In My)@ (M) =17%), (B.31)

where Q and Q are positive integers depending on s, R and k. Note also that the sum over p converges using
again (B.22) with § = —2 — Q. To conclude, it remains to estimate each integral that appears on (B.31). A
direct integration by parts gives, for any numbers 0 < a < b,

1—1

b : (2mp)k— _
/ (X exp(—2npX)d Xy = 'Z Wp a exp(—2pma) — b exp(—2p7rb)). (B.32)

We use then (B.32) for a = 2 and b = aln My, such that b® exp(—27pb) = (aIn My, )*(M})~2™P*. Using that
a = (s+2)/m, the sum of b’ exp(—27b) over i is negligible with respect to (M)!=* (=t —s—4 < 0). Then (B.32)
becomes

(27Tp)k—1—i2i

aln My i
/ (X)) exp(—27mp| X5 |)d Xy = il exp(—4np) Z o + o((My,)'™%). (B.33)
2 k=0 ’
Inserting (B.33) in (B.31) gives the desired result for J}, the analysis of K} being similar. O

APPENDIX C. COMPLETE DEFINITION OF THE ASYMPTOTIC BLOCKS

The definition of the asymptotic block Uy, , + (4.3) requires the definition of the functions w;, ¢ + and pp q,+.
To do that, we first need to introduce two families of boundary layer functions W} and W}

C.1. Two families of boundary layer profile functions W} and W}
Let W} = 0 for any negative integer i, and, for i > 0, we define W} € V*(B) as the unique decaying solution to
D! N} ,
SAXWHX) = B0+ Hao(X))+ S (X)) i B,
WL = GYX)  on 92, (C.1)

8)(1 (O Xg) = 6X1 (1 XQ) X5 € R,
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where G4(X) = —W} ,e; -n and

th(X) :28)(1 t ( ) + Wt 2(X) + (_1)L1/2J (2 <gz(X)> 5Z¢ven)

i—1

gk even X o
+ Z Lk/?j )]5 'Dt Z( )Lk/Qj [ (2 )] 5 ddNt 1 (02)
k=2
n (C.2), the constants D} and A} are given by
D! = / F'D +/ G!D, N} = —/ FIN — GIN. (C.3)
B af}holc B aﬁholc

and, for k € N, (gx(X)) := 1[A, x4 + x-] (Xk—?)7 [9x(X)] :=[A, x+ — x-] (i—’?) Moreover, 6299 is equal to the
remainder of the euclidian division of k by 2 (i.e. 5,‘3dd is equal to 1 if k is odd and equal to 0 if k is even),

seven =1 — §94d and, |r| denotes the floor of a real number r.
Similarly, let W = 0, for i < 0. Then, for i > 1, we define W € V*(B) as the unique decaying solution to

D NP .
—AXWEX) = FNX)+ ~Hloo(X)] + 5[0 (X)] in B,
SW™ = GMX) on e, (C.4)
8)(1 (O XQ) = axl (1 X2) X5 € R,
where G} (X) = —W/" ;e; - n and
FH(X) =23X1 Wit (X) + Wita(X) + (= )“/2J (2(g:(X )>5°dd)
-1
+ Z |_Ic/2J gk X)] gevenpr Z Lk/zj )]5oddNn . (C.5)
the constants D} and N}* being given by
D= / o4 / @D, AN = - / A - G (C.6)
B hole B 8hote

Remark C.1. The well posedness of problem (C.4) and problem (C.1) results from the application of Proposi-
tion 3.2 noticing that the right-hand sides of problem (C.4) and problem (C.1) satisfy the conditions (Cp)—(Cys).

C.2. Definition of the profile functions w, ¢ 4

We shall construct the functions wy, ¢+ as
q
Wh g (I RE,0%) = w0 (0F)IRE)*, gEN, wpg.x € C>(I;F) ne>(1)), (C.7)
s=0

where IfE (at,4%), Ii = (v, b)) with at =0, yF =7, bt =0, and, a™ =7 — 60,7 =0, b~ = 7. The
construction is done by induction on ¢. The functions wy, o+ have already been defined in (4.2):

wo,0,+ (In Ri,Hi) =1InR*, wn,07+(9+) = cos(\,01), Wp,0,—(07) = cos ()\n(ﬂ_ — 77)) ,
For ¢ > 1, we construct wy, 4+ of the form (C.7) such that the function

Vg +(RE, 0%) = (R "%, , 4 (In RE, %)
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satisfies
Avpg+ = 0in Kinky,
(%Vn’q,i(ai)Zagvn’q,i(bi) = 0, v N* (C 8)
_ € N*, )
[Vn,q,i(Ria’Yi)]a/clina;czi = (Ri)kn qan,q,i(lnRi)a e
(000,02 (R5, 7 okt ros = (RF)* "y g2(In RF),

where, for j = {1, 2}, ICj-E = {(R* cos0F, REsin6*) € K=, RT e R*, 0% € If}, and,

—1

_

an7q7i(1n Ri) = (D;—rg;,,r,q—r,:l:(ln Ri) + ’D;—rg:;,r,q—r,:l:(ln Ri)) ’ (Cg)
r=0
q—1

bn,q,:l:(ln Ri) = ( qt+1—rh:L,r,q—r,:|:(ln Ri) + ;+1—r :‘L,r,q—r,j:(ln Ri)) . (CIO)
r=0

The reals coefficients Dy, Df, N} and N} are defined in (C.3)—(C.6). The functions g\, ,.; 4, gn ., + are defined
by the following relations: for r € N, ¢t € N,

(RE) " gh s (IDRT)
at
_ t E\A\p—1 + +
= 1) gy (B9 e (0 ) s ]
(RE ==t gh s(InRY)
at—l
(ORE)—1

_ (:Fl)t [(Ri))\n—r—l <89ﬁ:’wn’r7i(7i7 In Ri»é)ICfﬂa’Cg:] , (t > 1)

Inro0,+ =0, h;,r,t,:t = :Fg:L,r,t+1,:t and hy .y = FGp p g4
The existence wy, 4.+ of the form (C.7) results from the following Lemma (see also Chap. 3 in Ref. [30] and
the Sect. 6.4.2 in Ref. [28] for the proof).

Lemma C.2. Let j € N, A € R, (a,b) € R? and

J if A ¢ GZ,
N={j+1 if e 37,
j+2 if  A=0.

There exist N + 1 functions g, € COO(E) QCW(E), (0 < k < N), such that the function V(Riﬁi) _
(R*) (ZQLO(IH Ri)kgk(ei)) satisfies

Av = 0inKf NKy,
Ogv(R*,a*) = 9pv(RE,bF) = 0,

[V(Ri”yi)}aK%ﬂaK; = a(Ri)A IH(Ri)j, (Cll)

[59V(Ri77i)}a/clinaic2i = b(R*)" In(R*)’.

Remark C.3. If A\, —q € ZZ*, the function w, 4+ is not uniquely defined by (C.7) because we can add any
multiple of the function 8% — we (An—a),0, +(0%). In that case, we restore the uniqueness taking the orthogonal
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projection of wy g,0,+ with respect to we (\ _g4y 0.+, i-€

bt

T *
/i Wn,q,0,+ (I RF, 05 )we (\ g 0.+ (07)d6F =0, (An —qe gLz 1) :

Similarly, for n > 0, if A,, —¢ = 0, the function w, 4 + is not uniquely defined by (C.7), because we can add any

+
multiple of the functions 1 and In R*. Here again, the uniqueness is restored by imposing f:i wn’q’o,idei =
bt
fa:t wn,q,l,idai =
C.3. Definition of the profile functions p,, 4+

Finally, the functions p,, 4,4+ are given by

q
pn,q i(ln|Xf:‘ Xi = Z gnq zz+ ln|‘XP]:_‘:D Wt Xi +Z gnq zz+(ln|lnXit|) Wn(Xi) (012)
=0 i=1
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